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Abstract

We apply a real options approach to develop a general characterization of the dynamics of the
capital accumulation process in the presence of technological progress. In particular, we delin-
eate circumstances under which the present technology represents a compound real option, which
incorporates as valuable embedded options the opportunity of successive updating of the tech-
nology to superior future technologies with a stochastic pattern of arrival timings. We also show
that part of the extended option value created by technological progress is channelled through
expansions of the investment volumes, which are shifted towards earlier timings.
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1 Introduction

In this paper we consider technological progress as a random and exogenous process. The firm
can upgrade its current technology to a superior new one with a timing pattern, which is deter-
mined by a Poisson process. The present model is best suited for an analysis of the dynamic
investment behavior of firms able to enjoy spillovers from technological innovations, which origi-
nate from other firms in the industry or from other sectors of the economy. However, the present
model is not designed to analyze the dynamics of the capital accumulation process for firms
actively engaged in R&D activities. Nevertheless the model certainly captures a number of key
aspects of the capital accumulation process for a large proportion of sectors in the economy.
For example, the technological progress taking place within the framework of the information
technology certainly has significant implications for the dynamics of the investment programs of
firms in retailing or banking even though these firms do not typically engage in IT-oriented R&D
activities.

In our model technological progress is characterized in a very general way. In fact, the model
distinguishes four different ways in which adoption of a new technology impacts on the cash flow
of the firm. (1) The upgraded technology is revenue enhancing, the underlying source of which
could be demand-enhancing quality improvements. (2) The upgraded technology is efficiency-
enhancing in the sense that it is cost-reducing, i.e. technological progress reduces the cost of an
effective unit of investment. (3) The upgraded technology changes the durability of the product,
because it affects the rate at which the capital stock depreciates. (4) The volatility of the capital
stock process is specific for each technology generation. Within such a context we apply a real
options approach to characterize the process of optimal capital accumulation in a general way1.

Our study explores how the presence of future uncertain technological progress affects the real
option value associated with investments within the framework of a currently existing technology.
These investments generate a capital stock, which, of course, depreciates over time, but which can
potentially also be more efficiently utilized within the framework of superior future technology
versions. Thus, current investments represent a compound real option as these investments are
linked to an opportunity of exploiting future, still uncertain technology improvements.

We analyze the dynamics of the firm’s investment threshold. In a mathematical sense we ask
whether the investment threshold of a compound real option would be lower than that of the
embedded real option if technological progress generates regime switches towards monotonically
improving technologies. If this were correct the pre-adoption threshold would be lower than
the post-adoption threshold. In particular, in an environment with successive generations of
improved technology this would translate into a sequence of monotonically decreasing investment
thresholds. The general intuition for this view is that the pre-adoption investment incorporates
the option value associated with the opportunity for post-adoption investments, which are more
productive. In light of our analysis this view is often, but not always, correct.

In general, the relationship between the investment threshold levels depend on all the param-
eters involved: (1) the revenue-enhancing effect, (2) the cost-reducing effect, (3) the durability-
enhancing effect and (4) the volatility effect. In addition, the expected delay in the arrival of
the new technology or the technological uncertainty, i.e. the inverse hazard rate, seems to be
particularly important. We find that the impact of technological progress on the investment
threshold depends on the way in which adoption of a new technology affects the cash flow or
the costs of the firm. For example, with constant rates of depreciation and volatility we find
that technological improvements in the form of cost reductions or revenue increases will induce
a monotonic sequence of continuously increasing investment thresholds. Thus, under these cir-
cumstances the investment thresholds increase as we proceed towards more advanced technology
generations. Intuitively, this feature captures the idea that the adoption of an early technology
generation includes the opportunity of successively upgrading this technology as an embedded

1In a mathematical sense, our model has similarities with the analysis applied in section 6 of Baldursson and

Karatzas 1997.
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option. The inclusion of such embedded updating options tends to create a high option value
for an early technology version and consequently a low investment threshold for such an early
technology version.

Our analysis establishes that the impact of technological progress on the capital accumulation
process is not restricted to the modifications of the investment thresholds. In fact, we characterize
how anticipated technological progress affects the probability of increasing the investment level
from that associated with the pre-adoption technology towards the higher level associated with
the more productive post-adoption technology as a function of the prevailing state in the pre-
adoption phase. Namely, as soon as the state of nature exceeds the threshold for investing during
the pre-adoption phase we also have an incentive to increase the investment so as to adjust our
operation to the post-adoption phase, when we have access to a more productive technology.
In this respect the extended real option value of a compound option is not restricted only to
the investment threshold as part of the extended option value seems to be channelled through
expansions of investment volumes being shifted towards an earlier timing.

A number of influential research contributions has previously analyzed various aspects of
optimal sequential investment behavior for firms (cf. Arrow 1968, Baldwin 1982, Nickell 1974).
The real options approach has extended this analysis making it possible to characterize optimal
investment in the presence of irreversibility, uncertainty, and multi-stage projects. Dixit and
Pindyck (1994) determine the real option values of investment opportunities available at each
stage of a multi-stage project and they characterize critical thresholds (with respect to the under-
lying state variable) that trigger the investments. Dutta (1994) applies dynamic programming
to characterize the optimal allocation of an R&D budget between several interrelated stages of a
project with the feature that completion of an intermediate step might itself be profitable. His
analysis establishes that the optimal path of R&D expenditures is decreasing in the sense that a
larger share of the budget should be allocated to earlier stages of the project.

Our study differs from those mentioned above in several important ways. Our analysis focuses
on the impact of future, but still technologically uncertain, generations of technology improve-
ments on the option value of adopting an incumbent technology as well as on the investment
volumes. Especially, we delineate how the compound real option value associated with the adop-
tion of the incumbent technology will exhibit crucial dependence on market uncertainty, future
technological uncertainty, the depreciation of the capital stock, the generation-specific volatility
of the stochastic process associated with a particular technology as well as the interaction be-
tween these characteristics. In these respects the present study have many features in common
with Alvarez and Stenbacka (2001), which calculates the optimal timing of when to adopt an
incumbent technology, incorporating as an embedded option a technologically uncertain prospect
of updating to superior future technology generations. With attention restricted to technology-
specific risk aspects this study is also related to Alvarez and Stenbacka (2003). Relative to these
contributions, with their focus restricted to the optimal adoption threshold, the present study
represents an essential generalization by focusing on the optimal capital accumulation process
incorporating the intertemporal delineation of the investment volumes. In addition, our present
approach offers a four-dimensional representation of technological progress.

Our analysis proceeds as follows. In Section 2, we present our general stochastic model in a
setting with two technology generations and we characterize the optimal capital accumulation
process as a function of the underlying market uncertainty, the depreciation rate as well as
the generic technological uncertainty. The general model is illustrated for particular functional
forms at the end of the section. In Section 3 the general model is extended to a horizon with
an arbitrary number of sequential technology generations. Finally, we offer some concluding
comments in Section 4.

