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Abstract We give a new derivation of the familiar linear relation for the dimensionless
velocity gradient in the stably stratified surface layer and provide physical and empirical
grounds for its universal applicability in stationary homogeneous turbulence over the whole
range of static stabilities from Ri = 0 to very large Ri. Combining this relation with the
budget equation for the turbulent kinetic energy we obtain the “equilibrium formulation” of
the turbulent dissipation length scale, and recommend it for use in turbulence closure models.
Keywords Flux Richardson number · Stationary and homogeneous regime · Strong static
stability · Turbulence closure · Turbulent dissipation length scale · Turbulent kinetic energy ·
Velocity gradient
1 Traditional Similarity Theory Formulation for the Velocity Gradient
The key point of our paper is to provide new insight into the familiar relation for the velocity
gradient in the stably stratified atmospheric surface layer:
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where L is the Obukhov length1 :
L≡

|τ |3/2
,
−β Fθ

(2)

z is the height, U is the mean wind velocity, τ = uw and Fθ = θ w are vertical turbulent fluxes
of momentum and potential temperature, u and w are fluctuations of horizontal (along the
mean wind) and vertical velocities, θ is the fluctuation of potential temperature, the overbar
denotes statistical averaging, β = g/T0 is the buoyancy parameter, g is the acceleration of
gravity, T0 is a reference value of the absolute temperature (), k ≈ 0.4 (the von Karman
constant) and Cu ≈ 2 are empirical dimensionless constants.
Equation 1 has been derived from the following concept of “z-less stratification”: basic
properties of turbulence in stable stratification depend on z close to the surface, but this dependence decreases with increasing z and sufficiently far from the surface, at z >> L, becomes
negligible. If so, simple dimensional analysis yields the following asymptotic relations for
the eddy viscosity:
K M ∼ |τ |1/2 L ,

(3)

−τ
|τ |1/2
∂U
=
.
∼
∂z
KM
L

(4a)

and the velocity gradient:

Then Eq. 1 is immediately derived as the simplest interpolation between the classical wall
law:
∂U
|τ |1/2
=
∂z
kz

(4b)

Cu |τ |1/2
∂U
=
.
∂z
k
L

(4c)

and Eq. 4a in the form

Data from observations in the atmospheric surface layer for 0 < z/L < 10 generally confirm Eq. 1 with a reasonably certain value of Cu ≈ 2 (e.g., Dyer 1974; Högström 1996;
Zilitinkevich and Esau 2007).

2 Alternative Derivation
We recall that the turbulent regime corresponding to z/L > 1 is often considered in boundary-layer meteorology as “strongly stable”. This wording is not quite accurate. In a more
general context, the static stability is characterised (alternatively to z/L) by the gradient
Richardson number:
β∂/∂z
Ri ≡
.
(5)
(∂U/∂z)2
1 Recall that the original definition of the Obukhov length included the von Karman constant in the denomi-

nator. Using this definition, the numerical coefficient analogous to Cu = 2 in Eq. 1 would be Cu /k = 5.
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Typical values of Ri in the atmospheric stable planetary boundary layer (PBL) do not exceed
the threshold Ri = 0.25 (e.g. Garratt 1992), whereas the free atmosphere is characterised by
Ri of order 10. Furthermore, it seems reasonable to define the upper boundary of the stable
PBL just as the height at which Ri passes the above threshold (Zilitinkevich et al. 2008).
From this point of view, the stable PBL flow should be considered as weakly stable, so that
Eqs. 4a and 4b represent so called “intermediate asymptotes” (see Barenblatt 1996).
To answer the question as to whether Eqs. 4a and 4b are applicable or not in really strong
static stability (that is Ri >> 1), we consider the familiar budget equation for the turbulent
kinetic energy (TKE), E K = 21 (u 2 + v 2 + w 2 ), in the stationary homogeneous turbulent
regime:


d EK
∂U
= −τ
+ β Fθ − ε K = 0,
(6)
dt
∂z
where −τ ∂U/∂z > 0 is the TKE production by the wind shear, β Fθ < 0 is the TKE consumption for overtaking the buoyancy forces, and ε K > 0 is the TKE viscous dissipation
rate. In this regime, the absolute value of the buoyancy flux, β Fθ , could only increase2 with
strengthening stability (that is with increasing Ri); but, by virtue of Eq. 6, it cannot exceed
−τ ∂U/∂z. Then the flux Richardson number:
Ri f ≡

