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1. Overview

This thesis belongs to a branch of Harmonic analysis. It concerns testing char-
acterizations of two weight inequalities and Tb theorems. Both of these aim to
provide necessary and sufficient conditions for a certain type of inequality to hold:
Tb theorems characterize boundedness of an operator in some Lp-space, and test-
ing characterizations of two weight inequalities deal with boundedness between two
weighted Lp-spaces. The operators in this context are often typical operators of Har-
monic analysis, such as singular integrals, square functions or maximal functions,
or some dyadic analogues of these.

The theory of weighted norm inequalities has a long history. One aspect of this
theory that has been under active research recently is testing characterizations of
two-weight inequalities. The roots of the idea of testing in this area go back to
the work of Sawyer [42]. He showed that to know whether the Hardy-Littlewood
maximal function is bounded between two weighted spaces it is enough to test the
corresponding inequality with a very restricted class of functions.

After a long line of research by several investigators, the first full two-weight
testing characterization for a genuine singular integral appeared relatively recently.
It was shown in [27], [25], [22] that the Hilbert transform satisfies a two-weight
inequality in L2 if and only if one has Sawyer type testing conditions and a version
of the A2 condition related to the weights hold.

The characterization for the Hilbert transform is known only in L2, and at the
starting time of this thesis, this was the case also for certain non-positive dyadic
models of Calderón-Zygmund operators. One goal for the thesis was to build Lp-
theory for testing of two-weight inequalities of this type of operators. The starting
point was to use the idea, of the advisor Tuomas Hytönen, to replace the Sawyer
type testing conditions and the two-weight Ap conditions with stronger quadratic
versions.

A natural class of operators for the first try of the quadratic testing condition
is the well localized operators of Nazarov, Treil and Volberg [40]. In [40] it was
shown that Sawyer type testing conditions for a well localized operator and its
adjoint are necessary and sufficient for the two-weight inequality in L2. This result
and the method of proof were important developments towards the theorem for the
Hilbert transform mentioned above. When following the underlying structure in
[40] from the perspective of quadratic testing, we were able to obtain a two-weight
characterization for well localized operators for all exponents p ∈ (1,∞). These
investigations were done in Article [A].

After finding out that the quadratic testing is a potentially useful concept in the
area of two-weight inequalities, the next step was to consider a quadratic version
of the Muckenhoupt two-weight Ap condition together with the quadratic testing
condition. This was done in the set-up of dyadic shifts, which are models of Calderón
-Zygmund operators, and the dyadic square function. The main point in Article [B]
was to see if the quadratic testing and Ap conditions together yield corresponding
estimates as in the L2-theory, which turned out to be the case. The L2-model for
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the dyadic shifts was in the paper Hytönen, Pérez, Treil, Volberg [20] and for the
dyadic square function in Nazarov, Treil, Volberg [35].

We turn the discussion into the other main theme of this thesis. The study of Tb
theorems has its origin in the T1 theorem of David and Journé [9] and in the Tb
theorem of David, Journé and Semmes [10]. They stated that in order to deduce
boundedness of a Calderón-Zygmund operator it suffices to know its action on a
single function: the constant function 1 in the T1 theorem and a more general test
function b in the Tb theorem.

These results are called global Tb theorems, the word global referring to the nature
of the testing condition. In this thesis we are studying local Tb theorems. Here one
assumes, for example related to every cube Q in Rn, the existence of a suitable
test function bQ and some properties of the operator T acting on bQ, and deduces
boundedness of T . The first local Tb theorem is by Christ [6], and afterwards there
has been a vast expansion of this type of theorems into various directions.

The research that led to articles [C] and [D] was done to some extent simul-
taneously. Initially, we were interested in the suppression method, introduced by
Nazarov, Treil and Volberg [38] in connection with the Vitushkin’s conjecture. Re-
lated to this, we had in our minds the problem of improving testing exponents in
non-homogenous local Tb theorems. Also, we wanted to study conical square func-
tions in a certain geometric set-up, which was motivated for example by the related
paper by Hofmann, Mitrea, Mitrea and Morris [17].

It was found out that an appropriate use of the suppression method, combined
with the non-homogeneous good lambda method of Tolsa [46], yields a convenient
way to prove non-homogeneous local Tb theorems. Using this strategy we were
able to improve known results. Article [C] introduces this “big piece method” in
the context of local Tb theorems for vertical square functions in the upper half
space Rn+1

+ . “Big piece thinking” as such is nothing new. For instance, when the
underlying measure is Ahlfors-David-regular (see (3.1)), David [8] has used a big
piece argument together with a good lambda inequality to prove boundedness of
singular integral operators, and the good lambda method of Tolsa, mentioned above,
is a non-homogeneous version of this. As an other example we mention that Tolsa
[46] proved a non-homogeneous T1 theorem for the Cauchy integral operator with
a big piece strategy. Also, big piece techniques have been used in certain geometric
questions related to rectifiability, see David and Semmes [11, 12].

The main aspect in Article [D] is the geometric set-up, that consists of non-
homogeneous conical square functions defined relative to an arbitrary closed set
in Rn. When the big piece method introduced in Article [C] became available, we
decided to further test and demonstrate it in this context to achieve a similar strong
local Tb theorem as in Article [C]. Main difficulties in Article [D] are related to the
geometric nature, such as the problem whether two cones that are close to each
other also cover each other in a suitable sense.

After this overview we turn to a more detailed treatment of the background and
content of the articles [A], [B], [C] and [D]. Section 2 is devoted to the articles [A]
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and [B], that contain the study of two-weight inequalities in this thesis. Section 3
discusses the articles [C] and [D] on local Tb theorems.

