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“Nature uses only the longest threads to weave her patterns, so that each small piece of

her fabric reveals the organization of the entire tapestry”

Richard P. Feynman

“No one undertakes research in physics with the intention of winning a prize. It is the

joy of discovering something no one knew before”

Stephen Hawking

“We live in a Newtonian world of Einsteinian physics ruled by Frankenstein logic”

David Russell

“All of physics is either impossible or trivial. It is impossible until you understand it,

and then it becomes trivial”

E. Rutherford
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The SM, conceptually and phenomenologically fails to incorporate and explain few fun-

damental problems of particle physics and cosmology, such as a viable dark matter

candidate, mechanism for inflation, neutrino masses, the hierarchy problem etc. In ad-

dition, the recent discovery of the 125 GeV Higgs boson and the top quark mass favor

the metastablility of the electroweak vacuum, implying the Higgs boson is trapped in a

false vacuum. In this thesis we propose the simplest extension of the SM by adding an

extra degree of freedom, a scalar singlet. The singlet can mix with the Higgs field via

the Higgs portal, and as a result we obtain two scalar mass eigenstates (Higgs-like and

singlet-like). We identify the lighter mass eigenstate with the 125 GeV SM Higgs boson.

Due to the mixing, the SM Higgs quartic coupling receives a finite tree level correction

which can make the electroweak vacuum completely stable. We then study the stability

bounds on the tree level parameters and determine the allowed mass (m2) region of the

heavier mass eigenstate (or singlet-like) for range of mixing angles (sin θ) where all the

bounds are satisfied. We also obtain regions of parameter space (m2− sin θ) for different

signs of the Higgs portal coupling (λhs). In the allowed region, the singlet-like state can

decay into two Higgs-like states. We find the corresponding decay rate to be substan-

tial. Finally, we review various applications of the singlet extension, most notably, to

the problem of dark matter and inflation.
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Chapter 1

Introduction

The Standard Model (SM), consists of numerous fundamental particles (categorized into

bosons and fermions) and physical parameters that have been determined in various ex-

periments. One could claim it to be one of the most accurate theories ever developed

by physicists, though not a complete one. Its inability to address the neutrino masses,

the hierarchy problem, dark matter candidate etc. has invigorated physicists to ex-

plore its extensions. Perhaps, nature has chosen to exist in such an inexplicable way

which requires diligence and careful study of its extensions. Few theories that have been

suggested as extension to the SM include the Grand Unified Theories (GUT), Supersym-

metry (SUSY) etc. Although these theories provide definitive solution to the famous

‘Hierarchy problem’, gauge unification etc., they incorporate plethora of parameters

which invokes the problem of naturalness. In addition, SUSY associates superpartners

corresponding to the SM particles and since these superpartners has not been observed

experimentally (SUSY must be broken), it’s subjected to constructive criticism. There

have been few proposals for the SUSY breaking mechanism such as, gauge mediated,

gravity mediated and anomaly mediated breaking mechanism, but that simply begs the

question.

Motivation to study physics doesn’t surface until one is well acquainted with the history

behind the development of these theories, starting from Max planck’s quantization of

radiation → P.A.M Dirac’s relativistic covariant equation of spin 1/2 particles → Yang-

Mill’s gauge theories → the unification of electroweak interactions by S.L Glashow, S.

Weinberg and A. Salam (often referred to as GWS theory)→ till date. The GWS theory

is a gauge theory and such (gauge) theories are usually accompanied with gauge bosons

(or mediating particles) where they can be massive or massless depending on symmetry

breaking. In the early 20th century, H. Yukawa proposed the same but he considered

this mediating particles to be mesons. It was the pioneering works by the comtemporary

1
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physicists of the 20th century that we understand and exercise their ideas to build accu-

rate models that explains most of the phenomenon observed in nature and the universe.

To understand the fundamentals of interactions we first have to delve depper in to the

realm quantum field theory (QFT). To have a thorough understanding of the proposed

model in this thesis, one has to be acquainted with the underlying symmetries associated

with field theories. So what kind of symmetries can be realized with QFT? In QFT,

a global symmetry that is manifest, leads to particle multiplets with restricted interac-

tions. Another possibility is a global symmetry with spontaneous symmetry breaking

(SSB) which results in unwanted massless goldstone bosons. Yet another possibility is

a gauge (local) symmetry, where it requires the existence of massless vector fields cor-

responding to each generator (corresponding to the underlying group).

However, irrespective of the above three symmetry realizations the most interesting one

that was realized and explored by S.Glashow, A. Salam and S. Weinberg was the sponta-

neously broken gauge symmetry. The GWS theory unifies the elctromagnetic and weak

interaction, often referred to as the electroweak (EW) interaction. The Lagrangian (or

more generally the action) of the GWS theory is invariant under the symmetry tranfor-

mation of SU(2)W×U(1)Y (gauge symmetry group), which then spontaneously breaks to

U(1)EM giving massive gauge bosons (W± and Z bosons) and a massless photon. Since

direct Dirac mass term (such as meēLeR) for the fermions in the SM Lagrangian are

avoided (due to violation of gauge invariance), the fermions acquire their masses from

Yukawa interaction via the spontaneous symmetry breaking mechanism. The scalar

field that couples to the fermions breaks spontaneously and acquires a non-zero vacuum

expectation value (vev), breaking the gauge symmetry and as a result giving massive

fermions. This breaking mechanism was proposed by P. Higgs and the particle associ-

ated with the symmetry breaking is called the ‘Higgs boson’.

The Higgs boson was considered quite elusive and various collider experiments were

conducted to shed light in its existence. However, after decades of hardwork and pro-

lific engineering, the Large Hadron collider (LHC) of CERN successfully discovered the

particle. Whether this scalar particle is the SM Higgs boson or an admixture of two or

more scalar (spin-0) particles is a question that needs to be addressed and explored. In

my personal opinion, I hope it’s the latter as it motivates physicists to explore theories

beyond the SM.

Although the SM is an excellent low energy theory supported by the very precise experi-

mental measurement of the physical parameters (such as fine structure constant, α etc.),

its inability to incorporate dark matter candidate, inflation mechanism etc. motivates

its extension. The aim of this thesis is to address such problems. The recent data from

LHC insinuates that the observed 125 GeV Higgs boson can be the SM Higgs boson, fa-

voring a metastable universe. We begin our thesis addressing the metastability problem

by analyzing the Higgs sector in the SM. Chapter 2 is solely dedicated for this purpose.
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In chapter 3, we provide a plausible solution to the metastable vacuum by introducing

the simplest extension of the SM, a scalar singlet. We discuss the constraints imposed

on the parameter space of the extension model by various experiments in Chapter 4.

Chapter 5 will mainly be a review of the applicability of the simplest extension to the

SM. We will find that it resolves the dark matter candidate problem encountered in the

SM and plays a significant role in the Higgs-portal inflation (where it couples to gravity

in a non-minimal way). Finally, I will conclude my thesis work in Chapter 6.



Chapter 2

The Higgs sector of the Standard

Model

2.1 Introduction

To understand particle interactions, it is pivotal that we study the underlying physics

that nests in the elusive sector of field theories. Often the mathematical rigor one

encounters in field theories can at times seem demoralizing, at least for an amateur.

However, behind these mathematical complexities lies the beauty of particle physics.

To appreciate the contents in this chapter, it is enough that you are acquainted with

quantum field theory. Recall in the previous section I mentioned the type of symmetries

one can associate with a theory. In this chapter, I will discuss what these symmetries

are? What phenomenon or mechanism causes fermions to acquire mass? We will study

how this mechanism is incorporated in the GWS theory. We will see that this mechanism

gives rise to a spin-0 particle called the Higgs boson. I will discuss briefly about the

stability of the potential, the one-loop renormalized group (RG) equations of the Higgs

self coupling and why is there a need to extend the SM?

Recall from your QFT course, particularly the Goldstone’s theorem which states that

if the symmetry exhibited by a Lagrangian is spontaneously broken in quantum field

theory, it gives rise to massless spin-0 bosons. Considering the last type of symmetry

discussed in the previous chapter, for instance, the gauge theories which are associated

with continuous group of local transformations (such as SU(3), SU(2), U(1) etc) if are

spontaneously broken then this broken symmetry results in particles receiving masses. In

this type of symmetry breaking, the Goldstone mode provides the 3rd degree of freedom

(or polarization) of a massive vector field (the mediating particle). Keeping this in mind

I will proceed to discuss the SM and spontaneous symmetry breaking.

4
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2.2 The Standard Model and Spontaneous symmetry break-

ing

The fermion sector of SM consists of quarks (anti-quarks) and leptons (anti-leptons)

and the gauge sector is associated with vector bosons such as W±, Z◦, gluons etc. The

experimental precession of a certain gauge theory, quantum electrodynamics (QED) is

up to an unprecedented level where QED is invariant under the U(1) internal symmetry

group transformation whose generator, Q, is the electric charge. U(1) being a continuous

group, when gauged gives rise to a vector boson. Upon spontaneously breaking the

symmetry, the associated broken generator corresponding to the broken symmetry gives

rise to a massless vector boson, photon. We know photon is massless and any massless

particle should have two transverse degree of freedom. So what role does the Goldstone

boson play? This scalar particle must have exactly the right quantum numbers to

appear as intermediate states. To state vaguely, it provides the right pole to make the

vacuum polarization amplitude transverse. Note, that the Goldstone boson by itself

doesn’t appear as an independent physical particle (because you can perform a gauge

transformation to rid the theory of the Goldstone boson).

This lead to the exploration of this idea to other known particle interactions. The first

step to constructing a gauge theory is by requiring that the Lagrangian be gauge and

lorentz invariant (since systems cannot depend on the choice of inertial frame). Gauge

symmetries are internal symmetry group under which we demand the Lagrangian to be

invariant. The SM consists of a complete description of elementary particle interactions.

The symmetry group that defines most of the particle interaction in the SM is SU(3)c×
SU(2)L × U(1)Y . In this thesis I will exclude the discussion of the QCD sector i.e the

strong interaction between quarks via the exchange of the vector boson, gluons. We will

only analyze the unification of electromagnetic and weak interaction. The motivation

behind this is because of its simplicity compared to QCD.

2.2.1 Glashow-Weinberg-Salam theory

The GWS theory unifies the electromagnetic and weak interaction. They are best de-

scribed by the gauge group SU(2)L × U(1)Y , where the subscript L represents lepton

sector and Y the hypercharge. The lepton sector turns a blind eye towards strong in-

teraction hence we do not include the SU(3) group. SU(2) group has three hermitian

generators, τi2 , represented by pauli matrices and the unitary group U(1) has one gener-

ator, Y/2. As the gauge group has four generator (three for SU(2) and one from U(1))

we expect four vector bosons. The Lagrangian then should be invariant under these

symmetry transformation. Let us pursue the kinetic term first. Recall that the kinetic
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energy term for the Dirac fermions can be split into two separate pieces for the right

handed and left handed fermions.

∑
ψ

ψ̄i/∂ψ =
∑
ψL

ψ̄Li/∂ψL +
∑
ψR

ψ̄Ri/∂ψR (2.1)

Upon coupling ψ to gauge field, we can assign ψL and ψR to different representations of

the gauge group. Then the two terms on the right hand side of equation (2.1) will contain

two different types of covariant derivatives and since they lie in different representation,

they would have independent gauge couplings. We assign the left handed fermions to

transform as doublets under SU(2) representation while the right handed fermions as

singlets. In the GWS model, the right handed fermions do not couple to the weak isospin

(T 3). For the left handed fields, the quark and lepton doublets are:

Qci,L =

(
uci

dci

)
L

Ei,L =

(
νi

e−i

)
L

with,

uci = (uc, cc, tc)

dci = (dc, sc, bc)

ei = (e, µ, τ)

νi = (νe, νµ, ντ )

(2.2)

where ‘L’, denotes the left handed representation and ‘i’ denotes the flavour indices

and the superscript ‘c’ denotes the color (RGB) indices. From here on, I will drop the

superscript ‘c’ for color indices. Once we have specified T 3, the weak isospin quantum

number, for each value of fermion field, the value of hypercharge Y must follow from

the equation:

Q = T 3 +
Y

2
(2.3)

Here Q is the charge quantum number. We find that the left handed quarks Qi,L,

have hypercharge 1/3 and the left handed leptons Ei,L, have hypercharge -1. Since

the right handed fermionic fields live in a different representation of the gauge group,

the hypercharge assignment is different for every particle. For instance, eR (ecL) has

hypercharge -2, ui,R (uci,L) and di,R (dci,L) have hypercharge 4/3 and -2/3 respectively.

Note the superscript ‘c’ here implies charge conjugation and has nothing to do with color

indices. As right handed neutrinos are omitted in the SM, we exclude it’s hypercharge

assignment. Let us discuss the interactions involved in the GWS theory. The kinetic

term for the GWS theory takes the form:

LK.E = ĒL(i /D)EL + Q̄i,L(i /D)Qi,L + ēR(i /D)eR + ūi,R(i /D)ui,R + d̄i,R(i /D)di,R (2.4)
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where,

DµQi,L =
(
∂µ − ig

τ

2
.Ai,µ − i

g′

6
Bµ
)
Qi,L,

DµEi,L =
(
∂µ − ig

τ

2
.Ai,µ + i

g′

2
Bµ
)
Ei,L,

Dµui,R =
(
∂µ − i

2g′

3
Bµ
)
ui,R,

Dµdi,R =
(
∂µ + i

g′

3
Bµ
)
di,R,

Dµei,R =
(
∂µ + ig′Bµ

)
ei,R

(2.5)

Before proceeding any further let me enunciate a little further on the notations used

above. /D = γµDµ, where γµ is the 4×4 Dirac matrices andDµ is the covariant derivative.

g′ is the U(1)Y coupling constant and g is the SU(2)L gauge coupling constant. Aµ is

the SU(2)L gauge boson (corresponding to the three generators) and Bµ is the U(1)Y

gauge boson. τi/2 represents the three pauli matrices.

The kinetic terms for gauge bosons can be written as:

LK.E−gauge−bosons = −1

4
F iµνFiµν −

1

4
BµνBµν (2.6)

where;

F iµν = ∂µA
i
ν − ∂νAiµ + gεijkAjµA

k
ν

Bµν = ∂µBν − ∂νBµ
(2.7)

where Fiµν and Bµν are the antisymmetric field tensors corresponding to the vector

bosons Aµ and Bµ. We should then write equation (2.4) in terms of vector boson

mass-eigenstates to determine the physical interpretation of the fermion-vector boson

coupling:

L = ĒL(i/∂)EL + Q̄i,L(i/∂)Qi,L + ēR(i/∂)eR + ¯ui,R(i/∂)ui,R + ¯di,R(i/∂)di,R

+ g(W+
µ J

µ+
W +W−µ J

µ−
W + Z◦µJ

µ
Z) + eAµJ

µ
EM

(2.8)

where the field currents (JW±,Z) description can be found in the Appendix [A.1]. As

mentioned earlier, since both left and right handed fields live in different representation

of the gauge group, direct Dirac mass terms of the form:

∆L = −me(ēLeR + ēReL) (2.9)

is to be avoided in the Lagrangian as they break gauge invariance. Note in the equation

(2.8) we do not find any fermionic mass term. So how do fermions get masses? Experi-

mental evidence has showed the different mass spectrums for the fermions. Is our physics

wrong? Before panicking, it is imperative that you have a good understanding of the
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Yukawa sector. In brief, Yukawa terms contains coupling between a scalar doublet and

a fermionic doublet along with a singlet (right handed fermions). This does not spoil

the gauge invariance nor does it induce large divergence and it is renormalizable. The

method to generate such a mass term that does not spoil the gauge invariance of the

Lagrangian is called the spontaneous symmetry breaking. This is the topic we discuss

next.

2.2.2 Spontaneous symmetry breaking (SSB) and Yukawa interaction

Detailed studies of spontaneous symmetry breaking can be found in many books but

the book [4] is preferable over many. We will briefly discuss SSB and apply it to the

Yukawa interactions. So what is spontaneous symmetry breaking (SSB)? In short, the

SM Lagrangian and it’s equation of motion may possess certain symmetry, but the

solution of the equation of motions may violate this symmetry. This is same as saying,

a field acquiring a non-zero value at the minimum of the potential in a given direction of

field. The vacuum no longer exhibits the above symmetry and is said to spontaneously

broken. The most simplistic model is the Higgs mechanism which will be the primary

discussion here.

