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1.  INTRODUCTION  

The formation and the growth of ice crystals are requirements for snowfall. Nucleation determines 

the formation of ice crystals from a gas or a liquid phase. Deposition of water vapor on the surface 

of a crystal, crystals sticking together i.e. aggregation and freezing of liquid water droplets on the 

surface of snow particle i.e. riming are the physical processes which result in the growth of ice 

crystals and snow particles. Meteorological conditions especially humidity and temperature, the 

shape of particles and the population of particles influence these processes. On the other hand, the 

size distribution of snow particles is a result of physical processes. Interactions between the size 

distribution and the physical processes are examined in this study. 

Typically the size distribution in the models, which describes the growth of snow particles 

using a predefined distribution type, is a gamma distribution or an exponential distribution. 

���� = ����exp �−�� 

(1) 

N(D) is the density function of a gamma distribution. N0, μ and λ are parameters of a distribution 

function and D is the maximum diameter of a particle. The model computes the vertical evolution 

of a size distribution using a moment method. This kind of snow growth -model has been 

constructed by Passarelli (1978), Mitchell (1988, 1991, 1994) and Mitchell et al. (2006).  The model 

of Mitchell et al. (2006) is the base of the model of this study. Passarelli (1978) constructed a steady 

state model using an exponential size distribution, μ was set to zero, and used the first and the 

second mass moments of distribution function to solve the vertical evolution of a size distribution. 

The first mass moment is the mass concentration of ice and the second mass moment is proportional 

to radar reflectivity. Passarelli (1978) assumed that liquid water has negligible effect on the growth 

of snow particles in many continental snowfalls based on observational studies and therefore his 

model and any subsequent model does not include effects of riming on the growth of snow 

particles. Mitchell (1991) used the same kind of model for examining the influence of the variation 

of μ on the vertical evolution of a size distribution. Mitchell et al. (2006) used the same kind model 

for modeling the vertical evolution of radar reflectivity but instead of using the first and the second 

mass moments, they used the zeroth mass moment i.e. the number concentration of snow particles 

and the second mass moments for solving the vertical evolution.  

Using the all three mass moments it is possible to compute the vertical evolution of the all 

three parameters of a gamma distribution, which is performed in this study. The model of Mitchell 

et al. (2006) is used the base of the model of the study. The utilization of the three moments allows 
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the computation of the parameter μ. μ is the shape parameter of a distribution function and it is 

related to the width of a size distribution. A small value of μ means that the number of the particles 

in the small and the big ends of a size distribution are small in comparison with the large values of 

μ, when the mean size is kept constant. The influence of the physical processes, both deposition and 

aggregation, on the value of μ is possible to evaluate based on the result of the new model.  

The vertical evolution of a size distribution is significantly affected by a snow particle habits. 

The shape of a particle determines a relation between terminal fall velocity and particle size, and 

affects the deposition and aggregation. Bailey and Hallet (2009) have showed that the shape is 

dependent on the temperature and the humidity of surrounding air, which determine the shape of an 

individual crystal growing by water vapor deposition. Aggregation also modifies the shapes of 

particles. Furthermore, the growth history of a particle influences the particle shape. In the model, 

the information about the shape is included in four parameters which describe the relations between 

the mass and the maximum diameter of a particle and the projected area and the maximum diameter 

of particle. These parameters are defined by empirical studies. There are significant differences 

between the relations presented in various studies. The information about the parameters based on 

empirical studies is utilized in the model.  

The information about a size distribution and shapes of particles can be utilized in the 

measurements made by radar. A radar reflectivity factor is not directly proportional to important 

meteorological quantities: a snowfall rate, the ice water content of a cloud or the number 

concentration of particles. The information about the shape of particles and a size distribution in 

addition to electromagnetic properties are required when the radar reflectivity factor are related to 

meteorological quantities. However, one can calculate the radar reflectivity from modeled particle 

size distributions. In the Rayleigh regime, i.e. particle size is much smaller than the radar 

wavelength; radar reflectivity is proportional to the second mass moment of distribution.  An aim of 

this study is to use the snow growth -model in combination with radar measurements to get better 

understanding of snow growth processes that takes place in maturely occurring snowfall. Two 

snowfall cases of 26th and 30th December 2010 were selected for this study. In the case of 26th 

December dual-polarization radar observations indicate the presence of a large number of plate like 

crystals. The December 30th case does not show this signature. These two cases are compared and 

contrasted in order to understand the differences in microphysical processes that take place in such 

events. 
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2. FORMATION OF ICE CRYSTALS AND GROWTH OF ICE CRYSTAL AND SNOWFLAKES  

2.1 Nucleation 

Nucleation is a prerequisite for the formation of ice crystals and their further growth. Nucleation 

means that a new denser phase forms inside an existing phase. Nucleation may happen different 

ways. Nucleation processes can be separated to a heterogeneous or a homogenous nucleation 

process depending on if a foreign particle is taking part in the process or not. The homogenous 

nucleation of water vapor to the liquid or solid phase does not happen in the atmosphere but 

homogenous freezing of water droplets is possible. The homogenous freezing of water droplets 

requires very low temperature approximately -40°C depending on the size of drop. 

New ice crystals or water droplets are commonly formed by heterogeneous nucleation.  

Particles which act as nuclei for ice crystals or water droplets are ice nuclei or condensation nuclei. 

Condensation nuclei are frequent in the atmosphere thus the formation of water droplets begins 

almost instantly when the humidity exceeds the saturation level with respect to water and therefore 

high supersaturation with respect to water is very rare in the atmosphere. Ice nuclei are relatively 

rare which limits the formation of ice crystals. The number of active ice nuclei increases with 

decreasing temperature and increasing humidity. Significant supersaturation with respect to ice is 

common in the atmosphere because of the small number of active ice nuclei.  

Ice crystals can form from a gas or a liquid phase via heterogeneous nucleation. The 

deposition nucleation, where water molecules deposit on the surface of a nucleus directly from the 

gas phase, is an only possible way for nucleation when the humidity is lower than saturation 

humidity with respect to water. According to Huffman (1973), the number of active deposition 

nuclei is proportional to saturation ratio with respect to ice. Huffmans (1973) equation for the 

number of active deposition nuclei is: 

����� = ������� − 1������ 
(2) 

where NNucl is the number of active deposition ice nuclei in the unit volume of air, S is a saturation 

ratio and CNucl and kNucl are constants. Deposition nucleation is an only nucleation process which is 

included in the model.   

Other ice nucleation processes require the existence of liquid water droplets, which usually 

means the humidity is saturated with respect to water. Pruppacher and Klett (1997) listed three 

nucleation processes, which lead the formation of ice crystals form liquid droplets or from a gas 

phase via liquid droplets: 
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1. Condensation nucleation: a water droplet condensates around a nucleus when the temperature is 

below 0°C and freezes during some time after condensation  

2. Immersion freezing: a water droplet which is formed in the temperature above 0°C and contains 

an immersion freezing nucleus freezes when temperature decreases sufficient low 

3. Contact nucleation:  a water droplet freezes when it collides with a contact nucleus.  

One nucleus can act many ways as an ice nucleus. Because all these three nucleation processes take 

place between liquid and solid phases the number of active ice nuclei is especially depending on the 

temperature.  

Another way to produce small ice crystals is the breakup of large ice crystal or aggregates. 

The small fragments of an ice crystal may form when large particles collided and breakup small 

pieces. Small ice particles may act like just nucleated ice crystals providing an initial state for the 

growth of new crystals. Breakup is not included in the model even though it can significantly 

increase the number of small crystals, which leads more numerous particle and smaller mean size.     

2.2 Deposition growth 

2.2.1 Saturation vapor pressure  

The humidity over the saturation level with respect to an ice surface is the requirement of the 

formation and growth of ice crystals otherwise water molecules evaporate from the surface of ice. 

The saturation pressure depends on the temperature and decreases almost exponentially with 

decreasing the temperature. The saturation pressure with respect to a real ice surface depends on the 

properties of a surface. The saturation pressure with respect to a flat surface of pure ice gives a good 

approximation of the saturation pressure of a real surface of ice crystals. The approximation of the 

saturation pressure can be made by Clausius-Clapeyron equation. The saturation pressure with 

respect to ice and water surfaces is presented in figure 2.1. 

The saturation vapor pressure with respect to water is higher than with respect to ice. The 

difference between saturation vapor pressures leads to the faster growth of ice crystals compared 

with water drops. If the production of supersaturation is not very fast, the humidity in a cloud tends 

to decrease below water saturation level, which leads to the evaporation of water drops. Because of 

the difference of saturation pressures between an ice and a water surface, many stratiform clouds, 

where the vertical motions of air are slow and the temperature are low, consist mainly of ice 

particles.   
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Fig. 2.1. Saturation vapor pressure with respect to ice, gray line, and with respect to water, black 

line. 

2.2.2 Water vapor flux to ice particles  

The humidity close to the surface of an ice crystal is in equilibrium with the ice surface. When air is 

supersaturated with respect to ice the humidity near the surface of an ice particle is lower than in the 

surrounding air. The diffusion of water molecules tends to equalize the differences of the 

concentration of water molecules i.e. equalize the density of water vapor. Diffusion transports 

moisture close to the surface of an ice particle, which leads to the deposition of water molecules on 

the surface of the ice particle. Deposition growth is the most important process in the growth of 

small ice crystals. 

For the evaluation of magnitude of water vapor flux to the surface of an ice particle, a 

spherical symmetric vapor density field is assumed. Vapor density at the distance of the radius of a 

particle from the center of the particle is the same as the saturation vapor density at the temperature 

of air. When the flux is assumed to be temporally constant, the mass flux of water vapor can be 

calculated using the next equation. 

��
�� = 4��� !!

�
2 #$%−$&�'!(�)* 

(3) 
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dm/dt is the rate mass growth of a particle, D is the maximum diameter of a particle, CDiff is the 

diffusion coefficient of water vapor, ρ∞ is the density of water vapor in ambient air and ρSurface is  the 

density of water vapor on the surface of a particle. 

Above equation ignores the release of latent heat. Latent heat releasing raises the temperature 

on the surface of a particle. Latent heat releasing decreases the humidity gradient between the 

surface of a particle and ambient air, because saturation pressure is strongly dependent on the 

temperature. The smaller gradient causes the smaller moisture flux to a particle. For evaluating the 

effect of latent heat releasing, the heat conduction from the surface of a particle to surrounding air 

has to be calculated in the same way as the moisture diffusion by setting the releasing latent heat 

equal to heat conduction.  The effects of latent heat releasing on the surface temperature of a 

particle and the mass flux of water vapor are presented in figure 2.2.  

 

 

Fig. 2.2. The change in the temperature (ºC) of ice particle, black line, and the change in vapor flux 

(%) gray line caused by latent heat releasing compared with the case where latent heat releasing is 

ignored. Ambient air is assumed to be saturated with respect to water. 

 

Latent heat release has only small effect on the flux of water vapor. The thermal conduction 

of heat is not an only way to transport heat. Radiation may have influence on the temperature of 

particles especially near cloud top or cloud base. Latent heat release and heat conduction or any 

other physical processes, which may affect the surface temperature of a particle are not included in 

the model. 
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Ice crystals or ice crystals aggregates are not normally spherical, instead they have very 

complex shape. Because of this, the vapor flux and the vapor density field around a particle is not 

completely spherical symmetric. Flux density is higher near the edges of a crystal and smaller on 

flat or concave surfaces. The vapor flux field around a crystal is similar to the electric field around 

an electric conduct. This analogy has been used to determine the shape factor for the deposition 

growth equation. The Gauss law considering the relationship between an electric field and charges 

says that the electric field through a closed surface is proportional the charges inside the surface. 

This law can be applied to the vapor flux to ice particles in such a way that the charge is equivalent 

to the mass change rate of a particle. Electric field is determined as the gradient of electric potential, 

and the same way, mass flux of water vapor is proportional to the gradient of the vapor density 

field. The charge of conduct is proportional to the electric potential and the proportionality factor is 

the capacitance of conduct. The same way, it is possible to determine the capacitance of the vapor 

mass flux of an ice particle. The capacitance for vapor flux describes the strength of vapor flux 

compared with the difference in the vapor density between the surface of a particle and ambient air. 

     The mass change rate of a spherical symmetric particle is calculated as in the equation (3) 

where the proportionality factor between the difference of vapor pressure and the mass change of a 

particle is 4π Cdiff D/2. Multiplying the equation (3) with parameter 2Cshape the deposition growth 

equation has form, which can be used for calculating the vapor flux to the real ice particles.     

��
�� = 4��&+(,)�� !!�#$%−$&�'!(�)* 

(4) 

Cshape describes the effects of a particle shape on the flux of vapor having the value of ½ for 

spherical particles and decreasing when the eccentricity of a particle increases, when D is the 

maximum diameter of a particle. In generally, Cshape can be read as a factor that says how much 

higher the mean density of water vapor is on the spherical surface of the distance D/2 from the 

center of a particle compared with the actual vapor density on the surface of a particle. 

    

2.2.3 Ventilation  

 

The previous equation of the deposition growth of an ice particle is a convenient way to solve the 

growth rate only when the particle does not move with respect to surrounding air. If the particle 

moves, the convection of vapor i.e. water molecules move with moving air, affects a vapor flux. 

