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1. Introduction

This thesis lies within the study of branched covering maps between mani-
folds, that is a classical topic in Finnish Mathematics.

The background of this work is in the classical results of Berstein and
Edmonds in [1], Fox in [7] and more recent results of Montesinos in [9]. The
main motivation of this work can be found in a conjecture of Church and
Hemmingsen in [5]. This thesis contains techniques that are inspired by a
construction of Heinonen and Rickman in [8].

A monodromy representation represents a branched covering map be-
tween manifolds as a factor of an orbit map. This factorization arises from
the monodromy of the branched covering map. We call the domain of the
orbit map the monodromy space of the branched covering map (see Chapter
2).

Monodromy representations were originally introduced for branched cov-
ering maps between closed (connected) orientable manifolds by Berstein and
Edmonds in [1]. As the first application in [1] monodromy representations
were used to derive degree estimates. More recently Pankka and Souto
used a monodromy representation, as a tool, for a non-existing result of a
particular branched covering map, see [10].

The aim of this thesis is to make the theory of monodromy representa-
tions available for the study of a broader class of branched covering maps
between manifolds. The aim is also to introduce the theory of monodromy
representations as a new approach to classical open questions on branched
covering maps between manifolds.

1



Research questions

In this thesis a manifold is a connected second countable Hausdorff space
that is locally homeomorphic to the Euclidean space. A branched covering
map between manifolds is an open, continuous and discrete map. A branch
point of a branched covering map is a point at which the map fails to be a
local homeomorphism, and the branch set is the set of branch points.

The first research question of this thesis considers new existence results
of monodromy representations.

Question 1. In what extent does Bersteins and Edmonds construction of
a monodromy representation in [1] generalize to branched covering maps
between manifolds?

In article [A] we first consider a class of branched covering maps be-
tween manifolds that is natural for the construction. Then we introduce
a characterization for the existence of a monodromy representation within
this class of maps.

The second research question concerns the properties of the monodromy
space.

Question 2. What properties can we expect from the monodromy space as
a topological space?

The monodromy space is a locally connected Hausdorff space by con-
struction. In article [A] we provide an example to show that the monodromy
space is not in general a locally compact space. In article [C] we provide
further examples to show that a monodromy space that is a locally com-
pact space, is not in general a manifold, a locally contractible space or a
cohomology manifold.

The third research question concerns new applications of monodromy
representations in the study of branched covering maps between manifolds.

Question 3. What consequences does the existence of a monodromy repre-
sentation have on the branch set of a branched covering map between man-
ifolds?
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The branch set has by Černavskĭı [12] and Väisälä [11] codimension
more or equal to two. A classical conjecture of Church and Hemmingsen
in [5] states that the codimension of the branch set is strictly two for a
branched covering map from the three sphere to a three sphere. We show
together with Pankka in article [B] two partial results in the direction of
this conjecture.

This summary is organized as follows. We introduce completed cover-
ing maps and monodromy representations in Chapter 1. We consider the
existence of monodromy representations in Chapter 2, and properties of the
monodromy space in Chapter 3. We consider an application of monodromy
representations in Chapter 4.

Completed covering maps

The maps in the classical construction of a monodromy representation in [1]
are branched covering maps in the sense of Fox [7], and map from a locally
connected Hausdorff space onto a manifold; we call such a map a completed
covering map, see [A, Definition 3.7]. The first question for extending the
construction of Berstein and Edmonds in [1] to a broader class of branched
covering maps between manifolds thus becomes: Which branched covering
maps between manifolds are also completed covering maps?

