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Abstract

The dissertation Amenability of metric measure spaces and fixed point proper-
ties of groups consists of three articles revolving around amenability and prop-
erty (T) in different contexts, and a summary.

In the first article, (non-)amenability of hyperbolic metric spaces is consid-
ered. In it, we prove that a uniformly coarsely proper hyperbolic cone of a con-
nected bounded metric space containing at least two points is non-amenable.
In particular, this implies that any uniformly coarsely proper visual Gromov
hyperbolic space with connected boundary containing at least two points is
non-amenable.

In the second article, the degree of amenability of metric measure spaces is
considered in general. Here, we prove a homological characterisation of global
weighted Sobolev inequalities for quasiconvex uniform metric measure spaces
that support a local weak (1, 1)-Poincaré inequality using methods from large
scale algebraic topology.

Returning to the topic of the first article, we show that a quasiconvex visual
Gromov hyperbolic uniform metric measure space that supports a local weak
(1, 1)-Poincaré inequality with a connected boundary containing at least two
points satisfies a global Sobolev inequality.

In the third article, fixed point conditions for uniformly bounded group ac-
tions on Hilbert spaces are considered. In the article, we establish a spectral con-
dition for the vanishing of the 1-dimensional cohomology group of the complex
of square integrable cochains twisted by a uniformly bounded representation of
an automorphism group of a 2-dimensional simplicial complex. In particular, if
the automorphism group acts properly discontinuously and cocompactly on the
complex this implies that every affine action of the automorphism group on the
Hilbert space with linear part given by the representation has a fixed point.

In the summary, the results of the articles are further explained and placed
in a larger context: mathematically as well as historically.
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Preface

The best way to understand the present is to know the past. For this, I go back
thirty-six years. In 1980, the growth of groups was a relatively new concept,
introduced by A. Švarc [54] in 1955, and rediscovered by J. Milnor [46, 47]
around 1968. The work of A. Švarc and J. Milnor later condensed to what is
known today as the fundamental observation of geometric group theory: if a
group acts properly and cocompactly by isometries on a geodesic space then the
group is finitely generated and quasi-isometric to that space. However, the birth
of geometric group theory as we know it today had to wait for another twenty
years.

In 1981, M. Gromov published his celebrated theorem stating that if a finitely
generated group has polynomial growth then it is virtually nilpotent [29]. To-
gether with the result of J. Wolf [58] from 1968, this completed the proof that
virtually nilpotent groups are precisely those with polynomial growth. By the
time R. Grigorčuk had found groups of intermediate growth [27], a larger pic-
ture emerged; there existed exactly three growth types for finitely generated
groups: polynomial, intermediate, and exponential. If a group had polynomial
or intermediate growth it was amenable, and if it had exponential growth, it
could be either or. From this point onwards, the story gained momentum.

In 1981, M. Gromov also introduced the notion of quasi-isometry [30], and
in 1983 the program of viewing infinite groups as metric objects [31]. In 1984,
R. Grigorčuk mentioned the term asymptotic group theory for the first time
[28], and in 1987, almost 130 years since the discovery of hyperbolic geometry
[8, 45], M. Gromov introduced hyperbolic groups [32] and published his famous
monograph [33] in 1991.

Today, geometric group theory and the study of metric spaces has become
forever entwined, and measured group theory has begun to surface. Articles [A],
[B], and [C] constitute the article part of this article-based dissertation; focusing
on a small part of these themes, as I now describe.

In the first half of the first chapter of the summary, I present article [A]
and its results in the most straightforward way. Since their appearance in [32],
finitely generated amenable hyperbolic groups have been well understood. Like-
wise, a thorough account on locally compact compactly generated amenable hy-
perbolic groups is given in [13]. So to begin, we only briefly recall the notion
of amenability of groups before moving on to metric spaces. The main result
in article [A] can be viewed as a step towards better understanding amenability
of hyperbolic metric spaces that are not groups or manifolds. Previously, the
strongest result in this direction is for complete Gromov hyperbolic Riemannian
manifolds admitting a quasi-pole [12].

In the second part of the first chapter, I apply growth homology to metric



measure spaces to gain insight on global Sobolev inequalities; I also apply these
to the solvability of the Dirichlet problem at infinity for Gromov hyperbolic
metric measure spaces. Together, this constitutes the main part of article [B].
Compared with previous work, this can be viewed as a generalisation of the
result in [50] to metric measure spaces. The result on the solvability of the
Dirichlet problem at infinity in turn generalises the result in [12].

The second chapter of the summary goes in the direction opposite to the
first. This time, cohomology plays a central part, and I investigate a fixed point
property that generalises property (T), a property opposite to amenability for
infinite discrete groups introduced by D. Kazhdan 1967 in [44]. Until the work
by A. Żuk, W. Ballmann, and J. Świa̧tkowski in the mid-1990s [3, 60], finding
property (T) groups was elusive at best. In article [C], I develop a spectral
condition, similar to that of W. Ballmann and J. Świa̧tkowski for isometric
representations, more generally determining when a uniformly bounded repre-
sentation has a fixed point by adapting methods from [49]. This line of research
is fairly new, but has proved to be extremely fruitful [2, 48].



Chapter 1

Amenability

A group G is amenable if for every finite subset Q ⊆ G and every ε > 0 there
exists a finite non-empty subset F ⊆ G such that

#(QF )

#F
≤ 1 + ε,

where QF = {qf ∈ G : q ∈ Q, f ∈ F} and #(QF ) denotes its cardinality. His-
torically, the notion of amenability emerged from the attempts to understand
the paradoxical decompositions of F. Hausdorff, S. Banach, and A. Tarski [4, 36]
arising from G. Vitali’s discovery of non-measurable subsets of the real line [56]
that relied on E. Zermelo’s proof of well-ordering [59]. Amenability is precisely
the obstruction to such decompositions, and was discovered by J. von Neumann,
who called it meßbar [57]. The term amenable appeared for the first time in M.
Day’s landmark paper [19], and the condition we take here as a definition dates
back to E. Følner [24]. Examples of amenable groups include:

(a) finite groups,
(b) subgroups of amenable groups,
(c) quotients of amenable groups,
(d) group extensions of amenable groups,
(e) solvable groups.

We will return to some of these in the next section. Since the days of M. Day,
amenability quickly gained ground in functional analysis, extending beyond its
initial foundational scope, and following the rise of geometric group theory and
the view of finitely generated groups as metric objects [31], J. Block and S.
Weinberger initiated the study of amenable metric spaces in [6]. This is the
main topic of articles [A] and [B].

1.1 Amenability of metric spaces

Here, we present the main results of article [A] saying that any uniformly
coarsely proper visual Gromov hyperbolic metric space with connected bound-
ary containing at least two points is non-amenable. This follows from a more
general result for hyperbolic cones which we discuss later.

10
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A subset Γ ⊆ X of a metric space (X, d) is uniformly locally finite if there
exists a function N : (0,∞) → N such that the cardinality

#(B(x, r) ∩ Γ) ≤ N(r)

for any open metric ball B(x, r) ⊆ X, and (μ)-cobounded in X if d(x,Γ) < μ for
all x ∈ X. A cobounded uniformly locally finite subset Γ ⊆ X is called a quasi-
lattice, and a space (X, d) with a quasi-lattice is said to be uniformly coarsely
proper. Note that (X, d) is uniformly coarsely proper if and only if there exists
r0 > 0 such that for all R > r > r0 every open ball of radius R in X can be
covered by N(R, r) ∈ N open balls of radius r in X; see [15, Proposition 3.D.16].

