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Mathematics teachers’ conceptions about equations 

 

 
Abstract  
 
The aim of this study is to describe and to clarify the mathematics teachers’ subject matter and 
pedagogical content conceptions about equations. As the basis of these conceptions, the teachers’ 
experiences of the concept learning of equations from their own school time are described. The 
early research of conceptions has been concentrated on pupils’ conceptions of the topic as a 
contrast to scientific conceptions since the middle of the 1970s. Research of teachers’ con-
ceptions of mathematics and mathematics teaching and learning has grown during the last dec-
ade. However, in these studies teachers’ conceptions of a specific content area in mathematics 
have not been investigated. 

In the theoretical background of the research, different traditions of school mathematics 
learning and teaching are treated. By using theories of experiential learning, it has been possible 
to study such learning situations and experiences, which may lead to the development of subjec-
tive conceptions of mathematical concepts. In order to understand difficulties concerning the 
concept formation in mathematics the theory of the concept image and the concept definition as 
well as the theory based on the duality of mathematical concepts have been studied. The ac-
quired experiences from school time seem to lay the basis of both the teachers’ subject matter 
and pedagogical content-specific conceptions and decisions. Different components in teacher 
knowledge base together with current research both in teachers’ subject matter and pedagogical 
content knowledge are therefore presented at the end of the theoretical framework. 

By combining different kinds of methods like questionnaires, recorded interviews, videotape 
recording of six lessons in mathematics and observations the research empirical material was 
collected. In this investigation, five novice, five expert and 75 student teachers in mathematics 
participated. The preliminary investigation included 30 student teachers. 

In the study the phenomenographic approach is used in order to reveal differences between 
the teachers’ conceptions and experiences about equations.  

The research results indicate that equations are not apprehended as complete, static objects. 
Conceptions about equations reveal that equations are closely related to the symbols x and y and 
solving procedures. The teachers’ experiences of learning and teaching of mathematics may have 
formed their conceptions. The conceptions about equations seem to be based on the teachers’ 
experiences in arithmetic and their first impressions of learning the process of solving equations.  

The teachers apprehend equation teaching as a study of procedures rather than as a study of 
central ideas and concepts of algebra. Both aspects are however equally important at compulsory 
school, since the teaching of algebra should develop pupils’ ability both to use and to understand 
the basic algebraic concepts. Some of the teachers do not have a clear conception what the pupils 
should attain in algebra at compulsory school according to the specific goals in Swedish mathe-
matics curriculum. The research results further show that both the expert and the novice teachers 
have various apprehensions of the pupils’ difficulties concerning equations. 
 
 

 

Keywords: algebra, conception, equation, learning, mathematics teacher  



 

Helsingfors universitet 
Beteendevetenskapliga fakulteten 
Institutionen för tillämpad pedagogik 
Research Report 266 
 

 

Attorps, Iiris 

Matematiklärarnas uppfattningar om ekvationer 

 

 
 
Abstract in Swedish – Sammandrag på svenska 
 
Syftet med studien är att beskriva och förklara matematiklärarnas ämnesspecifika – och ämnes-
didaktiska uppfattningar om ekvationer. Utgångspunkten för uppfattningar är lärarnas erfaren-
heter om ekvationsinlärning från sin egen skoltid. Den tidigare forskningen har sedan mitten av 
1970-talet varit koncentrerad på elevers uppfattningar om matematiska begrepp jämfört med 
vetenskapliga uppfattningar. Forskningen om lärarnas uppfattningar om matematik och matema-
tikundervisning har vuxit under det senaste årtiondet. I dessa studier har man emellertid inte 
undersökt lärarnas uppfattningar om något specifikt innehållsområde i matematik. 

I rapportens teoretiska referensram presenteras olika traditioner i skolmatematikens under-
visning och inlärning. Teorier baserade på erfarenhetsmässig inlärning har möjliggjort beskriv-
ning av sådana situationer, som kan ha påverkat utvecklingen av subjektiva uppfattningar av 
matematiska begrepp. Teorin om begreppsbild och begreppsdefinition tillsammans med en teori, 
som bygger på den dualistiska naturen av matematiska begrepp har studerats för att skapa ökad 
förståelse av svårigheterna med begreppsutveckling i matematik. De förvärvade erfarenheterna 
från undervisning och begreppsinlärning lägger grunden till lärarnas ämnes- och ämnes-
didaktiska uppfattningar om ekvationer. Därför studeras olika komponenter i lärarens kunskaps-
bas i slutet av rapportens teoretiska referensram. 

Rapportens empiriska material har insamlats genom olika metoder; enkäter, inspelade in-
tervjuer, videoinspelningar av sex lektioner i matematik och observationer. I studien deltog fem 
nyutexaminerade, fem erfarna lärare samt 75 lärarstuderande i matematik. Till den preliminära 
undersökningen deltog 30 lärarstuderande. 

I studien används den fenomenografiska forskningsansatsen. Forskningsresultaten antyder 
att ekvationer inte uppfattas som fullständiga, statiska objekt. Uppfattningarna om ekvationer 
avslöjar, att ekvationer står i nära relation med symbolerna x och y och lösningsprocedurer. Lä-
rarnas erfarenheter från inlärning och undervisning av matematik har format deras uppfattningar. 
Uppfattningarna om ekvationer verkar grunda sig på lärarnas erfarenheter om aritmetik och de 
intryck, som lärarna har fått i samband med den första ekvationsinlärningen.  

Lärarna uppfattar ekvationsundervisning, som en studie av procedurer snarare än en studie 
av algebrans centrala idéer och begrepp. Båda uppfattningarna är lika viktiga i algebraunder-
visningen i grundskolan, eftersom undervisningen bör utveckla elevernas förmåga både att an-
vända och att förstå grundläggande algebraiska begrepp. Några av lärarna har inte en klar 
uppfattning om vad eleverna skall uppnå i algebra enligt specifika mål i grundskolans läroplan i 
matematik i Sverige. Forskningsresultaten visar ytterligare, att både erfarna och nyutexami-
nerade lärarna har varierande uppfattningar om elevernas svårigheter med ekvationer. 
 
 

 

Nyckelord: algebra, uppfattning, ekvationsbegrepp, inlärning, matematiklärare 
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Matematiikan opettajien käsityksiä yhtälöistä 

 

 
 
Tiivistelmä 
 
Tutkimuksen tarkoituksena on kuvailla ja selvittää matematiikan opettajien ainespesifejä ja ai-
nedidaktisia käsityksiä yhtälöistä. Käsitysten lähtökohtana on opettajien kokemukset yhtälöiden 
oppimisesta lähtien aina opettajien omilta kouluajoilta. Aikaisempi tutkimus on keskittynyt 
oppilaiden käsityksiin matemaattisista käsitteistä verrattuna tieteellisiin käsityksiin lähtien 1970-
luvun puolesta välin. Tutkimus opettajien käsityksistä matematiikasta ja matematiikan 
opettamisesta on myös lisääntynyt viimeisen vuosikymmenen ajan. Näissä tutkimuksissa ei ole 
kuitenkaan selvitetty opettajien käsityksiä koskien jotakin tiettyä sisältöaluetta matematiikassa.   

Tutkimuksen teoreettisessa viitekehyksessä esitellään erilaisia traditioita koulumatematiikan 
oppimisessa ja opetuksessa. Kokemukselliseen oppimiseen pohjautuvilla teorioilla on mahdol-
lista kuvailla sellaisia oppimistilanteita, jotka ovat voineet vaikuttaa subjektiivisten käsitysten 
muodostumiseen matemaattisista käsitteistä. Voidaksemme ymmärtää paremmin niitä vaikeuk-
sia, jotka liittyvät matemaattisen käsitteen muodostumiseen tutkimuksessa on käsitelty teorioita, 
jotka liittyvät käsitekuvaan ja käsitteen määritelmään sekä matemaattisten käsitteiden duaaliseen 
olemukseen. Aikaisemmin hankitut käsitykset ja kokemukset oppimisesta ja opetuksesta muo-
dostavat pohjan opettajien aine- ja ainedidaktisille käsityksille, joten opettajan tiedon erilaisia 
komponentteja selvitetään teoreettisen viitekehyksen loppupuolella.  

Tutkimuksen empiirinen materiaali on hankittu yhdistelemällä erilaisia tiedonhankinta me-
netelmiä; kyselykaavakkeita, nauhoitettuja haastatteluja, kuuden matematiikan tunnin videonau-
hoitus ja observaatioita. Tutkimukseen osallistui viisi vastavalmistunutta, viisi kokenutta opetta-
jaa sekä 75 opettajaopiskelijaa matematiikassa. Lisäksi esitutkimukseen osallistui 30 opettaja-
opiskelijaa. 

Tutkimuksessa käytetään fenomenografista lähestymistapaa. Tutkimustulokset osoittavat, et-
tä yhtälöitä ei käsitetä täydellisinä, staattisina matemaattisina olioina. Käsitykset yhtälöistä ovat 
läheisessä yhteydessä symboleihin x ja y ja yhtälön ratkaisuprosessiin. Opettajien kouluaikaiset 
kokemukset matematiikasta ja matematiikan oppimisesta ovat muovanneet heidän käsityksiään 
yhtälöistä. Käsitykset yhtälöistä vaikuttavat pohjautuvan opettajien kokemuksiin aritmetiikasta ja 
myös niihin kokemuksiin, jotka he ovat saaneet jo yhtälönopetuksen alkuvaiheissa.  

Opettajat käsittävät algebran opetuksen operationaalisena toimintana sen sijaan, että pai-
nopiste olisi algebran keskeisissä ideoissa ja käsitteissä. Molemmat käsitykset opetuksesta ovat 
kuitenkin yhtä tärkeitä peruskoulussa, koska opetuksen pitäisi auttaa oppilaita käyttämään ja 
ymmärtämään algebran keskeisiä käsitteitä. Joillakin opettajilla ei ole selvää käsitystä siitä, mitä 
oppilaiden pitää saavuttaa algebrassa ruotsalaisen matematiikan opetussuunnitelman erityisten 
tavoitteiden mukaisesti. Tutkimustulokset osoittavat edelleen, että sekä kokeneilla ja vastaval-
mistuneilla opettajilla on vaihtelevia käsityksiä oppilaiden vaikeuksista yhtälöiden suhteen. 
 
 

 

Avainsanat: algebra, käsitys, yhtälökäsite, oppiminen, matematiikan opettaja  
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Mathematics teachers’ conceptions about equations 

 

 
1 Introduction 

 
1.1 Research on mathematics teaching and on 

mathematics teachers 
 
One of the most important purposes in mathematics teaching from pre-school 
to university is that students learn to understand and analyse mathematical 
concepts and solution procedures. However, teaching of and achievements in 
mathematics have been criticised in several countries during the last decade. 
It is generally concluded that school mathematics focus to develop algo-
rithmic skills instead of understanding of mathematical concepts (e.g. Magne 
1990; Sierpinska 1994; Soro & Pehkonen 1998) and teachers devote much 
less time and attention to conceptual rather than procedural knowledge (e.g. 
Porter 1989; Menzel & Clarke 1998, 1999). Pupils learn superficially several 
basic concepts in arithmetic and algebra without understanding (e.g. Hiebert 
& Carpenter 1992; Sierpinska 1994; Tall 1996; Silfverberg 1999).  

Several attempts have been made in many countries in order to renew 
and develop mathematics teaching on all levels (e.g. Dunkels & Persson 
1980; Dunkels 1989, 1996; Andersson 2000; Klein 2002). For instance, many 
universities have tested new teaching methods in mathematics during the last 
years (e.g. Tucker 1995; Dunkels 1996; Andersson 2000). There are many 
motives for this. Students’ pre-knowledge in mathematics both in domestic 
and some foreign universities have deteriorated (Royal Statistical Society 
1995; National Agency for Higher Education 1999, 47). New groups of stu-
dents as immigrants and groups who are not interested in mathematics make 
new demands on mathematics teaching. Some universities have also made 
special efforts in order to attract women to mathematics and science educa-
tion (e.g. Grevholm & Hanna 1993; Wistedt 1996; Lindberg & Grevholm 
1996). Advanced technology has made changes in mathematics teaching 
possible and opened totally new opportunities in laboratory work, computer 
visualization of concepts, distance learning etc. 

In countries, such as USA (NCTM1 1991), Sweden (The Swedish 
Board of Education 1994, 2000) and Finland (National Board of Education 
2004), new curricula describe the new vision for mathematics teaching. Re-

                                                           
1 National Council of Teachers of Mathematics 



2 Iiris Attorps 

 

cent documents in mathematics education have placed a great responsibility 
for the success of curricular reform on the teacher (Romberg & Carpenter 
1986; NCTM 1991; 2000; The Swedish Board of Education 2000). These 
responsibilities include, for example, an emphasis on problem solving and 
reasoning, communication and discourse around mathematical topics, con-
nections within and across content areas, increased use of technology, ma-
nipulatives, and group work. Though development programs for teachers 
have been carried out—teachers have, for example, been introduced to in-
structional materials for problem solving and to small group working—
mathematics teaching has not changed in a desirable way (e.g. Lundgren 
1972; Fennema & Nelson 1997; Darling-Hammond 1997; Stigler & Hiebert 
1999).  

Problems in teacher education have a similar character. Students on 
teacher training programmes are not much influenced by their education (cf. 
Grevholm 2002). As newly graduated teachers in mathematics, they often 
instead turn back to acquired methods from their own school time (Raymond 
& Santos 1995, 58; Hill 2000, 23).  

This problem seems to be universal. To change the ways of teaching is a 
laborious task and the result is not yet satisfactory (e.g. Kupari 1999, 4). 
Some researchers also claim that other things than curriculum, for example, 
traditions, teacher knowledge, and textbooks, guide teaching (Cuban 1984; 
Rönnerman 1993; Tyack & Tobin 1994; cf. Magne 1990; Engström & Magne 
2003). In order to get pupils interested in the subject, more research in school 
mathematics is needed. It is also important that research results then reach 
teachers, teacher educators and policy makers (Wallin 1997).  

Hoyles (1992) has described and analysed, in a meta-case study, the re-
search on mathematics teaching and mathematics teachers over a period of 10 
years. Before the middle of 1970s the research was grounded in the behav-
iourist process—product tradition (Clark & Peterson 1986), which focused on 
‘what teachers did, not what they thought’ (Cooney 1994, 624). Most of this 
research and later investigations were however concentrated on students’ 
behaviour and ability and the teacher—if he/she was mentioned at all—was 
described as a facilitator—someone how dispenses facts and information, 
identifies misunderstanding or provides materials or strategies to overcome 
misconceptions (Hoyles 1992, 32).  

A new phase in research started between 1982 and 1984 (Hoyles 1992). 
Research focused on clarifying how teachers’ mental structure including 
knowledge, conceptions and attitudes influenced their action (Ernest 1989a, 
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13; Romberg 1984). In other words, researchers of teaching began to alter 
their view of the teacher to encompass a more active, cognising agent whose 
thoughts and decisions influence all aspects of classroom instruction and 
learning (Clark & Peterson 1986; Peterson, Fennema, Carpenter & Loef 
1989). This change in the conceptualization of the teacher coincided with a 
move from assessing the teachers’ knowledge in quantitative terms, such as 
the number of college courses completed or scores on standardized tests (Ball 
1991), to the more recent qualitative attempts to describe teachers’ concep-
tions of their subject areas. By the end of 1980s and in the beginning of 
1990s the character of teacher’s beliefs and conceptions in mathematics were 
understood better and the awareness increased that teacher’s beliefs, concep-
tions, knowledge, thoughts and decisions have an influence on teaching and 
pupils’ learning (Pajares 1992; Thompson 1992). A constructivist view of 
knowledge has also partly influenced investigations in teachers’ knowledge 
structures and has received a large attention in recent research (Davis, Maher 
& Nodding 1990; Cooney 1994, 612). 

Teachers’ mathematics-related beliefs and conceptions have been inves-
tigated in numerous research reports in the last decade (e.g. Sandqvist 1995; 
Hannula 1997; Adams & Hsu 1998; Pehkonen 1998a; Kupari 1999; Perkkilä 
2002). Also student teachers’ conceptions of mathematics teaching have been 
studied (e.g. Trujillo & Hadfield 1999; Kaasila 2000; Pietilä 2002). The larg-
est part of the research on teachers’ mathematics-related investigations has 
dealt with teachers’ beliefs and conceptions of mathematics and mathematics 
teaching and learning (Hoyles 1992; Thompson 1992). In these studies the 
teachers’ mathematics-related beliefs and conceptions have not however been 
investigated specifically concerning some content domain in mathematics. 

Interest in teacher knowledge has also grown significantly in recent 
years (Connolly, Clandinin & He 1997). Much work on the development of a 
qualitative description of teacher knowledge and conceptions has been influ-
enced by Shulman’s (Shulman 1986; see also Wilson, Shulman & Richert 
1987; Grossman 1990) model for teacher knowledge. However, research on 
teaching and teacher education has, according to Ernest (1989a, 13) under-
emphasised this area, which by using Shulman’s (1986, 7) words has been 
called the ‘missing paradigm’ in research on cognitions. Research on teacher 
subject matter knowledge—which refers to ‘the amount and organisation of 
knowledge per se in the mind of the teacher’ (Shulman 1986, 9)—has been 
investigated in a large number of recent studies (e.g. Ball 1988; Graeber, 
Tirosh & Glover 1989; Ball 1990a, Ball 1990b, 1991; Borko & al. 1992; 
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Even 1993; Simon 1993; Baturo & Nason 1996; Fuller 1997; Tirosh, Fis-
chbein, Graeber & Wilson 1999; Ma 1999; Attorps 2002, 2003). The research 
results are essentially the same: teachers lack a conceptual knowledge of 
many topics in the mathematics curriculum. Current research on the relation-
ship between teacher knowledge and teaching practice has also pointed out 
the need to carry out more studies involving specific mathematical topics. 
Furthermore, this research has shown that the way teachers instruct in a par-
ticular content is determined partly by their pedagogical content knowl-
edge—which ‘goes beyond knowledge of the subject matter per se to the 
dimension of the subject matter knowledge for teaching’ (Shulman 1986, 
9)—and partly by teachers’ mathematics-related beliefs (Brophy 1991a; 
Cooney & Wilson 1993).  

Knowledge about students’ conceptions is one component of the teacher 
pedagogical content knowledge. Such knowledge has been gathered mainly 
in the last two decades of extensive cognitive research on student learning, 
which has yielded much useful data on students’ conceptions, preconcept-
ions, and mistaken conceptions about specific topics in mathematics. Many 
studies have shown that students often make sense of the subject matter in 
their own way, which is not equal to the structure of the subject matter or the 
instruction. (Peterson 1988; Peterson & al. 1991; Kieran 1992; Even & Ti-
rosh 1995).  

In numerous research reports (e.g. Stein, Baxter & Leinhardt 1990; 
Lloyd 1998; Bolte 1999; 357–363) a strong interdependence of conceptions 
about subject-matter knowledge and pedagogical content knowledge has been 
documented. Many teachers do not separate their conceptions about a subject 
specific topic from notions about teaching that topic. In many cases, teachers’ 
subject matter knowledge influences their pedagogical content-specific deci-
sions (Even 1989; Even 1993; Even & Markovits 1993; Even & Tirosh 
1995). 

Swedish doctoral dissertations in mathematics education during the last 
century have treated different issues: problem solving, pupils’ different ways 
to solve arithmetical problems, computers in mathematics teaching, teacher’s 
and pupils’ conceptions of teaching, mathematical models and so on. How-
ever, there are few studies on different content domains in mathematics like 
in geometry, algebra etc. The many projects such as PUMP2, ALM3, DIG4, 

                                                           
2 Process analysis of Teaching in Mathematics/ Psycholinguistics 
3 Algorithms and Mini-calculator 
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designed in order to develop mathematics teaching are also typical for Swed-
ish educational research. (Bergsten 2002, 21–36). However, there are still 
very few investigations in Sweden (see e.g. Lundgren 1972; Runesson 1999; 
Bentley 2003) about mathematics teaching and mathematics teachers. 
 

 
1.2 The purpose of the research 
 
Experiences as a university teacher in mathematics during the last 20 years 
for both prospective masters of engineering and prospective teachers have 
inspired me in choosing this research topic project. As a teacher, I have no-
ticed that many students at the university have problems with the understand-
ing of mathematical concepts and symbols. They are able to operate with 
them but they cannot tell what they are doing, why they are doing certain 
procedures and what is the meaning with mathematical symbolism (see e.g. 
Sierpinska 1994, 51; Attorps 1999; 2003; 2005). Several international studies 
(IEA 1964 & 1980; TIMSS 1994, see The Swedish Board of Education 1994, 
1996; Soro & Pehkonen 1998) have also shown that pupils at compulsory 
schools have deficiencies in algebra.  

My research interest on teachers began as a teacher trainer in teacher 
education. I have often reflected about mathematical concepts, symbols and 
procedures. How do I understand mathematical concepts? What kind of con-
ceptions and experiences have I received from concept learning from my 
school time? Can I improve the teaching? All these kinds of questions waked 
my interest. I wanted to enter deeply into these issues. How do other teachers 
in mathematics think about mathematical concepts? What kind of strategies 
do they use in teaching a specific topic? What kind of experiences do they 
have of concept learning? To gain answers to these questions I have collected 
data through interviews, questionnaires and videotapes during the three years. 
The study describes what kind of conceptions teachers in mathematics have 
about equations. Furthermore, the study describes what kind of conceptions 
and experiences teachers have of their learning of equations from school and 
university time.  

In this study, the phenomenographic approach is used in order to reveal 
differences between the teachers’ conceptions and experiences of the research 

                                                                                                                             
4 Computer at compulsory school 
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object. This approach illustrates in qualitatively different ways how a phe-
nomenon is apprehended and experienced by learners (Marton & Booth 
1997). A person’s knowledge of the world is regarded as a number of con-
ceptions and relations between them. The phenomenographic researcher is 
interested in investigating the content of this knowledge. 

From a methodical point of view, the investigation is a case study (Mer-
riam 1994; Stake 1995). A case study researcher investigates, for example, 
how a person achieves understanding of a specific mathematical concept. 
Case studies play an important role developing a base of knowledge in a 
certain problem area. The investigation gives me, as a teacher trainer, an 
opportunity to develop mathematics teaching especially on teacher training 
programmes. By implementation of the research results to my own practise, I 
can influence student teachers’ conceptions of mathematical concepts. The 
research may also influence mathematics teaching at school in developing 
teachers’ subject matter knowledge and pedagogical content knowledge. 

 
 

1.3 Parts of the study 
 

The research report includes principally two parts. The first part consists of 
the chapters 2–6 and forms a theoretical framework. The second part includ-
ing the chapters 7–12, shapes an empirical part of the research. 

This investigation describes mathematics teachers’ experiences of the 
concept learning of equations and their subject matter and pedagogical con-
tent conceptions about equations.  

In the beginning of the theoretical framework two main traditions in 
school mathematics learning and teaching are described together with teach-
ing strategies to which they given birth. The traditions represent both a be-
haviourist and constructivist learning view. By studying the traditions in 
school mathematics learning and teaching it is possible to understand what 
kind of learning environment and model of learning of equations the teachers 
in this investigation have experienced. Experiences from school time lay the 
basis of a person’s subjective knowledge or personal knowing. By using 
Malinen’s (2000) and Jarvis’s (1992, 1995) theories of experiential learning 
it is possible to study such learning processes, which may lead to the devel-
opment of contradictory conceptions about equations. Since this investigation 
has a focus on teachers’ conceptions about equations it is relevant to study 
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Vinner’s (1991) and Sfard’s models for concept formation. The models are 
based on both the concept—as it is reflected in the individual mind as a result 
of concept learning processes, previous experiences or impressions—and the 
duality of mathematical concepts. A theoretical model for teacher knowledge, 
based on Shulman’s (1986) and Grossman’s (1990) theories, is presented at 
the end of the theoretical framework. The model for teacher knowledge base 
gives further possibilities to interpret and analyse both teachers’ subject mat-
ter and pedagogical content conceptions about equations. 

  
More careful description of the chapters now follows. 

In chapter 2 some central concepts used in this investigation are defined. 
More detailed description about the concepts can be found in connection to 
the chapters 3–6 in the theoretical framework of the research. 

In chapter 3 behaviourist and constructivist traditions are discussed, together 
with the teaching strategies to which they have given birth.  

In chapter 4 the character of experiential learning is described. Malinen’s 
(2000) theory of personal experiential knowing and Jarvis’s (1992, 1995) 
model for the experiential learning processes are studied. At the end of the 
chapter experiential learning and students’ knowing are discussed. 

In chapter 5 mechanisms governing concept formation are presented. Vin-
ner’s (1991) theory of concept definition and concept image is discussed. 
Furthermore, the duality of mathematical concepts and Sfard’s (1991) theory 
of the development of mathematical concepts as a three steps model are dis-
cussed. At the end of the chapter, the formation and definition of the concept 
of equation are presented.  

In chapter 6 a model for teacher knowledge (e.g. Shulman 1986, 1987; 
Grossman 1990) is presented from three perspectives. The chapter includes 
descriptions of the different components in teacher knowledge base. Fur-
thermore, current research both in teacher subject matter and pedagogical 
content knowledge is presented. At the end of the chapter, beliefs and con-
ceptions as a part of human knowledge structure are studied. 

In chapter 7 research questions—nature and perspectives of research are 
presented. 

In chapter 8 both the design and the implementation of the research project 
are presented. The chapter describes how the indicators used in the investiga-
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tion were made, what principles guided the selection of the participants and 
how the procedure for the data collection was made.  

In chapter 9 methodical considerations are presented. The phenomeno-
graphic research approach, some critical reflections concerning phenomeno-
graphy and the implementation of the research process and the data analysis 
are discussed. In addition, the concepts ‘validity’ and ‘reliability’ in the re-
search material and results together with the generalisation of the results are 
discussed.  

In chapter 10 the results of the empirical studies are presented. Firstly, ex-
periences, which the teachers have of their concept learning of equations 
from their school and university time, are presented. Secondly, the teachers’ 
subject matter and pedagogical content conceptions of equations are de-
scribed. Thirdly, the results of the reference group’s conceptions about equa-
tions are reported. 