−β Fθ
−τ ∂U/∂z

(7)

is a monotonically increasing but limited function of Ri or z/L (see Fig. 1). Therefore at
Ri → ∞ it should tend to a finite limit:
−β Fθ
→ R∞ = constant < 1.
(8)
−τ ∂U/∂z
Equation 8 yields the large-Ri asymptotes: a linear relation for the turbulent Prandtl number:
Pr T ≡

KM
τ (∂/∂z)
Ri
=
→
KH
Fθ (∂U/∂z)
R∞

(9)

where K M and K H are the eddy viscosity and eddy conductivity; and the same relation as
Eq. 4a for the velocity gradient:
−β Fθ
|τ |1/2
∂U
→
=
.
∂z
−R∞ τ
R∞ L

(10)

The maximum value of the flux Richardson number: R∞ ≈ 0.2 has been determined from
various experimental, large-eddy simulation (LES) and direct numerical simulation (DNS)
data for extremely strong static stabilities, namely, for the values of Ri between 1 and 102 ,
at which Ri f definitely levels off (e.g., Yamada 1975; Stroscio 1982; Zilitinkevich et al.
2007, 2008, 2009; Mauritsen and Svensson 2007; Mauritsen et al. 2007; Stretch et al. 2009;
Venayagamoorthy and Stretch 2010).
It is remarkable that the coefficient 1/R∞ ≈ 5 in Eq. 10 based on data for extremely
stable stratification (Ri up to 102 ) coincides with the coefficient Cu /k ≈ 5 in Eq. 4c based
on experimental and LES data for the atmospheric surface layer (that is the lower part of
2 In the stationary homogeneous regime the static stability is equivalently characterised by Ri, z/L or Ri .
f

However, this is not generally true in non-homogeneous or non-stationary turbulence. At large Ri, the heat flux
could decrease with increasing stability (e.g., Basu et al. 2006); cf. examples of non-monotonic dependence
of Ri f on Ri in Mahalov et al. (2004) and a detailed discussion of atmospheric data by Kouznetsov and
Zilitinkevich (2010).
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Fig. 1 The stability dependence of the flux Richardson number after LES DATABASE64 (Esau and Zilitinkevich 2006) supplemented with several high-resolution runs: a Ri f versus Ri; b Ri f versus z/L, with the
theoretical curve (solid line) plotted after Eq. 16 with k = 0.4 and R∞ = 0.22. Dashed lines show averaged
empirical data; grey area is three standard deviations

the boundary layer, where Richardson numbers do not exceed 0.25). In other words, the
intermediate, “surface-layer asymptote” Eq. 4c (relevant to large z/L but still quite small
Ri) coincides with the ultimate “very large Ri asymptote” (relevant to the extremely stable homogeneous turbulence that is unapproachable in boundary-layer flows). It follows that
Eq. 1 is applicable to stationary and homogeneous stably stratified flows over the entire range
of static stabilities from neutral to extremely stable; whereby Cu is expressed through the
independently determined fundamental empirical constants:
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Cu = k/R∞ .

(11)

In this statement the words “stationary and homogeneous” should be emphasised. It goes
without saying that the velocity gradients in stable stratification, in particular in the upper
part of the stable PBL, are often inconsistent with Eq. 1. Kouznetsov and Zilitinkevich (2010)
have demonstrated that such inconsistencies are always associated with flow heterogeneity
and/or the non-stationary evolution of the flow.

3 Turbulent Dissipation Length Scale
Following Kolmogorov (1941), the TKE dissipation rate, ε K , is expressed through the dissi1/2
pation time scale tT or the integral turbulent length scale l ≡ E K tT :
3/2

εK =

E
EK
= K ,
C K tT
CK l

(12)

where C K is a dimensionless universal constant. It is worth emphasising that Eq. 12 does not
imply any hypotheses: it merely substitutes the unknown ε K by the alternative unknowns, tT
or l. Determination of l is therefore one of the key aspects of the general turbulence closure
problem.
In a neutrally stratified, plain-parallel, non-rotating boundary-layer flow the maximum
sizes of locally generated turbulent eddies are limited only by the distance, z, from the underlying surface. Then the basic neutral-stability turbulent length scale, l = l0 , can be taken
as proportional to z. Identifying the proportionality constant with the free constant C K in
Eq. 12, we can take
l0 = z.
τ 1/2 /