A uniformly coarsely proper space (X, d) with quasi-lattice Γ ⊆ X is amenable
if for for all r > 0 and all ε > 0 there exists a finite non-empty subset F ⊆ Γ
such that

#∂rF

#F
< ε

where ∂rF = {x ∈ Γ: d(x, F ) < r and d(x,Γ\F ) < r}. Being amenable does not
depend on the choice of quasi-lattice. In fact, amenability is a quasi-isometry
invariant where a (λ, μ)-quasi-isometry is any map f : X → X ′ between metric
spaces (X, d) and (X ′, d′) such that for some λ ≥ 1 and μ ≥ 0

λ−1d(x, y)− μ ≤ d′(f(x), f(y)) ≤ λd(x, y) + μ

for all x, y ∈ X, and f(X) is μ-cobounded in X ′; see [6, Corollary 2.2]. A
uniformly coarsely proper space (X, d) is said to be non-amenable if it is not
amenable, meaning there exists a quasi-lattice Γ ⊆ X and constants C > 0 and
r > 0 such that the isoperimetric inequality

#F ≤ C#∂rF

holds for all finite subsets F ⊆ Γ. It is a standard fact that a finitely generated
group G with generating set S ⊆ G is amenable if and only if the corresponding
word metric space (G, dS) is amenable. Here dS : G × G → [0,∞) denotes the
word metric

dS(g, h) = min{n ∈ N : g−1h ∈ (S ∪ S−1)n},
where S0 = {e}, S−1 = {s−1 : s ∈ S}, and Sn = SSn−1 whenever n ∈ N \ {0}.
In the spirit of Gromov, we identify a finitely generated group G with (G, dS).
Note that (G, dS) is unique up to quasi-isometry.

For f, g : [0,∞) → [0,∞) write f 
 g if f � g and g � f where f � g if
and only if there exist λ, μ > 0 and c ≥ 0 such that f(r) ≤ λg(μr + c) for all
r ≥ 0. A uniformly coarsely proper space (X, d) has exponential growth if for
some o ∈ X and quasi-lattice Γ ⊆ X we have #(B(o, r) ∩ Γ) 
 er for all r > 0.
A uniformly coarsely proper space (X, d) has polynomial growth if

lim sup
r→∞

log#(B̄(o, r) ∩ Γ)

log r
< ∞,

for some o ∈ X and quasi-lattice Γ ⊆ X. Both polynomial and exponential
growth are quasi-isometry invariants [15, Proposition 3.D.23]. The following
list of examples is by no means exhaustive; see [15] for more details.
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(a) ∅ is non-amenable and every non-empty bounded space (X, d) is amenable.
(b) Any non-empty uniformly coarsely proper space (X, d) with polynomial

growth is amenable. For example, the first real Heisenberg group (H1(R), dH)
with Heisenberg metric dH is quasi-isometric to the first integer Heisenberg
group (H1(Z), dS) with word metric dS that has polynomial growth. The first
real Heisenberg group consists of the set H1(R) = R

3 with group multiplication

(x1, y1, z1) · (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + (x1y2 − y1x2)),

and the Heisenberg metric is

dH((x1, y1, z1), (x2, y2, z2)) = ‖(x1, y1, z1)
−1 · (x2, y2, z2)‖H ,

where ‖(x1, y1, z1)‖H = ((x2
1 + y21)

2 + z21)
1/4. The first integer Heisenberg group

consists of the set H1(Z) = Z
3 with group multiplication as above restricted to

Z
3.
(c) By Gromov’s theorem of polynomial growth [29] a finitely generated group

G is virtually nilpotent if and only if (G, dS) has polynomial growth.
(d) If a finitely generated group (G, dS) has a non-amenable subgroupH ≤ G

then (G, dS) is non-amenable.
(e) A metric tree (Tn, d) of constant valency n ≥ 3 is non-amenable, whereas

(T2, d) is amenable. In particular, the free group (Fn, dS) for #S = n ≥ 2 is
non-amenable.

(f) Let (T, d) be the space obtained from [0,∞) and (T3, d) by gluing 0 to
some vertex in the tree T3. Then, T3 ⊆ T where (T3, d) is non-amenable, but
(T, d) is amenable.

(g) The Lamplighter group (L, dS) is amenable and has exponential growth
[41].

(h) A metric space (X, d) is Gromov hyperbolic if for some 0 ≤ δ < ∞
(x|z)w ≥ min{(x|y)w, (y|z)w} − δ,

for all x, y, z, w ∈ X, where (x|y)w denotes the Gromov product of x and y
with respect to w. A finitely generated group (G, dS) is hyperbolic if it is
Gromov hyperbolic as a metric space. In particular, an infinite finitely generated
hyperbolic group (G, dS) is amenable if and only if G is virtually cyclic [32]. The
special linear group SL(2,Z) is a finitely generated non-amenable hyperbolic
group.

(i) The real hyperbolic space (Hm, d) where m ≥ 2 is non-amenable.
(j) More generally, let (X, d) be a geodesic space and (G, dS) a finitely gen-

erated hyperbolic group acting properly discontinuously and cocompactly by
isometries on (X, d). By the fundamental observation of geometric group theory
(X, d) is Gromov hyperbolic and quasi-isometric to (G, dS).

In light of these examples, we now make some observations on amenability
and Gromov hyperbolicity leading up to Question 1 below. First of all, ev-
ery finite group is hyperbolic and amenable, and an infinite finitely generated
hyperbolic group is amenable if and only if it is virtually cyclic. What about
Gromov hyperbolic spaces? As for groups, every non-empty bounded metric
space is Gromov hyperbolic and amenable, and if a group acts on a geodesic
space, the fundamental observation of geometric group theory reduces the ques-
tion to groups. However, in the absence of a group action the situation is more
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delicate as the construction in (f) shows. The space T is Gromov hyperbolic,
has a non-amenable subspace T3 ⊆ T , but T is amenable.

Question 1. When is a uniformly coarsely proper Gromov hyperbolic space
non-amenable?

Surprisingly, the question has been addressed directly only in the context of
complete Gromov hyperbolic Riemannian manifolds and graphs with bounded
local geometry admitting a quasi-pole by J. Cao in [12]. In article [A] we give
the following answer to Question 1.

[A, Theorem B]. Let (X, d) be a uniformly coarsely proper visual Gromov
hyperbolic space. If its Gromov boundary contains at least two points and is
connected then (X, d) is non-amenable.

A space (X, d) is visual if there exist o ∈ X and μ ≥ 1 such that every
point in X is contained in the image of some (1, μ)-quasi-isometric embedding
f : [0,∞) → X for which f(0) = o. A (λ, μ)-quasi-isometric embedding is a map
f : X → X ′ between metric spaces that satisfies the inequality required for a
(λ, μ)-quasi-isometry but f(X) ⊆ X ′ is not necessarily μ-cobounded for any μ.

The Gromov boundary of a visual Gromov hyperbolic space (X, d) is the set
∂X = So/ ∼ where

So =

{
(xi)i ∈

∏
i∈N

X : lim
i,j→∞

(xi|xj)o = ∞
}

and (xi)i ∼ (yi)i if and only if limi→∞(xi|yi)o = ∞ with respect to the Gromov
product. Fixing a metric d∂X in the canonical gauge, we consider the Gromov
boundary to be the metric space (∂X, d∂X) with its associated topology; see [10,
Lemma 6.1]. In particular, (∂X, d∂X) is bounded and complete [10, Proposition
6.2].

We list some examples of Gromov boundaries writing X ≈ Y when X and
Y are homeomorphic as topological spaces:

(a) If (X, d) is a bounded metric space, then ∂X = ∅.
(b) If (G, dS) is an infinite cyclic group, ∂G ≈ {0, 1} with discrete topology.

For example, ∂Z ≈ {0, 1}.
(c) If (Mn, d) is a Cartan-Hadamard n-manifold, that is, a complete con-

nected simply connected Riemannian n-manifold, n ≥ 2, of non-positive sec-
tional curvature, then ∂Mn ≈ S

n−1. For example, ∂Hn ≈ S
n−1.

(d) If (T3, d) is a metric tree with valency 3, then ∂T3 ≈ C, where C is
the Cantor set that in turn is homeomorphic to any other non-empty totally
disconnected compact metric space that is perfect, that is, does not contain
isolated points. Similarly, ∂Fn ≈ C for n ≥ 2.

(e) If a finitely generated group (G, dS) is Gromov hyperbolic, precisely one
of the following is possible: G is finite and ∂G = ∅; G contains an infinite cyclic
group of finite index and ∂G ≈ {0, 1}; or G contains a subgroup isomorphic to
F2 and ∂G is homeomorphic to an infinite perfect compact topological space;
see [32] and the survey [43].

(f) If (G, dS) is finitely generated and hyperbolic, then ∂G ≈ S
1 if and only

if G is virtually Fuchsian by Tukia-Gabai-Freden-Casson-Jungreis theorem; see
the survey [43].
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(g) Cannon’s conjecture: If (G, dS) is a finitely generated hyperbolic group
and ∂G ≈ S

2, then (G, dS) is quasi-isometric to the real hyperbolic space (H3, d).
M. Bonk and B. Kleiner proved in [9] that if the Ahlfors regular conformal
dimension of ∂G is attained then (G, dS) is quasi-isometric to (H3, d).