In chapter 11 the results are interpreted and discussed on the basis of the 
theoretical framework presented in the chapters 2–6.  

In chapter 12 the development of the concept of equation from a prototypical 
to a static structure are discussed. A hypothetical model for teacher knowl-
edge based on teachers’ experiences is created on the basis of the research 
results. The impact of the research on teacher education is discussed. Finally, 
some reflections from the research are presented and some practical and 
theoretical proposals for further investigation are treated.  
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2 Description of the main concepts used in the 

study 
 

In this chapter, I describe some central concepts that are used in this investi-
gation. More detailed description about the concepts can be found in connec-
tion to the chapters 3–6 in the theoretical framework of the research. 

In this investigation the phenomenographic research approach is ap-
plied. The aim of phenomenographic investigation is to describe how various 
phenomena, or objects in the world around us are experienced, conceptual-
ized, understood, perceived and apprehended in second-order perspective 
(Marton 1993, 4425). The second-order perspective refers to the underlying 
ways of experiencing the world, i.e. it describes individuals’ ways of experi-
encing something (Marton 1994; Marton & Booth 1997, 118). The second-
order perspective means taking the place of the respondent, trying to see the 
phenomenon through his eyes, and living his experience vicariously. The 
second-order categories of description that are the fundamental results of a 
phenomenographic investigation describe thus the variation in ways people 
experience phenomena in their world (see chapter 9). 

The term conception is a central concept in the phenomenographic ap-
proach. A person's knowledge of the world is regarded as a number of con-
ceptions and relations between them (Marton & Booth 1997). In recent years, 
the term conception has been complemented with the term experience in 
phenomenographic studies; in essence, conception corresponds to experience 
according to Marton and Booth (1997). They describe (ibid, 100) a person’s 
way to experience a phenomenon as follows: ‘qualitatively different ways of 
experiencing something can be understood in terms of differences in the 
structure or organization of awareness at a particular moment or moments’. 
Marton’s and Booth’s description about a person’s way to experience some-
thing indicates that an individual’s experience of a phenomenon is context 
sensitive, and can change in time and situation. 

In this investigation, the concept conception and the concept belief are 
regarded to be the same concept, although some researchers distinguish the 
meaning of the two terms (cf. Ponte 1994, 169; Pehkonen 2001 13–15; see 
chapter 6).  

The concept conception is defined in literature in many different ways. 
In this investigation, conceptions are regarded as a part of teacher knowledge 
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structure (cf. Grossman 1990; Ponte 1994; see chapter 6). They are defined as 
individuals’ ‘underlying ways of experiencing’ something (Marton & Booth 
1997, 118), as persons’ subjective ideas of a ‘concept’ or a phenomenon, ‘as 
a whole cluster of internal representations…evoked by the concept´(Sfard 
1991, 3). The objective side of the term ‘concept’ is defined as a mathemati-
cal idea in its official form, as a theoretical construction (ibid). Sfard’s inter-
pretation about the concepts conception and concept is similar as Tall’s and 
Vinner’s (1981) interpretation about the concepts concept image and concept 
definition. Conceptions, similarly like concept images are internal representa-
tions evoked by a concept or a phenomenon, and they are generated by previ-
ous experiences or impressions and by tasks in which the concepts and their 
definitions have been tested in teaching and learning of mathematics (Tall & 
Vinner 1981; Vinner 1991; Sfard 1991). The terms concept and concept defi-
nition mean both in Sfard’s and Tall’s and Vinner’s interpretation the concept 
as it follows from its mathematical definition (see chapter 5). 

Vinner’s and Hershkowitz’s (1983) research results indicate that learn-
ers’ concept images often include only prototypes. Prototypes are defined in 
this investigation as the specific examples of equations (ibid), which are 
constructed first in teaching and learning of mathematics (see chapter 5). 

Building on the findings in this investigation and extending Grossman’s 
and Shulman’s two types of content knowledge, the terms subject matter 
conceptions and pedagogical content conceptions are used in this study (see 
chapter 6). Both terms are regarded as a part of teacher knowledge. The term 
subject matter conceptions is used to encompass the range of mathematical 
conceptions that a teacher in mathematics holds about equations. Similarly, 
the term pedagogical content conceptions includes the range of conceptions, 
that a teacher needs to represent and formulate equations in order his pupils 
can comprehend them.  

Various terms have been used in the literature in the case where concep-
tions, constructed by the learners themselves, are deemed to be in conflict 
with the generally accepted conceptions (e.g. Driver & Easley 1978; Confrey 
1990b). The term alternative conceptions about equations describe in this 
investigation the teachers’ contradictory conceptions about equations com-
pared with generally accepted conceptions (see chapter 9).  

In Malinen’s theory of personal experiential knowing (2000, 134–140) a 
learner has personal experiential knowing, which is a holistic entirety and 
which originates from acquired life experiences. Thus, the concept personal 
experiential knowing in Malinen’s theory can be compared with the concepts 
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conception and concept image defined by Sfard and Tall and Vinner. The 
most fundamental conceptions in a learner’s personal experiential knowledge 
are called the first-order experiences, which have the same characteristics as 
personal knowledge. The first-order experiences and/or personal knowledge 
have similarly as the concepts conception and/or concept image a subjective 
character and they can therefore include incomplete and inadequate or even 
distorted conceptions, incorrect theories and limited perspectives. Through-
out Malinen’s study (2000), the concepts knowledge and experience have 
been intertwined and have overlapped to a greater or lesser extent. Another 
category of experience in Malinen’s (2000) theory is named second-order 
experiences, which can be characterized by the terms doubt, negative feelings 
and continuity. The learning experiences of second-order cause a shift in the 
personal knowing. This shift usually arouses doubt and negative feelings, 
since a learner notices that something is wrong with her familiar way of 
thinking. This shift in personal knowing can be compared with a shift evoked 
by cognitive conflicts. Such situations are arranged by teachers demonstrating 
to the students that their conceptions in certain situations lead to conflict with 
the scientific view. However, all of the second-order experiences are not 
instructive for a learner. A non-instructive second-order experience can in-
stead arrest learning. Therefore, it must always exist continuity between per-
sonal experiential knowing and second-order experiences.  
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3 Traditions in school mathematics teaching and 

learning 
 

In this chapter two main traditions in school mathematics learning and teach-
ing are discussed together with the teaching strategies to which they have 
given birth. The traditions represent both the behaviourist and constructivist 
learning view. Still today, behaviourist and constructivist traditions represent 
the two directions in mathematics teaching. In teachers’ thinking these ap-
proaches have been mixed in forming different combinations. Nowadays 
teachers in mathematics observe more clearly a tension between these two 
learning cultures (Kupari 1999, 40–41). By studying the traditions in school 
mathematics learning and teaching it is possible to understand what kind of 
learning environment and model of learning the teachers in mathematics in 
this investigation have experienced.  

 
 

3.1 Behaviourist tradition in mathematics teaching 
and learning 
 

The main proponent for the psychological theory of behaviourism was Skin-
ner. Learning in this theory was considered to have taken place if there were 
observable changes in behaviour without taking into account mental proc-
esses. Skinner listed four important things about learning. Firstly, each step in 
the learning process should be short and should arise from early-learned 
behaviour. Secondly, the learning process should be rewarded and reinforced 
regularly, at least in the early stages, as behaviour is shaped by the pattern of 
reinforcements in the environment. Thirdly, feedback should be as immediate 
as possible and fourthly, the learner should be given stimulus for the most 
likely part to success (Skinner 1938). Skinner’s ideas about learning have 
influenced the teaching of mathematics. He originated programmed instruc-
tion, a teaching technique in which the student is presented a series of or-
dered, and discrete bits of information, each of which he or she must under-
stand before proceeding to the next stage in the series (cf. Bruner 1966). The 
programmed instruction was very popular in Sweden during the 1960s and 
the 1970s (Maltén 1997, 118). Skinner’s dehumanization of learning made 
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students feel manipulated; they became objects, passive beings without own 
freedom (Maltén 1997, 118).  

Mathematics, in the behaviourist theory, is seen as an objective, given 
and absolute (a unique fixed hierarchical) structure of knowledge. Knowl-
edge consists therefore of fixed facts and products, which can be expressed 
with words and symbols. The knowledge, which a student achieves, must be 
measurable. It assumes that the more facts students control, the more knowl-
edge they have. The main interest is what students can do and produce, not 
what they understand and think. Behaviourists are not concerned about what 
is happening inside the learner, as that is not available for direct observation 
and measuring. Teachers’ duty is to transfer knowledge to the learner on the 
most effective way. A learner becomes largely a passive receptor of knowl-
edge (von Wright 1992). When mathematics teaching stresses algorithmic 
skills or procedures and correctness of answers at the expense of mathemati-
cal understanding, education becomes a product, which must be consumed 
rather than the student’s own, active learning process (cf. Burton 1989). 
Clements and Ellerton (Neyland 1995, 129) describe this kind of teaching 
strategy as following: 

The main agenda of many students was to try to look for words, symbols, dia-
grams and sequences of actions (on a calculator, for example) that would help 
them to get a right answer. Such students are not really worried if they fail to 
understand what the teacher is getting at—they believe that if they can get the 
correct answers, then they understand. 
 

The behaviourist conception of mathematics as a fixed hierarchical structure 
creates a model of teaching of mathematics, which is often based on a lecture 
demonstration model in which teaching is mostly telling and showing. That 
means, if we want someone to know what we know, we tell him or her and/or 
show him or her. Unsuccessful teaching tends to be remedied by repeating 
the curriculum content, breaking the communication into smaller parts, and 
finding different ways to express the idea to be grasped. Knowledge, in this 
situation, is symbolic and isolated; learning does not typically motivate stu-
dents or provide them with problem-solving skills they can apply to other 
situations. In this model it is the teacher who is active; he conveys facts and 
inculcates knowledge. Many teachers believe that traditional instruction, 
including drill and practice, may be more effective for students with lower 
intellectual abilities (Talbert & McLaughlin 1993). This would suggest that 
teachers are less likely to use innovative instructional techniques if they be-
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lieve their students need training in basic skills. However, the model of learn-
ing on which traditional teaching is based is not explicit. Teachers’ concep-
tions of effective teaching in this model have developed in the context of 
thousands of hours as students in the traditional classrooms (Simon 1997). 
Burton (1989, 17) describes the model by using the two metaphors—‘the 
filling of the empty vessel‘, that means the transfer of knowledge from teacher 
to student, or ‘the peeling of the onion’, the uncovering process already de-
scribed. Many teachers combine both of these images by transferring firstly 
knowledge and skills, and secondly by helping the unsuccessful student to 
recapture the taught knowledge. These two metaphors are linked by the con-
ception that transmission of knowledge to students is possible. Freire (1971) 
called this conception of teaching a ‘banking’ perspective. One consistent in 
this teaching model is a heavy emphasis on rightness, both on solution and 
method. Another consistent is a clearly defined curriculum, which is evalu-
ated by examination of its contents. It is assumed that mathematical knowl-
edge and contents ought to be measurable. The traditional or formal teaching 
and learning environments stress on single methods and solutions and em-
phasize the correctness of the answers, outcomes, products rather than stu-
dent’s understanding of the mathematical contents (Burton 1989, 17). The 
conception that mathematics is unconditional and absolute together with 
traditional working forms and methods has caused difficulties for teachers to 
create such learning environments, which start from students’ mental proc-
esses or prior knowledge (Ritchie & Carr 1992).  

The formal teaching model has also been called ‘direct instruction’ in 
mathematics (Good & Grows 1978; Peterson & al. 1984). With this form of 
instruction it is relatively easy to find the following familiar sequence of 
events: an introductory review, a development portion, a controlled transition 
to seatwork and an individual seatwork. According to Burton (1989, 18) the 
pedagogical processes, which are most common in the traditional (direct) 
instruction of mathematics, deny the influence of the individual or the social 
context and present an artificial world of confidence, exactness and objectiv-
ity, which is associated with power and control. Burton also declares that by 
validating a depersonalised model of mathematics, which rest upon knowing 
and ‘expertness’, we reinforce this hierarchical view and ensure that mathe-
matics remains aloof and uninteresting for most people of society (Burton 
1989, 18). Textbooks have also a high status in learning environments, which 
are described by direct instruction. But the effect of the textbooks in mathe-
matics instructions has not been well investigated. The standard mathematics 
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lesson often begins with some initial examples from a textbook and then 
follows with new mathematical content presented by a teacher. After this, 
students work with their exercises in their textbooks, and homework is a 
further exercise. Thus the textbooks constitute an authority in the classroom. 
Social messages hidden in texts are unquestioned by teachers and students 
because the textbook is a manifestation of the authority implicit. This is espe-
cially the case in mathematics, perhaps because the sterile and axiomatic 
presentation form of mathematical contents on academic level reinforces 
authority and status of the mathematical texts in textbooks (Lerman 1993, 
71). 

There is a lot of evidence that direct instruction may not provide an 
adequate base for students’ development and for students’ use of higher cog-
nitive skills. The research on misconceptions (e.g. Vinner 1983, 1991) has for 
example, shown that direct instruction causes a lot of misconceptions across 
topics and achievement levels. These misconceptions appear to be resistant to 
the direct instruction (Clement 1982; Vinner 1983). Research to develop 
teaching that helps learners to overcome their misconceptions has focused on 
the need for the learners to make their mental models explicitly (e.g. Novak 
& Gowin 1984; Vinner 1991). The studies of the misconceptions specially 
point out a necessity to develop alternative teaching forms. For example, 
such instructional models which encourage problem solving and peer group 
teaching of mathematics in the classroom have stressed the necessity to help 
teachers take risks and to develop flexibility in the subject matter (cf. 
Dunkels 1996; Brandell & Lundberg 1996; Simon 1997). All this research 
has a constructivist idea of learning. 

Although the curriculum in mathematics, for instance in Sweden and 
other countries, is based on the constructivist view of learning and although 
the behaviourist view has been criticized, behaviourism has still a large influ-
ence especially in mathematics teaching (Magne 1990; Kupari 1999; see also 
Romberg & Carpenter 1986; NCTM 1991; 2000). It is therefore relevant to 
ask why behaviourism is so deeply rooted in mathematics education. Skemp 
(1976, 13) has reflected on some possible advantages of instrumental teach-
ing of mathematics, which is characterised by rule understanding rather than 
conceptual or relational understanding. According to Skemp, an individual 
teacher might make a reasoned choice to teach for instrumental understand-
ing on one or more of the following grounds (Skemp 1976, 13): 
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♦ That relational understanding would take too long to achieve, and to be 
able to use a particular technique is all that these pupils are likely to 
need. 

♦ That relational understanding of a particular topic is too difficult, but 
the pupils still need it for examination reasons. 

♦ That a skill is needed for use in another subject (e.g. science) before it 
can be understood relationally with schemas presently available to the 
pupils. 

♦ That he is a junior teacher in a school where all the other mathematics 
teaching is instrumental. 
 

Several other barriers also lead to the fact that the instrumental and behav-
iourist tradition is so closely linked with teaching of mathematics. According 
to Kupari (1999, 43), it is not easy to change mathematics instruction when 
external claims like national or standardized tests force teachers to instruct 
according to curriculum or students to learn according to fixed aims. Teach-
ers’ success, if it is measured at all, is often determined by their students’ 
standardized test scores. Success on such tests usually requires more instru-
mental knowledge than higher-order thinking. A growing emphasis on stan-
dardized tests also influences teachers’ practice—sometimes they alter sub-
ject matter to teach just to the test (Rowan 1990), or use ‘direct instruction’ 
methods in order to ‘get through’ material quickly. Furthermore, teachers 
who have limited subject matter knowledge have less flexibility in their in-
structional choices and employ direct instruction often (McLaughlin & 
Talbert 1993; Kupari 1999, 43). Generally, teachers have also considerable 
autonomy in their classrooms and may easily ignore educational reforms 
(Ball 1990c; Cohen 1988; Rowan 1990). In addition, there is little encour-
agement for change among teachers and schools; the survival of schools is 
not dependent on the adoption of reforms (Cohen 1988). Also, teachers’ 
conceptions and beliefs of mathematics, mathematics learning and teaching 
bring about traditions concerning mathematics teaching are not easy to 
change (Pehkonen 1994, 1998a, 1998b, 2001). As Battista (1992; cf Leino 
1994) notes, teachers are interested in students’ learning of mathematics but 
teachers’ limited conception of mathematics and its nature are barriers to 
instructional changes. Additionally, parents and students often have a more 
static view of mathematics. For example, the document Reshaping School 
Mathematics (Mathematical Sciences Education Board 1990, 4; cf. Frank 
1985; Pehkonen 2001) points out two public conceptions about mathematics:  
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♦ Mathematics is a fixed and unchanging body of facts and procedures. 
♦ To do mathematics is to calculate answers to set problems using a spe-

cific catalogue of rehearsed techniques.  
 

As Donovan (1990) pointed out, parents often define what mathematics is, at 
least in terms of what they want their children to learn. Even students share a 
rather static view of mathematics (see Schoenfeld 1992). Obviously there are 
several barriers, which lead to only infrequent instructional reforms in the 
constructivist direction. 

 
 

3.2 Constructivist tradition in mathematics 
teaching and learning 
 

The constructivist view of knowledge has been associated to mathematics 
learning and teaching from the 1980s. Constructivism represents a change in 
perspective on what knowledge is and how it is developed (von Glasersfeld 
1989, 122). From a constructivist perspective, knowledge is not passively 
received from the world, from others, or from authoritative sources. Rather, 
all knowledge is created as individuals adapt to and make sense of their expe-
riential worlds (von Glasersfeld & Steffe 1991). Applying these ideas to 
mathematical knowledge, mathematics is viewed as an ongoing process of 
human minds, not an aspect of the external world waiting to be discovered 
(Simon 1997, 58).  

According to von Glasersfeld (1991, see the introduction) the essence of 
constructivism can be summarized in the following way:  

…knowledge cannot simply be transferred ready-made from parent to child or 
from teacher to student but has to be actively built up by each learner in his own 
mind. 

 
In further elaboration of what constructivism is, two hypotheses have 
emerged (see for example von Glasersfeld 1989, 1995a; Lerman 1993): 

♦ Knowledge is activity constructed by the learner, not passively received 
from the environment. 
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♦ Coming to know is an adaptive process that organises a learner’s ex-
perimental world. Knowing does not discover an independent, pre-
existing world outside the mind of the learner. 
 

The first hypothesis is today widely accepted and is relatively uncontrover-
sial. It is called weak constructivism and it is close to a restatement of early 
quotation from von Glasersfeld (see von Glasersfeld 1991 above). The sec-
ond hypothesis is more controversial. It is also more radical. Indeed, those 
who accept both hypotheses are called radical constructivists. The second 
hypothesis denies the existence of certain knowledge and raises questions 
about what any person accepts as known. For the radical constructivist there 
is no possibility of any certain knowledge about existing world, because all 
observations are limited by his previous, subjective structure of knowledge. 
This assumption makes radical constructivism controversial (Leino 1993; 
Orton 1994).  

From the constructivist perspective, learning is a result of individual’s 
construction of knowledge through active engagement in his experiential 
world. Von Glasersfeld (1989, 139) points out that it is this construction of 
the individual’s subjective reality, which should be of interest to practitioners 
and researchers in education (cf. the phenomenographic approach). A learner 
constructs his own new understanding or knowledge through the interaction 
of what he already knows on the base of his existing knowledge. It may hap-
pen that a learner must leave his old structure of knowledge and acquire new 
more effective knowledge. A learner is thus an active receptor of knowledge, 
who observes and sorts information (von Wright 1992; Leino 1993, 1994).  

Constructivism has different kinds of versions (among others weak and 
radical constructivism). Social constructivism is today widely accepted in 
teaching of mathematics. Many proponents of mathematics reform have ad-
vocated a (social) constructivist perspective of teaching and learning (Cobb 
& al. 1998; Noddings 1993; Simon 1995; Zazkis 1999). Social constructiv-
ism stresses that learners create their own knowledge based on interactions 
with their environment including their interactions with other people 
(Björkqvist 1993a; Richardson 1997). Constructivists recognize that experi-
ence and environment have an important role in learning process and that 
language plays a key role in the acquisition of knowledge (Dewey 1938/ 
1963; Larochelle & al. 1998). It is however quite simplistic and not useful to 
connect constructivism to teaching with such kind of notations as ‘leave 
students alone and they will construct mathematical understandings’ or ‘put 
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students in groups and let them communicate as they solve problems’ (Simon 
1995, 117–118). In the constructivist classroom, a teacher has an important 
role. Rather than a dispenser of knowledge, the teacher is a guide and facilita-
tor, who encourages learners to question, challenge, and formulate their own 
ideas, opinions and conclusions. ‘Correct’ answers and single interpretations 
are de-emphasized (see e.g. Simon 1995, 1997; Steffe 1990; Steffe & Wiegel 
1992; Richardson 1997).  

The constructivist view on mathematics and science education has 
brought great attention and influenced curricula in different countries (see 
e.g. Björkqvist 1993b, 8). For example, the new Swedish curriculum in 
mathematics declares that mathematics is a human and social construction 
and learning of mathematics should take place in a social and commutative 
context (SKOLFS 1994:1, 1994:3; see also The Swedish Board of Education 
2000). Although (social) constructivist perspective on learning has provided 
mathematics educators with useful ways to understand learning and learners 
and although it has given a useful framework for thinking about mathematics 
learning in classrooms, it does not define any particular model for teaching 
mathematics (Simon 1995, 1997).  

 
 

3.3 Summary  
 

Still today, behaviourist and constructivist traditions represent the two main 
directions in mathematics teaching. The main proponent for the psychologi-
cal theory of behaviourism was Skinner (Skinner 1938). Learning in this 
theory was considered to have taken place if there were observable changes 
in behaviour without taking into account mental processes. Skinner’s ideas 
about learning have influenced the teaching of mathematics. He originated 
programmed instruction, a teaching technique, which was very popular in 
Sweden during the 1960s and the 1970s (Maltén 1997, 118). In the behav-
iourist theory, mathematics is seen as an objective, given and a unique fixed 
hierarchical structure of knowledge. Knowledge consists therefore of fixed 
and measurable facts and products, which can be expressed with words and 
symbols. The main interest is what students can do and produce, not what 
they understand and think. Teachers’ duty in this tradition is to transfer 
knowledge to the learner on the most effective way (Skinner 1938; von 
Wright 1992).  
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The behaviourist conception of mathematics as a fixed hierarchical 
structure creates a model of teaching of mathematics, which is often based on 
a lecture demonstration model, called a direct instruction. However, the 
model of learning on which traditional teaching is based is not explicit. 
Teachers’ conceptions of effective teaching in this model have developed in 
the context of thousands of hours as students in the traditional classrooms 
(Simon 1997). There is also a lot of evidence that direct instruction may not 
provide an adequate base for students’ use of higher cognitive skills. The 
research on misconceptions (e.g. Vinner 1983, 1991) has for example, shown 
that direct instruction causes a lot of misconceptions across topics and 
achievement levels. Research to develop teaching that helps learners to over-
come their misconceptions has focused on the need for the learners to make 
their mental models, concept images explicitly (e.g. Novak & Gowin 1984; 
Vinner 1991; Dunkels 1996; Brandell & Lundberg 1996). All this research 
has a constructivist idea of learning. 

Constructivism represents a change in perspective on what knowledge is 
and how it is developed. From a constructivist perspective, knowledge is not 
passively received from the world, from others, or from authoritative sources. 
Rather, all knowledge is created as individuals adapt to and make sense of 
their experiential worlds (von Glasersfeld & Steffe 1991). Applying these 
ideas to mathematical knowledge, mathematics is viewed as an ongoing 
process of human minds, not an aspect of the external world waiting to be 
discovered (Simon 1997, 58). Many proponents of mathematics reform have 
advocated a (social) constructivist perspective of teaching and learning (Cobb 
& al. 1998; Noddings 1993; Simon 1995; Zazkis 1999). Social constructiv-
ism stresses that learners create their own knowledge based on interactions 
with their environment including their interactions with other people. Al-
though (social) constructivist perspective on learning has provided mathemat-
ics educators with useful ways to understand learning and learners and al-
though it has given a useful framework for thinking about mathematics learn-
ing in classrooms, it does not define any particular model for teaching 
mathematics (Simon 1995, 1997).  

However, it can be difficult to apply a constructivist approach to 
mathematics teaching because the success depends on teachers’ knowledge 
and skills, the way they structure their teaching and their talent to adapt to 
new situations (Leino 1994). There are also other barriers—national or stan-
dardized tests, little encouragement for change among teachers and schools, 
teachers’, parents’ and pupils’ conceptions and experiences of mathematics, 
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mathematics learning and teaching—which make the behaviourist tradition 
so closely linked with teaching of mathematics even today (see e.g. Kupari 
1999).  
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4 Learning by experience 

 
Teachers in mathematics have different kinds of learning experiences of the 
concept learning and teaching from their school time. Positive experiences of 
the concept learning encourage us to study new domains, whereas negative 
experiences restrict our capacity to find new possibilities.  

In this chapter Malinen’s (2000) and Jarvis’s (1992, 1995) theories of 
the experiential learning are discussed. In an ideal and a high level experien-
tial learning situation new knowledge is created by the transformation of 
experience. By using Malinen’s (2000) and Jarvis’s (1992, 1995) theories it 
is possible to study such learning processes, which may lead to the develop-
ment of erroneous conceptions of mathematical concepts. 

 
 

4.1 Experience and experiential learning 
 

All learning starts from experience. As long as we are aware of our experi-
ences we are capable to learn (Jarvis 1992). In experiential learning theory, 
the transactional relationship between the person and the environment is 
symbolized in the dual meanings of the concept experience: one subjective or 
personal meaning, referring to the individual’s internal state as in ‘the experi-
ence of happiness or trouble’, and one objective as in ‘he has 30 years of 
experience as a teacher’. These two forms of experience interrelate in very 
complex ways (Kolb 1984, 35). Experience plays the central role in the learn-
ing process. Kolb (1984, 27) emphasizes that ‘learning is a continuous proc-
ess grounded in experience. Knowledge is continuously derived from and 
tested in the experiences of the learner’. Experiences may be either meaning-
ful or meaningless (Jarvis 1987, 164). When experience is meaningful it will 
be a basis for learning (Silkelä 2001, 21). Significant and valuable experi-
ences for a learner do not have just a momentary value. They will be a part of 
the learner’s personality. Important experiences influence our minds so that 
our relation to the reality will be changed more or less permanently (Silkelä 
1998, 44). Positive experiences create satisfaction, faith and strength but 
negative experiences cause anxiety (Silkelä 1999, 179–184). A positive learn-
ing experience in mathematics may be when a learner suddenly feels that he 
understands the principle of Pythagorean theorem. A negative experience 
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may be when a learner fails in spite of hard efforts in a test of mathematics. 
Positive experiences encourage us to study new domains, whereas negative 
experiences restrict our capacity to find new possibilities (Dewey 1938/1963, 
25–26).  