2



2 The Model

We assume that the dynamics of the capital stock evolve according to the process {K I
t ; t ∈ R+}

defined on a complete filtered probability space (Ω,P, {Ft}t≥0,F) satisfying the usual conditions
and described on R+ by the (Itô-) stochastic differential equation described by the stochastic
differential equation

dKI
t = −δtK

I
t dt+ σtK

I
t dWt + dIt, KI

0 = k, (2.1)

where δ : R+ 7→ R+ denotes the percentage depreciation rate of the capital stock, σ : R+ 7→ R+

denotes the volatility of the capital stock process , and It is an admissible irreversible investment
strategy. We call an irreversible investment strategy I admissible if it is non-negative, non-
decreasing, right-continuous and adapted, and denote the set of admissible controls as Λ (this
class is also known as the class of finite variation controls). In order to capture the impact
of technological progress on the capital stock dynamics, we assume that the depreciation rate
process and the volatility process are defined as

(δt, σt) =

{

(δ2, σ2) t ≥ τ

(δ1, σ1) t < τ,
(2.2)

where δ1, δ2, σ1 and σ2 are known non-negative real-valued constants. The parameter τ , denoting
the random arrival date of the upgraded production technology, is assumed to be exponentially
distributed with parameter λ > 0. Consequently, we observe that the capital accumulation
dynamics are subject to stochastic depreciation and volatility, since both the depreciation and
volatility coefficient are determined by the random arrival date τ .

In order to characterize the impact of the technological improvement on the net revenues of
the firm, we assume that the short-run revenue flow of the firm is

π(t, k) =

{

π1(k) t < τ

π2(k) t ≥ τ,
(2.3)

where τ denotes the previously defined arrival date of the upgraded production technology and
the mappings πi : R+ 7→ R+, i = 1, 2 are assumed to be continuously differentiable, monoton-
ically increasing, strictly concave, and to satisfy the standard Inada conditions limk↓0 π

′
i(k) =

∞, limk→∞ π′
i(k) = 0, limk↓0 πi(k) = 0, and limk→∞ πi(k) = ∞ for i = 1, 2. We call the upgraded

technology revenue enhancing whenever the post-adoption revenues dominate the pre-adoption
revenue flow, that is, whenever π2(k) > π1(k) for all k ∈ R+.

Given the definitions above, we now plan to determine the irreversible investment policy
It ∈ Λ for which the maximum

V (t, k) = sup
I∈Λ

E(t,k)

∫ ∞

t

e−rs[π(s,KI
s )ds− qsdIs], (t, k) ∈ R

2
+ (2.4)

is attained. In (2.4) r > 0 denotes the risk free discount rate and

qt =

{

q1 t < τ

q2 t ≥ τ,

denotes the unit cost of investment. In other words, the objective of the firm is to determine an
optimal irreversible investment policy maximizing the expected cumulative present value of the
future net cash flows from the present up to an arbitrarily distant future. We call the upgraded
technology cost-reducing if the unit cost of investment is expected to decrease at the arrival date
of the technology, that is, if q1 > q2.
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We now denote as Kt the capital stock process KI
t in the absence of investment (that is, when

the capital stock is left depreciating at the expected rate δt). Given the stochastic differential
equation (2.1), the capital stock process Kt constitutes a coupled diffusion process

Kt =

{

K1
t , t < τ

K2
t , t ≥ τ,

(2.5)

where τ is the exponentially distributed random coupling date and K1
t denotes the pre-adoption

and K2
t the post-adoption capital stock process, respectively. These processes are defined on R+

by the stochastic differential equation

dKi
t = −δiK

i
tdt+ σiK

i
tdWt, i = 1, 2.

The differential operator associated with the capital accumulation dynamics K i
t , i = 1, 2, is now

denoted as

Ai =
1

2
σ2
i k

2 d
2

dk2
− δik

d

dk
.

2.1 The Post-adoption Phase

The stochastic optimal investment problem (2.4) has to be solved, as typically, in two separate
parts. We first consider the optimal irreversible investment policy and the value of the firm after
the upgraded technology has arrived and been adopted, that is, when the condition t ≥ τ is
satisfied. Having solved these quantities we then invoke the principle of optimality and solve the
value prior to the arrival of the upgraded technology conditional on the optimal post-adoption
investment policy and its value. In order to accomplish this task, we first observe that the
optimal investment problem (2.4) is stationary for t ≥ τ . More precisely, if t ≥ τ it holds that

V (t, k) = V2(k) = sup
I∈Λ

Ek

∫ ∞

0

e−rs[π2(K
I
s )ds− q2dIs] (2.6)

which is an ordinary problem in singular stochastic control and it can be solved by standard
techniques (cf. Alvarez 1999, 2001). Applying the generalized Itô theorem to the mapping
(t, k) 7→ e−rtq2k implies that for all (t, k) ∈ R

2
+ we have the inequality

V2(k) ≤ q2k + sup
I∈Λ

Ek

∫ ∞

0

e−rs[π2(K
I
s ) − (r + δ2)q2K

I
s ]ds, (2.7)

where the term (r + δ2)q2k is the familiar user cost of capital (cf. Jorgenson 1963). Before
proceeding in our analysis, we first define the mapping θ2 : R+ 7→ R as

θ2(k) = π2(k) − (r + δ2)q2k.

The strict concavity of the mapping π2(k) and the Inada-conditions guarantee that the map-
ping θ2(k) attains a unique global maximum at the point k̃2 = argmax{θ2(k)} satisfying the
necessary first order condition θ′2(k̃2) = 0. Moreover, since the mappings θ2(k) and π2(k) have
finite expected cumulative present values by the concavity, non-negativity and continuous dif-
ferentiability of π2(k) (i.e. the absence of speculative bubbles condition is met), we also observe
that

(R2
rθ2)(k) = (R2

rπ2)(k) − q2k,

where the functional (R2
rf) : R+ 7→ R is defined for an arbitrary mapping f : R+ 7→ R with finite

expected cumulative present value as

(R2
rf)(k) = Ek

∫ ∞

0

e−rsf(K2
s )ds.
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Instead of tackling the stochastic control problem (2.6) directly, we follow the approach
introduced in Alvarez 1999, and consider first the associated ordinary non-linear programming
problem

sup
k∈R+

{

k1−ϕ2(R2
rθ2)

′(k)
}

, (2.8)

where ϕ2 < 0 denotes the negative root of the characteristic equation σ2
2a(a−1)/2− δ2a− r = 0.

Our first auxiliary result is now summarized in the following

Lemma 2.1. There is a unique threshold

k∗2 = argmax
{

k1−ϕ2(R2
rθ2)

′(k)
}

∈ (0, k̃2)

satisfying the ordinary first order condition k∗2(R2
rθ2)

′′(k∗2) = (ϕ2 − 1)(R2
rθ2)

′(k∗2) which can be
re-expressed as

∫ ∞

k∗
2

y−ψ2θ′2(y)dy = 0, (2.9)

where ψ2 > 1 denotes the positive root of the characteristic equation σ2
2a(a− 1)/2− δ2a− r = 0.

Proof. See Appendix A.

Given the observation of Lemma 2.1, we can now prove the following

Theorem 2.2. In the post-adoption phase the optimal investment threshold k∗2 ∈ (0, k̃2) is the
unique root of the ordinary first order condition (2.9). The post-adoption value of the firm

V2(k) =

{

q2k + (R2
rθ2)(k) −

1
ϕ2
k∗2(R2

rθ2)
′(k∗2) (k/k∗2)

ϕ2 k > k∗2
q2k + θ2(k

∗
2)/r k ≤ k∗2

(2.10)

is twice continuously differentiable, concave, and satisfies the inequality 0 ≤ V ′
2(k) ≤ q2. More-

over, limk→∞ V ′
2(k) = 0.

Proof. See Appendix B.

Theorem 2.3. (Comparative static properties) The value function V2(k) satisfies the conditions
∂V2(k)/∂σ2 < 0, ∂V2(k)/∂r < 0, ∂V2(k)/∂δ2 < 0, and ∂V2(k)/∂q2 < 0. The optimal investment
threshold satisfies the conditions ∂k∗2/∂σ2 < 0, ∂k∗2/∂r < 0, ∂k∗2/∂δ2 < 0, and ∂k∗2/∂q2 < 0.
Moreover, the marginal value V ′

2(k) satisfies the conditions ∂V ′
2(k)/∂q2 > 0, ∂V ′

2(k)/∂r < 0 and
∂V ′

2(k)/∂δ2 < 0.