In the Higgs mechanism, we introduce a set of scalar fields which transforms nontrivially

under the symmetry group (SU(2)L × U(1)) mentioned in the previous section. We

introduce only renormalizable terms in the Lagrangian to avoid large divergent terms.

The Lagrangian of the simple self-interacting complex scalar field is:

Lφ = (∂µφ)†(∂µφ)− V (φ) (2.10)

where,

V (φ) = m2(φ†φ) + λ(φ†φ)2 (2.11)

Here we have excluded the odd terms (such as φ and φ3) by imposing symmetry con-

straints. Then solving the equation of motion (EOM), we find for m2 < 0 the solution of

equation of motion (φ†φ = −m2/2λ) is non-zero at a certain point. Of course if m2 > 0

then the only possible solution would be φ = 0 for which no SSB takes place. For the

former case we construe that the field has acquired a non-zero vacuum expectation value

(vev) < φ†φ >= −m2/2λ. From the figure [2.1], we can visualize the variation of the

scalar potential w.r.t the complex scalar field. Usually we are free to choose the direction

of symmetry breaking. Let us choose this direction around the real component of the

field. Now consider a small perturbation around the minimum of the vacuum. Whether

this minimum is an absolute or local minimum depends on the second derivative test.
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The field is:

φ(x) = (1/
√

2)[v + α(x) + iη(x)] (2.12)

Figure 2.1: The figure imply the potential,V, varying as a function of complex scalar
field. The two directions of field imply higgs boson towards real field direction and
goldstone boson across the imaginary field direction. Note the circular lines indicate

the U(1) symmetry rotation around the vertical axis. [1]

where v is the vev, α(x) and η(x) are the real and imaginary components of the complex

scalar field. Substituting equation (2.12) into equation (2.10) we get:

L =
1

2
(∂µα(x))2 +

1

2
(∂µη(x))2 − λvα(x)η(x)2 − (λv2)α(x)2 − 1

4
λα(x)4

− 1

4
λη(x)4 − 1

2
λα(x)2η(x)2

(2.13)

Collecting the quadratic field terms (or mass terms), we see that the field α(x) has

acquired a mass of 2λv2 while the field η(x) remains massless implying it’s a Gold-

stone boson. The Goldstone’s theorem states, that if a Lagrangian is invariant under a

continous symmetry transformation, then a massless particle exist upon spontaneously

breaking the symmetry. In the SM, this particle will be of spin-0 and is termed as

Goldstone boson (Note in Supersymmetry (SUSY), because of the existence of super-

multiplets structure, one can encounter a Goldstone fermion rather than a Goldstone

boson when SUSY is broken). We find that the number of massless particles equals the

number of broken generators.

In gauge theories, we can however rid ourself of the massless particle from the equations

by performing a gauge transformation. Consider for simplicity an abelian (i.e the groups

whose generators commute) case, where a complex scalar field couples to both itself and

to an electromagnetic field. In this case the Lagrangian takes the form:

L = −1

4
(Fµν)2+ | Dµφ |2 −V (φ) (2.14)

where V (φ) is given by equation (2.11), Dµ = ∂µ + ieAµ is the covariant derivative

and Fµν is the antisymmetric field tensor. Clearly the Lagrangian in equation (2.14) is
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invariant under a local U(1) transformation:

φ(x)→ exp(iθ(x))φ(x),

Aµ(x)→ Aµ(x)− 1

e
∂µθ(x)

(2.15)

Then using the perturbed field around the minimum of the potential as in equation

(2.12), we find additional terms of the form:

| Dµφ |2 =
1

2
∂µα(x)2 +

1

2
∂µη(x)2 +

√
2ev.Aµ∂

µη(x) + e2v2AµA
µ

+ cubic terms+ quartic terms

(2.16)

However, we can perform a gauge transformation of the field α(x) and η(x) such that,

we get rid of η(x) completely from the equation. That is we can choose such a gauge,

where the complex scalar field φ(x) becomes real valued at every space-time point. Such

a choice of gauge is often regarded as the ‘Unitarity gauge’ and the Lagrangian then

becomes:

L = −1

4
(Fµν)2 + (∂µα)2 + e2v2AµA

µ − V (φ) (2.17)

. Thus we see that SSB of gauge theory leads to vector bosons receiving mass. This can

be extended to non-abelian sector where the formalism is quite similar with the difference

that generators no longer commute. We conclude that since the vector boson in the

above formalism is massive, it has three degrees of freedom (d.o.f). Two corresponding

to transverse and one to longitudinal d.o.f. Often we are tempted to say, that the vector

boson consumed the massless goldstone boson to become massive.

Now that we have familiarized ourself with SSB and local gauge theory, we shall extend

this idea to the Yukawa theory and see how SSB of the yukawa theory leads to massive

fermions. As discussed earlier, a direct mass term in the Lagrangian is to be avoided

to preserve gauge invariance. However, via the Higgs mechanism, fermions can attain

mass without breaking gauge invariance through Yukawa terms. A Yukawa interaction

term looks like:

λy(ψ̄L.φ)ψR (2.18)

where λy is the yukawa coupling. In the minimal standard model (MSM), one complex

SU(2) doublet of scalar fields with Y=1 (Hypercharge), is introduced. Although models

with two Higgs doublet and three Higgs doublet have been throughly studied in [5],[6],[7],

we will focus only on the one Higgs doublet model. The Higgs doublet has two fields

associated with it, a charged Higgs and a neutral Higgs : h+ and h◦. Let us denote this
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scalar doublet (or the Higgs doublet) as:

Φ =

(
h+

h◦

)
(2.19)

The potential and the kinetic term takes the form:

L(Φ) = (DµΦ)†DµΦ− V (Φ) (2.20)

where,

Dµ = ∂µ − i
g

2
τ iAiµ − i

g′

2
Bµ (2.21)

. Note we are still working in the GWS theory and not the SM. If I were to develop

my theory in the SM then in the above equation (2.21) we would have a gluon vector

boson term (Gµ), with the strong gauge coupling (gs) and the Gell-Mann matrices

(λi/2). Following the GWS theory we could write the most general gauge invariant

renormalizable potential as:

V (Φ) = m2Φ†Φ + λ(Φ†Φ)2 (2.22)

Introduction of any other higher order terms in the potential (2.22), introduces diver-

gences that cannot be regulated or cancelled in the theory, making the theory non-

renormalizable. As always linear and cubic order terms are excluded by imposing a

global U(1) symmetry. We can perform a shift to the complex scalar doublet and write

it in the unitary gauge where the terms are in real component fields and perturbed

around the minimum of the potential.

Φ =
U(x)√

2

(
0

h(x) + v

)
(2.23)

where, U(x) is the unitary matrix and v is vev. We can now make a gauge transformation

and rid ourself of the unitary matrix.

Φ =
1√
2

(
0

h(x) + v

)
(2.24)

Going back to the Yukawa interaction term (2.18), we can write them in terms of the

SU(2) representation:

− λuabQ̄a,Liτ2Φ∗ub,R + λdab(Q̄a,L.Φ)db,R − λe(ĒL.Φ)eR + h.c (2.25)

The λuab, λ
d
ab and λe are dimensionless coupling constant and are 3 × 3 matrices, φ∗ is
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the complex conjugate of the complex scalar field (or the Higgs doublet), Qa,L are the

quark doublets, EL are the lepton doublets, ub,R, db,R are right handed Up and Down

quark and eR is the right handed electron. Notice that the hypercharge of each term

sums up to zero. The complete Lagrangian consists of the fermion kinetic terms (2.4)

and the gauge particles kinetic terms in equation (2.6), the Lagrangian of the scalar

sector as in equation (2.20) and the Yukawa interactions as in equation (2.25). Upon

minizing the scalar potential and perturbing the field around minimum (as in equation

(2.24)) we find the corresponding masses of the fermions:

mu =
1√
2
λuv, md =

1√
2
λdv, me =

1√
2
λev (2.26)

The vector boson masses arises from the kinetic term of the complex scalar (2.20) whose

covariant derivative is given by equation (2.21):

(
0 v

)(g
2
τaAaµ +

g′

2
Bµ

)2
(

0

v

)
(2.27)

which gives us the mass of vector bosons:

M2
w =

1

4
g2v2, M2

Z =
1

4
(g2 + g′2)v2, M2

A = 0 (2.28)

. Thus we determined how the Higgs mechanism results in fermion masses. Our next

step would be to analyze the scalar (or the Higgs) potential. The following discussion

will shed some light towards the metastability issue encountered in the SM.

2.3 The Higgs sector and stability of scalar potential

Previously we showed how the Higgs mechanism helps us solve the fermionic mass issue.

There is however a slight glitch in the SM as the Higgs mechanism cannot provide mass

to the neutrinos in the SM. The issue is the fine-tuning problem of the Yukawa coupling

asssociated with the neutrino mass term. I will not address that issue in the thesis as

it lies beyond its scope. In this section, we will inspect the parameters involved in the

Higgs (or scalar) potential, especially the Higgs quartic coupling. We will discuss its

boundedness from below condition and how the quartic coupling can have an inflection

point (where the coupling turns negative) before the Planck scale which can render the

potential unstable at large scales. This gives rise to an existence of a global minimum

at large field values implying the EW vacuum is a local minimum.
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2.3.1 The Higgs quartic coupling

Recall from the potential mentioned in the previous section, as in equation (2.22), in this

section we introspect the Higgs quartic coupling (λh). We can write the scalar potential

as:

V (h) = m2
h(Φ†Φ) + λh(Φ†Φ)2 (2.29)

where ’Φ’ being the scalar field, mh is a parameter with mass dimension one and λh is

the scalar field self coupling. Now if we expand the field around the minimum of the

potential and impose the minimality condition (v2 = −m2
h

λh
), we get in the unitary gauge:

V (h) =
1

4
m2
hv

2 +
1

2
(2λhv

2)h2 + λhvh
3 +

1

4
λhh

4 (2.30)

Note that m2
h < 0. From the above equation (2.30), we see that the Higgs field has

acquired a mass,

m2
h = 2λhv

2 (2.31)

In the SM, since the EW breaking scale is around 246 GeV (i.e v = 246 GeV) and if the

recent discovery of the Higgs boson and its mass (mh '125 GeV) from LHC implies that

the particle is indeed the SM Higgs boson, we can fix the quartic coupling parameter at

the EW breaking scale. This plays an essential role in understanding the stability of the

potential from the SM perspective. The quartic coupling is a function of the energy scale

(or field scale) hence we can study its behavior at different scales from its running i.e

βh. We study the beta-function of the quartic coupling which can be evaluated by either

‘Coleman-Weinberg’ approach or by solving the ‘Callan-Symanzik equation’. Usually

the most interesting physics are expected at one-loop order since due to the smallness

of the quartic coupling (λh) from perturbativity, higher order terms can be ignored.

The above discussion is based on tree level analysis which doesn’t include interesting

physics as it doesn’t tell us much about the vacuum structure. Thus for consistency,

we need to consider higher loop orders. If we were to include loop corrections (say at

one-loop order), then we would need to redefine our potential as one loop order terms

will contribute to the potential. We will call this modified version of the potential as

quantum effective potential or simply effective potential. Once the loop contributions

are included the effective potential takes the form:

Veff (φ) = Vtree + Vloop−contributions (2.32)

This modified potential (or effective potential) up to one loop order was studied ex-

tensibly by M. Sher in his paper [8] using ‘Coleman-Weinberg’ approach (2.32). The

effective potential helps us understand the behavior of the scalar potential at large field
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values, in particular, the behavior of the tree-level parameters such as, λh. So basically

what we are computing are the variation of the tree-level parameters w.r.t some scale

parameter (say Λ) by including higher order loop contributions. The above approach is

called the ‘Coleman-Weinberg’ approach. Yet another approach mentioned earlier is the

‘Callan-Symanzik’ equation which can be found in [4] and will not be discussed here.

Consider for instance that the minimum we determined in the previous section is the

absolute (or global) minimum? What does this imply on the boundedness of the tree-

level potential? This would imply that the potential is always bounded from below and

hence stable. However multiple local minimum could exist that lie above this global

minimum, in which case we could study the inflation of the universe in the scalar-tensor

framework [9]. If there exist yet another minimum at large field values, which is indeed

the global minima, then quantum effects (such as tunneling) are to be studied. If the

lifetime of tunneling from the EW vacuum to this absolute minimum is greater than

that of the age of universe, we say our potential is only metastable. The next section is

dedicated to address the stability of the EW vacuum.

2.3.2 Stability of scalar potential and RG equations in SM

For the potential to be stable we require the potential be bounded from below at all

scales, Λ. This ensures that the minimum we determined and discussed comprehensively

in the previous section, is indeed a global minimum. The boundedness from below

condition implies V (h) > 0, for all field values. This implies that at any field value we

require the tree-level potential to be positive definite (i.e. λh > 0). Note that we have

implied strong stability condition i.e. there is no equality sign involved in our analysis

of stability of potential. However, since we desire perturbation theory to work at all

scales, we have to subject the quartic coupling to another constraint (0 < λh < 1) at all

scales. Depending on the value λh takes, radiative corrections plays a pivotal role.

Thus it becomes imperative to study how λh (Λ) varies w.r.t some field value or scale

(Λ). To understand this scenario let us first write the beta function (βh) at one-loop

order for the Higgs quartic coupling (λh) in the SM:

16π2βλh =
[
24λ2

h − 6y2
t +

3

8
(2g4 + (g2 + g′2)2) + (−9g2 − 3g′2 + 12y2

t )λh

]
(2.33)
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where
g′ : U(1) coupling constant,

g : SU(2) coupling constant,

yt : top quark yukawa coupling constant,

βλh =
dλh
dt

where,

t = ln
Λ

mtop
mtop : mass of top quark.

(2.34)

The terms on the right hand side of the equation (2.33) arise from one-loop order contri-

bution to the Higgs quartic coupling (λh). Similary at one loop order the beta functions

for the gauge and top-quark yukawa couplings in SM are,

16π2βyt = yt[
9

2
y2
t −

9

4
g2 − 17

12
g′2 − 8g2

s ]

16π2βgi = big
3
i ,

bi = (41/6,−19/6,−7).

(2.35)

where for bi the couplings follow the structure (U(1), SU(2), SU(3)). Below I have drawn

two plots for λh and yt adjacent to each other showing that for different initial values

of the Higgs quartic coupling (taken at mass of top quark), the running of λh remains

positive till planck’s scale at one and becomes negative at the other.

Figure 2.2: For initial value of
λh[mtop] = 0.15, we find that the quar-
tic coupling (yellow) remains positive
till planck scale. The blue plot is the

yukawa coupling of top quark.

Figure 2.3: For initial value of
λh[mtop] = 0.12, the quartic coupling
(in yellow) inflects and takes negative
values before planck scale. The blue
plot is yukawa coupling of top quark.

In the above figures [2.2] and [2.3], I have deliberately drawn the top yukawa coupling

alongside the higgs quartic coupling. The reason behind this follows from the beta

function of the quartic coupling (λh), as in equation (2.33), where the λh receives a

large negative contribution from the top quark. The negative contribution arises due

to fermionic loops. The top quark being so heavy tends to significantly decrease the

Higgs quartic coupling as we increase the scale (the field scale or energy scale), Λ. This

phenomenon then causes a problematic scenario in the quartic potential. At higher field

values, one can usually ignore the quadratic term keeping only the quartic term and
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recalling the stability bounds imposed previously, we find that for the plot where λh

becomes negative, the quartic potential satisfies:

V4 =
λh
4
h4 < 0. (2.36)

rendering the potential being unbounded from below. We can intellectually infer that

under such circumstances, we expect another minimum at high field values which may

be the true global minimum. As mentioned earlier, we can study the quantum tunnelling

effect to this supposedly absolute minima and if the lifetime for tunnelling is greater than

that to the age of the universe, we stipulate that the EW vacuum is metastable (or false

vacuum). This opens up a wide spectrum of new ideas that extends and incorporates

beyond the SM theory and helps us ameliorate the problem at hand. One such model

is introduction of a scalar singlet, which can couple to the Higgs field and fine-tuning

the parameters can help us achieve stability (i.e. make the potential bounded from

below). This is the prime theme of the next chapter where we will see how fine-tuning

the Higgs-singlet coupling (λhs) we can achieve the stability of the potential. It is to be

noted here that at relatively low energies, say the EW breaking scale, we didn’t have

to impose any additional constraints for λh because at that scale the SM Higgs quartic

coupling is positive and the potential is stable. In the next chapter, we will see that this

is indeed the case.