Experiential learning is a holistic process. It includes thinking (cogni-
tion), feelings (affection) and activity (conation) (Dewey 1938/1963, 48–49; 
Kolb 1984, 31). Balance between these may vary according to contents, 
meanings and time, but none can be left without consideration. Experiential 
learning changes a learner’s behaviour, attitude and personality. It influences 
an individual’s feelings, experiences, conceptions and imagination (Boud & 
al. 1993, 12–13; Silkelä 2001, 21). Learners experience the same situation in 
different ways because every learner is a carrier of his own subjective history, 
expectations, knowledge, adjustments and feelings. One part of the knowl-
edge can be subconscious/implicit according to Malinen. It may be inexact 
and even erroneous, but it is true for the learner himself (Malinen 2000, 58–
135).  

Although experience is the basis for learning, it does not necessarily re-
sult in learning. An experience must be analysed and investigated before it 
can be a part of disposable knowledge (Criticos 1993, 161). According to 
Mezirow (1995, 30–31), an innovative learning means that the learner re-
flects critically on his conceptions. Learning is an active process where the 
learner reflects on his own experiences and tries to understand the meaning 
with them. Reflection plays a central role for understanding of the meaning 
(Boud & al. 1993, 9–10). 

In experiential learning you not only acquire new knowledge but you 
also revalue the experiences of the past. It is essential that acquired experien-
tial knowledge will be related flexibly to new knowledge (Väisänen & 
Silkelä 1999, 222). Linking new experiences to old can offer a learner new 
insights and encourage him to study once more the domains he has before 
avoided (Boud & al. 1993, 8). 

 
 

4.2 Learning process 
 

Malinen: a theory of personal experiential knowing 

Malinen (2000, 18) has formed a theory of personal experiential knowledge 
by doing analysis based on the grounded theory about the andragogical ap-
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proach of Knowle, the experiential learning theory of Kolb, the transforma-
tion theory of adult learning developed by Mezirow, the action learning ap-
proach developed by Revans and the reflection-in action theory of Schön.  

According to Malinen (2000, 134–140) a learner has personal experien-
tial knowledge, which is a holistic entirety and which originates from ac-
quired life experiences. Thus, this knowledge also includes such kinds of 
learning experiences, which have an influence on the development of a per-
son’s conceptions of mathematical concepts. The personal experiential 
knowledge includes a hard part and a flexible part. The hard part or core of 
knowledge consists of the most fundamental and important conceptions for 
the learner, which he tries to retain as long as possible. These most funda-
mental conceptions can also be called the first-order experiences, which have 
the same characteristics as personal knowledge. Thus, throughout Malinen’s 
study, the concepts ‘experience’ and ‘knowledge’ have been intertwined and 
have overlapped to a greater or lesser extent (cf. Marton & Svensson 1978; 
Marton & Booth 1997). Around the hard core is a protective belt, which 
includes more flexible and easily changeable conceptions for a learner Ma-
linen (2000, 135–136). These first-order experiences, i.e. the learner’s unique 
experiences and conceptions constitute the boundary structures for learning 
and influence as a whole, the way a learner understands and acts in the world. 
The experiences of the first-order have at least five fundamental properties. 
Firstly, these experiences have already passed or been lived through. Every 
adult person has a private mixture of experiences and they constitute the 
person’s everyday meaningful world of significance. Secondly, these kinds of 
experiences have a tacit or implicit character. An adult lives with these ex-
periences and keeps them for the rest of his life. The third property follows 
from the two first characteristics; the experiences are always true, authentic 
for the adult himself. When we in everyday life experience things, we believe 
in them and attribute real existence to them. Thus, it is quite understandable 
that they are taken for granted. ‘As we accumulate experience, we tend to 
develop mental habits, biases, and presuppositions that tend to cause us to 
close our minds to new ideas, fresh perceptions and alternative ways of 
thinking…’(Knowles 1990, 58–60; see also Malinen 2000, 58; Malinen’s 
non-italics). However, the experiences have a subjective character and that is 
why they cannot be strictly defined. Fourthly, the first order experiences are 
described as incomplete and inadequate or even distorted like untested con-
ceptions, incorrect theories, limited meaning perspectives and so on. In spite 
of the fact that experiences are incomplete and inadequate they constitute 
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however, a holistic unity for the person himself because he seeks to make a 
unity of the experiences. Experiences can be inadequate in at least two 
senses. They can be defined as individual misinformation (due to defects of 
understanding) or genuine mistakes. Inadequate experiences could be defined 
as partial understanding or imperfect knowledge (Malinen 2000, 58–61).  

When learning experience of a second-order meets a learner’s personal 
knowing, it causes a shift or ‘crack’ to the hard core. This crack usually 
arouses doubt and negative feelings, since a person’s familiar conceptions 
have suddenly become problematic. It is a quite natural reaction. A learner 
has over the years acquired a certain body of knowledge, but suddenly he 
notices that something is wrong with his familiar way of seeing and thinking. 
In this situation the learner has two basic possibilities: to defend the familiar 
way of seeing or to modify it, i.e. to learn. An individual’s learning experi-
ence is the more powerful the more the second-order experience penetrates 
the hard core of personal experiential knowledge. All of the second-order 
experiences are not instructive for a learner. A non-instructive second-order 
experience can arrest the learning changes and therefore it cannot be an inte-
grated part in the learner’s current knowledge. So, there must always exist a 
balance or continuity between personal experiential knowledge and second-
order experiences. Experiential learning stands for the re-construction proc-
ess, which modifies the learners’ personal knowledge of the world holisti-
cally. Modification of early constructions can be called re-defining, re-
thinking, re-interpretation etc. In this re-construction process more exact 
knowledge is created, learners’ structure of knowledge and conceptions 
change. Learners are capable to see a phenomenon and a situation from a 
totally new perspective (Malinen 2000, 58–75, 134–137).  

Figure 1 describes Malinen’s model of experiential learning: a relation 
between personal experiential knowledge and second-order experiences. 
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Figure 1. Personal experiential knowing ‘meets’ second-order experiences. (Malinen 
2000, 135)  
 
By means of Jarvis’s (1995) model of learning processes it is possible to 
study different types of responses to an experience. With other words it is 
possible to study in detail what happens in such a learning situation when 
personal experiential knowledge meets second-order experiences.  

 
Jarvis: A model of learning processes 

By testing Kolb’s learning cycle (see Kolb 1984, 42) with a variety of groups 
of adult learners Jarvis (1995, 69) found that it is an over simple description 
for such a complex process as learning. Jarvis also reminds of the fact that all 
experiences do not result in learning.  

Learning is often defined in behavioural terms. For example, Hilgard 
and Atkinson (1967, 270) define it as ‘a relatively permanent change in be-
haviour that occurs as a result of practice’ or as Borger and Seaborne (1966, 
14) say about learning, ‘any more or less permanent change in behaviour 
which is the result of experience’ (cf. Skinner 1938). However, the acquisi-
tion of new knowledge does not need to result in behavioural change, though 
learning has occurred. Jarvis (1995, 59) defines learning as ‘the process of 
transforming experience into knowledge, skills, attitudes, values, feelings, 
etc’. According to Jarvis (1992, 15), all learning—not merely experiential 
learning—begins with experience. Experience is obtained at the intersection 
of a conscious human life with time, space, society and relationship. Experi-
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ences may be learning experiences or they may result in non-learning. Learn-
ing experience may even be unconscious.  

Jarvis’s model (1995) of the process of experiential learning is pre-
sented in Figure 2. 
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Figure 2. A model for the experiential learning processes. (Jarvis 1995)  

 
The complexity of the learning process in Jarvis’s model compared with 
Kolb’s (cf. Kolb 1984, 42) is evident by looking at the variety of learning 
routes that can be traced trough it. Learning might be regarded as a response 
to an experience. Jarvis suggests that there are nine types of responses to an 
experience and that they may be grouped into three different categories: non-
learning, non-reflective learning, and reflective learning (see Table 1).  
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Table 1. Typology of learning. (Jarvis 1992, 72) 
 

Category of response to experience Type of learning/non-learning 

Non-learning 
Presumption 

Non-consideration 
Rejection 

Non-reflective learning 
Preconscious learning 

Skills learning 
Memorisation 

Reflective learning 
Contemplation 

Reflective skills learning 
Experimental learning 

 
 

Non-learning 

People do not always learn from their experiences and so the first group of 
responses is called non-learning ones: presumption, non-consideration, rejec-
tion. The responses to the experiences result in no learning. 

Presumption is a quite usual response to everyday experience. (With re-
spect to presumption, the route through Figure 4 is 1 through 4) It involves a 
sense of trust that the world will not change and therefore a learner does not 
feel any need to learn something new. A teacher may assume that the best 
way to learn mathematics is to allow students to work with so many me-
chanical tasks as possible. The teacher is not interested in applications and 
problem solving, because they are time consuming and not frequent in ex-
aminations. The teacher supposes that his students’ standardized test scores 
determine his success. 

Non-consideration (In terms of non-consideration, the route through 
Figure 4 is 1 through 4) is also a typical response to everyday experience. A 
learner does not respond to a potential learning experience for a variety of 
reasons: he has no time to think about it, he is afraid of its outcomes or he is 
not capable to understand the situation. The result is non-learning. Non-
consideration may occur when a student ought to learn too many mathemati-
cal concepts during a limited period. 

Rejection (In this case, the route through Figure 4 is 1 through 3 through 
7 to either 4 or 9) is a response in a possible learning situation. Some students 
have a learning experience but reject the possibility of learning. A student 
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who has negative learning experiences in algebra learning may think that it is 
impossible for him to learn algebra. Instead of probing a possible learning 
situation and trying to understand algebra, he rejects the possibility. Thus, 
rejection may serve to confirm a student in positions he already holds. 

 
Non-reflective learning 

A non-reflective learning includes three sub-categories: pre-conscious learn-
ing, skills learning and memorization. The learning does not involve reflec-
tivity—a learner only acquires models, skills and knowledge. 

Pre-conscious learning (In the case of pre-conscious learning, the route 
through Figure 4 is 1 through 3 through 6 to 4) maybe caused by everyday 
events, which have been experienced without causing conscious knowledge. 
This form of learning occurs at the edge of consciousness. Students are not 
conscious of all the incidents that occur during a lesson, but in discussion 
after the lesson they might say, ‘I think I vaguely remember something like 
that’. If pressed, they are even able to recall something specific. Thus, the 
students have learned, but the learning has not necessarily become conscious 
knowledge. 

Skills learning (With respect to skills learning, the route through Figure 
4 is 1 through 3, through 5 to 8 to 6 to either 4 or 9.) is usually associated to 
the learning of simple, short procedures. These skills are often acquired 
through model learning or imitation and they presuppose a lot of training. 
Examples of skills learning are learning of language, learning of social skills 
or learning of sports. Skills learning in mathematics may be learning to use 
specific procedures (according to a certain model) in solving simple equa-
tions. There is a significant relationship between skills learning and knowl-
edge: students watch a problem demonstration during an algebra lesson. They 
may claim that they now know how to solve an equation in a similar applica-
tion. They however only know indirectly through memorization until they 
have actually performed the problem themselves. 

Memorization (For memorization, the route through Figure 4 is 1 
through 3 to 6, then possibility to 8 to 6, and then to either 4 or 9.) is maybe 
the most commonly known form of learning. Students in mathematics feel 
that this is the most important type of learning expected of them, so they try 
to learn by heart mathematical formulas or typical examples or other things, 
which the teacher has told or written in order to reproduce them on an exami-
nation. Students think that everything the teacher has told has to be learnt and 
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memorized. This form of learning occurs in the communicative interaction 
mode of experience but it relates also to direct action experiences. 

The three non-reflective learning forms—pre-conscious learning, skills 
learning and memorization—represent a process of social reproduction. 
When people learn this way, they are learning to fit into a larger social con-
text; ‘they are learning their place, as it were’(Jarvis 1992, 76).  

 
Reflective learning 

There are the three main types of reflective learning: contemplation, reflec-
tive skills learning and experimental learning. Each of them has two possible 
outcomes, conformity or change. It may be assumed that all reflective learn-
ing is revolutionary or a symbol of modernity compared with non-reflective 
learning. However, this is not the case. Reflective learning is not automati-
cally innovative. A learner makes decisions and evaluates his learning, but 
often he goes back to early thinking and no innovation takes place.  

Contemplation (With regard to contemplation, the route through Figure 
4 is 1 through 3 to 7 to 8 to 6 to 9) is a process of thinking about an experi-
ence or a situation and reaching a conclusion without necessarily referring to 
the social reality. Contemplation may involve reasoning processes of mathe-
maticians, thought processes of everyday life etc. 

Reflective skills learning (In this case, the route through Figure 4 is 1 
through 3 to 5, 7, and 8 and then loop as many times as necessary in both 
directions out from 5 to 8 to 6 to 9) is not only learning a skill but also learn-
ing about the knowledge connected to the practice. This makes it possible to 
know why the skill should be performed in a special way. The using of con-
crete materials in teaching mathematics can contribute to the acquisition of 
both mathematical knowledge and skills. 

Experimental learning (With respect to experimental learning, the route 
through Figure 4 is 1 through 3 to 7, 5, and 8 and the loop as many times as 
necessary in both directions out from 7 to 8 to 6 to 9) relates closely to the 
understanding of human beings as scientists, who by experiments acquire 
new knowledge from their environment. 

These three forms of learning are not always innovative. Learning can 
thus result in agreement/conformity or disagreement/change. The fact that the 
concept learning can be used to denote both conformist and innovative out-
comes seems paradoxical (Jarvis 1992, 70–78). In experiential learning we 
are often so afraid of changes that we capitulate. We do not want to change in 
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spite of the fact that the knowledge we avoid is maybe just such kind of 
knowledge we ought to know (Brew 1993).  

In the next section the implications from personal experiential learning 
for a teacher are discussed. 

 
 

4.3 Experiential learning—students’ knowing  
 

One of the most important elements in an educator’s work is to recognize the 
boundaries of the individual learner’s knowing. Student teachers have their 
specific, personal contents of knowing. They have different epistemological 
perspectives due to their unique sets of the first-order experiences. The 
teacher should be able to identify the specific, personal contents of knowing 
that each student already possesses (cf. Vinner 1991). He must be sensitive in 
order to recognize the quality of student’s personal contents of knowing, 
including their incomplete, inadequate and even distorted conceptions (Ma-
linen 2000, 123–124). The teacher needs to know for example, his students’ 
previous experiences of mathematics and their personal conceptions of 
mathematical concepts. He should use this knowledge as the criterion for the 
selection and arrangement of the instructive second-order experiences (Ma-
linen 2000, 124, see also Dewey 1938/1963, 88). It is important from the 
learning point of view that there is a balance and continuity between the 
experiential personal knowing and the second-order experiences. In sum, it is 
a necessary responsibility for the teacher to assess the students’ epistemo-
logical level as knower and to introduce specific procedures for knowing; 
ones he assumes will support his students’ epistemological progress. This 
responsibility involves both rich presentations of knowledge of the topic at 
hand and a particular kind of knowledge construction (Malinen 2000, 124–
125; cf. Shulman 1987; Grossman 1990). If student teachers should get a 
many-sided picture for instance of the mathematical concepts, the teacher has 
to present a range of different perspectives of the concepts on the mathemati-
cal domain (see Daloz 1987, 123; cf. Shulman 1987; Grossman 1990). Niss 
(1999) claims that it seems to be a great danger for students to form too lim-
ited and even erroneous conceptions of the mathematical concepts in domains 
such as arithmetic, calculus, algebra and statistics. In such domains, algo-
rithmic procedures tend to attract the main part of the students’ attention and 
to create a concept filter (cf. Tall & Vinner 1981; Vinner 1991).  
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It is also important that student teachers are given possibilities to dis-
cuss their acquired experiences of mathematics and their conceptions of 
mathematical concepts. The educator’s responsibility is to guide this kind of 
discussions and the learning dialogue (Malinen 2000, 125). By asking the 
right kind of questions the educator could enhance students’ opportunities to 
see the topic and the mathematical contents from different perspectives and 
thus speed up the process of learning. During the topic being discussed, stu-
dents’ personal and implicit knowledge can become more conscious, com-
municative and comprehensible (Lehtovaara 1996, 90). A good learning 
environment and a suitable, social atmosphere creates good conditions for 
learning. However, the success is dependent on the teacher’s social abilities 
like receptivity and tolerance. The teacher cannot be safer, more supportive 
or more open than the sum of his social abilities (Malinen 2000, 139).  

Thus, the responsibility to identify the boundaries of the students’ 
knowing, to generate and select instructive second-order experiences in har-
mony with the students’ unique knowledge structure, to present different 
perspectives on the topic, to guide the learning dialogue and to create a suit-
able learning environment places special demands on the teacher’s own depth 
of understanding of the structures of the topic, as well as on his attitudes 
toward it and enthusiasm for the topic. In other words, what the educator 
knows about the topic is fundamental for the success of the student’s acquisi-
tion of knowledge of the topic (Malinen 2000, 125–126; see also Shulman 
1987; Grossman 1990). Subject matter (content) knowledge, pedagogical 
content knowledge and curricular knowledge can be seen as the three corner-
stones for teacher knowledge (Shulman 1986; Grossman 1990). If a mathe-
matics teacher has no knowledge of the structures of a discipline, he may 
misrepresent both the content and the nature of the discipline itself. His 
knowledge of the content influences on what and how he teaches. Further-
more, lack of knowledge may affect the level of classroom discourses or how 
the teacher uses textbooks (Grossman 1990, 7). As a consequence, the 
teacher needs a broad overview and deep understanding of the subject. Per-
sonal learning under social interaction is guided by the teacher’s knowledge 
of the content (Shulman 1987). Even the educator as a knower has his own 
incomplete and limited conceptions within the epistemological dimension 
and his knowledge can be implicit and unexpressed even to himself (Schön 
1988, 29–31, 82–84). Therefore, he can also limit the students’ possibilities 
to develop a rich picture of mathematical concepts (cf. Wacks 1987). 
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4.4 Summary  
 

Teachers in mathematics have different kinds of learning experiences and 
conceptions of the concept learning and teaching from their school time. By 
using Malinen’s (2000) and Jarvis’s (1992, 1995) theories it is possible to 
study such learning processes, which may lead to the development of contra-
dictory conceptions of mathematical concepts. According to Malinen (2000, 
134–140) a learner has personal experiential knowledge, which is a holistic 
entirety and which originates from acquired life experiences. Thus, this 
knowledge also includes such kinds of learning experiences, which have an 
influence on the development of a person’s (teachers’) conceptions of 
mathematical concepts. Acquired life experiences are called the ‘lived’, the 
first-order experiences or personal experiential knowledge (Malinen 2000, 
59–61). Learning occurs when new learning experiences, i.e. experiences of 
the second-order, collide with the experiences of the first-order and a shift of 
knowledge takes place. If this shift is not brought about, a learner only passes 
an examination or a course and he does not learn anything. In other words, 
learning experiences do not result in new knowledge and a learner keeps his 
sometimes incomplete and untested conceptions of the topic being discussed 
(Malinen 2000). However, all of the second-order experiences are not in-
structive for a learner. A non-instructive second-order experience can even 
arrest the learning changes and therefore they may result in non-learning. By 
means of Jarvis’s (1995) model of learning processes it is possible to study 
different types of responses to an experience. In other words, it is possible to 
study in detail what happens in such a learning situation when personal expe-
riential knowledge meets second-order experiences.  

Jarvis (1995) suggests that there are nine types of responses to an ex-
perience and they can be grouped into three different categories: non-
learning, non-reflective learning, and reflective learning. In the case of non-
learning the responses to the experience result in no learning. It involves a 
sense of trust that the world will not change and therefore a learner does not 
feel any need to learn something new. In learning, which does not involve 
reflection, that is non-reflective learning, a learner only acquires models, 
skills and knowledge. It may be assumed that all reflective learning is revolu-
tionary compared with non-reflective learning. However, this is not the case. 
Reflective learning is not automatically innovative. A learner makes deci-
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sions and evaluates his learning, but often he goes back to early thinking and 
no innovation takes place.  

It is a necessary responsibility for a teacher in mathematics to assess the 
students’ epistemological level as knower and to introduce specific proce-
dures for knowing; ones he assumes will support his students’ epistemologi-
cal progress. Therefore, one of the most important elements in an educator’s 
work is to recognize the boundaries of the individual learner’s knowing. 
Student teachers have their specific, personal contents of knowing. They have 
different epistemological perspectives due to their unique sets of the first-
order experiences. The teacher should be able to identify the specific, per-
sonal contents of knowing that each student already possesses (cf. Vinner 
1991). He must be sensitive in order to recognize the quality of student’s 
personal contents of knowing, including their incomplete, inadequate and 
even distorted conceptions (Malinen 2000, 123–124). The teacher needs to 
know for example, his students’ previous experiences of mathematics and 
their personal conceptions of mathematical concepts. He should use this 
knowledge as the criterion for the selection and arrangement of the instruc-
tive second-order experiences (Malinen 2000, 124, see also Dewey 1938/ 
1963, 88). 

From the learning point of view it is also important that there is a bal-
ance and continuity between the experiential personal knowing and the sec-
ond-order experiences (Malinen 2000). The most central responsibility of 
constructivist teachers is to learn their students’ mathematical knowledge and 
to harmonize their teaching methods on the basis of that knowledge (Steffe & 
Wiegel 1992, 17; cf. Simon 1995, 136–137). Thus, Malinen’s and Jarvis’s 
theories of experiential learning have similarities with Simon’s idea for 
teaching, which is grounded in constructivism and social perspective on 
learning. 
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5 Concept formation 

 
Formal mathematical definitions are of central importance in mathematics, 
because they contribute to the basis of the theorems that provide the theoreti-
cal structure of mathematics. However, learners have often difficulties in 
understanding and using formal mathematical definitions (e.g. Vinner & 
Dreyfus 1989; Tall 1994; Rasslan & Tall 2002). The learning of concept 
definitions does not guarantee the understanding of mathematical concepts, 
because definitions can be learnt by heart without understanding. Further-
more, some basic mathematical concepts lack unambiguous definitions. The 
concept of equation for example is defined on different ways depending on 
school level and may therefore be hard to understand. The duality of mathe-
matical concepts and their abstract nature also make understanding of them 
difficult and laborious for most learners (Sfard 1991). Many learners have 
often created mental models (preconceptions) of mathematical concepts be-
fore the concepts have been defined formally in teaching. These mental mod-
els are generated by previous experiences, impressions, and conceptions and 
by tasks in which the concepts have been tested in teaching and learning of 
mathematics (Tall & Vinner 1981; Vinner 1991). Since this investigation has 
a focus on teachers’ conceptions about equations and their experiences of 
concept learning, it is relevant to study different kinds of models for concept 
formation. The models are based on the concept—as it is reflected in the 
individual mind as a result of concept learning processes, acquired experi-
ences or conceptions—and on the duality of mathematical concepts.  

 
 

5.1 Concept acquisition in mathematics  
 

Two main approaches have been developed to explain the mechanisms gov-
erning concept acquiring. These two approaches can be described principally 
in the following way.  

Proponents of the classical approach argue that definitions play a central 
role because a concept or a category (i.e. a concept of everyday life) has a 
system of rules that clearly defines the boundaries of the category as well as 
its critical attributes (the attributes that each example should have in order to 
belong to the category) (Bruner, Goodnow & Austin 1956). The classical 
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approach is based on the assumption that there exists an ideal strategy for 
acquiring a concept and that this strategy fits the concept’s scientific struc-
ture. The main limitation of this approach is that many concepts cannot be 
defined in terms of attributes (Klausmeier 1992, 269).  

Proponents of the other approach (Rosch 1975, 1978) posit instead that 
there are some special examples that are more central to learning than others. 
These special examples are called prototypes. Prototypes appear to be mem-
bers of a category, which have a set of features most highly correlated with 
the features of other members (Rosch & Mervis 1975). The prototype may 
include only some of the defining attributes of the concepts, not necessarily 
all of them. Moreover, it may include one or more non-defining attributes. 
This theory differs from the classical approach according to which all exam-
ples are at an equal distance from the same defining criterion. A main limita-
tion of the prototype theory is that the learner forms erroneous conceptions 
when the prototype either includes non-defining attributes or does not include 
all of the defining attributes (Klausmeier 1992, 269) 

Similar conceptions as above, have been raised about concept acquisi-
tion in mathematics education. There have been considerable discussions 
about the distinction between the concept (the concept as it follows from its 
mathematical definition) and the concept image (the concept as it is reflected 
in the individual mind as a result of concept learning processes). This distinc-
tion is specially illustrated by research on concept learning in geometry 
(Hershkowitz 1987, 1989; Vinner & Hershkowitz 1983). Vinner’s and 
Hershkowitz’s (1983) research results indicate that children’s concept images 
often include only the prototypes, that is, the specific examples of the con-
cept, which are constructed first. For example, a right-angled trapezoid is 
often not identified as a trapezoid because it does not look like the prototypi-
cal trapezoid (Hoffer 1983). Vinner’s and Hershkowitz’s results explain why 
students tend to identify a concept with one of a few prototypical examples 
and why the concept image often develops from one unique prototypical 
example to include more and more examples of increasing distance from the 
prototypical example. However, as students increasingly take into considera-
tion the critical attributes in mathematical definitions, the frequency of proto-
typical judgment diminishes with age.  

