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Qualitative argumentation dominates the research in ecology, whereas quantitative
approaches characterize the physical and chemical studies. Further development of powerful quantitative methods is needed in ecology to improve the utilization of ecological
knowledge in the research of present changes on the globe and to enhance the utilization
of physical knowledge in ecology. Here, we (1) define new concepts that enable the quantitative formulation of the most essential features of photosynthesis, and (2) derive exact
predictions of the relationship between photosynthesis and light together with the action
of stomata. We predicted 300 daily patterns of photosynthesis of a pine shoot from 50 000
measurements of light, temperature and water-vapor concentration in the field. Our theory
predicted 95%–97% of the variance of measured photosynthesis. Our example indicates
that the theory-formation approach can successfully be applied in ecology to describe photosynthesis, a phenomenon fundamental to life on Earth.

Introduction
The discrepancy between qualitative and quantitative theories and applied methods is striking among different disciplines of current science. Much of this discrepancy originates from
the history of each discipline and their choices
underlying the theories. Isaac Newton introduced already in 1687 theory-driven quantitative
thinking to physics where quantitative approach
has dominated since then, whereas qualitative
approaches still characterize many disciplines,
including ecology, although quantitative methods gained attention during the last decades. The
Editor in charge of this article: Hannele Korhonen

qualitative approaches not only slow down the
development in ecology but they also clearly
hinder the knowledge flow from ecology to
physics and from physics to ecology.
Principia Mathematica by Isaac Newton
(Newton 1687) was the corner stone of the
classical physics, as it opened an era of rapid
development of theory formation dealing with
the circulation of planets around the sun and
with the movement of particles. In Principia
Mathematica (Newton 1687, Suntola 2012), the
theory development is characterized by four
phases. First, the book begins with the definitions of concepts, after which axioms are intro-

Boreal Env. Res. Vol. 19 (suppl. B)

• Towards quantitative ecology: Newton’s principia revisited

duced to characterize the connections between
the concepts. The third phase, the mathematical
analysis of systems defined by the concepts and
axioms, dominates the book. Finally, Newton
rather briefly treats the testing of the obtained
predictions with measurements, and such tests
play an important role in the conclusions.
The Newtonian approach to construct theories has provided classical physics and other
natural science an effective way to find regularities in nature: since identical material objects
in similar conditions behave in a similar way,
their behavior can be predicted from the definitions and axioms within the measurement accuracy and precision. The application of physical
knowledge and generalization into real-world
problems faced, however, the problem of variability. The insufficient understanding of variability has been particularly evident in atmospheric sciences in the subject areas such as
weather forecast (Kerr 2012) and climate change
prediction (Sanderson and Knutti 2012), and in
atmospheric phenomena such as initiation of
precipitation (Ren et al. 2013) and secondary
aerosol particle formation (Kulmala et al. 2013).
The diversity and variability are typical features of living systems, which, especially in
ecology, manifest the differences between individuals. Ever since the work by Locke (Anstey
2003) and Linné (Linne 1758, Cajander 1913,
Basset et al. 2012) over two centuries ago, ecological research has therefore focused on the
diversity in nature and on qualitative systems to
describe nature. The resulting qualitative argumentation has effectively hindered the utilization
of powerful and quantitative mathematical tools
in the development of ecological theories and
their applications.
Despite their variability, regularities in the
structure and metabolism govern the living
organisms. For example, two pine needles are
very similar to each other in their shapes and
many other properties, and the metabolism
of plants is based on the actions of the same
chains of enzymes, membrane pumps, and pigments (Priestley 1772, Ingen-Housz 1779, Li et
al. 2000). The behavior of the living systems
reflects the regularities in the basic structure and
metabolism and thus, we can expect regularities
in the resulting material fluxes and in the devel-
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opment of the vegetation structure. On the other
hand, since variability is a characteristic feature
in ecological phenomena in natural conditions,
we should be able to identify the regular and
random components in the behavior of ecological objects.