2. Two-weight Lp-inequalities for non-positive operators

2.1. Background. The literature on weighted theory is large. In addition to the
two-weight problems we are concerned with here, there is a very rich theory on one-
weight inequalities. Qualitative one-weight inequalities of many operators have been
characterized by Muckenhoupt’s Ap condition already in the 70’s by Muckenhoupt
[33], Hunt, Muckenhoupt, Wheeden [18] and Coifman, Fefferman [7]. In two-weight
theory there is not available such a simple characterization, but Sawyer showed, as
discussed below, that one can use certain testing conditions instead. Quantitative
one-weight questions have been under very active study in recent years, and the
one- and two-weight developments are intimately connected. We will not however
give references for this quantitative one-weight world here.

We mention some of the works on testing of two-weight inequalities that are
directly behind this thesis, but this list is in no way exhaustive. For connections of
two-weight theory to other parts of mathematics we refer the reader to Lacey [24]
and Nazarov, Treil, Volberg [41].

As already mentioned, the beginning of testing characterizations of two-weight
inequalities is in the work of Sawyer [42], [43]. Sawyer gave necessary and sufficient
conditions for two-weight inequalities of the Hardy–Littlewood maximal operator,
fractional integrals and Poisson integrals. These are Lp-results, but an important
fact is that the operators are positive. For positive operators there are many two-
weight Lp-characterizations. We will not discuss the background concerning positive
operators, but focus on the non-positive results.

The first characterization of a two-weight inequality of non-positive operators was
by Nazarov, Treil and Volberg [35]. They showed that a family of Haar multipli-
ers satisfies a uniform two-weight estimate in L2 if and only if it satisfies Sawyer
type testing conditions uniformly. The authors use the Bellman function method,
that has proven to be very powerful in dyadic Harmonic analysis, see for example
Nazarov, Treil, Volberg [36] and the references therein.

In the just mentioned result for Haar multipliers it was important that there was
a whole family of these operators. The first two-weight characterization for a single
non-positive operator appears in Nazarov, Treil, Volberg [40]. It was shown that
Sawyer type conditions are necessary and sufficient for two-weight estimates of well
localized operators in L2. This paper forms the basis for Article [A].

In [20] the authors Hytönen, Pérez, Treil and Volberg consider two-weight esti-
mates in L2 for dyadic shifts, that are special kind of well localized operators. The
result in [20] is based on the work in [40]. The difference to [40] is that in [20] the
weights are assumed to satisfy a two-weight A2 condition in addition to Sawyer type
testing conditions. In [20] more precise versions of some estimates in [40] are needed
to apply the two-weight result in a quantitative one-weight question. The article
[20] is the L2-model for Article [B].
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From other works on two-weight estimates of dyadic operators in L2 we mention
the recent papers Beznosova [4] and Beznosova, Chung, Moraes, Pereyra [5].

After several partial results by many authors, the first two-weight characterization
with general measures for a continuous singular integral operator, namely, for the
Hilbert transform, appeared in Lacey, Sawyer, Shen, Uriarte–Tuero [27] and Lacey
[25]. In [27] and [25] the measures were general, except that they were not allowed
to have common point masses; this restriction was removed by Hytönen [22]. We
refer to these papers and to [24] for more information on the development of the
two-weight problem of the Hilbert transform.

The result for the Hilbert transform from [27], [25] and [22] is known only in L2,
and at the starting time of this thesis there were no Lp-analogues of the two-weight
theorems in [40] and [20] for well localized operators and dyadic shifts. As already
mentioned, one goal for this thesis was to build suitable Lp-theory for character-
izations of two-weight inequalities of non-positive operators. This aim was based
on Tuomas Hytönen’s idea to replace the testing- and Ap- conditions with certain
quadratic versions. By a counterexample of Nazarov, described in Section 2.2.3
below, one has to use some stronger testing condition than the Sawyer type testing
in order to obtain an Lp-analog of the result for well localized operators proved in
[40].

2.2. Well localized operators. Two-weight estimates of the well localized opera-
tors of Nazarov, Treil and Volberg [40] was a natural environment for the first study
of the quadratic testing condition. This was because there one quite directly gets
hands to the estimates that rely on the testing condition and other potential com-
plications related to Lp-theory are not present, but the operators have the difficulty
that they are not positive.

2.2.1. Definitions. Throughout these definitions the underlying space is Rn. Let D
be a dyadic lattice and let σ and ω be Radon measures. The sidelength of a cube
Q is denoted by �(Q). If Q ∈ D and 0 ≤ k ∈ Z we denote by Q(k) the dyadic cube
R ∈ D such that Q ⊂ R and �(Q) = 2−k�(R). Dyadic children of a cube Q ∈ D are
those cubes Q′ ∈ D such that Q′ ⊂ Q and �(Q′) = �(Q)/2.

Suppose T σ and T ω are linear operators such that T σ maps finite linear combi-
nations of indicators 1Q, Q ∈ D , into locally ω-integrable functions, and T ω maps
combinations of indicators into locally σ-integrable functions. Assume that T σ and
T ω are formal adjoints of each other in the sense that

〈T σ1Q, 1R〉ω = 〈1Q, T ω1R〉σ, for all Q,R ∈ D .

Here 〈T σ1Q, 1R〉ω :=
∫
(T σ1Q)1Rdω, and correspondingly with the roles of the mea-

sures σ and ω reversed. We will use this notation also with other functions in place
of 1Q and 1R.