2.4 Summary

Let us summarize what we have learned at this chapter. We have studied the unifi-

cation of electromagnetic and weak interaction, the GWS theory. We understood how

spontaneous symmetry breaking in the yukawa sector results in the fermions acquiring

masses while conserving gauge invariance. We specifically discussed the SM Higgs sector

where we argued that the Higgs quartic coupling (λh) need not remain positive till the

Planck scale (or closer to Planck scale). This ensures that the low energy minimum (the

EW minimum) is a local minimum and not a global one rendering our vacuum to be

metastable. In the next chapter, where we include an additional degree of freedom - a

scalar singlet, we will find that we can ameliorate the metastability issue due to a finite

coupling between the singlet and the Higgs field.



Chapter 3

Scalar singlet extension of the SM

3.1 Introduction

In the previous chapter we discussed how fermions acquire masses from the Higgs mech-

anism. We studied the SM scalar sector (i.e the Higgs-sector), in which we discussed

the stabitlity of the scalar potential. In particular we saw, how the Higgs quartic cou-

pling (λh) can become negative at high field values, Λ, which forced us to consider the

metastable EW vacuum. Along this direction, follows a long queue of questions that

SM fails to answer. These loopholes in the SM, such as no neutrino mass, no potential

dark matter candidates, the hierarchy problem etc insinuates the existence of theories

beyond Standard Model.

In the recent scientific achievements, one that invigorated the entire physics community

was the discovery of the Higgs boson at LHC. However there are uncertainities associ-

ated with it being the SM Higgs boson, which requires the probe of the Higgs quartic

interaction. Thus one is motivated to analyze this problem by considering a bigger pic-

ture.

In this chapter I will consider the simplest extension of the SM Higgs sector by adding a

scalar singlet which transforms trivially under gauge group of the SM [10]. The singlet

couples to the SM fields only via the Higgs, which is often referred to as Higgs portal

[11],[12] and plays a role in inflation as is studied in [13]. In section [3.3] I will discuss

the scalar singlet extension of the SM, where we will find that there exists two scalar

particles, one possessing the characteristics of the SM Higgs boson and there we will

refer to it as the ”Higgs-like” while the other as ”singlet-like”. Following in the next

section [3.4], I will dicuss the potential stability and the perturbative constraints. We

will see, how for different signs of the Higgs-singlet mixing parameter (λhs), different

restrictive bounds arise to ensure vacuum stability. I will follow this line of reasoning

17
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with some numerical analysis in section [3.5], where I will discuss the new terms added

to the SM beta function of the Higgs quartic coupling because of the mixing between the

scalar singlet and the Higgs. In its subsection [3.5.1], I will determine the allowed region

between the mass eigenstate of the ”singlet-like” particle and its mixing angle (sin θ) and

verify the shape of the region by presenting plausible arguments. In the final section

[3.6], I will derive the decay width of the heavier state (H2 → H1 + H1) to the lighter

state as it is kinematically allowed. Phenomenologically, this decay width is observable

in experiments given we increase the center of mass energy of LHC or like detectors.

3.2 Scalar singlet interactions with the SM fields

Before I move on to the discussion of the scalar theory it is intuitive to understand the

singlet interactions with the SM fields. Let me begin by writing the Lagrangian density

in this model and impose an additional U ′(1) symmetry. The Lagrangian density with

an additional global U ′(1) symmetry is given by:

L = LSM + ∂µS
†∂µS − V (S,H) (3.1)

where,

V (S,H) = m2
sS
†S + λhs(S

†S)(H†H) + λs(S
†S)2 (3.2)

LSM is the SM Lagrangian written in Appendix [A.2], ‘S’ is the scalar singlet, λs is its

quartic coupling and λhs is the Higgs-singlet coupling. Clearly the new terms added

in the SM Lagrangian terms are indeed globally U ′(1) invariant. So from previous

discussions on types of symmetries one would be tempted to ask the question, what

happens if I gauge this extra U ′(1) symmetry? At first glance the obvious conclusion

one will reach is that we would get an extra gauge boson with a new coupling and that

the partial derivative in the singlet kinetic term would change to a covariant derivative

incorporating the gauge field to make the Lagrangian a gauge invariant quantity. That

is indeed the case but it is not yet a complete one. The only fields that are charged under

the addition of this extra U ′(1) symmetry are the SM fields and the singlet field. The

Higgs field however doesn’t receive any U ′(1) charge. After performing the mathematical

rigor, I get new terms in the Lagrangian:

L = LSM + ∆L (3.3)
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where,

∆L = g
′
1B
′
µ

∑
i

Qiψ̄SM,iγ
µψSM,i + (D′µS)†(D′µS)

− 1

4
F ′µνF

′µν − ε

2
FµνF

′µν +
∑
i

χ̄(i∂µ + g′1Q
′
iB
′
µ)γµχ

(3.4)

where,

D′µ = ∂µ − ig′1Q′B′µ (3.5)

and,

F ′µν = ∂µB
′
ν − ∂νB′µ (3.6)

where in equation (3.4), B′ is the new gauge boson, g′1 is it’s corresponding coupling

constant, ψi,SM is the SM fermion with charge ‘Q’, the second term is the singlet kinetic

term with covariant derivative as in equation (3.5), the third term is the gauge boson

kinetic term with F ′µν given by equation (3.6), the fourth term is mixing between U(1)Y

and the new U ′(1) and χ̄ is the SM fermions. What we observe from equation (3.4) is

that with an additional U ′(1) symmetry the SM fields and the scalar singlet becomes

charged. This analysis has found its application in the type-I seesaw mechanism [14]

and cold dark matter [15]. I will not discuss this any further as I do not wish to digress

from the primary topic of discussion.

3.3 The scalar sector of the singlet extension model

Let us consider an additional complex scalar field, which is a singlet under the SU(2)

gauge group of the SM. I will denote the singlet field as simply, ′S′. The complete tree

level scalar potential then consists of: quadratic terms of the singlet (S2), quadratic

terms of the Higgs field (H2), quartic (or self-coupling) terms (H†H)2 and (S†S)2 and

mixing between the Higgs doublet and the singlet, (H†S)(S†S). In addition to the SM

symmetry group, I will impose a Z2 symmetry i.e. S → −S such that odd power terms

are excluded. Then I can write the scalar potential that consists of the Higgs doublet

and the scalar singlet as:

V (H,S) = m2
h(H†H) +m2

s(S
†S) + λh(H†H)2 + λhs(H

†H)(S†S) + λs(S
†S)2 (3.7)

In the above equation (3.7), mh,ms are just parameters with mass dimension one while

λh, λhs and λs are coupling constants with mass dimension zero. The above potential

being Z2 symmetric excludes linear and cubic terms. Higher order terms are excluded

to avoid large divergences. Studies that includes the linear terms have been carried out

in [16] where they provide explanations for the possibility of a dark matter candidate. I

will discuss this in Chapter 4.
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Rewriting the potential in unitary gauge:

V (h, s) =
1

2
m2
hh

2 +
1

2
m2
ss

2 +
1

4
λhh

4 +
1

4
λhsh

2s2 +
1

4
λss

4 (3.8)

where,

H =
1√
2
U(x)

(
0

h(x)

)
(3.9)

and,

S =
1√
2
V (x)s, (3.10)

where both U(x) and V (x) are unitary matrices. Let us demand that the potential (3.8)

has a minimum at < h >= v and < s >= u where the minimizing conditions involve:

∂V (h, s)

∂h

∣∣∣∣∣
<h>=v,<s>=u

= 0

∂V (h, s)

∂s

∣∣∣∣∣
<h>=v,<s>=u

= 0

(3.11)

From the minimizing condition we get:

m2
h +

λhs
2
u2 + λhv

2 = 0

m2
s +

λhs
2
v2 + λsu

2 = 0.

(3.12)

I can further solve this to write an expression for v2 and u2 in terms of the parameters

in the potential (3.8). I simply get:

v2 = 2
λhsm

2
s − 2λsm

2
h

4λhλs − λ2
hs

u2 = 2
λhsm

2
h − 2λhm

2
s

4λhλs − λ2
hs

(3.13)

I can then evaluate the Hessian matrix (or squared mass matrix) around the vacuum

expectation value of the Higgs and the singlet field to find:

M2
h,s =

(
∂2V (h,s)
∂h2

∂2V (h,s)
∂h∂s

∂2V (h,s)
∂s∂h

∂2V (h,s)
∂s2

)
=

(
2λhv

2 λhsuv

λhsuv 2λsu
2

)
(3.14)

The Hessian matrix describes the local curvature of a function of multiple variables. If

the Hessian (its determinant) at the point (< h >= v,< s >= u) is positive definite,

then M2
h,s has attained a local minima. The Hessian then introduces a new constraint

at the EW breaking scale:

4λhλs − λ2
hs > 0 (3.15)
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Thus, from equation (3.13), we infer the extremum is a local minimum if the following

conditions are met:

λhsm
2
s − 2λsm

2
h > 0

λhsm
2
h − 2λhm

2
s > 0

4λhλs − λ2
hs > 0

(3.16)

I can then perform the Jacobi method or a 2-by-2 symmetric Schur’s decomposition to

determine the mass eigenvalues and the corresponding mass eigenstates from the mass

squared matrix (3.14). Physical parameters or observables corresponds to mass eigen-

states and eigenvalues which is why we performed the transformation. The orthogonal

transformation corresponding to the diagonilization of M2
h,s matrix is given by:

O =

(
cos θ sin θ

− sin θ cos θ

)
(3.17)

where OTM2
h,sO = diag(m2

1,m
2
2) . The mass squared eigenvalues are then given by:

m2
1 = λhv

2 + λsu
2 −

√
(λsu2 − λhv2)2 + λ2

hsu
2v2 (3.18)

m2
2 = λhv

2 + λsu
2 +

√
(λsu2 + λhv2)2 + λ2

hsu
2v2 (3.19)

where we will consider m2
1 < m2

2. The mass eigenstates of these light and heavier Higgs

particle are related to the fields ‘h’ and ‘s’ via:(
H1

H2

)
=

(
cos θ − sin θ

sin θ cos θ

)(
h

s

)
(3.20)

where, θ is the mixing angle and is determined by:

tan(2θ) =
λhsuv

λhv2 − λsu2
(3.21)

Thereafter expanding equation (3.20) and writing the mass eigenstates in terms of the

fields ‘h’ and ‘s’, I get:

H1 = h cos θ − s sin θ

H2 = h sin θ + s cos θ
(3.22)

Where H1 is either ”Higgs-like” or ”singlet-like”. Among the two, which eigenstate is

heavier is dependent on the choice of our parameters. For instance, H1 is the lighter

eigenstate or Higgs-like if I choose λhv
2 < λsu

2 or H1 will be the heavier eigenstate or

singlet-like λhv
2 > λsu

2. It is just a matter of convention. From here onwards I will

choose H1 as the Higgs-like by constraining the mixing angle |θ| > π/4. Next, let us
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analyze the parameter λh in large singlet vev.

3.3.1 Large vev of singlet (u>>v)

Joan Elias-Miro and et al. have studied the stabilization of EW vacuum via scalar

threshold effect in their paper [17]. In their work, they have shown how the interaction

between the heavy scalar singlet and the lighter Higgs doublet leads to a positive tree

level threshold correction for the Higgs quartic coupling (λh). Quite similar analysis has

also been worked out by Oleg Lebedev in his paper [12]. I will briefly discuss the idea

and motivation behind it as it will be useful in the later sections. Under the high singlet

vev limit, I can perform a binomial expansion of equation (3.18) and (3.19):

m2
1 ' λhv2 + λsu

2 − λsu2
[
1 +

λ2
hs

2λ2
s

v2

u2
− λh

1

λs

v2

u2

]
' 2λhv

2 −
λ2
hs

2λs
v2 (3.23)

Similarly for m2
2, I find:

m2
2 ' 2λsu

2 +
λ2
hs

2λs
v2 (3.24)

and the mixing angle becomes:

tan 2θ ' −λhsv
λsu

(3.25)

I have suppressed O( v
2

u2
) and higher order terms. I can infer from equation (3.23) that

the mass of the Higgs-like is no longer
√

2λhv, as is expected from the SM, instead it

gets a finite negative contribution from the Higgs-scalar coupling (λhs). Therefore, for

the mass of the Higgs boson discovered at LHC (≈ 125 GeV), the Higgs quartic coupling

receives a slight positive contribution at the breaking scale i.e:

λh −
λ2
hs

4λs
' 0.13 (3.26)

Thus as long as we keep
λ2hs
4λs

significant and within the perturbation range, the Higgs

quartic coupling (λh) can be made positive at all scales and the potential can be kept

bounded from below. I will put a pause on the discussion of this limit for now as I shall

revert back to discuss the significance of this point later on.

3.4 Boundedness from below and parameter constraints

In this section, I will discuss how fine-tuning the Higgs-singlet coupling can lead to

potential stability up to large scales. We will consider the scale to run up to the Planck’s

scale (O(1019)). Near Planck’s scale, gravity plays a crucial role and can no longer be
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ignored in the theory. However, in our formulation we will ignore the effect of gravity.

A detailed study of the boundary constraints placed on the parameters (λh, λs etc.) at

Planck’s scale for the scalar singlet model can be found in [18] while subsequent research

in light of the Higgs boson discovered at LHC where the particle is indeed the SM Higgs,

then its boundary conditions at Planck’s scale has been comprehensively studied at [19].

Working at the unitary gauge, from the scalar potential equation (3.8) we determined

previously as to how at the breaking scale we require our parameters to satisfy the

conditions (3.16) for the extremum to be a global minimum or in simple terms for the

potential to be stable. These constrainsts are very restrictive and we haven’t considered

the different signs of the parameter λhs, which is required to span the complete parameter

space. Only by considering the two possibilities can we reach a conclusion on the type

of constraints we want to execute on our parameters. It is important to note that even

at this point I have only considered and worked on tree-level potential. I have made no

arguments that should suggest otherwise.

At large field values, I have the liberty to consider only the quartic terms in the potential

as they outrun the quadratic terms in terms of exponential growth considerably. Then

I could write the quartic potential in unitary gauge as:

V4(h, s) ≈ 1

4
λhh

4 +
1

4
λhsh

2s2 +
1

4
λss

4 (3.27)

I could simplify the above equation as:

V4(h, s) =
1

4

[
(
√
λhh

2)2 + (
√
λss

2)2 − 2
√
λhλsh

2s2 + 2
√
λhλsh

2s2 + λhsh
2s2
]

=
1

4

[
(
√
λhh

2 −
√
λss

2)2 + (2
√
λhλs + λhs)h

2s2
] (3.28)

Using the above equation (3.28), I will consider the different posibilities of λhs.

Case 1: λhs > 0

In this case the right hand side (R.H.S) of equation (3.28) tells us that the first term

can never be negative as it is a squared function. The second term cannot be negative

either. Thus the quartic potential at large field values is always positive and the only

constraints we need to implement to maintain the stability of the potential at large field

values are:

λh(Λ) > 0 and λs(Λ) > 0 (3.29)

where, Λ is the some arbitrary scale (energy scale or field scale) for which we study the

running of the couplings.

Case 2: λhs < 0

Looking back to equation (3.28), I can infer that the first term is always positive however

this time there is no requirement for the second term to be always positive at large field
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scale. Thus for negative λhs values we would observe a run-away direction at large field

values. Hence for the stability of the potential we also require the second term to be

positive and thus impose another new constraint:

4λhλs − λ2
hs > 0 at all scales (3.30)

Recall we obtained this additional constraint at low energy scale (or EW breaking scale)

as per equation (3.15).

