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Abstract.

We study scalar field inflation in F (R) gravity in the Palatini formulation of
general relativity. Unlike in the metric formulation, in the Palatini formulation F (R) gravity
does not introduce new degrees of freedom. However, it changes the relations between existing
degrees of freedom, including the inflaton and spacetime curvature. Considering the case
F (R) = R + αR2 , we find that the R2 term decreases the height of the effective inflaton
potential. By adjusting the value of α, this mechanism can be used to suppress the tensorto-scalar ratio r without limit in any scalar field model of inflation without affecting the
spectrum of scalar perturbations.
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1

Introduction

A model of inflation is usually defined by the choice of the scalar fields involved, their kinetic
terms and potentials, and couplings to gravity and other fields. However, we also have to
specify the form of the gravitational action and choose the gravitational degrees of freedom.
One example of the latter is the choice between the metric and the Palatini formulation.
In the usual formulation of general relativity, the connection is defined in terms of the
metric. In the Palatini formulation, the metric and the connection are instead taken to be
independent degrees of freedom [1, 2]. In the case of the Einstein–Hilbert action plus matter
coupled to the metric, but not its derivatives nor the connection, the equation of motion for
a symmetric connection yields the Levi–Civita connection. The metric formulation and the
Palatini formulation are then physically equivalent. When matter couples to the derivatives
of the metric or to the connection, this is no longer true. In particular, this is the case when
a scalar field is coupled directly to the Ricci scalar [3–13], as is the case in Higgs inflation
[6, 7, 9–11, 14]. The two formulations also differ, when the gravitational action is more
complicated than the Einstein–Hilbert action [15–30].
Perhaps the simplest extended gravitational action is given by replacing the Einstein–
Hilbert action by a function F (R) of the Ricci scalar. Higher order terms in the Riemann
tensor are generated by quantum corrections and should thus in general be included. In the
metric formulation, the F (R) theory is special in that it does not suffer from the Ostrogradski
instability [31–33]. A non-linear function F (R) is equivalent to having an extra scalar field in
addition to normal gravity [21]. If we restrict to terms that are at most dimension four, this
reduces to the Einstein–Hilbert action plus an R2 term. This term (coming from the trace
anomaly) was used in the first model of inflation [34]. If a scalar matter field is also present,
there is the possibility of two-field inflation. Inflation with the R2 term and the Higgs field
has been studied in the metric formulation in [35–43].
In contrast, in the Palatini formulation a non-linear F (R) does not introduce new degrees of freedom [17, 20–22]. However, it does change the relation between matter and
curvature, and can thus modify inflationary predictions.
We study inflation with a scalar field in the Palatini formulation when the gravitational
action contains an R2 term. In section 2 we begin from an action with an F (R) term,
considering both minimal and non-minimal coupling to gravity. After field redefinitions and
a conformal transformation we obtain an action for a minimally coupled and canonically
normalised scalar field in the Einstein frame. We derive the effective potential and calculate
the slow-roll parameters and observables, and compare to the case without the R2 term. We
show that the spectral index and the amplitude of the scalar perturbations are unaffected,
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but the tensor-to-scalar ratio is suppressed, regardless of whether the inflaton is minimally
or non-minimally coupled. In section 3 we present our conclusions.

2
2.1

Inflation with an R2 term
The action and the potential

Let us consider a scalar field h, the metric gαβ and a symmetric connection Γγαβ , treated as
independent variables. We thus consider an action of the form


Z
√
1
1
1
S =
d4 x −g F (R) + G(h)R − g αβ ∂α h∂β h − V (h)
(2.1)
2
2
2
where g is the determinant of gαβ and R = g αβ Rγ αγβ (Γ, ∂Γ) is the Ricci scalar (the Riemann
tensor is built from the connection alone). We can rewrite the gravitational part of (2.1) in
terms of an action linear in R plus a new scalar field as


Z
1
1
1 αβ
4 √
0
S =
d x −g G(h)R + {F (φ) + F (φ)(R − φ)} − g ∂α h∂β h − V (h) , (2.2)
2
2
2
where φ is an auxiliary field [21]. Variation with respect to φ yields the constraint φ = R
(if F 00 6= 0), and substituting this result back to (2.2) we recover the original action (2.1).
Redefining the auxiliary field as ϕ ≡ F 0 (φ) we obtain the action


Z
1 αβ
1
4 √
S =
d x −g [ϕ + G(h)]R − W (ϕ) − g ∂α h∂β h − V (h) ,
(2.3)
2
2
where the potential for ϕ is
1
W (ϕ) ≡ {φ(ϕ)ϕ − F [φ(ϕ)]} .
2

(2.4)

As there is no kinetic term for ϕ, its equation of motion reduces to a constraint, and the
action describes a single scalar field h non-minimally coupled to gravity. As usual, we make
a conformal transformation to obtain a minimally coupled scalar field. The transformation
depends on both h and ϕ
gαβ → Ω2 gαβ = [ϕ + G(h)]gαβ .