Let r ∈ {0, 1, 2, . . . }. We say that T σ is well localized if

〈T σ1Q, gR〉ω = 〈fR, T ω1Q〉σ = 0

for all cubes Q,R ∈ D such that
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• �(R) ≤ 2�(Q) and R 	⊂ Q(r+1), or
• �(R) ≤ 2−r�(Q) and R 	⊂ Q,

and for all functions gR and fR that are zero outside of R, constant on the dyadic
children of R and satisfy

∫
gRdω =

∫
fRdσ = 0.

For some motivation behind the definition of well localized operators we refer to
[40]. Here we just say that many important dyadic operators, such as the dyadic
shifts considered in Section 2.4, are well localized.

2.2.2. The L2-result by Nazarov, Treil and Volberg. The following two-weight char-
acterization for well localized operators was proved in [40].

Theorem 2.1 (Nazarov, Treil, Volberg [40]). Let T σ be a well localized operator
with a formal adjoint T ω. Then T σ extends to a bounded linear operator from L2(σ)
to L2(ω) if and only if there exist constants T and T ∗ such that

(2.1) ‖T σ1Q‖L2(ω) ≤ T ‖1Q‖L2(σ)

and

(2.2) ‖T ω1Q‖L2(σ) ≤ T ∗‖1Q‖L2(ω)

for all cubes Q ∈ D . Moreover, there holds ‖T σ‖L2(σ)→L2(ω) ≤ C(T + T ∗) for some
constant C depending only on the dimension n and the parameter r in the definition
of the well localized operator.

This is an example of a Sawyer type testing characterization: to have the full
two-weight inequality, it suffices to test it (with T σ and T ω) using only indicators
of dyadic cubes.

2.2.3. A counter example by Nazarov. There exists an unpublished manuscript by
F. Nazarov showing that the direct Lp-analog of Theorem 2.1 fails. Indeed, let
p ∈ (1,∞) \ {2} and fix some parameter r in the definition of the well localized
operators. It follows from the counter example that there does not exist a constant
C so that if T σ is an arbitrary well localized operator with parameter r and a formal
adjoint T ω, and the testing conditions

(2.3) ‖T σ1Q‖Lp(ω) ≤ ‖1Q‖Lp(σ)

and

(2.4) ‖T ω1Q‖Lp′ (σ) ≤ ‖1Q‖Lp′ (ω)

hold for all cubes Q ∈ D , then ‖T σ‖Lp(σ)→Lp(ω) ≤ C.

2.3. Main result of Article [A]. In view of Nazarov’s example, one has to use
some stronger testing condition in place of (2.3) and (2.4) to obtain a two-weight
characterization for well localized operators in Lp. It turned out that the quadratic
testing condition, formulated in equations (2.5) and (2.6) below, works nicely in this
context. This is our Lp-analog of the L2-theorem 2.1:
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Theorem 2.2. Let 1 < p, q < ∞. Suppose T σ is a well localized operator with a
formal adjoint T ω. Then T σ extends to a bounded operator from Lp(σ) into Lq(ω)
if and only if there exist constants T and T ∗ so that for all collections {aQ}Q∈D of
real numbers the inequalities

(2.5)
∥∥∥(∑

Q∈D

∣∣aQT σ1Q
∣∣2)1/2∥∥∥

Lq(ω)
≤ T

∥∥∥(∑
Q∈D

a2Q1Q

)1/2∥∥∥
Lp(σ)

and

(2.6)
∥∥∥(∑

Q∈D

∣∣aQT ω1Q
∣∣2)1/2∥∥∥

Lp′ (σ)
≤ T ∗

∥∥∥(∑
Q∈D

a2Q1Q

)1/2∥∥∥
Lq′ (ω)

hold.
Furthermore, if T and T ∗ denote the smallest possible such constants, we have

the quantitative estimate ‖T σ‖Lp(σ)→Lq(ω) � T + T ∗, where the implicit constant
depends on the dimension n and the parameter r in the definition of the well localized
operator.

Remark 2.3. Theorems 2.1 and 2.2 are not the strongest formulations proved in the
corresponding papers. One can further localize the testing conditions by somewhat
restricting the set over which the functions T σ1Q and T ω1Q are integrated. The
versions stated here illustrate the main point, that is the comparison of the forms
of the testing conditions.

Remark 2.4. In Article [A] the quadratic testing condition is also demonstrated with
a certain positive dyadic operator, and a corresponding theorem is attained. We
will not however discuss that in this introductory part.

Necessity of the quadratic testing conditions and the quantitative estimate

‖T σ‖Lp(σ)→Lq(ω) � T + T ∗

in Theorem 2.2 are not obvious at the first sight. If the two-weight inequality holds,
it follows in the spirit of a classical theorem by Marcinkiewicz and Zygmund [29]
that

(2.7)
∥∥∥(∑

k∈Z

∣∣T σfk
∣∣2)1/2∥∥∥

Lq(ω)
� ‖T σ‖Lp(σ)→Lq(ω)

∥∥∥(∑
k∈Z

|fk|2
)1/2∥∥∥

Lp(σ)

for all collections {fk}k∈Z of Lp(σ)-functions. This inequality shows that the qua-
dratic testing condition for T σ is necessary, and similarly the dual condition for T ω

is necessary.
Notice that if p = q = 2 the quadratic testing conditions (2.5) and (2.6) are

equivalent with the Sawyer type testing conditions. This can be seen by a direct
computation. Thus, if p = q = 2, we recover Theorem 2.1.