Thus we find that depending on the sign of λhs, the constraints on the parameters to

ensure vacuum stability, differs. The next section will clarify its importance.

3.5 Numerical Analysis

This section mainly consists of plots obtained through numerical analysis on Mathemat-

ica, that supports the arguments mentioned in aforementioned sections. We will see,

how the introduction of the scalar singlet rectifies the SM beta function of the Higgs

quartic coupling. New terms are introduced on the RG equations at one-loop level due

to singlet coupling to the Higgs. The modified version of the running of Higgs coupling

(βh) and the singlet coupling (βs) at one loop level is given by:

16π2βλh = 24λ2
h − 6y2

t +
3

8
(2g4 + (g2 + g′2)2) + (−9g2 − 3g′2 + 12y2

t )λh +
1

2
λ2
hs

(3.31)

16π2βλhs = 4λ2
hs + 12λhλhs −

3

2
(3g3 + g′2)λhs + 6y2

t λhs + 6λsλhs (3.32)

16π2βλs = 2λ2
hs + 18λ2

s (3.33)

where βλ(h,hs,s) =
dλ(h,hs,s)

dt and t = ln(Λ/mtop). Again Λ, is the scale on which the

couplings are dependent. In the figure [3.1] and [3.2] below.

Figure 3.1: For initial value of
λh[mtop] = 0.16,λs[mtop] = 0.01 and
λhs[mtop] = 0.015.we find that the
quartic coupling remains positive till

planck scale.

Figure 3.2: For initial value of
λh[mtop] = 0.13,λs[mtop] = 0.01 and
λhs[mtop] = 0.015 the quartic coupling
becomes negative before planck scale
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I have shown a plot for the above three couplings up to planck’s scale. Initial values for

the couplings were taken at the mass of top quark:

g[mtop] = 0.64 g′[mtop] = 0.35 gs[mtop] = 1.16 yt[mtop] = 0.93 (3.34)

We can infer from the above figure [3.1] and [3.2] that the Higgs quartic coupling remains

positive for the figure to the left at all scales while it inflects and becomes negative for

the figure to the right. From equation (3.26), this becomes clear because of the extra

contribution to the Higgs coupling that comes the second term. Thus for values of

λ2
hs/4λs higher than approximately 0.015, the Higgs quartic coupling remains positive

at all scales (at least up to the Planck’s scale). The singlet’s quartic coupling (λs) and

the mixed coupling between the Higgs-singlet (λhs) also remains positive at all scales

if they are positive at low energy scales. λhs remains positive at all scales because of

the positive contribution from the top Yukawa coupling (yt). Thus it all bows down to

fine-tuning λhs and λs. One would be obviously curious that for a fixed λhs, for what

particular values of m2, the heavy mass eigenvalue and the mixing angle (sin θ) will the

Higgs quartic coupling remain positive at all scales. Note, I have fixed the values of λhs

because the parameter space (m2 − sin θ) can be constrained from the data obtained

from LHC and LEP. The constraint on λhs is very poor from the LHC data hence we

keep it fixed at small values for our analysis. Why the smallness? Will become clear in

the following sections. This is the focus point of the next section.

3.5.1 Allowed mass region of the singlet for different mixing angle

At the breaking scale, the parameters of the quartic coupling (λh and λs) can be ex-

pressed completely in terms of five independent parameters:

λh = λh(m1,m2, v, λhs, θ)

λs = λh(m1,m2, v, λhs, θ).
(3.35)

Using equation (3.18), (3.19) and (3.21), I can easily form an equation that expresses

λh and λs as in equation (3.35). I have performed the detailed calculation in Appendix

[B.1]. After the mathematical rigor, I get the expressions:

λh =
m2

1

2v2
+ sin2 θ

m2
2 −m2

1

2v2
(3.36)

λs =
2λ2

hs

sin2 2θ

( v2

m2
2 −m2

1

)( m2
2

m2
2 −m2

1

− sin2 θ
)
. (3.37)

Note the above two equations (3.36) and (3.37) are evaluated at the EW breaking scale

which I have considered to be mtop. The known parameters in the above equations are
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m1 = 125.6 GeV and ’v = 246 GeV’ (vacuum expectation value of the Higgs field),

while of the three unknowns I can fix λhs at a particular value to determine the region

between m2 and sin θ. The algorithm used for this analysis is:

• Fix the value of λhs (can be positive or negative). For negative values an additional

constraint (3.30) is to be imposed.

• Randomly generate values of m2 and sin θ simultaneously.

• Input these values in the equations (3.36) and (3.37) for which I get an initial value

of λh and λs

• Using the above initial value (IV) and the IV’s from equation (3.34) I solved the

coupled differential equation via Mathematica.

• Apply the stability conditions and if the quartic couplings are positive at all scales,

register the corresponding value of m2 and sin θ

• Finally plot the region for such values of m2 and sin θ.

To simulate the above algorithm I have used Mathematica. Mathematica provides a

simple platform where one can solve ample of coupled differential equations with specified

initial values. I have used the format of Module to achieve this goal. In Module, I

defined my coupled differential equations keeping the initial conditions (3.36) and (3.37)

as variables. To achieve the allowed region plot, I used another simulating function

‘RegionPlot’ available at Mathematica. In RegionPlot, I provided a range of values

for m2 and sin θ and imposed the stability conditions on the quartic couplings to get

the expected plot. The stability condition are imposed depending on the sign of λhs

as discussed in section [3.4] and equations (3.29) and (3.30). However, due to the

limitations in Mathematica, RegionPlot is only able to evaluate the imposed conditions

at a certain point hence I had to impose additional checks at intermediate scales of

order O(1010), O(1012) upto Planck’s scale (O(1019)) to ensure that the beta function

of quartic coupling stays positive throughout. These intermediate conditions takes the

form:

λh,s[1010GeV ] > 0 λh,s[1012GeV ] > 0 λh,s[1016GeV ] > 0 etc. (3.38)

Of course we want perturbation theory to hold at all scales, else the above conditions

hids the physics pertaining to the model. In short, the additional conditions imposed

on the quartic couplings to validate perturbation theory are:

Case 1: λhs > 0

0 < λh[mtop] < 1, 0 < λs[mtop] < 1,

0 < λh[Mplanck] < 1, 0 < λs[Mplanck] < 1
(3.39)
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Often you will notice the imposition of 4π [20] instead of 1 at the above equation. This

arises from the coefficient of the feynman diagrams at one loop order. However, that is

not of pivotal importance to our problem since we are concerned with the shape of the

allowed region.

Case 2: λhs < 0 Under this scenario along with the above constraints in equation

(3.39), we impose the additional condition (3.30). In the figure below I have shown two

plots corresponding to the both cases discussed above:

Figure 3.3: Left: Allowed region of
m2 and sin θ for positive λhs

Figure 3.4: Right: Allowed region of
m2 and sin θ for negative values of λhs

Plot Analysis: In the above diagrams I have shown how for different signs of λhs, I ob-

tain different allowed region between m2 and sin θ. This is due to additional constraint

(3.30) that needs to imposed for negative λhs values. The plot analysis then follows:

• Left[3.3]: The plot’s behavior appears to be dominated for the initial condition of λh

from equation (3.36), since as discussed in the following publications [12],[13],[17],[20],[21],

the values of λs are required to be small to keep the Higgs quartic coupling positive at

all scales.The perturbative constraint:

0 < λh[mtop] < 1 (3.40)

segments the allowed region at the upper convex surface rendering it to behave partly

like a “hyperbolic” function. The partly “hyperbolic” behavior of the plot arises due

to sin2 θ ∗ m2
2. A closer look tells us that for very high m2 (m2 >> m1) the value of

sin θ has to be quite small for λh to lie in the perturbative region and vice-versa but

with m2 > m1. This condition strongly limits the range of values λs[mtop] can take.

For values of m2 < m1, it is observed that λh[mtop] take values that renders the Higgs

quartic coupling (λh) to become negative at high energy scales. This can be enlightened
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from the section [3.3], where the SM Higgs coupling at the breaking scale is modified to:

λh

∣∣∣
SM+singlet

=
m2
higgs

2v2
+
λ2
hs

4λs
(3.41)

Once the perturbative conditions are met, the running of the coupling constants are

further imposed conditions at Planck’s scale as in equation (3.39) along with conditions

(3.38). This delimits the allowed region. The boundary at the upper convex surface of

the plot [3.3] and [3.4] violates the condition:

λh[Mplanck] < 1 (3.42)

giving the upper region the shape of a “hyperbola”.

• Right[3.4]: The boundary of the lower convex surface of the ”hyperbolic-like” plot

violates the condition:

λh[Mpl] > 0 (3.43)

To understand the lower convex region, the behavior is best depicted when the coupling

satisfies the conditions (3.41) and (3.26) since not for all positive values of λh[mtop]

does the Higgs quartic coupling remain positive at all scales. The white (or empty)

region below the lower convex surface corresponds to lower values of m2 and sin θ.

These values do not obey the equation (3.26) resulting in the violation of boundary

condition (3.43). Oleg lebedev in his paper [12] has shown that for λ2
hs/(4λs) & 0.015,

the Higgs quartic coupling can be kept positive at all scales. As one increases m2 and

decreases sin θ (note: λs[mtop] can increase significantly) the coupling at the breaking

scale are strictly constrained by (3.26),(3.41) and λs[mtop] because the possibility of the

quartic couplings to become negative increases even though 0 < λh[mtop] < 1 is satisfied.

Hence the region becomes narrower. At low values of m2 and high values of sin θ, the

regions starts contracting because λh[mtop] would be small and we would observe the

violation of boundary condition (3.43). Thus the partly ”hyperbolic-like” behavior at

both convex surfaces (upper and lower) is seen due to the dominating effect of λh[mtop]

over λs[mtop] which are then further constrained by imposing conditions at Planck and

intermediate scales giving us a region that looks like a ”boomerang”. Finally I have

obtained the largest value of λhs for which we still get a minuscle region between m2

and sin θ. The subsequent value of λhs is found out to be 0.23 [Note that this value

includes the limitations of Mathematica]. Thus I have analyzed the parameter space

(m2 vs sin θ) of the singlet extension model which are then subjected to experimental

constraints providing much better resolution.



29

3.6 Partial decay width of the heavier state to two lighter

states

Since the singlet is quite heavy compared to the Higgs, perhaps we could study it’s

possible decay channel, H2 → H1H1. Let us begin by evaluating the partial decay

width, Γ(H2 → H1H1). I need to rewrite the scalar potential (3.8) around the minimum

i.e replace h(x) with ’h(x)+v’ and s(x) with ’s(x)+u’ to obtain:

V (h, s) =
m2
h

2
(h(x) + v)2 +

m2
s

2
(s(x) + u)2 +

λh
4

(h(x) + v)4

+
λhs
4

(h(x) + v)2(s(x) + u)2 +
λs
4

(s(x) + u)4

(3.44)

In the above equation (3.44) I need to apply the minimizing conditions (3.12) and sim-

plify the potential. Thereafter, since I formulated the existence of two mass eigenstates

(H1 and H2) as in equation (3.22), I invert them and write them in terms of h(x) and

s(x), i.e:

h = H1 cos θ +H2 sin θ (3.45)

s = −H1 sin θ +H2 cos θ (3.46)

Substituting them back in equation (3.44) and collecting only the terms that contribute

to the decay process, I get:

∆VH2→H1H1 = λ′H2H1H1 (3.47)

where λ′ is the coupling associated with the decay process. In my notation:

λ′ = cos2 θ sin θv[λhs − 3λh]− cos θ sin2 θu(3λs − λhs)−
λhs
2

[u cos3 θ − v sin3 θ] (3.48)

Since it’s a 1→ 2 decay process and the Feynman amplitude is simply a constant term,

all I need to do is evaluate the Phase-space integral (R2(p,m2
1,m

2
2)) where,

R2(p,m2
1,m

2
2) =

∫
d3p1

2E1

d3p2

2E2
δ4(p− (p1 + p2)) (3.49)

where, p is the momentum of initial particle and pi are momentum of final state particles.

After evaluating the phase-space integral I get:

R2(s) = π

√
λ(s,m2

1,m
2
2)

2s
(3.50)
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where, ‘s’ is the mandestam variable and λ(s,m2
1,m

2
2) is the kinematical function defined

by:

λ(p2, p2
1, p

2
2) = [p2 − (

√
p2

1 +
√
p2

2)2][p2 − (
√
p2

1 −
√
p2

2)2]. (3.51)

The condition for the decay process to be physical requires:

λ(p2, p2
1, p

2
2) ≥ 0 (3.52)

Assuming all four-vector are timelike, the above condition (3.52) becomes:

√
p2 ≥ m1 +m2 = threshold (3.53)

which is a natural condition for decay. Then the partial decay width is:

Γ(H2 → H1H1) =
| λ′ |2

8πm2

√
1− 4m2

1

m2
2

(3.54)

with λ′ given by equation (3.48). We could simplify the above equation and redefine our

coupling constant (λ′) as in [2]. In that case the partial decay width is:

Γ(H2 → H1H1) =
sin2 θλ2

211v
2

32πm2
2

√
1− 4m2

1

m2
2

(3.55)

where λ211 is the new coupling corresponding to the above decay channel and is defined

by:

λ211 =
2m2

1 +m2
2

v2

(
cos2 θ +

λhsv
2

m2
2 −m2

1

)
(3.56)

3.7 Summary

Following the metastability problem discussed in the previous chapter I provided a plau-

sible solution to the issue by introducing a scalar singlet field. The singlet can couple

to the Higgs boson via the Higgs portal. I found that due to its coupling to the Higgs

boson and non zero vev, there exists two mass eigenstates which corresponds to two

scalars. I considered the lighter mass eigenstate to be the SM Higgs boson and analyzed

the boundedness from below conditions that ensures stability of the tree level potential.

Further, I analyzed the parameter space (m2vs sin θ) of the extension model. Through

numerical analysis I determined the acceptable region of the parameter space ensuring

EW vacuum stability. Lastly, I evaluated the partial decay width of the heavier mass

eigenstate to two lighter eigenstates, i.e. H2 → H1H1, as it is kinematically allowed.

Next chapter I will discuss the experimental constraints on the parameter space.
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Experimental Constraints

A theory is only hypothetical until experimental measurements validate it’s existence.

Any given theory has to comply with experiments for it to be considered viable, needless

to say under acceptable error, where the errors may arise from statiscal analysis or

detectors etc. The same applies to the simplest extension of Standard Model where we

introduce an extra degree of freedom, the scalar singlet. We will see in the next chapter

how this singlet explains some of the delicate problems such as a dark matter candidate,

unitarity issue, etc. that the SM fails to elucidate. Nonetheless it’s (the SM) is still a

good theory at low energy scale as proven by the precision of fine structure constant,

α. Thus it is imperative that the singlet extension parameters are subjected to the

constraints obtained from experiments.

The scalar potential (5.11) has eight independent parameters as can be determined from

the equation below:

V (S,H) =
m2
h

2
H†H +

m2
s

2
S2 +

λs
4
S4 +

λh
4

(H†H)2

+
λhs
4
S2H†H +

λ1

2
H†HS +

λ2

2
S +

λ3

3
S3

(4.1)

Upon applying the Z2 and U(1) symmetry we are left with five independent parameters

(m2
h,m

2
s, λh, λhs, λs). However, few of the above parameters are unphysical hence we

immediately switch to mass eigenstates after spontaneous symmetry breaking (SSB) to

lie in the physical regime. Finally we are left with five free parameters:

λh, λs, λhs, v, u. (4.2)

At the EW breaking scale, the first two parameters of the above equation (4.2) are

related to the masses of the scalar particles, λhs and their mixing angle θ (B.16), (B.17).

We will study the constraints imposed on these (4.2) parameters by:

31
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• The Electroweak precision observable (EWPO)

• The Higgs quartic coupling measurement at LHC

• The Light Higgs signal at LHC

• The vacuum stability constraints

Being a review, I will closely follow the works [2], [20], [22]. The authors have used dif-

ferent methods to address the experimental constraints imposed on the free parameters

from the collider experiments such as, LHC and LEP. We center this chapter around

the work of Adam Falkowski and et al [2]. whose work will be in this chapter.