The vapor flux consists of two parts: diffusional and convective parts. The convective part increases 
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flux density in front of a particle where the relative motion of air is towards the particle. Turbulent 

mixing may also increase the convective part of vapor flux when a turbulent boundary layer exists 

around a particle. Behind a particle, the convective flux decreases the vapor flux but this have a 

minor effect. Near the surface of a particle, the flow is parallel to the surface and the convective 

flux does not occur but there the gradient of the vapor density field is bigger in the ventilated cases 

compared with the unventilated cases. The effects of ventilation can be take account by correcting 

the previous equation with a ventilation factor, which depends on the size and the fall speed of a 

particle. A small particle, whose fall speed is low, has a wide laminar boundary layer where 

streamlines are almost parallel to the surface and then a ventilation factor is approximately unity, 

but in the case of a large particle, ventilation multiplies a vapor flux.  The ventilation factor for an 

individual particle is defined as follows 

-.)/0 = �1� 12⁄ �.)/0�1� 12⁄ �4/5)/0 

(5) 

The ventilation factor for a falling particle can be calculated theoretically; Hall and 

Pruppacher (1976), evaluated from measurements; Takahashi et al. (1991), or simulate numerically; 

Ji and Wang (1999).  According to Hall and Pruppacher (1976), a ventilation factor can be 

computed using the next equations. 

-.)/0 = 1 + 0.149:, 9 < 1.0 -.)/0 = 0.86 + 0.289, 9 ≥ 1.0 

(6) 

9 = �@ABCDAE, Sc is Schmitt number, �@ = �F( ' $( '⁄ � �� !!⁄ , and Re is Reynolds number, CD =
$( ' F( '⁄ GH. ηair is the dynamic viscosity of air and ρair is the density of air. L is the characteristic 

length of a particle.  The characteristic length can be defined several ways. Hall and Pruppacher 

(1976) used the definition of Pasternak and Gauvin (1960) for the characteristic length, which is 

total surface area divided by the perimeter normal to the flow. According to Westbrook and 

Heymsfield (2011), this method leads to the underestimation of characteristic length with the 

complex shape crystals like stellars and dendrites but leads to the accurate estimation of the 

characteristic length with columns and needles. On the other hand, the characteristic length can be 

defined as a length of the maximum diameter of a particle. Westbrook and Heymsfield (2011) 

proved that using the maximum diameter as a characteristic length, the method is suitable for 
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computing the ventilation factor of planar crystals but leads overestimation in the case of columns 

and needles. 

In the model, the maximum diameter of a particle multiplied by 0.75 is used as a 

characteristic length being the compromise between these two methods. This is the same definition 

for characteristic length which Mitchell et al. (2006) used for the characteristic length of aggregates.    

2.3 Ice crystal types 

2.3.1 Effects of temperature on the type of ice crystal  

 

Fig. 2.3. The Axes of hexagonal ice crystal.  

 

An ice crystal is the ice particle that consists of one crystal grown by vapor deposition. The habit of 

a crystal is dependent on the conditions where the crystal grows especially temperature. According 

to Bailey and Hallett (2009), crystals at warm temperatures, above -20°C, are single crystals and at 

temperatures below -20°C, crystals are mainly polycrystals like bullet rosettes or the assemblages of 

plates. A single crystal has only one c-axis whereas polycrystal has several c-axes on different 

directions. A key factor for classifying single ice crystals is the ratio of the length of a crystal along 

the a-axis and c-axis. When growth on the plane of a-axes dominates the growth of crystals, they 

become planar but when growth in the direction of c-axis dominates, crystals become columnar.  

The orientation of the growth of a crystal is dependent on the temperature. Several studies 

(Takahashi et. al. 1991, Fukuta and Takahashi 1999, Chen and Lamb 1994, Bailey and Hallett 

2009) confirmed the general pattern of the growth habits of ice crystals at temperatures above -

20°C. 
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Plates: > -4°C  

Columns: -4°C – -8°C  

Plates: < -8°C  

Near the turning points of a maximum growth orientation, the growth of a crystal is quite isometric 

thus, the growth rate in directions of a- and c-axis is in the same order. The laboratory measurement 

of Takahashi et al. (1991) shows that the axial ratio (the length along a-axis divided by the length 

along c-axis) of crystals varies between from the order of 0.1 to 100 near the extreme points of the 

growth orientation.  

2.3.2 Effects of humidity on the type of ice crystal  

Crystals are often classified more precisely by their shape using the classification system of 

Magono and Lee (1966). Another important factor affecting the shape of a crystal is the humidity. 

The higher supersaturation ratio is the more delicate ice crystals are. According to Pruppacher and 

Klett (1997), the diffusion on the surface of an ice crystal is not able to equalize the humidity on the 

surface of a crystal when the supply of vapor is high, which leads to faster deposition near edges 

where the density of vapor flux is the highest and thus the formation of the complex shapes of 

crystals. Faster heat conduction out of a crystal at the edges assists to the faster deposition of water 

vapor on the edges of a crystal. According to Magono and Lee (1966) and Bailey and Hallett 

(2009), dendrites, stellar crystals and needles are formed, when supersaturation is high but when 

supersaturation is small crystals become isometric like short columns or thick plates.  

The shape of an ice crystal affects physical processes in a cloud. The fall speed of a particle, 

vapor deposition and the probability of aggregation are dependent on the shape of a particle. In the 

model, the information about a shape is included in four parameters that relate the mass and the 

maximum projected area of a particle to the maximum diameter of the particle, in addition two 

parameters describes the interactions of the shape of a particle to physical processes, deposition and 

aggregation. The relationship between the mass and the area of a particle and the maximum 

diameter of the particle are defined as follows. 

 

���� = IJ�KL 

(7) 

M��� = IN�KO 

(8) 
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D is maximum diameter, m(D) is mass, A(D) is maximum projected area, am, aA, bm, and bA are the 

parameters that fix the mass – diameter and area – diameter -relations.  

Most precipitating particles are combinations of many crystals i.e. aggregates. The properties 

of aggregates differ from those of individual crystals thus the parameters which are suitable for 

individual crystals are not suitable for aggregates. In many studies where parameters have been 

derived from aircraft or balloon measurements, the data consist of aggregates.  

Another physical process which affects the shape of a particle is riming. Rimed particles 

become more isometric and round shaped when small liquid water droplet freezes to them. If air 

contains a lot of liquid water droplets, a falling ice particle loses its original shape and become 

graupel i.e. the ice particle whose original crystal structure cannot be distinguished. processes in the 

cloud.   

2.3.3 Mass – maximum diameter -relationship 

A Mass – maximum diameter -relationship relates the two most important properties of particles to 

each other. The parameters for the equation (7) have been determined by several studies. Auer and 

Vael (1970), Heymsfield (1972), Locatelli and Hobbs (1974), Heymsfield and Kajikawa (1987), 

Kajikawa (1989) and Mitchell et al. (1990) collected precipitating snow particles on the ground 

level. Heymsfield (1972) used also ice crystals collected from clouds. Ice crystals are classified by 

the classification system of Mangono and Lee (1966) in these studies and the mass – maximum 

diameter -relationship is formed for each snow crystal type or a small group of almost similar 

crystal types.  The results of those studies are presented in figure 2.4. The definition of maximum 

diameter has slightly varied form one study to another. Locatelli and Hobbs (1974) and Kajikawa 

(1989) and uses the real maximum diameter but Auer and Vael (1970), Heymsfield (1972), 

Heymsfield and Kajikawa (1987) and Mitchell et al. (1990) uses the maximum diameter of the 

projection of maximum area.  

 In many other studies, the data has not been classified by a particle type. These studies 

mainly consist of balloon or aircraft measurements (Heymfield et al. 2002b, Heymsfield 2003a, 

Heymsfield et al. 2004a, Heymsfield et al. 2004b, Heymsfield et al. 2007, Heymsfield et al. 2010, 

Schmitt and Heymfield 2010) except the study of Szyrmer and Zawadzki (2010) where the mass – 

maximum diameter -relationship have been derived from precipitating snow particles collected on 

the ground level. The results of these studies are presented in figure 2.5. 

Parameters am and bm are dependent on each other so isometric particles are denser than the 

particles that grow only on one dimension or on one plane. The exponent reaches the value of three 

when the growth of a crystal is isometric so that ice crystal keeps its shape. The value of the 
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exponent above three is possible only if the shape of a particles becomes more round shaped. This is 

possible if the direction of maximum growth changes when the particle falls from environmental 

conditions that favor the growth in the direction of a-axes to environment that favor the growth in 

the direction of  c-axis or on the contrary or when the particle fall through the cloud layer which 

contains liquid water. Most of the measured particle types that have the value of the exponent above 

three are rimed crystals. 

 

 

Fig. 2.4. The values of parameters am (horizontal axis) and bm (vertical axis) of the mass – 

maximum diameter –relationship of snow crystals or snowflakes. Unrimed crystals on the left, 

rimed crystals and graupels in the middle and aggregates on the right 

 

Table 2.1. Examples of observed mass – maximum diameter -relationships from empirical studies. 

am bm 
0.058 2.44 Hexagonal plate Heymsfield 1972 / Auer and Vael 1970 

0.038 3.31 Hexagonal plate Heymsfield and Kajikawa 1987 

0.0089 2.50 Hexagonal plate Mitchell et al. 1990 

0.0027 1.80 Hexagonal plate Mitchell et al. 1990 

0.0063 2.83 Crystal with sectorlike branches Heymsfield and Kajikawa 1987 

0.0038 2.76 Crystal with broad branches Heymsfield and Kajikawa 1987 

0.00096 2.59 Stellar crystal Heymsfield and Kajikawa 1987 

0.00061 2.29 Dendrite Heymsfield and Kajikawa 1987 

0.014 2.00 Dendrite Heymsfield 1972  

0.017 2.05 Stellar crystal with broad arms Heymsfield 1972  

0.011 1.95 Stellar crystal with narrow arms Heymsfield 1972 

0.0091 1.75 Plate with dendritic extensions Heymsfield 1972 

0.0018 1.40 Aggregate of dendrites Locatelli and Hobbs 1974 

0.0029 
 

1.90 
 

Aggregate of plates, columns, bullets and side planes Locatelli and 
Hobbs 1974 

 



13 
 

 

Fig. 2.5. The values of parameters am (horizontal axis) and bm (vertical axis) of the mass –maximum 

diameter –relationship of unclassified snow crystals and snowflakes 

2.3.4 Projected area – maximum diameter -relationship  

The projected area perpendicular to the fall direction of an ice crystal is strongly dependent on the 

shape of a particle. Ono (1969) showed that falling snow particles oriented such that the maximum 

projected area of a crystal is oriented perpendicular to the fall direction. A maximum projected area 

– maximum diameter -relationship is often assumed to follow a power law similar to the mass – 

maximum diameter -relations. Crystal shape specific equations which connect the projected area 

and the maximum diameter relationship have been derived by Heymsfield (1972), Heymsfield and 

Kajikawa (1987), Mitchell et al. (1996) and Heymsfield and Miloshevich (2003). Mitchell and 

Arnott (1994) derived equations for randomly oriented crystals, which were later modified by 

Mitchell (1996) to the form of a power law. Mitchell and Arnott (1994) theoretically calculated the 

projected areas of  randomly oriented ice crystals. Heymsfield et al. (2002b), Heymsfield (2003a), 

Heymsfield and Miloshevich (2003), Heymsfield et al. (2004a) and Schmitt and Heymsfield (2010) 

have reported the projected area – maximum diameter -relationship of unclassified snow particles. 

These studies consist of aircraft or balloon measurements of polycrystals and aggregates. According 

to the study of Heymsfield et al. (2004a) the values of aA and bA varies between 0.1-0.3 and 1.6-1.9. 

Other results of studies are summarized in figure 2.6. 
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The area – maximum diameter -relationship is not so comprehensively studied as the mass – 

maximum diameter -relationship. Only part of studies consist of the observation of warm type 

crystals i.e. single crystals or aggregates of single crystal. Most aircraft or balloon measurements 

are taken at high altitudes and in cold temperatures where most of the measured particles are 

aggregates consisting of polycrystals. Another shortcoming, which associates with the area – 

maximum diameter observation, is that snowflakes collected in warm temperatures are collected on 

the ground level and consist of precipitating particles. The properties of precipitating particles 

possibly differ from the properties of cloud particles. The deviation of the parameters among 

classified particles is larger than among unclassified particles thus the determination of parameters 

from the large number and different types of ice particles has an averaging effect on the parameter 

values. The deviation of parameters from cloud to cloud depends on the meteorological condition in 

a cloud and is better estimated using the results of classified particles. 