Proof. See Appendix C.

Theorem 2.3 demonstrates that increased volatility, ceteris paribus, (discounting, deprecia-
tion, price of investment goods) decreases the value and postpones rational exercise by decreasing
the optimal investment threshold k∗2 .

As is well known from the neoclassical theory of investment, the marginal value V ′
2(k) can

be interpreted as the (marginal) Tobin’s q of investment. In light of of Lemma 2.1 this marginal
value reads as

V ′
2(k) = (R2

rπ2)
′(k) − kϕ2−1 sup

y≤k

[

y1−ϕ2(R2
rθ2)

′(y)
]

. (2.11)

Thus, Tobin’s q is determined as an ordinary non-linear programming problem constrained by an
inequality. As in standard neoclassical models of investment, the term (R2

rπ2)
′(k) measures the
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expected cumulative present value of the future marginal revenue productivity of the operating
capital stock. The latter term of (2.11) measures the early exercise premium associated with
exploiting the investment opportunity prior to its expiration. Given (2.11) and the identity
(R2

rθ2)
′(k) = (R2

rπ2)
′(k) − q2, we find that the marginal value can be re-expressed as

V ′
2(k) = (R2

rπ2)
′(k) − sup

τ
Ek

[

e−(r+δ)τ ((Rrπ)′(K̂2
τ ) − q2)

]

, (2.12)

where the process K̂2
t evolves according to the dynamics described by the stochastic differential

equation

dK̂2
t = (σ2

2 − δ2)K̂
2
t dt+ σ2K̂

2
t dWt, K̂2

0 = k. (2.13)

The representation (2.12) shows how the original investment problem (2.6) is related to the mod-
ern real option models of irreversible investment and, especially, to models considering optimal
exit and the valuation of the associated put options. As (2.12) clearly indicates the marginal value
and, thus, Tobin’s marginal q can be seen to be generated by an associated optimal timing prob-
lem (a perpetual American forward contract written on a dividend-paying asset). Consequently,
we find that neoclassical problems of investment can be tackled either directly by considering the
optimal investment problem and therefore, the valuation of the firm or indirectly by determining
the optimal marginal value of the operating capital stock.

It is worth emphasizing that in the present case the post-adoption capital stock dynamics
tend towards a random stationary steady state distributed according to a Pareto-distribution
p(k) with density

p′(k) = (ψ2 + ϕ2)k
∗
2
ψ2+ϕ2k−ψ2−ϕ2−1

(compare with Merton 1975). Hence, the expected long-run steady state of the capital stock is

lim
t→∞

Ek[K
2
t ] =

(

1 +
σ2

2

2δ2

)

k∗2 .

2.2 The Pre-adoption Phase

The memoryless-property of the exponential distribution implies that the stationarity of the
optimal investment problem can be extended to the pre-adoption phase as well. More precisely,
since the conditional distribution of the arrival date is exponential, we find that for any t < τ
the investment problem reads as

V (t, k) = V1(k) = sup
I∈Λ

Ek

[
∫ τ

0

e−rs[π1(K
I
s )ds− qdIs] + e−rτV2(Kτ )

]

. (2.14)

Applying again the generalized Itô theorem to the mapping (t, k) 7→ e−rtq1k and changing the
order of integration results in the inequality

V1(k) ≤ q1k + sup
I∈Λ

Ek

∫ ∞

0

e−(r+λ)sθ1(K
I
s )ds, (2.15)

where

θ1(k) = π1(k) − (r + δ1)q1k + λ(V2(k) − q1k).

There is one major difference caused by the uncertainty associated with the timing of the regime
switch. For that reason the flow θ1(k) differs from that of θ2(k) in a qualitative sense by the
term λ(V2(k)−q1k), which measures the true net gain of switching from the pre-adoption regime
to the post-adoption one. It is now clear that the concavity of the value V2(k) and the strict
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concavity of the mapping π1(k) imply that the mapping θ1(k) is strictly concave. Moreover,
θ1(k) satisfies the limiting conditions

lim
k↓0

θ1(k) =
λ

r
θ2(k

∗
2) > 0,

limk↓0 θ
′
1(k) = ∞ and limk→∞ θ′1(k) = −(r + δ1 + λ)q1 < 0. Thus, the strict concavity of

the mapping θ1(k) imply that there is a unique threshold k̃1 satisfying the ordinary first order
condition θ′1(k̃1) = 0. Since V ′

2(k) ≥ 0 we find that

θ′1(k) = π′
1(k) − (r + δ1)q1 + λ(V ′

2(k) − q1) ≥ π′
1(k) − (r + δ1 + λ)q1

implying that k̃1 is above the unique threshold y̌ satisfying the first order condition π′
1(y̌) =

(r + δ1 + λ)q1. In particular, if we consider a cost-reducing upgrade we can conclude that

θ′1(k) = π′
1(k) − (r + δ1)q1 + λ(V ′

2(k) − q1) ≤ π′
1(k) − (r + δ1)q1.

Consequently, the threshold k̃1 at which θ1(k) is maximized is below the threshold ŷ satisfying
the ordinary first order condition π′

1(ŷ) = (r + δ1)q1.
Given these observations, we again consider the ordinary non-linear-programming problem

sup
k∈R+

{

k1−ϕ1(R1
r+λθ1)

′(k)
}

, (2.16)

where ϕ1 < 0 denotes the negative root of the characteristic equation σ2
1a(a−1)/2−δ1a−(r+λ) =

0 and

(R1
r+λθ1)(k) = Ek

∫ ∞

0

e−(r+λ)sθ1(K
1
s )ds

denotes the expected cumulative present value of the revenue flow θ1(k). Our first auxiliary
result is now summarized in the following

Lemma 2.4. There is a unique threshold

k∗1 = argmax
{

k1−ϕ1(R1
r+λθ1)

′(k)
}

∈ (0, k̃1)

satisfying the ordinary first order condition k∗1(R1
r+λθ1)

′′(k∗1) = (ϕ1 − 1)(R1
r+λθ1)

′(k∗1) which can
be re-expressed as

∫ ∞

k∗
1

y−ψ1θ′1(y)dy = 0, (2.17)

where ψ1 > 1 denotes the positive root of the characteristic equation σ2
1a(a−1)/2−δ1a−(r+λ) =

0.

Proof. The proof of this claim is completely analogous to the proof of Lemma 2.1.

Although Lemma 2.4 demonstrates that the ordinary non-linear programming problem (2.16)
attains a global minimum at a uniquely determined threshold, it does not characterize the precise
location of that threshold, especially not in comparison with the threshold k∗2 .

In light of Lemma 2.4 we can now prove the following

Theorem 2.5. In the pre-adoption phase the optimal investment threshold k∗1 ∈ (0, k̃1) is the
unique root of the ordinary first order condition (2.17). The pre-adoption value of the firm

V1(k) =

{

q1k + (R1
r+λθ1)(k) −

1
ϕ1
k∗1(R1

r+λθ1)
′(k∗1)(k/k∗1)ϕ1 k > k∗1

q1k + θ1(k
∗
1)/(r + λ) k ≤ k∗1

(2.18)

is twice continuously differentiable, concave, and satisfies the inequality 0 ≤ V ′
1(k) ≤ q1. More-

over, limk→∞ V ′
1(k) = 0 and (A1V1)(k) − (r + λ)V1(k) + π1(k) + λV2(k) ≤ 0 for all k ∈ R+

7



Proof. The proof is analogous to the proof of Theorem 2.2.