(h) If (Z, d) is bounded and contains at least two points, the hyperbolic cone
over Z is the metric space H(Z) = Z × [0,∞) with metric

ρ((x, t), (y, s)) = 2 log

(
d(x, y) + max{e−t, e−s}diam(Z)

e−(s+t)/2diam(Z)

)
.

The space (H(Z), ρ) is visual Gromov hyperbolic and typically not geodesic.
In particular, if (Z, d) is bounded and complete ∂H(Z) ≈ Z; see [10] and [A,
Section 3].

Juxtaposing (e) and (h) above, it is clear that the boundary structure of
finitely generated hyperbolic groups is much more rigid than that of Gromov
hyperbolic spaces which up to homeomorphism can be any bounded complete
space. The main result of article [A] for hyperbolic cones H(Z) is the following.

[A, Theorem A]. Suppose (Z, d) is a connected bounded metric space, which
contains at least two points. If (H(Z), ρ) is uniformly coarsely proper then
(H(Z), ρ) is non-amenable.

Summary of the proof of [A, Theorem A]. Following the construction by J.
Cao in [12], approximate the hyperbolic cone by a graph [A, Proposition 11 and
Proposition 12]. Second, on this graph, make an energy estimate corresponding
to a discrete global Sobolev inequality [A, Lemma 14 and Theorem 15]. Finally,
observe that this Sobolev inequality corresponds to the non-amenability of the
graph and hence of the cone; see [6, 50].

Theorem [A, Theorem B] now follows from [A, Theorem A] using the fact
that if (X, d) is a uniformly coarsely proper visual Gromov hyperbolic metric
space, then (H(∂X), ρ) is quasi-isometric to (X, d); see [10, Theorem 8.2]. How-
ever, due to the measure coarse structure of the hyperbolic cone [52, Proposition
2.64], the Theorem [A, Theorem A] may be of independent interest.

1.2 Amenability and geometric amenability of
locally compact groups

Let (G, τ, μ) be a locally compact group with left-invariant Haar measure μ.
That is, the topology τ is Hausdorff and locally compact. The locally compact
group (G, τ, μ) is amenable if for every compact Q ⊆ G and every ε > 0 there
exists a compact F ⊆ G with μ(F ) > 0 such that

μ(QF )

μ(F )
≤ 1 + ε,

where QF = {qf : q ∈ Q, f ∈ F}. The space (G, τ, μ) is geometrically amenable
if for every compact Q ⊆ G and every ε > 0 there exists a compact F ⊆ G with
μ(F ) > 0 such that

μ(FQ)

μ(F )
≤ 1 + ε;
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see [55]. Examples of geometrically amenable groups include any locally com-
pact nilpotent unimodular group, for example R and H1(R).

It is well known but worth to underline that if (G, τ, μ) is a locally compact
group and G is amenable then (G, τ, μ) is amenable. The converse does not
hold. Consider the group of rotations around the origin in R

3 given by

SO(3,R) = {A ∈ O(3,R) : detA = 1} ,

where O(3,R) denotes the orthogonal group in dimension 3. The Lie group
(SO(3,R), τ, μ) is compact and hence amenable, however, at the heart of the
Banach-Tarski paradox lies the fact that the group SO(3,R) contains a sub-
group isomorphic to F2 which is non-amenable; see [4]. In particular, the group
SO(3,R) is non-amenable.

We say that (G, τ, μ) is unimodular if μ is also a right-invariant. Examples
of unimodular groups includes discrete groups with counting measure, the Eu-
clidean space R with Lebesgue 1-measure, the special linear Lie group SL(2,R)
with Haar measure, and the Heisenberg group H1(R) with Lebesgue 3-measure.
We list the following useful facts: if (G, τ, μ) is geometrically amenable it is uni-
modular; and if (G, τ, μ) is unimodular then (G, τ, μ) is amenable if and only if
(G, τ, μ) is geometrically amenable [15, Lemma 4.F.4]. In other words, (G, τ, μ)
is geometrically amenable if and only if (G, τ, μ) amenable and unimodular [15,
Proposition 4.1.5].

We say that (G, τ, μ) is compactly generated if it has a compact generating
set S ⊆ G. The following example should answer some immediate questions:
the real line R with discrete topology is locally compact but not compactly
generated; and an infinite dimensional Hilbert space H with weak-star topology
is compactly generated by B̄(0, 1) ⊆ H but the weak-star topology is not locally
compact.

Whenever (G, τ, μ) is compactly generated by S ⊆ G we associate to it a
left-invariant word metric dS : G×G → [0,∞) given by

dS(g, h) = min{n ∈ N : g−1h ∈ (S ∪ S−1)n}

as previously. This time, however, dS is not necessarily compatible with the
original topology τ . However, (G, dS) is quasi-isometric to (G, dS′) for any
other compact generating set S′ ⊆ G; see [15, Proposition 4.B.4], and we say
that (G, τ, μ) is hyperbolic if (G, τ, μ) is compactly generated and (G, dS) is
Gromov hyperbolic. Examples include the Euclidean space (R, τ, μ), which is
amenable, and the Lie group (SL(2,R), τ, μ), which is non-amenable. For more
on locally compact compactly generated amenable hyperbolic groups, we refer
to [13].

If (G, τ, μ) is compactly generated it is not geometrically amenable if (G, dS)
is quasi-isometric to a graph with strictly positive Cheeger constant; see [55,
Corollary 11.14]. We end this section with the following version of [A, Theorem
B] when (G, d, μ) is a non-elementary hyperbolic group meaning that its Gromov
boundary ∂G contains uncountably many points.

[A, Theorem C]. Let G be an locally compact compactly generated non -
elementary hyperbolic group with connected boundary. Then G is not geometri-
cally amenable.
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The proof of this theorem is an application of the fundamental observation of
geometric group theory and the boundary theory of Gromov hyperbolic spaces
as developed in [10].

1.3 Coarse homology and global Sobolev inequal-
ities

In this section, we present the main results of article [B]. The relationship be-
tween global Sobolev inequalities and Cheeger constants has been studied in
[16, 17, 18, 35, 42, 53, 55], to name a few. In [55], R. Tessera made the re-
lationship between geometric amenability and large scale Sobolev inequalities
explicit for the first time. Our main result concerns this relationship through
the following theorem.

[B, Theorem A]. Let (X, d, μ) be a quasiconvex uniform space supporting a
local weak (1, 1)-Poincaré inequality. Then 0 = [Γ] ∈ H�

0 (Γ) for any quasi-lattice
Γ ⊆ X if and only if there exists a constant C > 0 and o ∈ X such that∫

X

|u|dμ ≤ C

∫
X

|∇u|�(d(·, o))dμ (S�
1,1)

for every u ∈ N1,1(X, d, μ) with bounded support.

Summary of the proof of [B, Theorem A]. Adapting smoothing and discreti-
sation techniques for Riemannian manifolds from [18, 39, 40, 42] we conclude in
[B, Section 3.1-3.2] that the �-weighted global Sobolev inequality (S�

1,1) is equiv-
alent to the discrete �-weighted Sobolev inequality in [B, Theorem 10]. Using
the fact that (X, d, μ) is uniform and a Rips graph approximation we conclude
that this discrete �-weighted Sobolev inequality corresponds to the vanishing of
the fundamental class in the controlled coarse homology 0 = [Γ] ∈ H�

0 (Γ); see
[B, Theorem 12]. We now explain what this means.

Theorem [B, Theorem A] has two parts: the first part says it applies for
all quasiconvex metric measure spaces supporting a local weak (1, 1)-Poincaré
inequality; the second part says that satisfying (S�

1,1) is determined homologi-
cally.