 

Table 2.2. Examples of observed maximum projected area – maximum diameter -relationships from 

empirical studies. 

aA bA 
0.24 1.86 Hexagonal plate Mitchell et al. 1996 

0.58 2.00 Hexagonal plate Heymsfield and Kajikawa 1987 

0.54 2.00 Crystal with sectorlike branches Heymsfield and Kajikawa 1987 

0.39 2.00 Crystal with broad branches Heymsfield and Kajikawa 1987 

0.29 2.00 Stellar crystal Heymsfield and Kajikawa 1987 

0.32 2.00 Dendrite Heymsfield and Kajikawa 1987 

0.11 1.37 Plate with dendritic extensions Heymsfield 1972 

0.18 1.62 Dendrites or stellar crystal with broad arms Heymsfield 1972 

0.11 1.51 Stellar crystal with narrow arms Heymsfield 1972 

0.05 1.59 Columns Heymsfield and Miloshevich 2003 

0.20 1.62 Aggregates of planar crystal Heymsfield and Miloshevich 2003 
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Fig. 2.6. The values of parameters aA (horizontal axis) and bA (vertical axis) of the projected area – 

maximum diameter –relationship of classified ice crystals on the left and unclassified snow crystals 

or snowflakes on the right  

 

When the exponent in the power law of mass or projected area is smaller than three or two, 

bulk density (the mass of a particle divided by the volume of the sphere that has the same diameter 

as the maximum diameter of the particle) or area ratio (the maximum projected area of a particle 

divided by the area of the circle that has the same diameter as the maximum diameter of the 

particle) increases when particles become smaller. When particles become small enough, the bulk 

density exceeds the density of solid ice or the area ratio exceeds unity. In figures 2.4-2.6, lines 

named Dmin = 0.1cm and Dmin = 0.01cm represent the functions of aA, bA and am, bm where the 

particle having maximum diameter 0.1cm or 0.01cm has the bulk density of solid ice or area ratio 

unity. The next equations describe the relationship between the diameter of particles and parameter 

aA, bA and am, bm where the bulk density of solid ice or the area ratio of unity is reached.  

IJ = �
6 $ �)�PQKL 

(9) 

IN = �4 �:QKO 
(10) 

The power laws of mass – maximum diameter or projected area – maximum diameter are 

probably not capable to describe the mass or area and maximum diameter relations of the whole 
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spectrum of particle sizes. Many of empirically determined relationships lead to too high densities 

or area ratios with particles whose diameter is bigger than 0.01cm.  

 

 

  

 

Fig. 2.7. The mass and the projected area in different directions of a regular hexagonal crystal 

(maximum diameter is 1) on a function of the axial ratio (length of a-axis divided by length of c-

axis) of the crystal.  

2.3.5 Mass – projected area -relationship 

The parameters of the mass – maximum diameter and maximum projected area – maximum 

diameter equations are probably related to each other, because the mass and the maximum projected 

area of a crystal are strongly dependent on a shape. The theoretical curves in figure 2.7 ignore that 

very thin planar crystals are often dendrites or stellar crystals, which have much lower area ratios 

than solid plates, therefore the relationship between the mass and the area of a crystal is stronger 

than the curves shown in figure 2.7. The ratio of mass and area can be written a form of power 

equation. 
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�
M = IJ�KL

IN�KO = IJN �KLO  

(11) 

Heymsfield et al. (2002a) derived a method of evaluating the mass of a particle using the 

information about the area ratio and the maximum diameter of the particle.  Using the method of 

Heymsfield et al. (2002a), Heymsfield (2003a) got the result that the values of  RL
O  are positively 

correlated with the values of bA and are between 0.35 – 0.60 among small crystals and 

approximately zero for aggregates. The values of IL
O  are between 0.01 – 0.08. Schmitt and 

Heymsfield (2010) simulated aggregates constructing them of hexagonal crystals with different 

axial ratios. For simulated aggregates, they found a relationship between bA and bm that bm is on 

average equal to 1.3bA but small variation exist caused by difference in the axial ratio of crystals, 

which aggregates consist of.  Using the relationship between bA and bm they fitted a power function 

to empirical data and got result that RL
O  varies between 0.44 – 0.51 and  IL

O  between 0.01 – 0.05.  

Using the data of Auer and Vael (1970), Heymsfield (1972) and Takahashi et al. (1991) the same 

kind of examination can be done for single crystals classified by crystal type. The mass – area –ratio 

of measurements of Auer and Vael (1970), Heymsfield (1972) and Takahashi et al. (1991) are 

presented in figure 2.8. The mean RL
O   is approximately 0.5 and IL

O  is approximately 0.01 but, on the 

other hand, dispersion is large. RL
O  is dependent on bm or bA  in such a way that the bigger bm or bA  

the bigger RL
O . 

The measurements of the mass and the maximum diameter of a particle or the projected area 

and the maximum diameter of a particle show that the parameters of the mass or the projected area 

equations are dependent on each other. The examination of the mass and the projected area show 

that these quantities are also related each other. If a basic function between parameters am, bm, aA, 

and bA could be found, only one variable that depends on the shape of a particle, would determine 

the mass and the projected area of a particle. 
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Fig. 2.8. The mass – area -ratio (mass divided by maximum projected area) on function of the 

maximum diameter of an ice crystal based on data of Auer and Vael (1970) and Heymsfield (1972), 

thick grey lines, and Takahashi et al. (1991), thin black lines. 

2.3.6 Shape factor for deposition growth equation 

The shape factor or the capacitance for deposition growth equation has been determined 

theoretically for rosettes and hollow and solid hexagonal crystals by Chiruata and Wang (2003, 

2005) and hexagonal crystals, stellar crystals, dendrites, rosettes and aggregates by Westbrook et al. 

(2008). The value of the shape factor is smaller for dendrites and stellar crystal than solid plates 

having the same maximum diameter. According to Westbrook et al. (2008), the shape factor of a 

stellar crystal that has narrow arms is one third smaller than the shape factor of a solid plate. 

Westbrook and Heymsfield (2011) compared the theoretical calculation of the growth rates of 

crystals using the shape factor from the studies of Westbrooks et. al. (2008) with laboratory 

experiments and found that the theoretical calculations are good agreement with laboratory 

experiments. The shape factor of diffusion growth for hexagonal crystals is presented in figure 2.9. 

The shape factor for hexagonal crystals varies between 0.10 – 0.45. The minimum values of the 

shape factor are reached with needles, dendrites or stellar crystals, which have narrow arms so on 

the extreme points of the axial ratio. According to Westbrook et al. (2008), the shape factor of 

aggregates is approximately 0.25. They calculated shape factor has been of simulated aggregates, 

which consist of hexagonal crystal with different axial ratios.  
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Fig. 2.9 The shape factor of a hexagonal crystal (vertical axis) on the function of the axial ratio of 

the crystal (horizontal axis) and the shape factor of aggregates and solid sphere. 

2.4 Terminal fall velocity 

Particles in air are under the influence of gravity force, which is directly proportional to the mass of 

a particle, and the buoyancy and the drag force of air. Ice particles are much denser than air thus 

buoyancy does not have a significant effect on the fall speed of the particle. The gravity force, 

which accelerates the velocity of a particle velocity towards the ground, and the drag force of air, 

which decelerates the velocity of the particle, determine the fall speed of the particle. The drag force 

increases when the velocity or the projected area perpendicular to fall direction increases. The drag 

force is defined as follows. 

S� = 12 ��$( 'G:M 

(12) 

 CD is drag coefficient, A is projected area of a particle, v is fall speed of a particle and ρair is the 

density of air. 

The terminal velocity of a falling particle can be solved by setting the drag force and the 

gravity force acting to the particle equals and then solving the fall speed from above equation.  
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G = T 2�U$( 'M��VW/:
 

(13) 

g is the gravity constant. Terminal fall speed cannot be solved by using only equation (13) because 

the drag coefficient is dependent on the terminal fall speed itself. 

The drag force consists of two forces, which are dependent on the flow pattern around a 

particle. These forces are the viscous forces of air and the inertial force of air when the particle 

pushes air out of its route. The relative importance of these forces depends on the fall speed and the 

size of a falling particle. The viscous force dominates when the size of a particle is small and the 

fall velocity is slow but for faster falling and larger particles, the inertial force is more important. 

Reynolds number describes the relative importance of these forces. When the viscous force 

dominates, Reynolds number is small, a large laminar boundary layer forms around the particle and 

the viscous force transports momentum from a particle to surrounding air. When Reynolds number 

increases, the relative thickness of the boundary layer becomes smaller and the importance of 

inertial force increases. The next derivation of the terminal fall speed of a particle follows 

Mitchell’s (1996) derivation of terminal fall speed. 

Mitchell’s (1996) derivation of terminal fall speed based on the statement of Abraham 

(1970) that the drag force acting to the falling particle can be determined from the drag force 

potential flow (flow in the inviscid medium) when the particle and the boundary layer around it are 

treated as one body. The radius of this body is the sum of the real radius of a particle and the 

thickness of the boundary layer. Then the drag coefficient can be defined as follows,  

 

�� = �� ��Y + Z�:M  

(14) 

where C0 is the drag coefficient of the potential flow, r is the radius of the particle, and δ is the  

thickness of  the boundary layer. For the ratio of radius of a particle and the thickness of the 

boundary layer Mitchell (1996) used the equation of Tomotika (1935) where the ratio is a function 

of Reynolds number  ZY = Z�CDQW/: 

(15) 

δ0 is constant. 
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The equation of the drag force can be derived by substituting equation (14) and (15) into equation 

(12).   

S� = 12 ��$( 'G:M+��Z�M [GP$( 'F( '2Y \W/: + 14 ��Z�:M GF( 'Y  

(16) 

First term on the right hand side of the equation (16) is the drag force in the case pure potential 

flow. Other terms take account the viscous force. The second term is the most important when the 

viscous force and the dynamic force are almost equal. When the viscosity dominates, for example in 

the case of very small particles, the last term dominates the equation. The last term has the form of 

drag force in Stokes flow where viscosity is assumed the only force, which affects the drag force. 

Instead of calculating the drag force directly from the previous equation, we define unitless 

quantity, which is called Best or Davies number, using the equality of the drag force and the gravity 

force.  

] = ��CD: = �� T$( 'G�F( ' V: = 2�U$( '�:MF( ':  

(17) 

Best number is only a function of the properties of a particle and air thus it can be determined 

without knowledge of the fall velocity. The equation (17) can be rewritten using equations (14) and 

(15).   

 

] = ��CD:#1 + Z�CDQW/:* ⟹ #CDW :⁄ *_ + Z�#CDW :⁄ *P − ] �� = 0⁄  

(18) 

Reynolds number can be found from equation (18).  

CD = Z�:4 `a1 + 4]W/:
Z�:��W/:bW/: − 1c

:
 

(19) 

Heymsfield and Westbrook (2010) used the same relationship as Mitchell (1996) between 

Reynolds number and Best number, but they argued that the fall velocity dependence on the area 

ratio is too strong when Mitchell’s (1996) equation is used for calculating the fall speeds of 

particles. Instead of using the ordinary Best number, they used the modified Best number defined as 

follows. 
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]∗ = ��∗ CD: = 8�U$( '
�F( ': M'WQ� 

(20) 

Ar is the area ratio, which is defined as the actual projected area of the snow particle divided by the 

area of the circular disk having the same maximum diameter. The value of exponent 1 − e =  0.5 

gave the best fit between calculated and observed fall speed when  Z� = 8.0, �g = 0.35.  
Reynolds number can be approximate with a power function: 

 

CD = i]ℬ . 
(21) 

These parameters i and ℬ are defined so that the power function is the equation of tangent of the 

fall speed function in the (ln(X), ln(Re)) –plane. Equations for i and ℬ are 

i =
Z�:4 k[1 + 4Z�:��W/: ]∗W/:\W/: − 1l:

]∗ℬ ,  
(22) 

ℬ =
4Z�:��W/: ]∗W/:

2 k[1 + 4Z�:��W/: ]∗W/:\W/: − 1l [1 + 4Z�:��W/: ]∗W/:\W/: 

(23) 

The equation of the terminal fall speed is 

 

G��� = ki F( '$( ' [8IJU$( 'F( ':�M'�.m\ℬl �ℬ�KL�QW = ki F( '$( ' [ 2IJU$( 'F( ': ��.mIN�.m\ℬl �ℬ�KLQ�.mKOnW�QW
= I�K , 

(24) 

where a and b are constants for fall speed power equation. 

2.5 Aggregation 

Differences in the fall velocities of ice particles could lead to their collisions. A collision may cause 

aggregation or breakup of particles. The fall velocity is dependent on the size of a particle so a 

larger particle collects more slowly falling smaller particles. The collision probability of two 

particles depends on their fall velocities and their sizes. The collision kernel i.e. the method 
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evaluating collision probability is defined in such a way that two different size particles collide 

during the time unit if the horizontal distance between their centers is smaller than the sum of their 

radius and the vertical distance between particles is smaller than the difference in the falling 

distances per time unit. Based on these dimensions the volume where particles should be situated in 

order to the particles collide, is possible to calculated. The volume where particles having maximum 

diameter D and D’ , collide during unit time is calculated as follows. 

e�g�� o g/��, �p� = �4 �� + �p�:|G��� − G��′�| 
(25) 

e�g�� o g/��, �p� is collision kernel, G��� is the fall speed of a particle. 

The biggest fall speed difference is between the largest and the smallest particles, but on the 

other hand, the effect of the largest particles on the flow pattern around them is significant. The 

smallest particles follow the streamlines closely and therefore the particles do not necessarily 

collide even though the horizontal distance between their centers is smaller than the sum of their 

radii before the incidence. Above equation ignores this aerodynamic effect. When the radius is the 

maximum radius of a complicated ice particle, the horizontal area is overestimated because the 

maximum diameter overestimates the coverage of the particle, which leads overestimation of 

collision rate. 

The collision of particles probably causes aggregation or breakup of particles among complex 

shaped particles as dendrites, instead among simple isometric particles the probability of breakup or 

aggregation is small. The equation (25) have to multiplied by the probability of aggregation i.e. 

aggregation efficiency for calculating the probability of aggregation. The aggregation efficiency is 

dependent on the shape of a particle. Mitchell (1988) proposed that the aggregation efficiency of 

dendrites is close to unity but the aggregation efficiency of simple isometric crystals is almost zero.  