Construction and testing the
theory of photosynthesis
according to Newtonian approach
Is the Newtonian approach only valid for theory
formation in the classical physics, or can it also
be applied to ecology for detecting regularities in the metabolism and in the development
of structure of vegetation? Here we investigate
the applicability of the Newtonian approach to
theory formation in ecology using an example
dealing with photosynthesis (Fig. 1).
In traditional ecology, theoretical ideas are
typically introduced as assumptions in the model
development, often appearing only as small
technical details. This contrasts the Newtonian
approach which stresses the role of connections
between the concepts and the theoretical basis
of these connections. Below we apply the Newtonian approach to photosynthesis in two steps:
First we consider simple case when we form a
theory considering only the effects of CO2 and
photosynthetically active radiation on photosynthesis. In the second phase, we include the stomatal action into our theory formation.
Effects of radiation and CO2
concentration on photosynthesis
Theory formation
First, we consider only the effects of CO2 and
photosynthetically active radiation on photosynthesis. Following the steps in the Newtonian
theory formation, we define five concepts:
C1: Photosynthesis at a point in space and time is
the amount of formed sugars in a small space
element during a short time interval divided
by the product of the leaf area in the space
element and the length of the time element.
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light quanta arriving on a small area element
during a short time element divided by the
product of the area in the surface element and
the length of the time element.
C3: Respiration at a point in space and time is the
amount of consumed sugars in a small space
element during a short time interval divided
by the product of the leaf area in the space
element and the length of the time element.
C4: The CO2 flux into the stomatal cavity at a
point in space and time is the amount of CO2
flowing into the stomatal cavities in the space
element during a short time element divided
by the product of the leaf area in the space
element and the length of the time element.
C5: CO2 concentration in a space element is the
mass of CO2 in the element divided by the
volume of the space element.

Fig. 1. A schematic illustration of photosynthesis. (A)
Leaf element: diffusion transports CO2 via stomatal
pores from the atmosphere into the stomatal cavity,
where it is dissolved into water film surrounding mesophyll cells, and eventually moving into chloroplasts
according to the concentration gradient (Leuning 1983,
Evans and von Caemmerer 1996). Photosynthesis
generates the flux by drawing CO2 out from the stomatal cavity into chloroplasts. (B) Subcellular elements:
light is absorbed in chloroplast grana thylakoids, converted into chemical energy, and used for binding up
the CO2. The cell metabolism is consuming energy,
and thus the carbohydrates are broken down in respiration, liberating energy as ATP and forming carbon
dioxide in mitochondrion (Penning de Vries et al. 1974,
James 1953, Farrar 1995. (C) Reaction complexes in
chloroplasts: The solar energy is captured in the chlorophyll antenna systems (PSI and PSII) of chloroplast
thylakoid membranes (Hill and Bendall 1960, Duysens
et al. 1961, Anderson and Chow 2002, Nelson and Ben
Shem 2004) and converted to chemical energy (ATP
and NADPH) (Elston et al. 1998, Kurisu et al. 2001).
Simultaneously, water is split into oxygen and hydrogen
atoms (Hill 1939, Renger and Renger 2008). In the
chain of carbon reactions in the chloroplast stroma,
i.e., Calvin cycle, CO2 is bound into sugar phosphates
with the help of Rubisco and several other enzymes,
and chemical energy from light reactions (Calvin and
Benson 1948, Calvin and Bassham 1962). Photosynthesis becomes saturated with high light intensities.

C2: Photosynthetically active radiation at a point
in space and time is the number of visible

As the second step, we postulate four axioms
that concern the photosynthetic process (carbon
fixation), diffusion and CO2 concentration in the
stomatal cavity.
A1: The product of the saturating response to the
photosynthetically active radiation at a point
in space and time and CO2 concentration in
the stomatal cavity determines the photosynthesis at a point in space and time.
A2: The CO2 flux into the stomatal cavity at a
point in space and time is proportional to the
CO2 concentration difference between the
stomatal cavity and ambient air.
A3: The mass of carbon needs to be conserved
regardless of how it is transported or chemically processed.
A4: The CO2 concentration in the stomatal cavity
is stable over the time scales of photosynthesis.
We derive from the definitions of the theoretical concepts new mathematical concepts that
enable strict mathematical formulation of the
axioms resulting in the density of photosynthetic
and respiration rates, density of photosynthetically active radiation flux and density of leaf
area. The analogous mathematical formalism to
treat spatially and temporally nonhomogeneous
phenomena is commonly used in physics, for
example in the treatment of rotating bodies.
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The axioms obtain more exact form with the
above mathematical concepts. The first axiom
(A1) concerns the density of photosynthetic rate,
p(x,t) in point x at time t. We obtain
p(x,t) = bf [I(x,t)]Cs(x,t)