A completed covering map is an open, continuous and surjective map
that is obtained in Fox’ completion process of a covering map in [7]. Let Y
be a manifold and f ′ : X ′ → Y ′ a covering map onto an open dense subset
Y ′ ⊂ Y so that Y \ Y ′ does not locally separate Y. Then there exists by
Fox [7] a unique locally connected Hausdorff space X ⊃ X ′ and a unique
completed covering map f : X → Y that extends the map f ′ : X ′ → Y. The
completed covering map f : X → Y is the Fox-completion of the covering
map f ′ : X ′ → Y ′ with respect to Y. A branched covering map f : X → Y
between manifolds is a completed covering map if and only if it can be
obtained as a Fox-completion of a covering map with respect to Y .

We introduce a sufficient condition for a branched covering map between
manifolds to be a completed covering map. We say that a branched covering
map f : X → Y has finite multiplicity, if there exists a natural number k

3



so that the cardinality |f−1{y}| of f−1{y} is less than k for all y ∈ Y. We
prove the following lemma; compare to [11, Lemma 5.1] for the necessity of
the condition.

Lemma 1.1 ([A, Lemma 3.4]). A branched covering map f : X → Y be-
tween manifolds is a completed covering map, if every point y ∈ Y has
arbitrarily small connected neighbourhoods V of y so that, for every compo-
nent D of f−1(V ), the restriction map f |D : D → V has finite multiplicity
and maps onto V.

A branched covering map is called proper, if the pre-image of every
compact set is compact. Proper branched covering maps between manifolds
are examples of completed covering maps between manifolds with finite
multiplicity, see [A, Lemma 3.4].

The canonical candidate

Let f : X → Y be a completed covering map between manifolds. The
deck-transformation group Deck(f) of f : X → Y is the group of all home-
omorphism τ : X → X satisfying f = f ◦ τ. We recall that f : X → Y is an
orbit map, if X/Deck(f) ≈ Y. We note that a covering map f : X → Y is
called a normal covering map, if it is an orbit map. We refer to [A, Section
2] for the definition of the monodromy group of covering map, and classical
results in covering space theory.

Let f : X → Y be a completed covering map between manifolds. Then
f ′ := f |X ′ : X ′ → Y ′ is a covering map for X ′ := X \ f−1(f(Bf )) and
Y ′ := Y \ f(Bf ). Let Gf ′ be the monodromy group of f ′ : X ′ → Y ′.

By the classical covering space theory there now exists normal covering
maps p′ : X ′

f → X ′ and q : X ′
f → Y ′ so that the diagram

X ′
f

p′
��

q′

��
X ′ f ′

�� Y ′,
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commutes and the deck-transformation group Deck(q′) is isomorphic to the
monodromy group Gf ′ .

Further, since f : X → Y is a completed covering map, there exists a
unique locally connected Hausdorff space Xf ⊃ X ′

f and completed covering
maps p : Xf → X and q : Xf → Y that extends the normal covering maps
p′ : X ′

f → X ′ and q′ : X ′
f → Y ′ and fit into a commutative diagram

Xf

p

��

q

��
X

f �� Y,

see [7], [9] and [A]. We say that (Xf , p, q)f is the canonical triple of the
completed covering map f : X → Y between manifolds.

Further, if the maps p : Xf → X and q : Xf → Y in the canonical triple
(Xf , p, q)f are orbit maps, we say that (Xf , p, q)f is the monodromy repre-
sentation, f̄ := q : Xf → Y the normalization map, and Xf the monodromy
space of f : X → Y.

The monodromy group Gf of f : X → Y is defined as the monodromy
group of the covering map f ′ : X ′ → Y ′. The normalization map f̄ : Xf → Y
is an orbit map for an action of the monodromy group Gf of f : X → Y on
Xf , see [A, Remark 4.2].

We note that the definition of a monodromy representation in this chap-
ter is compatible with the definition of a monodromy representation in ar-
ticle [A], see [A, Theorem 1.4].
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2. The existence of monodromy representations

In the heart of article [A] is the question whether a completed covering map
between manifolds has a monodromy representation. The concrete question
becomes: Is the canonical triple (Xf , p, q)f of a completed covering map
f : X → Y between manifolds a monodromy representation?