The aggregation rate is calculated by summing up all possible collision of particles. The 

aggregation rate i.e. the tendency of number concentration caused by aggregation, can be calculated 

using the next equation.  

T1�1� VNss = 12 t t �uNss4 �������′��� + �p�:|G��� − G��′�|%
�

%
�

����′ 
(26) 

EAgg is aggregation efficiency and N(D) is number concentration on the function of the maximum 

diameter of a particle.  
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2.6 Riming  

Ice particles in a cloud collide with water droplets if the cloud consists of both ice and water 

particles. Because the saturation vapor pressure with respect to ice is smaller than with respect to 

water, the deposition growth of ice particles is faster than deposition growth of water drops, which 

causes that water drops are generally smaller than ice particles. Small and slow falling water drops 

adsorb on the surface of a faster falling ice particle. The probability of adsorption is close unity 

when particles collide. This riming process effects on the shape of an ice particle hence the bulk 

density increases and the particle become round shape, which increases the fall speed of the 

particle. Riming is not included in the model because cloud is assumed to consist of only ice 

particles.   
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3. M ODEL  

3.1 Original model 

The basic idea of the model comes from the snow growth model described by Mitchell et al. (2006). 

The meaning the model of Mitchell et al. (2006) is to complete the vertical profiles of a radar 

reflectivity factor in the areas which are blind spots because of terrain obstacles, and thus improve 

precipitation estimates in those areas. Furthermore, other physical quantities like ice water content 

or the number concentration of particles are possible to compute with the model. The model is one-

dimensional hence the model computes only vertical profiles and it ignores the horizontal 

advections of physical quantities. Another limit of the model is that the temporal changes in a size 

distribution are assumed minimal so that a steady state assumption can be applied.  These limits 

constrain the coverage of the model to uniform precipitation. If the habit of snow particles and the 

shape parameters i.e. parameters that associate with the relationship of the shapes of particles and 

the physical processes are known, the model is able to compute the vertical profile of the size 

distribution when the size distribution is known on one model level.  The shape parameters are the 

parameters am and bm for the mass – maximum diameter -equation, the parameters aA and bA for the 

projected area – maximum diameter -equation and additionally the shape factor Cshape for the 

deposition growth equation and aggregation efficiency EAgg. 

The derivation of the model equations begins from the equation which describes the number 

concentration tendency of snow particles having mass m.  

1v���
1� = − 1

1w x�G��� − y�v���z + T1v���
1� V���� + T1v���

1� V�), + T1v���
1� VNss 

 (27) 

v��� is the density function of the size distribution of snow particles, G��� is the fall speed of a 

snow particle with respect to surrounding air and w the vertical velocity of air. G��� is positive 

downward and w is positive upward. Terms on the right side of the equation are the divergence of 

the vertical flux of snow particles and the effects of physical processes, which are nucleation, vapor 

deposition and aggregation, in the number concentration of particles whose mass is m. The vertical 

derivative of the flux is positive when flux is increasing downward. The equation (27) can be 

rewritten in such a way that the maximum diameter of a particle, D, is the argument of density 

function instead of the mass of a particle when an unambiguous relationship between D and m 

exists. 
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1����
1� = − 1

1w x�G��� − y�����z + T1����
1� V���� + T1����

1� V�), + T1����
1� VNss 

(28) 

The size distribution of snow particles is assumed to have the form of a gamma distribution. 

���� = ���� exp�−�� 
(29) 

N0, µ and λ are the parameters of the distribution. The model is based on the computation of the 

vertical evolution of the mass moments of distribution function when the local tendency i.e. the left 

hand side of the equation (28) is set zero. The ν
th mass moment of the distribution can be calculated 

as in the equation (30) and the tendency equations for mass moments can be formed the same way 

by multiplying every term by ����{ in the equation (28) and integrating them over the whole size 

distribution. 

|{ = t ��������{��%
�

= t ����exp �−��IJ{�{KL��%
�

= IJ{��Γ�~RJ + � + 1�
{KLn�nW

= IJ{�Γ�~RJ + � + 1�
Γ�� + 1�{KL  

(30) 

N is the number concentration of particles i.e. zeroth mass moment of size distribution. Γ denotes a 

gamma function.  

The original model is based on the calculation of the vertical evolution of the zeroth and 

second mass moment. The parameter µ has constant value and the vertical evolution of the number 

concentration and parameter λ are computed from the zeroth and second mass moment.  

3.2 New model version 

The most important change that is made for the new model version is that instead of using the 

zeroth and the second mass moments, the new model version uses the zeroth, the first and the 

second mass moments for the computation of vertical profiles. The consequence of this is that all 

three parameters of gamma distribution are computed as function of height. The moment tendency 

equation for the zeroth, first and second mass moments can be formed using the equations (28), (29) 

and (30). The moment tendency equations are presented next. 
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1�
1� = − 1

1w x��� − y��z + T1�
1� V���� + T1�

1� VNss 

(31) 

1���
1� = − 1

1w x����� − y����z + T1���
1� V�), 

(32) 

1wJ1� = − 1
1w �#��L − y*wJ� + T1wJ1� V�), + T1wJ1� VNss 

(33) 

IWC is the first mass moment of the size distribution i.e. the ice water content of a cloud, and zm is 

the second mass moment of the size distribution which is directly proportional to the radar 

reflectivity in linear units. VN, VIWC and VZm are the N, IWC and zm weighted fall speed of snow 

particles.  

The vertical derivatives of three distribution parameters N, µ and  can be solved from the 

above equations. When steady state conditions are assumed, the left hand side of equations (31)-

(33) is set zero and the flux divergence should balance the tendency caused by physical processes. 

The equation (31)-(33) can be rewritten to the form of moment conservation equations where the 

flux divergence is written by way of the vertical derivatives of the distribution parameters. 

Aggregation does not affect the total mass of all the particles. Furthermore, the mass of just 

nucleated particles is negligible and does not influence significantly the first or the second mass 

moments.  

��� − y� 1�
1w + ���x��� + R + 1� − ��� + 1�z 1�

1w − R���


1
1w − � 1y

1w = T1�
1� V���� + T1�

1� VNss 

(34) 

����� − y� ���
�

1�
1w

+ ������ − y����x��� + RJ + 1� − ��� + 1�z
+ �������x��� + RJ + R + 1� − ��� + RJ + 1�z� 1�

1w
− ������ − y� RJ���

 + R�������
 � 1

1w − ��� 1y
1w = T1���

1� V�), 

(35) 
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#��L − y* wJ�
1�
1w
+ �#��L − y*wJx��� + 2RJ + 1� − ��� + 1�z
+ ��LwJx��� + 2RJ + R + 1� − ��� + 2RJ + 1�z� 1�1w
− �#��L − y* 2RJwJ + wJR��L � 11w − wJ 1y1w = T1wJ1� V�), + T1wJ1� VNss 

(36) 

 � is digamma function which is defined � =  Γ′/Γ , where Γ′ is the derivative of gamma function in 

regard to its argument. The method of calculating the values of gamma and digamma function is 

derived by Spouge (1994). The vertical derivatives of the distribution parameters can be solved 

from the equations (34)-(36). The model calculates the vertical evolution of the parameters N, ν and  using the leap frog integration scheme. The parameters on even and odd layers tend to diverge 

because the values of the parameters on even or odd layers do not mix with each other during the 

integration. The differences between the even and odd layers are made smaller using Robert-Asselin 

filter, which is described e.g. by Kalnay (2003). 

The terms, which describe physical processes i.e. ����0 �����, ����0 �Nss, ������0 ��),, ���L�0 ��),, 

���L�0 �Nss have their forms from the original model except how the effect of ventilation on 

deposition is calculated. The ventilation factor is calculated in the new model version by 

numerically integrating the ventilation factor equations over the size spectrum. The equations of 

aggregation terms are presented next. 

T1�1� VNss = 12 uNss t t �������p�e�g�� o g/��, �p�����p%
�

%
�

= I�uNss�:���, R�8xΓ�� + 1�z:Kn: 

(37) 

 T1wJ1� VNss = uNss t t �������p�e�g�� o g/��, �p��������′�����p%
�

%
�

= I�:�uNss�:��RJ, �, R�4xΓ�� + 1�z::KLnKn:  

(38) 

I(µ,b) and I(bm,µ,b) denote Gauss hypergeometric functions which are used for solving the 

aggregation integrals.  
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The deposition terms for the first and second mass moment conservation equation are 

presented next, 

T1���
1� V�), = -.)/0 ��� t ���� 1����

1� ��
%

�
= 4�-.)/0 ����&+(,)�� !!#$%−$&�'!(�)*� ~ + 1  

(39) 

T1wJ1� V�), = 2-.)/0 �L t �������� 1����1� ��%
�

= 8�-.)/0 �L�&+(,)�� !!#$%−$&�'!(�)*IJ� Γ�RJ + � + 2�Γ�� + 1�KLnW 

(40) 

and the nucleation term for the zeroth mass moment conservation equation.  

T1�1� V���� = �����e������ − 1������QW ����  

(41) 

The shape of an ice particle is dependent on the temperature and the humidity condition where 

the particle grows. The conditions probably change with altitude, which causes the changes in the 

shapes of particles. Aggregation also alters the shape of particles. The changes in shapes causes that 

the shape parameters should also be a function of altitude. The flux divergence on each layer should 

be equal the sum of the physical terms hence the change in the flux divergences caused by the 

evolution of the shape parameters has to be compensated by subtracting the effects of the shape 

parameter evolution from the flux divergence. This can be done by subtracting terms (42)-(44) from 

the right hand side of the equations (34)-(36).          
�1���� − y�1w �,('(J

= ���ℬ �− 12IN
1IN1w + 1IJ

1IJ1w − ��RN + � + 1� − RN ⁄2 1RN1w
+ ���RN + � + 1� − RN ⁄ � 1RJ1w � 

(42) 
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�1�������� − y�
1w �

,('(J

= ��� �− ℬ����2IN
1IN1w + �1 + ℬ����� − yIJ

1�J1w
− ℬ��.���RJ + RN + � + 1� − RN ⁄2 1RN1w
+ ��1 + ℬ�������RJ + RN + � + 1� − �RJ + ℬRN� ⁄ � 1RJ1w � 

(43) 

�1wJ#��L − y*1w �,('(J = wJ �− ℬ��L2IN
1IN1w + �2 + ℬ���L − yIJ

1IJ1w
− ℬ��L��2RJ + RN + � + 1� − R ⁄2 1RN1w
+ #�2 + ℬ���L��2RJ + RN + � + 1� − �2RJ + ℬRN� ⁄ * 1RJ1w � 

(44) 
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4. SNOWFALL CASES ON 26TH
 AND 30TH

 DECEMBER  

4.1 Source information 

Two snowfall cases on 26th and 30th December 2010 are studied using the model. Source 

information and reference data for comparison with the model results came from radar 

measurements made by Kumpula dual-polarization radar and vertical pointing Doppler 

measurements made by Järvenpää radar. The data from Kumpula radar consist of the measured 

profiles of a radar reflectivity factor, a differential radar reflectivity factor ZDR and a specific 

differential phase KDP. The measurements are made during half an hour, 2:44 – 3:14 UTC, on 26th 

and 11:04 – 11:34 UTC on 30th and consist of seven profiles of each quantity. Additionally, the size 

distribution has been measured on the ground level and the temperature is evaluated from the 

soundings, which are made at nearby sounding stations.   

4.1.1 Radar measurements 

The most conventional radar measurement is a radar reflectivity factor. This observable is related to 

the intensity of a return radar pulse. All objects in volume where a radar pulse has been transmitted, 

influence the scattering of a radio wave. Doviak and Zrnic (2006) present the connection between 

the received power of radar pulse and radar reflectivity and its dependence on meteorological 

factors. The ratio of the power between transmitted and returned pulse is dependent on the 

properties of the radar and the wavelength of a radio wave and the radar reflectivity of objects. 

When the objects are small, Rayleigh approximation is used for evaluating the radar reflectivity. 

According to Rayleigh approximation, the backscatter cross section of a particle is dependent on the 

wavelength of the radio wave, the electrical properties and size of the particle in such a way that the 

backscatter cross section is proportional to the sixth power of the diameter of a spherical particle. 

The radar reflectivity is the sum of the backscatter cross sections of particles in unit volume thus the 

radar reflectivity factor is defined as the sum of the sixth power of the diameter of spherical water 

drops per unit volume. 

w = �(5)_
�m|��(0)'|: t ����

%

�
������ = t ��

%

�
������ 

(45) 

z is a radar reflectivity factor, λwave is the wavelength of a radio wave, Kwater is the complex 

refractive index of water and σ is the backscatter cross section of a particle. 
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The electric properties of ice differ from the properties of water thus the scattering of a radio 

wave from ice particles is weaker than water particles. The shapes and densities of an ice particle 

vary from particle type to another thus the previous relation cannot directly use for ice particles. 

The method, which are used in the model to evaluate the radar reflectivity of ice particles, is such 

that the complex refractive index of water is replaced by the suitable value for ice and the sum of 

the sixth power of the diameters of water drops is replaced by the sum of the sixth power of the 

diameters of the solid ice spheres which have the same mass as actual ice particles. 

w = |��(0)'|:
|� �)|: 	t �)����������	, �)��� � �6�����$ �)

B%

�
 

(46) 

De is mass equivalent diameter, Kice is complex refractive index for ice, ρice is density of solid ice. 