(1)

where b is the efficiency of photosynthesis, Cs
the CO2 concentration in the stomatal cavity, and
f is a saturating function
,

(2)

where I is the density of photosynthetically
active radiation flux and γ is a parameter to be
estimated.
The second axiom (A2) concerns the CO2
flux density between the stomatal cavity and the
atmosphere
fCO2(x,t) = g[Ca – Cs(x,t)],

(3)

where g is the stomatal conductance and Ca is the
ambient CO2 concentration.
The conservation of mass (A3) results in a
differential equation describing the behavior of
CO2 in a small leaf element

(4)

where ∆V is the volume of the leaf element,
A(∆V) its surface area in the volume element and
r(x,t) is the density respiration rate.
The fourth axiom (A4) states that the CO2
concentration is stable in the volume element,
thus its time derivative is zero and we obtain
g[Ca – Cs(x,t)] – bf [I(x,t)Cs(x,t) + r(x,t)] = 0. (5)
When we solve the CO2 concentration in the
volume element from Eq. 5 and insert the obtained
solution into Eq. 1, we can predict the dependence
of the density of photosynthetic rate on the density of the photosynthetically active radiation
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.

(6)

When we take in consideration that the density
of photosynthetically active radiation flux varies
we obtain
.

(7)

Testing the theory
The Newtonian approach to construct theories
resulted in clear equations and a prediction that
we can test with field data. We can accurately
measure the CO2 exchange of leaves (Hari et
al. 2013), i.e. photosynthetic minus respiratory
flux, which reflects photosynthesis at a point in
space and time enabling the testing of the theory
with field data. We utilized measurements from
the SMEAR I measurement station (Hari et al.
1994) in northern Finland during several years.
A branch chamber in the upper branches of Scots
pine is closed during a measurement for 70 seconds and open otherwise (Hari et al. 2013). When
the chamber is closed the flux between leaves and
the air in the chamber changes the CO2 concentration inside the chamber and we obtain the CO2
exchange from the CO2 mass balance equation.
If the photosynthetically active radiation at a
point in space and time is spatially constant within
the measured leaves, then we obtain the amount
of CO2 exchange of the leaves by multiplying the
photosynthesis minus respiration at point in space
and time with the leaf area in a chamber. In this
way, we can convert the predictions dealing with
the photosynthesis at a point level in space and
time into the leaf level that we can measure.
Equation 7 can be interpreted as predictions
of the daily patterns of the photosynthesis at point
in space and time generated by the variation in
the photosynthetically active radiation. We determined the parameters b, g, r, i.e., the efficiency
of photosynthesis, the stomatal conductance and
respiration, respectively, as well as the parameter
γ in the saturation of light reactions (Eq. 2) from
measurements during a cloudy day (20 June
2012). Using these values, we predicted the daily
pattern of the CO2 exchange for a cloudy day
28 July (Fig. 2A) and a sunny day 13 July 2010
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Fig. 2. Comparison of daily patterns of measured and predicted (Eq. 7) CO2 exchange on (A) a cloudy (26 June
2010, and (B) a sunny day (13 July 2010). Parameter values: b = 0.00098 m s–1, γ = 0.9 mmol m–2 s–1, g = 0.002
m s–1, r = 0.000001 g m–2 s–1.