Related to the idea of quadratic testing we mention the notion of R-bounded
operator families as used for example in Weis [48]. These are defined for operators
between general Banach spaces, but between two Lp-spaces R-boundedness can be
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formulated as follows. Suppose we are for example in our two-weight setting, that
is, let p, q ∈ (1,∞) and assume {Tk}k∈Z is a family of linear operators mapping
Lp(σ) to Lq(ω). We say that {Tk}k∈Z is R-bounded if there exists a constant C
such that

(2.8)
∥∥∥(∑

k∈Z

∣∣Tkfk
∣∣2)1/2∥∥∥

Lq(ω)
≤ C

∥∥∥(∑
k∈Z

|fk|2
)1/2∥∥∥

Lp(σ)

for all collections {fk}k∈Z of Lp(σ)-functions.

2.4. Dyadic shifts. In Article [B] we further wanted to explore the estimates re-
lated to the two-weight Lp-theory. One of the main points was to consider the
quadratic testing condition together with a quadratic version of an Ap condition
related to the weights, and see if we get corresponding quantitative results as in the
L2-theory. For these purposes the dyadic shifts provided a suitable environment.

2.4.1. Definitions. For every interval I ⊂ R in the real line define h0
I = |I|−1/21I

and h1
I = |I|−1/2(1Il − 1Ir), where |I| is the length of the interval, and Il and Ir are

the left and the right halves of the interval I, respectively. If Q = I1×· · ·× In ⊂ Rn

is a cube, where each Ii is an interval in R, and η ∈ {0, 1}n, we define the Haar
function hη

Q related to the cube Q by

hη
Q(x1, . . . , xn) =

n∏
i=1

hηi
Ii
(xi).

We will denote a generic Haar function related to a cube Q ⊂ Rn by hQ, without
specifying the sequence η.

We give the definition of dyadic shifts directly in the two-weight setting. Let
again D , σ and ω be a dyadic lattice and two Radon measures in Rn. Fix integers
m,n ≥ 0. A dyadic shift (with respect to the measure σ) with parameters (m,n) is
an operator

(2.9) T σf =
∑
K∈D

Aσ
Kf, f ∈ L1

loc(σ),

such that each Aσ
K is of the form

(2.10) Aσ
Kf =

∑
I,J∈D

I(m)=J(n)=K

aIJK〈f, hIJ
I 〉σhIJ

J ,

where the coefficients aIJK ∈ R satisfy |aIJK | ≤
√

|I||J |
|K| . To avoid confusion with

the notation, we emphasize that here hIJ
I is one of the Haar functions hη

I related
to the cube I, but it may vary as the pair (I, J) varies, hence the superscript IJ .
We assume that in the definition of T σ only finitely many of the coefficients aIJK
are non-zero, whence T σ is well defined for locally σ-integrable f . The number
max{m,n} is called the complexity of the shift.
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If T σ is a dyadic shift, by which we mean that the coefficients and Haar functions
in (2.10) are specified, we define the formal adjoint T ω by

T ωg =
∑
K∈D

Aω
Kg,

where

Aω
Kg =

∑
I,J∈D

I(m)=J(n)=K

aIJK〈g, hIJ
J 〉ωhIJ

I .

Notice that here the integration is with respect to ω and that the Haar functions
are in opposite places. With this definition 〈T σf, g〉ω = 〈f, T ωg〉σ for locally σ- and
ω-integrable functions f and g.

2.4.2. The L2-result by Hytönen, Pérez, Treil and Volberg. Behind our study of
dyadic shifts is the next theorem proved in [20] as an intermediate step in a simplified
proof of the so-called A2 theorem, the sharp one-weight inequality for Calderón-
Zygmund operators, first proved in Hytönen [21].

Theorem 2.5 (Hytönen, Pérez, Treil, Volberg [20]). Let T σ be a dyadic shift with
complexity r, and let T ω be the formal adjoint of T σ. Assume that the measures
satisfy the simple two-weight A2 condition

(2.11) [σ, ω]A2 := sup
Q∈D

σ(Q)ω(Q)

|Q|2 < ∞.

Suppose there exists a constant B such that

(2.12)
∫
Q

|T σ1Q|2dω ≤ Bσ(Q) and
∫
Q

|T ω1Q|2dσ ≤ Bω(Q)

for all Q ∈ D . Then

(2.13) ‖T σ‖L2(σ)→L2(ω) � 2n/2(r + 1)(B1/2 + [σ, ω]
1/2
A2

) + r2[σ, ω]
1/2
A2

.

Let us briefly compare this theorem with Theorem 2.1 for well localized opera-
tors. First of all, dyadic shifts are also well localized, so Theorem 2.1 gives also a
characterization for dyadic shifts. One difference is that the testing conditions in
(2.12) are more localized than in (2.1) and (2.2), where one integrates over whole
Rn (or at least over some set that strictly contains the cube Q, see Remark 2.3),
but this is compensated by the A2 condition (2.11). What is important in Theorem
2.5 is the quantitative estimate for the dependence on the complexity r of the shift.
The complexity r is analogous to the parameter r in the definition of well localized
operators, and the implicit constant in Theorem 2.1 has a lot worse dependence on
this parameter.
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2.5. Main result of Article [B]. To state a representative result from Article [B]
we first formulate the quadratic Ap,q condition. Suppose 1 < p, q < ∞. Let [σ, ω]p,q
be the smallest constant, with the understanding that it may be ∞, so that the
inequality

(2.14)
∥∥∥(∑

Q∈D

(
aQ

σ(Q)

|Q|

)2

1Q

)1/2∥∥∥
Lq(ω)

≤ [σ, ω]p,q

∥∥∥(∑
Q∈D

a2Q1Q

)1/2∥∥∥
Lp(σ)

holds for all collections {aQ}Q∈D of real numbers. We say that the quadratic Ap,q

condition holds if [σ, ω]p,q < ∞. This is a quadratic version of the usual simple
two-weight Ap condition

[σ, ω]Ap := sup
Q∈D

σ(Q)p−1ω(Q)

|Q|p .