The radar reflectivity factor is proportional to the sum of the second power of mass, which is the 

second mass moment of size distribution. The observed and the modeled profiles of a radar 

reflectivity factor are presented in figure 4.1. 

 

Fig. 4.1. Vertical profiles of observed and modeled radar reflectivity factor profiles. Individual 

observed profile, thin black lines, the mean observed profile, thick black line and the modeled 

profile, grey line. 26th December on the left and 30th December on the right. 
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Horizontally polarized electromagnetic radio waves has been conventionally used for radar 

reflectivity measurements because large precipitation particles has larger extend in the horizontal 

direction than the vertical direction. More information about the ratio of the horizontal and the 

vertical extends of particles is obtained by using both vertically and horizontally polarized radio 

waves. The ratio between the received intensities of horizontally and vertically polarized pulses is 

dependent on the flatness of ice crystals or snowflakes. Thus the shapes of ice particles can be 

deduced from the differential radar reflectivity, ZDR, observations.  

��C � ���	+g' �g/0(� � ���	5)'0 �(� ∝ logW� Tw+g' �g/0(�w5)'0 �(� V 

(47) 

ZDR observation is not dependent on the radar reflectivity itself hence the observations are 

independent of the number concentration of particles. Andric et al. (2013) listed the typical values 

of ZDR which are for ice crystals 0.0 – 4.0 and 0.0 – 0.5 for aggregates. 

 

 

Fig. 4.2. Vertical profiles of observed ZDR. Individual observed profiles thin black lines and the 

mean observed profile thick black line. 26th December on the left and 30th December on the right. 
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Another way to evaluate the shape of ice particles is to observe the effect of medium on the 

propagation of a radio wave through the medium. Cloud and precipitation particles affect the 

propagation of a radio wave in such a way that the velocity of electromagnetic waves decreases 

when the number or the sizes of particles increases. When the medium is not isotropic i.e. particles 

are not isometric, the velocity of a vertically polarized pulse differs from a horizontally polarized 

pulse, which leads to a phase shift between pulses. A specific differential phase, KDP, which is the 

change in the phase shift divided by the change in distance from radar, gives information about the 

properties of particles.  

��¢ � ��Φ+g' �g/0(� � Φ5)'0 �(��2�Y  

 (48) 

Φhorizontal and Φvertical are the phases of the horizontally and the vertically polarized pulses and r is 

the distance from radar. KDP values are positive when the horizontally polarized pulse slows down 

more than the vertically polarised pulse.  

 

Fig. 4.3. Vertical profiles of observed KDP. Individual observed profiles, thin black lines, and the 

mean observed profile, thick black line. 26th December on the left and 30th December on the right. 
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Ryzhkov and Zrnic (1996) measured the relationship between the particle size 

distribution of water drops and KDP. They showed that KDP is more closely related to the mass 

concentration than the radar reflectivity. Because KDP is dependent on differential forward 

scattering, KDP is less sensitive to large particles than radar reflectivity thus the significance of 

small particles is more important on KDP than on the radar reflectivity. Andric et al. (2013) listed 

the typical values of KDP, which are for ice crystals -0.5 – 0.8 °/km and 0.0 – 0.5 °/km for 

aggregates. Because KDP is the difference of phases between the horizontally and the vertically 

polarized pulses, KDP is dependent on the number concentration and the sizes of particles 

otherwise than ZDR. KDP observations are positively correlated with the number concentration 

when the shape of particles remains unchanged and the high value of KDP generally indicates the 

presence of the high number concentration of oblate particles.  

 

Fig. 4.4. Vertical profile of observed and modeled vertical velocity. Individual observed profiles 

thin black lines, the mean observed profile thick black line and the modeled profile grey line. 26th 

December on the left and 30th December on the right. 

 

Doppler measurement is another way to use information about the phase of an 

electromagnetic wave. It is possible to calculate the change in particle’s location in the direction of 

a radar beam from the phase shift of two received pulses which are scattered from the same 



36 
 

particles. The velocity of particles can be evaluated from Doppler measurement. When vertically 

pointing radar is used for Doppler measurements, the sum of the fall speed of particles with respect 

to surrounding air and the vertical velocity of air can be observed.  

4.1.2 Size distribution measurements   

Size distribution measurements on the ground level are performed using a particle video imager, 

PVI, instrument. The instrument consists of a camera and a light source. The particles that fall 

between the camera and the light source are detected as shadows on the pictures taking by the 

camera. The shape and the size of a particle can be determined from the pictures, and then the size 

distribution can be calculated. Observed size distributions are formed from 5 minutes lasting 

measurements between 2:40 – 3:15 UTC, on 26th and 11:00 – 11:35 UTC on 30th December.  

 

Fig. 4.5. The observed and modeled shapes of size distributions. The total number of particles in the 

observations is scaled in such a way that the observed sixth diameter moment between 0.025 – 

2.025cm on average are the same as in the model result.  Individual observed profiles thin black 

lines, the mean observed profile thick black line and the modeled profile grey line. 26th December 

on the left and 30th December on the right.  
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4.1.3 Temperature and humidity 

Temperature profiles are evaluated from soundings, which are made in Jokioinen and Tallinn. 

Soundings at these stations are performed 00 UTC and 12 UTC thus soundings before and after 

snowfall are used. The evaluated temperature profiles for the model runs are quite reliable in the 

scale of accuracy needed in the model because deviations between the soundings are small.  

 

Fig. 4.6. On the left, temperature profiles from sounding of Jokioinen on 26th December 12UTC and 

Tallinn on 26th December 00UTC, thin lines, and temperature profile for the model, thick black line. 

On the right, temperature profiles from sounding of Jokioinen on 30th December 00UTC and 

12UTC and Tallinn on 30th December 12UTC, thin lines, and temperature profile for the model, 

thick black line. Dash lines are the turning points of the maximum growth direction. 

 

Deviations between the observed values of humidity are large and any of them are probably 

not representative. Instead of using the humidity from the soundings, the humidity is deduced form 

other observations. The shape of a snow particle is dependent on the temperature and the humidity 

of air, which gives a constraint for the evaluation of humidity profiles. Bailey and Hallet (2009) 

have constructed a diagram, which describes the relation of ice crystal type and the temperature and 

the humidity. The temperature in the top of the cloud on 26th December is below -20ºC thus the 

occurrence of polycrystals is probable. The layer where the temperature is below -20°C is shallow 
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and the temperature in most upper part of the cloud is between -20°C – -8°C i.e. in the planar 

crystal regime until 3000 meters. The radar measurements of 26th indicate that particles are 

significantly larger in the horizontal direction than in the vertical direction, because of the increased 

values of KDP and ZDR. As particles in the case of 26th are remarkably wider on the horizontal 

than the vertical direction, they are probably thin plates or sector plates. The humidity on those 

altitudes, height between 4200 – 3400 meters, has been set a little below saturation level with 

respect to water when the development of thin plate crystals is probable. Another fact, which 

supports the increase in the humidity, is the slope of the radar reflectivity factor, which remains 

almost constant in logarithm units. This requires the faster growth of particles, which can be 

satisfied by slowing down the fall speeds of particles and accelerating deposition or aggregation 

growth. On the other hand, KDP is sensitive to the number concentration of particles. The number 

concentration of particles should be high so that KPD is high. The particles are not probable 

dendrites because the model runs with the parameters and the humidity suitable for dendrites leads 

too fast increase in radar reflectivity and too large particles on the ground level when the number 

concentration of particles is high. The development of dendrites instead of thin plates is discussed in 

section 6.2. 

  

Fig. 4.7. The shape diagram after Bailey and Hallet (2009). Environmental condititions where 

different types of ice crystals grows. Dash line is the saturation humidity with respect to water. 
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Fig. 4.8. On the left, humidity profiles from sounding of Jokioinen on 26th December 12UTC and 

Tallinn on 26th December 00UTC, thin lines, and humidity profile for the model, thick black line. 

On the right, humidity profiles from sounding of Jokioinen on 30th December 00UTC and 12UTC 

and Tallinn on 30th December 12UTC, thin lines, and humidity profile for the model, thick black 

line. Dash line is the saturation humidity with respect to ice and water. 

 

The temperature in the top of the cloud on 30
th

 December refers to the development of planar 

crystals. The temperature is below -8°C from the cloud top until 2000 meter. KDP or ZDR values 

are not significantly increased in the case of 30
th

 thus the dimensions of particles in the vertical and 

in the horizontal direction do not differ as much as in the case 26
th

. The increases in radar 

reflectivity become slower below the cloud top, which also refers that the significant change in the 

shapes of particles do not occur.  The humidity in the case of 30
th

 December has been set lower, 

clearly below the saturation humidity with respect to water because the occurrence of more compact 

plate crystals is assumed.  

The growth of radar reflectivity stops in lower could in both cases. In the case of 26
th

, the 

change of radar reflectivity is almost zero between 2800 – 2200 meters and in the case of 30
th

 

between 2800 – 2000 meters, thus there is probably a dry layer in the middle of the cloud. The 

relative humidity at those altitudes is assumed saturated with respect to ice. Below the dry layer, 
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radar reflectivity begins to grow in both cases. The lower moist layer has a larger influence on the 

growth of particles in the case of 30
th

 December. The temperature in the lower moist layer is 

between -8°C and -6ºC thus the development of hollow columns or needles is probable if the 

humidity exceeds water saturation. Because of the rapid increase in the radar reflectivity in the 

lower part of cloud, the humidity over saturation level with respect to water is assumed. In the case 

of 26
th

 the growth of radar reflectivity is smaller but temperature is close 0°C thus small 

supersaturation with respect to ice and water is assumed.  

4.1.4 Vertical motion of air  

 Fig 4.9. On the left, the vertical velocity of air on 26
th

 December, grey line, and on 30
th

 December, 

black line. On the right, the effects of the vapor deposition to ice particles, dashed lines, and air 

vertical motion, solid lines, on the relative humidity of air. 

 

The vertical velocity of air has been evaluated in such a way that the change of the relative humidity 

with respect to ice is almost zero but smoothening is performed to avoid peaks in the air vertical 

velocity. Water vapor deposition to snow particles decreased relative humidity by decreasing the 

density of vapor and releasing latent heat, which increases the temperature of air. Air upward 

motion balancing the drying by the vertical advection of vapor and the adiabatic cooling of air, then 
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air upward motion is fast where the deposition is efficient. The vertical velocity is evaluated using 

the next equation. 

y � �1���1� ��), �[$o(0  �)QW + H&:�
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C��¤2:V¥ � 
 (50) 

RW is the gas constant of water vapor, CP is the specific heat of air in constant pressure, g is the 

gravity constant, LS is the latent heat of sublimation, S is saturation ratio.  

4.2 Fitted profile 

Finding suitable case specified shape parameters is the prerequisite for model computations. The 

defining of the shape parameters consists of two steps, first have to define the shape of an ice 

crystal or aggregate and then have to define suitable parameters values for the chosen snow type. 

The values of the shape parameters are discussed on sections 2.3.3 – 2.3.6. The suitable values of 

the shape parameters should be suitable for the sense of environmental condition and growth history 

and give a good fit for radar measurements and size measurements on the ground level. An 

additional constraint is that the fall speed of particles should not significantly fluctuate without a 

physical reason. The last constraint has a direct effect on the suitability of fall speed fittings. The 

shape parameters are searched in such a way that the squared difference between modeled and 

observed radar reflectivity, fall speed and the size distribution on the ground is minimized. Both 

parameter values and the altitudes of the values are able to vary during the minimization process. 

The selected parameters do not give minimum errors but are good fittings when the above 

constraints are noticed.  

 

Table 4.1. The values of the shape parameters in the snowfall case of 26th December  

z (m) CShape EAgg am bm aA bA 
5600 0.44 0.06 0.0762 2.85 0.52 1.94 
4864 0.38 0.08 0.0318 2.67 0.56 1.92 
4415 0.36 0.05 0.0326 2.60 0.56 1.91 
3768 0.33 0.03 0.0173 2.45 0.46 1.80 
2982 0.27 0.09 0.0070 2.05 0.34 1.59 
1972 0.26 0.12 0.0044 1.91 0.34 1.59 
789 0.26 0.13 0.0030 1.90 0.34 1.58 
0 0.28 0.13 0.0033 1.90 0.34 1.59 
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Table 4.2. The values of the shape parameters in the snowfall case of 30th December 

z (m) CShape EAgg am bm aA bA 
4400 0.45 0.08 0.1169 2.89 0.57 1.95 
3876 0.44 0.13 0.1154 2.87 0.57 1.95 
2931 0.41 0.08 0.0982 2.85 0.57 1.95 
2429 0.40 0.07 0.0965 2.83 0.56 1.93 
1938 0.40 0.09 0.0973 2.81 0.55 1.93 
1411 0.26 0.31 0.0068 1.92 0.27 1.54 
1200 0.26 0.33 0.0049 1.86 0.22 1.54 
696 0.25 0.29 0.0032 1.74 0.15 1.57 
349 0.25 0.43 0.0027 1.76 0.12 1.57 
0 0.37 0.48 0.0023 1.70 0.15 1.37 
 

The changes of parameters are linear between the layers, which are reported on the tables 

except aA and am, the logarithms of which change linearly. In the case of 26th December ice crystals 

are polycrystals or thick plates in the cloud top. The projected area and the mass of the particles are 

close to the area and mass of the solid hexagonal plate measured by Heymsfield (1972), and 

Heymsfield and Kajikawa (1987). The remarkable change on the shapes of crystals happens 

between 4400 – 3800 m where the values of ZDR and KDP increase. Crystals become thin plates. 