There have been found similarities between learning geometrical con-
cepts and learning the concept function. A student’s concept image of func-
tion may, for example, be limited to a machine that furnishes an output when 
an input is supplied or to the graph of a relation that passes the vertical-line 
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test (Vinner, 1992). Other common aspects of students’ concept images are 
for instance, the following: (1) A function should be given by a single rule. 
For example, a function with a split domain is often considered as two or 
more functions, depending on how the domain is split, (2) A function should 
be one-to-one, that is, functions have the additional property that for each 
element in the range, exactly one element exists in the domain. For instance f 
(x) =2 is often not considered a function, since it is not one-to-one and (3) A 
graph of a function should be continuous. Therefore students do not generally 
consider for example the graph of the greatest-integer function to be a repre-
sentation of a function (Markovits, Eylon & Bruckheimer 1988). In Karplus’s 
study (1979) more than 40% of high school students used linear interpolation 
and extrapolation to find values of a function, the graph of which passed 
through two given points, although the students were not told that the func-
tion was linear. Students justified their linear choice be asserting that a linear 
function is more accurate than other functions. Karplus’s study (1979) and 
other’s (see e.g. Markovits, Eylon & Bruckheimer 1986; Even 1993; Vinner 
1992) also show the prevalence of the linear function as a prototypical exam-
ple. Furthermore, studies indicate that the examples of functions and their 
attributes are judged with reference to the linear function instead of the 
mathematical definition of the function concept. Similarly, Vinner and Drey-
fus (1989) find that university students do not rely on abstract definitions to 
decide whether a graph is a function, although they have been taught func-
tions through abstract definitions. In addition, in a Danish study a large group 
of 12th grade students—doing the final national written examination in 
mathematics at the end of the most demanding mathematics course in upper 
secondary school—showed difficulties in recognising the object in 3-space 
given by the equation z = 0 as a plane (Niss 1999, 15). The primary reason 
for this was that the equation was not explicitly stated in the standard form, 
ax + by +cz = d. The main problem was that x and y were absent in the equa-
tion. For these students the concept of a general plane in the analytic geome-
try of 3-space did not include the x, y-plane in the form z = 0 as a special 
case, most certainly because such special cases had not received much atten-
tion in teaching and learning of mathematics (Niss 1999, 15). This finding is 
closely related to the fact that students’ concept images are not identical with 
the concept definitions (cf. Vinner 1991).  

The same mathematical concept can be described by using different rep-
resentations and sometimes also with different definitions and therefore con-
cept images, which are connected with the same mathematical notion can be 
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quite different for the students and their teachers (cf. Dreyfus 1991). In the 
next section more detailed description of the theory of the concept definition 
and the concept image is given. 

 
 

5.2 Theory of the concept definition and the concept 
image 
 

The use of definitions in mathematics has two quite different purposes. On 
the one hand, a concept, which is already familiar to the student, is given a 
definition to identify the concept. In this case, the concept determines the 
definition. On the other hand, in formal mathematics the definition is used to 
construct the properties of the mathematical concept, which it defines. In this 
case the definition determines the concept (Pinto & Tall 1996). This reversal 
from the concept to the concept definition and vice versa is an epistemologi-
cal obstacle, which can cause many difficulties for learners (Sierpinska 1992, 
47). According to Tall (1995), it is also an essential component of the funda-
mental change from elementary to advanced mathematical thinking.  

Formal mathematical definitions are of central importance in mathemat-
ics because they contribute to the basis of the theorems that provide the theo-
retical structure of mathematics. However, learners often have difficulties in 
understanding and using formal mathematical definitions (Vinner & Dreyfus 
1989; Tall 1994; Rasslan & Vinner 1997; Rasslan & Tall 2002). Mathemati-
cal experiences in everyday life have an essential influence on our mathe-
matical thinking. In many cases, learners have created mental models of 
mathematical concepts before the concepts have been defined formally in 
teaching and learning of mathematics. These subjective mental models con-
stitute complicated cognitive structures, which often differ from formal defi-
nitions of mathematical concepts. The mental model is called the concept 
image (Tall & Vinner 1981; Vinner 1983, 1991). In literature the terms ‘con-
ceptual field’ (Vergnaud 1983), ‘conceptual model’ (Lesh & al. 1983) and 
‘concept frame’ (Davis 1984) have been used with a similar content. Tall and 
Vinner (1981) have investigated a difference between a concept image and 
concept definition concerning the concepts limit and continuity. They assert 
that even if a student’s mental model is very strong, the student has difficul-
ties in understanding the formal concept definition. The concept image asso-
ciated with the concept name in our minds is non-verbal. It may be a visual 
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representation of the concept, if it exists; it can also be a collection of impres-
sions and experiences. The visual representations, the mental pictures and the 
experiences associated with the concept name can be translated into verbal 
forms. Even though, these verbal forms were not the first things evoked in 
our memory. The concept images are generated by previous experiences, 
impressions, and conceptions and by tasks in which the concept definitions 
have been tested in teaching and learning of mathematics (Tall & Vinner 
1981; Vinner 1991). It is only possible to speak of a concept image in rela-
tion to a specific individual and the same individual might react differently to 
a certain concept name in different situations. Tall and Vinner (1981) use the 
term ‘evoked concept image’ to describe the part of the memory evoked in a 
given context. This is not necessarily all that a certain person knows about a 
certain notion. Vinner (1991, 69) also stresses that learning a concept defini-
tion by heart does not guarantee the understanding of the concept. Definitions 
help to form a concept image but at the moment the image is formed it often 
happens that the definition becomes unnecessary.  

Vinner (1991, 69) considers that the concept definition and the concept 
image can be regarded as two different ‘cells’ in our cognition; one for the 
definition and one for the concept image. One cell or both cells may be 
empty. The concept image cell may be empty in situations when the concept 
definition is memorized in a meaningless way without understanding the 
content of the definition. Some interaction between the two cells is possible 
although they can be formed independently. Interaction may occur when a 
concept image will be formed of the concept definition. Many teachers at the 
secondary level believe that concept formation will be totally controlled by 
concept definition (Vinner 1991). Vinner presents in his article different 
kinds of models for concept formation in connection with a cognitive task. A 
common feature for most of the models is that a learner is not supposed to 
formulate his solution or intellectual reasoning before consulting the concept 
definition. This is of course a desirable interaction. It is however hard to force 
a cognitive system to consult concept definitions when solving mathematical 
problems or identifying mathematical concepts. Therefore, Vinner also pre-
sents a more realistic model for the cognitive processes in connection with 
problem solving. The model is presented in Figure 3. The picture describes 
interaction between the cells in the learner’s cognition when he solves a cog-
nitive task like identification (see APPENDIX 3) or construction. The arrows 
in the figure represent the interaction between the concept definition and the 
concept image in our cognitive system. 
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Figure 3. An intuitive reaction. (Vinner 1991, 73) 

 
In the model the concept image will be activated during the problem solving 
process. Acquired experiences and conceptions of mathematical concepts 
dominate and a learner does not feel the need of consulting the formal con-
cept definition. Empirical studies indicate that students have an intention to 
interpret the mathematical concepts operationally as processes even if the 
concepts were introduced structurally by using concept definitions (Vinner & 
Dreyfus 1989; Sfard 1987, 1989). In the case of the concept of equation a 
learner may experience that it is not necessary to use the definition, because 
the concept is used in mathematics as an effective problem-solving tool and 
hereby has a strong process-oriented character. The majority of students do 
not use definitions when solving tasks even if the concept is well defined. In 
most cases referring to just the concept image will be successful. Only non-
routine problems as the identifications of the examples and non-examples of 
a given concept, problem solving, mathematical proofs etc. can encourage 
students to use and to reflect on the formal concept definitions (Vinner 1991; 
Rasslan & Tall 2002). Linchevsky’s & al. (1992) studies show that not even 
students at college and university know what concept definition means. 
Mariotti’s (1993) and Mariotti’s and Fischbein’s (1997) investigations indi-
cate that it is difficult for students to define concepts so that the implicit and 
the explicit meaning of the concepts do not collide. 

Vinner (1991) establishes that the role of definition in mathematical 
thinking is neglected in mathematics teaching, textbooks, documents about 
goals of teaching mathematics (like curriculum) and so on. Neither have the 
teachers or the textbook writers knowledge about the cognitive power defini-
tions have on students’ mathematical thinking. Consequently, Vinner encour-
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ages teachers not only to discuss definitions with students but also, that the 
students should be trained to use definitions as an ultimate criterion in 
mathematical issues (Vinner 1991, 79–81). According to this, the most im-
portant goal for a teacher in mathematics ought to be to change students’ 
conceptions from everyday mode to the technical mode i.e. to change stu-
dents’ personal conceptions or knowledge of the mathematical concepts to 
the conceptions that correspond to mathematical definitions. This goal can 
only be achieved, if the students in their learning of mathematics are given 
such problems, which cannot be solved correctly by referring just to the con-
cept image (cf. Vinner 1991, 80). In particular, if the concept has different 
interpretations or definitions depending on school level it is important that 
the different aspects of the concept are introduced in teaching and learning of 
mathematics.  

In Bergsten´s & al. (1997) description of the concept image of the 
mathematical concept, the concept will be related to new situations and as-
pects. Figure 4 below illustrates this situation. 
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Figure 4. The concept image of a mathematical concept. (A modified picture in com-
pared with Bergsten’s & al. 1997, 139) 

 
A mathematical concept will be connected with mathematical representa-
tions. An interaction between different kinds of representations makes a con-
tribution to a deeper mathematical understanding of the concept. When the 
concept image gets wider (marked with a broken line in Figure 4), a learner 
acquires a richer and more many-sided conception of the mathematical con-
cept.  
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Most of the mathematical concepts are not only fixed by definitions, 
they are also abstract and they have a dual nature. The duality of mathemati-
cal concepts makes understanding of them difficult and laborious for many 
learners. The questions concerning the nature of mathematical concepts are 
therefore discussed in the next section.  

 
 

5.3 The duality of mathematical concepts  
 

Characteristic of all advanced mathematics is the demand for abstract entities. 
Unlike material objects, advanced mathematical notions are totally inaccessi-
ble to our senses. This means that they can by themselves be neither seen nor 
touched but ‘they can only be seen with our mind’s eyes’ (Sfard 1991, 3). 
Mathematical concepts and expressions are not only abstract; they also have a 
dual nature and can be conceived in fundamentally different ways: opera-
tionally—as processes and structurally—as objects. Sfard (1991, 6) specially 
points out that the algebraic representation can easily be interpreted both 
ways: ‘it may be explained operationally, as a concise description of some 
computation, or structurally, as a static relation between two magnitudes’. 
This duality of interpretation corresponds to the widely discussed dual nature 
of the equals sign (see section 6.3).  

The algebraic expression for instance 1 + 5x can be considered as the 
process of adding 1 to the product of 5 and x and also as the object that is the 
result or the product of the process (Sfard 1991; Tall 1991). When the notions 
like 1 + 5x; 20/3; 5 + 6; 5

2
=

x  etc… are considered as objects in their own 

right, they can be manipulated. For instance, the expressions, numbers and 
equations can be multiplied and divided by other numbers. Tall (1991) argues 
that until algebraic expressions can be conceived as mathematical objects as 
well as processes on objects, algebraic manipulation can be a source of con-
flicts.  

The nature of mathematical concepts can be described as a dichotomy, 
where the same concept can be considered partly as a process, partly as an 
object (Kaput 1994; Tall 1991; Dubinsky 1994). The nature of mathematical 
concepts can also be interpreted as a duality (Sfard 1991). In this case, 
mathematical concepts can be conceived in two fundamentally different 
ways; operationally—as processes and structurally—as objects. These two 
approaches, although ostensibly incompatible, are in fact complementary 
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according to Sfard (1991). Sfard establishes that her categorization of 
mathematical concepts differs from the majority of other categorizations, 
which rarely gave much attention to the questions of tacit philosophical as-
sumptions underlying any mathematical activity or to the cognitive processes 
involved in handling the knowledge. According to Sfard, the majority of 
other categorizations for instance referred to more obvious aspect of the sub-
ject matter such as its structure or its different components in problem solv-
ing. Furthermore, the other distinctions lead to the decomposition of mathe-
matical knowledge into two separate components, for instance conceptual 
and procedural (cf. Hiebert & Lefevre 1986). Sfard’s complementarian ap-
proach stresses instead on the unity of mathematical knowledge. Sfard (1991, 
9) agrees with Halmos (1985) that trying to decide which component is more 
important is not much more meaningful than debating whether you need your 
right foot more than your left when walking. Mathematical understanding is 
according to Sfard, a complicated interaction between both the operational 
and the structural aspects of mathematical concepts, where both aspects are 
equally important for the acquisition of mathematical knowledge. The struc-
tural understanding of mathematical concepts is however difficult for most 
people. There is a deep ontological gap or a qualitative jump between opera-
tional and structural conceptions of mathematical concepts according to Sfard 
(1991). A transition from arithmetic to algebra will therefore be difficult for 
many students (Sfard & Linchevski 1994).  

In order to develop a higher level of mathematical understanding of 
concepts, it is important that a new concept in teaching of mathematics will 
be at first introduced operationally. The structural understanding of mathe-
matical concepts requires a great deal of efforts from learners and will de-
velop as a consequence of systematic operations with carefully prepared 
examples (Sfard 1991; cf. Vinner 1991). Learning of mathematics is a com-
plicated interplay of operational and structural aspects of mathematical con-
cepts. The structural aspect of mathematical concepts is considerably more 
abstract than the operational. The operational understanding of a concept 
describes how to operate concretely with mathematical concepts, whereas the 
structural understanding refers to the ability to see the concept as a static 
totality and to the ability to identify a concept containing many details at ‘a 
glance’ (Sfard 1991).  

Sfard and Linchevski (1994) declare that the process-object duality of 
mathematical concepts may affect the development of a complete understand-
ing of the equality relation. A consequence of a student thinking of the equal-
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ity symbol as an indication to do a certain operation (Kieran 1981) is thought 
to be related to the notion of the didactical cut as defined by Filloy and Ro-
jano (1984; see also Herscovics & Linchevski 1994). Students may not un-
derstand the processes needed to solve non-arithmetical equations such as 
10x – 4 = 6x + 16 because they do not accept the beginning premise that the 
two quantities are equivalent. Herscovics and Linchevski (1994) describe a 
student’s difficulties at this phase as a cognitive gap. These researchers (Fil-
loy & Rojano 1984; Herscovics & Linchevski 1994) discovered also that, 
whereas the solution of an equation of the form ax + b = c is intuitively ac-
cessible to most pupils, the equation with an unknown appearing on both 
sides, such as ax + b = cx + d poses a lot of problems for them. Since in the 
equation ax + b = c the equals sign still functions like in arithmetic—
operations on one side and the result on the other—they called it ‘arithmeti-
cal’. 

Although the transition from computational operations to abstract ob-
jects is a long and inherently difficult process, it can be described by using a 
three-stage model of concept formation. By way of the three stages—
interiorization, condensation and reification—a concept can be understood as 
an entity: both operationally and structurally (Sfard 1991). 

  
 

5.4 Development of mathematical concepts as a 
three-stage model  
 

A person’s development of knowledge in mathematics is a long and laborious 
process and begins long before school start. According to Sfard (1991), the 
development of mathematical understanding may in many cases be compared 
with historical development processes through which many mathematical 
ideas have received their fixed form. The majority of ideas originate from 
processes rather than from objects. A close look at the history of such notions 
as number or function will show that they have been conceived operationally 
long before their structural definitions and representations were invented 
(Sfard 1991). Sfard’s (1991) theory of the concept formation in three steps—
interiorization, condensation and reification—is comparable with other simi-
lar models in three phases (Dubinsky 1991, 1994; Harel & Kaput 1991; Tall 
1999). The first phase in these models means that a learner acquaints himself 
with a concept and processes concerning it. In the second phase, a concept 
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can be seen in relation to other concepts and the connection between the 
concepts will be more evident. Both phases are said to be operational because 
they are process-oriented. Finally, in the third phase, a learner has built up a 
comprehensive picture of the mathematical concept. In this phase, the con-
cept development has achieved a structural level and the concept is under-
stood as an object, a structure, a product, which can be the subject of new 
operations. However, the third phase in these models is described in different 
ways. Sfard (Sfard 1991; Sfard & Linchevski 1994) calls this stage ‘reifica-
tion’. Dubinsky (1991) uses instead the term ‘encapsulation’ when moving 
from a dynamic process to a static object. Harel and Kaput (1991) describe 
the third phase as a ‘conceptual entity’. All these models describe the transi-
tion from computational operations to abstract objects as very difficult for 
learners. This transition requires other kinds of efforts from the learners than 
the transition from level one to two. The difficulties are due to the duality 
(Sfard 1991; Sfard & Linchevski 1994) and the dichotomy (Beth & Piaget 
1966; Dubinsky 1991) of mathematical concepts. The models differ from 
each other referring to generalization. Dubinsky’s and specially Sfard’s 
model are more subject specific compared with Piaget’s model, which de-
scribes concept learning on the general level (Fischbein 1999).  

Sfard’s (1991) and Sfard’s and Linchevski’s theory (1994) of reification 
is based on the following fundamental assumptions:  

♦ The majority of mathematical concepts have an inherent process-object 
duality. The two approaches are complementary.  

 
♦ The operational conceptions of a mathematical concept emerge before 

the structural. The operational conception is, for most people, the first 
step in the acquisition of new mathematical concepts. 

 
♦ There is a deep ontological jump between the operational and the struc-

tural conceptions.  
 

Sfard’s and Linchevski’s (1994) research indicates that an acquisition of the 
structural understanding of mathematical concepts seems to be unreachable 
for most students. A development of mathematical concepts as transitions 
from operational to structural conceptions is also connected with some risks 
because a conception of a mathematical concept on a fixed developmental 
level lays the basis of the conception on the next level. A transition from the 
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operational conception to the structural will not be successful without explicit 
help from teachers and textbooks. An unsuccessful jump between the opera-
tional and the structural development of the concept may end in ‘broken 
bones’, and a person learns to operate with a mathematical object without 
keeping in touch with the lower levels. When the development chain has been 
broken the process of learning is doomed to collapse. Without abstract ob-
jects the secondary processes are totally arbitrary and are ‘dangling in the 
air’. A learner may be able to perform the processes, but his understanding is 
procedural. In this case, the learner develops a pseudostructural conception. 
… ‘he or she mistakes a signifier for the signified’ (Sfard & Linchevski 1994, 
220–221).  

 
 

5.5 Formation and definition of the concept of 
equation  
 

‘Concept’ means in everyday life ‘a term’ or ‘a word’ (Bolton 1972, 23, 47, 
71; Nelson 1985, 71; Wyndhamn 1990). Concepts are described both in older 
and newer sources in a similar way. For instance, it is said, that concepts are 
perceived regularities or relationships within a group of objects or events 
and are designated by some sign or symbol (Heinze-Fry & Novak 1990, 461; 
cf. Komatsu 1992, 502; cf. Laine 1984, 16). According to this description 
abstracting forms the concept. ‘Abstracting’ is used here in the sense of 
Skemp (1986), who describes it as the process of identifying certain invariant 
properties in a set of varying inputs (see also Wyndhamn 1990, 56). For in-
stance, the concept equation is formed when properties at specific equations 
like a differential equation, a root equation, a trigonometric equation, a trivial 
equation etc. will be disregarded, and only an invariant property, ‘an equality 
between two quantities, i.e. ‘A = B’ will be regarded. For the mathematical 
concepts, which are abstract, unambiguous, definable, the above description 
of concept formation seems to be natural.  

Mathematical concepts, contrary to the concepts in everyday life, are 
well defined and fixed by definitions. There are various features of a defini-
tion that characterize a mathematical definition (Vinner 1991; van Dormolen 
& Zaslavsky 1999). However, the following three features of a definition are 
commonly accepted as crucial. Firstly, a mathematical definition must be 
non-contradicting, i.e. all the conditions of a definition should coexist. Sec-
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ondly, a mathematical definition must be unambiguous, i.e. having only one 
interpretation. Thirdly, a mathematical definition must be logically equivalent 
to any other definition of the same concept. In addition, there are some fea-
tures of mathematical definitions that are necessary only when they are appli-
cable. A mathematical definition must be invariant under change of represen-
tation and when possible definitions should be hierarchical, that is, based on 
basic or previous defined concepts. (Shir & Zaslavsky 2002). 

Most of the mathematical concepts (except the primitive ones) are fixed 
by definitions. The concept of equation according to a dictionary of mathe-
matics means the mathematical statement (Borowski & Borwein 1989, 194; 
cf. Karush 1989, 95); 

a formula that asserts that two expressions have the same value; it is either an 
identical equation (usually called an identity), which is true for any values of 
the variables, or conditional equation, which is only true for certain values of 
the variables (the roots of the equations). For example, ))((22 yxyxyx +−=− is 
an identity, and 312 =−x  is a conditional equation with roots 2±=x  

 
The definition asserts that an equation is a formula—a relation between two 
expressions that have the same value. It stresses that there are two types of 
equations: identical equations and conditional equations. It is also evident 
from the definition of the concept that it is based on other concepts like ex-
pression and equals sign. A similar definition for the concept of equation as 
above can be found in the mathematics textbook by Väisälä (1965, 3), where 
the concept is defined as a written equality between two expressions. 
Väisälä’s definition represents the understanding of equation in this study.  

They are different descriptions of the concept of equation in textbooks 
in mathematics depending on the school level. Typical feature for the defini-
tions in Swedish schoolbooks is that the concept of equation is defined and 
described by using different examples. For instance, in a textbook for upper 
secondary school the following description can be found (Wallin & al. 2000, 
52; see also Björk & al. 1995, 79–80, 1996, 95–96): 

An equation in x can be regarded as a statement, which is true for some values 
of x and false for others. For instance x =250 is a solution to the equation in the 
example 4, but not x = 100, because the statement “100 = 0,20(100 + 1000)” is 
false. To solve an equation means that to transform the original equation step 
by step to more easy equations, on the way that all equations have a same solu-
tion. In the example 4 the equations are in the three steps. 

1) x = 0,20(x + 1000) 
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2) 0,80x = 200 
3) x = 250 

These three are true for x = 250 but false for the other x. The last step, the solu-
tion, can be regarded as a trivial equation. 

 
In textbooks for secondary school, it is usually said that the concept of equa-
tion means equality, i. e. the right-hand side is equal to the left-hand side. The 
concept of equation is also described as some kind of balance; weights in the 
first bowl balance the weights in the second one (Undvall & al. 1996, 215).  

As it is evident from the different definitions above, the concept of 
equation has different interpretations, which seems to be depending on school 
level. This is quite understandable, because the concept is introduced at com-
pulsory school in connection to pre-algebra in order to create both a natural 
progression in algebra teaching and a natural transition from arithmetical to 
algebraic thinking.  

Although the concept of equation should have an unambiguous defini-
tion—independent of the school level—it might be hard to understand it. For 
example, Sfard (1998, 33) points out: ‘definitions certainly help in establish-
ing meaning of signifiers, but they do not tell the whole story. It is a well-
known fact that people often hold to certain beliefs about scientific and 
mathematical signs in spite of the dictum of definitions’. Sfard (1998) gives 
two illustrative examples. In spite of the fact that ‘slope’ and ‘derivative’ are 
mathematically indistinguishable and have exactly the same definition, the 
former brings a much richer semantic heritage than the word ‘derivative’. 
With the term ‘slope’, one is directed towards the geometric context within 
which the new notion comes complete with connections to other related con-
cepts and with well-developed mental images. In the case of derivative, all 
these helpful connections and pictures are initially absent (Sfard 1998, 33–
34). The same distinctions can often be made when it comes to mathematical 
symbols. For example, the symbol a/b to a rational number is a more power-
ful-meaning generator than the symbol (a, b). The former brings an immedi-
ate association with division and computational processes. (ibid 34). Sfard 
(1991, 3) has also discussed a distinction between a subjective and objective 
side of the mathematical concept. Sfard considers conceptions as a subjective 
side of ‘concept’ as a whole cluster of internal representations evoked by the 
concept. The objective side of the term ‘concept’ is defined by Sfard (1991, 
3) as a mathematical idea in its official form, as a theoretical construction. 
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Thus, Sfard’s reasoning about the concepts conception and concept reminds 
of Tall’s and Vinner’s (1981) theory about concept images (the concept as it 
is reflected in the individual mind as a result of concept learning processes) 
and concept definitions (the concept as it follows from its mathematical defi-
nition), which was discussed in the earlier sections 5.1 and 5.2.  

 
 

5.6 Summary  
 

In mathematics education there have been considerable discussions about the 
distinction between the concept (the concept as it follows from its mathe-
matical definition) and the concept image (the concept as it is reflected in the 
individual mind as a result of concept learning processes). This distinction is 
especially illustrated by research on concept learning in geometry (Hershko-
witz 1987, 1989; Vinner & Hershkowitz 1983). For example, Vinner’s and 
Hershkowitz’s (1983) research results indicate that children’s concept images 
often include only the prototypes, that is, the specific examples of the con-
cept, which are constructed first in the teaching and the learning of mathe-
matics. Vinner’s and Hershkowitz’s results also explain why students tend to 
identify a concept with one of a few prototypical examples and why the con-
cept image often develops from one unique prototypical example to include 
more and more examples of increasing distance from the prototypical exam-
ple. 

Though formal mathematical definitions are of central importance in 
mathematics, learners often have difficulties both in understanding and using 
the mathematical definitions (Vinner & Dreyfus 1989; Tall 1994; Rasslan & 
Tall 2002). This can be due to the fact that the learners have created mental 
models or concept images of mathematical concepts before the concepts have 
been presented and defined formally in teaching and learning of mathematics. 
This can also depend on the fact that mathematical concepts lack unambigu-
ous definitions. The concept of equation for example, is defined in different 
ways depending on the school level and may therefore be hard to understand. 
It is however quite understandable that the concept is described in different 
ways because it is introduced at compulsory school in connection to pre-
algebra in order to create both a natural progression in algebra teaching and a 
natural transition from arithmetical to algebraic thinking.  
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In textbooks at secondary school, it is usually said that the concept of 
equation means equality i.e. the right-hand side equal to the left-hand side. 
The concept of equation is also described as some kind of balance; weights 
in the first bowl balance the weights in the second one (Undvall & al. 1996, 
215). First in the textbooks at upper secondary school the concept of equation 
is defined by using formal definition.  