(Fig. 2B). The agreement between predictions
and measurements was very good during the
cloudy weather, but during sunshine there was a
clear discrepancy between the prediction and the
measurement. When expanding the calculation
into days of intermittent cloudiness, the predictions were successful during mornings but in
the afternoon the predicted CO2 flux was clearly
higher than measured (Fig. 2B). This discrepancy
is evidently caused by the action of stomata,
whose partial closure reduces the CO2 flux into
the cavity further reducing photosynthesis.
The effect of stomatal action, radiation
and CO2 concentration on photosynthesis
Theory formation
Plants are known to close their stomata to restrict
transpiration to prevent damages due to drying
since also the flow of water vapor takes place via
the stomatal pores. The proper action of stomata
has been essential during evolution and a very
good action principle has developed to reduce
transpiration and to simultaneously avoid loss in
photosynthesis (Cowan and Farquhar 1977, Hari

and Mäkelä 2003). Thus, we have to expand our
theory to involve transpiration and the partial
closure of stomata to manage the reduction of
photosynthesis during the sunny afternoons.
The stomatal action caused evidently the
discrepancy between predicted and measured
photosynthesis. Therefore, we have to include
the stomatal closure in our theory development.
The application of the Newtonian approach to
the action of stomata begins with the definition
of new concepts:
C6: The transpiration at a point in space and
time is the amount of transpired water from a
small space element during a short time interval divided by the product of the leaf area in
the space element and the length of the time
element.
C7: Water saturated air contains the maximal
amount of water vapor in conditions of the air.
C8: The amount of photosynthesis at a point in
space during a time interval is the amount
of formed sugars in a small space element
during the time period divided by the leaf
area in the space element.
C9: The amount of transpiration at a point in
space during a time interval is the amount of
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water transpired from a small space element
during the time period divided by the leaf
area in the space element.
We need two additional concepts for the stomatal
action:
C10: The degree of stomatal opening is the
actual area of the stomatal pore divided by its
maximal area.
C11: The cost of transpiration is the amount of
sugars used to construct the water uptake and
water and carbon transport systems in roots,
stem and branches.
This last concept is different from the previous
ones: so far we have considered the leaf being
autonomous but this concept takes into consideration that the water and carbon fluxes at the
leaf–atmosphere boundary must be matched by
the water and carbon fluxes at the leaf boundary
with the rest of the tree.
We need additional axioms for transpiration
and for the stomata action:
A5: The outflow of water vapor through stomatal
pores is proportional to the product of the
degree of stomatal opening and the watervapor concentration difference between the
stomatal cavity and ambient air.
A6: The air in the stomatal cavities is watervapor saturated.
A7: The water-vapor concentration in saturated
air depends on temperature.
A8: The transpiration cost is proportional to the
amount of transpiration during a time period.
A9: The action principle of the stomata is to
maximize the photosynthetic production
minus transpiration cost in a point.
The concepts concerning transpiration at a
point in space and time as well as the amount
of photosynthesis and transpiration at a point in
space enable the mathematical treatment of the
axioms.
The densities of photosynthetic rate, pA, and
photosynthetic production, pP, are connected
with each other
.

(8)
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A similar equation also holds between densities of transpiration rate, hA, and amount of
transpiration, hP,
.

(9)

Our analysis of the system defined by concepts
C1−C5 and axioms A1−A4 assumes that diffusivity from the atmosphere through stomatal pores
into the stomatal cavity does not change. The
stomatal action that reduces diffusion is, however,
evident during high evaporative demand.
Stomatal closure reduces the diffusion of
CO2 and water vapor into and out from a leaf.
The partial closure of stomata, introduced with
the concept C10, reduces the diffusion of water
vapor out from the stomatal cavity. Let u denote
the degree of stomatal opening. Then, according
to axiom A5 is
hA(x,t) = agmaxu(x,t)D(x,t),

(10)

where g is the stomatal conductance for CO2
when the stomata are fully open, the parameter a
introduces the difference in diffusivity between
water vapor and CO2 (a = 1.6) and D is the
water-vapor concentration difference between
stomatal cavity and ambient air. The degree of
stomatal opening can take values only between
0 and 1. When u is introduced into Eq. 7, we get
.

(11)

According to axiom A8, the transpiration
cost is proportional to the amount of transpiration during a time period:
transpiration cost = λhP(x,t1,t2),

(12)

where λ, (g(CO2)/g(H2O), is a parameter.
Axiom A9 states that the action principle of
the stomata is to maximize the photosynthetic
production minus transpiration cost in a point.
This results in the following optimization problem (Hari et al. 1986, 2009):
.