If p = q = 2, then the quadratic A2,2 condition is directly equivalent with the
simple two-weight A2 condition. To compare Theorem 2.6 with Theorem 2.5, notice
the difference in the definition of the constants, namely, the exponent in the trivial
estimate [σ, ω]

1/p
Ap

≤ [σ, ω]p,p.
Replacing the A2 and Sawyer type testing conditions by their quadratic counter-

parts one can prove an Lp-version of Theorem 2.5. The next result is a special case
of the main theorem in Article [B].

Theorem 2.6. Let 1 < p, q < ∞. Assume σ and ω are measures such that
[σ, ω]p,q < ∞. Let T σ be a dyadic shift with complexity r and let T ω be the for-
mal adjoint of T σ. Define T σ and T ω to be the smallest possible constants such
that ∥∥∥(∑

Q∈D

∣∣aQ1QT σ1Q
∣∣2)1/2∥∥∥

Lq(ω)
≤ T

∥∥∥(∑
Q∈D

a2Q1Q

)1/2∥∥∥
Lp(σ)

and ∥∥∥(∑
Q∈D

∣∣aQ1QT ω1Q
∣∣2)1/2∥∥∥

Lp′ (σ)
≤ T ∗

∥∥∥(∑
Q∈D

a2Q1Q

)1/2∥∥∥
Lq′ (ω)

hold for all collections {aQ}Q∈D of real numbers.
Then ‖T σ‖Lp(σ)→Lq(ω) � (1 + r)(T σ + T ω) + (1 + r)2[σ, ω]p,q.

Remark 2.7. In Article [B] we consider a family of dyadic shifts with at most a given
complexity κ. It is shown that under the assumption [σ, ω]p,q < ∞, the family is R-
bounded from Lp(σ) into Lq(ω) (see (2.8) for the definition) if and only if it satisfies
the quadratic testing conditions in an R-bounded sense, and that the corresponding
quantitative estimate holds as in Theorem 2.6. In the special case when the family
consists of a single dyadic shift, this result reduces to Theorem 2.6.

Remark 2.8. Two-weight Lp-inequalities of dyadic square functions are also con-
sidered in Article [B], and a characterization is obtained in terms of the quadratic
Ap,q and testing conditions. The L2-model for this result is by Nazarov, Treil and
Volberg [35].
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The proofs of sufficiency of the testing and Ap,q conditions in theorems 2.2 and
2.6, as well as in their L2-models, consist of three main parts: one estimate for the
“diagonal” and two estimates for essentially symmetric paraproduct operators. The
estimates for the paraproduct operators are handled using the testing conditions:
Sawyer type testing in the L2-case and quadratic testing in the Lp-case. In the next
section 2.6 we mention related work for paraproducts by Lai and Treil [28].

2.6. Related developments. The article [28] by Lai and Treil gives another kind
of necessary and sufficient testing conditions for two-weight Lp-estimates of general-
ized paraproduct operators. Their testing conditions are simpler than the quadratic
testing in the sense that they have two testing conditions in every dyadic cube Q,
while in the quadratic testing one has to consider the square sum over cubes, and in-
tegrate this globally. However, the other of the conditions in [28] is the Sawyer type
testing condition for the original operator, but the other is for a certain “auxiliary”
operator.

3. Local Tb theorems

Two main classes of operators that are considered in Tb theorems consist of
Calderón-Zygmund operators and square functions. Often, theorems for Calderón-
Zygmund operators are more complicated, and square functions provide a tech-
nically easier framework of study. For this reason, we introduced the big piece
method in Article [C] in the set-up of square functions. The result from Article [C]
has been proved in the context of antisymmetric Calderón-Zygmund operators by
Martikainen, Mourgoglou and Tolsa [32]. Concerning Article [D], the phenomena
that we wanted to study there are directly square function related.

3.1. Background. We recall some background related to local Tb theorems with
emphasis on results concerning square functions. However, it should be kept in mind
that the development of Tb theorems for Calderón-Zygmund operators and square
functions is intimately connected. So to understand the whole picture one should
also read the other side of the story. For this, we refer the reader for example to
Lacey, Martikainen [26].

We begin by describing the homogeneous results, that is, when the underlying
measure is doubling (see Section 3.2). The first local Tb theorem is by Christ [6].
This was for Calderón-Zygmund operators with L∞-type testing conditions, which
means that the L∞-norms of the test functions and their images under the operator
are assumed to be uniformly bounded.

Testing conditions of Lp-type with p < ∞, where one has assumptions about
the Lp-norms of the test functions and their images, appeared in the paper [3] by
Auscher, Hofmann, Muscalu, Tao and Thiele. They worked with the Lebesgue
measure and the result was for so-called perfect dyadic singular integrals.

The first Tb theorem for square functions was by Semmes [44], which was a global
Tb theorem. The local Tb theorem for square functions with L2-type testing condi-
tions is implicitly in the papers Auscher, Hofmann, Lacey, McIntosh, Tchamitchian
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[2], Hofmann, Lacey, McIntosh [15] and Hofmann, McIntosh [16] on the Kato square
root problem. It is explicitly stated and proved in Auscher [1] and Hofmann [13].