The concept has a strong process-oriented or operational character since 
the concept is used in mathematics as an effective problem-solving tool at all 
school levels. Empirical studies also indicate that students have an intention 
to interpret the mathematical concepts operationally as processes even if the 
concepts were introduced structurally by using formal concept definitions 
(Vinner & Dreyfus 1989; Sfard 1987, 1989). The students may have experi-
enced in mathematics education that referring to just the concept image will 
be successful in most cases (cf. Vinner 1991). Concept definitions according 
to Sfard (1998, 33) certainly help in establishing the meaning of signifiers, 
but they do not tell the whole story. It is a well-known fact that people often 
hold to certain beliefs and conceptions about scientific and mathematical 
signs in spite of the dictum of definitions. Sfard also (1991, 6) stresses that 
algebraic representations can easily be interpreted both operationally—as a 
concise description of some computation or operation and structurally—as a 
static relation between magnitudes. This duality of interpretation corresponds 
to the widely discussed dual nature of the equals sign (cf. Sfard 1991, 6; cf. 
Kieran 1981).  

Sfard and Linchevski (1994) declare that the process-object duality of 
mathematical concepts may affect the development of a complete understand-
ing of the equality relation. A consequence of a student thinking of the equal-
ity symbol as an indication to do a certain operation (Kieran 1981) is thought 
to be related to the notation of the didactical cut as defined by Filloy and 
Rojano (1984; see also Herscovics & Linchevski 1994). Students may not 
understand the processes needed to solve equations such as 10x – 4 = 6x + 16 
because they do not accept the beginning premise that the two quantities are 
equivalent (Herscovics & Linchevski 1994). 

Mathematical understanding of the concept of equation is a complicated 
interaction between both the operational and the structural aspects of the 
concept where both aspects are equally important for the acquisition of 
mathematical knowledge. A transition from the operational to the structural 
conception will not be successful without explicit help from teachers and 
textbooks (Sfard 1991). Therefore, the transition makes heavy demands on 
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both the teacher’s pedagogical and mathematical knowledge and skills. If a 
mathematics teacher has no knowledge of the structures of a discipline, he 
may misrepresent both the content and the nature of a discipline itself. His 
knowledge of the content influences thus what and how he teaches (cf. 
Grossman 1990). The contents of various components in teacher knowledge 
are therefore discussed in the next chapter.  
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6 Teacher knowledge 

 
Development of knowledge in mathematics is a long process. It begins in 
early childhood and continues long after a person has finished the last courses 
in mathematics at university. The importance of teacher knowledge both in 
teaching and in teacher education has been cogitated by researchers in several 
articles (see e.g. Shulman 1986, 1987). A number of models of teacher 
knowledge have been generated in this field. Although researchers differ in 
their definitions of various components in teacher knowledge, three areas of 
teacher knowledge can be seen as the cornerstones of the emerging work on 
professional knowledge for teaching: subject matter knowledge, pedagogical 
content knowledge and general pedagogical knowledge. Conceptions are 
regarded as a part of the teacher (human) knowledge structure (cf. Ponte 
1994).  

Since this investigation describes teachers’ subject matter and peda-
gogical content conceptions about equations and, since a transition from the 
operational to the structural conceptions of mathematical concepts makes 
heavy demands on both the teacher’s pedagogical and mathematical knowl-
edge it is relevant to study different components of teacher knowledge base.  

 
 

6.1 Teachers’ subject matter knowledge 
 

The categories of teacher knowledge in this work are based primarily on 
Grossman’s (1990), Shulman’s (1986, 1987), Ernest’s (1989a), Peterson’s 
(1988) and Fennema’s and Frank’s (1992) articles. I have unified the main 
categories and subcomponents of teacher knowledge to the model illustrated 
in Figure 5. 

 



56 Iiris Attorps 

 

+��������
.��1��	"�

3��1��	"�����%����%�����

����������������	����

3��1��	"���������

����� ������������

3��1��	"�
����������

3��1��	"������!�

������������������

������������	����

����������	�����������	���� ������	�����������	�����	����

+�����������������������
�������"����4����%�����

+����

�����
.��1�

�	"�

3��1��	�
����������

������
������"���

3��1�

�	"����
�������

/�"������"
����������"
���������

�	���������
��	��	�"�"�

����.��1��	"�

#����	����
.��1��	"�

3��1��	"��������%����%�����

3��1��	"�
������	����5
��	��

����	��"

 
 
Figure 5. Teacher knowledge base. 

 
Teacher’s knowledge of mathematics is a complicated conceptual structure, 
including its structure and unifying concepts; knowledge of procedures and 
strategies; history of mathematics; links with of other subjects and knowledge 
about mathematics as a whole (Ernest 1989a, 16). A teacher in mathematics 
needs a subject matter knowledge i.e. a knowledge about and of mathematics 
(Shulman 1986; Ernest 1989a, 16–17), which includes knowledge of the 
content of a subject area as well as understanding of the structures of the 
subject matter (Shulman 1986; Shulman & Grossman 1988; Grossman 1990). 
Content knowledge refers to the amount of mathematics a teacher has in his 
mind and how he has organised this knowledge. Content knowledge includes 
knowledge of key facts and concepts of a domain and the relationships be-
tween them. It requires understanding both of the substantive and the syntac-
tic structures of the subject matter defined by such scholars as Schwab 
(1978). The substantive structures are the variety of ways in which the key 
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facts, basic concepts and principles in a discipline are organized. The syntac-
tic structures of a discipline include an understanding of the canons of evi-
dence and proofs within the discipline. Syntax is like a grammar. It is the set 
of rules for determining what is legitimate to say in a disciplinary domain and 
what is opposite to rules (Shulman 1986). In mathematics, substantive 
knowledge includes mathematical facts, concepts, and computational algo-
rithms while syntactic knowledge includes an understanding of mathematical 
rules and the methods of mathematical argumentation/proof. Without knowl-
edge of the structures of a discipline teachers may misrepresent both the 
nature of the discipline and the content.  

Ball (1988), who has developed a conceptual framework for exploring 
teacher’s subject matter knowledge especially in the area of mathematics, 
claims that understanding of mathematics for teaching entails both knowl-
edge about mathematics and knowledge of mathematics. Ball’s definition of 
knowledge about mathematics is closely related to Shulman’s definition of 
syntactic knowledge while his definition of knowledge of mathematics is 
related to Shulman’s definition of substantive knowledge. Knowledge of 
mathematics in turn can be divided into both conceptual and procedural 
knowledge (cf. Hiebert & Lefevre 1986). Procedural knowledge refers to 
computational skills and knowledge of procedures for identifying mathemati-
cal components, algorithms and definitions. Procedural knowledge of 
mathematics has two parts: (a) knowledge of the format and syntax of the 
symbol representation system and (b) knowledge of the rules and the algo-
rithms, which are useful in mathematical tasks. Conceptual knowledge refers 
to knowledge of the underlying structure of mathematics. It is characterised 
as knowledge which is rich in relationships and which includes the under-
standing of mathematical concepts, definitions and fact knowledge (Hiebert 
& Lefevre 1986). Both procedural and conceptual knowledge are considered 
as necessary aspects of mathematical understanding (Hiebert & Lefevre 
1986). Thus, teaching of mathematical understanding must include teaching 
of both procedural and conceptual knowledge (Wearne & Hiebert 1988).  

Fischbein (1993) in turn divides mathematical knowledge into the three 
dimensions: algorithmic, formal and intuitive. The algorithmic one is basi-
cally procedural. The formal one includes definitions of concepts, operations, 
structures and axioms relevant to a certain domain. The intuitive knowledge 
includes those dominant ideas, beliefs and models that seem to be self-
evident and in no need of proof. Intuition plays a key role in problem solving 
or in the construction of a proof. Yet, as the literature on misconception illus-
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trates, intuition can often lead to erroneous conclusions or faulty conceptions 
such as ‘multiplication always makes bigger’ (Fischbein 1987).  

 
6.1.1 Research in teachers’ subject matter knowledge  

The studies of prospective elementary and secondary teacher’s knowledge 
indicate that they lack a conceptual understanding of many topics in the ele-
mentary mathematics (Ball 1990a, 1990b; Cooney 1999). Most of the studies 
show that the teachers are able to perform successfully procedural mathemat-
ics tasks, but they do not understand the underlying concepts and principles. 
That is, teachers show an alarming lack of basic knowledge of mathematics 
(Ball 1990a, 142; Ball 1990b, 453, 458). For instance, Ball (1988) found in 
her studies that 50% (5 out of 10) of the pre-service elementary teachers she 
interviewed thought that zero divided by zero was zero, and 20% stated that 
they could not remember the rule for division by zero and were thus unable to 
answer the question. In Baturo’s and Nason’s (1996) investigations, some 
pre-service teachers were unable to produce number facts from memory and 
were unable to deduce facts when given related facts. For example, given that 
3*5 = 15, what is 6*5=? Many novice teachers are also, according to Borko’s 
& al. (1992) and Ma’s (1999) studies, unable to generate a word problem for 
a whole number divided by a fraction. Teachers tend to rely on their knowl-
edge of whole numbers when working in the domain of rational numbers 
(Tirosh, Fischbein, Graeber & Wilson 1999). This overgeneralization from 
one number system to another leads to misconceptions, such as the claim that 
multiplying two numbers results in a product that is larger than either of the 
two numbers; a claim that is true for whole numbers but false for rational 
numbers. Further, many teachers do not make difference a between a ratio 
and a fraction, believing they behave in identical ways because they can be 
represented with the same notation (Leinhardt & Smith 1985; Fuller 1997). 
Other findings in the literature are that teachers confuse the concepts of area 
and perimeter. In many cases they assume that there is a constant relationship 
between area and perimeter (Heaton 1992; Baturo & Nason 1996; Fuller 
1997). Studies of Simon and Blume (1994) and Baturo and Nason (1996) 
show that teachers often do not use appropriate units when computing area 
and perimeter, usually failing to use square units when reporting measures of 
area. 

Similar descriptive studies have been conducted with prospective sec-
ondary teachers showing they also have problems of weak conceptual knowl-
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edge of school mathematics. Even (1993) found for example, that prospective 
secondary teachers held an equation concept of functions, expected the 
graphs of functions to be smooth and continuous, and were unable to provide 
an explanation of the univalence requirements for functions. The students 
knowing that the vertical line test is a procedural way of determining whether 
a graph represents a function were unable to provide a conceptual explanation 
why univalence is necessary. Similarly, Cooney & al. (1998) have provided 
important documentation that teachers lack fundamental understanding of 
school mathematics despite their success in studying advanced university 
level mathematics. Pre-service teachers entering their mathematics teacher 
education program were in a survey asked; what is a function? Their notion 
of function was closely related to the concept of equation and revealed a 
strong computational orientation. The equation-oriented notion of function 
was also evident in a survey conducted with 200 experienced secondary 
teachers who were asked to create an item that could reveal students’ deep 
understanding of mathematical functions. Many secondary teachers generated 
an item that involved solving an equation, made difficult because of paren-
theses or the presence of fractions, but equation solving nonetheless (Cooney 
1999). 

Ball (1990, 1991) has performed comparative studies of mathematical 
knowledge of prospective elementary and secondary teachers, including 
division of fractions, division by zero, division in algebraic expression and 
place value in the multiplication of large numbers. The secondary teachers 
were more successful in giving correct answers than the elementary, but they 
were not capable of explaining the reasons behind the rules they used. Thus, 
Ball’s conclusions were that although the secondary mathematics teachers 
had successfully completed a number of advanced mathematical courses, the 
academic preparation did not provide them with the opportunity to revisit or 
extend their understandings of arithmetic, algebra, or geometry, the subjects 
they will be teaching (Ball 1991, 24). Ball further pointed out that simply 
requiring more mathematics of prospective teachers would not increase their 
substantive understanding of school mathematics. 

 
6.1.2 The impact of teachers’ subject matter knowledge on student 

learning 

While it has been documented that teachers’ subject matter knowledge is not 
very good, researchers of teacher knowledge in mathematics in early quanti-
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tative studies conducted in the 1960s and 1970s, have not found a direct rela-
tionship (any statistically significant correlation) between teachers’ subject 
matter knowledge and student learning (Fey 1969; Bergle 1979). It is how-
ever important to notice that these studies defined teachers’ knowledge from 
the number of university-level mathematics courses successfully completed. 
No attempt was made to measure what the teachers knew about mathematics 
or to ascertain accurately the mathematics covered in the various courses 
completed (Fennema and Franke 1992, 148–149). As noted by Mullens & al. 
(1996, 139), … ‘variation in the quality of education and training activi-
ties…may mean that teachers with the same paper credentials possess quite 
different levels of content knowledge and teaching skill’. Thus, it is not sur-
prising that in early research there was little evidence of a connection be-
tween teachers’ knowledge, as defined by these indirect measures, and stu-
dent achievement.  

However, in a more recent study Mullens, Murnane and Willet (1996) 
compared teachers’ scores on the mathematics portion of a school-leaving 
exam (administered at the end of the teachers’ own eight grade school year) 
and student gain scores on a pre-test/post-test covering basic concepts and 
operations as well as advanced concepts. The study showed no relationship 
between teacher competence and student attainment in basic concepts. How-
ever, there was a statistically significant relationship between the teachers’ 
mathematical competence and the student attainment of advanced mathe-
matical concepts from the pre-test to the post-test. The researchers concluded 
that students learn more mathematics when their teachers have a strong 
command of the subject (Mullens & al. 1996, 156). In other current research 
by Mandeville and Liu (1997) it is claimed that the number of teacher’s 
mathematics coursers has an influence to students’ learning. Mandeville and 
Liu investigate students’ ability to solve problems on different levels. They 
state that teacher’s mathematical background influences student achievement 
especially in problems, which require a higher-level mathematical thinking. 
However, they could not find a relationship between teachers’ mathematical 
background and student achievement in problems, which require a low or 
middle level mathematical thinking. 

Research results above support Ernest’s (1989a, 16; see also Shulman 
1987; Grossman 1990) conception that knowledge in mathematics lays an 
essential ground for mathematics teaching. Strong subject matter knowledge 
gives the teacher an opportunity to prepare mathematical concepts more 
deeply and to use more mathematical problems on a high conceptual level 



Teacher knowledge 61 

 

(cf. Mullens & al. 1996; Mandeville & Liu 1997). Research of teacher 
knowledge has also shown that expert teachers’ knowledge structure is hier-
archic (Leinhardt, Putman, Stein & Baxter 1991, 110–111). If a teacher’s 
knowledge is well structured and integrated, he uses powerful explanations, 
demonstrations and examples for representing the subject matter to students 
(McDevitt, Heikkinen, Alcorn, Ambrosio & Gardner 1993, 594; Philippou & 
Christou 1996; Lindgren 2000, 62). When teacher knowledge is limited, he 
trusts often in textbooks, explains studied things as permanent facts and al-
lows students to work often with routine problems (Brophy 1991b, 352).  

 
6.1.3 The impact of teachers’ subject matter knowledge in school practise 

In recent years there has been numbers of studies like Leinhardt and Smith 
(1985) that employ qualitative methods to examine the teaching practice of a 
small number of teachers in detail. The studies suggest that teachers with 
only procedural mathematical knowledge are likely to provide students with 
algorithmic explanations, while teachers whose knowledge is both procedural 
and conceptual are more likely to provide explanations and pose questions 
that help children develop rich conceptual understanding of the content. 
However, the studies also suggest that teaching is a complex process that is 
affected by a number of factors and the relationship between teachers’ 
knowledge and classroom practice is not at all so straightforward.  

Leinhardt and Smith (1985) presented in a study three experienced 
mathematics teachers with different levels of substantive knowledge of 
mathematics and compared their instructions in a lesson on generating 
equivalent fractions and simplifying fractions. The teacher who had the 
strongest subject matter knowledge provided the students with ‘a rich body of 
conceptual information’ (Leinhardt & Smith 1985, 261) without giving ex-
plicitly the algorithms for generating equivalent fractions. In contrast, the 
teacher with modest subject matter knowledge presented algorithms based on 
the operations of multiplication and division with no attention to the notion of 
equivalence in the computations. The same teacher, in fact, talked of multi-
plication making larger and division making smaller, implying that the frac-
tions generated by the algorithms were larger in the case of equivalent frac-
tions or smaller in the case of simplified fractions than the initial fractions. 
The third teacher with low subject matter knowledge demonstrated similar 
misconception of fractions as the teacher with modest content knowledge. 
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In another study Putnam, Heaton, Prawat and Remillard (1992) ob-
served four fifth-grade teachers in teaching practice. They noted that teachers 
who were trying to teach in ways consistent with current reform efforts often 
found themselves in an unfamiliar mathematical territory. Putnam & al. 
(1992, 221) expressed that ‘the limits of their knowledge of mathematics 
became apparent and their efforts fell short of providing students with pow-
erful mathematical experiences’. One of the teachers lacks of knowledge with 
area, perimeter and conversion of measurement units hindered her from fore-
seeing the problems her students would face in attempting to compute the 
cost of some sand, which was priced per cubic foot. Students were allowed to 
multiply incorrectly measurements given in feet with measurements given in 
yards, resulting in an erroneous and unreasonable answer.  

Similar findings are emerging from Ball’s study of instructional prac-
tice. Ball (1998) claims that a teacher’s mathematical subject matter knowl-
edge comes into play when he must decide whether an answer is right or 
wrong, decide whether an answer makes sense, anticipate how students might 
think, decide how to frame a lesson, map a curriculum and so on. 

Two following studies, in particular, demonstrate that teaching mathe-
matics is a complex enterprise, and mathematics content knowledge is only 
one of many factors that impacts teachers’ instructional practice. Lubinski, 
Otto, Rich and Jaberg (1998) studied two novice teachers, one with a strong 
and one with a weak mathematical background. The teacher with strong 
mathematical background was not inclined to use students’ mathematical 
understanding to transform his instruction and tended to force students to do 
the mathematics in his own way. The teacher with weaker mathematical 
background was more adapted to listening to the students’ thinking, reshap-
ing her lessons and taking advantage of their emerging understanding. The 
study illustrates that strong subject matter knowledge is only one of many 
elements, which are important for good instruction. Similarly, Thompson and 
Thompson (1994, 1996) studied a middle school teacher as he worked to-
gether with a middle school student on the concept rate. The researchers 
found that while the teacher had a robust conception of rate, he was not able 
to articulate his conceptions in a way that helped the student learn about rate 
conceptually. The teacher’s strong conception of rate actually hindered his 
ability to listen to the student’s mathematical thinking. 

Teachers’ subject matter knowledge influences on what and how they 
teach. It is however, important to notice that only subject matter knowledge 
does not guarantee good teaching. Early studies by Bergle (1968, 1979) and 
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Eisenberg (1977) raised our consciousness that effective teaching involves 
much more than a teacher being mathematically competent. In order to be 
successful a teacher needs knowledge of a subject matter for teaching, which 
consists of an understanding of how to represent specific subject matter top-
ics in ways appropriate to learners (Shulman 1986, 9–10; Ernest 1989a, 17–
18; Grossman Wilson & Shulman 1989, 32). 

 
 

6.2 Teachers’ pedagogical content knowledge 
 

Teachers’ knowledge of teaching mathematics is based on their learning 
experiences in mathematics. This knowledge is developing during the studies 
of mathematics but most of this knowledge is acquired in teacher education, 
teacher practice or in place of work (Ernest 1989a, 18). Knowledge that is 
specifically connected with teaching particular subject matters is called peda-
gogical content knowledge (Shulman 1986, 9–10; Grossman, Wilson & 
Shulman 1989, 32; Grossman 1990, 7; cf. Ernest 1989a, 17–18). Pedagogical 
content knowledge is a term to describe ‘the ways of representing and formu-
lating the subject that make it comprehensible to others’ (Shulman 1986, 9). 
According to Brown and Borko (1992, 221) one of the most important pur-
poses in teacher education is the acquirement of pedagogical content knowl-
edge. In fact, it is recognised, that this knowledge forms the essential bridge 
between academic subject matter knowledge and the teaching of subject 
matter. It includes an understanding of which representations are most appro-
priate for an idea, which ideas are difficult and easy for learners, what con-
ceptions and preconceptions that students in different ages hold about an 
idea. Specially, if the preconceptions are erroneous conceptions, which they 
often are, teachers need to improve knowledge of strategies in order to be 
successful in reorganising the understanding of learners (Shulman 1986, 9–
10).  

In Grossman’s (1990, 5–9; see also Figure 5) model for teacher knowl-
edge—which is a synthesis and a development of Shulman’s (1986; see also 
Wilson, Shulman & Richert 1987) model—four evident subcomponents for 
pedagogical content knowledge can be found: conceptions of purposes for 
teaching subject matter, knowledge of students’ understanding, curricular 
knowledge and knowledge of instructional strategies.  
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The first component includes knowledge and beliefs about the purposes 
for teaching a subject on different grade levels (Grossman 1990, 8; cf. Fen-
nema & Franke 1992, 162; Ernest 1989a, 20). A teacher in mathematics must 
have a clear conception of the purpose of teaching specific curricular topics 
at school. There are however, few studies concerning mathematics teachers’ 
beliefs and conceptions of different content areas like algebra in curriculum 
(Peterson & al. 1989). Most of the studies are dedicated teachers’ beliefs and 
conceptions of mathematics, mathematics learning and mathematics teaching 
(Hoyles 1992; Thompson 1992). The studies do not deal with teachers’ be-
liefs of specific content area or grade level. In a recent study Menzel and 
Clarke (1998, 1999) have however focused on teachers’ beliefs of algebra. 
They studied five teachers in mathematics for two years. Algebra proved to 
be important because it a) could help students in their studies, b) is useful as a 
tool for problem solving, c) is an important component of cultural education, 
and d) develops thinking skills. The conceptions of algebra differed among 
the five teachers and some teachers presented algebra as something to do 
rather than emphasising the central ideas and concepts of algebra. According 
to Picciotto and Wah (1993, 42; cf. Arcavi 1994) the aim of school algebra 
should be understanding of the concepts, where different mathematical tools 
and themes are considered to be vehicles and not the purpose of the course 
itself. Students need to absorb concepts such as functions, numbers, vari-
ables, operations, equations and mathematical structures; tools and themes 
may strengthen motivation. 

A second component of pedagogical content knowledge consists of 
teachers’ knowledge of student’s understanding, conceptions and misconcep-
tions of particular topics in a subject area. A teacher needs to understand 
students’ understanding in order to organise meaningful learning situations. 
Teachers use to have practical knowledge of students’ understanding or 
thinking but usually it is not homogeneously constructed and that is why it 
has no influence in the very teaching decisions (Carpenter, Fennema, Peter-
son & Carey 1988, 398–399). The purpose of some projects in mathematics 
has been to increase teachers’ knowledge of student understanding. For in-
stance, the aim of the Cognitively Guided Instruction Project was to learn 
teachers to understand students’ thinking by helping teachers to construct 
models of development of students’ thinking in different content area like 
positions system, fractions, geometry etc. Knowledge of students’ under-
standing gives the teachers possibilities to support the development of stu-
dents’ understanding (Carpenter & al. 1996; Fennema, Carpenter, Franke, 
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Levi, Jacobs & Empson 1996). Because knowledge of students’ understand-
ing is an important part of teachers’ knowledge, Rhine (1998, 29–30) sug-
gests building a knowledge bank for example on the Internet or a CD-ROM. 
The bank would consist of usable knowledge of students’ thinking, usual 
misconceptions and solutions strategies and could give for the teachers nec-
essary knowledge of students’ understanding from different content areas. 

A third component of pedagogical content knowledge is called curricu-
lar knowledge including knowledge of curricular materials, schemes, texts, 
examination, tests and syllabuses available for teaching particular subject 
matter. Curricular knowledge is knowledge of materials and media, helpful in 
evaluation and realisation of teaching (Grossman 1990, 6; Shulman 1986, 10; 
Ernest 1989a, 17–18). For teachers in mathematics, it is important to know 
what kind of suitable learning material exists on a specific content area. 
Teachers need knowledge of organising the various stands of curriculum in 
order to develop reasonable learning situations for students in different ages. 
Teachers also need to know what students have studied in the past and what 
they are likely to study in the future. 

The curriculum in mathematics in Sweden expresses the fundamental 
values, which should permeate the school’s activities and the goals and 
guidelines, which are to be applied. ‘Goals to aim for’ in the Swedish cur-
riculum both explain the direction the school subjects should take in terms of 
developing pupil’s knowledge and make clear the necessary quality of 
knowledge in the subjects. The goals are the main basis for planning of the 
teaching and they do not set any limits to the pupils’ acquisition of knowl-
edge. The school in teaching of mathematics should aim to ensure that pupils 
develop e.g. their ability to understand and use logical reasoning, draw con-
clusions and generalise, explain both orally and in writing and provide the 
arguments for reasoning. The aim should be that pupils develop their ability 
both to understand and to use e.g. basic algebraic concepts, expressions, 
formulae, equations and inequalities (SKOLFS 1994:3, 33–34; The Swedish 
Board of Education 2000). 

The curricula at compulsory school in Sweden are designed to make 
clear what all the pupils should learn. ‘Goals to attain’ define the minimum 
knowledge to be attained by all the pupils by the end of the fifth and ninth 
year at school. (SKOLFS 1994:1, 9; The Swedish Board of Education 2000). 
According to the curriculum in mathematics, the pupils should e.g. by the end 
of the fifth year be able to discover numerical patterns and determine un-
known numbers in simple formulae in introductory algebra. Similarly, the 
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pupils should by the end of the ninth year be able to interpret and use simple 
formulae and solve simple equations (SKOLFS 1994:3, 34–35; The Swedish 
Board of Education 2000). 

The forth component of pedagogical content knowledge includes 
knowledge of instructional strategies and representations for teaching particu-
lar topics (Grossman 1990, 9). For example, the introducing of the concept 
equation can involve taking one of the students’ arithmetic identities, e. g.  