4.1 Constraints imposed by EWPO

The parameters or observables that one associates with EWPO are namely:

α→ fine structure constant

GF → Fermi Constant

mZ →Mass of Z boson

mW →Mass of W± boson

s2
eff → effective mixing(Weinberg) angle

Γl+l− → leptonic partial decay width of the Z boson

(4.3)

We know that the Lagrangian of the GWS theory treats particles will different helicity

states differently. In fact the coupling of the Z◦ boson to the left- and right-handed

fermions differ quite significantly. This results in a polarization assymetry (ALR) pro-

duced in the decay channel Z◦− > ff̄ or vice-versa. The value of s2
eff (effective sin2 θW )

is then defined as per the observed asymmetry:

ALR ≡
(1/2− s2

eff )2 − s4
eff

(1/2− s2
eff )2 + s4

eff

(4.4)

It is straight forward to compute the values of the above parameters (4.3), at least at

tree level. However, the resulting deviation observed from tree-level analysis for mW ,

s2
eff and Γl+l− are statistically unacceptable (with deviations as large as 15σ, 120σ and

10σ). It then becomes imperative to include higher order corrections at least to one

loop order. At one loop order the corrections arise from the self-energy diagrams of

the γ, W± and Z vector bosons. The non-oblique corrections (such as box-diagrams or

vertex corrections) have only minuscle effect compared to the oblique correction (vacuum
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polarization corrections) hence the former is usually excluded in the analysis. This can

be elucidated by an appropriate reasoning where we understand that many charged

particle couples to the vector bosons while only few particles (one or two) in the theory

couples to a specific fermion.

In the singlet extension model, I will consider the oblique corrections and ignore the

corrections from the non-oblique ones. The propagators of the vector bosons (W and

Z) receives two contributions from:

• An additional singlet (H2) due to the mixing of the two scalars, and

• the modification of the scalar (H1) coupling to the gauge bosons.

As we restrict ourselves to one loop contributions, the sum of all 1-particle irreducible

(1PI) diagrams will be denoted by Πµν(q), with ‘q’ being the loop momentum. Then

the one-loop corrections to the vector boson self-energies

Vµ Vν

takes the form:

iΠµν
V V (q) = i[ΠV V (q2)gµν −∆V V (q2)qµqν ] (4.5)

However, I shall constrict myself to the self-energy contribution (ΠV V (q2)) only since

the second term in the above equation (4.5) when dotted with the fermion current gives

zero from the Dirac equation.

qµJµ → f̄γµqµf → f̄mf → 0 (4.6)

An important point to note is that in QED while we study renormalization of electric

charge, we encounter such vacuum polarization diagrams and we find that the 1PI

looks quite similar to equation (4.5) where to avoid violation of Ward-identity we use

dimensional regularization which then simplifies equation (4.5).

Similarly, using dimensional regularization, we can find the shift of the propagator func-

tion w.r.t the SM:

δΠV V (q2) =
m2
V sin2 θ

4π2v2

[m1
H2
−m2

H1

4

(1

ε
+1
)

+F (q2,m2
V ,m

2
H1

)−F (p2,m2
V ,m

2
H1

)
]

(4.7)
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where,

F (q2,m2
V ,m

2
H1,H2

) =

∫ 1

0
dx
[
m2
V −

∆

2

]
log ∆ , and

∆ = xm2
H1,H2

+ (1− x)m2
V − q2x(1− x)

(4.8)

with ‘x’ resembling the parameter from feynman parametrization and ε is the divergence

term which arises after the expansion of Gamma function near the limit where space-

time dimension closes to 4. F (q2,m2
V ,m

2
H1,H2

) is the loop integral contribution after

feynman parametrization. The reason behind analyzing the propagator corrections is

because they contribute to the vector bosons mass i.e m2
V → m2

V + ΠV V (q2 = m2
V ).

The observables used in the fit are the LEP-1 Z-pole observable [23], the W mass [24], the

total width [25] and the hadronic width [26], as can be found in Table [C.1] mentioned

in the Appendix [C]. We can determine the partial decay widths of the vector bosons

(Z and W ) that appear in the table:

Γ(Z → ff̄) =
NfmZ

24π
g2
fZ;eff

Γ(W → ff ′) =
Nfmw

48π
g2
fW ;eff

(4.9)

where Nf is the number of colors of the fermion ‘f’ and the effective couplings are defined

as

gfZ;eff =

√
g2
L + g2

Y√
1− δΠ′ZZ(m2

Z)

[
T 3
f −Qfs2

eff

]
s2
eff =

g2
Y

g2
L + g2

Y

(
1− gL

gY

δΠγZ(m2
Z)

m2
Z

)
gfW ;eff = gW ;eff =

gL√
1− δΠ′WW (m2

W )

(4.10)

gL and gY are the SU(2) and U(1) gauge couplings. In this model, δΠγZ and δΠγγ are

both zero at one loop level. This is precisely because the photon is massless, Πγγ(0) = 0

and ΠγZ(0) = 0. However it is to be noted that ΠγZ(0) is non-zero in the case when the

W± is included in the loop calculations. The electroweak parameters gL, gY , v which

are evaluated from the input observables GF , α and mZ receives finite correction at the

one-loop order in the singlet-extension model given by:

δgL
gL

=
1

g2
L − g2

Y

(
2
δΠWW (0)

v2
− 2 cos2 θw

δΠZZ

v2 +
g2Y
2

δΠ′γγ(0)
)
,

δgY
gY

=
1

g2
L − g2

Y

(
− 2

g2
Y

g2
L

δΠWW (0)

v2
+ 2 sin2 θw

δΠZZ

v2 − g2L
2

δΠ′γγ(0)
)
,

δv

v
= −2δΠWW (0)

g2
Lv

2

(4.11)
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Using the above equation (4.11) and equation (4.10) and (4.9), we could evaluate the

shift in the effective couplings due to the oblique corrections and thereafter compute

the corrections to the precision observables. The simplest approach is to take the linear

term of δΠV V and the values of EWPO from table [C.1] to construct a χ2 function that

depends on mH2 and sin θ and known SM parameters. The χ2 is the standard way to

test the ability of a given theory to reproduce data. One can visualize this as, given

a set of observables, say Oexpti , which are determined from experiments are subjected

to uncertainties arising due to inhomogenity in the detector, data collection inefficiency

etc. Let us call these uncertainties ∆Oexpti . Let us define the theoretical predictions for

these observables as Othi that depend on the parameters we define in our Lagrangian.

The best possible choices of the Lagragian parameters (λi) is determined by fitting the

data by minimizing the χ2 function:

χ2(λi) =
∑
i

(Oexpti −Othi (λi))
2

(∆Oexpti )2
(4.12)

Hence we minimize χ2(mH2 , sin θ) w.r.t sin θ for each value of mH2 and determine the

95% confidence level (CL) limits by solving

χ2(mH2 , sin θ)−minθ{χ2(mH2 , sin θ)} = 3.84 (4.13)

In the figure [4.3], [4.4] we observe that for mH2 . 60 GeV and mH2 & 170 GeV

the limits are non-trivial and keeps becoming stronger as H2 keeps increasing. For

mH2 & 450 GeV, the electroweak precision constraints provide the strongest limits on

the singlet model.

G.M Pruna and et al. have performed this analysis with a different approach. In

their work [20] the constraints on the electroweak precesion data are imposed using the

S,T,U parameters [27], [28]. They found that the maximally allowed heavy Higgs mass

are of the order O(35 TeV) for small mixing angles and using these mixing angles the

EWPO gives additional constraints in the large mixing regions for mH2,max ≤ 1 TeV (2

TeV) , | sin θ| . 0.6 (0.5). For mH2 ≥ 2 TeV, the EWPO gave no additional constraint.

However, Oleg Lebedev and et al’s formulation [2] works for any values of mH2 including

the case for mH2 � mH1 .
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4.2 Constraints arising from the Higgs quartic coupling

measurements at LHC

I have previously shown in chapter 3 that due to the mixing of the scalar singlet to the

Higgs, the SM Higgs coupling receives finite correction (3.41) at the EW breaking scale.

This correction later turns out to provide the necessary initial condition for the running

(βh) of the Higgs quartic coupling to be remain positive ensuring vacuum stability. Note,

the beta function of the Higgs quartic coupling also receives an additional contribution

from λhs at one loop order due to its mixing with the singlet. The discovery of the Higgs

boson at the LHC then provides additional contraint on the parameter space. We can

determine these constraints from the Higgs mass obtained from two channels at LHC,

H1 → γγ

H1 → ZZ∗ → 4l
(4.14)

The above two channels has provided the best mass resolution of the Higgs boson at LHC,

hence it’s usually preferred over others. The above decay processess can be subjected to

contamination from the heavier Higgs (H2) decay. At this stage, it is plausible to consider

mH2 lying outside the region [120,130] GeV for which we can ignore the contamination,

as suggested from ATLAS and CMS Higgs searches in the above two channels. If mH2 ∈
[120,130] GeV interval is considered then the limits on the value of sin θ requires a much

more elaborate analysis which incorporates different mass resolutions for various h→ γγ

and h→ 4l. The signal strength of 125 GeV scalar boson observed at CMS and ATLAS

is given in the table below:

Channel µ(ATLAS) µ(CMS)

H1 → γγ 1.17+0.27
−0.27 [29] 1.12+0.24

−0.24 [30]

H1 → ZZ∗ → 4l 1.44+0.40
−0.33 [31] 1.00+0.29

−0.29 [30]

Table 4.1: The signal strength of the 125 GeV boson from LHC for the two decay
channels [2]

Including the 15% threshold uncertainty in the Higgs production cross section which is

the linear sum of the partial distribution function (PDF) and the QCD errors on the

gluon fusion cross section [32] into a Gaussian-modeled nuisance parameter we get the

combined Higgs signal strength

µ > 0.81, @95%CL (4.15)
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While working outside the range, i.e for mH2 /∈ [120,130] GeV we get different bounds

on sin θ.

For mH2 ≥ mH1/2 ∼ 62.5 GeV, the bound on sin θ is found to be:

sin θ < 0.44, @95%CL (4.16)

which is independent of mH2 while for mH2 < mH1/2, the inclusion of the decay channel

H1 → H2H2 makes the situation slightly complicated because the signal strength would

tend to decrease. For the latter case stronger contraints are imposed on sin θ due to

its slight dependence on mH2 and larger dependence on λhs. We can understand the

scenario from the figure below:

Figure 4.1: Left: Imposing the limits
on the H1 coupling the plot shows the
region of parameter space for mH2

<
65 GeV excluded at 95% CL. For dif-
ferent initial values of λhs = -0.011,
0.0001, 0.011, 0.014, the excluded re-
gion in depicted in yellow(from darkest

to the palest) [2]

Figure 4.2: . Right: For mH2
= 20

GeV, the yellow region is the excluded
region while inside the white region the

H1H
2
2 coupling is very small [2]

For large values of |λhs| the limits are stronger and at some point almost the entire

mH2 − sin θ plane gets excluded. From the above fig [4.1] and [4.2], we can infer that

for low values of mH2 the values of λhs are restricted to λhs < 0.015. However for given

values of mH2 and sin θ, one can adjust a negative value of λhs to get rid of the H1H
2
2

coupling. In this case, the equation (4.16) gives a good limit.
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4.3 Constraint from the Light Higgs signal at LHC

The 125 GeV Higgs signal from the LHC provides constraints to the parameter space.

From what we understand, we should observe a reduction of the Higgs couplings to the

SM fields due to the mixing. By narrow width analysis we can determine the reduction

factor to be cos2 θ. V.M. Lozano and et al. [22] derived the bound on the mixing:

sin2 θ < 0.076 (0.128) at 90% (95%)C.L. However, I will provide a detailed review of

Adam Falkowski and et al. [2] who have worked out the constraints at both low and

high mass regime. In their work they have used constraints imposed by LEP and LHC

data on the Higgs-like scalar via:

• Searches for H2 → γγ in ATLAS [33] and CMS [34]

• Higgs boson production in four lepton channel (H2 → ZZ) in ATLAS [31] and

CMS [35]

• Searches for H2 →WW in eµ2ν channel in ATLAS [36]

• H2 → H1H1 searches in CMS with the 2b2γ [37] and 4b [38] final states and in

ATLAS with the 2b2γ final state [39]

• Search forthe SM Higgs boson in LEP [40] dominated by the bb̄ decay channel

• DELPHI search for a low mass Higgs in Z-decays [41]

• b-physics constraints on a low mass Higgs [42],[43],[44]

They determined that at low mass regime, i.e. for mH2 < 5 GeV, the strongest constraint

imposed on the parameter space is via the B → Kll decays [42], [43]. The bound on

values of sin θ were extracted from the analysis [45]. They found the values of the sin θ

to be less than 10−2 − 10−3, sin θ < 10−2 − 10−3. Between the mass regime 5 GeV

< mH2 < 10 GeV, the corresponding bound on sin θ was found to be sin θ . 0.5 which

is imposed from the radiative Υ decays [44] and DELPHI searches for a light Higgs in

Z-decays [41]. From 10 GeV up to 115 GeV the constraint on sin θ values are imposed

from the LEP Higgs searches [40]. They validated that depending on the exact mass

of the H2 (the second or heavier Higgs), the range of values for sin θ is about 1x10−1

to fewx10−1. Between the energy range 120 GeV and 130 GeV, the constraints on the

parameters are poor. This is mainly because of the presence of the SM-like Higgs. One

can observe a large mixing between the two Higgses in this regime making it diffcult

to impose viable constraint on the parameter spce. One could study the constraints on

a minuscle region about the interval, above 130 GeV and below 120 GeV. In this strip

region the constraints are slightly loosened on the parameter space as evaluated from
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diphoton channels [33],[34]. Above 130 GeV to 450 GeV, the limits are dominated by

the 4l channels [31],[35]. This values of sin θ are found to be between 0.3-0.4. Above this

range of mass parameter (mH2) indirect bounds are consistently stronger as studied in

[20],[22]. We have largely talked about the constraints imposed on the parameter space

(mH2 , sin θ) from the various experiments however it’s also imperative to understand

the role of λhs on the exclusion limits. For mH2 ≤ mH1/2, the Higgs decay process

H1 → H2H2 would be important as it can mix with the Higgs signal strength. This is

shown in figure [4.3], [4.4] where they have marginalised the mass region over λhs values.

For mH2 ≥ mH1/2, we find that for larger λhs the H2 → 4l channel is highly suppressed

resulting in occupance of large signal due to H1 → H2H2 decay. However for λhs & 1 the

effect is non-negligible. We observe that for smaller values of λhs the limits are loosely

dependent on the values of λhs. Only for λhs & 2, the constrainst from H2 → H1H1

becomes stronger than H2 → 4l.

4.4 Constraint imposed by vacuum stability vs. combined

experimental constraint

To understand the constraint imposed from vacuum stability we need to impose the

stability bound (3.29), (3.30) on the parameters. G.M Pruna and et al. [20] discussed

in their paper the constraints imposed on the parameter space (mH2 , sin θ) from the

vacuum stability conditions. Using the first condition of equation (3.29) they found

that for small mixing sin θ . 0.0001 the couplings become negative at high scales and

increasing the Higgs mass to 1 TeV causes no significant change to the metastability

problem. However for 0.001 ≤ | sin θ| ≤ 0.4 and tanβ(= v/u) . 0.4 the condition (3.30)

imposes the largest constraint on the Higgs mass.