The integral equation (2.17) characterizes the optimal investment threshold in a concentrated
form. By applying integration by parts (2.17) can be seen to be equivalent to

∫ ∞

k∗
1

y1−ψ1θ′′1 (y)dy = −k∗1
1−ψ1θ′1(k

∗
1).

Changing the variable of integration then finally yields that

−

∫ ∞

1

uk∗1θ
′′
1 (uk∗1)

θ′1(k
∗
1)

u−ψ1du = 1,

which can be re-expressed as

−

∫ ∞

1

uk∗1θ
′′
1 (uk∗1)

θ′1(uk
∗
1)

θ′1(uk
∗
1)

θ′1(k
∗
1)
u−ψ1du = 1.

Intuitively, this equation expresses that the optimal capital accumulation is achieved by keeping
the capital stock as constant as possible. A straightforward implication of Theorem 2.5, Lemma
2.1, and Lemma 2.4 characterizing the impact of technological change on the optimal capital
accumulation path of a rational decision maker is now summarized in the following.

Corollary 2.6. If
∫ ∞

k∗
2

y−ψ1θ′1(y)dy S 0,

then k∗1 S k∗2 . Consequently, the optimal investment decision is neutral with respect to techno-
logical change whenever

∫ ∞

k∗
2

y−ψ1θ′1(y)dy = 0.

Corollary 2.6 presents a sufficient condition for the presence of subsequent technology gener-
ations to reduce (increase) the adoption threshold of the present technology. In particular, the
inequality

∫ ∞

k∗
2

y−ψ1θ′1(y)dy ≤ 0, (2.19)

is a sufficient condition under which uncertain future technological progress will speed up the
adoption of the presently available technology in relationship with a static world where no tech-
nological development could be foreseen. Thus, under the inequality (2.19) the present technol-
ogy represents a compound real option, which incorporates as valuable embedded real options
the opportunity of successive updating of this technology to superior future generations with a
stochastic pattern of arrival timings. Under particular parameter configurations described by
the integral equation

∫ ∞

k∗
2

y−ψ1θ′1(y)dy = 0

the presence of future technology generations add no embedded option value to the present
technology. This captures a situation where the successive technology generations represent
an independent sequence of real options in the sense that the potential emergence of future
technologies does not generate any embedded option value.
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The arrival intensity 1/λ of the new technology denotes the expected time until the incumbent
technology can be updated. It can immediately be seen that

lim
λ↓0

V1(k) = V̌1(k), (2.20)

lim
λ↓0

k∗1(λ) = k∗(0), (2.21)

where V̌1(k) denotes the value of the optimal policy in the absence of a future upgrading op-
portunity and k1(0) denotes the corresponding optimal investment threshold. In general the
relationship between the investment thresholds of the two subsequent technologies is determined
by the arrival intensity to an essential extent. In fact, the shorter is the expected time until the
technology can be updated the larger is the value of the embedded option relative to a situa-
tion where the technology cannot be updated. The larger is the value of the embedded option
the stronger is the link between the subsequent technologies and the stronger is the impact of
technological progress. Similarly, even though waiting is typically valuable also in the presence
of technological progress, it is less valuable the stronger is the link between the two subsequent
technologies.

At the generality of our analysis presented this far it is fairly complicated to verify the
sufficient condition stated in Corollary 2.6 For illustrative purposes we investigate this sufficient
condition for cases of technological progress such that the technologies exhibit constant rates
of depreciation (δ = δ1 = δ2) and volatility (σ = σ1 = σ2). For such families of subsequent
technology generations we can prove the following Corollary.

Corollary 2.7. Assume that the subsequent technologies exhibit constant rates of depreciation
(δ = δ1 = δ2) and volatility (σ = σ1 = σ2). The presence of technological progress will speed up
the adoption of the present technology (i.e. k∗1 < k∗2) if the condition π′

1(k) − π′
2(k) ≤ (r + δ +

λ)(q1 − q2) holds for all k ∈ R+.

Proof. The conditions of our lemma imply that ψ1 = ψ2 and that θ′1(k)−θ
′
2(k) = π′

1(k)−π
′
2(k)−

(r+ δ)(q1 − q2) + λ(V ′
2(k)− q1) ≤ π′

1(k)− π′
2(k)− (r+ δ+ λ)(q1 − q2) ≤ 0 for all k ∈ R+. Hence,

we find that
∫ ∞

k

y−ψ1θ′1(y)dy ≤

∫ ∞

k

y−ψ2θ′2(y)dy (2.22)

for all k ∈ R+ and, therefore, that k∗1 ≤ k∗2 .

It can easily be seen that the condition of Corollary 2.7 is satisfied for all revenue enhancing
types of technological progress as long as the unit costs of investment do not increase too much.
Analogously, the condition of Corollary 2.7 is satisfied for all cost-reducing forms of technological
progress as long as the associated revenues do not diminish too much. Consequently, from
Corollary 2.7 we can conclude that presence of technological progress will lower the threshold of
adopting the present technology under highly plausible circumstances.

So far we have restricted ourselves to study the implications of technological progress on
the adoption threshold for the presently available technology. However, the presence of future
technology generations will also impact on the dynamics of the investment volumes. In the
next theorem we characterize investment dynamics generated by the presence of technological
progress.

Theorem 2.8. (Preadjustment of the capital stock) Assume that the current capital stock exceeds
the optimal investment threshold, that is, assume that k > k∗1 . Then, the probability of investing
prior to the arrival date of the upgraded technology is

Pk[τ(k
∗
1) < τ ] = (k/k∗1)

ϕ
,

where τ(k∗1) = inf{t ≥ 0 : K1
t ≤ k∗1} denotes the first investment date and ϕ = 1/2 + δ1/σ

2
1 −

√

(1/2 + δ1/σ2
1)

2
+ 2λ/σ2

1 < 0.

9



Proof. The alleged result is a direct implication of Fubini’s theorem.

Theorem 2.8 delineates how compound real option considerations generate adjustments of the
investment volumes. Theorem 2.8 characterizes the probability whereby the firm increases its
investment level from that associated with the pre-adoption technology towards the higher level
associated with the more productive post-adoption technology. Namely, as soon as the state vari-
able exceeds the threshold for investing during the pre-adoption phase the firm has an incentive to
adjust its operation towards the more productive post-adoption technology. Thus, the extended
value of a compound option is not restricted only to the threshold, because part of the extended
real option value is channelled through a shift towards earlier timing of investment expansions.
Intuitively this effect illustrates the mechanism whereby optimal capital accumulation is obtained
through a process of capital stock smoothing. In the presence of technological progress this is
achieved by adjusting the investment volumes towards the next technology generation prior to
its arrival.