Hofmann [14] proved the local Tb theorem for square functions with Lq-type
testing conditions for q ∈ (1, 2). The case of q > 2 is easier, since this type of
testing conditions imply the L2-testing conditions.

We turn to results where the underlying measure of integration is non-homogeneous
(see Section 3.2 for a definition). The first ones of these were obtained in Tolsa [45]
and Nazarov, Treil, Volberg [34]. In a series of papers Nazarov, Treil and Volberg
have introduced probabilistic techniques that are very powerful in non-homogeneous
analysis. In particular, the results in articles [C] and [D], as well as the Tb theorems
we mention next, rely on these methods. Also, the probabilistic techniques are im-
portant in the area of two-weight inequalities. From the series of papers in question
me mention here the article [39] that proves a non-homogeneous global Tb theorem
for Calderón-Zygmund operators.

A non-homogeneous version of Christ’s result [6] was obtained by Nazarov, Treil
and Volberg [37]. The first non-homogeneous Tb theorem for square functions ap-
peared in Martikainen, Mourgoglou [30]. This was a global type Tb theorem. Lacey
and Martikainen [23] proved the non-homogeneous local Tb theorem for square func-
tions with L2-testing conditions, and the case of Lq-testing conditions with q ∈ (1, 2)
was done in Martikainen, Mourgoglou [31].

There is a long tradition of studying Calderón-Zygmund operators and square
functions in subsets of Rn. Boundedness of the operator is related to the geometric
properties of the underlying set, and this gives a connection between Tb theorems
and questions in geometric measure theory. We mention the works [11] and [12] of
David and Semmes, but do not go into a more specific discussion about the vast
literature on this type of questions.

Next we give some basic definitions. After that we discuss more the background
directly related to articles [C] and [D].

3.2. Definitions. We begin by defining some non-homogeneous terminology. Let
μ be a locally finite non-negative Borel measure in Rn. A cube Q ⊂ Rn is said to
be (α, β)-doubling (with respect to μ), where α, β ≥ 1, if μ(αQ) ≤ βμ(Q). Here
αQ denotes the cube with the same center as Q and whose side length is α�(Q). A
cube Q is said to have t-small boundary for a given t if

μ({x ∈ 2Q : d(x, ∂Q) ≤ λ�(Q)}) ≤ tλμ(2Q)

for every λ > 0, where d(x, ∂Q) denotes the distance of the point x to the boundary
∂Q of Q. These definitions can be made similarly with balls instead of cubes.

Let m > 0. We say that μ is of order m if there exists a constant C such that
μ(B(x, r)) ≤ Crm for all balls B(x, r) in Rn; measures of order m are in this context
usually referred to as non-homogeneous measures. This is in contrast to doubling
measures, where one assumes that μ(B(x, 2r)) ≤ Cμ(B(x, r)) for some constant C
and for all x ∈ Rn and r > 0, and to Ahlfors-David-regular measures, where the
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estimate

(3.1) C−1rm ≤ μ(B(x, r)) ≤ Crm

is assumed, say, for all x in the support of μ and for r ∈ (0, diam(sptμ)].
In Article [D] we use these concepts in a subset of Rn. Let E ⊂ Rn be a closed

set. If y ∈ E and r > 0, the ball in E centered at y with radius r is defined by
B(y, r) ∩ E, where B(y, r) is a ball in Rn. Let μ be a non-negative locally finite
measure supported in E. The measure μ is of order m in E if for some constant C
there holds μ(B(y, r)) ≤ Crm for all y ∈ E and r > 0. We say that a ball E∩B(y, r)
in E is (α, β)-doubling or has t-small boundary with respect to μ if the ball B(y, r)
in Rn has the corresponding property.

3.2.1. Vertical square functions. In Article [C] we consider vertical square functions
in the upper half space. Fix two numbers m,α > 0. Suppose we have a family of
kernels st : R

n × Rn → C, t > 0, that satisfy the size estimate

(3.2) |st(x, y)| �
tα

(t+ |x− y|)m+α

for all x, y ∈ Rn, the x-Hölder estimate

(3.3) |st(x′, y)− st(x, y)| �
|x′ − x|α

(t+ |x− y|)m+α

for all x′, x, y ∈ Rn such that |x′ − x| ≤ t/2, and the y-Hölder estimate

(3.4) |st(x, y′)− st(x, y)| �
|y′ − y|α

(t+ |x− y|)m+α

for all x, y′, y ∈ Rn such that |y′ − y| ≤ t/2.
Using the kernels st we can define integral operators θt acting on suitable measures

ν, possibly complex or signed, with the formula

θtν(x) =

∫
st(x, y)dν(y), x ∈ Rn.

This integral is well defined, because of (3.2), if ν is a complex measure or of the
form fμ, where μ is a measure of order m and f ∈

⋃
p∈[1,∞] L

p(μ). In the case when
ν = fμ, we write also θμt f := θt(fμ).

Finally, we can define a vertical square function operator by

V ν(x) =
(∫ ∞

0

|θtν(x)|2
dt

t

)1/2

, x ∈ Rn.

Again when ν = fμ, we also use the notation Vμf(x) := V (fμ)(x). Vertical square
functions are operators that act on suitable measures and are related to a family of
kernels as described above.

If Q ⊂ Rn is a cube, we define the shorthand

VQν(x) =
(∫ �(Q)

0

|θtν(x)|2
dt

t

)1/2

.
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3.2.2. Conical square functions relative to a closed set E ⊂ Rn. Here we describe
the set-up of Article [D]. For every y ∈ E let Γ(y) be the cone at y defined by

Γ(y) = {x ∈ Rn \ E : |x− y| < 2d(x,E)},
where d(x,E) is the distance of x to E.