A metric space (X, d) is quasiconvex if there exist Q ≥ 1 such that for every
x, y ∈ X there is a rectifiable path γ from x to y of length 
(γ) ≤ Qd(x, y). A
metric measure space (X, d, μ) is uniform if μ is a Borel regular outer measure
and there exist non-decreasing functions f, g : (0,∞) → (0,∞) such that

f(r) ≤ μ(B(x, r)) ≤ g(r)

for all B(x, r) ⊆ X and 0 < r < ∞. A metric measure space (X, d, μ) supports
a local weak (1, 1)-Poincaré inequality (up to scale RP ) if there exist constants
CP , RP > 0 and τ ≥ 1 such that for all B(x, r) ⊆ X with 0 < r ≤ RP

−
∫
B(x,r)

|u− uB(x,r)|dμ ≤ CP r−
∫
B(x,τr)

gudμ

for any function u : X → R that is integrable in B(x, τr) and its upper gradient
gu : X → [0,∞]. Here,

uB(x,r) := −
∫
B(x,r)

udμ :=
1

μ(B(x, r))

∫
B(x,r)

udμ,



1.3. COARSE HOMOLOGY AND GLOBAL SOBOLEV INEQUALITIES 17

and an upper gradient of a function u : X → [−∞,∞] is any Borel function
gu : X → [0,∞] such that for any rectifiable path γ : [a, b] → X

|u(γ(a))− u(γ(b))| ≤
∫
γ

guds

if u(γ(a)), u(γ(b)) ∈ R, and ∫
γ

guds = ∞

otherwise. This is known as the upper gradient inequality. The function gu ≡ ∞
is always an upper gradient; if X has no rectifiable paths, gu ≡ 0 is an upper
gradient; and if u is L-Lipschitz then gu ≡ L is an upper gradient. The theory of
weak Poincaré inequalities as above was set out by J. Heinonen and P. Koskela
in their landmark paper [37].

To motivate the assumptions in [B, Theorem A], we give some examples
of quasiconvex uniform metric measure spaces supporting a local weak (1, 1)-
Poincaré inequality:

(a) Any complete connected Riemannian n-manifold (M,d, μ) with Ricci
curvature bounded from below by; see [11] and [42, Lemma 8]. For example,
the Euclidean space R

n and the real Hyperbolic space H
m, where n ≥ 1 and

m ≥ 2, respectively.
(b) The Heisenberg group (H1(R), dH , μ) with Heisenberg metric and left-

invariant Haar measure; see [38, Proposition 14.2.9].
(c) More generally, any Carnot group (G, dcc, μ) with Carnot-Carathéodory

metric and left-invariant Haar measure μ; see [38, Proposition 14.2.9].
(d) Any connected metric graph (G, d,H1) of bounded valence with path

metric and Hausdorff 1-measure; see [14, Lemma 3.1]. The typical example
here is the Cayley graph Cay(G,S) of a finitely generated group (G, dS); see
[53, Theorem 5.5].

Next, we explain the homological part of the [B, Theorem A].

1.3.1 Controlled coarse homology

As mentioned in the beginning of this chapter, it was J. Block and S. Weinberger
who initiated the study of amenable metric spaces. Among their key insights
was that amenability is characterised by uniformly finite homology Huf

∗ , coarse
homology theory based on that by J. Roe [51].

In [50], P. W. Nowak and J. Špakula devised a generalisation of uniformly
finite homology, originally suggested by J. Block and S. Weinberger in [7], named
controlled coarse homology H�

∗ . The key feature of it is that H�
0 measures

how amenable a space is, and this property turns out to be flexible enough to
characterise inequalities of the type (S�

1,1) for both amenable and non-amenable
metric spaces that are sufficiently regular. This allows us to understand (S�

1,1)
homologically, exposing many of its properties that are not so apparent.

We begin by stating the definition and basic properties of controlled coarse
homology, and its connection to article [A]; we refer to [50] and [B, Section 2]
for more details.
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A non-decreasing function � : [0,∞) → [0,∞) is a control function if �(0) =
1, and there exist functions L,M : (0,∞) → (0,∞) such that

�(ε+ t) ≤ L(ε)�(t) and �(tε) ≤ M(ε)�(t)

for all ε, t > 0. Given a metric space (X, d) and o ∈ X, we write (X, d, o) for the
corresponding pointed metric space, and for q ∈ N we write (Xq+1, d, ō) for the
(q+1)-fold Cartesian product of (X, d, o) with base point ō = (o, . . . , o) ∈ Xq+1

and metric
d(x̄, ȳ) = max

0≤i≤q
d(xi, yi)

where x̄ = (x0, . . . , xq) and ȳ = (y0, . . . , yq) ∈ Xq+1. The controlled coarse
homology is now defined as follows.

Given a uniformly coarsely proper metric space (X, d, o) and a quasi-lattice
o ∈ Γ ⊆ X, we denote by C�

q (Γ) the space of functions c : Γq+1 → R written as
a formal infinite sum

c =
∑

(x0,...,xq)∈Γq+1

c(x0, . . . , xq)[x0, . . . , xq]

for which

(i) there exists K(c) ≥ 0 such that |c(x0, . . . , xq)| ≤ K(c)�(d(ō, (x0, . . . , xq)))
for all (x0, . . . , xq) ∈ Γq+1;

(ii) c(x0, . . . , xq) = sign(σ)c(xσ(x0), . . . , xσ(xq)) where σ : {0, . . . , q} → {0, . . . , q}
is any permutation and sign(σ) its sign;

(iii) there exists 0 ≤ P (c) < ∞ such that if maxi�=j d(xi, xj) ≥ P (c) then
c(x0, . . . , xq) = 0.

The space C�
q (Γ) is an R-module called the q-dimensional controlled coarse chain

group of Γ. Taking (x0, . . . , xq) ∈ C�
q (Γ), we define its boundary as

∂q((x0, . . . , xn)) =

q∑
i=0

(−1)i(x0, . . . , x̂i, . . . , xq)

where (x0, . . . , x̂i, . . . , xq) ∈ Γq is the q-tuple obtained from x̄ ∈ Γq+1 by omit-
ting its i:th coordinate, and extend this linearly to a map

∂q : C
�
q (Γ) → C�

q−1(Γ).

The controlled coarse homology H�
∗ (Γ) of Γ is now the homology of the chain

complex

. . .
∂2−→ C�

1 (Γ)
∂1−→ C�

0 (Γ)
∂0−→ 0

and we write
H�

q (Γ) = ker ∂q/im∂q+1

for its q-dimensional controlled coarse homology group. For � ≡ 1, the controlled
coarse homology H1

∗ (Γ) is the uniformly finite homology Huf
∗ (Γ) of Block and

Weinberger with real coefficients [6].
We now list some basic properties of controlled coarse homology. First,

a change of basepoints from o to o′ ∈ Γ does not change C�
q (Γ). Second, if
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f : X → X ′ is a quasi-isometry between two uniformly coarsely proper metric
spaces, and Γ ⊆ X and Γ′ ⊆ X ′ quasi-lattices, then H�

q (Γ)
∼= H�

q (Γ
′) are

isomorphic for all q ∈ N. For details, see [50].

The fundamental class is the homology class [Γ] ∈ H�
0 (Γ) of

Γ =
∑
x∈Γ

x ∈ C�
0 (Γ).

For example consider (Z, dS) with generating set S = {1}. Now, Z =
∑

n∈Z(n),
ψ =

∑
n∈Z n(n, n − 1) ∈ C�

1 for �(t) = t + 1, and ∂1ψ = Z. In other words,
[Z] = 0 in H�

0 (Z) for �(t) = t+1. In fact, the fundamental class plays a central
role in controlled coarse homology: given (X, d, o) and a quasi-lattice Γ ⊆ X
where o ∈ Γ then [Γ] = 0 in H�

0 (Γ) if and only if there exist C > 0 such that
the �-isoperimetric inequality

#F ≤ C
∑

x∈∂rF

�(d(x, o))

holds for all finite F ⊆ Γ. For a proof when � ≡ 1 see [6, Theorem 3.1], and
for the general case [50, Theorem 4.2]. In particular, taking � ≡ 1 we see that
[Γ] = 0 inHuf

0 (Γ) if and only if (X, d) is non-amenable. In other words, satisfying
a 1-isoperimetric inequality is equivalent to (X, d) being quasi-isometric to a
graph of bounded valency with strictly positive Cheeger constant. We also
point out the following fundamental but elementary fact.

[B, Lemma 2]. Let f : Γ → Γ′ be a quasi-isometry between quasi-lattices. Then,
[Γ] = 0 in H�

0 (Γ) if and only if [Γ′] = 0 in H�
0 (Γ

′).