As in the post-adoption phase, the marginal value of the firm has an interesting real option
interpretation in terms of an associated optimal exit problem subject to embedded options rep-
resented by the arrival of the new upgraded production technology (cf. Alvarez and Stenbacka
2001). More precisely, since

V ′
1(k) = q1 + (R1

r+λθ1)
′(k) − kϕ1−1 sup

y≤k

[

y1−ϕ1(R1
r+λθ1)

′(y)
]

, (2.23)

we again find that the marginal value can be re-expressed as

V ′
1(k) = q1 + (R1

r+λθ1)
′(k) − sup

τ
Ek

[

e−(r+λ+δ1)τ (Rr+λθ1)
′(K̂1

τ )
]

, (2.24)

where the process K̂1
t evolves according to the dynamics described by the stochastic differential

equation

dK̂1
t = (σ2

1 − δ1)K̂
1
t dt+ σ1K̂

1
t dWt, K̂1

0 = k. (2.25)

2.3 Explicit Illustration

In order to illustrate our results explicitly, we assume that the revenue flows are of the standard
exponential form πi(k) = aik

b, where b ∈ (0, 1) and ai ∈ R+, i = 1, 2, are known exogenously
determined constants. We will assume that the upgraded technology is revenue enhancing and,
therefore, that a2 > a1. Consequently, we find that θ2(k) = a2k

b − (r + δ2)q2k and, therefore,
that

k̃2 =

(

a2b

(r + δ2)q2

)1/(1−b)

.

Moreover, taking expectations results in

(R2
rθ2)(k) =

a2k
b

r +m2(b)
− q2k,

where mi(b) = bδi + σ2
i b(1 − b)/2 denotes the percentage growth rate of the revenue process.

As was established in our Lemma 2.1, the optimal post-adoption investment threshold k∗2 is the
unique root of the optimality condition k∗2(R2

rθ2)
′′(k∗2) = (ϕ2 − 1)(R2

rθ2)
′(k∗2) implying that

k∗2 =

(

(ψ2 − 1)

(ψ2 − b)

a2b

(r + δ2)q2

)1/(1−b)

=

(

1 −
1 − b

ψ2 − b

)1/(1−b)

k̃2 < k̃2.

The value of the firm in the post-adoption phase then reads as

V2(k) =







a2k
b

r+m2(b)
− (1−b)q2

ϕ2(b−ϕ2)
k∗2

1−ϕ2kϕ2 k > k∗2

q2k +
(

1 − 1
ϕ2

)

(

1−b
b

)

q2k
∗
2 k ≤ k∗2 .
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The optimal policy prior to the arrival of the upgraded technology can now be characterized by
making use of V2(k) and the post adoption phase investment threshold k∗2 . In accordance with
the findings of Corollary 2.6, we can now establish the following

Proposition 2.9. k∗1 S k∗2 whenever

(ψ2 − b)(r + δ2)

(ψ1 − b)(ψ2 − 1)

[

a1

a2
+

λ

(r +m2(b))

]

S (r + δ1 + λ)q1
(ψ1 − 1)q2

+
λ(1 − b)

(b− ϕ2)(ψ1 − ϕ2)
.

Proof. See Appendix D.

Unfortunately, the optimality condition from which the pre-adoption threshold has to be
determined is non-linear and, therefore, it typically cannot be solved explicitly. In Table 1
we have calculated the optimal pre-adoption and post-adoption thresholds (k1∗ and k2∗) for
the particular set of parameter values with δ1 = δ2 = 7%, σ1 = σ2 = 5%, r = 4.5%, a1 =
10%, b = 0.5, q1 = 1, and λ = 1. For this parameter combination the pre-adoption investment
threshold would be k∗1 = 0.1857 in case there would be no opportunity of upgrading the incumbent
technology. In particular, the first four columns of Table 1 illustrate the impact of a cost-
reducing technology improvement, whereas the last four columns exemplify the effect of a revenue-
enhancing improvement. Overall we can see that k∗1 < k∗2 for all the parameter configurations
captured by this example. Furthermore, in this example we can observe that future technological
progress in the form of cost reduction is associated with a higher embedded real option value
than that associated with revenue-enhancing progress.

a2 0.1 0.1 0.1 0.1 0.105 0.11 0.115 0.12
q2 0.95 0.9 0.85 0.8 1 1 1 1
k∗1 0.091 0.053 0.035 0.025 0.186 0.186 0.186 0.186
k∗2 0.206 0.229 0.257 0.29 0.205 0.225 0.246 0.268

Table 1

Table 2 illustrates the impact on the pre-adoption threshold of changes in the arrival intensity
λ for the parameter configuration δ1 = δ2 = 7%, σ2 = σ1 = 5%, r = 4.5%, a2 = 20%, a1 =
10%, b = 0.5, q1 = 1, and q2 = 0.9 (implying that k∗2 = 0.277 and that without the upgrading
opportunity the investment threshold k∗1 = 0.186). From Table 2 we can infer that the threshold
associated with the incumbent technology tends to increase as the expected time until the arrival
of the updated technology is shorter, or as the uncertainty, measured by the variance of the
arrival timing, is larger. As intuitively is clear, the smaller the arrival intensity is, the greater
the expected arrival date of the new improved technology becomes and, therefore, the closer is
the optimal investment threshold to the one attained in the absence of new improved technology
generations.

λ 100% 75% 50% 25% 1% 0.1%
k∗1 0.053 0.068 0.09 0.125 0.183 0.185

Table 2

However, for technologies exhibiting constant rates of depreciation (δ = δ1 = δ2) and volatility
(σ = σ1 = σ2) the adoption thresholds can be explicitly characterized by the following Corollary.

Corollary 2.10. The presence of technological progress will speed up the adoption of the present
technology (k∗1 ≤ k∗2) if the condition bkb−1(a1 − a2) ≤ (r + δ + λ)(q1 − q2) holds for all k ∈ R+.
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3 Generalization: n Sequential Technology Generations

In this section we plan to extend the results of our previous section to include the possibility
of n sequential technology generations affecting the investment decision of the firm. In order to
accomplish this task, we now assume that the stochastic capital accumulation dynamics are

dKI
t = −δtK

I
t dt+ σtK

I
t dWt + dIt, K0 = k, (3.1)

where

δt =

n−1
∑

j=1

δjχ[τj−1,τj)(t) + δnχ[τn−1,∞)(t) and σt =

n−1
∑

j=1

σjχ[τj−1,τj)(t) + σnχ[τn−1,∞)(t)

denote the percentage depreciation rate and the volatility coefficient of the capital stock Kt,
respectively, τ0 = 0, and {τj}

n−1
j=1 is a sequence of exponentially distributed random arrival dates

(conditional on the arrival date of the previous technology generation) characterizing the date at
which the next upgraded technology generation is expected to arrive. For the sake of generality,
we assume that the parameters λj ∈ R+, j = 1, . . . , n− 1, of the exponential distributions need
not to be identical but may vary as functions of the vintage j ∈ {1, . . . , n} of the operating
technology. Again, in the absence of investment the capital accumulation dynamics constitute a
coupled diffusion

Kt =

n−1
∑

j=1

Kj
t χ[τj−1,τj)(t) +Kn

t χ[τn−1,∞)(t)

where the process Ki
t evolves on R+ according to the dynamics

dKi
t = −δiK

i
tdt+ σiK

i
tdWt, i = 1, 2, . . . , n.

In accordance with the notation introduced in the previous section, we denote as

(Rirf)(k) = Ek

∫ ∞

0

e−rsf(Xi
s)ds

the expected cumulative present value of the cash flow f(k) (whenever it exists) given that the
firm operates the ith generation of the production technology.