Fix parameters m > 0 and α, β ∈ (0, 1]. Suppose we have a function S : Rn \E×
E → C satisfying the size estimate

|S(x, y)| � |x− y|−(m+α), (x, y) ∈ Rn \ E × E,

and the y-Hölder estimate

|S(x, y′)− S(x, y)| � |y′ − y|β
|x− y|m+α+β

for those x ∈ Rn \ E and y′, y ∈ E such that |y′ − y| ≤ |x− y|/2.
With the kernel S define the operator T acting on measures ν supported in E by

Tν(x) =

∫
E

S(x, y)dν(y), x ∈ E.

This integral makes sense for complex measures ν and when ν is of the form ν = fμ,
where μ is of order m in E and f ∈

⋃
p∈[1,∞] L

p(μ).
Define the measure σ for Lebesgue measurable sets A ⊂ Rn \ E by

(3.5) σ(A) =

∫
A

dmn(x)

d(x,E)n
,

where mn is the Lebesgue measure. Now we can define a conical square function
operator C by

(3.6) Cν(y) =
(∫

Γ(y)

|Tν(x)|2d(x,E)2αdσ(x)
)1/2

, y ∈ E.

The conical square functions considered in Article [D] are this kind of operators
that are related to some kernel S. We prefer to write the operator in the form (3.6)
without explicitly using the definition of σ in (3.5), since for a large part of the
theory only some properties of σ are needed, see Section 3.5.

For every t > 0 define the truncated square function by

Ctν(y) =
(∫

Γt(y)

|Tν(x)|2d(x,E)2αdσ(x)
)1/2

,

where Γt(y) := {x ∈ Γ(y) : d(x,E) ≤ t}. As with the vertical square function, if ν
is of the form fμ, we use the notation Cμf := C(fμ).

For clarification we make a little comparison of this set-up with the one of vertical
square functions described in Section 3.2.1. Apart from the difference between
integrating over cones or vertical lines, the set-up in 3.2.1 is somewhat analogous
to choosing E = Rn × {0} ⊂ Rn+1 here. If S : Rn+1 \ E × E → C is a conical
square function kernel and st : R

n × Rn → C, t > 0, is a family of kernels for a
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vertical square function as in Section 3.2.1, then the pair (x, t) ∈ Rn+1
+ in st(x, y)

corresponds to the point (x, t) ∈ Rn+1 \ E in S
(
(x, t), (y, 0)

)
.

3.3. Some motivations and results behind articles [C] and [D]. The research
that led to articles [C] and [D] was done somewhat simultaneously, and in particular
Article [D] benefits from the method developed in Article [C]. Initially, there were
two main directions of research that we were interested in: one was to explore
possibilities of the so-called suppression method, and the other was to study square
functions in a geometric set-up.

Suppression method is a proof technique introduced by Nazarov, Treil and Volberg
[38] in connection with Vitushkin’s conjecture. The Tb theorem proved in [38] is
a so-called big piece global Tb theorem for Cauchy integral type operators. The
corresponding result for general antisymmetric Calderón-Zygmund operators can
be found in Volberg’s book [47]. These theorems are of the following type. One has
a finite measure μ and an antisymmetric Calderón-Zygmund operator T , an L∞(μ)-
test function b, and some rather weak assumptions on μ and Tμb. Then, using the
suppression method, one proves L2(μ)-boundedness not in the whole support of μ
but in a big piece of it. The suppression method has also been used in the context
of local Tb theorems by Hytönen and Nazarov [19].

In addition to the big piece global Tb theorem of Nazarov, Treil and Volberg,
another main result that our work relies on is the non-homogeneous good lambda
method of Tolsa [46]. It says that to deduce L2-boundedness it suffices to find in
every suitably nice cube a big piece with weak (1,1) type boundedness.

Regarding the other initial interest, square functions in geometric environments,
the point was in the set-up. We wanted to investigate the relationship between the
set E ⊂ Rn supporting the non-homogeneous measure μ, where the conical square
function is defined in, the cones and the measure σ in the complement Rn \ E (see
(3.6)). The purpose was to find out what properties of the set E, the cones and
the measure σ are relevant in different estimates. As a motivating related work we
mention the paper by Hofmann, Mitrea, Mitrea and Morris [17] that studies square
functions in quasimetric spaces in the case of Ahlfors-David-regular measures (see
(3.1)).

Before moving to the main results in articles [C] and [D] we state the following
theorem mentioned above to compare it with the theorem from Article [C].

Theorem 3.1 (Martikainen, Mourgoglou [31]). Assume μ is a measure of order m,
and suppose Vμ is a vertical square function whose kernel satisfies the size estimate
(3.2) and the y-Hölder estimate (3.4). Let q ∈ (1, 2) be a fixed number. Assume
that to every cube Q ⊂ Rn there is associated a test function bQ satisfying that

(1) spt bQ ⊂ Q;
(2)

∫
Q
bQdμ = μ(Q);

(3) ‖bQ‖qLq(μ) � μ(Q);
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(4) ∫
Q

(∫ �(Q)

0

|θμt bQ(x)|2
dt

t

)q/2

dμ(x) � μ(Q).

Then we have that ‖Vμ‖Lq(μ)→Lq(μ) � 1.