In particular, if 0 = [Γ] ∈ H�
0 (Γ) for some quasi-lattice Γ ⊆ X then 0 =

[Γ′] ∈ H�
0 (Γ

′) for any quasi-lattice Γ′ ⊆ X. Note that while this is trivial for
Huf

0 , see [6, Proposition 2.3], it is not immediate for H�
0 .

Prior to the work by P. W. Nowak and J. Špakula in [50] �-isoperimetry
had been studied by A. Żuk [61] and A. Erschler [22] in the context of infinite
discrete groups. Here, we list a few examples.

(a) If (G, dS) is an infinite finitely generated group then 0 = [G] ∈ H�
0 (G)

for � 
 id; see [61, Theorem 1]. Above, we illustrated this for (Z, dS).

(b) If (G, dS) is infinite finitely generated polycyclic then 0 = [G] ∈ H�
0 (G)

precisely when � 
 id; see [50, Corollary 5.5].

This said, we turn our attention to the metric measure part of [B, Theorem
A].

1.3.2 The global �-weighted Sobolev inequality (S�
1,1)

In [50], P. W. Nowak and J. Špakula proved that the vanishing of the fundamen-
tal class of a discrete metric space corresponds to a discrete Sobolev inequality
[50, Lemma 4.1, Theorem 4.2]. Thus [B, Theorem A] is a generalisation of this
for metric measure spaces; see Section 1.3 Example (d). We now explain the
Sobolev inequality part of Theorem 1.3.
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Recall from [B, Theorem A] that a metric measure space (X, d, μ) satisfies
a �-weighted Sobolev inequality (S�

1,1) if there exists C > 0 and o ∈ X such that

∫
X

|u(x)|dμ(x) ≤ C

∫
X

|∇u(x)|�(d(x, o))dμ(x)

for every u ∈ N1,1(X, d, μ) with bounded support. If (X, d, μ) satisfies (S�
1,1)

for � ≡ 1, we say that it satisfies (S1,1). The space

N1,1(X, d, μ) = Ñ1,1(X, d, μ)/{u ∈ Ñ1,1(X, d, μ) : ‖u‖Ñ1,1 = 0}

is the Newton-Sobolev space over (X, d, μ) where

Ñ1,1(X, d, μ) = {u ∈ L̃1(X, d, μ) : |∇u| ∈ L̃1(X, d, μ)},
‖u‖Ñ1,1 = ‖u‖L̃1 + ‖|∇u|‖L̃1 :=

∫
X

|u(x)|dμ(x) +
∫
X

|∇u(x)|dμ(x).

Here L̃1(X, d, μ) is the space of integrable functions and Ñ1(X, d, μ) is the space
of those integrable functions u : X → [−∞,∞] withminimal 1-weak upper gradi-
ent |∇u| : X → [0,∞] meaning that |∇u| satisfies the upper gradient inequality
for 1-almost all paths γ : [a, b] → X and minimal in the sense that |∇u| ≤ gu
μ-a.e. for any other 1-weak upper gradient gu ∈ L̃(X, d, μ) of u; see [38].

Now [B, Theorem A] says that a quasiconvex uniform metric measure space
supporting a local weak (1, 1)-Poincaré inequality satisfies (S�

1,1) if and only
if H�

0 (Γ) = 0 for any quasi-lattice Γ ⊆ X; the fact that this holds for any
quasi-lattice is a consequence of [B, Lemma 2].

The Euclidean space (R, d, μ) with Lebesgue 1-measure does not satisfy
(S1,1) but satisfies (S�

1,1) for �(t) = t + 1 but not for any control function
ξ � � where � �� ξ. This can be seen as follows: (R, d, μ) is an unimodular and
quasi-isometric to (Z, dS) with S = {1}, which is amenable. Thus (R, d, μ) does
not satisfy (S1,1). On the other hand, 0 = [Γ] ∈ H�

0 (Γ) when �(t) = t + 1 for
every quasi-lattice Γ ⊆ R combining [B, Lemma 2] and the example prior to it
concluding that 0 = [Z] ∈ Ht+1

0 (Z); see also [50, Theorem 3.1]. The fact that

(R, d, μ) satisfies (St+1
1,1 ) but not (Sξ

1,1) for any control function ξ �� t+1 follows
from [50, Corollary 5.5].

We now list some direct consequences of [B, Theorem A]. First, since H�
∗ is

a quasi-isometry invariant [50, Corollary 2.3], satisfying the Sobolev inequality
(S�

1,1) is a quasi-isometry invariant for quasiconvex uniform metric measure
spaces satisfying a local weak (1, 1)-Poincaré inequality [B, Corollary C]. Second,
[B, Theorem A] gives a new characterisation of (non-)amenability.

[B, Corollary D]. Let (X, d, μ) be a quasiconvex locally uniform metric mea-
sure space supporting a local weak (1, 1)-Poincaré inequality. Then (X, d) is
non-amenable if and only if (X, d, μ) satisfies (S1,1).

Third, a look at [B, Theorem 12] reveals that satisfying (S�
1,1) guarantees

that any quasiconvex uniform metric measure space has vanishing fundamental
class even if it is not known to support a local weak (1, 1)-Poincaré inequality.

[B, Theorem B]. Let (X, d, μ) be a quasiconvex uniform metric measure space
satisfying (S�

1,1). Then [Γ] = 0 in H�
0 (Γ) for any quasi-lattice Γ ⊆ X.
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Finally, [B, Theorem A] provides a way to determine if a space satisfies (S�
1,1)

homologically. Earlier we looked at the Euclidean space, and now give some less
elementary examples and applications:

(a) The Heisenberg group (H1(R), dH , μ) satisfies a �-isoperimetric inequal-
ity for �(t) = t + 1; but not for any control function ξ � � where � �� ξ; see
Section 1.3.1 Example (c) noting that H1(Z) is a polycyclic uniform lattice in
H1(R) and that (H1(Z), dS) is quasi-isometric to (H1(R), dH). A lattice in an
locally compact group (G, τ, μ) is a discrete subgroup Γ ≤ G for which G/Γ ad-
mits a G-invariant probability measure, uniform meaning that G/Γ is compact;
see [B, Section 9.3].

(b) Let (X, d, μ) be a quasiconvex uniform visual Gromov hyperbolic metric
measure space supporting a local weak (1, 1)-Poincaré inequality whose Gromov
boundary contains at least two points and is connected then (X, d, μ) satisfies
(S1,1); see [B, Theorem E]. For example, the real hyperbolic space (Hn, d, μ)
where ∂Hn ≈ S

n−1 for n ≥ 2.

Example (b) has the following application for the solvability of the Dirichlet
problem at infinity, and generalises the result by J. Cao in [12]. For details, we
refer to [40] and the comprehensive list of references within.

[B, Theorem F]. Suppose (X, d, μ) is a locally compact quasiconvex visual Gro-
mov hyperbolic metric measure space with uniform measure that supports a local
weak (1, 1)-Poincaré inequality. Suppose its Gromov boundary ∂X is connected
and contains at least two points. Then, if f : ∂X → R is a bounded continuous
function, there exists a continuous function u : X∗ → R on the Gromov closure
X∗ of X that is p-harmonic for p > 1 in X and u|∂X = f .



Chapter 2

Kazhdan property (T)

A locally compact group G has property (T) if every unitary representation
π : G → U(Hπ) with almost invariant vectors has an invariant unit vector. We
now explain this terminology. A unitary representation is a group homomor-
phism π : G → U(Hπ) into the unitary operators on a complex Hilbert space
(Hπ, ‖ · ‖Hπ

) for which g �→ π(g)ξ is continuous for every ξ ∈ Hπ. If Hπ is
a real Hilbert space, we say that π is an orthogonal representation and write
π : G → O(Hπ). Saying that π has almost invariant vectors means that for
every compact Q ⊆ G and every ε > 0 there exists a unit vector v ∈ Hπ such
that

sup
g∈Q

‖π(g)v − v‖Hπ < ε.

D. Kazhdan introduced property (T) in his famous three page paper [44]. We
begin with listing some examples of groups with property (T), all of which can
be found in [5]:

(a) a compact group has property (T),

(b) for any local field K the group SL(n,K) has property (T) for n ≥ 3.

As discussed previously, Rn and Z
n are amenable as locally compact groups.