We now plan to generalize the results of our previous section and determine the irreversible
investment policy It ∈ Λ for which the maximum

V (t, k) = sup
I∈Λ

E(t,k)

∫ ∞

t

e−rs[π(s,KI
s )ds− qsdIs], ∀(t, k) ∈ R

2
+ (3.2)

is attained. In (3.2)

qt =
n−1
∑

j=1

qjχ[τj−1,τj)(t) + qnχ[τn−1,∞)(t)

denotes the unit cost of investment and

π(t, k) =

n−1
∑

j=1

πj(k)χ[τj−1,τj)(t) + πn(k)χ[τn−1,∞)(t)

denotes the sequence of short-run revenue flows generated by the firm’s current version of the
production technology. We assume that the revenue flows πi(k) satisfy the Inada conditions
stated in the previous section.
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Following the analysis in the previous section, we now define the sequence {θj(k)}
n
j=1 as

θj(k) = πj(k) − (r + δj)qjk + λj(Vj+1(k) − qjk), j ≤ n− 1

θn(k) = πn(k) − (r + δn)qnk,

where Vj(k) denotes the value of the firm operating with the jth version of the production
technology. Once again, the principle of optimality implies that the optimal investment problem
(3.2) has to be solved by applying backward recursion. In order to accomplish this task, we first
associate to each generation j = 1, . . . , n the ordinary non-linear programming problem

sup
k∈R+

{

k1−ϕj (Rjr+λj
θj)

′(k)
}

, (3.3)

where ϕj < 0 denotes the negative and ψj > 1 the positive root of the characteristic equation
σ2
ja(a− 1)/2 − δja− (r + λj) = 0 with λn = 0. In accordance with the findings in our previous

section, we observe that after the last technological version has arrived, that is, when t ≥ τn−1

the problem is completely analogous to problem (2.6) and, therefore, we find that

Vn(k) =

{

qnk + (Rnr θn)(k) −
1
ϕn
k∗n(R

n
r θn)

′(k∗n) (k/k∗n)
ϕn k > k∗n

qnk + θn(k
∗
n)/r k ≤ k∗n,

(3.4)

where k∗n = argmax
{

k1−ϕn(Rnr θn)
′(k)

}

∈ (0, k̃n) is the unique root of the ordinary first order

condition k∗n(R
n
r θ2)

′′(k∗n) = (ϕn − 1)(Rnr θn)
′(k∗n), and k̃n = argmax{θn(k)} is the unique root of

the first order condition θ′n(k̃n) = 0. As in the previous section, the ordinary first order condition
k∗n(R

n
r θ2)

′′(k∗n) = (ϕn − 1)(Rnr θn)
′(k∗n) can be re-expressed as
∫ ∞

k∗n

y−ψnθ′n(y)dy = 0. (3.5)

The value function Vn(k) is concave and, satisfies the inequalities 0 ≤ V ′
n(k) ≤ qn. From these

features we can conclude that θj(k) is strictly concave for all j = 1, . . . , n − 1 and, therefore,
that the mappings θj(k) are strictly concave for all j = 1, . . . , n − 1. Moreover, we again find

that there is a unique threshold k̃j satisfying the first order condition θ′j(k̃j) = 0 for all j =
1, . . . , n−1. Given these observations we find that there is a unique optimal investment threshold
k∗j = argmax

{

k1−ϕj (Rjrθj)
′(k)

}

∈ (0, k̃j) satisfying the optimality condition k∗j (R
j
r+λθj)

′′(k∗j ) =

(ϕj − 1)(Rjr+λθj)
′(k∗j ), that is, the condition

∫ ∞

k∗
j

y−ψjθ′j(y)dy = 0.

In line with the findings of Corollary 2.6, we can draw the following conclusion.

Corollary 3.1. If
∫ ∞

k∗
j+1

y−ψjθ′j(y)dy S 0,

then k∗j S k∗j+1. Consequently, the optimal investment decision is neutral with respect to techno-
logical change whenever

∫ ∞

k∗
j+1

y−ψjθ′j(y)dy = 0.

Moreover, the sequence of optimal investment thresholds {k∗j }
n
j=1 is non-decreasing, meaning that

technological progress will stimulate investment if
∫ ∞

k∗
j+1

y−ψjθ′j(y)dy ≤ 0

for all j = 1, . . . , n.
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Proof. The proof is completely analogous to the proof of Corollary 2.6.

By comparing Corollary 3.1 with Corollary 2.6 we can conclude that our analysis can be
generalized from a horizon of two successive technology generations to a horizon with an arbitrary,
but finite, number of technology generations in a straightforward manner.

The value of the optimal policy reads as

Vj(k) =

{

qjk + (Rkr+λj
θj)(k) −

1
ϕj
k∗j (R

j
r+λj

θj)
′(k∗j )(k/k

∗
j )
ϕj k > k∗j

qjk + θj(k
∗
j )/(r + λj) k ≤ k∗j .

(3.6)

The characterization of the dynamics of the capital accumulation process can also be generalized
to a horizon with an arbitrary, but finite, number of technology generations. This generalization
is formulated in the next theorem.

Theorem 3.2. (General Theorem of Preadjustment of the Capital Stock) Assume that the cur-
rent capital stock exceeds the optimal investment threshold, that is, assume that k > k∗j . Then, the
probability of investing prior to the arrival date of the next version of the production technology
is

Pk[τj(k
∗
j ) < τj ] =

(

k/k∗j
)ϕ̂j

,

where τj(k
∗
j ) = inf{t ≥ 0 : Kj

t ≤ k∗j } denotes the first investment date and ϕ̂j = 1/2 + δj/σ
2
j −

√

(

1/2 + δj/σ2
j

)2
+ 2λj/σ2

j < 0.

Proof. The alleged result is a direct implication of Fubini’s theorem.

It is worth emphasizing that our results demonstrate that the sequence of value functions
{Vj(k)}

n
j=1 can be solved recursively from the variational inequalities

min{(r + λj)Vj(k)−πj(k) − λjVj+1(k) − (AjVj)(k), qj − V ′
j (k)} = 0 j = 1, . . . , n− 1

min{rVn(k) − πn(k) − (AnVn)(k), qn − V ′
n(k)} = 0.

Interestingly, we once again find that the marginal value of the firm operating with a version k
of the production technology reads as

V ′
j (k) = qj + (Rjr+λj

θj)
′(k) − kϕj−1 sup

y≤k

[

y1−ϕj (Rjr+λj
θj)

′(y)
]

.

This can be re-expressed as

V ′
j (k) = qj + (Rjr+λj

θj)
′(k) − sup

τ
Ek

[

e−(r+λj+δj)τ (Rjr+λj
θj)

′(K̂j
τ )

]

,

where the process K̂j
t evolves according to the dynamics described by the stochastic differential

equation

dK̂j
t = (σ2

j − δj)K̂
j
t dt+ σjK̂

j
t dWt, K̂j

0 = k.

4 Concluding Remarks

In this study we have applied a real options perspective to develop a general characterization
of the dynamics of the capital accumulation process in the presence of technological progress.
We have delineated circumstances under which the present technology represents a compound
real option, which incorporates as valuable embedded real options the opportunity of successive
updating of this technology to superior future generations with a stochastic pattern of arrival
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timings. For example, with constant rates of depreciation and volatility we found that techno-
logical improvements in the form of cost reductions or revenue increases will induce a monotonic
sequence of continuously increasing investment thresholds. The inclusion of embedded updating
options determined by the stochastic arrival of new superior technologies creates a high option
value for an early technology version and consequently speeds up the adoption of such an early
technology version.

The extended real option value of an early technology version shows up not only as a low
investment threshold and thereby a high capital stock trigger. In fact, part of the extended op-
tion value created by technological progress is channelled through expansions of the investment
volumes, which are shifted towards earlier timings. In this respect our analysis characterized
how anticipated technological progress affects the probability of expanding the investment vol-
ume from that associated with the prevailing, pre-adoption technology towards the higher level
associated the more productive post-adoption technology. This probability was expressed as a
function of the prevailing state of nature during the pre-adoption phase.