Bersteins and Edmonds’ original argument in [1, Proposition 2.2] leads
us directly to the first observation.

The canonical triple (Xf , p, q)f of a completed covering map f : X → Y
with finite multiplicity is a monodromy representation.

This observation implies, most importantly, that a proper branched cov-
ering map between manifolds has a monodromy representation. A branched
covering map f : X → Y between manifolds is a locally proper map. Thus
local monodromy representation exists at every point in X; there exists for
every x ∈ X a normal neighbourhood U of x so that the restriction map
f |U : U → f(U) has a monodromy representation.

The question whether a canonical triple (Xf , p, q)f is a monodromy rep-
resentation becomes, however, a more delicate issue for completed covering
maps f : X → Y between manifolds that have not a priori finite multi-
plicity. In the terminology of canonical triples we first obtain the following
characterization.

Theorem 2.1 ([A, Theorem 1.1]). Let (Xf , p, q)f be the canonical triple of
a completed covering map f : X → Y between manifolds. Then the canonical
triple (Xf , p, q)f is a monodromy representation of f : X → Y if and only
if q : Xf → Y is a discrete map.
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The maps p : Xf → X and q : Xf → Y in the canonical triple (Xf , p, q)f
of a completed covering map f : X → Y between manifolds are orbit maps if
and only if they are discrete maps by [A, Theorem 1.1]. To obtain Theorem
2.1, we further observe that p : Xf → X is a discrete map, if q : Xf → Y is
a discrete map.

We then prove a necessary condition for a canonical triple to be a mon-
odromy representation.

Theorem 2.2 ([A, Theorem 1.6]). Let (Xf , p, q)f be the canonical triple of
a completed covering map f : X → Y between manifolds. If the canonical
triple (Xf , p, q)f is a monodromy representation, then the image f(Bf ) ⊂ Y
of the branch set Bf ⊂ X is a closed set.

There exist a completed covering map R2 → S2 for which the image of
the branch set is not a closed set. Consider first a standard Alexander map
f : R2 → S2, for which Bf = Z2 ⊂ R2 and f(Bf ) = {a, b, c} ⊂ S2. Then,
f : R2 → S2 is a completed covering map by [A, Lemma 3.4]. We observe
that f : R2 → S2 stays as a completed covering map in small perturbations
around points in Z2. Thus there exists a completed covering map g : R2 →
S2 for which g(Bg) = {a, b, c0, c1, c2 . . .} and g(Bg) not a closed set. We
obtain the following result, see [A, Theorem 1.6].

Corollary 2.3. There exist a completed covering map f : X → Y between
manifolds, for which the canonical triple (Xf , p, q)f is not a monodromy
representation.

We note that Corollary 2.3 also follows from Montesinos’ example [9,
Example 10.6] and [A, Theorem 1.1]. By Corollary 2.3 the canonical triple
(Xf , p, q)f of a completed covering map f : X → Y between manifolds is
not necessary a monodromy representation. We show, however, that it is
sufficient to assume that the space Xf is a locally compact space.

Theorem 2.4 ([A, Theorem 1.3]). Let f : X → Y be a completed covering
map. Then the canonical triple (Xf , p, q)f is a monodromy representation
of f : X → Y, if Xf is a locally compact space.
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Let f : X → Y be a completed covering map between manifolds. Assume
that the space Xf in the canonical triple (Xf , p, q)f is a locally compact
space. Then the maps p : Xf → X and q : Xf → Y have locally finite
multiplicity by a local argument using [A, Theorem 1.3]. Thus p : Xf →
X and q : Xf → Y are discrete maps by Montesinos [9, Theorem 9.14].
Further, the canonical triple (Xf , p, q)f is a monodromy representation of
f : X → Y, by [A, Theorem 1.1]. Hence, the result [A, Theorem 1.3] covers
Theorem 2.4 in the terminology of canonical triples.