(13)
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The above optimization problem can be solved
with the Lagrange method, which is rather commonly used in system analysis and economics.
As the first step, the Lagrange function, L, is
formed:
(14)
The next step is to differentiate the Lagrange
function with respect to u. The optimal stomatal
opening during the interval from t1 to t2 is obtained
as a zero point of the derivative of the Lagrange
function. The derivative of the Lagrange function
with respect to u includes u as first and second
power. Thus it can be solved resulting in

(15)

The above solution yields values that are
greater than 1 or negative which are outside the
range of degree of a stomatal opening. In these
cases, the optimal degree of stomatal opening,
uopt takes value 1 or 0. The final solution for the
optimal degree of stomatal opening (Hari et al.
1986) is
. (16)
The light intensity and water-vapor concentration difference between the stomatal cavity
and surrounding air vary during a day and the
degree of stomatal opening, u, responds to this
variation as well as to light intensity. Since the
water-vapor concentration difference is low in
the mornings, the stomata are usually fully open
after sunrise and they partially close if the day
is sunny and the water-vapor concentration difference is large. These variations in the light and
water-vapor concentration difference generate
strong daily patterns in photosynthesis.
By taking into account the new axioms
(A5–9), we obtain a revised version of Eq. 7
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(Hari et al. 1986, Hari et al. 2009):
.

(17)

Here, gmax is the stomatal conductance when
stomata are fully open, and uopt is the optimal
degree of stomatal opening obtained as the solution of the maximization problem. Equation 17
differs from Eq. 7 in that the optimality principle
(A9) introduces the stomatal action into the prediction.
Tests of the predictions
Next, we test these predictions with field data,
following the Newtonian approach. We selected
measurements obtained during July in the years
2010, 2011 and 2012 for testing our revised
theory. The number of measurements of photosynthesis, light, temperature and water-vapor concentration used in this testing was over 50 000.
Our model, based on the concepts and axioms,
includes five parameters which we estimated
using five days of measurements each summer,
including both sunny and cloudy days. These days
were rejected from the further analysis.
The estimation of the parameter values is
based on the normal statistical principle, i.e.
minimization of the residual sum of squares. The
compensating effects of the parameters hamper
the finding of the solution with numeric methods
and we have to do stepwise iterations.
We determined the respiration term from the
midnight measurements during the last day of
July since our measuring station is about 200 km
north of the Polar Circle and the nighttime
photosynthetically-active radiation is too high
in early July. The parameter gmax was set to 0.1
m s−1 (Hari et al. 2013). We selected five days
during each July containing sunny and cloudy
days to estimate the values of the parameters b, λ
and γ in three steps:
Step 1: Estimation of γ. First, we fix the value of
λ. Thereafter we estimated the daily values of
the parameter b and the value of γ for the five
days using the obtained daily values of b.
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Fig. 3. Comparison of daily patterns of measured and predicted (Eq. 17) daily patterns of CO2 exchange on four
days in July 2010 (Chamber 4). (A) the 4th (varying cloudiness), (B) the 11th (varying cloudiness), (C) the 24th
(sunny day), and (D) the 25th (cloudy day). Parameter values: b = 0.00098 m s−1, γ = 0.9 mmol m–2 s–1, λ = 0.004 g
(CO2./g (H2O., g = 0.002 m s–1, r = 0.000001 g m–2 s–1.

Step 2: Estimation of λ. First, we fix the value of
γ. Thereafter we estimated the daily values of
the parameter b and the value of λ for the five
days using the obtained daily values of b.
We repeated the iteration procedure steps 1 and 2
sequentially utilizing previously obtained values
for the parameters λ and γ until the solution of
the minimization was sufficiently stable.
Step 3: Finally, we estimated the daily values

of the parameter b using the obtained values
of λ and γ. We applied the mean of the daily
values in the test of the predictions.
The daily patterns of photosynthesis varied
according to the weather, with sunny, cloudy and
intermittent-cloudiness days looking very different from each other (Fig. 3). Our theory was able
to predict this great variability as the predicted
CO2 exchange followed closely the measured one.
Changes in the photosynthetically-active radiation
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Fig. 4. Comparison of measured and predicted CO2 exchange in two chambers (A and B) in July 2010. Parameter
values are b = 0.00059 m s−1, γ = 0.4 mmol m–2 s–1, λ = 0.0018 g (CO2/g (H2O)), g = 0.002 m s–1, r = 0.000001
g m–2 s–1 for chamber A, whereas for chamber B, the values are the same as in Fig. 2.