(2.5)

The action becomes
Z
S =

√


1
1
1
αβ
d x −g R −
g ∂α h∂β h − V̂ (h, ϕ) ,
2
2 ϕ + G(h)
4



(2.6)

where we have chosen units such that the Planck mass is unity, and the conformally transformed potential is
V̂ (h, ϕ) ≡

V (h) + W (ϕ)
.
[ϕ + G(h)]2

(2.7)

Obtaining a canonical kinetic term for the scalar field is a bit involved, because the
prefactor of the kinetic term depends on ϕ. Let us specialise to the case
F (R) = R + αR2 ,
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(2.8)

where α is a constant (i.e. we consider only terms up to dimension 4). The potential then
becomes


1
(ϕ − 1)2
V̂ (h, ϕ) =
V (h) +
.
(2.9)
[ϕ + G(h)]2
8α
Varying (2.6) with respect to ϕ, we get a constraint equation with the solution
ϕ=

1 + G(h) + 8αV (h) + 2αG(h)∂ α h∂α h
.
1 + G(h) − 2α∂ α h∂α h

(2.10)

In the limit of small α, we get ϕ ' 1, and (2.9) reduces to the usual potential for h. In
general, we can insert (2.10) into (2.9) to eliminate ϕ and write the potential in terms of h
and ∂ α h∂α h. Inserting the potential back into the action (2.6), we obtain

Z
1
1
1
4 √
S =
d x −g R −
∂ α h∂α h
2
2 (1 + G)(1 + 8αŪ )

α
1
Ū
α
2
,
(2.11)
+
(∂ h∂α h) −
2 (1 + G)2 (1 + 8αŪ )
1 + 8αŪ
where we have defined
Ū (h) ≡

V (h)
.
[1 + G(h)]2

(2.12)

Note that Ū is the usual Einstein frame potential in the case where we do not have the R2
term [6, 14]. We can now redefine the field through the equation
q
dh
= ± (1 + G)(1 + 8αŪ ) ,
(2.13)
dχ
to obtain a canonical kinetic term for χ (apart from the (∂ α χ∂α χ)2 contribution). In terms
of the new field χ the action reads


Z
1 α
α
Ū
1
α
2
4 √
S =
d x −g R − ∂ χ∂α χ + (1 + 8αŪ )(∂ χ∂α χ) −
. (2.14)
2
2
2
1 + 8αŪ
The R2 term has been translated into a higher order kinetic term and a modification of the
potential. Because a negative α would lead to negative kinetic energy, implying an unstable
system, we take α > 0.
For small α, the effect of the αR2 term reduces to the small correction α[ 21 (∂ α χ∂α χ)2 +
2
8Ū ], which is what we could have naively expected. In general the effective potential reads
U≡

Ū
.
1 + 8αŪ

(2.15)

Regardless of the shape of Ū , the R2 term decreases the height of the effective potential.
Even if Ū grows without limit, the effective potential becomes flat approaching the value
1/8α. Thus the R2 term can convert any potential Ū (h) into a plateau or a hilltop potential.
However, when calculating the observables we have to take into account that the rate of
change of the field is also modified, as (2.13) shows. Let us now write the equations of
motion and consider the slow-roll limit to see what happens in detail.
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2.2

Equations of motion and observables

The Einstein equation for the action (2.14) reads
Gαβ = ∂α χ∂β χ[1 − 2α(1 + 8αŪ )∂ γ χ∂γ χ]


1 γ
α
γ
2
+gαβ − ∂ χ∂γ χ + (1 + 8αŪ )(∂ χ∂γ χ) − U ,
2
2

(2.16)

where Gαβ is the Einstein tensor. The equation of motion for χ is
0 = [1 − 2α(1 + 8αŪ )∂ α χ∂α χ]χ − 4α(1 + 8αŪ )∇α ∇β χ∂ α χ∂ β χ
−12α2 (∂ α χ∂α χ)2 Ū 0 − U 0 ,

(2.17)

where prime denotes derivative with respect to χ.
In the Friedmann–Robertson–Walker case (with zero spatial curvature) these equations
reduce to
1
[1 + 3α(1 + 8αŪ )χ̇2 ]χ̇2 + U
2
0 = [1 + 6α(1 + 8αŪ )χ̇2 ]χ̈ + 3[1 + 2α(1 + 8αŪ )χ̇2 ]H χ̇ + 12α2 χ̇4 Ū 0 + U 0 . (2.18)