In [A, Section 4] we take another approach to the question whether a
canonical triple is a monodromy representation. We define stable completed
covering maps between piecewise linear manifolds in [A, Section 4.3]. In [A,
Theorem 1.9] we state that the canonical triple (Xf , p, q)f of a completed
covering map f : X → Y between piecewise linear manifolds is a monodromy
representation if and only if f : X → Y is a stable completed covering map.
This characterization implies, for example, that all simplicial completed
coverings maps have monodromy representations, see [A, Corollary 4.18].
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3. Properties of the monodromy space

Let Xf be the monodromy space of a completed covering map f : X → Y
between manifolds. What properties can we expect from Xf as a topological
space? The construction of a monodromy representation indicates that the
monodromy space is a locally connected Hausdorff space. In article [A] we
consider the question: Is the monodromy space a locally compact space? In
article [C] we focus on monodromy spaces that are locally compact: Is a
locally compact monodromy space a locally contractible space, a cohomology
manifold or a manifold?

Let f : X → Y be a completed covering map between manifolds and
Bf̄ ⊂ Xf the branch set of the normalization map f̄ : Xf → Y . Then
Xf \ Bf̄ ⊂ Xf is an open manifold which is dense in Xf . Even so, it turns
out, that the monodromy space Xf is a manifold only in very special cases.

The monodromy space Xf of a completed covering map between man-
ifolds is a locally compact space if and only if the normalization map
f̄ : Xf → Y has locally finite multiplicity by [A, Theorem 1.3]. A corol-
lary of [A, Theorem 1.3] is that the monodromy space is not in general a
locally compact space for completed covering maps between manifolds that
have not finite multiplicity.

Theorem 3.1 ([A, Proposition 5.3]). There is a simplicial completed cov-
ering map f : R2 → S2 onto the 2-sphere S2 for which the monodromy space
Xf is not a locally compact space.

However, the monodromy space Xf of a completed covering map f : X →
Y between manifolds that has finite multiplicity is a locally compact space.
This statement follows directly from an observation on monodromy groups
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of proper branched covering maps between manifolds in [1]: Since f : X → Y
has finite multiplicity, the monodromy group Gf of f : X → Y is a finite
group. Thus the normalization map f̄ : Xf → Y has finite multiplicity as
an orbit map for the group Gf . Thus Xf is a locally compact space by [A,
Theorem 1.3].

In article [C] we consider the monodromy space Xf of a proper branched
covering map f : X → Y between manifolds. The monodromy space Xf is a
locally compact space, since the proper branched covering map f : X → Y
is a completed covering map and has finite multiplicity. The main result
in article [C] states that the locally compact space Xf is not necessary a
locally contractible space.

Theorem 3.2 ([C, Theorem 1.2.]). There exists a branched covering map
f : S3 → S3 of the 3-sphere S3 for which the monodromy space Xf is not a
locally contractible space.

Heinonen and Rickman introduced in [8] a branched covering map S3 →
S3 that contains an Antoine’s necklace in the branch set. In the same spirit
we construct in [C] a branched covering map f : S3 → S3. We then consider
the normalization map f̄ : Xf → Y ; we prove that there exists a point
y ∈ S3 so that every open set U ⊂ Xf satisfying y ∈ f̄(U) has non-trivial
first homology and is thus, not a contractible open set. The existence of the
map f : S3 → S3 then proves [C, Theorem 1.2.].

We then consider a simplicial proper branched covering map f : X → Y
between piecewise linear manifolds. Then Xf is a polyhedron, by Fox [7].
Hence the monodromy space Xf is both a locally compact and a locally con-
tractible space. We show that it is, however, in general neither a manifold
nor a cohomology manifold (in the sense of Borel [2]).

Theorem 3.3 ([C, Theorems 1.1 and 5.1]). There exist a simplicial com-
pleted covering map f : S3 → S3 of the 3-sphere S3 for which the monodromy
space Xf is neither a manifold nor a cohomology manifold.