Following O.Lebedev and et al. work [2], the combined bounds from direct searches,

precision test and the H1 coupling measurement favored by stability condition, they

found that for mH2 &160 GeV, all the constraints are compatible. This is depicted

in the plot (shown in green) below where the entire stability favored region above 300

GeV is unconstrained whereas between 160 and 300 GeV there are pockets of allowed

parameter space with sin θ between 0.2 and 0.4.
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Figure 4.3: Left: For mH2
≤

2mH1
, the parameter space excluded

at 95%C.L from direct searches(red),
precision tests(gray) and H1 coupling
measurements(yellow). For mH2 <
mH1

/2, the limit from the H1 couplings
are marginizalised over λhs, otherwise
no dependence on λhs. Stability of the
scalar potential up to the Planck scale
at λhs = 0.01 is shown by green re-
gion. For different λhs, the plot be-
haves quite similar although at some it
might be shrinked and contained in the

green region. [2]

Figure 4.4: For mH2 > 2mH1 , the
parameter space excluded at 95%C.L
from direct searches(red), precision
tests(gray) and H1 coupling measure-
ments(yellow). The limit from the H1

couplings are marginizalised over λhs,
otherwise no dependence on λhs. Sta-
bility of the scalar potential up to the
Planck scale at λhs = 0.01 is shown by
green region. For different λhs, the plot
behaves quite similar although at some
it might be shrinked and contained in

the green region. [2]

4.5 Aspects of detecting the H2 → H1H1 signal at LHC-13

In chapter 3 we discussed the possibility of the decay channel H2 → H2H1, if the heavier

Higgs (H2) has mass above m2 > 250 GeV. Given that such a scenario is plausible,

perhaps it is important to explore this channel as it can allow us to further determine

the properties of H2. Following the notation as in [2], we will use mH2 instead of m2

for the mass of the heavier state H2. From equation (3.55), we find that the partial

decay width is suppressed by a factor of sin2 θ. The partial decay width is dependent on

three unknown parameters mH2 , sin θ and λhs where they hold the usual meaning used

throughout the thesis. The parameters mH2 and sin θ can be fixed using the SM-like

decay modes of H2, hence analyzing the decay mode H2 → H1H1 can elucidate us to

determine the parameter λhs.

The figure [4.5] to the left depicts the contours of equal σ(pp → H2)BR(H2 → H1H1)

in the mH2 − sin θ plane. The figure [4.6] to the right shows the maximal production

rate σ(pp → H2)BR(H2 → H1H1) at LHC-13 consistent with all the experimental

constraints. From the plot [4.6], we infer that for fixed λhs, the maximal production rate

is bound by the values of sin θ which in turn is constrained for mH2 > 450 GeV from LHC
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constraints and for mH2 < 450 GeV from EW constraints. Notice that for increasing

values of λhs, the production rate tends to increase, where σ(pp → H2)BR(H2 →
H1H1) is found to be in picobarn range for values of mH2 upto 400 GeV. Imposing

the extra stability/perturbativity constrant up to the Planck scale Mplanck, we observe

that the production rate decreases for mH2 above 350 GeV. The parameter space is

then difficult to probe in experiments for such values of mH2 because the theoretical

constraint provides the strongest bound on the model. However, for light enough H2 the

production rate is quite substantial leading the prospect for detecting the H2 → H1H1

decay channel at LHC-13 quite good.

Figure 4.5: Left: The maximal pro-
duction rate σ(pp → H2)BR(H2 →
H1H1) at LHC-13 for λhs = 0.01 in

the mH2
− sin θ plane. [2]

Figure 4.6: Right: For different ini-
tial values of λhs, such as λhs =
0.01 (bottom), λhs = 1 (middle) and
λhs = 2 (top), the plot depicts the rate
σ(pp→ H2)BR(H2 → H1H1) for max-
imal allowed values of sin θ. mH2

is in
GeV [2]

4.6 Summary

Finally, let us review what we have discussed in this chapter. Firstly we discussed the

need for experimental constraints on the parameter space (mH2 − sin θ) of the singlet

extension model for the theory to be validated. We were able to identify one of the scalar

bosons with the 125 GeV Higgs-like boson observed at LHC. From the EWPO, we found

that the limits on the singlet (or the heavier Higgs) are non-trivial for mH2 . 60 GeV

and mH2 & 170 GeV. For mH2 & 450 GeV, we observed the strongest constraint on

the model. From the Higgs coupling measurements at the LHC, we used the H1 signal

strengths collected by ATLAS and CMS. We assumed that mH2 lies outside the interval

[120,130] GeV to avoid contamination from the H2 decay channels. We found that

the constraint on the Higgs signal strength to be µ > 0.81 at 95% CL. The following

constraint on the mixing angle was found to be sin θ < 0.44 at 95% CL for mH2 ≥
mH1/2 ∼ 62.5 GeV. For mH2 < mH1/2 regime provides stronger constraints on sin θ

because of the strong dependence on λhs. At low mH2 , we found the allowed λhs range
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to be λhs < 0.015. Next we discussed the limits from the direct Higgs-like scalar searches

from LHC and LEP. We found the constraints on the sin θ for different range os mH2 ,

as low as 5 GeV. Apart from the region between 120 and 130 GeV which is poorly

constrained, we found that above 130 GeV, the limits on sin θ is, sin θ < 0.3...0.4. Then

we included the vacuum stability conditions along with the above constraints and found

that for mH2 & 160 GeV, all the above constraints are within acceptable limits. Finally

we discussed in the previous section about the prospects for the H2 → H1H1 decay

channel at LHC-13. We observed that for values of mH2 approximately up to 400 GeV

the production rate σ(pp→ H2)BR(H2 → H1H1) is quite substantial (at picobarn level)

and it increases with λhs. However we also observe that this rate quickly falls off above

500 GeV. Thus precise measurement of the Higgs quartic coupling can further help us

efficiently constrain the parameter space of the singlet extension model.



Chapter 5

Application of the Scalar Singlet

model

In chapter 3, I discussed the singlet extension model where I showed how electroweak

vacuum stability can be achieved in a gauge-independent way. This extension model

has further applications in the field of Cosmology and this is the prime focus of this

chapter. It is a review delineating the bridge between Particle physics and Cosmology.

Establishing a harmonical relationship between the physics at small scales governed by

the laws of quantum mechanics to that of larger scales (in distance) governed by the

laws of Gravity will be the sole purpose of this chapter. Of course by that I do not imply

a solution to “Theory of Everything” but perhaps insinuate its existence.

5.1 Potential dark matter candidate

Although the Standard model has proven to be a remarkable low energy theory, however,

its inability to incorporate a dark matter candidate has lead to physicists to explore its

extensions. This section is a review of a possible dark matter candidate in the singlet

extension of the SM. Pioneering work in this extension model were explored by many

contemporary scholars such as, Vernon Barger and et al. in [46],[47] and by Matthew

Gonderinger and et al. [16] where they considered a complex-scalar singlet and imposed

U(1) and Z2 symmetry. The real gauge singlet scalar extensions were also explored in

[48], [49], [50].

Before delving any further in to the above authors proposed models, it is perceptive

to ask the question, what is “Dark Matter”? The phrase itself gives away the expla-

nation: matter whose existence has been inferred only via gravitational effects. There

43
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is substantial evidence that at least some of this dark matter are constituents of non-

baryonic particles, i.e. composed of fundamental particles other than protons, electrons

etc. These particles must have survived the Big Bang and are therefore either stable or

have a lifetime longer than the age of the universe. Compelling evidence of its existence

is found from the analysis of rotation curve of spiral galaxies. Other evidence of its

presence comes from the observation of motion of galaxies and hot gas in clusters of

galaxies [51], [52]. Let us begin by first considering the complex scalar singlet model

and later by the real scalar singlet model.

5.1.1 DM candidate in complex scalar singlet extension model

I will review the work of Matthew Gonderinger and et al. [16] and Vernon Barger and et

al. [46]. Consider a generalized renormalizable potential with the complex scalar singlet

(like before we will consider the complex scalar field to be ‘S’ and the Higgs doublet to

be ‘H’):

V (H,S) =
m2
h

2
H†H +

λh
4

(H†H)2 +
( | δ1 | eiφδ1

4
H†HS + c.c

)
+
δ2

2
H†H | S |2

+
( | δ3 | eiφδ3

4
H†HS2 + h.c

)
+ (| a1 | eiφa1S + c.c) +

( | b1 | eiφb1
4

S2 + c.c
)

+
b2
2
S2 +

( | c1 | eiφc1
6

S3 + c.c
)

+
( | c2 | eiφc2

6
S | S |2 +c.c

)
+
( | d1 | eiφd1

8
S4 + c.c

)
+
( | d3 | eiφd3

6
S2 | S |2 +c.c

)
+
d2

4
| S |4

(5.1)

where the Higgs doublet acquires a vev around the minimum of the potential:

H =

(
0
v√
2

)
(5.2)

At this stage the above potential (5.1) appears to be quite complicated but it is equivalent

to the one that can be obtained by a single Higgs doublet and two real scalar singlet

fields by performing a phase change. Nevertheless we attempt to simplify the above

potential by applying certain symmetry constraints, (a) A Z2 symmetry constraint and

(b) a global U(1) symmetry. Under the application of Z2 (It simply flips the sign of ‘S’)

symmetry constraint, we notice that linear and cubic terms in ‘S’ should be eliminated

from the potential. Thereafter, applying the global U(1) symmetry rids the potential

of the complex parameters. We can then expand the complex scalar singlet in terms of

real components, i.e

S = (s+ iA)/
√

2 (5.3)
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and assume it acquires a non-zero vev

< S >= u (5.4)

Imposing a global U(1) symmetry then implies an existence of a Goldstone boson. We

find that the Higgs field has acquired positive mass, the real part of the singlet field (‘s’)

has acquired mass but it’s imaginary part (‘A’) remains massless. We associate A with a

Goldstone boson that does not mix. Although it is stable, it’s simply a massless degree

of freedom that has no phenomenological consequence. Thus in order to provide the

pseudo scalar field ‘A’ with a viable mass, we can introduce a soft breaking term. Soft

symmetry breaking do not create new divergent contribution to the mass of the scalars

at high energies, hence the adverb “Soft”. One might encounter soft symmetry breaking

terms repeatedly in Supersymmetry, however I shall refrain from such discussion as it

is beyond the scope of this thesis. Typically we could identify the soft term from the

Lagrangian whose coefficient has a positive power of mass. From equation (5.1), we

identify that b1-term satisfies our criteria. This results in A (Im (S)) receiving a finite

mass. We note two essential features here: a) Terms in the Lagrangian proportional to

a1 and b1 explicitly breaks U(1) symmetry giving mass to the field ‘A’ and b) retaining

a1 terms results in the potential exhibiting Z2 symmetry for Im(S) component of the

singlet field, thereby making a stable dark matter candidate and avoiding the possibility

of cosmological domain walls [53],[54],[55],[56],[57]. The potential then takes the form:

V (H,S) =
m2
h

2
H†H +

λh
4

(H†H)2 +
δ2

2
H†H | S |2

+ (| a1 | eiφa1S + c.c) +
b2
2
| S |2 +

( | b1 | eiφb1
4

S2 + c.c
)

+
d2

4
| S |4

(5.5)

Note that in the absence of linear b1 and a1 terms the potential is U(1) symmetric and

simply the scalar potential we discussed in the previous chapter. Upon expanding the

potential (5.5) w.r.t its component fields, (5.3) we get:

V (h, s,A) =
m2
h

4
h2 +

λh
16
h4 +

δ2

8
h2(s2 +A2)

+
1

4
(b2 − b1)s2 +

1

4
(b2 + b1)A2 −

√
2a1s+

d2

8
s2A2 +

d2

16
(s4 +A4)

(5.6)

where we have expanded the Higgs field in unitary gauge. Then we can minimize the

potential around the vev’s and obtain the minimization condition:

m2
h = −1

2
λhv

2 − 1

2
δ2u

2

b2 = b1 + 2
√

2
a1

u
− 1

2
d2u

2 − 1

2
δ2v

2
(5.7)
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Note, the minimization condition is obtained in a similar way from equation (3.11), with

an additional minimizing condition:

∂V (h, s,A)

∂A

∣∣∣ = 0 (5.8)

We can then determine the squared mass matrix in a similar way as equation (3.14):

M2
h,s,A =


∂2V (h,s,A)

∂h2
∂2V (h,s,A)

∂h∂s
∂2V (h,s,A)
∂h∂A

∂2V (h,s,A)
∂s∂h

∂2V (h,s,A)
∂s2

∂2V (h,s,A)
∂s∂A

∂2V (h,s,A)
∂A∂h

∂2V (h,s,A)
∂A∂s

∂2V (h,s,A)
∂A2



=


λh
2 v

2 δ2
2 uv 0

δ2
2 uv

d2
2 u

2 +
√

2a1
u 0

0 0 b1 +
√

2a1
u


(5.9)

From the above mass matrix, if we neglect the terms b1 and a1 we get the same squared

mass matrix as in equation (3.14). We can then choose the limit on a1. For the choice

of a1 << u, we find that, a) It reduces the number of unknown parameter by one and

b) It ensures that the minimum is indeed a global minimum. The mass of the dark

matter candidate in that case is mA '
√
b1 . We also obtain the mass eigenvalues of the

two scalars that we denote as the “Higgs-like” and “Singlet-like” as per the constraints.

This is similar to the discussion as in section [3.3] hence we will refrain from any further

discussion, however due to non-zero terms the mass eigenvalues differ from our previous

discussions. Thus we see, how in a complex scalar-singlet model we have an appropriate

cold-dark matter candidate which receives a finite mass and is stable. However this came

at a prize by introducing soft breaking terms. Is there another simpler approach where

we do not feel the need to introduce soft breaking terms? The next model highlights

this issue.

5.1.2 DM in real scalar singlet extension model

In this section I will review the dark matter candidate in real scalar singlet model. In

addition to the application of the real singlet model to a potential dark matter candidate

other similar models were proposed that encompasses the two Higgs doublet model

[58],[59], introductions of multiple scalar singlets in [60],[61], including extra dimensional

model [62] etc. The one real singlet scalar model has also found its application on dark

matter candidate in [48],[63], [64],[65],[66], [67]. Let me begin by writting the complete
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Lagrangian for a real singlet scalar extension for a viable dark matter candidate:

L = LSM +
1

2
∂µS∂

µS − m2
s

2
S2 − λs

4
S4 − λhs

2
S2H†H

− λ1

2
H†HS − λ2

2
S − λ3

3
S3

(5.10)

The scalar potential is simply:

V (S,H) =
m2
h

2
H†H +

m2
s

2
S2 +

λs
4
S4 +

λh
4

(H†H)2

+
λhs
4
S2H†H +

λ1

2
H†HS +

λ2

2
S +

λ3

3
S3

(5.11)

Here, LSM is the SM Lagrangian as in Appendix [A.2], ‘H’ is the Higgs doublet and ‘S’

the real scalar singlet. From first view, the potential is not Z2 invariant. This would

result in an unstable dark matter particle which is to be avoided at all cost. Hence we

further impose a Z2 symmetry on the potential (5.11). A Z2 symmetry can be identified

with: (
H

S

)
→

(
1 0

0 −1

)(
H

S

)
(5.12)

Note: Z2 symmetry and interchange symmetry (Π2) are similar under a change in basis

and since basis changes shouldn’t foil the phenomenology hence we often consider them

to be equivalent. Of course one has to then subject different constraints to ensure

stability of the potential. After applying the Z2 symmetry, the odd power terms in ‘S’

are removed and the potential simplifies:

V (S,H) =
m2
h

2
H†H +

m2
s

2
S2 +

λs
4
S4 +

λh
4

(H†H)2 +
λhs
4
S2H†H (5.13)

The potential looks exactly similar to the one in equation (3.8). However, we now

demand that the singlet not acquire a vev at the breaking scale (or renormalization

scale) unlike section [3.3]. Then we obtain a potential dark matter candidate, often

referred to as ‘darkon’, whose mass is given by:

m2
D = m2

s + λhsv
2
EM (5.14)

where ‘vEM = 246’ GeV. Often the range of mass for the singlet (in here the darkon) is

taken between, 5 GeV ≤ mD ≤ 1 TeV for phenomenological purposes. This model has

only three free parameters mD, mh and λh. The DM candidate ‘S’, can annihilate into

fermion-antifermion pairs, gauge boson pairs or the Higgs boson pairs. It’s annihilation

crosssection has been studied in [48]. Here we label only the possible feynman diagrams:
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Figure 5.1: Fernman diagrams for the DM annihilation to the vector bosons, fermion-
antifermion pair and the Higgs pair [3]

The corresponding annihilation cross-sections of the real scalar singlet extensiom model

[48] can be found at the Appendix [D].