Since neither is compact, Zn and R
n do not have property (T). Next, we list

some important consequences of property (T), all of which can be found in [5]:

(c) a locally compact group G has property (T) if and only if any lattice
Γ ≤ G has property (T),

(d) a locally compact group G is compact if and only if G has property (T)
and is amenable,

(f) if G has property (T) then G is compactly generated,

(g) if G has property (T) then G/[G,G] is compact,

(h) if G has property (T) then G is unimodular.

Property (T) is not a quasi-isometry invariant; a fact frequently attributed
to S. Gersten [5, Theorem 3.6.5]. Knowing its consequences, a lot of effort has
been spent on finding new groups with property (T). However, it took almost
thirty years to find infinite groups with property (T) not related to lattices in

22



2.1. DELORME-GUICHARDET CHARACTERISATION ANDGROUP COHOMOLOGY23

semi-simple Lie groups [3, 60]. The story begins with the Delorme-Guichardet
characterisation by A. Guichardet and P. Delorme [20, 34].

2.1 Delorme-Guichardet characterisation and group
cohomology

For simplicity, let G be a discrete group, and π : G → O(Hπ) an orthogonal
representation giving Hπ the structure of a G-module. Now, for each q ∈ N we
have a G-module

Cq(G,Hπ) = {b : Gq → Hπ},
which together with the codifferentials dq : Cq(G,Hπ) → Cq+1(G,Hπ) defined
by

dqb(g0, . . . , gq+1) = π(g0)b(g1, . . . , gq+1)+
q∑

j=1

(−1)jb(g0, . . . , gj−2, gj−1gj , gj+1, . . . , gq+1) + (−1)q+1b(g0, . . . , gq).

yields a cochain complex, whose cohomology H∗(G, π) is the cohomology of G
with coefficients in π. By a direct computation, the 1-dimensional cohomology
group is given by

H1(G, π) =
ker d1

im d0
:=

Z1(G, π)

B1(G, π)

=
{b : G → Hπ : b(gh) = π(g)b(h) + b(g), ∀g, h ∈ G}
{b : G → Hπ : ∃v ∈ Hπ, b(g) = π(g)v − v, ∀g ∈ G} .

Elements in Z1(G, π) are called 1-cocycles, and elements in B1(G, π) are called
1-coboundaries. The Delorme-Guichardet characterisation says that a discrete
group G has property (T ) if and only if H1(G, π) = 0 for every orthogonal repre-
sentation π. For a proof which holds even for σ-compact locally compact groups;
see [5, Theorem 2.12.4]. This characterisation of property (T) is referred to as
property (FH) as an acronym for every isometric action of G on a real Hilbert
space has a fixed point. Namely, observe that each b ∈ Z1(G, π) determines an
affine isometric action α : G → Iso(Hπ) into the group of isometries of Hπ by
α(g)ξ = π(g)ξ+b(g) with linear part π and π(g) ∈ O(Hπ), see [5, Lemma 2.2.1].
The isometric action α has a fixed point if and only if b ∈ B1(G, π). As usual
ξ ∈ Hπ is a fixed point of α if α(g)ξ = ξ for every g ∈ G. By the Mazur-Ulam
theorem every isometry of a real Hilbert space is an affine isometry.

It is now clear that if H1(G, π) vanishes for every orthogonal representation
of G every cocycle is a coboundary; that is, every affine isometric action of G,
and hence any isometric action of G, on a real Hilbert space has a fixed point.
From this point of view, proving that a group has property (T) is equivalent
to showing that its first cohomology group with coefficients in every orthogonal
representation vanishes.

We now introduce the main theme of article [C]. Let G denote a discrete
group, E a Banach space, Binv(E) the group of bounded automorphisms of E,
and Iso(E) ≤ Binv(E) the group of isometries of E. A group homomorphism
π : G → Iso(Eπ) is called an isometric representation and we view Eπ as a
G-module. As previously, we ask the following question.
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Question 2. When does H1(G, π) = 0 for every isometric representation π?

The group G is said to have property (FE) whenever this holds [2]. Yet
another variation of the above is obtained by studying it for uniformly bounded
representations π : G → B(Hπ) meaning that supg∈G ‖π(g)‖ < ∞ where ‖π(g)‖
is the operator norm of π(g) ∈ Binv(Hπ).

A systematic study for this type of questions was initiated by D. Fisher and
G. Margulis in [23], and U. Bader, A. Furman, T. Gelander, and N. Monod in
[2].

In article [C], we study isometric representations on reflexive Banach spaces
in terms of Lp-cohomology; and answer Question for H1(G, π) = 0 when π is
a a uniformly bounded representation and G is an automorphism group acting
properly discontinuously and cocompactly on a 2-dimensional simplicial com-
plex. This said, we now specify what we mean by a spectral condition.

2.2 Spectral conditions

A spectral condition is a geometric criterion first developed independently by
A. Żuk [60], and W. Ballmann and J. Świa̧tkowski [3] for establishing property
(T) by studying the spectrum of the Laplace operator of a finite graph. Here,
an automorphism group Γ of a simplicial complex X is given, and the spectral
gap of the graph Laplacian on the links of X is used to test if Γ has property
(T). After explaining this, we will focus on a generalisation of [3] to isometric
representations on reflexive Banach spaces which is the precise objective set out
in [C].

Previously, a related spectral condition of A. Żuk in [62] has been generalised
to isometric representations on reflexive Banach spaces by P. W. Nowak in [49],
which strongly influenced [C].

A general reference for equivariant cohomology suitable for our purposes is
[21] by S. Eilenberg. For details on L2-cohomology, we refer to [3], whereas
Lp-cohomology for p > 2 appeared for the first time in [26].

2.2.1 Simplicial complexes

Let X denote a locally finite n-dimensional simplicial complex in R
n or a poly-

hedron with a fixed triangulation that is locally finite, and associate to it the
following abstract complexes. The abstract complex S(X) is the abstract simpli-
cial complex whose cells are the abstract simplexes {v0, . . . vk} where v0, . . . vk
are vertices in X that span a geometric k-simplex [v0, . . . , vk] in X. We write
X(k) for the set of abstract k-simplexes of S(X), and call S(X) the vertex
scheme of X. The abstract complex Kp(X) consists of those k-cells which are
k-tuples (v0, . . . , vk) of vertices of X such that v0, . . . , vk span a geometric k-
simplex in X. Note that the tuple does not contain repetitions of vertices. If it
does, we denote the corresponding abstract complex by K(X). The set of k-cells
of Kp(X) is denoted by Σ(k). Hereinafter, whenever P is a simplicial complex,
a polyhedron with a fixed triangulation, or an abstract complex, we write P (k)

for its k-skeleton. In particular, S(X)(k) = X(k) and Kp(X)(k) = Σ(k).
Given a geometric l-simplex τ spanned by the vertices v0, . . . , vl, its link

in the vertex scheme is the (n − l − 1)-dimensional subcomplex S(X)τ of all
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{w0, . . . , wj} ∈ X(j) disjoint from {v0, . . . , vl} such that

{v0, . . . , vl} ∪ {w0, . . . , wj} ∈ X(j + l + 1).

Similarly, we define a linkKp(X)τ inKp(X). As previously, we writeS(X)
(k)
τ =

Xτ (k), and Kp(X)
(k)
τ = Στ (k). Note that since X is locally finite, the links

in S(X) and Kp(X) are finite subcomplexes. Finally, we define a weight ω on
Kp(X) by ω((v0, . . . , vk)) = ω({v0, . . . , vk}) where ω({v0, . . . , vk}) is the number
of abstract n-simplexes in X(n) that contain the vertices v0, . . . , vk and n is the
dimension of X. Whenever speaking about weights, we always assume that any
(v0, . . . , vk) ∈ Σ(k) belongs to at least one simplex in X(n), that is ω ≥ 1.

2.2.2 Automorphisms of simplicial complexes

A map g : X → X which is both an isomorphism between topological spaces
and simplicial complexes will be called an automorphism of X. The set of
automorphisms defines a group, which we denote by Aut(X). The above means
that whenever g ∈ Aut(X), the map g : X → X is a homomorphism, g and
g−1 are simplicial, and the induced map g : X(0) → X(0) is a bijection. In
addition, we always assume that an automorphisms is regular in the sense that
if g(σ) = σ, then g(x) = x for every point x ∈ σ. Thus, a careful reader would
call an automorphism as above a regular automorphism; in [C] the term order
preserving automorphism is used. The regularity assumption is not restrictive in
the sense that an automorphism of X is always regular on the first barycentric
subdivision of X and this assumption is not superfluous; see [21, Chapter II.10].
The action of the automorphisms group Γ = Aut(X) on X descends to S(X)
and Kp(X) as follows.