3H 2 =

If α(1 + 8αŪ )χ̇2  1, these reduce to the usual FRW equations for a minimally coupled field
with a canonical kinetic term and potential U .1 Slow-roll inflation is then described by the
slow-roll parameters, the first of which are
 
1 U0 2
1
=
=
¯
2 U
1 + 8αŪ
U 00
8αŪ
¯
η =
= η̄ − 3
U
1 + 8αŪ
U 0 U 000
(8αŪ )2 2
8αŪ
ζ =
= ζ̄ + 12
¯ − 8
¯η̄ .
U U
(1 + 8αŪ )2
1 + 8αŪ

(2.19)

The effect of the non-minimal coupling G on inflation in the Palatini case is well-established
[6, 7, 9–11, 13, 44, 45]. We have therefore focused on the new terms involving 8αŪ , and
written the slow-roll parameters relative to what they are in the case α = 0 (denoted by ¯,
η̄, and ζ̄). For the amplitude of perturbations, scalar spectral index, tensor-to-scalar ratio,
and running of the scalar spectral index we obtain
U
Ū
=

¯
ns − 1 = 2η − 6 = 2η̄ − 6¯

16
r = 16 =
¯
1 + 8αŪ
αs = 16¯
η̄ − 24¯
2 − 2ζ̄ .

24π 2 As =

(2.20)

Although the R2 term modifies , η and ζ, the effect cancels out in As , ns and αs to leading
order in the slow-roll parameters. (The number of e-folds is also unaffected.) Observables
1

The results below show that in slow-roll α(1 + 8αŪ )χ̇2 =
satisfied.
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2
αŪ 
3

=

2 αŪ
3 1+8αŪ

¯ <

1
¯,
12

so this condition is

defined as higher order derivatives of the power spectrum (such as the running of the running)
are also unaffected to leading order, because the slow-roll scalar power spectrum remains the
same:
PR =

U
Ū
=
.
24π 2 
24π 2 ¯

(2.21)

When 1 + 8αŪ grows the change in the effective potential U and its slope is compensated by
the change in the field χ given by (2.13). However, that is not the case for the tensor power
spectrum
PT =

2U
2Ū
= 2
.
2
3π
3π (1 + 8αŪ )

(2.22)

Thus we have r → r/(1 + 8αŪ ), and the tensor-to-scalar ratio can be decreased without
limit by increasing α. The tensor spectral index is also suppressed by the same factor,
nT → nT /(1 + 8αŪ ).

3

Conclusions

We have studied inflation with a scalar field in the Palatini formulation when the action
contains an R2 term. The introduction of the R2 term modifies the relation between the
curvature and the scalar field: it makes the effective potential (2.15) asymptotically flat and
lowers its value. The change of the slope and the absolute value of the potential is (to leading
order in the slow-roll parameters) balanced by a modification of the rate of change of the
scalar field in the scalar spectral index and the scalar amplitude of perturbations. However,
the decrease in the absolute value translates into a suppression of the tensor-scalar-ratio r
and the tensor spectral index nT by the factor 1/(1 + 8αŪ ), where Ū is the inflaton potential
in the Einstein frame when α = 0. A more complicated action, such as a more involved
form of F (R) or a different coupling between the scalar field and gravity, could lead to more
drastic changes, as studied in [46–50].
The difference between the metric formulation and the Palatini formulation in inflation
has been previously studied in the presence of a non-minimal coupling of the inflaton to
gravity [6, 7, 9–11, 13, 44, 45], especially in the context of Higgs inflation, where the main
effect is to decrease r by several orders of magnitude. We have shown that an R2 term has
the same effect. This is in contrast to the metric case, where an R2 term introduces a new
scalar degree of freedom. (The new degree of freedom has been argued to destabilise Higgs
inflation and require fine-tuning in the metric formulation, except in critical Higgs inflation
[40, 41]; in the Palatini formulation there is no such problem.)
It has been pointed out in the context of Higgs inflation that the specification of the
gravitational degrees of freedom (in the case of Palatini formulation, whether the connection
is an independent variable) is an extra choice for models of inflation, which has to be made
before they can be compared to observations [9, 10]. We see that this is not only an issue for
models with a non-minimal coupling between the inflaton and gravity, but also models with
an extended gravitational action.
The R2 term should generally be included in the action, and the mechanism we have
discussed can be used to lower r for any scalar field model of inflation. It can bring a model
that predicts r in excess of the observational upper bound but otherwise fits the data, such as
the simplest chaotic inflation model with the potential V (h) = 21 m2 h2 , back into agreement
with observations.
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