7 * 2 – 3 = 5 * 2 + 1 

and hiding any one of the numbers. The hiding is done at first by a finger: 

7 * ‘  - 3 = 5 * 2 + 1 

then by a box: 

7 *  - 3 = 5 * 2 + 1 

and finally by a letter: 

7 * a – 3 = 5 * 2 + 1 
 

These three modes of representation are parallel with Bruner’s (1966) enac-
tive, pictorial and symbolic stages (cf. Kieran 1981, 322). By following these 
three modes the students could acquire an intuitive understanding of the 
meaning of equation and student’s algebra would be anchored in his arithme-
tic. Also, models adapted from the pictorial representation of a geometric 
situation are often used by teachers to model equations (e. g. equations of 
form Ax + B = Cx (Filloy & Rojano 1985, 156). Teachers also use to present 
different methods for solving equations. Operating on an equation as a 
mathematical object involves the formal methods of performing (that is the 
same operation on both sides of the equation) or transposing (that is, change 
side – change sign, that is being considered an abbreviation of performing the 
same operation on both sides) (Kieran 1992, 400). Even other methods are 
taught the students. Teachers use to introduce different kinds of informal 
methods like ‘guess and test’, ‘cover-up’, ‘working backwards’, which are 
linked to procedural conceptions of equations (Bernard & Cohen 1988). Ac-
cording to Grossman (1990, 9) experienced teachers compared with begin-
ning teachers may possess rich repertoires of metaphors, explanations, activi-
ties and experiments that are especially effective for teaching a particular 
topic. 
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Research of expert and novice teachers has shown that novice teachers’ 
pedagogical content knowledge is relatively undeveloped and limited because 
the knowledge is unique to the profession of teaching. The research confirms 
that novices showed evidence of growth in pedagogical content knowledge as 
a result of teaching and preparing to teach. Many differences in the teaching 
skills of experts and novices can be explained by assumptions that novices’ 
conceptual systems or cognitive schemata for organising the pedagogical 
content knowledge are less elaborate, interconnected and accessible than 
those of the experts (cf. Sfard 1991, 27). When expert teachers’ conceptual 
system include stores of powerful explanations, demonstrations and examples 
for representing the subject matter for students, novices must develop the 
representations as a part of the planning process for each lesson. Thus, expert 
teachers are more effective than novices both in the planning and the teaching 
of subject matter (Brown & Borko 1992; cf. Manross & Templeton 1997).  

Also in numerous research reports (e.g. Stein, Baxter & Leinhardt 1990; 
Lloyd 1998; Bolte & al. 1999, 357–363) a strong interdependence between 
subject-matter knowledge and pedagogical content knowledge has been 
documented. Many teachers do not separate their ideas about a subject spe-
cific topic from their notions about teaching that topic. In many cases, teach-
ers’ subject matter knowledge influences their pedagogical content-specific 
decisions (Even 1989; Even 1993; Even & Markovits 1993; Even & Tirosh 
1995). For example, Lloyd & al. (1998) have investigated an experienced 
high school mathematics teacher’s conceptions of functions and linked those 
conceptions to their role in the teacher’s first implementation of curricular 
materials. The findings of this study indicated that a teacher’s comprehensive 
and well-organised conceptions contribute to instruction characterized by 
emphases on conceptual connections, powerful representations and meaning-
ful discussions. Stein’s & al. (1990) study—in strong contrast to Lloyd’ s 
study—showed that a teacher’s limited views of function led to narrow in-
struction marked by missed opportunities to highlight important connections 
between concepts and representations. Also, Bolte (1999, 357–363) has in a 
study of pre-service secondary teachers’ conceptions of the functions investi-
gated the relationship between their subject matter and pedagogical content 
knowledge of functions. Significant factors indicated the critical role played 
by missing content knowledge, the effects of individual competencies and 
preferences for specific representational forms and the ability to create illus-
trative examples of functions.  
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6.3 Knowledge of student understanding  
 

Knowledge of students’ understanding is an important part of teachers’ peda-
gogical content knowledge (Shulman 1986, 1987; Grossman 1990). Student’s 
common conceptions, misconceptions or alternative conceptions of discipli-
nary concepts have been the focus of educational research during the last 
decades. It is justified to study more closely the research about students’ 
common conceptions of algebra and algebraic structures in order to get a 
theoretical and analytic framework for interpreting the findings of this inves-
tigation. 

School algebra is sometimes referred to as generalised arithmetic, i.e. 
the writing of general statements representing given arithmetical rules and 
operations (Booth 1984). Algebra has an important role in the mathematical 
classroom. However, many students in different countries have difficulties 
with understanding of school algebra (e.g. TIMSS 1994, see The Swedish 
Board of Education 1994, 1996; Soro & Pehkonen 1998). By analysing stu-
dents’ explanations of algebraic issues, some of the reasons for the difficul-
ties with algebra are found (Stacey & MacGregor 1997b, 110). 

 
Common misunderstanding include: 

1. Students’ interpretations of algebraic symbolism are based on other 
experiences that are not helpful. For example, a student can exchange d 
for 4, because d is the fourth letter in alphabet. 

2. The use of letters in algebra is not the same as their use in other con-
texts. For example, 5s can mean 5 seconds or s5 can mean side 5 in eve-
ryday life, but in algebra 5s or s5 means 5 multiplied by s or s multi-
plied by 5. 

3. The grammatical rules of algebra are not the same as ordinary lan-
guage rules. In everyday life, things are often described in the same or-
der as they are performed. In a mathematical equation, the signals for 
ordering are not those of ordinary language. Algebra makes use of prior-
ity rules and parenthesis, which can be unclear for students. 

4. Algebra cannot say a lot of the things that students want it to say. A 
student can for example, interpret an equation 1x=5y, when x is one is y 
five. 
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There is a strong connection between the algebra teaching, the conceptions 
we have of the subject and the uses of variables. Usiskin (1988, 11–16) de-
scribes four general conceptions of school algebra and uses of variables in the 
following way. 

 
Conception 1: Algebra as generalised arithmetic. In this conception it is 
natural to think of variables as pattern generalizers. We generalize known 
relationships among numbers. For example, 3 + 5.7 = 5,7 + 3 is generalized 
as a + b = b + a. Similarly, the pattern 2*5 = 10; 1*5 = 5; 0*5 = 0 is extended 
to give multiplication by negative numbers -1*5 = -5; -2*5 = -10. The idea is 
generalized to give properties such as –x*y = -xy. Variables as pattern gener-
alizers are also fundamental in mathematical modelling, when we wish to 
describe mathematically relations between numbers. For example, the world 
record T (in seconds) for the mile run in the Y since 1900 is described by the 
equation, T = - 0,4Y + 1020. In this conception variables are tools to describe 
the relations between numbers, and we do not have a feeling of unknowns. 
The important instructions for the student in this conception of algebra are 
‘translate’ and ‘generalize’. 

 
Conception 2: Algebra as a study of procedures for solving certain kinds of 
problems. In algebra as a study of procedures, the purpose is to find a general 
pattern in a problem and translate it to the language of algebra and then to 
solve the equation (e.g. 5x + 3 = 40) with a certain procedure. In this concep-
tion variables are either unknowns or constants. The key instructions for the 
student in this use are simplify and solve. 

 
Conception 3: Algebra as the study of relationships among quantities. Nu-
merically, symbolically or graphically presented functions and relations are 
central in this conception. The relationship among the quantities is described 
in a formula (the area formula for a rectangle) like A = LW. There is not the 
feel of an unknown in this conception, because we are not solving for any-
thing. Under this conception variables stand for domain values or numbers on 
which other numbers depend. In this conception the notions of independent 
variable and dependent variable exist.  

 
Conception 4: Algebra as the study of structures. In this conception there is 
no arithmetic pattern to generalise. There is no function or relation, the vari-
ables are not unknown or arguments and there is no equation to be solved like 
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in the following problem: simplify 3x – 6y + 10x – y. In this view the vari-
ables are arbitrary objects in a structure related to certain properties. This 
view of variable is found in abstract algebra. 

  
Usiskin (1988, 8) points out that discriminating among the various ways in 
which ‘letters’ (variables) can be used in algebra can cause difficulties to 
students. For instance, the following five examples of equations, 

1) A = LW 
2) 40 = 5x 
3) sinx = cosx * tanx 
4) 1 = n * (1/n) 
5) y = kx 

have the same form—the product of two numbers equals a third. However, 
each of them evokes different feelings. We usually call the first (1) a formula, 
the second (2) an equation, the third (3) an identity, the fourth (4) a property, 
and the fifth (5) an equation of a function of direct variation (not to be 
solved). These different names reflect different uses of variables. In the first 
(1) A, L and W stand for the quantities area, length and width and have the 
feel of known factors. In the second (2) we use to think of x as unknown. In 
the third (3) x is an argument of a function. In the fourth (4) equation (unlike 
the others), generalizes an arithmetic pattern, an n identifies an example of 
the pattern. Finally, in the fifth (5) x is an argument of a function, y the value 
and k a constant or parameter depending on how it is used. Only with the last 
example there is the feel of “variability” from which the term variable arises. 
Usiskin (1988, 9) points out that the concept of variable has been changed 
from time to time. He refers to Walter Hart, who in the 1950s, stated that a 
variable could be expressed as ‘a changing number’. This is however not the 
only aspect of the term variable. Variables have different roles and can be 
used to generalise patterns, to represent unknowns and constants or represent 
the parameters of a situation. Many students according to Usiskin (1988, 10) 
think that all variables are letters that stand for numbers. However, the values 
a variable has are not always numbers. In geometry for example, variables 
often represent points, as seen by the use of the variables, A, B and C when 
we write, if AB = BC, then  

ΔABC is isosceles. In logic, the variables p and q usually stand for 
propositions. In analysis, the variable f often stands for a function. In linear 
algebra the variable A can for example stand for a matrix, or the variable v 
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for a vector. In higher algebra, the variable * may represent an operation. 
Students also often think that a variable is always a letter. This conception is 
supported by many educators for 3 + x = 7 and 3 + Δ = 7 are usually consid-
ered algebra, whereas 3 + __ = 7 and 3 + ? = 7 are not, even though the blank 
and the question mark are logically equivalent to the x and the Δ (Usiskin 
1988, 10). Also Küchemann (1978, 1981) found in his study including 3000 
British high school students at the age of 13 to 15 years the following six 
conceptions of a letter. 

1. A letter is assigned a numerical value from the outset. 
2. A letter is ignored or its existence is acknowledged without giving it a 

meaning. 
3. A letter is considered as a concrete object or as shorthand for a concrete 

object. 
4. A letter is regarded as a specific but unknown number. 
5. A letter is regarded as a generalised number. 
6. A letter is regarded as a variable. 

 
In Küchemann’s study, a very small percentage of the pupils was able to 
consider the letter as a generalised number and even fewer were able to inter-
pret letters as variables. The majority of students either treated letters as con-
crete objects or as labels for concrete objects or ignored them at whole. Also, 
older algebra students continue to use this label interpretation of literal terms 
is indicated by the research of Clement (1982). The so-called ‘students and 
professors problem’ has received much attention. In this study, college stu-
dents were asked to solve the following problem:  

Write an equation using variables S and P to represent the following statement: 
“ There are six times as many students as professors at this University.” Use S 
for the number of students and P for the number of professors (Clement 1982, 
17). 
 

It was found that that 63% of the students translated it incorrectly, and the 
most incorrect answer was 6S = P. Kieran (1992) has also discussed ‘the 
students and professors problem’ and points out that this study illustrates that 
students continue to ‘consider letters as labels rather than numbers in an 
equivalence relation’ (Kieran 1992, 405). This conception of letters leads to 
students’ failure to interpret an equation neither as a procedure nor as a struc-
tured mathematical object, because a procedural interpretation requires at 
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least that the students consider for the problem above, S as a number, which 
when multiplied by 6 yields the value P (Kieran 1992).  

The term procedural, according to Kieran (1992, 392), refers to the 
computation of algebraic expressions, which yields numbers. For example, 
the replacement of x and y by 4 and 5 respectively in the expression 3x + y 
gives 17. Another example involves the solving of equation 2x + 5 = 11 i. e. 
the substitution of x until the correct value is found. Both examples illustrate 
a procedural perspective of algebra. The structural perspective refers to op-
erations, which always result in algebraic expressions. For example, the sim-
plification of expressions such as 3x + y + 8x to 11x + y or divided by z yield 
(11x + y)/z. Also, an equation such as 5x + 5 = 2x – 4 can be solved by sub-
traction 2x from both sides and we get 5x – 2x + 5 = 2x – 2x – 4 and the 
subsequent step results in 3x + 5 = - 4. In both of the last examples the ob-
jects that are operated on are the algebraic expressions, not the numerical 
instantiation. Students must, according to Kieran, be helped to regard alge-
braic expressions and equations as objects in their own rights where opera-
tions are used, and not as arithmetic operations upon numbers. Kieran also 
emphasizes that the traditional approach in algebra focuses on procedural 
issues and various arithmetical techniques, which allow the students to by-
pass the algebraic symbolism when solving algebraic equations. When alge-
bra expressions are to be simplified, the students are not prepared to handle 
the structural operations. For instance, students’ need to transform algebraic 
expressions to equations was presented in a study by Kieran (1983) who 
found that some of the students could not assign any meaning to the expres-
sion a + 3 because the expression lacked an equals sign and right-hand num-
ber. Similarly, procedural interpretations of an algebraic expressions were 
presented in a study by Wagner, Rachlin and Jensen (1984) who found that 
many algebra students tried to add ‘ = 0 ‘ to any expressions they where 
asked to simplify. Thomas (1995) also claims that many students apply the 
procedural methods to algebra. For example, if a + a + a = 3a is interpreted as 
one apple plus one apple plus one apple makes three apples, there will be 
difficulties to interpret the meanings of ab, a2, a + a etc. Students may not 
understand the relationship between (2x + 1)(3x – 2) and 6x2 – x – 2 as func-
tions if they are not conscious of the algebraic functions and expressions as 
objects in themselves. They may find it hard to imagine the equivalence be-
tween algebraic expressions or functions since these are not presented by the 
same procedures. The expressions 2(a + b) and 2a + 2b consist of different 
procedures but are equivalent functions. Changing an expression into an 
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equivalent expression that has the same value is a central algebraic act (cf. 
Tall 1991). 

The limited view of equals sign, representing the result or the answer of 
the procedure, results in difficulties for students to understand mathematical 
notations (Kieran 1992). Pupils encounter the equals sign at an early stage. 
Outside the arithmetic classroom, the equals sign is often treated as a sign of 
association and causation. Pupils know that it is used as a sign of association 
i.e. ’that is’ as in MATH = FUN, and in a causative sense i.e. ‘it gives’ as in 
HARD WORK = SUCCESS. When children are accustomed to 12*3 = __, 4 
+ 5 = ___ and 100 – 98 = __, they might conclude that the equals sign ‘ = ‘ 
stands for ‘work this out now’ and that keeps the question and the answer 
apart. When students begin to solve algebraic equations they usually would 
write as follows: 2x + 6 = 17 = 2x = 11= x = 5, 5. It is probably that the stu-
dents use the equals signs in the meaning ‘it gives’, ‘that is ‘, ‘a left-to-right 
directional signal’ or in connected to a question such as ‘ find the solution to 
the following equation 5x – 2 = 8’. In algebra, the meaning of ‘ = ‘ is not 
correct, because there is usually no question on one side of the equals sign, 
and no ‘answer’ on the other (Kieran 1992, 393; Stacey & MacGregor 1997a, 
253). According to Thomas (1995), there might be a cognitive conflict with 
the equation 6 = 2x – 4 since the result should come after the process, i. e. a 
process-oriented view. In addition, there might be difficulty in progressing 
the equation 2x – 1 = 4 – 3x, since one must operate on the variable and some 
students cannot operate on something they consider to be an unknown. These 
students cannot release their thoughts and do not notice the power and flexi-
bility in an equation such as pv = rt: a symbolic relationship should be broken 
into single procedural entities. Process-oriented students would prefer to have 
three algebraic forms for the relationship between density, mass and volume: 

 D*V = M M/V = D M/D = V 
 
Thomas (1995) also claims that most of the mathematicians use mental pic-
tures rather than symbols to obtain a global vision of the mathematics. He 
writes as following:  

Mathematicians often seem to use images to obtain or retain the global view of 
the mathematics but are able to switch at will between this and the detailed lin-
ear/sequential view provided, for example, by procedural techniques. We may 
describe a versatile a person who has the ability to switch their focus in this 
way. Their thinking would appear to be in stark contrast to the way weaker stu-
dents think of mathematics (Thomas 1995, 246–247). 
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Students without versatile thinking are not capable to see the algebraic struc-
ture like  

(a + b)(a – b) = a2 – b2 

even though they can expand the brackets to verify the equivalence. 
 
Evidence of the inability of students to distinguish structural features of equa-
tions is provided in studies by Wagner, Rachlin, and Jensen (1984). Many 
questions in their study concerned students’ awareness that the solution to an 
equation is determined by the structure of the equation and not by the particu-
lar letters used to represent the variable. This investigation drew on the re-
search of Wagner (1981) on conservation of equation in which all 29 students 
from middle and high school were individually interviewed and asked ques-
tions including the following example: For the equations, 7 x W + 22 = 109 
and 7 x N + 22 = 109, which would be larger, W or N? Only 38% of students 
answered correctly to this question. The remainder had a procedural concep-
tion of equations and they believed either that the two equations would have 
to be solved, or that W is larger because of it is after N in the alphabet, or 
even more primitive view that does not include the use of letters to represent 
numbers. Similar findings were illustrated by Thomas (1995) who has shown 
that about 38% of the 14-year-old students could not see the same structure 
between 2s – 1 = 5 and 2p – 1 =5 and they did the same procedure twice. Few 
of the same students did not understand the connection between the two latter 
equations and 2(p + 1) – 1 = 5. Even though they solved both equations, 
students could not understand that p + 1 = 3 and p = 2. Findings of Thomas 
(1995) and Wagner & al. (1984) show that algebra novices did not recognise 
the identical structure of the equation. Linchevski and Vinner (1990) refer to 
this as the hidden structure of an equation and have found that the ability of 
students to recognise such structures depends upon their experience with this 
kind of activity. According to Kieran (1984), not only algebra novices lack 
knowledge of these equivalence constraints. Kieran found that even a group 
of nine experienced, competent high school solvers similarly lacked this 
knowledge. 
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6.4 General pedagogical knowledge 
 

Teachers’ knowledge, to be useful for classroom practice must be context-
specific. When working at school, teachers acquire specific knowledge of 
context, which includes the students, the staff, and the whole social and mate-
rial fabric of the school. Knowledge of students includes knowledge of their 
backgrounds, particular strengths, weaknesses, interests and group behaviour. 
It also consists of knowledge how students co-operate in groups, their re-
sponsiveness to learning tasks and their responses to the teachers’ authority.  

Knowledge of school context includes e.g. knowledge of other teachers, 
the classrooms, the location of teaching resources like computers and audio-
visual facilities, school regulations, assessment systems and school culture. 
Knowledge of school context also extends beyond the school, including 
knowledge of its broader social, cultural, ethnic and geographic contexts 
(Shulman 1987, 8; Ernest 1989a, 19; Grossman 1990, 9; cf. Fennema & 
Franke 1992, 162). 

A teacher also needs knowledge of the organisation for teaching 
mathematics. It includes knowledge of organising classes of students for 
mathematics instruction individually, in co-operative groups, or in classes, 
knowledge of management of practical activities, as well as visits and excur-
sions, knowledge of classroom routines and knowledge of management of 
classroom resources such as computers, texts and so on (Shulman 1987, 8; 
Ernest 1989a, 18–19). This knowledge is important because the teaching of 
mathematics in big classes requires organisational knowledge, in addition to 
subject matter and pedagogical content knowledge. Knowledge of organising 
is to a large extent, acquired experientially during the teaching of mathemat-
ics (Ernest 1989a, 18). 

Knowledge of education is a component of teacher knowledge including 
all the concepts, theories, empirical results and other knowledge that is ac-
quired from the literature, current research, and courses in educational psy-
chology, pedagogy and mathematics education. It also includes knowledge of 
the diversity of social, cultural and ethnic backgrounds and knowledge of 
special educational needs (Shulman 1987, 10–11; Ernest 1989a, 19–20). This 
knowledge is important according to Ernest (1989a, 19–20) because it pro-
vides the teacher with the means to analyse and interpret classroom experi-
ences, as well as to reflect on and evaluate a number of educational publica-
tions and experiences.  
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6.5 Beliefs and conceptions as a part of knowledge 
structure  
 

Teachers’ beliefs about the subject have proved to be important by research-
ers such as Grossman (1987, 1990), Turner-Bisset (1999) and Wilson and 
Wineburg (1988). For Grossman (1990, 8), teachers’ beliefs and conceptions 
about the purposes for teaching a subject matter have an impact on what they 
teach and how they teach. Beliefs and conceptions of the subject matter are, 
according to Grossman (1990, 8), a part of teachers’ pedagogical content 
knowledge. Turner-Bisset (1999, 44), who has developed Shulman’s (1987, 
8) original list of knowledge bases for teaching, includes beliefs about the 
subject as an important aspect of teachers’ content knowledge. Turner-Bisset 
(1999, 44) showed how student teachers’ beliefs about the nature of the sub-
ject had an effect on their teaching: in the case of a mathematics student, 
conflicting beliefs about the nature of mathematics led to the student teaching 
a lesson on investigative mathematics without commitment to the kind of 
activity the children were pursuing. Wilson and Wineburg (1988) described 
in their investigation how four new teachers in history approached teaching 
the same topic of the Great Depression to their pupils. Differences in their 
conceptions of the subject had an impact on both how they taught history and 
how they went about acquiring subject knowledge to teach new historical 
topics. 

In the literature, the concept conception and the concept belief are some-
times regarded to be the same. Thompson for example (1992, 130) claims 
that the distinction between belief and conception ‘ may not be a terribly 
important one’. Other researchers however clearly distinguish the meaning of 
the two terms. For instance, Ponte (1994, 169) says that:  

… knowledge refers to a wide network of concepts, images, and intelligent abili-
ties possessed by human being. 

beliefs are the incontrovertible personal truths held by everyone, deriving from 
experience or from fantasy, with a strong affective and evaluative component. 
They state that something is either true or false, thus having a prepositional na-
ture... Conceptions are cognitive constructs that may be viewed as the underly-
ing organizing frames of concepts. They are essentially metaphorical 

 
Furthermore, Ponte (1994, 169) regards beliefs and conceptions as two dif-
ferent parts of human knowledge. Correspondingly, Hiebert and Leferve 
(1986) divide mathematical knowledge into procedural and conceptual 
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knowledge (see chapter 5) whereas Fischbein (1993) speaks of three-
dimensions: algorithmic, formal and intuitive. Algorithmic and formal 
knowledge corresponds to procedural and conceptual knowledge, while intui-
tive knowledge includes beliefs. Knowledge can also have an objective and a 
subjective dimension (see Pehkonen 2001, 14; cf. Tall & Vinner 1981). Ob-
jective knowledge in mathematics implies the generally accepted structure of 
mathematics, which is a compound of all mathematicians’ research work for 
more than 2000 years. In studying mathematics we acquire only a part of the 
objective knowledge, usually by forming our own conceptions on the topics 
to be learnt. The objective knowledge of mathematics is characterized by its 
pure logic. Mathematical statements can be considered, checked and proved 
anew at any time, anywhere in the world (cf. Dunkels 1996, 16). Subjective 
knowledge is on the other hand something unique because it is based on the 
individual’s experiences and understanding (cf. Vinner & Dreyfus 1989; 
Vinner 1991; Malinen 2000). There is however an interaction between sub-
jective knowledge and objective knowledge. When a person studies mathe-
matics i.e. objective knowledge, he may enrich his subjective knowledge. A 
person’s subjective knowledge may in turn enlarge objective knowledge 
when something of person’s subjective knowledge has been publicly pre-
sented, justified and finally accepted by the society of mathematicians 
(Pehkonen 2001, 14–15). 

According to Pehkonen (2001, 13–15; cf. Lester, Garofalo & Kroll 
1989), beliefs can be regarded as an individual’s subjective knowledge, 
which also includes his feelings concerning a certain phenomenon without 
always including tenable grounds in an objective sense. Beliefs are adopted 
and abstracted from the individual’s personal experiences, usually uncon-
sciously. Contrary to objective knowledge, a belief always contains an affec-
tive dimension (Pehkonen 2001, 13; cf. Ponte 1994, 169). Conceptions are 
defined by Pehkonen (see also Saari 1983) as conscious beliefs, regarded as 
higher order beliefs and based on such reasoning processes which are at least 
justified and accepted by the individual himself. 

Sfard (1991, 3) has discussed the connection between conception and 
knowledge. Sfard considers conceptions as the subjective side of ‘concept’: 

…the whole cluster of internal representations and associations evoked by the 
concept—the concept’s counterpart in the internal, subjective universe of hu-
man knowing—will be referred to as ‘conception’. 
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The objective side of the term concept is defined by Sfard (1991, 3) in the 
following way: 

… the word ‘concept’ (sometimes replaced by ‘notion’) will be mentioned where 
a mathematical idea is concerned in its official form—as a theoretical construc-
tion within the formal universe of ideal knowledge.  
 

Sfard’s reasoning reminds us of Tall’s and Vinner’s (1981; see more in sec-
tion 5.2) theory about concept images and concept definitions. According to 
this theory, individuals create in many cases, their own conceptions or mental 
models of mathematical concepts in teaching and learning of mathematics. 
The conceptions constitute a complicated cognitive knowledge structure, 
which often differ from formal definitions or generally accepted conceptions 
(Tall & Vinner 1981; Vinner 1991). According to both Sfard’s definition of 
the concept ‘conception’ and Tall & Vinner’s theory of concept definition 
and concept image, a part of a person’s (mathematical) knowledge seems to 
be subjective (knowledge) conceptions, based on the individual’s acquired 
experiences and understandings (cf. Pehkonen 2001, 15).  

Conceptions together with beliefs are regarded in this investigation as a 
part of the human knowledge structure (cf. Ponte 1994), although I do claim 
in conformity with Thompson (1992, 130) that the distinction between belief 
and conception is not ‘a terribly important one’. Like Sfard (1991, 3) I define 
the term ‘conception’ as the subjective side of a ‘concept’ or a phenomenon 
(see also chapter 2). ‘Concept’ expresses in turn the objective, mathematical 
idea in its official form. Marton and Svensson (1978, 29) develop the concept 
‘conception’ and say: ‘Conceptions often stand for the implicit, what does not 
need to be said or what cannot be said since it has never been the object of 
reflection. They constitute the frame or the reference from which we collect 
our knowledge or the basis on which we form our reasoning’ (cf. Fischbein’s 
intuitive knowledge 1987, 6). The conceptions have thus a near relation to 
knowledge and therefore they are looked upon as a part of teacher knowledge 
(cf. Ponte 1994; Grossman 1990; Turner-Bisset 1999). 