Equations 6, 12 and 13 yield the relation ∂U/∂z =
the classical wall law: ∂U/∂z = τ 1/2 /kz, where


|τ | 3/2
k = CK
E K Ri=0

(13)


3/2
C K (τ/E K ) z consistent with

(14)

is the von Karman constant.
Lo et al. (2005) derived a quite similar relationship between k and (τ/E K ) Ri=0 for sta3/2
tionary and homogenous sheared flows: k = C2 (τ/E K ) Ri=0 and determined the constant
C2 ≈ 2 (that appears in the second-order velocity structure function) from a large number of
3/2
laboratory and numerical experiments. Relying on this estimate, we obtain C K = C2 ≈ 2.8.
For comparison, taking (τ/E K ) Ri=0 ≈ 0.3 (after Zilitinkevich et al. 2008) and k ≈ 0.4,
Eq. 14 yields a reasonably close value of C K ≈ 2.4. Closure models based on the steady or
non-steady versions of the TKE budget equation with ε K parameterized through Eqs. 12, 13
reasonably accurately reproduce neutrally stratified turbulent flows. In stable stratification,
physical mechanisms controlling turbulence are much more complicated and the turbulent
length scale in closure models is still determined heuristically and rather uncertainly.
In view of analyses given in Sect. 2, Eq. 1 with Cu = k/R∞ can be considered as an
inherent property of stationary homogeneous turbulence, which allows us to determine l
from Eqs. 1, 6 and 12:


E K 3/2
k
z
l=
.
(15)
−1
C K |τ |
1 + k(R∞ − 1)z/L
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It is worth noting that Eq. 15 does not imply a simple linear interpolation between z −1 and
L −1 , because the ratio E K /|τ | essentially depends on the static stability.
Substituting Eq. 1 with Cu = k/R∞ into Eq. 7 yields a simple relation linking z/L and
Ri f :
Ri f
z
R∞
=
,
L
k R∞ − Ri f

(16)

so that l can also be expressed in terms of the neutral-stability turbulent length scale l0 (equal
to z in boundary-layer flows) and the flux Richardson number:

l=

kl0
C K R∞



EK
−τ

3/2

R∞ − Ri f
.
1 − Ri f

(17)

The stability dependence of E K /|τ | has been examined theoretically and empirically by
Zilitinkevich et al. (2007, 2008, 2009), Mauritsen and Svensson (2007) and Mauritsen et al.
(2007). With increasing stability, E K /|τ | increases starting from 3 to 5 in neutral stratification (Mann 1994; Lo et al. 2005) and approaches 10–15 in very strong static stability at
Ri > 10. Then, as follows from Eq. 15, in the stability range 0 < z/L < 5 typical of the
atmospheric boundary layer, l should remain weakly sensitive to the stratification and basically proportional to z; whereas the strong stability limit, l ∼ L, is approached only in the
free atmosphere, outside the boundary layer. This explains why old attempts to determine l
through simple interpolation: 1/l = 1/z+(constant)/L happened to be a poor approximation
(see Heinemann 2004; van de Wiel et al. 2008).

4 Concluding Remarks
Asymptotic analysis of the stationary, homogeneous TKE budget equation provides a principal applicability of the surface-layer velocity gradient formulation, Eq. 1, up to extremely
strong static stabilities, and allows expressing the empirical constant Cu in Eq. 1 through
the von Karman constant k ≈ 0.4 and the maximal flux Richardson number R∞ ≈ 0.2. On
this basis we determine the stability dependence of the turbulent length scale in terms of the
dimensionless height z/L (Eq. 15) or flux Richardson number Ri f (Eq. 17), and recommend
this formulation for use in turbulence closure models.
We emphasise that the above formulations are valid only in the stationary, homogeneous
regime. In part II of our study, Kouznetsov and Zilitinkevich (2010) analyse examples of the
violation of Eq. 1 known from the literature, and attribute them to the essential heterogeneity
of turbulence in the upper parts of a stable boundary layer.
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