explained the rapid variation during days and the
partial closure of the stomata explained the slow
decline of CO2 exchange in sunny afternoons.
We compared the predictions with measurements utilizing extensive data sets (Fig. 4). The
predictions explained 95%–97% of the variance
in the measured CO2 exchange during July in the
years 2010, 2011, and 2012. Only 3%–5% of the
variance was attributed to measurement noise
and shortcomings in the model structure used in
the prediction. Thus, regularities generated by
the metabolism, diffusion and evolution play a
dominant role in the photosynthesis according to
our data and our ecological theory of photosynthesis gained a strong corroborative support in
the test with the field data.

Discussion and conclusions
Descriptive statistical analysis dominates the
field studies of photosynthesis, while theorydriven studies are quite few. Farquhar et al.
(1980), Farquhar and von Caemmerer (1982),
Laisk and Oja (1998) and Kirschbaum et al.
(1997) utilize physiological knowledge in the
derivation of the model structures of light and
carbon reactions. However, the action of stomata

has often been described with a phenomenological approach (Ball et al. 1987). The unique
feature of our theory is that it treats the action
of stomata in connection with a rough treatment of light and carbon reactions. Here axiom
10, derived from the evolutional argumentation,
states that maximizing the surplus carbon after
considering the cost required for providing the
leaf with water transport capacity should be beneficial for the plant. However, we have recently
shown that explicit description of material flows
within the tree and leaf when sugar supply from
the leaves to the rest of the plant is maximized
results in similar behavior as in Eq. 17 (Nikinmaa et al. 2013).
The Newtonian approach to construct theories provides a clear skeleton for scientific
thinking, stressing the most important aspects of
theory formation. The starting point is the definition of concepts. This requirement is problematic
in ecology where one needs to address the great
variability of living phenomena. Our solution is
to start the considerations from elements with
so small spatial and temporal dimensions that
the metabolism can be considered homogenous
within the element. Thereafter, we can apply
physiological, physical and evolutionary knowledge to formulate the axioms characterizing the
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most important phenomena for the photosynthesis. The axioms enable the utilization of powerful mathematical tools for deriving predictions.
The concepts in our theory concern mass and
energy flows that H.T. Odum (1983) considered
playing a key role in ecosystems. We can evidently expand the applications of the Newtonian
approach to Odum’s proposal and develop it
further. We can utilize physiological and physical knowledge to formulate the axioms since
metabolism and physical phenomena generate
concentration, temperature and pressure differences that give rise to the mass and energy flows
(Hari et al. 2013). We can base the mathematical analysis of the systems defined by concepts
and axioms in ecology on the conservation of
mass and energy to obtain differential equations,
similarly as in physics. Modern instrumentation
provides a wide range of measurements to obtain
the necessary test data. The Newtonian approach
to construct theories can apparently be widely
applied to ecological phenomena.
Newton’s ideas have already received some
attention in ecology (Ulanowicz 1999, Murray
2001), where the Newtonian approach to construct theories provides clear advantages: it forces
to formulate the ideas precisely, it enables the utilization of physiological and physical knowledge,
it allows the use of effective mathematical tools
in the development of the theory, and it allows to
separate the regular and random components in
the behavior of the research object.
By applying the principles of Newtonian
theory formation on the effects of environment on
photosynthesis we were able to formulate a novel
theory that successfully passed the tests with large
sets of field data. These principles can evidently
be successfully applied to several ecological phenomena where material and energy flows play
an important role whereas the definitions of the
concepts and formulation of the axioms will be
more challenging in certain subareas, e.g. biodiversity. Following the steps of Newtonian theory
formation, we can proceed towards quantitative
ecological theories and improve the information
exchange between ecology and physics.
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