In many contexts technology policy recommendations tend to emphasize the significance of
supporting early technology versions with a potential of generating a future stream of succes-
sively improving technology generations. These days such recommendations are applied to, for
example, the biotechnology industry. Our present model does not necessarily dispute such a
policy recommendation. However, our model implies that many of the models applied to justify
such a policy conclusion might exaggerate the significance of such policies as these models are
not formulated within the framework of a real options perspective. As our analysis makes clear,
a rational evaluation of the embedded options created through technological progress will gen-
erate capital accumulation dynamics which will internalize the intertemporal spillovers between
successive technology generations. Thus, technology policy interventions have to be justified by
reference to other types of inefficiencies.

As always, a number of simplifications might limit the generality of the present analysis. Most
importantly, our model is formulated within the framework of exogenous technological progress.
Thus, our model does not explain technological progress and it cannot be used to explore, for
example, the relationship between market structure and innovation. Likewise, the present model
does not explore aspects of the strategic interaction between oligopolists engaged in time-based
competition in the form of R&D races. In fact, these are dimensions along which the present
model could potentially be generalized.
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A Proof of Lemma 2.1

Proof. As is known form the theory of linear diffusions, the expected cumulative present value
of the flow θ2(k) can be re-expressed as (cf. Kobila 1993)

(R2
rθ2)(k) =

2

σ2
2(ψ2 − ϕ2)

[

kϕ2

∫ x

0

y−1−ϕ2θ2(y)dy + kψ2

∫ ∞

k

y−1−ψ2θ2(y)dy

]

. (A.1)

Consequently, we find that the non-linear programming problem (2.8) can be restated as

sup
k∈R+

{

2

σ2
2(ψ2 − ϕ2)

[

ϕ2

∫ k

0

y−1−ϕ2θ2(y)dy + ψ2k
ψ2−ϕ2

∫ ∞

k

y−1−ψ2θ2(y)dy

]}

. (A.2)

Define now the mapping g : R+ 7→ R as

g(k) =
2

σ2
2(ψ2 − ϕ2)

[

ϕ2

∫ k

0

y−1−ϕ2θ2(y)dy + ψ2k
ψ2−ϕ2

∫ ∞

k

y−1−ψ2θ2(y)dy

]

.

Standard differentiation then yields that g′(k) = 2ψ2k
ψ2−ϕ2−1I(k)/σ2

2 , where

I(k) =

∫ ∞

k

y−1−ψ2(θ2(y) − θ2(k))dy. (A.3)

Since θ2(k) is decreasing for k ≥ k̃2, we find that I(k) ≤ 0 for all k ∈ [k̃2,∞). Applying the mean
value theorem for integrals then yields that for any k ∈ (0, k̃2) we have

I(k) =
k−ψ2

ψ2
(θ2(ξ) − θ2(k)) +

∫ ∞

k̃2

y−1−ψ2θ2(y)dy −
θ2(ξ)

ψ2
k̃−ψ2

2 ,

where ξ ∈ (k, k̃2). Letting k then tend to zero implies that limk↓0 I(k) = ∞ proving that I(k)

has a root k∗2 ∈ (0, k̃2). Since I ′(k) = −θ′2(k)k
−ψ2/ψ2 < 0 for all k ∈ (0, k̃2) the uniqueness of the

root k∗2 follows from the monotonicity of I(k) on (0, k̃2). Consequently, we find that g′(k) T 0

when k S k∗2 . Moreover, standard integration by parts in (A.3) then results in

I(k) =
1

ψ2

∫ ∞

k

y−ψ2θ′2(y)dy,

completing the proof of our lemma.

B Proof of Theorem 2.2

Proof. We follow the approach introduced in Alvarez 1999, 2001. Instead of considering the
optimal investment problem (2.6) directly, we analyze the associated problem

F (k) = q2k + sup
I∈Γ

Ek

∫ ∞

0

e−rsθ2(K
I
s )ds, (B.1)

where Γ denotes the class of local time controls (i.e. the class of local time pushes, cf. Harrison
1985) of the type

It(y) =

{

(y − k)+ t = 0

L2(t, y) t > 0,
(B.2)
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where y ∈ R+ and L2(t, y) denotes the local time of the capital stock process K2
t at the state

y ∈ R+. Put somewhat differently, the class Γ consists of those investment policies which are such
that they keep the post-adoption capital stock above the threshold y. Since Γ ⊂ Λ, we obviously
have that V2(k) ≥ F (k) for all x ∈ R+. In order to prove the opposite inequality, we first observe
that given an arbitrary investment policy Iyt ∈ Γ, the resulting capital stock process constitutes
a geometric Brownian motion reflected upwards at y implying that the standard transversality
condition limt→∞ Ek

[

e−rtKI
t

]

= 0 is met and, therefore, that for an arbitrary policy Iyt ∈ Γ the
objective functional in (B.1) can be re-expressed as

Fy(k) = q2k + Ek

∫ ∞

0

e−rs[π2(K̂s) − q2(r + δ2)K̂s]ds, (B.3)

where K̂t denotes a geometric Brownian motion reflected at y. Since the value Fy(k) satisfies on
(y,∞) the ordinary differential equation (A2Fy)(k)−rFy(k)+π2(k) = 0 subject to the boundary
condition F ′

y(y) = q2 and F ′
y(k) = q2 for all k ∈ (0, y), we find that

Fy(k) =

{

q2k + (R2
rθ2)(k) −

1
ϕ2

(R2
rθ2)

′(y)y1−ϕ2kϕ2 k > y

q2k + (R2
rθ2)(y) −

1
ϕ2

(R2
rθ2)

′(y)y k ≤ y.

It is then clear that the first order condition k∗2(R2
rθ2)

′′(k∗2) = (ϕ2 − 1)(R2
rθ2)

′(k∗2) guarantees
that Fk∗

2
(k) is twice continuously differentiable on R+. Moreover, since ψ2ϕ2 = −2r/σ2

2 we find
that

(R2
rθ2)(k

∗
2) −

1

ϕ2
(R2

rθ2)
′(k∗2)k∗2 =

θ2(k
∗
2)

r

implying that Fk∗
2
(k) is equal to the proposed value function (2.10). Standard differentiation of

Fk∗
2
(k) implies that on (k∗2 ,∞)

F ′
k∗
2
(k) = q2 + kϕ2−1

[

k1−ϕ2(R2
rθ2)

′(k) − (R2
rθ2)

′(k∗2)k∗2
1−ϕ2

]

≤ q2

and, therefore, that F ′
k∗
2
(k) ≤ q2 for all k ∈ R+. Moreover, since

(A2Fk∗
2
)(k) − rFk∗

2
(k) + π2(k) = θ2(k) − θ2(k

∗
2) < 0

for all k ∈ (0, k∗2), we find that (A2Fk∗
2
)(k) − rFk∗

2
(k) + π2(k) ≤ 0 for all k ∈ R+ and, therefore,

that Fk∗
2
(k) satisfies the sufficient variational inequalities

min{rFk∗
2
(k) − π2(k) − (A2Fk∗

2
)(k), q2 − F ′

k∗
2
(k)} = 0.

This result, in turn, implies that Fk∗
2
(k) ≥ V2(k) and, therefore that Fk∗

2
(k) = V2(k).

Having established that V2(k) = Fk∗
2
(k) it remains to prove that V ′

2(k) ≥ 0, that V2(k)
is concave, and that limk→∞ V ′

2(k) = 0. The monotonicity of V2(k) follows directly form the
decomposition (R2

rθ2)(k) = (R2
rπ2)(k) − q2k implying that on (k∗2 ,∞) we have

V ′
2(k) = kϕ2−1

[

k1−ϕ2(R2
rπ2)

′(k) − k∗2
1−ϕ2(R2

rπ2)
′(k∗2)

]

+ q2(x/k
∗
2)ϕ2−1 ≥ 0.