The mass of the crystal is between the mass of hexagonal plate and stellar or dendritic crystal 

(Heymsfield and Kajikawa 1987) and the projected area is larger than the projected area of 

dendrites (Heymsfield 1972). Mass and area parameters are almost uniform below 3700 m although 

aggregation changes the shapes of particles. According to the observation of Locatelli and Hobbs 

(1974) and Heymsfield and Miloshevich (2003), the mass and the area parameters are suitable for 

the aggregates of planar crystals. The difference between the exponents bm and bA is small in the 

comparison with empirical studies. The small values of the exponent bm and small difference 

between the exponents narrow fall speed dispersion and thus it decreases the aggregation rate. 

In the case of 30th the values mass and area parameters from cloud top until 2000 meters refer 

to the occurrence of compact crystals. Mass parameters of as compact crystal as these crystals have 

been reported only Heymsfield (1972) for short hexagonal columns. The projected area of the 

crystals is close to the projected area of a hexagonal plate. The change in the mass and the area 

parameters happen between 2000 – 1400 meters where the lower moist layer is located. The growth 

of ice crystal orientates in the direction of c-axis, and probably leads to the formation of irregular 

crystals because of the earlier development of plate crystals changes the growth of columnar 

crystals. The aggregation of the crystals is assumed efficient and the part of aggregates becomes 

remarkable. The projected area is a little smaller than the projected area of the aggregates of planar 

crystals observed by Heymsfield and Miloshevich (2003).  The mass of the particle is close to the 

observed values of aggregates (Locatelli and Hobbs 1974).  
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The modeled radar reflectivity is close to the measured radar reflectivity because it is the main 

constraint on the fitting of the model computation to the observations but significant differences 

occur between the modeled and the observed fall speeds. The observed falls speed is the sum of the 

fall speed of particles with respect to surrounding air and the vertical velocity of air thus the 

differences between the vertical velocity of air in the model and the true vertical velocity of air 

cause the differences between the fall speeds. The vertical velocity of air in the model is 

proportional to water vapor deposition and thus it is linked to the increase in radar reflectivity. In 

the case of 26th December, the smallest fall speed is located approximately 500 meters lower in the 

model results than in the Doppler measurements indicating that the maximum upward motion of air 

is located 500 meters too low in the model. The increase in fall speed below minimum is steeper in 

the model than in the observations. The rapid decrease in the air upward motion causes the steep 

acceleration in fall speed in the model. The upward motion of air causes small deceleration between 

2000 – 1000 meters but this is not as big as in the observation. As a remarkable increase in the radar 

reflectivity factor is not seen below 2000 meters, the decrease of fall speed cannot be explained in 

the light of the model results.  

In the case of 30th December, the modeled fall speed has two local minimums on 4000 meters 

and on 1200 meters, which is located on the altitudes of the maximum air upward motion. In 

addition, the changes in the shapes of particles affect the formation of the lower minimum of fall 

speed. Below that, the growth of particles, mainly because of aggregation, leads to the increase in 

fall speed on altitudes 1200 – 700 meters. The observed fall speed increases quite uniformly but 

being almost constant on the altitudes below 3000 meters, which probably means only small 

variation in the vertical velocity of air and only small increase in the fall speed of particles with 

respect to surrounding air. 

On the ground level, the modeled size distribution is close to observed in the case of 30th 

December. The small values of λ and μ are the consequence of fast aggregation below 2000 meters. 

Without the fast aggregation, the values of λ and μ would be much higher and differ remarkably 

from observations. On the contrary, in the case of 26th, aggregation should be slow in order that 

particles do not become too large. Small difference between the exponent of the mass and the 

projected area equations and small aggregation efficiency keep aggregation slow. However, the 

shape of distribution on a function of size differs from the observations. Small particles are 

remarkably fewer in the model than in the observations.   
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4.3 Results analysis 

 

Fig. 4.10. The vertical profiles of μ and λ. 26th December, grey lines, and 30th December, 

black lines. 3-moment model, solid lines, 2-moment model, dash lines.  

 

The cases differ from each other many ways but still similarities occur. The distribution 

parameters λ and μ are correlated with each other and they are dependent on the relative importance 

of aggregation and deposition in the growth of particles. μ and λ are positively correlated when 

mean size is constant and the shape of distribution function changes. μ describes the width of a 

distribution in such a way that the high value of μ means a narrow distribution. The values of μ are 

increasing with decreasing height near cloud tops in both cases. In these regions, deposition 

dominates the growth of particles. Deposition narrows the size spectrum especially when the growth 

of particles is almost isometric because the mass change rate of a particle is proportional to the 

maximum diameter of the particle when ventilation is ignored. The ventilation accelerates the 

growth of large particles but does not have such a big effect that the mass change rate would be 

proportional to the mass of a particle. The spectrum narrowing effect of deposition becomes smaller 

when the growth of particles is directed in one plane or only one direction. Differential fall speed 

affects the shape of spectrum. The fall speed of very small particles is so slow that the deposition 

growth leads to the relatively large change of mass in a short distance. Aggregation favors the 
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growth of large particles, which efficiently collect small particles during their fall. Aggregation has 

an opposite effect on the size spectrum than deposition. It broadens size spectrum and thus 

decreases the value of μ. The influence of aggregation and deposition can be seen on the vertical 

profiles of μ and λ in figure 4.10.  The importance of aggregation increases in the case of 26th on 

altitudes below 4000 meters where the shapes of crystals change from compact plate crystals to thin 

plates. In the case of 30th, the same happens lower about at 1600 meters, which leads to the decrease 

in λ and μ. Furthermore, the change of the orientation of deposition growth affects the evolution of 

λ and μ. 

 

 

 Fig. 4.11. On the left, the ratio of deposition to aggregation causing the growth of radar reflectivity 

in linear units. 3-moment model, solid lines, and 2-moment model, dash lines. On the right, the 

effects of deposition, solid lines, and aggregation, dash lines, on the vertical derivative of μ. The 

derivative is positive when μ increases downward. 
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Fig. 4.12. On the left, the vertical profile of the mean diameter of particles. On the right, the profile 

of  the number concentration of particles. 26th December, grey lines, and 30th December, black 

lines. 3-moment model, solid lines, and 2-moment model, dash lines.   

 

The mean diameter is smaller and the number concentration higher in the case of 30th than in 

the case of 26th. In order for a significant increase in radar reflectivity in the lower part of the cloud 

in the case of 30th, the number concentration has to be high because the growth of radar reflectivity 

caused by aggregation or deposition is dependent on number concentration. Aggregation efficiency 

in the case 30th in the lower part of cloud is higher than the upper parts of the cloud or in the case of 

26th making possible the rapid growth of radar reflectivity. The increased value of KDP is a sign of 

a large number of oblate particles; however, the number concentration in the case of 30th is even 

higher. Higher number concentration and smaller KDP could be a consequence of isometric crystal 

and random orientations of crystals. In the case of 26th, high number concentration would lead a too 

rapid increase in the radar reflectivity factor on the lower part of the cloud even though aggregation 

efficiency is set small.  
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Fig. 4.13. On the left, the vertical profile of the ice water content of the cloud. On the right, the 

vertical profile of snowfall rate. 26th December, grey lines, and 30th December, black lines. 3-

moment model, solid lines, and 2-moment model, dash lines.   

 

The vertical velocity of air affects the number concentration of particles controlling the falling 

of small particles. The peak of the number concentration is situated approximately on the same 

altitudes as the peak in the vertical velocity of air. KDP has two maximums in the case of 26th: the 

upper smaller maximum is situated just above 4000 meters and the main maximum approximately 

on the altitude of 3000 meters. The upper maximum is located above the fall speed minimum. The 

main maximum of KDP is located below the fall speed minimum, where the fall speed increases 

with decreasing height and causes the decrease of the number concentration. The increase in fall 

speed could be consequence from the decrease of air upward motion, the rapid growth of particles 

or the change of shape particles to denser form. The only factor that is listed above and favors the 

growth of KPD, is the rapid growth of particles. In the model results, there is not a sign of structure 

of two KDP peaks, instead the maximum upward motion of air is situated lower than the minimum 

fall speed in the Doppler observation, and the number concentration peak almost the level as the 

maximum upward motion approximately on 3600 meters. The model cannot precisely simulate the 

observations even though the model results are internally consistent. The model would probably 
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produce only one KDP maximum on altitude approximately 3600 meters. As other radar 

observables than radar reflectivity are not modeled, the KDP profile of the model is not accurately 

known. 

 

Fig. 4.14. On the left aggregation efficiencies. On the right aggregation rates. 26th December grey 

lines and 30th December black lines. 26th December, grey lines, and 30th December, black lines. 3-

moment model, solid lines, and 2-moment model, dash lines.   

 

Very narrow size spectra in upper part of clouds are a doubtful result in the light of empirical 

studies. However, it is a consequence the dominance of deposition in the growth of particles. The 

modeled size spectra are narrower than the observed size spectra of the measurements of 

Heymsfield (2003b), where the values of μ are mainly between -2 – 5. Brandes et al. (2007) 

measured the values of μ of precipitation particles, the sizes of which are larger than 0.04 cm, and 

fitted a gamma function to the measurements. The value of μ on the observations is also mainly 

between -2 – 5. Lo and Passarelli (1982) measured size distributions of ice particles, sizes between 

0.03-0.45 cm, during descending flight spirals. They fitted an exponential distribution function to 

the observations. The exponential distribution has the same shape as gamma distribution when μ is 

zero. The values of λ on the observation vary from approximately 100 in a cloud top to 10 in a 

cloud base. The λ value of the gamma and the exponential distribution cannot directly compare with 
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each other. The mean of gamma distribution is calculated dividing μ + 1 by λ and the mean of 

exponential distribution is the inverse of λ. The mean size of particles is the same order or a little 

larger in the model results than in the observations of Lo and Passarelli (1982).  

 

Fig. 4.15.On the left, the mean diameter of particles in the case of 26th December, thick line and the 

sizes of particles which have diameter 0.1, 0.05, 0.03 and 0.01cm on the upper most model layer 

when only deposition is taken into account in the growth of particles, thin lines. On the right, the 

effects of aggregation, grey line, and nucleation, black line, on the number concentration in the 

case of 26th December. Units are particles/m3s for aggregation profile, and 0.01 particles/m3s for 

nucleation profile. 

 

The modeled particle size distribution on the ground level differs from the observed 

distribution in the case of 26th December. The number of small particles, a diameter smaller than 0.3 

cm, is smaller in the model than in the observations when the radar reflectivity factor is the same. 

The difference is the largest among the smallest particles, which means that the value of μ is too 

high in the model. The number of small particles on the ground level is small when the assumptions 

about the physical processes in the model were valid, because the smallest particles would grow 

close the size 0.2 cm even if only deposition were taken into account. Very small particles, a 

diameter below 0.01cm, have fall speed with respect to surrounding air smaller than 5 cm/s that is 
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why the size limits the possibility to fall through updraft. The existence of small particles requires 

the production of small particles i.e. nucleation or breakup of large particles in the lower parts of a 

cloud. Deposition nucleation is an only nucleation method which is noticed in the model and it 

takes place only when the relative humidity of an air parcel increases. The significance of 

deposition nucleation is minor in comparison with aggregation and cannot remarkably increase the 

number of small particles. The breakup of particles could efficiently increase the number of small 

particles if particles are fragile. The physical processes which are described in the model cannot 

produce the same particle size distribution as observed in the case of 26th December.  
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5. COMPARISON OF 3-MOMENT MOMENT AND 2-MOMENT MODEL  

 

 

Fig. 5.1. The radar reflectivity factor from observations, dotted lines, the 3-moment model, solid 

lines, and the 2-momnet model, dash lines. 

 

The original model described by Mitchells et al. (2006) based on the evolution of the zeroth and the 

second mass moment of a size distribution. The 2-moment model calculates the vertical evolution 

of parameters N and λ but the parameter μ is assumed to be constant and it has to be defined 

beforehand.  For the comparison of the 2-moment and the 3-moment model, the best-fit values of λ 

and μ for the 2-moment model on the upper most model layer are searched using the same method 

as used for searching the best-fit parameter values for the 3-moment model. Other parameters are 

held the same as in the 3-moment model. Using this method, we can find the counterparts that 

minimize the difference between the model result of the 2-monent and the 3-monent model.  
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Fig. 5.2. The vertical derivative of ice water content based on the 3-moment model, grey lines, the 

2-monent model, black lines, the method of the 3-monent model to compute the vertical derivative of 

ice water content using the size distribution of the 2-moment model, dash lines. 26
th

 December on 

the left and 30
th

 December on the right.  

 

The differences between the 3-moment model and the 2-moment model can be explained by 

the differences in the distribution parameters, and the method how the vertical derivative of ice 

water content i.e. the first mass moment is computed. The vertical derivative of ice water content in 

the 2-moment model is computed as in the equation (51) and based on the vertical derivatives of the 

zeroth and the second mass moment of distribution i.e. number concentration and modified radar 

reflectivity.  

  

1���1w � ���2 �� 1��� � y�1��� � y�1w � 1#��L � y*1#��L � y*1w 6 1���� � y� T1�1� V����
6 1wJ#��L � y*T1wJ1� V�), � 1���� � y� T1�1� VNss 6 1wJ#��L � y*T1wJ1� VNss� 

(51) 
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The first mass moment conversation equation which is used in the 3-moment model are presented in 

equation (52). 