5.2 The Higgs portal inflation and unitarity issues

Discovery of the Higgs boson at LHC has garnered the attention of contemporary physi-

cists. Apart from its exquisite role in the SM as a particle that provides fermions with

masses (with an exception to neutrinos), its role in Cosmic inflation [68],[69],[70] has

been studied comprehensively in [71],[72]. This idea is driven from Cosmic inflations

exemplary solution to the flatness, isotropy, homogeneity and relic problems and the

model acting as bridge between the SM and Cosmology. The term ‘Inflation’ is usually

ascribed to the accelerated expansion (or period of accelerated expansion) during the

early universe. At the early universe, due to high energy densities, we are inclined to

consider ‘fields’ rather than particles themselves. Inflation requires negative pressure,

and the simplest form of matter which satisfies this condition is a scalar field (with spin-

0). The corresponding scalar field responsible for inflation is called the ‘inflaton’. We

will not delve in to the various solutions that the inflation model provides, instead we

will briefly discuss the role of the Higgs field during inflation and later we will introduce

our singlet in to the model and through mathematical rigor argue that the ‘inflaton’ can

be a mixed state of the singlet and the Higgs and that this model alleviates the unitarity

problem.

The Higgs field can play a crucial role as an ‘inflaton’ during inflation at large field

values due to its large non-minimal coupling to gravity [73],[74],[75]. Essentially, the

non-minimal coupling is of the order of O(104). However it encounters a drawback to

the unitarity problem [76],[77],[78] where even though the potential stability requires

the Higgs quartic coupling to be positive at all scales, a RG analysis is veritable only up

to the unitarity cutoff.
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Oleg Lebedev and et al. [79] explored the implication of Inflation in a metastable elec-

troweak vacuum. In their work they formulated that given the experimental evidence

of the 125 GeV SM Higgs boson from LHC [29],[80] the data favors a metastable poten-

tial (existence of global minimum at large field value) implying that the Higgs field is

trapped in a false vacuum. They considered the scenario of the large Higgs field limit

where the Higgs quartic coupling turns negative at an “instability scale”, Λ, and argued

through their formulation that for generic intial condition h . MPL, the probability of

the universe to evolve to its true ground state is overwhelming. They addressed this

problem by proposing a simplistic model which is via addition of an inflaton (an extra

scalar field ‘φ′). The inflaton couples to the Higgs field and it is the Higgs-Inflaton cou-

pling that drives the Higgs field to small values during inflation. The constraint on the

Higgs-Inflaton coupling (‘ξ’) is that it should not give rise to large radiative corrections

during the last 60 e-folds. Through their analysis they conjectured that during infla-

tion, the Higgs field must have evolved to small values keeping the shape of the Higgs

potential after inflation intact. They validated their proposal by constraining the values

of ξ between,

10−10 . ξ . 10−06 (5.15)

However, as in the above case (5.15), the Higgs-inflaton coupling is very small making

it difficult to probe at colliders. Instead if we consider a large non-minimal coupling of

the inflaton to gravity, then ξ can have substantially high values. In this case, the scalar

potential along the φ−direction is almost exponentially flat, while along the h-direction

it is very steep. For ξ . 0.1, the Higgs field will quickly evolve to small values and

such values of ξ do not lead to significant quantum corrections to λh and the inflaton

potential.

In the following subsections we will take a step further and include the scalar singlet and

study its role in the Higgs-portal inflation and its role in improving the unitarity issue.

We will consider the scenario where the Higgs and the singlet couples to gravity in a

non-minimal way. We will also consider that the inflaton, whose quantum fluctuations

during inflation sets the initial condition for the large scale structure, is a combination of

the Higgs with the singlet from the hidden sector. Depending on the sign of the coupling

constant between the Higgs and the singlet, the inflaton can either be the Higgs or the

singlet or their admixtured state.

5.2.1 The Higgs portal inflation assisted by the singlet

In this section I will review the work of Oleg Lebedev and Hyun Min Lee in their paper

[13]. Let us begin by considering a Lagrangian where the Higgs doublet is non-minimally
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coupled to the gravity:

L = LSM −
M2

2
R− ξh

2
(H†H)R (5.16)

where LSM is the SM Lagrangian, R the scalar curvature and ξh is a constant and M

is some mass parameter. The coupling of the Higgs field to gravity is considered to be

‘minimal’ if ‘ξh = 0’. Under such a scenario, the parameter ‘M’ can be identified with

Planck’s scale Mplanck. The third term of the above equation (5.16) is a lorentz invariant

quantity and is required by the renormalization properties of the scalar field in a curved

space-time background. F. Bezrukov and M. Shaposhnikov explored this Lagrangian in

[71] however we previously discussed the inconsistency (the unitarity issue) that arise

from this model.

Let us then introduce the possible singlet terms keeping the Lagrangian lorentz invariant

and renormalizable. The real scalar singlet can couple to the scalar curvature, R. Then

the Lagrangian in the Jordan frame in unitary gauge can then be written as:

L/
√
−g = −

M2
Pl

2
R− ξh

2
h2R− ξs

2
s2R+

1

2
(∂µh)2 +

1

2
(∂µs)

2 − V (h, s) (5.17)

where,

V (h, s) =
m2
h

2
h2 +

m2
s

2
s2 +

λh
4
h4 +

λhs
4
h2s2 +

λs
4
s4 (5.18)

The Higgs coupling (ξh) to gravity and the singlet coupling (ξs) to gravity are assumed

to be large (i.e. non-minimal). We can then perform a transformation from Jordan

frame to the Einstein frame (which is related to Jordan frame through a conformal

transformation and a redefinition of the gravitational scalar field) where,

g̃µν = Ω2gµν , Ω2 = 1 +
ξhh

2 + ξss
2

M2
pl

(5.19)

Although Jordan frame is the ‘real world’ frame, we are usually inclined to work in

the Einstein frame as from the transformations (5.19) we can rid ourself of the non-

minimal coupling to gravity that appear in equation (5.17). This makes the Lagrangian

simpler, where the methods for calculating the physical quantities are well known, such

as spectral index n and tensor-to-scalar ration r. Now, consider the limit:

ξhh
2 + ξss

2 >> M2
pl (5.20)

and for simplicity set Mpl to 1. Then, we could ignore the 1 and simply have, Ω2 ' ξhh
2

+ ξss
2. According to [75], the kinetic and potential terms in the Einstein frame can be



51

written as:

Lkin =
3

4

(
∂µ log(ξhh

2 + ξss
2)
)2

+
1

2(ξhh2 + ξss2)

(
(∂µh)2 + (∂µs)

2
)

U =
1

(ξhh2 + ξss2)2
V

(5.21)

Upon performing a change of variable, the new kinetic terms read:

χ =

√
3

2
log(ξhh

2 + ξss
2)

τ =
h

s

Lkin =
1

2

(
1 +

1

6

τ2 + 1

ξhτ2 + ξs

)
(∂µχ)2 +

1√
6

(ξh − ξs)τ
(ξhτ2 + ξs)2

(∂µχ)(∂µτ)

+
ξ2
hτ

2 + ξ2
s

2(ξhτ2 + ξs)3
(∂µτ)2

(5.22)

Using the approximation ξ ≡ ξh + ξs � 1, we can ignore the second term and simplify

the first term of Lkin (5.22) to get:

Lkin =
1

2
(∂µχ)2 +

ξ2
hτ

2 + ξ2
s

2(ξhτ2 + ξs)3
(∂µτ)2, and

U =
λhτ

4 + λhsτ
2 + λs

4(ξhτ2 + ξs)2

(5.23)

Note that for large values of χ, the potential is independent of it. We obtain the minima

of U for different values of τ :

(a) 2λhξs − λhsξh > 0, 2λsξh − λhsξs > 0, τ =

√
2λsξh − λhsξs
2λhξs − λhsξh

(b) 2λhξs − λhsξh > 0, 2λsξh − λhsξs < 0, τ = 0

(c) 2λhξs − λhsξh < 0, 2λsξh − λhsξs > 0, τ =∞

(d) 2λhξs − λhsξh < 0, 2λsξh − λhsξs < 0, τ = 0,∞

(5.24)

In the first case, the inflation is a combination of the Higgs field and the singlet while

in the last case we observe two local minima. Corresponding to the first three cases, we

obtain the potential:

U
∣∣∣
min,(a)

=
1

16

4λhλs − λ2
hs

λsξ2
h + λhξ2

s − λhsξsξh

U
∣∣∣
min,(b)

=
λs
4ξ2
s

U
∣∣∣
min,(c)

=
λh
4ξ2
h

(5.25)
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As discussed in chapter 3, we again see the presence of the term 4λhλs−λ2
hs > 0, which

implies that at high field values, there is no run-away direction. There exist only one

dynamical variable during inflation, χ, as the τ field being heavy (m ∼ 1/
√
ξ in Planck

units) can be integrated out. Keeping the subleading term M2
pl/(ξhh

2 + ξss
2) in Ω2, the

potential for the minima condition (a) in planck units becomes:

U(χ) =
λeff
4ξ2
h

(
1 + exp (

−2χ√
6

)
)−2

(5.26)

where,

λeff =
1

4

4λhλs − λ2
hs

λs + λhx2 − λhsx
(5.27)

and,

x =
ξs
ξh

(5.28)

where, λeff depends on the composition of the inflation. Thus we find that for the

Higgs inflation [71], λeff = λh, for the singlet inflation, λeff = λs/x
2 and for inflation

assisted by singlet mixing with the Higgs, λeff is as in equation (5.27). From the above

potential (5.26), we can determine the inflationary parameters. We notice that for large

values of χ, the exponential term is small and can be ignored, giving us a flat potential

which facilitates inflation. As, χ takes smaller values, the ε-parameter approaches 1 and

inflation ends. The ε-parameter is given by:

ε =
1

2

(dU/dχ
U

)2
' 4

3ξ2
hh̃

4
, where

h̃ ' 1√
ξh

exp(χ/
√

6)

(5.29)

Thus we find that the initial value of the inflation for a given number of e-folds N

is h̃in ≈
√

4N/3ξh and for the end of inflation is h̃end = (4/3)
1
4 /
√
ξh. Using COBE

normalization U/ε = (0.027)4, [81], we can fix ξh in terms of λeff

ξh '
√
λeff

3

N

(0.027)2
(5.30)

In [82], it was shown that for N=60 and
√
λeff ∼ 1, that the non-minimal gravity

coupling was about ξh ≈ 50000. The spectral index is predicted to be

n = 1− 6ε+ 2η ' 1− 2/N ' 0.97 (5.31)

where ε (5.29) and η are the slow roll parameters:

η =
d2U/dχ2

U
(5.32)
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while the tensor to scalar perturbation ratio is r ' 12/N2 ' 0.0033

5.2.2 Ameliorating the unitarity issue via the singlet assistance

The Unitarity issue in the Higgs inflation stems from the non-minimal coupling of the

Higgs doublet to gravity at large field values. The Unitarity cut-off during inflation can

be found to be larger than the one in the vacuum [72],[83]. However, irrespective of it’s

large cut-off value an inflationary plateau beyond the unitarity cut-off is not acceptable

under the perturbative expansion. To understand this deep-rooted problem, consider

a RG analysis of the model from low to high energy. In the second chapter I showed

that for the SM vacuum to be stable, the Higgs quartic coupling needs to be positive at

all scale. However, the dominant effect of top-quark prevents that and one can observe

a scale where the Higgs quartic coupling (λh) turns negative. Thus the RG analysis

in Higgs inflation is veritable only up to the unitarity cut-off which is way below the

inflation scale (Mpl/ξh). This implies we need to rectify our formalism by appending

additional fields [84] or operators [85] at high energies. Let us see, if this unitarity issue

can be solved by introducing a real scalar-singlet of sigma-model type proposed in [84].

I will use the notation as in [82]. The Lagrangian of the model in Jordan-frame can be

written as:

LJ√
−g

=
1

2

(
M2 + ξσ2 + 2ζH†H

)
R− 1

2
(∂µσ)2− | DµH |2

− 1

4
λσ

(
σ2 − u2 + 2

λHσ
λσ

H†H
)2
−
(
λH −

λ2
Hσ

λσ

)(
H†H − v2

2

)2
(5.33)

where M,u and v are mass parameters with v � M,u. This is so that the field, σ, is

heavy. The couplings, ξ, ζ are positive non-minimal couplings with ξ � ζ. We have

used the effective quartic coupling introduced due to the addition of the real singlet and

it’s mixing with the Higgs doublet, λ ≡ λH −
λ2Hσ
λσ

. Since the basic idea is to make the

unitarity cut-off, say ΛUV larger, we will work in the large non zero vev of σ, < σ >' u.

It is straightforward to find that,

ΛUV =
(

1 + 6rξ
)MPl

ξ
(5.34)

where the Planck mass is now M2
Pl = M2 + ξu2 and we measure the contribution of the

σ vev by the ratio r = ξu2/M2
Pl, which takes values between 0 and 1. In this scenario,

we observe that for small vev i.e, r → 0, the cut off is MPl/ξ while for moderate values of

r ≥ 1/ξ, it is pushed up to rMPl. We observe that the sigma field dominatess inflation

due to it’s large non-minimal coupling to gravity (the Ricci scalar R), while the Higgs

field simply follows the sigma field along a flat direction, provided λHσ < 0. The limit
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on the mass of the σ field in the vacuum can be obtained by simplifying the above

Lagrangian. In this case we assume that tree-level Einstein term and the non-minimal

coupling for the Higgs doublet is absent, M = 0 and ζ = 0, in Jordan frame. Then

under unitary gauge with HT = (0, h)/
√

2, the action in Jordan frame is:

LJ√
−gJ

=
ξ

2
σ2R− 1

2
(∂µσ)2 − 1

2
(∂µh)2

− 1

4
λσ

(
σ2 − u2 + 2

λHσ
λσ

h2
)2
−
(
λH −

λ2
Hσ

λσ

)(
h2 − v2

2

)2
(5.35)

u ≡MPl/
√
ξ is chosen to reproduce the Jordan-frame action of the Higgs inflation with

a positive non-minimal coupling ξh = −λHσ
λσ

, for λHσ < 0. It is easy to determine the

mass of σ from the above equation (5.35):

M2
σ̄ = λσ

2rM2
Pl

(1 + 6rξ)ξ
' λσ

M2
Pl

3ξ2
. (5.36)

With COBE constraint, we obtain the mass sigma field to be Mσ̄ ≈ 1013GeV . Below

the sigma mass scale, the effective action in Jordan frame is:

LJ√
−gJ

=
1

2

(
M2
Pl + ξeffh

2
)
R− 1

2
(∂µh)2 − 1

4
λeff (h2 − v2)2 (5.37)

where ξeff ≡ λHσ
λsigma

ξ and λeff the one mentioned earlier. We find that the Higgs

coupling has attained a positive contribution rendering it a higher value than the SM

quartic coupling. This forces us to consider the Higgs mass for which the instability scale

is ΛI > 1013GeV . This requires us to set mh > 125GeV which is marginally compatible

from the experimental constraints obtained from ATLAS and CMS [86],[80]. Now lets

us write the Lagrangian (5.35) in Einstein frame via a conformal transformation:

LE√
−gE

=
M2
pl

2
R− 1

2

(u
σ

)2[
(1 + 6ξ)(∂µσ)2 + (∂µh)2

]
− 1

4

(u
σ

)4

− 1

4
λσ

(
σ2 − u2 + 2

λHσ
λσ

h2
)2
−
(
λH −

λ2
Hσ

λσ

)(
h2 − v2

2

)2
(5.38)

Then redefining the field as per:

σ ≡ u exp(χ/
√

6MPl) and h̃ ≡ uh/σ (5.39)
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the above action (5.38) becomes:

LE√
−gE

=
M2
pl

2
− 1

2

(
1 +

1

6ξ
+

h̃2

6M2
Pl

)
(∂µχ)2 − 1

2
(∂µh̃)2 − 1√

6

h̃

MPl
(∂µχ)(∂µh̃)

− 1

4
u4λσ

(
1− exp(−2χ/

√
6MPl +

λHσ
λσ

h̃2

u2

)2

+
1

4

(
λH −

λ2
Hσ

λσ

)(
h̃2 − v2 exp(−2χ/

√
6MPl)

)2

(5.40)

Note the second line of equation in the above equation (5.40) is the potential in Ein-

stein frame. If we consider the sigma field to be very high i.e |σ| � u, the potential

approxiamtes for h̃:

VE '
1

4

(
λσu

4 + 2λHσu
2h̃2 + λH h̃

4
)

(5.41)

Minimizing the above potential (5.41) we obtain two minima corresponding to λHσ < 0,

at h̃ = ±
√
−λHσ
λH

u and stabilizing the potential around one of the minima, we obtain:

VE = V0

(
1− exp−2χ/

√
6MPl

)2
, (5.42)

with,

V0 =
u4

4

(
λσ −

λ2
Hσ

λH

)
(5.43)

Thus we see that the sigma-model drives a slow-roll inflation as the Higgs field is sta-

bilized at large vev during inflation. We also note from the above equations that the

vacuum stability condition for λHσ < 0 becomes the condition for positive inflaton vac-

uum energy. The stability condition is λH −
λ2Hσ
λσ

> 0. We also know that tree level

effects cannot be enough to stabilize the vacuum, hence we need to study the RG effects

above the sigma mass. However quantum corrections arising due to gravity is subjected

to fallacy as it is crude to talk about quantizing gravity using the field theory formalism.