First, consider S(X). Given g ∈ Γ, it defines a map g : X(k) → X(k) setting
g({v0, . . . , vk}) = {g(v0), . . . , g(vk)}. In particular, since g : X(0) → X(0) is a
bijection {g(v0), . . . , g(vk)} ∈ X(k). Moreover, if g({v0, . . . vk}) = {v0, . . . , vk}
then g(v0) = v0, . . . , g(vk) = vk by regularity.

Next, consider Kp(X). Given g ∈ Γ, it defines a map g : Σ(k) → Σ(k) setting
g((v0, . . . , vk)) = (g(v0), . . . , g(vk)). Similarly, since g : X(0) → X(0) is a bijec-
tion, (g(v0), . . . , g(vk)) ∈ Σ(k). Moreover, if g((v0, . . . , vk)) = (vπ(0), . . . , vπ(k))
where π : {0, . . . , k} → {0, . . . , k} is some permutation, then (vπ(0), . . . , vπ(k)) =
(v0, . . . , vk) by regularity, and π must be trivial. In what follows we always
assume that the action preserves weight meaning that ω(g(σ)) = ω(σ) for ev-
ery g ∈ Aut(X) and every σ ∈ Σ(k). To be clear, hereinafter Aut(X) always
denotes the group of regular weight preserving automorphisms of X.

Let Σ(k,Γ) ⊆ Σ(k) denote the set of representatives of Γ-orbits in Σ(k)
closed under taking faces. That is, the set Σ(k,Γ) is constructed by choosing
one σ ∈ Σ(k) from each Γ-orbit in Σ(k) requiring that σi = (v0, . . . , v̂i, . . . , vk) ∈
Σ(k − 1,Γ) where the hat denotes the omission of the i:th vertex as usual. By
regularity, whenever π : {0, . . . , k} → {0, . . . k} is a non-trivial permutation, the
Γ-orbits of (v0, . . . , vk) ∈ Σ(k) and (vπ(0), . . . , vπ(k)) ∈ Σ(k) are disjoint: if not
there exist g, h ∈ Γ such that

(v0, . . . , vk) = (g−1h(vπ(0)), . . . , g
−1h(vπ(k))),

and h−1g((v0, . . . , vk)) = (vπ(0), . . . , vπ(k)) where π was non-trivial, contradict-
ing regularity.
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Given a simplex σ in X, we write Γσ = {g ∈ Γ: g(σ) = σ} for its stabiliser
and |Γσ| for its cardinality noting that |Γg(σ)| = |Γσ|. We frequently speak about
stabilisers, not onX, but on its associated abstract complexesS(X) andKp(X).
In particular, g({v0, . . . vk}) = {v0, . . . , vk} if and only if g ∈ Γσ where σ is the
k-simplex spanned by v0, . . . , vk in X, again by regularity. Similarly, whenever
g ∈ Γσ where σ is a k-simplex spanned by the vertices v0, . . . , vk, then by
regularity g((v0, . . . , vk)) = (v0, . . . , vk), and if g((v0, . . . , vk)) = (v0, . . . , vk), the
action of g fixes the vertices and hence all of σ. To sum up, if σ is the k-simplex
in X spanned by the vertices v0, . . . , vk, then Γσ = Γ{v0,...,vk} = Γ(v0,...,vk).
Having made clear how Γ acts on X, we write g(σ) := gσ whenever g ∈ Γ and
σ is a simplex in X, an abstract simplex in S(X), or a cell in Kp(X). Finally,
observe that Γτ acts by automorphisms on the link of τ .

2.2.3 The spectral condition of Ballmann and Świa̧tkowski

The spectral condition of W. Ballmann and J. Świa̧tkowski states the following.

[3, Theorem 1]. Let X be a locally finite 2-dimensional simplicial complex, Γ
a properly discontinuous group of automorphisms of X, and π a unitary repre-
sentation of Γ. If the link Xτ of every vertex τ of X is connected, and there
exists an ε > 0 such that λ1(Xτ ) > 1/2 + ε for each τ , then L2H1(X,π) = 0.

First, we describe the technical content of this; later, we return to its impli-
cations. The quantity λ1(Xτ ) is the spectral gap, or the smallest strictly positive
eigenvalue of the Laplacian Δ+ on Xτ . More generally, given a finite connected
simplicial graph L, the Laplacian Δ+ on the space of real valued functions on
its vertices f : L(0) → R is

Δ+f(v) = f(v)− 1

deg(v)

∑
w∼v

f(w),

where deg(v) is the number of vertices w in L(0) adjacent to v, written w ∼
v, that is, those w for which {v, w} ∈ L(1). As in the spectral condition,
the spectral gap is denoted by λ1(L). The cohomology L2H∗(X,Hπ) is the
cohomology of the cochain complex

· · · dq−1−−−→ L(q,2)(X,Hπ)
dq−→ L(q+1,2)(X,Hπ)

dq+1−−−→ · · ·

of mod Γ L2-integrable cochains twisted by π : Γ → O(Hπ) obtained by restrict-
ing the cochain complex of equivariant cohomology of X over Hπ with Γ as
operators to the subcomplex of mod Γ L2-integrable cochains twisted by π; see
[3, 21]. The cohomology L2H∗(X,π) is called L2-cohomology, and first appeared
in this form in [3] but is based on earlier work by H. Garland in [25]. We now
explain the above in the more general setting of Lp-cohomology.

Fix an n-dimensional simplicial complexX, a group of properly discontinuous
automorphisms Γ meaning that Γ acts properly as a discrete group on X, and
an isometric representation π : Γ → Iso(Eπ) on a reflexive Banach space Eπ with
norm ‖ · ‖Eπ

and Γ-module structure. This data determines for every q ∈ N the
space of q-cochains twisted by π

Cq(X,Eπ) = {f : Σ(q) → Eπ : f is alternating, f(gσ) = π(g)f(σ) ∀g ∈ Γ ∀σ ∈ Σ(q)}
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consisting of the Γ-equivariant q-cochains of Kp(X) over Eπ. Together with the
codifferential dq : C

q(X,Eπ) → Cq+1(X,Eπ)

dqf(σ) =

q+1∑
i=1

(−1)if(σi),

this gives the cochain complex

· · · dq−1−−−→ Cq(X,Eπ)
dq−→ Cq+1(X,Eπ)

dq+1−−−→ · · ·
whose cohomology H∗

e (X,Eπ) is the equivariant cohomology of X over Eπ with
Γ as operators [21]. To obtain the subcomplex of mod Γ Lp-integrable cochains
twisted by π we proceed as follows. For p > 1 and f ∈ Cq(X,Eπ), defined

‖f‖(q,p) =
⎛
⎝ ∑

σ∈Σ(q,Γ)

‖f(σ)‖pEπ

ω(σ)

(q + 1)!|Γσ|

⎞
⎠

1/p

.

Observe that ‖ · ‖(q,p) : Cq(X,Hπ) → [0,∞] does not depend on the choice of
representatives, and is well-defined since Γ acts properly discontinuously. The
space of mod Γ Lp-integrable q-cochains twisted by π is defined as

L(q,p)(X,Eπ) =
{
f ∈ C(q,p)(X,Eπ) : ‖f‖(q,p) < ∞

}
.

Taking p = 2 and π : Γ → O(Hπ) we obtain the mod Γ L2-integrable cochains
twisted by π discussed earlier. Now restricting the codifferential to the space of
mod Γ Lp-integrable cochains twisted by π and writing dq = dq|L(q,p)(X,Eπ),
we obtain the cochain complex

· · · dq−1−−−→ L(q,p)(X,Eπ)
dq−→ L(q+1,p)(X,Eπ)

dq+1−−−→ · · ·
whose cohomology LpH∗(X,Eπ) is called the Lp-cohomology of X. Its q-
dimensional cohomology group is given explicitly by

LpHq(X,Eπ) =
ker dq|L(q,p)(X,Eπ)

im dq−1|L(q−1,p)(X,Eπ)

where im d−1 = {0}. In [C, Section 5, Section 6], a large part of the results
obtained in [3, Sections 1–2] for mod Γ L2-integrable cochains twisted by an or-
thogonal representation are carried over to mod Γ Lp-integrable cochains twised
by an isometric representation. However, we point out already now that work
remains to be done. This is reflected by the fact that the final result [C, Theo-
rem 64] is only given for uniformly bounded representations for automorphism
groups of 2-dimensional simplicial complexes as opposed to [3, Theorem 1].