 

1���1w � 1
���� − y �−��� 1����� − y�

1w + T1���
1� V�),� 

  (52) 

Comparing above equations (51) and (52) the next remarks can be made: 

1 The flux divergence causing by the variation in fall speed i.e. terms  Q���
: � W

�.�Q��
��.�Q��

�� +
W

#.¦LQ�*
�#.¦LQ�*

�� � and 
Q���

.§¨©Q�
��.§¨©Q��

��   should be equals, which is true in the case of the 

model results. 

2 Deposition terms: 
���

:�L#.ªLQ�* ���L
�0 ��), and 

W
.§¨©Q� �����

�0 ��),should be equals. The difference 

between these terms is presented in the figure 5.3. 

3 Nucleation term: 
���

:��.�Q�� ���
�0 �����should be almost zero because nucleated ice particles are 

first small so the nucleation does not directly affect ice water content. Nucleation has only 

minor role in the increase in ice water content in the 2-moment model.  

4 The sum of aggregation terms: 
���

: �− W
��.�Q�� ���

�0 �Nss + W
�L#.ªLQ�* ���L

�0 �Nss� should be 

zero. Aggregation does not affect the total mass of snow particles only the size distribution of 

particles. The influence of aggregation on the vertical derivative of ice water content in the 2-

monent model is presented in the figure 5.3.  

 

The differences between the distribution parameters and the method, how ice water content is 

computed, affect the vertical derivative of ice water content. The difference causing the method is 

the largest on the altitudes where the increase in μ is the biggest. This result is reasonable because 

the growth of μ is a consequence of the relatively large growth of ice water content compared with 

the growth of radar reflectivity. The computation method of the ice water content of the 3-moment 

model leads even the bigger growth of ice water content when the size distribution of the 2-

momemt model is used, thus the computation method is responsible for the bigger growth of the ice 

water content in the 3-moment model in the upper parts of the clouds.  
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Fig. 5.3. The influence of the deposition on the vertical derivative of ice water content using the 

computation method of the 3-moment method with distribution parameters from the 2-moment 

model result, grey lines, and the 2-moment method with distribution parameters from the 2-moment 

model result, black lines. The influence of aggregation on the vertical derivative of the ice water 

content in the 2-moment model, dash lines. 26th December on the left and 30th December on the 

right. 

 

The fixed value of μ leads to faster growth of mean size and thus the faster increase in radar 

reflectivity weighted fall speed, which causes the bigger flux divergence of radar reflectivity on 

each layer in the upper parts of cloud. Number concentrations are higher and mean sizes are smaller 

in the 2-moment model because more effective deposition and aggregation processes are needed for 

balancing the flux divergence. The growth of particles and the decrease of the number 

concentrations are faster in the 2-moment model and the number concentrations become smaller 

and the mean sizes become larger in the lower parts of the clouds in the 2-moment model than in 

the 3-moment model. 

The main difference between the 2-moment and the 3-moment models is the vertical 

evolution of μ. Comparing the 3-moment model and the 2-moment model, the large values of μ in 

the 3-moment model can be explained. In the 3-moment model, the relatively large growth of ice 



55 
 

water content leads to the high values of μ. On the other hand, the high value of μ is an indicator of 

a very narrow size spectrum and because the fall speed of a particle is dependent on the size, the fall 

speed dispersion becomes small. The small fall dispersion causes a low aggregation rate, which 

increases the role of deposition in the growth of particles. This feedback mechanism, which is 

presented in figure 5.4, explains a large part of differences between the 3-momemt and the 2-

moment model. 

 

Fig. 5.4. The feedback mechanism, which cause the high values of μ in the 3-moment model. 

 

The 2-moment model is not capable of simulating the vertical evolution of ice water content 

as the 3-moment model, which affects the particle size distribution. In the 3-moment model, the 

values of μ are questionably high, which is the consequence of the feedback mechanism. As size 

distribution observations are not made on the altitudes of high μ, the validity of the 3-moment 

model results cannot be verified but probably the values of μ are too high, because the results of 

such high values of μ are not reported in the literature. This conclusion means that the description of 

the physical processes is not adequate for the 3-moment model even though it is working in the 2-

moment model. The processes that probably should include the model are breakup processes of ice 

particles and the description of nucleation processes should improve. 
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6. M ODEL TESTING  

6.1 Evaluation of the accuracy of fall speed and aggregation  

6.1.1 Evaluation of the accuracy of fall speed approximations 

The zeroth, the first and the second mass moment weighted fall speed of particles is defined as 

follows.  

 

�� � « G���������%� �  

(53) 

���� � « ����G���������%� ���  

(54) 

��L � « �:���G���������%� wJ  

(55) 

In the model, the fall speed inside of integral is calculated using the fall speed power law with the 

constant values of a and b. The equations that are used in the model are presented below. The mass 

median diameter, which is calculated as Mitchell (1991), is used as D for calculating a and b as in 

the model of Mitchell et al. (2006).  

 

� � RJ 6 � 6 0.67
  

(56) 

�� = « I�K������%
�

« ������%
�

= I Γ�� + R + 1�
Γ�� + 1�K  

(57) 

���� = « IJ�KLI�K������%
�

« ��������%
�

= I Γ�� + RJ + R + 1�
Γ�� + RJ + 1�K  

(58) 

�®L = « IJ: �:KLI�K������%
�

« IJ: �:KL������%
�

= I Γ�~ + 2RJ + R + 1�Γ�~ + 2RJ + 1�K  

(59) 
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Fig. 6.1. The relative error of the analytical approximation method compared with the numerical 

method in the fall speeds. The relative error is calculated in such a way that the numerical fall 

speed is subtracted from the analytical approximated fall speed and divided by the numerical fall 

speed. 26th December is on the left and 30th December on the right.  

 

The parameters a and b of the fall speed power law is defined in such a way that  the power 

law is the equation of the tangent of the whole fall speed function on the (lnV, lnD)-plane. As the 

whole fall speed function is a concave function on the (lnV, lnD)-plane, the fall speed approximated 

using the fall speed power law is an overestimation of true fall speed except at the point where D 

has the value of the mass median diameter. As the fall speed of a single particle is overestimated, 

the zeroth, the first and the second mass moment weighted fall speeds are overestimated in the 

model. The overestimation of fall speed can be evaluated by comparing the fall speed calculated as 

in the model with the numerically integrated fall speed calculated using the whole fall speed 

equation. The numerical computations of the zeroth, the first and the second mass moment weighted 

fall speed base on following equation where ν is the order of a mass moment. 

¯ IJ{��nW
2Γ�� 6 1� �G�� �� {KLn� exp��� � 6G�� nW�� nW{KLn� exp��� nW��x� nW � � z

/QW
 °W

 

(60) 
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The errors in the numerical integration are set so that the evaluated truncation error in the 

small or big end of the distribution function must not exceed 0.1 per cent of the computed value of 

integral and maximum discretization error must not exceed 1 per cent of the computed value of 

integral. The difference between the analytical approximation and the numerical computations of 

the fall speed is presented in figure 6.1 

The overestimation of the analytical approximation on average is small especially when a size 

spectrum is narrow. The difference between the analytically approximated and the numerical fall 

speed does not cause large differences on the model results.  

6.1.2 Evaluation of the accuracy of aggregation integrals 

Aggregation terms situated on the zeroth and second mass moment equations, include a double 

integral over the whole size spectrum. The calculations of the integrals include the same 

simplification as the calculation of fall speed, the coefficients a and b are assumed constants. The 

equations of the zeroth and the second mass moment aggregation integral are presented next.   

t t �������p� �u4 �� 6 �p�:x�������p�z{:|G��� � G��p�|����p
%

�

%

�
 

� �uIIJ{ �:
4Γ�� + 1�:: t t ��n{KL�p�n{KL exp�−� − �p� �� + �p�:|�K − �pK|����p

%

�

%

�

= �uIIJ{ �:
4Γ�� + 1�:: �{�R, RJ, �� 

 (61) 

Iν is the integral which is calculated using the Gauss hypergeometric function for the zeroth and the 

second moment, and ν is the order of a mass moment. The assumption that a and b are constants 

affects the fall speed dispersion of the different size particles and that way collision probability. The 

evaluation of the accuracy of the simplified equation can be made by comparing the result of last 

form of equation (61) with the numerical integration of the aggregation integral. The aggregation 

integral is computed numerically by using the next equation. 
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 (62) 

The errors of the numerical integration are set so that the evaluated truncation error in the 

small or the big end of a distribution function must not exceed 1 per cent of the computed value of 

the integral and the maximum discretization error must not exceed 10 per cent of the computed 

value of the integral.  

 

Fig. 6.2. The relative error of the analytical approximation method compared with the numerical 

method in the aggregation integral. The relative error is calculated in such a way that the 

numerical value of the aggregation integral is subtracted from the analytical approximated integral 

and divided by the numerical integral. The aggregation integral of the zeroth mass moment, dash 

lines, and the integral of the second mass moment, solid line. 26th December is on the left and 30th 

December on the right.  
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The method used in the model seems to underestimate the values of the zeroth mass moment 

aggregation integral and therefore a decrease of a number concentration is underestimated in the 

model compared with numerical values. The aggregation integral of the second mass moment 

behaves on the contrary. The model overestimates the effects of aggregation in the growth of a 

radar reflectivity factor.  The differences are dependent on the width of size spectrum in such a way 

that the difference is bigger when the size spectrum is broad.  The difference on average does not 

exceed 10 per cent of the value of the numerical aggregation integral thus the difference is inside 

the maximum error, which is possibly made in the numerical integration.  

6.2 Effects of snow type  

 

Fig. 6.3. On the left, the vertical evolution of the radar reflectivity factor of snow types. On the 

right, the vertical evolution of the number concentration of snow types. Isometric crystals black 

solid lines, thick plates grey solid lines, thin plate black dash lines, sector plates grey dash lines, 

dendrites dotted lines. 

 

The vertical evolutions of the distribution parameters of five snow types are studied for 

clarifying the effects of the snow type on the evolution of the size distribution. The crystal 
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types are isometric crystals, thick plates, thin plates, sector plates, and dendrites. They are all 

plate like crystal because the major growth of particles occurs in the region where the growth 

directs in the plane of a-axis. The information about the shape of particles is included in six 

parameters in the model. The parameters are shown in table 6.1. The parameters of the mass 

and the projected area equations are chosen in such a way that the mass or the projected area 

functions of a particle does not cross the mass or the projected area function of other particle 

until the size particle is very small. If this was not taken into account, the mass order of the 

snow types or the area order of the snow types would change during the growth of particles. 

Meteorological conditions are from the case of 26th December except humidity which is set 

suitable for each crystal type.  

 

 Fig. 6.4. On the left, ice water content and on the right snowfall rate. Isomeric crystals black solid 

lines, thick plates grey solid lines, thin plate black dash lines, sector plates grey dash lines, 

dendrites dotted lines.   
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Table 6.1 Shape parameters 

Snow type RHIce MAX CShape EAgg am bm aA bA 
Isometrical 
crystals 103 0.45 0.02 0.300 3.00 0.65 2.00 
Thick plates 105 0.40 0.05 0.100 2.90 0.55 1.95 
Thin plates 110 0.35 0.10 0.030 2.70 0.55 1.95 
Sector plates 115 0.30 0.20 0.010 2.40 0.45 1.90 
Dendrites 120 0.25 0.60 0.003 2.10 0.35 1.80 
 

An increase in a radar reflectivity factor and a decrease in number concentration are the 

faster the hollower the snow type is. Faster aggregation and the bigger growth of fall speed 

causes the faster decrease in the number concentration among hollow particles. Even though 

the increase in the radar reflectivity factor is the biggest among the most hollow particles the 

biggest increase in snowfall rate or in ice water content is among middle particles. Moisture 

limits the growth of isometric crystals and thick plates, but on the other hand, the decrease of 

number concentration limits the increase in ice water content and snowfall rate of dendrites.  

 

Fig 6.5. Model trajectories on the (μ, λ) -plane. Isometric crystals black solid lines, thick plates 

grey solid lines, thin plate black dash lines, sector plates grey dash lines, dendrites dotted lines. 

Thin solid lines are isolines where the mean size of particles is constant. 
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The effects of deposition and aggregation on the evolution of distribution parameters μ 

and λ can be seen in figure 6.5. Deposition causes an increase in μ and λ, whereas aggregation 

causes a decrease in them. Aggregation causes a large part of the growth of the mean size 

among the snow types from dendrites to thin plates. 

6.3 Effects of deposition and aggregation on model trajectory in (μ, λ) -space  

The computation of the evolution of distribution parameters is a system of linear equations when 

the derivatives of the fluxes with respect to distribution parameters are linearizer at the point of 

actual values distribution parameters. The system of the linear equations can be denoted in a matrix 

from. 
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(63) 

�!��· � ���� � y�, ���!��· = �������� − y�, wJ!��· = wJ#��L − y*. The first term on the 

left hand side is the vertical derivative of fluxes caused by the change in distribution parameters. 

The second term is the vertical derivative of fluxes caused by the change in the vertical velocity of 

air. The third term is the vertical derivative of fluxes caused by the change in shape parameters. The 

term on the right hand side is the vertical derivative of fluxes caused by physical processes. 