5.3 Summary

In this chapter we discussed in details the dark matter candidate and the Higgs portal

inflation using the singlet extension model. In the dark matter section, we argued the

inability of the SM to incorporate a DM candidate leads to exploration of theories

beyond the SM. In particular we saw that the singlet extension model has a plausible

DM candidate which is stable. Next we dicussed the role of the singlet in the Higgs

portal inflation. Using the singlet extension of sigma model we were able to address

the unitarity issue. It is remarkable how a simplest extension of the SM enunciates
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and tackles difficult problems that is blind to the SM. We end this thesis by providing

concluding remarks in the next chapter.



Chapter 6

Conclusion

The Standard model (SM) is an excellent low energy theory as it successfully describes

most of the fundamental particle interactions that forms the matter around us. The

corresponding scalar sector of the SM has been quite elusive until the recent discovery

of the 125 GeV Higgs boson at LHC [86], [80] which if identified with the SM Higgs,

favors metastability of the electroweak vacuum. This would imply the Higgs boson is

trapped in a false vacuum. The Standard model also has some additional loop holes such

as, it does not incorporate a dark matter candidate, mechanism for inflation, neutrino

masses etc. Thus in order to account for the above voids in the theory it is necessary

that we extend the SM.

In regard to the limitations in the SM mentioned above, in this thesis we proposed the

simplest extension of the SM by adding a scalar singlet. The scalar singlet has the right

gauge quantum numbers to couple to the Higgs field via the Higgs portal. However

for the SM gauge group, the singlet turns a blind eye to the SM fields. Due to the

mixing between the two scalar fields, we were able to obtain two spin-0 particles and

we referred to them as, Higgs-like (H1) and singlet-like (H2). We identified the heavier

mass eigenstate with the singlet-like and the lighter mass eigenstate with the 125 GeV

SM Higgs boson. We found that the SM Higgs self coupling (λh|SM ) received a finite

positive correction (3.26) at tree level which ameliorated the stability of the potential.

This is primarily due to the tree level corrections to the Higgs mass-coupling relation

(3.23) which survives in the heavy-singlet limit (3.3.1). Note that loop effects induced

through the singlet plays a significant role in keeping the potential stable.

We then evaluated the stability bounds on the electroweak scale parameters (they include

renormalization at the right scale) for different signs of the Higgs-singlet coupling (λhs).

For a fixed value of λhs, we plotted the parameter space (m2 − sin θ) by imposing

the constraints obtained from the vacuum stability conditions. We observed that for

different sign of λhs we obtain distinct allowed regions of the parameter space because of

57
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the additional constraint (3.30) imposed for negative λhs values. We further determined

the maximum value of the Higgs-singlet coupling, λhs = 0.23 for which there exist a

finite region of parameter space.

In the allowed region (say m2 & 250 GeV), we find that the singlet-like state can further

decay into two Higgs boson. Such a decay is kinematically allowed and we find that it

is substantial, typically in picobarn range for m2 approximately upto 400 GeV. Above

500 GeV we observe that the production rate begins to decrease rapidly.

Finally we discussed the application of the singlet extension of the SM in the dark

matter sector and the Higgs portal inflation. By imposing Z2 symmetry on the real

singlet field, we found that the singlet is a possible cold dark matter candidate when

it receives zero vacuum expectation value. For phenomenological purposes we usually

consider the range of mass, 5 GeV. m2 .1 TeV. The singlet also plays a crucial role

in the Higgs portal inflation, where we considered the scenario in which the inflaton is

a mixture between the Higgs and the singlet. We determined the scalar-tensor ratio of

the model, r ' 0.0033 and the spectral index, n ' 0.97 which are in good agreement

with experimental measurements. The singlet field of the sigma type model also plays

a crucial role in restoring the unitarity in the unitarized Higgs inflation [84].

Thus the singlet extension model unravels a few remarkable problems that the SM fails

to elucidate and motivates contemporary physicists to explore beyond the SM theories.

What model describes the Universe as a whole (i.e. unify all fundamental interactions) is

still an unplumbed sector that needs closer attention. Good candidates for the ‘Theory

of Everything’ are String theory and Loop quantum gravity. Quantizing gravity appears

to be one of the biggest hurdles and if resolved we can expect some ground breaking

develpment in the field of theoretical and later experimental physics. We would garner

ample information about the Universe, providing answers to deep-rooted problems such

as, what caused the ‘Big Bang’? Source of Dark Energy? etc. that still appear aloof

and under continous scrutiny from contermporary physicists.



Appendix A

SM fields and Lagrangian

A.1 Vector Boson currents

Jµ+
W =

1√
2

(ν̄Lγ
µeL + ūLγ

µdL)

Jµ−W =
1√
2

(ēLγ
µνL + d̄Lγ

µuL)

JµZ =
1

cos θw

[
ν̄Lγ

µ(
1

2
)νL + ēLγ

µ(−1

2
+ sin2 θw)eL

+ ēRγ
µ(sin2 θw)eR + ūLγ

µ(−1

2
+

2

3
sin2 θw)uL

+ ūRγ
µ(−2

3
sin2 θw)uR + d̄Lγ

µ(−1

2
+

1

3
sin2 θw)dL

+ d̄Rγ
µ(

1

3
sin2 θw)dR

]
JµEM = ēγµ(−1)e+ ūγµ(+

2

3
)u+ d̄γµ(−1

3
)d

(A.1)
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A.2 The standard model Lagrangian

LSM = −1

4
BµνBµν −

1

8
tr(W µνW µν)− 1

2
tr(GµνGµν) (U(1), SU(2), SU(3))

+
[
(ν̄L, ēL)σ̃µiDµ

(
νL

eL

)
+ ēRσ

µiDmueR + ν̄Rσ
µiDµνR + h.c

]
(lepton dynamical term)

−
√

2

v

[
(ν̄L, ēL)φM eeR + ēRM̄

eφ̄

(
νL

eL

)]
(electron,muon, tauon mass term)

−
√

2

v

[
(−ēL, ν̄L)φ∗MννR + n̄uRM̄

νφT

(
−eL
νL

)]
(neutrino mass term)

+
[
(ūL, d̄L)σ̃µiDµ

(
uL

dL

)
+ ūRσ

µiDmuuR + d̄Rσ
µiDµdR + h.c

]
(quark dynamical term)

−
√

2

v

[
(ūL, d̄L)φMddR + d̄RM̄

dφ̄

(
uL

dL

)]
(down, strange, bottom mass term)

−
√

2

v

[
(−d̄L, ūL)φ∗MuuR + ūRM̄

uφT

(
−dL
uL

)]
(up, charm, top mass term)

+ ¯DµφD
µφ−m2

h[φ̄φ− v2/2]2/2v2 (Higgs kinematical and mass term)

(A.2)

where h.c implies the hermitian conjugate. The derivative operators are:

Dµ

(
νL

eL

)
=
[
∂µ −

ig1

2
Bµ +

ig2

2
W µ

](νL
eL

)
(A.3)

Dµ

(
uL

dL

)
=
[
∂µ +

ig1

6
Bµ +

ig2

2
W µ + igGµ

](uL
dL

)
(A.4)

DµνR = ∂µνR (A.5)

DµuR = [∂µ +
2ig1

3
Bµ + igGµ]uR (A.6)

DµdR = [∂µ −
ig1

3
Bµ + igGµ]dR (A.7)

Dµφ = [∂µ +
ig1

2
Bµ +

ig2

2
W µ] (A.8)

Bµ,W µ and Gµ are vector bosons and φ is a doublet under SU(2) representation while

g1, g2, g3 are the U(1), SU(2) and SU(3) gauge couplings.



Appendix B

Parameters of the singlet model

Given the parameters m1,m2, λh, λs, λhs, θ, u, v I need to determine λh[mtop], λs[mtop] in

terms of m1,m2, θ, v, λhs i.e,

λh = λh(m1,m2, θ, v, λhs) (B.1)

λs = λs(m1,m2, θ, v, λhs) (B.2)

From now onwards I shall denote λh[mtop] as simply λh. Given that we have three

equations:

For m2
1

m2
1 = λhv

2 + λsu
2 −

√
(λsu2 − λhv2)2 + λhsu2v2 (B.3)

For m2
2

m2
2 = λhv

2 + λsu
2 +

√
(λsu2 − λhv2)2 + λhsu2v2 (B.4)

and finally I have a equation for θ:

tan(2θ) =
λhsuv

λhv2 − λsu2
(B.5)

B.1 Free parameters of the model

Using equation (B.5), I can express it in terms of λh where I get:

λh = λhs cot(2θ)
u

v
+ λs

u2

v2
(B.6)
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Then I simplify m2
1 and m2

2, as

m2
1 = (λhv

2 + λsu
2)−

√
[λsu2 − λhv2]2 + λ2

hsu
2v2, (B.7)

Substituting equation (B.6) in equation (B.7) I get:

m2
1 = λhsuv cot(2θ) + 2λsu

2 −
√
λ2
hsu

2v2 cot2(2θ) + λ2
hsu

2v2 (B.8)

Further simplifying, I get

m2
1 = λhsuv cot(2θ) + 2λsu

2 − λhsuv csc(2θ) (B.9)

Upon further simplification, I can write;

m2
1 = −λhsuv tan(θ) + 2λsu

2 (B.10)

The same can be derived for m2
2 for which i get,

m2
2 = λhsuv cot(θ) + 2λsu

2 (B.11)

Now subtracting equation (B.10) with equation (B.11) I can determine ’u’ by eliminating

λs which gives me,

u =
(m2

2 −m2
1) sin(2θ)

2λhsv
(B.12)

Then I can determine λs by substituting equation (B.12) in equation (B.10), which gives

me

λs =
λ2
hsv

2[m2
1 csc2(θ) +m2

2 sec2(θ)]

2[m2
2 −m2

1]2
=

2λ2
hsv

2[m2
1 cos2(θ) +m2

2 sin2(θ)]

[m2
2 −m2

1]2 ∗ sin2(2θ)
(B.13)

Thus I have determined λs = λs(m1,m2, v, θ, λhs). All that is left to do is determine λh.

To do so, I will use the equations equation (B.13) for λs and equation (B.12) for ’u’ and

substitute them in equation (B.6) to determine λh. I find,

λh =
[m2

2 −m2
1] cos(2θ)

2v2
+

sin2(2θ)

8
∗ [m2

2 sec2(θ) +m2
1 csc2(θ)]

[v2]
(B.14)

Upon further simplification of the above equation I get:

λh =
m2

2 cos2(θ) +m2
1 sin2(θ)

2v2
(B.15)
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Simply rewriting λh and λs in terms of sin θ instead of θ

λh =
m2

1

2v2
+ sin2 θ

m2
2 −m2

1

2v2
(B.16)

λs =
2λ2

hs

sin2 2θ

v2

m2
2 −m2

1

(
m2

2

m2
2 −m2

1

− sin2 θ

)
. (B.17)
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Appendix C

Experimental constraints from

different studies

C.1 Electroweak Precesion Observable(EWPO)

Observable Definition Experimental values SM prediction Reference

ΓZ [GeV ]
∑

f Γ(Z → ff̄) 2.4952 ± 0.0023 2.4950 [23]

σhad[nb]
12π
m2
Z

Γ(Z→e+e−)Γ(Z→qq̄)
Γ2
Z

41.540 ± 0.037 41.484 [23]

Rl

∑
q Γ(Z→qq̄)

Γ(Z→l+l−)
20.767 ± 0.025 20.743 [23]

Al
Γ(Z→e+Le

−
L )−Γ(Z→e+Re

−
R)

Γ(Z→e+e−)
0.1499 ± 0.0018 0.1472 [87]

A0,l
FB

3
4A

2
l 0.0171 ± 0.0010 0.0163 [23]

sin2 θleff (QFB)
g2Y

g2L+g2Y

(
1− gLδΠZγ(m2

Z)

gYm
2
Z

)
0.2324 ± 0.0012 0.23150 [23]

Rb
Γ(Z→dd̄)∑
q Γ(Z→qq̄) 0.21629 ± 0.00066 0.21578 [23]

Ab
Γ(Z→dLd̄L)−Γ(Z→dRd̄R)

Γ(Z→qq̄) 0.923 ± 0.020 0.935 [23]

AFBb
3
4AlAb 0.0992 ± 0.0016 0.1032 [23]

Rc
Γ(Z→uū)∑
q Γ(Z→qq̄) 0.1721 ± 0.0030 0.17226 [23]

Ac
Γ(Z→uLūL)−Γ(Z→uRūR)

Γ(Z→uū) 0.670 ± 0.027 0.668 [23]

AFBc
3
4AlAc 0.0707 ± 0.0035 0.0738 [23]

mW [Gev]

√
g2Lv

2

4 + δΠWW (m2
W ) 80.385 ± 0.015 80.3602 [24]

ΓW [Gev]
∑

f Γ(W → ff ′) 2.085 ± 0.042 2.091 [25]

Br(W → had)
∑
q Γ(W→qq′)∑
f Γ(W→ff ′) 0.6741 ± 0.0027 0.6751 [26]

Table C.1: The above table represents the electroweak precision observables used in
the analysis for determining the experimental constraints on the parameter space of
the singlet extension model of the SM. We have used the experimental correlations
between the LEP-1 Z-pole observables and the heavy flavour observables. Except for

Br(W → had) [26], we use the best fit SM values from GFitter [87]. [2]
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Dark Matter annihilation

cross-sections

σ̂ff =
∑
f

λ2
hm

2
f

π

1

(s−m2
h)2 +m2

hΓ2
h

(s− 4m2
f )1.5

√
s

(D.1)

σ̂ZZ,WW =
λ2
h

4π

s2

(s−m2
h)2 +m2

hΓ2
h

√
1−

4m2
Z,W

s

(
1−

4m2
Z,W

s
+

12m4
Z,W

s2

)
(D.2)

σ̂hh =
λ2
h

4π

√
1−

4m2
h

s

[((s+ 2m2
h)

s−m2
h

)2
−

16λhv
2
EM

s− 2m2
h

s+ 2m2
h

s−m2
h

F (ξ)

+
32λ2

hv
4
EM

(s− 2m2
h)2

( 1

1− ξ2
+ F (ξ)

)] (D.3)

where ‘s’ is the invariant mass, vEM is the EW breaking scale,F (ξ) ≡ arctanh(ξ)/ξ with

ξ ≡
√

(s− 4m2
h)(s− 4m2

D)/(s− 2m2
h). The Higgs decay width Γh:

Γh =

∑
m2
f

8πv2
EM

(m2
h − 4m2

f )1.5

m2
h

+
m3
h

32πv2
EM

√
a−

4m2
Z

m2
h

(
1−

4m2
Z

m2
h

+
12m4

Z

m4
h

)

+
m2
h

16πv2
EM

√
a−

4m2
Z

m2
h

(
1−

4m2
Z

m2
h

+
12m4

Z

m4
h

)
+
λ2
hv

2
EM

8π

√
m2
h − 4m2

D

m2
h

(D.4)
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