Beliefs and conceptions play a central role in human knowledge (see 
e.g. Grossman 1990). They are also of great value in the developing and 
changing of mathematics teaching and learning (cf. Pehkonen 2001; Kupari 
1999). One of the most important purposes in education is just to influence 
the students’ conceptions and beliefs. Good teaching does not however mean 
manipulation. The aim of teaching is to promote the learner’s development 
and their voluntary change (Pehkonen 1998b, 62).  
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6.6 Summary 
 

Three areas of teacher knowledge can be seen as the cornerstones of the 
emerging work on professional knowledge for teaching: subject matter 
knowledge, pedagogical content knowledge and general pedagogical knowl-
edge. A teacher in mathematics needs a subject matter knowledge i.e. a 
knowledge about and of mathematics (Shulman 1986; Ernest 1989a, 16–17) 
which includes knowledge of the content of a subject area as well as under-
standing of the structures of the subject matter (Shulman 1986; Shulman & 
Grossman 1988; Grossman 1990). Knowledge of mathematics can be divided 
into both conceptual and procedural knowledge (cf. Hiebert & Lefevre 1986). 
Procedural knowledge refers to computational skills and conceptual knowl-
edge refers to knowledge of the underlying structure of mathematics. Con-
ceptual knowledge is characterised as knowledge rich in relationships and 
including understanding of mathematical concepts, definitions and fact 
knowledge (Hiebert & Lefevre 1986). Both procedural and conceptual 
knowledge are considered as necessary aspects of mathematical understand-
ing (Hiebert & Lefevre 1986). The research of prospective elementary and 
secondary teacher’s knowledge indicates that they lack a conceptual under-
standing of many topics in elementary mathematics (Ball 1990a, 1990b; 
Cooney 1999). Most of the studies show that the teachers are able to perform 
successfully procedural mathematics tasks, but they do not understand the 
underlying concepts and principles. 

Teachers’ subject matter knowledge influences on what and how they 
teach. It is however important to notice that subject matter knowledge alone 
does not guarantee good teaching. Early studies by Bergle (1968, 1979) and 
Eisenberg (1977) raised the consciousness that effective teaching involves 
much more than the teacher’s mathematical competence. In order to be suc-
cessful a teacher needs knowledge of a subject matter for teaching, that is, 
pedagogical content knowledge, which consists of an understanding of how 
to represent specific subject matter topics in ways appropriate to learners 
(Shulman 1986, 9–10; Ernest 1989a, 17–18; Grossman, Wilson & Shulman 
1989, 32). 

In Grossman’s (1990, 5–9) model for teacher knowledge four evident 
subcomponents for pedagogical content knowledge can be found. The first 
component includes knowledge and beliefs about the purposes for teaching a 
subject on different grade levels. A second component consists of teachers’ 
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knowledge of student’s understanding, conceptions and misconceptions of 
particular topics in a subject area. A third component is called curricular 
knowledge including knowledge of curricular materials, schemes, texts, ex-
amination, tests and syllabuses available for teaching particular subject mat-
ter. Finally, the forth component includes knowledge of instructional strate-
gies and representations for teaching particular topics (Grossman 1990, 9).  

The components also form in this investigation the analytic framework 
for interpreting and presenting the findings in teachers’ pedagogical content 
conceptions about equations. It is also justified to study more closely the 
research about students’ common conceptions of algebra and algebraic state-
ments respective expressions in order to get a theoretical and analytic frame-
work for interpreting the findings of this investigation. 

Conceptions are regarded as a part of the teacher knowledge structure 
(cf. Ponte 1994) and they are defined in this investigation as a person’s sub-
jective side of a ‘concept’ or a phenomenon (Sfard 1991; cf. Malinen 2000). 
This subjective knowledge or conception (cf. personal experiential knowing 
Malinen 2000) is on the other hand something unique because it is based on 
the individual’s experiences and understanding (cf. Vinner & Dreyfus 1989; 
Vinner 1991; Malinen 2000). Like concept images, subjective knowledge or 
conceptions are generated by previous experiences, impressions, and concep-
tions and by tasks in which the concepts and their definitions have been 
tested in teaching and learning of mathematics (Tall & Vinner 1981; Vinner 
1991). The subjective knowledge or personal knowing can therefore include 
such first-order experiences which are incomplete and inadequate or even 
distorted like untested conceptions, incorrect theories, limited meaning per-
spectives and so on. In spite of the fact that experiences are incomplete and 
inadequate they constitute a holistic unity for the person himself because he 
seeks to make a unity of the experiences (Malinen 2000). 

Teachers in mathematics must have both procedural and conceptual 
knowledge, because teaching of mathematical understanding includes both 
(Wearne & Hiebert 1988). Sfard’s complementarian approach stresses also 
the unity of mathematical knowledge. Mathematical understanding is accord-
ing to Sfard, a complicated interaction between both the operational and the 
structural aspects of mathematical concepts, where both aspects are equally 
important for the acquisition of mathematical knowledge. The structural 
understanding of mathematical concepts is however difficult for most people. 
There is a deep ontological shift or a qualitative jump between operational 
and structural conceptions of mathematical concepts according to Sfard 
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(1991). A transition from arithmetic to algebra will therefore be difficult for 
many learners (Sfard & Linchevski 1994).  
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7 Research questions—nature and perspectives 

 
The nature of this research assignment is qualitative. The primary goal in the 
investigation is to create understanding (cf. Eiser & Puchkin 1990). The fo-
cus is not to test if data has a general validity (cf. Donmoyer 1990). The aim 
of the investigation is to describe how the mathematical concept ‘equation’ is 
apprehended and experienced by the teachers in qualitatively different ways. 
With other words, the aim is to describe what kind of knowledge the mathe-
matics teachers have about equations and what kind of conceptions the teach-
ers have of their own concept learning from school and university time. The 
teachers’ knowledge about equations will be thus studied (see Figure 6) on 
the basis of three perspectives. To consider a research object from different 
perspectives increases the validity of the research (cf. Uljens 1989, 35). The 
three perspectives are as follows: 

♦ Experiences of concept learning 
♦ Subject matter knowledge 
♦ Pedagogical content knowledge  
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Figure 6. Teachers’ knowledge on the basis of three perspectives. 

 
In the investigation, I specifically look for answers to the following ques-
tions: 
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1. How have the teachers apprehended their learning of equations from 
their school and university time? 

The teachers in this investigation have at least 16 years’ experiences from 
mathematics learning and teaching from secondary school to university. In 
order to understand the teachers’ conceptions of equations it is important to 
know how these conceptions have been acquired in teaching and learning of 
mathematics.  

Many misconceptions and learning difficulties of scientific concepts de-
pend on the learners’ experiences and conceptions of concepts in everyday 
life (Duit 1995). For example students’ interpretations of algebraic symbol-
ism and equals sign are often based on experiences that are not helpful for 
them (Kieran 1992; Stacey & MacGregor 1997b, 110). These inadequate 
conceptions may also arise during the learners’ student years in connection 
with teaching and learning of mathematics (see e. g. Burton 1989). They can 
be also acquired during teaching itself, being based on teachers’ practical 
teaching experiences. However, these experiences can create a problem from 
a mathematical (learning) point of view, because they often give a limited 
picture of the innermost meaning of mathematics and mathematical concepts 
(cf. Hatano 1996).  

By using Malinen’s (2000) and Jarvis’s (1992; 1995) theories of experi-
ential learning, it is possible to study such learning situations and experiences 
which may lead to the development of erroneous conceptions of mathemati-
cal concepts. 

 
2. What kind of subject matter conceptions do the teachers have about 

equations? 

I develop the question 2 by using the following three sub-questions. 
 

2.1 What kind of thoughts does the statement X + 16 = 2X evoke in the 
teachers’ mind? 

Teachers in mathematics must have both procedural and conceptual knowl-
edge, because teaching of mathematical understanding includes both (Wearne 
& Hiebert 1988). Sfard’s (1991) complementarian approach stresses also the 
unity of mathematical knowledge. Mathematical understanding is a compli-
cated interaction between both the operational and the structural aspects of 
mathematical concepts, where both aspects are equally important for the 
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acquisition of mathematical knowledge. A transition from an operational to a 
structural conception is however difficult to most learners, because there is a 
deep qualitative jump between operational and structural conceptions of 
mathematical concepts (Sfard 1991). A transition from arithmetic to algebra 
will therefore be difficult for many learners (Sfard & Linchevski 1994). Sfard 
and Linchevski (1994) declare for instance that duality of mathematical con-
cepts may affect the development of a complete understanding of the equality 
relation. The studies of prospective elementary and secondary teacher’s 
knowledge also indicate that they lack a conceptual understanding of many 
topics in the elementary mathematics (e.g. Ball 1990a, 1990b; Even 1993; 
Cooney 1999). Most of the studies show that the teachers are able to perform 
successfully procedural mathematics tasks, but they do not understand the 
underlying concepts and principles. Similar descriptive studies have been 
conducted with prospective secondary teachers and experienced teachers 
showing they also have problems of weak conceptual knowledge of school 
mathematics (Cooney & al. 1998; Cooney 1999).  

 
2.2 What kind of alternative conceptions do the examples and non-examples 

of equations evoke in the teachers’ mind? 

By using Shulman’s & al. and Grossman’s model for teacher knowledge and 
Sfard’s theory of the duality of mathematical concepts as a theoretical 
framework, it is possible to discuss what kind of subject matter conceptions 
(knowledge) the teachers have about equations. Sfard’s reasoning of the term 
conception reminds of Tall’s and Vinner’s (1981) discussion of the term 
concept image, that is, the concept as it is reflected in the individual mind as 
a result of concept learning processes, previous experiences or impressions. 
For example, Vinner’s and Hershkowitz’s (1983) research results indicate 
that pupils’ concept images often include only the prototypes, which are the 
specific examples of the concept that are constructed first in teaching and 
learning of mathematics. Their results also explain why students tend to iden-
tify a concept with one of a few prototypical examples and why the concept 
image often develops from one unique prototypical example to include more 
and more examples of increasing distance from the prototypical example. 

 
2.3 How do the teachers describe equations?  

Learners have often difficulties in understanding and using formal mathe-
matical definitions (e.g. Vinner & Dreyfus 1989; Tall 1994; Rasslan & Tall 
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2002). The learning of concept definitions does not guarantee the understand-
ing of mathematical concepts, because definitions can be learnt by heart 
without understanding. In addition, some mathematical concepts lack unam-
biguous definitions and may therefore be hard to understand. Furthermore, 
the duality of mathematical concepts and their abstract nature make under-
standing of them difficult and laborious for most learners (Sfard 1991). 
Many learners have often created mental models of mathematical concepts 
before the concepts have been defined formally in teaching. These mental 
models are generated by previous experiences, impressions, and conceptions 
and by tasks in which the concepts have been tested in teaching and learning 
of mathematics (Tall & Vinner 1981; Vinner 1991). 

 
3. What kind of pedagogical content conceptions do the teachers have 

about equations? 

Beliefs and conceptions of the subject are, according to Grossman (1990, 8) a 
part of teachers’ pedagogical content knowledge. Research of expert and 
novice teachers has shown that novice teachers’ pedagogical content knowl-
edge is relatively undeveloped and limited because the knowledge is unique 
to the profession of teaching (Brown & Borko 1992). Many differences in the 
teaching skills of experts and novices can be explained by assumptions that 
novices’ conceptual systems or cognitive schemata for organising the peda-
gogical content knowledge are less elaborate, interconnected and accessible 
than those of the experts (cf. Sfard 1991, 27). When expert teachers’ concep-
tual system include stores of powerful explanations, demonstrations and 
examples for representing the subject matter for students, novices must de-
velop the representations as a part of the planning process for each lesson. 
Thus, expert teachers are more effective than novices both in the planning 
and the teaching of subject matter (Brown & Borko 1992; cf. Manross & 
Templeton 1997).  

As Grossman stresses, teachers’ knowledge of the content influences 
what and how they teach. By using Grossman’s (1990) definition as a theo-
retical and analytical framework for pedagogical content knowledge, I de-
velop the question 3 by using the following two sub-questions. 
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3.1 What kind of conceptions do the teachers have about the purpose of 
teaching of equations? 

3.2 What kind of conceptions do the teachers have of pupils’ alternative 
conceptions about equations? 

Finally, by having a reference group of student teachers it is possible to relate 
the (expert and novice) teachers’ conceptions about equations to student 
teachers’ conceptions.  

 
4. What kind of subject matter conceptions do the student teachers have 

about equations?  

In order to answer to the fourth question some results both from the prelimi-
nary investigation and the results from the reference group including 75 stu-
dent teachers have been used. The studies of prospective elementary and 
secondary teacher’s knowledge indicate that they lack a conceptual under-
standing of many topics in the elementary mathematics (e.g. Ball 1990a, 
1990b; Cooney 1999). Vinner’s and Hershkowitz’s (1983) research also 
indicates that students tend to identify a concept with one of a few prototypi-
cal examples and why the concept image often develops from one unique 
prototypical example to include more and more examples of increasing dis-
tance from the prototypical example. (Vinner & Hershkowitz 1983; Vinner & 
Dreyfurs 1989; Hershkowitz 1989).  

By using the research results the model of the development of the con-
cept of equation from a prototypical to a static structure is illustrated together 
with the hypothetical model for teacher knowledge (see chapter 12). 
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8 Design and implementation of the research 

project 
 

The purpose of this chapter is to describe how indicators used in the investi-
gation were developed, what principles have guided the selection of the par-
ticipants and how the procedure for data collection was carried out. 

 
 

8.1 Indicators used in the investigation 
 

In connection to a preliminary investigation, which took place in spring 2000, 
the first version of the indicators—RELIMINARY INVESTIGATION (AP-
PENDIX 0)—was developed. Thirty student teachers were asked to do a 
mind map of the mathematical concept ‘equation’ in the preliminary ques-
tionnaire (no 0). The idea of mind mapping is one that can assist students in 
both checking and consolidating (in a constructivist way) what it is they have 
learned. In the preliminary investigation I was also interested in student 
teachers’ descriptions of learning of equations. Therefore, they were asked to 
tell about their process of learning of equations. This prior investigation gave 
me a lot of new ideas how to develop the future indicators. 

In order to know the participants’ background factors the next indica-
tor—BACKGROUND FACTORS (APPENDIX 1)—was done. In this ques-
tionnaire (no 1) factors like gender, age, teacher category, working experi-
ence, university education, the number of courses in basic education, the 
number of academic points in mathematics and the knowledge of school 
context were asked. The knowledge of context includes pupils, the staff, the 
knowledge of the reception area and the knowledge of texts, like curriculum. 
The knowledge of school context follows principally Grossman’s categories 
of knowledge of context including knowledge of students, knowledge of 
community, knowledge of district and knowledge of school (Grossman 1990, 
5). The indicator BACKGROUND FACTORS is used in this investigation 
mainly when describing the teachers’ background. In connection to the inter-
view number 1 the teachers had an opportunity to clarify and develop their 
answers in the first questionnaire.  

The purpose of the next questionnaire (no 2)—CONCEPTIONS OF 
CONCEPT/EQUATION LEARNING (APPENDIX 2) was to clarify what 
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kind of conceptions and experiences the participants have of their concept 
learning from school and university time. Teachers in mathematics have 
different kinds of learning experiences of the concept learning and teaching 
from their school time. These ‘lived’; acquired experiences are called the first 
order experiences or personal experiential knowing (Malinen 2000, 59–61). 
The indicator CONCEPTIONS OF CONCEPT/EQUATION LEARNING is 
used in this investigation when describing the teachers’ conceptions of con-
cept learning from school and university level. In connection to the interview 
number 1 the teachers had an opportunity to clarify and develop their experi-
ences of their concept learning of equations in the second questionnaire.  

The next questionnaire (no 3)—SUBJECT MATTER KNOWLEDGE 
(APPENDIX 3)—consists of structured interview questions. The idea to the 
construction of the interview questions originates from Vinner’s (1991) arti-
cle. The aim of the questions was to clarify what kind of conceptions do the 
teachers have about equations in their concept image. The issues include both 
examples of equations like identities and conditional equations and non-
examples of equations like expressions and one inequality. All the partici-
pants answered the question: Which of the following examples do you appre-
hend as equations? The teachers had two alternatives to choose between: Yes 
or No. They could range their answers from 1 (unsure) to 5 (sure). During the 
subsequent interview number 2, the teachers had a possibility to comment on 
their answers and to develop furthermore their thoughts about equations. The 
indicator SUBJECT MATTER KNOWLEDGE is used in this investigation 
when describing the teachers’ conceptions of equations.  

The next questionnaire (no 4)—PEDAGOGICAL CONTENT KNOW-
LEDGE (APPENDIX 4)—consists of structured interview questions. By 
using Grossman’s (1990) definition as an analytical framework for pedagogi-
cal content knowledge I construct questions to the interview number 3. The 
questions include Grossman’s four categories for teacher’s pedagogical con-
tent knowledge: Conceptions of purposes for teaching subject matter, knowl-
edge of students understanding, curricular knowledge and knowledge of 
instructional strategies. The indicator PEDAGOGICAL CONTENT KNOW-
LEDGE is used in this investigation when describing the teachers’ pedagogi-
cal content conceptions of equations. In order to illustrate and exemplify the 
teachers’ pedagogical content knowledge some transcribed examples from 
the videotape recording of six lesson of mathematics are used.  

The last questionnaire (no 5)—STUDENT TEACHER’S CONCEP-
TIONS OF EQUATIONS (APPENDIX 5)—includes two parts. The first part 
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consists of background factors like gender, age, student category, level in 
mathematics at upper secondary school, the number of courses in mathemat-
ics at university, students’ own estimation of their ability in mathematics and 
understanding of the content of the courses in mathematics. The second part 
consists of identification examples. All the examples and non-examples of 
equations were fetched from the questionnaire (no 3). The indicator STU-
DENT TEACHER’S CONCEPTIONS OF EQUATIONS is used in this in-
vestigation when describing the student teachers’ background and concep-
tions of equations.  

 
 

8.2 Selection of the participants  
 

The focus in phenomenographic study is to identify conceptions and to de-
scribe variations of the conceptions. In creating the investigation group it is 
important to select members who may have various conceptions. Therefore, 
the selection of persons in the phenomenographic investigation ought to be 
done on the basis of strategic consideration and not on the basis of represen-
tative selection. The purpose of the phenomenographic studies is to create 
understanding of a complex phenomenon, not to get results, which can be 
generalised, to the whole population. The demand of variation in conceptions 
leads to the handpicking of participants from the relevant strata (cf. Don-
moyer 1990; Alexandersson 1994). When a researcher selects the persons for 
an investigation on the basis of the criterions, which correspond with his 
intentions, the selection will be called purposive (Cohen & Manion 1989, 
103). Ten teachers in mathematics at the compulsory school—both experi-
enced and newly graduated—and 75 student teachers have participated in the 
investigation. Preliminary investigation included 30 student teachers. The 
experienced teachers are called expert teachers, similarly the newly graduated 
teachers are called novice teachers. 

 
The following principles have guided the selection of the teachers. 

♦ The selected teachers represent different genders. More than half of 
them are females reflecting the school context where the majority of the 
staff is women. 
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♦ The teachers’ age is between 34 and 60 year. The variation breadth of 
26 years secures variations of conceptions about equations among the 
teachers. 

♦ The teachers have different examinations. The novice teachers are 
teachers for form 4–9 at compulsory school. They have studied pure 
mathematics between 20 and 30 academic points or study weeks (full-
time studies) and mathematics education 10 academic points. The expert 
teachers are called subject teachers. They have an older teacher exami-
nation, which includes between 20 and 40 academic points of pure 
mathematics. Most of the expert teachers have studied 40 academic 
points mathematics and therefore they have a competence to teach 
mathematics at the upper secondary school. Their degree does not in-
clude mathematics education.  

♦ The teachers come from the schools situated both in population centres 
and on countryside. 
 

The teachers have different experiences to teach mathematics. The novice 
teachers have less than one year’s experience to teach. The expert teachers 
have between 10 and 32 years experience. The distribution between genders, 
ages and teacher categories is illustrated by Table 2. 

 
Table 2. Teachers in different age and teacher category. 
 

Age Teacher category 
Gender 

<35 35–45 46–55 >55 Experts Novices 

Male  2 1 1 2 2 
Female 1 4  1 3 3 

 
The following principals have guided in the selection of the student teachers. 

♦ The student teachers are on different levels of the teacher education 
programme and have therefore studied varied numbers of courses in 
mathematics.  

♦ They represent three different categories: prospective primary, secon-
dary and upper secondary school teachers.  

♦ They are of different age, representing both genders. 



Design and implementation of the research project 93 

 

♦ They come from the different schools and from different parts of the 
country. 
 
 

8.3 Procedure for the data collection 
 

Data was collected by using different methods. The figure 7 describes how 
data was collected between the years 2000 and 2003. 
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Figure 7. Collection of data. 
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Figure 8. Design of the studies.  

 
The data collection from the expert, novice, and student teachers was in de-
tails the following: In December 1999, I informed 22 prospective secondary 
school teachers about the research project. After about eight months I con-
tacted them by telephone. The novice teachers at this moment had worked 
during half a year. Five of them—three female and two male teachers—gave 
me a positive response.  
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Both in connection with the visit to training schools and a tutor educa-
tion I informed expert teachers about the research project. The five expert 
teachers—three female and two male teachers—gave a positive response.  

The questionnaires no 1 and 2 were sent to the 10 teachers before the 
first interview. The questionnaire no 1 includes background facts like gender, 
age, education. In the questionnaire no 2 the teachers were asked to relate 
their conceptions and experiences of concept learning from the secondary 
school up to the university level. The teachers sent back to me the question-
naires before the first interview. The interviews were both informal and stan-
dardized. The informal interviews could be different for each participant. In 
the standardized interviews the time was used very effectively because the 
investigation instrument is structured in advance (Patton 1990). The inter-
views took place at the schools where the teachers worked. All the interviews 
were recorded.  

In the first interview, the teachers could develop their thoughts in the 
questionnaires no 1 and 2. In the second interview, the teachers were encour-
aged to develop their spontaneous and intuitive associations of the following 
statement: x + 16 = 2x. They were also asked to identify examples and non-
examples of the equations in the questionnaire 3 (see APPENDIX 3; cf. Vin-
ner 1991, 80). All the teachers answered the question: Which of the following 
examples do you apprehend as equations? The teachers ranged their answers 
Yes or No from 1(unsure) to 5 (sure). During the subsequent interview, 
which followed the questionnaire no 3, the teachers could motive and de-
velop their answers in the questionnaire.  

Finally, in the third interview, they were asked about their pedagogical 
content knowledge of equations. Questions in this part of the interview were 
categorised according to Grossman’s analyse model (1990) for teacher peda-
gogical content knowledge (see APPENDIX 4). The questions were about the 
teachers’ purposes of teaching algebra/equations, their knowledge of stu-
dents’ understanding of the concept equation, their curricular knowledge and 
their knowledge of instructional strategies for teaching algebra and equations. 
The interviews lasted on average two hours. Some notes were written after 
the interviews.  

Videotape recordings of six lessons, which the three novice and the 
three expert teachers had in algebra during 2001 and 2002, gave further in-
formation about their knowledge of equations at the school context. The total 
time of the videotape recording was (6*50) 300 minutes.  
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In the beginning of the autumn term in 2002 I informed 75 student 
teachers about the investigation. All of them participated in the project. The 
student teachers answered 25 questions in the questionnaire no 5 (see AP-
PENDIX 5). Altogether, 18 issues—all identification examples—were 
fetched from the questionnaire no 3. Eight of the student teachers were inter-
viewed afterwards in the interview number 4.  
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9 Research methodical considerations  

 
There are different ways to formulate questions about the reality in science. 
Some research assignments may deal with how reality looks like and why. 
Other assignments may deal with what kind of conceptions individuals have 
of the reality. In other words, there is a distinction between how something is 
and how something has been experienced and understood. Researchers in 
phenomenography study how a phenomenon—an object around us—is ex-
perienced and apprehended by individuals on second order perspective (Lars-
son 1986, 1994; Marton 1993, 1997). In order to give the reader a more gen-
eral view of the phenomenographic method applied in the investigation, 
questions concerning method and research process and analysis of data are 
discussed in the following next sections. Furthermore, the concepts ‘validity’ 
and ‘reliability’ in the research material and results together with the gener-
alisation of the results are discussed. 

 
 

9.1 The phenomenographic approach 
 

Phenomenography emerged from educational research carried out in Sweden 
in the later 1960s and early 1970s. It was introduced by Marton (1981) and 
his colleagues at the department of pedagogy at the University of Gothen-
burg. The aim of phenomenography is to describe how various phenomena, 
or objects the world around us are experienced, conceptualized, understood, 
perceived and apprehended (Marton 1993, 4425).  

The term ‘phenomenography’ can be deduced from the Greek word 
phainemenon, which means, ‘to bring to light’. The suffix ‘graphein’ signi-
fies ‘to describe in words or pictures’. Marton and Booth (1997) assume that 
a way of experiencing something is related to how a person’s awareness is 
structured. It contains both ‘the what-aspect’ and ‘the how-aspect’, and can 
be thought of in terms of the dynamic relationship between the two aspects of 
human awareness; the structural and the referential or meaning aspects (cf. 
Uljens, 1989; Alexandersson 1994; Marton & Booth 1997). The object we 
are thinking of can be called the what-aspect. The object can have both a 
physical (e.g. a material thing) and a mental (e.g. a mathematical concept) 
character. The how-aspect has a process character and relates to the act. How 
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we see an object defines what we see (Kroksmark 1987, 233). Both these 
aspects are dependent on each other. The what-aspect is a condition for the 
how-aspect. You must have knowledge about a phenomenon, before you can 
say how it is constituted. Otherwise, ‘there is a risk that the apples will be 
compared with pears’ (see Alexandersson 1994, 118). For instance, an ob-
ject, which has been identified as a chair must also be seen in possession of 
legs, armrests and so on, all contributing to the concept of chair. Structure 
presupposes meaning and meaning presupposes structure, that is, the struc-
tural and the meaning aspects mutually contribute to each other in the process 
of experiencing. Marton and Booth (1997) exemplified this occasion by de-
scribing the Katona experiment that took place in 1940. People were asked to 
remember a series of numerals: 581215192226. Those who derived a princi-
ple from sequence, which was an arithmetic progression with alternative 
additions of 3 and 4, displayed better retention than their counterparts who 
simply memorised the long chunk of numerals. The former group structured 
the series of numerals in such a way that a certain overall meaning was 
formed, that is, 5, 8, 12, 15, 19, 22 and 26. Those who were not aware of the 
rule perceived the numerals as an ensemble of unrelated figures.  