If X is a finite simplicial complex, or more generally, if the action of Γ on X
is cocompact, then L(q,p)(X,Eπ) = Cq(X,Eπ), and

LpHq(X,Eπ) =
ker dq
im dq−1

.

This is the equivariant q-dimensional homology over Kp(X) with values in the
abelian group Eπ; see [21, Chapter I.4]. In particular, if X is contractible and
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the action of Γ is regular weight preserving free cocompact and properly discon-
tinuous then

LpH1(X,Eπ) ∼= H1(Γ, π);

see [21, Theorem 16.1]. In this situation, the vanishing of the first Lp-cohomology
group for every orthogonal representation π : Γ → O(Hπ) implies that Γ has
property (T) by the Delorme-Guichardet characterisation stated previously. Ex-
plicitly, the spectral condition of W. Ballmann and J. Świa̧tkowski now gives
the following geometric criterion for property (T).

[3, Corollary 1]. Let X be a contractible locally finite 2-dimensional simpli-
cial complex, and Γ a properly discontinuous group of automorphisms acting
cocompactly on X. If the link Xτ of every vertex τ of X is connected, and
λ1(Xτ ) > 1/2 for each τ . Then Γ has property (T).

Using the above, W. Ballmann and J. Świa̧tkowski found new groups with
property (T). To name one, they showed that the automorphism group of a
locally finite 2-dimensional Tits buildings where each edge meets at least 13
faces has property (T).

2.2.4 A spectral condition for uniformly bounded repre-
sentations

We now state the main result of article [C] giving a spectral condition implying
the vanishing of L2H1(X,Eπ) for π : Γ → Iso(Eπ) on (Eπ, ‖ · ‖π) obtained from
a uniformly bounded representation π : Γ → B(Hπ) on a separable real Hilbert
space (Hπ, ‖ · ‖Hπ

). That is Eπ = Hπ as sets and ‖ · ‖Eπ
= supg∈Γ ‖π(g)(·)‖Hπ

.

[C, Theorem 64]. Let X be a locally finite 2-dimensional simplicial complex,
Γ a discrete properly discontinuous group of automorphisms of X and π : Γ →
B(Hπ) a uniformly bounded representation and (Hπ, ‖ · ‖Hπ ) a separable real
Hilbert space. If for any vertex τ of X the link Xτ is connected and

sup
g∈Γ

‖π(g)‖ <
√
2λ1(Xτ ),

then L2H1(X,Eπ) = 0 where (Eπ, ‖ · ‖Eπ ) = (Hπ, supg∈Γ ‖π(g)(·)‖Hπ ).

Summary of the proof of [C, Theorem 64]. First, we observe that the codiffer-
ential dq : L(q,p)(X,E) → L(q+1,p)(X,E) is a bounded operator [C, Proposition
31] and its adjoint is given by

d∗q := δq+1 : L
(q+1,p∗)(X,E∗) → L(q,p∗)(X,E∗)

where L(q,p)(X,E)∗ ∼= L(q,p∗)(X,E∗) up to isometric isomorphism [C, Proposi-
tion 28]. Second, LpHq(X,E) = 0 if the codifferential dq−1 : L

(q−1,p)(X,E) →
ker dq is onto. In other words, δq : (ker dq)

∗ → L(q−1,p∗)(X,E∗) is bounded from
below. The latter can be related to the spectral gaps of the links Xτ of X. As-
suming X is 2-dimensional and π a uniformly bounded representation completes
the proof [C, Proposition 62, Corollary 63, Theorem 64].

To conclude, [C, Theorem 64] gives an answer to Question 2 in terms of a
spectral condition; and generalises [3, Theorem 1] to uniformly bounded rep-
resentations of automorphism groups for 2-dimensional simplicial complexes in
cohomological dimension 1.
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Obviously, a similar condition for n-dimensional simplicial complex and
higher dimensions in cohomology for isometric representations on a reflexive
Banach space would be desirable. A motivation for this is given by the fixed
point spectrum

F(G) =
{
p ∈ (1,∞) : H1(G, π) = 0 for every π : G → Iso(Lp)

}
of a finitely generated group. If G has property (T), it was shown in [2] that
(1, 2] ⊆ F(G). For applications of the fixed point spectrum, we refer to [48]. The
following conjecture by Y. Shalom [1] is also completely open: given a finitely
generated non-elementary hyperbolic group G, there exists a uniformly bounded
representation π : G → B(Hπ) such that H1(G, π) �= 0 for a proper cocycle.



Chapter 3

Errata

I thank P. Pankka for noticing the mistake in [C, Corollary 23]. The following
errata corrects this mistake.

The operator

P : E(k,p)(X,E) → E(k,p)
(X,E) := {f ∈ E(k,p)(X,E) : f is twisted by π}

defined as in [A, Definition 14] by

Pf(σ) =
1

|Γσ|
∑

{h∈Γ: hτ=σ}
πhf(τ) for τ ∈ Σ(k,Γ) ∩ Γσ

is a continuous surjection that induces an isomorphism

E(k,p)(X,E)

kerP

 E(k,p)

(X,E).

Since f ∈ kerP if and only if ‖f‖(k,p) = 0, the quotient E(k,p)(X,E)/ kerP is a

Banach space isometrically isomorphic to E(k,p)
(X,E). Throughout [C], replace

E(k,p)(X,E) by the Banach space E(k,p)
(X,E). This leads to the following two

corrections.

[C, Corrected corollary 23]. The closed complement of

L(k,p)(X,E) = {f ∈ E(k,p)
(X,E) : Altf(σ) = f(σ) for all σ ∈ Σ(k)}

is
L
(k,p)
− (X,E) = {f ∈ E(k,p)

(X,E) : Altf(σ) = 0 for all σ ∈ Σ(k)}.

Proof. Any f ∈ E(k,p)
(X,E) can be written f = Altf + (f − Altf) where

Altf ∈ L(k,p)(X,E) and (f −Altf) ∈ L
(k,p)
− (X,E).

[C, Corrected corollary 24]. L(k,p)(X,E)∗ ∼= E(k,p∗)
(X,E∗)/Ann(L(k,p)(X,E))

Proof. Follows by [A, Proposition 22] since E(k,p)
(X,E)∗ ∼= E(k,p∗)

(X,E∗).
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‘
atkowski. On L2-cohomology and property (T) for

automorphism groups of polyhedral cell complexes. Geom. Funct. Anal.,
7(4):615–645, 1997.

[4] S. Banach and A. Tarski. Sur la decomposition des ensembles de points en
parties respectivement congruents. Fund. Math., 6(1):118–148, 1924.

[5] B. Bekka, P. de la Harpe, and A. Valette. Kazhdan’s property (T), vol-
ume 11 of New Mathematical Monographs. Cambridge University Press,
Cambridge, 2008.

[6] J. Block and S. Weinberger. Aperiodic tilings, positive scalar curvature
and amenability of spaces. J. Amer. Math. Soc., 5(4):907–918, 1992.

[7] J. Block and S. Weinberger. Large scale homology theories and geometry.
In Geometric topology (Athens, GA, 1993), volume 2 of AMS/IP Stud.
Adv. Math., pages 522–569. Amer. Math. Soc., Providence, RI, 1997.

[8] J. Bolyai. The absolute science of space, independent of the truth or falsity
of Euclid’s Axiom 11 (which can never be proved a priori). 1832.

[9] M. Bonk and B. Kleiner. Conformal dimension and Gromov hyperbolic
groups with 2-sphere boundary. Geom. Topol., 9:219–246 (electronic), 2005.

[10] M. Bonk and O. Schramm. Embeddings of Gromov hyperbolic spaces.
Geom. Funct. Anal., 10(2):266–306, 2000.

[11] P. Buser. A note on the isoperimetric constant. Ann. Sci. École Norm.
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