The vertical derivatives of the distribution parameters can be solved form the matrix equation 

by calculating the inverse matrix from the coefficient matrix i.e. the first matrix on the left hand 

side in the equation (63). The calculation of the inverse matrix is possible only when the matrix is 

nonsingular i.e. the determinant is nonzero. The region on (μ, λ) -plane where the coefficient matrix 

is nonsingular is dependent on the shape parameters and meteorological conditions, especially the 

vertical velocity of air. The curve where the determinant of the coefficient matrix is zero has been 

drawn in the figure 6.6. The uppermost thick black line is a curve where the determinant is zero 

except in figure 6.6.b, in which case the vertical velocity of air is zero and then the zero-determinant 

-line does not exist. The coefficient matrix is nonsingular with all probable values of μ and λ when 

the vertical velocity is zero. When the upward motion of air increases, the nonsingularity 

requirement limits the minimum mean size of particles because the model trajectory on (μ, λ) -plane 
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cannot cross the line where the determinant is zero. The mean size of particles should be bigger 

when the upward motion of air is faster. The shape of crystal, i.e. the parameters of the mass and the 

projected area equations, affects a set of possible μ and λ values. Compact crystals have faster fall 

speed than very hollow crystals of the same size thus the mean size of hollow crystals should be 

bigger so that the determinant is nonzero.  

Another fact about the operation of the model which can be described on (μ, λ) -plane is the 

effects of an individual physical process on the model trajectory on (μ, λ) -plane. When only one 

physical process, either aggregation or deposition, affects the growth of snow particles, the model 

trajectory is not dependent on the number concentration of particles, instead the trajectory is 

sensitive to the shape parameters and the vertical velocity of air. The number concentration affects 

the strength of the physical processes and the change rate of λ or μ in such a way that the effect of 

aggregation on the evolution of μ and λ is directly proportional to the number concentration and the 

effect of deposition is independent on the number concentration.  Consequently, when both 

aggregation and deposition are studied simultaneously, the model trajectory on (μ, λ) -plane is 

dependent on number concentration.  

Deposition trajectories, drawn on figure 6.6.c, are directed from the left to the right i.e. 

towards to the bigger values of λ and μ on the whole (μ, λ) -plane below the zero determinant -

curve, when deposition grows the size of particles. The consequence of deposition is narrowing the 

size spectrum. This result is consistent with the results that are presented on section 4.3. 

Aggregation affects the direction of model trajectories by different ways depending on the 

location in (μ, λ) -plane. Three regions below the zero-determinant -curve can be found where the 

model trajectory is directed to different directions. These areas, which are named phases, are 

presented in figure 6.6 except figure 6.6c and they are outlined by thick black lines. The values of λ 

and μ increase in the left phase, in which the model trajectories are directed from left to right. The 

change in the value of λ becomes negative when the trajectory crosses the second thick black line 

but the model trajectories still are directed towards the right thus aggregation cause narrowing the 

size spectrum on the both left and the middle phase.  

A significant change occurs between the middle and the right phase where the change in the 

values of μ becomes negative. The model trajectories in the right phase are directed to the left. 

Aggregation in the right phase results in the decrease in μ and thus broadening of the size spectrum. 

The model trajectory in the right phase cannot cross the phase boundary between the right and the 

middle phase, because the effect of aggregation on the value of μ is positive on the left side of the 

boundary and negative on the right side of the boundary. Model trajectories concentrate near the 

boundary between the middle and the right phase. This boundary limits the minimum value of μ. 
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Negative deposition may take the model trajectory cross the phase boundary because deposition in 

the model, even though it is negative, affects only the mass of particles but does not decrease the 

number concentration of particles because of evaporation. The evaporation of particles probably 

causes narrowing the size spectrum because evaporation is fast among small particles than large 

particles compared with the mass of a particle and thus the decrease in the number concentration is 

more significant than the decrease in the ice water content.  

The model trajectories have been computed with all particle types that are listed in table 6.1 

and the air vertical velocities 0, 2, 10, 20, 50 cm/s. The phase boundaries of aggregation are 

dependent on the shape of a snow particle and the vertical velocity of air. Minimum μ values 

become smaller when the snow particles become more hollow. The vertical velocity of air affects 

the minimum μ when particles are small but the vertical velocity does not have significant influence 

on the minimum μ when particles are large. The smallest minimum μ values are achieved with 

dendrites, but even then, the minimum μ is bigger than in the observations of PVI on 26th December 

thus the model with the physical processes, which are described and how they are described in the 

model, is not capable of achieving as small values of μ as in the observations. 

 

Fig. 6.6. Zero determinant curves and other model phase boundaries, thick black lines, of dendrites, 

thin plates and isometric crystals with air vertical velocity 20 cm/s on (μ,  λ) -plane in figures a, c, 

e. Zero determinant curves and model phase boundaries, thick black lines of thin plates with air 

vertical velocity 0, 20, 50 cm/s on (μ, λ) -plane in figures b, d,  f. The model trajectories, grey lines, 

of thin plates with 20cm/s air vertical velocity are presented in the middle. Deposition trajectories 

goes from the left to the right on figure c and aggregation trajectories from the left to the right on 

the left side and  from the right to the left on the right side of figure d. Thin black lines are the mean 

size isolines with the mean size of  0.01, 0.1, 1cm. 
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7. CONCLUSION  

The snowfall cases on 26th and 30th December were examined using the new model which uses the 

zeroth, the first and the second mass moments of a snow particle size distribution for computing the 

vertical evolution of the size distribution. For computing the vertical profiles of distribution 

parameters a suitable set of shape parameters should be found. The shape parameters consist of two 

parameters that relate the mass of a particle to the maximum diameter and two parameters that 

relate the projected area of a particle to the maximum diameter and two parameters that describe the 

interactions of a size distribution to the physical processes, deposition and aggregation. The 

determination of shape parameters consists of two steps. First, the shape of particles is defined 

based on the temperature and humidity of surrounding air and the growth history including the 

aggregation of particles. Second, suitable shape parameters are defined for the chosen shapes of 

particles. The choice of suitable values is possibly inaccurate because the shapes of particles are not 

known precisely and the mass and projected area relations are significantly scattered in empirical 

studies therefore the choice of the parameters is possibly a source of modeling errors. 

Suitable shape parameters are selected in such a way that the squared difference between 

modeled and observed radar reflectivity factor is minimized. In addition, the fall speed of particles 

from Doppler radar measurements and the size distribution measurements on the ground level are 

utilized. KDP and ZDR, which based the differences in the propagation and reflectivity of vertically 

and horizontally polarized radio waves, are used subjectively to evaluate the suitability of shape 

parameters because KDP or ZDR cannot be modeled with the model. Increased KDP values, which 

indicate the occurrence of numerous plate crystals, in upper parts of cloud on 26th December are 

used as prior information. An aim of the study was to compare the snowfall case when increased 

KDP is observed with a case when the KDP values are low in the whole cloud. 

The vertical evolution of a radar reflectivity factor is modeled accurately in both cases. 

Differences between modeled and observed fall speed and size distributions decrease the reliability 

of the veracity of model results. The dissimilarity between modeled and real air vertical velocity 

may be a source of differences in fall speeds because measurements of vertical velocity of air are 

not available instead, the vertical velocity of air is evaluated in such a way that the relative humidity 

of air should remain almost constant. In the case of 30th December, the size distribution on the 

ground level in the model results is close to the observed size distribution whereas in the case of 

26th December the number of small particles is significantly underestimated in the model. The 

observed size distribution is close to an exponential distribution or a small negative value of μ gives 
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the best fit of gamma distribution to the observer size distribution. In the model results, the value of 

μ is approximately 1.5 at the lowest model level.   

In the case of 26th December, another difference between model results and observations is 

the location of KDP maximum. The observed KDP maximum is located approximately on the 

altitude of 3000 meters whereas modeled number concentration has a local maximum 

approximately on 3500 meters where a particle type is a plate crystal, indicating that maximum 

KDP would be situated approximately on 3500 meters. The maximum number concentration is 

located just above the maximum upward motion of air, but observed fall speed minimum is located 

higher approximately on 4000 meters. The possible reason for the differences between the model 

results and the observations is the steady state assumption that is made in the derivation of model 

equations. Horizontal advection is ignored in the model thus if the changes in a size distribution, the 

shapes of particles or vertical velocity of air are not negligible at the timescale of particles falling 

and horizontal scale of advection influencing the vertical evolution of a size distribution, the model 

is not capable simulating the vertical evolution of size distribution. Another fact that causes the 

differences between the model results and observations is unsuitable shape parameters. The choice 

parameters give the best fit for the observation among a large group of tested parameters but if 

steady state assumption is not valid, finding the suitable values of shape parameters does solve the 

problems of invalid steady state assumption.   

On 26th December, a large number of plate crystals on altitude approximately 3500 meters in 

the model are the consequence of the peak in the upward motion of air. Below 3500 meters, 

aggregation and the slowdown in air vertical velocity result in the rapid decrease of number 

concentration. High number concentration and sufficient relative humidity result in fast water vapor 

deposition to ice particles, the local maximum of ice water content, and the fast growth of snowfall 

rate. The biggest growth in ice water content and snowfall rate occur with thin or sector plate 

crystals when different types of particles are tested. This is the consequence from sufficient relative 

humidity and the high number concentration of particles. Even though the growth in a radar 

reflectivity factor and the mean size of particles is faster with dendrite type particles, the growth in 

snowfall rate and ice water content is smaller, because of smaller number concentration which is 

caused by faster aggregation. In a light of model results, the increased values of KDP when it is the 

sign of numerous plate crystals and associate with the significant growth of a radar reflectivity 

factor indicate high intensity snowfall.  

On 30th December, crystals are assumed being more isometric, and the humidity of air is 

smaller thus the growth in a radar reflectivity factor, ice water content and snowfall rate is small in 

upper part of cloud. Availability of moisture limits the growth of particles. The significant growth 
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in a radar reflectivity factor and snowfall rate does not occur until in lower parts of could where 

deposition growth favors the development of columns or needles thus particles probably have 

irregular shape and aggregation has an important role in the growth of particles.  

The comparison of the 3-moment model and the 2-moment model gives the information about 

the interactions of distribution parameter μ to physical processes. In the 2-moment model, μ has a 

fixed value thus deposition does not have direct influence on ice water content, i.e. the first mass 

moment, instead, the vertical evolution of ice water content is calculated form the evolutions of the 

zeroth and the second mass moments. The growth of ice water content is underestimated in the 2-

moment model compared with the 3-moment model and deposition does not narrow a size 

distribution as in the 3-moment model. In the 3-moment model, the increase in μ results in a 

narrower size spectrum, smaller fall velocity dispersion and smaller aggregation rate. The smaller 

aggregation rate increases relative importance of deposition thus the high values of μ feed the 

growth of μ. 

The vertical evolution of the distribution parameters: μ and λ, is dependent on the relative 

importance of aggregation and deposition on the growth of particles. Relative changes between μ 

and λ are not dependent on the number concentration of particles when an individual process, even 

deposition or aggregation, is examined. Only the location of a model trajectory in the (μ, λ) -space 

determines the track of the trajectory. Deposition always causes the growth of μ and λ whereas the 

influence of aggregation on the change of μ and λ is dependent on the location of the model 

trajectory. Usually, aggregation causes the decrease of μ and λ thus deposition and aggregation has 

competing effects on the change of μ and λ. In both studied snowfall cases, the dominance of 

deposition on the upper part of cloud can be seen in the increasing values of μ and λ. Aggregation is 

a more significant factor in the growth of particles in the lower parts of cloud where μ and λ 

decrease. Aggregation does not always decrease the values of μ and λ. The influence of aggregation 

is opposite when μ is small and therefore μ has the minimum limit where the influence of 

aggregation on the value of μ turns positive. The minimum μ is dependent on the mean size of 

particles, the shapes of particles and the vertical velocity of air. The minimum values of μ are 

positive with all examined snow types thus the model is not capable producing the size distribution 

as the observed size distribution on 26th December when the best fit value of μ is negative.  

The values of μ and λ in the model are questionably high in upper parts of clouds. The 

physical processes described in the model cannot produce the so small values of μ as observed on 

the ground level in the snowfall case on 26th December. Breakup of particles is not included in the 

model and only deposition nucleation as a nucleation method is included in the model. If liquid 

water does not exist in the cloud, deposition nucleation is the only nucleation method that is capable 
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producing new ice particles. Other nucleation methods require the existence of super cooled liquid 

water and thus relative humidity should exceed the saturation humidity with respect to liquid water. 

The breakup process or the other nucleation methods, if humidity exceeded the water saturation 

humidity, would increase the number of small particles and decrease the values of μ. 

The function of the new 3-moment model is internally consistent even though the searching of 

suitable shape parameters complicates the use of the model. If a basic function between the shape 

parameters was found, possibly only one variable would determine the mass and the projected area 

of a particle and thus makes the use of the model easier. The new model questions the vertical 

evolution of ice water content and the snowfall rate computed with the 2-moment model. The 

growth of snowfall rate due to deposition is faster in the 3-moment model than in the 2-moment 

model. The consequence of deposition in the 3-moment model is the narrowing of the size 

spectrum, which becomes too narrow in upper parts of clouds and in lower parts of clouds, the 

number of small particles is underestimated in the snowfall case of 26th December. These model 

results suggested that the breakup of particles would have the important role in the vertical 

evolution of a size distribution. 
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