To prove the concavity of the value, we first notice that on (k∗2 ,∞)

V ′′
2 (k) = kϕ2−2

[

k2−ϕ2(R2
rθ2)

′′(k) − k∗2
2−ϕ2(R2

rθ2)
′′(k∗2)

]

.

Consider now the functional k2−ϕ2(R2
rθ2)

′′(k). Standard differentiation then yields

d

dx

[

k2−ϕ2(R2
rθ2)

′′(k)
]

=
2

σ2
2

kψ2−ϕ2−1

[

ψ2(ψ2 − 1)

∫ ∞

k

y−1−ψ2(θ2(y) − θ2(k))dy − k1−ψ2θ′2(k)

]

.
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The strict concavity of the mapping θ2(k) then implies that θ2(y) ≤ θ2(k)+ θ′2(k)(y− k) proving
that d

dk

[

k2−ϕ2(R2
rθ2)

′′(k)
]

≤ 0 and, therefore, that the value V2(k) is concave. To prove that
limk→∞ V ′

2(k) = 0, we first observe that

(R2
rπ2)

′(k) = Ek

∫ ∞

0

e−(r+δ2)sπ′
2(K̂

2
s )ds,

where K̂2
t is defined as in (2.13). The Inada condition limk→∞ π′

2(k) = 0 then implies that
limk→∞(R2

rπ2)
′(k) = 0 since ∞ is a natural boundary for geometric Brownian motion. Thus, we

find that
lim
k→∞

V ′
2(k) = lim

k→∞
(R2

rπ2)
′(k) − lim

k→∞
k∗2

1−ϕ2kϕ2−1(R2
rθ2)

′(k∗2) = 0

completing the proof of our Theorem.

C Proof of Theorem 2.3

Proof. Denote as Ṽ2(k) the value of the firm and as k̄∗2 the optimal investment threshold in the
presence of the volatility coefficient σ̃2 satisfying the inequality σ̃2 > σ2. Since V2(k) is concave,
we find that

1

2
σ̃2

2k
2V ′′

2 (k) − δ2kV
′
2(k) − rV2(k) + π2(k) ≤

1

2
(σ̃2

2 − σ2
2)k2V ′′

2 (k) ≤ 0

for all k ∈ R+. Moreover, since V ′
2(k) ≤ q2 we find that V2(k) ≥ Ṽ2(k). Assume that k <

min(k∗2 , k̄
∗
2). Then, the inequality

V2(k) − Ṽ2(k) =
θ2(k

∗
2) − θ2(k̂

∗
2)

r
≥ 0

implies that k∗2 ≥ k̂∗2 since the optimal investment threshold is attained on the set where θ2(k)
is increasing. Establishing that increased investment costs (i.e. an increase in q2) decelerate
investment by decreasing the optimal investment threshold and decrease the value of the optimal
capital accumulation policy is completely analogous with the proof above.

Denote now as Ṽ2(k) the value of the firm and as k̄∗2 the optimal investment threshold in the
presence of the discount rate r̃ satisfying the inequality r̃ > r. Since V ′

2(k) ≤ q2 and

1

2
σ2

2k
2V ′′

2 (k) − δ2kV
′
2(k) − r̃V2(k) + π2(k) ≤ −(r̃ − r)V2(k) ≤ 0

for all k ∈ R+, we find again that V2(k) ≥ Ṽ2(k). In order to establish that increased discounting
decreases the optimal boundary, we first consider the associated optimal stopping problem (2.12)
characterizing the marginal value of firm. The strong Markov property of diffusion implies that
(2.12) can be re-expressed as

V ′
2(k) = inf

τ
Ek

[
∫ τ

0

e−(r+δ2)sπ′
2(K̂

2
s )ds+ e−(r+δ2)τq2

]

.

It is now clear that Ṽ ′
2(k) satisfies the variational inequalities Ṽ ′

2(k) ≤ q2 and

1

2
σ2

2k
2Ṽ ′′′

2 (k) + (σ2
2 − δ2)kṼ

′′
2 (k) − (r̃ + δ2)Ṽ

′
2(k) + π′

2(k) ≥ 0

for all k ∈ R+\{k̄
∗
2} and that Ṽ ′′′

2 (k̄∗2±) <∞. Moreover, since

1

2
σ2

2k
2Ṽ ′′′

2 (k) + (σ2
2 − δ2)kṼ

′′
2 (k) − (r + δ2)Ṽ

′
2(k) + π′

2(k) ≥ (r̃ − r)Ṽ ′
2(k) ≥ 0
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for all k ∈ R+\{k̄
∗
2}, we find that

Ek

[

e−(r+δ2)Tnq2

]

≥ Ek

[

e−(r+δ2)Tn Ṽ ′
2(K̂2

Tn
)
]

≥ Ṽ ′
2(k) − Ek

∫ Tn

0

e−(r+δ2)sπ′
2(K̂

2
s )ds,

where Tn = min(n, inf{t ≥ 0 : K̂2
t ≥ n}, τ) is an almost surely finite stopping time. Reordering

terms then yields that

Ṽ ′
2(k) ≤ Ek

[

e−(r+δ2)Tnq2 +

∫ Tn

0

e−(r+δ2)sπ′
2(K̂

2
s )ds

]

.

Letting n→ ∞ and invoking monotone convergence then implies that

Ṽ ′
2(k) ≤ Ek

[

e−(r+δ2)τq2 +

∫ τ

0

e−(r+δ2)sπ′
2(K̂

2
s )ds

]

.

Since this inequality holds for any stopping strategy it must hold for the optimal as well and,
therefore, Ṽ ′

2(k) ≤ V ′
2(k) for all k ∈ R+. That is, increased discounting decreases the marginal

value of the firm. Denote now the continuation region where investing is suboptimal as Cr =
{k ∈ R+ : V ′

2(k) < q2} = (k∗2 ,∞) and Cr̃ = {k ∈ R+ : Ṽ ′
2(k) < q2} = (k̄∗2 ,∞). If k ∈ Cr,

then Ṽ ′
2(k) ≤ V ′

2(k) < q2 implies that k ∈ Cr̃ as well and, therefore, that Cr̃ ⊂ Cr thus
demonstrating that increased discounting slows down investment. Establishing that increased
depreciation decreases both the value and the optimal investment threshold and that an increase
in q2 increases the marginal value is completely analogous with the proof above.

D Proof of Proposition 2.9

Proof. Define now the mapping H : R+ 7→ R as

H(k) =

∫ ∞

k

y−ψ1θ′1(y)dy.

Since θ1(k) = a1k
b − (r + δ1 + λ)q1k + λV2(k), we find that

H(k) =

[

a1 +
λa2

(r +m2(b))

]

bkb−ψ1

ψ1 − b
−

(r + δ1 + λ)q1
ψ1 − 1

k1−ψ1 −
λ(1 − b)q2k

∗
2
1−ϕ2

(b− ϕ2)(ψ1 − ϕ2)
kϕ2−ψ1

for all k ≥ k∗2 and that

H(k) =
a1b

ψ1 − b

[

kb−ψ1 − k∗2
b−ψ1

]

+
(λq2 − (r + δ1 + λ)q1)

ψ1 − 1

[

k1−ψ1 − k∗2
1−ψ1

]

+H(k∗2)

for all k < k∗2 . The alleged result then follows by letting k → k∗2 .
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