3.4. Main result of Article [C]. The interest of Article [C] is both in the method
of proof and in improving known results. We briefly explain main steps in the
argument. The good lambda method of Tolsa provides us a localization into nice
cubes: it is enough to fix one cube Q and find a big piece with L2(μ)-boundedness.
Then the idea is to use the big piece global Tb theorem of Nazarov, Treil and
Volberg in the given cube Q. It turns out that applying stopping time and related
techniques, one can verify the assumptions of the big piece global Tb theorem from
our local Tb theorem assumptions related to the cube Q. This is the main new part
in the proof, whereas the good lambda method and the big piece Tb theorem are
used more or less as a black box.

Based on this strategy, the main theorem in Article [C] reads as follows.

Theorem 3.2. Let μ be a measure of order m in Rn and B1, B2 < ∞, ε0 ∈ (0, 1) be
given constants. Let β > 0 and C1 be large enough (depending only on n). Suppose
that for every (2, β)-doubling cube Q ⊂ Rn with C1-small boundary there exists a
complex measure νQ so that

(1) spt νQ ⊂ Q;
(2) μ(Q) = νQ(Q);
(3) ‖νQ‖ ≤ B1μ(Q);
(4) For all Borel sets A ⊂ Q satisfying μ(A) ≤ ε0μ(Q) we have

|νQ|(A) ≤
‖νQ‖
32B1

.

Suppose there exist s > 0 and for all Q as above a Borel set UQ ⊂ Rn such that
|νQ|(UQ) ≤ ‖νQ‖

16B1
and

sup
λ>0

λsμ({x ∈ Q \ UQ : VQνQ(x) > λ}) ≤ B2‖νQ‖.

Then Vμ : L
p(μ) → Lp(μ) for every p ∈ (1,∞).

As compared to Theorem 3.1, Theorem 3.2 has the following improvements. The
testing conditions are assumed to hold only in doubling cubes with small boundary.
We can test with L1-functions, and even measures, if we assume the condition (4);
if the measure νQ is of the more usual form bQμ, with bQ an Lq-type test function
for some q > 1 as in Theorem 3.1, then the condition (4) is automatically satisfied.
On the operator side, we have a weak type testing condition for any exponent s > 0,
and an exceptional set is allowed.

Let us discuss some aspects of the proof of Theorem 3.2. In our opinion the
proof is relatively simple. In particular, the localization into a single cube and the
suppression method reduce the difficulty of the Tb argument: The Tb argument
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is global and done in L2, whence we do not need the locally adapted martingales
and can avoid more involved Lp-estimates. Also, the very strong L∞-type testing
condition achieved in the suppression makes the final paraproduct easier. On the
other hand, we have in the beginning of the Tb argument the added difficulty related
to a probabilistic argument concerning certain exceptional sets.

3.5. Main result of Article [D]. Here is the theorem of Article [D].

Theorem 3.3. Suppose μ is a measure of order m in E. Let b, κ > 0 be big enough
constants depending only on the dimension n, and let ε0 ∈ (0, 1) and C1 > 0 be
given constants. Assume that for every (10, b)-doubling closed ball B in E with a
κ-small boundary (with respect to μ) there exists a complex measure νB with the
following properties:

(1) spt νB ⊂ B;
(2) νB(B) = μ(B);
(3) |νB|(B) ≤ C1μ(B);
(4) If A ⊂ B is a Borel set with μ(A) ≤ ε0μ(B), then |νB|(A) ≤ 1

16C1
|νB|(B).

Furthermore, assume that we are given constants s, C2 > 0, and in every ball B
as above a set UB ⊂ B, so that
a) |νB|(UB) ≤ 1

16C1
|νB|(B);

b) supλ>0 λ
sμ
(
{y ∈ B \ UB : Cr(B)νB(y) > λ}

)
≤ C2|νB|(B).

Under these assumptions the square function Cμ is bounded in Lp(μ) for every
p ∈ (1,∞) with norm depending on p and the preceding constants.

Like already mentioned, the main interest behind Article [D] was in the interplay
between the set E with the non-homogeneous measure μ, and the cones specified
by E with the related measure σ in Rn \ E. This interplay is not present in the
statement of Theorem 3.3, but affects its proof. As one can see from the formulation
of the theorem, we demonstrated and applied the method from Article [C] also here.

Related theory can be developed with measures σ in place of the one defined in
(3.5) that satisfy only the estimate σ(B) � 1 for all Whitney balls in Rn \ E, that
is, balls whose radius is comparable to the distance of the ball to E, and even in
geometrically doubling metric spaces. However, for parts that use certain continuity
of the square function, such as the good lambda argument, we seemed to need more
from the measure σ and the underlying space. This is why we ended up using
Rn as the ambient space and the concrete measure σ defined in (3.5). For us this
continuity was based on the fact that the symmetric difference of two truncated
cones that are close to each other is suitably small geometrically, and this implies
that the σ-measure of this set is also small. The proof of this was one of the main
problems in Article [D].

In addition to allowing the same type of weak testing conditions as in Theorem
3.2, the big piece method had an advantage related to the generality of the set E. In
non-homogeneous Tb theorems dyadic techniques have been very powerful. When
one studies Tb theorems in metric spaces, or when the underlying set is some subset
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of Rn as we have here, one usually has to use some abstract construction of dyadic
cubes to employ these techniques. Then one needs certain conditions to hold in the
dyadic cubes, and for this reason these dyadic cubes have often appeared in the
assumptions of Tb theorems. The flexibility provided by the exceptional sets in the
big piece method allows to assume the testing conditions in balls of the set E, that
are a lot more natural sets than the rather abstract dyadic cubes.
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