The monodromy space of a branched covering map S2 → S2 is an ori-
entable 2-manifold by Fox [7]; see also [C, Lemma 4.1]. We construct a
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piecewise linear branched covering f : S2 → S2 of the 2-sphere S2 so that
the monodromy space Xf is not S2. We observe that the suspension ΣXf

of Xf is in this case not a manifold, and prove that it is neither a coho-
mology manifold. Let then ΣS2 be the suspension of S2, Σf : ΣS2 → ΣS2

the suspension map of f : S2 → S2 and XΣf the monodromy space of Σf.
We prove that ΣXf = XΣf . This concludes the proof of [C, Theorem 1.1],
since the suspension of the 2-sphere is the 3-sphere and Σf is a branched
covering map S3 → S3.

We note that, even if the monodromy space of a proper branched cover-
ing map is not in general a cohomology manifold by [C, Theorem 5.1], it is
always a locally orientable space of finite cohomological dimension, see [C,
Section 3].
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4. An application

We look for applications of monodromy representations in the study of
branched covering maps between manifolds. We consider with Pankka the
following question. What consequences does the existence of a monodromy
representation have on the branch set Bf ⊂ X and its image f(Bf ) ⊂ Y of
a proper branched covering map f : X → Y between manifolds?

In article [B] we consider a proper branched covering map f : X → Y
between manifolds. We use the existence of a monodromy representation
for a result on the dimension of the branch set Bf ⊂ X. By Černavskĭı [12],
Väisälä [11], and Church [4],

dim(f−1(f(Bf ))) = dim(f(Bf )) = dim(Bf ) ≤ n− 2.

We show that a strict inequality dim(Bf ) < n − 2 implies that the mon-
odromy group Gf of f : X → Y has non-trivial finite perfect subgroups
i.e finite non-trivial subgroups that have no non-trivial abelian quotients.
We recall that the deck-transformation group Deck(f̄) of the normalization
map f̄ : Xf → Y is isomorphic to the monodromy group Gf .

Let f : X → Y be a proper branched covering map between n-manifolds
and f̄ : Xf → Y the normalization map. Let y ∈ Y. Then the subgroups
that fix points x1, x2 ∈ f̄−1{y} respectively are conjugate to each other in
the deck-transformation group Deck(f̄) of f̄ . We call the conjugacy class of
these subgroups the local monodromy group of f : X → Y at y.

We show that the local dimension of f(Bf ) is n− 2 at y ∈ f(Bf ), if the
local monodromy group of f : X → Y at y is an abelian group, and obtain
the following theorem.
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Theorem 4.1 ([B, Theorem 1]). Let f : X → Y be a proper branched
covering map between n-manifolds. If the local dimension of the image of the
branch set f(Bf ) at y ∈ f(Bf ) is less than n− 2, then the local monodromy
group of f : X → Y at y ∈ f(Bf ) is a finite perfect group.

We note that there exists a branched covering map S5 → S5 of the
5-sphere S5 for which the local dimension of the image of the branch set is
1, see the introduction of article [B] for a construction based on the work
of Cannon and Edwards in [3] and [6].

Church and Hemmingsen conjectured in [5], that the dimension of the
image of the branch set for a branched covering map S3 → S3 of the 3-sphere
S3 is always n − 2 = 1, but the question is still open. In the direction of
this conjecture we obtain the following result.

Corollary 4.2 ([B, Theorem 4]). Let f : S3 → S3 be a branched covering
map that is a local orbit map. Then the image of the branch set is not an
Antoine’s necklace.

Another corollary of Theorem 4.1 is the following result that relates the
local dimension of the branch set to the local multiplicity of the maps.

Corollary 4.3 ([B, Theorem 3]). Let f : X → Y be a proper branched
covering map between n-manifolds so that the local multiplicity of f is at
most three in the branch set Bf . Then either f : X → Y is a covering map
or f(Bf ) has local dimension n− 2.
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