There is a difference between a primary and a secondary phenomenon 
in phenomenography. The primary phenomenon (e.g. a mathematical con-
cept) has a defined (fixed) content. Since mathematical concepts can be re-
ferred to their formal definitions, a person’s conception of a mathematical 
concept can be compared with the formal definition. The secondary phe-
nomenon like the concepts teacher’s knowledge or learning is not restricted 
or defined in the same way (Uljens 1989).  

Phenomenography seeks to identify how persons in qualitatively differ-
ent ways understand and experience such aspects of their world as for exam-
ple, the learning of disciplinary concepts. Phenomenography originally de-
veloped from investigations of people’s conceptions of learning (see e.g. 
Säljö 1975, 1982) and from investigations of changes of conceptions by edu-
cation (see e.g. Hasselgren 1981; Alexandersson 1985). Phenomenography 
has extended into investigations of how individuals understand both general 
and more specific phenomenon like teachers’ conceptions of teaching (see 
e.g. Andersson & Lawenius 1983), the different ways that teachers handled 
the mathematical topic of ‘fractions and percentages’ (see Runesson 1999) 
and students’ understanding of central concepts in mathematics (see e. g. 
Neuman 1987).  
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The aim of phenomenography is to characterize different conceptions 
and experiences in terms of ‘categories of description’. The categories of 
description are called the ‘outcome space’ or ‘the second order perspective’ 
as opposed to ‘the first order perspective’. Phenomenographers claim to 
study the second order descriptions, which refer to the underlying ways of 
experiencing the world (Marton and Booth 1997, 118). The first order per-
spective describes the world without taking into account a person's way of 
experiencing it. In other words, it describes ‘how something is’ (Larsson 
1986; Uljens 1996). The second order perspective describes individuals’ 
ways of experiencing something (Marton 1993; Marton & Booth 1997). It is 
more important in phenomenography to describe how many qualitative con-
ceptions (experiences) there are, instead of how many people have a certain 
conception. Conceptions are illustrated in quotations, which help a reader to 
understand the meaning of the conceptions (Larsson 1986; Booth 1992).  

Though phenomenography has grown up as an independent research 
approach, it has been influenced by e.g. constructivism. The constructivist 
research has focused on natural science at school. Pfundt and Duit (1991) 
have done a summary of the scientific constructivist research. They claim 
that the investigations have been concentrated on different conceptions since 
the middle of the 1970s. Pfundt’s and Duit’s book Student’s Alternative 
Frameworks and Science Education refers to alternative conceptions as a 
contrast to scientific conceptions. When conceptions, constructed by the 
pupils themselves, are deemed to be in conflict with the accepted concep-
tions, various terms have been used in the literature including for example, 
the following: misconceptions (e.g. Leinhardt & al. 1990; Driver & Easley 
1978), preconceptions (e.g. Novak 1985) and alternative conceptions (e.g. 
Confrey 1990b). The different terms reflect different perspectives of stu-
dents’ knowledge. Whereas misconceptions describe incorrect features of 
students’ knowledge that are repeatable and explicit, preconceptions and 
alternative conceptions have a more neutral connotation, emphasizing the 
shifts from students’ errors to different ways students understand the tasks 
given to them.  

It is an essential feature of the constructivist view that students’ already 
existing conceptions guide their understanding of the information presented 
by teachers or textbooks. Many learning difficulties in science, as well as in 
mathematics, are due to the fact that students already hold conceptions of the 
phenomena presented and the scientific concepts and principles taught. Very 
often, student’s preconceptions are totally different from scientific concep-
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tions. Students make sense of the information presented by the teacher or the 
textbook on basis of their preconceptions, which often are deeply misleading. 
The students’ conceptions may originate from everyday experiences or from 
previous lessons. Conceptions stemming from everyday experiences are 
usually deeply rooted (Pfund & Duit 1991; Duit 1995). According to Pfund 
and Duit (1991; see also Shulman 1986, 1987) the teacher is supposed to be 
familiar with the different conceptions of his pupils about the phenomenon 
being taught. The teacher is also supposed to have the necessary scientific 
knowledge (von Glasersfeld 1995b; cf. Shulman 1986, 1987). Traditional 
(science) teaching mostly appears to start from the paradigm that students’ 
everyday conceptions have to be ‘replaced’ by scientific ones, if these pre-
conceptions are given attention at all. The constructivist approach in turn, 
reminds us that this replacement paradigm will not be successful. Students’ 
everyday conceptions have to be taken as conceptions in their own right. 
Students should learn in science and mathematics education in which respect 
the scientific view differs from their own view and why the scientific view is 
more valuable and adequate than their personal views. Not until the students 
are aware of their own conception, can the scientific point of view be intro-
duced by the teacher as an alternative. Cognitive conflicts (i. e. situations 
arranged by teachers which demonstrate to the students that their conceptions 
in certain situations lead to conflict with the scientific view) are often an 
essential part of the process of ‘convincing’ students of the value of the scien-
tific view. However, empirical studies investigating constructivist learning 
show that students are usually not willing to take part in discussions of the 
relative value of their views and scientific view. There is thus a strong ten-
dency for students not to ponder over such ideas. Instead they want to know 
what is the right—the correct—view (Duit 1995). 

  
 

9.2 Critical reflections on the phenomenographic 
research approach 
 

There is a certain criticism against the phenomenographic research approach. 
Critics claim that phenomenography has not the focus on individual concep-
tions but on conceptions on a collective level. Hasselgren (1993; see also 
Uljens 1993, 1996) means that the person who holds conceptions will be 
neglected and released from the reality in which he is living. However, Mar-
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ton and Booth (1997) claim that when humans direct their attention towards a 
phenomenon, it is possible for them simultaneously to discern more than one 
aspect of the phenomenon. The implications for teaching and learning are 
that the conceptions of individual student are not so unique that the teacher 
has to instruct students individually. He can teach the class as a whole if he is 
aware of the different conceptions on a collective level. The teacher can open 
the students’ minds to variation by stressing the possibility of experiencing a 
phenomenon in different ways simultaneously. In this investigation, the focus 
is not on the individual teacher’s conceptions and experiences of the research 
object ‘equation’. The collective knowledge or conception gives a lot of use-
ful information how the mathematical concept can be understood and experi-
enced in various different ways. The new knowledge generated by the inves-
tigation makes it possible to understand different aspects of the phenomenon 
on a collective level. In early phenomenographic investigations the origin of 
the conceptions has been discussed infrequently. When the conceptions are 
isolated from their original context, both the human being and the world are 
forgotten and the conceptions get a character of simply labels (Hasselgren 
1993; Uljens 1993). In this study, reasons for the different conceptions have 
been analysed and discussed on a theoretical level. 

Furthermore, one of the critical points in phenomenography is if the 
conceptions or categories of description really reflect the content in inter-
views. Research results cannot be accepted just because they are interesting 
and reasonable. They must also be well founded and estimated in proportion 
to other possibilities (Francis 1993). The criticism has to do with the research 
procedure and especially with the analysis of data collection (cf. Entwistle 
1997). Therefore, a researcher has to make clear how the categories of de-
scription have been found and how the study has been presented, because all 
this constitutes a base for a critical review of the whole investigation.  

Critics have also pointed out the importance of the researcher’s compe-
tence in phenomenographic studies (see e.g. Burns 1994). If a researcher has 
no subject matter knowledge in a specific topic area, his interpretation of the 
research results will not be reliable.  

Finally, critics argue that phenomenography should be developed as a 
method rather than as a research approach (Hasselgren 1993, 155). Usually, 
interviews form a methodological base for data collection in phenomeno-
graphic studies. The use of different methods for data collection in this inves-
tigation makes the qualitative analysis deeper and improves phenomenogra-
phy as a method.  
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9.3 A research process and an analysis of data in 
phenomenographic study 
 

The practical details of the research process used in the identifying of catego-
ries are not sufficiently explained in the early phenomenographic publica-
tions. Most of these earlier articles concentrated instead on the broad aims of 
phenomenography. However, the process by which the research is fulfilled is 
of great importance for determining whether the outcomes are ontologically 
defensible and epistemologically valid (Entwistle 1997; see also Cope 2002). 
Therefore, it is justified that practical details for research process are studied 
in this investigation more carefully.  

The research process in the phenomenographic investigations can vary. 
However, the following characteristics can be found in almost all phe-
nomenographic investigations, so also in this investigation (Alexandersson 
1994; Uljens 1989). 

1. To choose a research object, a phenomenon of the second order perspec-
tive. In this investigation the research object is a mathematical notion: 
‘equation’. 

2. To distinguish different kinds of perspectives of the phenomenon. In 
this case, to study the object from three different perspectives: subject 
matter, pedagogical and concept learning aspects of the concept. 

3. To collect data of the phenomenon. The empirical base in the phe-
nomenographic studies is interviews. In this investigation different 
methods for data collection are combined: questionnaires, interviews 
and videotapes recording. 

4. To transcript the interviews and videotapes. 

5. To identify qualitatively different conceptions of the phenomenon by 
analysing the transcriptions. 

6. To present categories of description. 

7. To co-ordinate categories of description into an outcome space. 
 

The interpretation of data in the phenomenographic research begins already 
during the interviews. The respondents’ reactions and feelings how they un-
derstand and experience a phenomenon mediate knowledge, which is impor-
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tant to notice as well as what the respondents say. These messages during the 
interviews facilitate the understanding of the data as a whole. In order to 
achieve a general picture of the collected data I listened to the tapes, watched 
videotapes and read transcribed protocols, questionnaires and notes several 
times. In the transcribed protocols, I found that some conceptions were more 
frequent than others and details and patterns could be identified in the inter-
views. Conceptions of a similar kind were collected to the same category of 
description. The different categories were called ‘learning of equations as 
doing routine problems’, ‘equations as an answer’ and so on. All categories 
are co-ordinated into different outcome spaces, which constitute a basis for a 
more systematic analysis of the data collection in order to find an underlying 
structure of conceptions. The categories of description are considered as a 
main research result in phenomenographic investigations.  

Since a phenomenographic study always derives its descriptions from a 
smallish number of people chosen from a particular population, the system of 
categories presented can never be claimed to form an exhaustive system. 
However, there are certain criteria for the quality of a set of descriptive cate-
gories that can be seen as methodologically grounded. The first criterion is 
that all individual categories should each stand in clear relation to the phe-
nomenon of the investigation so that each category tells us something distinct 
about a particular way of experiencing the phenomenon. The second criterion 
is that the categories have to stand in a logical relationship with one another, 
a relationship that is frequently hierarchical. The third criterion is that the 
category system should be parsimonious, which is to say that as few catego-
ries should be explicated as is feasible and reasonable. (Marton & Booth 
1997, 125). 

In the implementation of the data analysis, the starting-point has been a 
pre-understanding. The pre-understanding consists of a researcher’s concep-
tions about a phenomenon (Alvesson & Sköldberg 1994; Burns 1994). These 
conceptions are generated by experiences from concept learning and teaching 
and by experiences as a teacher in mathematics. In spite of my pre-
understanding, I have tried to be as open as possible to data. I have not as-
sumed that a theory is generated only by inductive studies in which an empire 
verifies a theory. The investigation is neither a deductive study where a the-
ory verifies an empire. In this research, the relation between the theory and 
the empire is described with the term abduction. According to Alvesson & al. 
the term abduction means that the existing knowledge or framework is tested 
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against patterns, which appear in the interpretation of relatively limited data 
(Alvesson & Sköldberg 1994; Naeslund 1997; cf. Yin 1989, 36).  

In the next three sections, the research process and results in this inves-
tigation are judged from three perspectives: (1) the validity of the research 
material, (2) the validity and reliability of the phenomenographic research 
results and (3) the generalisation of the phenomenographic research results.  

 
 

9.4 The validity of the research material 
 

Multiple and diverse observations can enrich the description of a phenome-
non. In order to increase the validity in the study, I have used several meth-
ods for gathering data (Campell & Fiske 1959). To use different methods for 
data collection is called methodological triangulating (Denzin 1970). Miles 
and Huberman (1994, 273) assert that: 

findings are more dependable when they can be buttressed from several inde-
pendent sources and validity is enhanced when findings are confirmed by more 
than one instrument measuring the same thing.  

 
The aim of triangulation is to increase understanding of complex issues. 
Methodological, empirical and investigator triangulation seem appropriate in 
this investigation. 

A methodological triangulating combines different kinds of methods 
like interviews, questionnaires, video recording and observations in order to 
study the same object. By combining methods, a researcher can balance a 
source of error from one method and thus take advantage of separate meth-
ods. Hereby, the validity may be controlled according to Cohen and Manion 
(1989). The use of several methods for data collection reduces also a re-
searcher’s personal influence (Denzin 1970). The purpose of triangulating is 
not to give an objective truth in the qualitative results but to increase the 
reliability of the interpretations (Denzin 1970; Larsson 1993). 

In empirical triangulation, different research groups are chosen. In this 
investigation newly graduated, experienced teachers and student teachers 
were represented. By choosing three groups the probability to find different 
kinds of conceptions of equations increases. According to Glaser and Strauss 
(1967,49): 
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The researcher chooses any groups that will help generate, to the fullest extent, 
as many properties of categories as possible and that will help relate categories 
to each other and to their properties. Group comparisons are conceptual, they 
are made by comparing diverse or similar evidence indicating the same concep-
tual categories and properties, not by comparing the evidence for its own sake. 
Comparative analysis takes full advantage of the “interchangeability” of indi-
cators, and develops as it proceeds, a broad range of acceptable indicators for 
categories and properties.  
 

Video recordings give for a researcher a possibility to use an investigator 
triangulation. Stake writes:  

For investigator triangulation, we have other researchers take a look at the 
same scene or phenomenon… On important occasions it will be useful to have a 
colleague, a second team member perhaps, along to observe, but an underused 
but valuable protocol is to present the observations (with or without you inter-
pretation) to a panel of researchers or experts to discuss alternative interpreta-
tions. (Stake 1995, 113) 
 

The teachers sent back to me the two first questionnaires before the inter-
view. Hereby, I got the opportunity to study closely their answers and it was 
possible for me to ask more questions about the teachers’ background and 
their conceptions on and experiences of concept learning. This influenced 
positively on the atmosphere, because the respondents noticed that I was 
interested in their thoughts and conceptions. The teachers were engaged in 
the interviews and they spent a lot of time on them. The teachers’ knowledge 
about equations has been studied on the basis of three perspectives. To see a 
research object from different perspectives increases the validity of the re-
search (cf. Uljens 1989, 35). In order to understand the teachers’ conceptions 
of equations, it was also important to know how the teachers have experi-
enced their concept learning at secondary school and in university. However, 
I am aware of the fact that the teachers have observed their past from their 
present point of view. The teachers were able to convey more critical per-
spectives from their concept learning and teaching now than would have been 
the case directly after the studies at upper secondary school or at university. 
By experience they had got a wider perspective to the past although their 
memories and the freshness may have faded. The following quotation from 
the interview with Eric, a novice teacher is illustrative: ‘Tradition directs 
mathematics teaching. Mathematics teaching looks much the same as when I 
went to school’.  
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Some teachers wanted to continue the discussion with me after the in-
terview and I got the impression that they really appreciated the interviews. 
One of the expert teachers Rita said after the interview: ‘oh what a useful 
conversation’. I was familiar with the novice teachers being one of their 
teachers in mathematics and mathematics education in teacher training. Some 
of the expert teachers have been tutors in training schools for the students at 
my university. So I have had the possibility to meet them during the school 
visits and in connection with tutor education. I believe that the personal rela-
tions to the teachers have reinforced the validity of the research material. The 
relation between the participants and me as researcher made it easier for me 
to get access to the teachers’ conceptions of equations. I am however aware 
that the relation between a researcher and respondents may also have nega-
tive influences on the research. The respondents may, in such a case, answer 
questions in a way that is favourable to the researcher. By choosing a refer-
ence group—the student teachers—to which I have no personal relations, I 
believe that the negative aspects to the validity of the research material have 
been minimized. 

 
 

9.5 The validity and reliability in the 
phenomenographic research results 
 

The validity of phenomenographic studies concerns the researcher’s justifica-
tion for presenting the outcome space and claims based on those results as 
credible and trustworthy. Justification of validity lies in a full and open ac-
count of method and results of a study. The judgement of reliability and 
trustworthiness lies in turn the person reading the study (Booth 1992). In 
phenomenographic studies some special procedures have been developed in 
order to ensure demand for validity and reliability. The validity and reliability 
of the research results in phenomenography are discussed by using the fol-
lowing issues: (1) how careful are the descriptions of the categories of con-
ceptions? and (2) how communicative are the research results? (Säljö 1988; 
Uljens 1989; Booth 1992). 

The categories of description in the investigation consist of the teachers’ 
subject matter and pedagogical content conceptions of equations and their 
experiences of concept learning. Ambition has been to specify the categories 
of description as carefully as possible. The categories of description are illus-
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trated by using quotations from the interviews (cf. Booth 1992). The quota-
tions concretise a content of categories. The quotations help the reader both 
to follow the interpretations and standpoints and to estimate the trustworthi-
ness of the descriptions. The phenomenographic research approach has been 
criticised for its context and subject-neutral way of reasoning. Uljens (1993, 
145) has claimed that even though the conceptions have been understood in 
terms of human being world relations, both the human being and the world 
are forgotten in the course of the empirical analysis. One way to avoid these 
problems is to develop phenomenography towards a hermeneutic mode of 
reasoning (Uljens 1993, 145). In hermeneutic phenomenography the interest 
is focused on the essential features of manifestations of the experience with-
out forgetting the social, cultural and historical dimensions within which this 
experience is embedded (Uljens 1993, 145–146). The aspiration in this inves-
tigation has been to describe the teachers’ most frequent conceptions of equa-
tions without forgetting their acquired experiences and conceptions of con-
cept learning from different school levels. Hereby, the teachers’ conceptions 
have not been isolated from their original context. The conceptions and ex-
periences have not a character of a simple ‘vocabulary’ (cf. Hasselgren 1993, 
148–157). Relation of the conceptions to the participants’ learning experi-
ences has not been forgotten. Origin of the different conceptions have been 
discussed and interpreted in this investigation in relation to current research 
(cf. Yin 1989, 36). 

Marton (1988, 198) emphasises that the categories of the descriptions 
should not be done in advance but firstly when empirical data material has 
been collected. Although aware of this standpoint, I have not been able to 
follow it completely. In my opinion learning theories, the curriculum, 
mathematical facts and the current research influence on creating the catego-
ries of descriptions. Therefore, it is not possible to start from a purely empiri-
cal position. 

The categories of description constitute a main result in the phe-
nomenographic studies. The purpose has been to find an acceptable interpre-
tation of the research results, not to find the absolute truth. The crucial factor 
is the validity of the interpretations of the results. I assume like Uljens (1989, 
56) that the results are valid until another researchers find a better category 
system and argue for its qualifications.  

In the discussion of the validity and the reliability of the results the re-
searcher’s descriptions of the categories have a decisive role (Alexandersson 
1994, 131). The co-examiner in the investigation has formed his own opinion 
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of how the categories have been created from the statements or quotations in 
the interviews. He has controlled how the categories of the description corre-
spond with statements in interviews. However, it was not possible for him to 
enter into the whole transcribed interview material. Some critics mean that if 
an external researcher or a co-examiner only enters into a researcher’s short-
ening of the gathered data, it is already a matter of a falsification (e.g. 
Huusko 1999, 303–306). I do not agree with the critics who have this opin-
ion. I insist that a researcher is not a passive interpreter of his data material 
and I believe that every qualitative researcher will produce results which are 
reliable and which have a consensus with his own research ethics.  

Reliability in phenomenographic studies is not considered to have the 
same sense as reliability in qualitative research in general. The reliability of 
qualitative research in general refers to the replicability of results, that is, 
‘…if another researcher repeated the research project…what is the probabil-
ity that he or she would arrive at the same results’ (Booth 1992, 64). In phe-
nomenographic studies, this interpretation would refer to replicability of the 
outcome spaces. Given a particular set of data, would different researchers 
report the same outcome space? A justified question is whether it is possible 
in reality for another researcher or observer to invent the researcher’s catego-
ries of descriptions in the investigation (Marton 1988, 183). Burns (1994) for 
example states that, if individuals experience phenomena in the world in 
different ways why should not different researchers investigating the phe-
nomenon of variation in a group of individuals’ experiences, experience the 
variation in different ways! (cf. Dunkels 1996, 16–17). Although, it cannot be 
expected that different researchers would exactly report the same outcome 
space from the same data, the outcome should be described and illustrated so 
that variation in the data is communicated to other researchers (Johansson & 
al. 1985, 251). As Marton (1988, 183) points out, at the moment the catego-
ries have been founded the researchers ought to be able to achieve an inter-
judge reliability if the categories exist or not. The use of interjudge reliability 
in phenomenographic research has been described by Säljö (1988, 45) as 
measuring ‘the communicability of categories and thus gives the researcher 
information that someone else can see the same differences in the material as 
he or she has done’. Säljö believes an agreement of 80 to 90% between a 
researcher and an external judge is appropriate in the phenomenographic 
investigations. 

In this investigation, the interjudge reliability has not been measured in 
percent, although the co-examiner has controlled the reasonableness in the 
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categories and interpretations. I am of the same opinion as Sandberg (1997), 
who has criticised the use of interjudge reliability in phenomenographic stud-
ies on two grounds:  

♦ Interjudge reliability is a reliability measure borrowed from positivistic 
research conducted from an objectivist epistemology. From this per-
spective, knowledge is considered to exist in reality, rather than, as phe-
nomenographic researchers state, in a relation between an individual 
and a phenomenon. 

♦ Interjudge reliability provides no information on the appropriateness of 
the research method used. The categories of description may have been 
developed from data collected using poor techniques, for example. In 
such circumstances the worth of interjudge reliability is doubtful. 
 

Important for a critical review of the research results in phenomenographic 
studies are how careful the descriptions of the categories of conceptions are 
made and how communicative the research results are. Other factors also 
contribute. Questions like—Is the reasoning logical? How are the indicators 
used in the investigation constructed? What kinds of principles have guided 
the selection of persons interviewed? How is the study presented and dis-
cussed as a whole? What kind of background has a researcher?—contribute 
also to increase the validity and the reliability of the phenomenographic in-
vestigation. All these issues are worthy of note when an external reader will 
estimate the research results. 

 
 

9.6 The generalisation of the results in 
phenomenographic research  
 

As the aim of phenomenographic research is to investigate variation in con-
ception, the sample should be chosen for heterogeneity, rather than for repre-
sentativeness in terms of distribution along demographic and other lines. 
Consequently, phenomenographic research outcomes have been described as 
not enabling generalisation from the sample group to the population repre-
sented by the group, because the sample is not representative of the popula-
tion in the usual sense of the term. However, Marton and Booth (1997) mean 
that to the extent the variation within the sample reflects the variation within 
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the desired population, it is expected that the range of meanings within the 
sample will be representative of the range of meanings within the population. 
This does not mean that one group would be representative of another group 
quantitatively, in terms of the frequency distribution of particular ways of 
experiencing within the group. It means only that the range of ways of ex-
periencing should be representative.  

The ambition in this investigation is to make an analytical generalisa-
tion. Yin (1989, 36; see also Cuba & Lincoln 1994, 114) defines the analyti-
cal generalization as the following way: ‘In analytical generalization, the 
investigator is striving to generalize a particular set of results to some 
broader theory’. By using the analytical generalization, the researcher tries to 
connect the research outcomes with the existing theoretical framework. By 
using the theory, it is possible to define situations in which the research re-
sults can be transferred. One of the most important criteria in judging the 
outcomes of the phenomenographic research is the theoretical significance 
(importance) of the research results.  

It is possible to believe that the conclusions of this investigation can be 
transferred to other teacher groups and to other levels in the educational sys-
tem. Earlier research has had focus on the pupils’ conceptions as a contrast to 
scientific conceptions (Pfundt & Duit 1991). This investigation indicates that 
not only pupils but also teachers have conceptions of mathematical concepts, 
which differ from the scientific conceptions. Presumably, similar results 
would be achieved in investigations of the conceptions of other mathematical 
concepts. The experiences of this study may also be transferred into other 
disciplines for example, economy and law. The teachers’ alternative concep-
tions of disciplinary concepts as a contrast to the scientific conceptions are 
not unique entirely in mathematics.  

This investigation has changed both the researcher’s and the respon-
dents’ conceptions about equations by mutual learning (Varto 1992, 58). It 
can be assumed that the participants were not aware of the cognitive power 
the experiences of teaching and learning of mathematics as well as their eve-
ryday life experiences as a teacher in mathematics at secondary school have 
in their mathematical thinking. As one of the novice teachers Eric expresses: 
‘I have not before reflected on what the concept equation is… You try to find 
an unknown factor; you solve an equation…’. The investigation has also 
changed my way to think of learning and teaching mathematics. I believe that 
changing student’s thought habits from the everyday mode to the technical 
mode is an important goal for teaching mathematics in teacher (mathematics) 
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education. This goal can be achieved only if student teachers are given tasks 
that cannot be solved correctly referring only to the concept image. Concept 
definitions help us to form concept images but they do not guarantee the 
understanding of mathematical concepts and they do not tell the whole story. 
It is a well-known fact that learners often hold to certain beliefs and concep-
tions about scientific and mathematical signs in spite of the dictum of defini-
tions (Sfard 1998, 33). Therefore, it is important that a mathematical concept 
in teaching and learning of mathematics will be connected with different 
representations. An interaction between different kinds of representations 
gives a deeper mathematical understanding of the concept. When a learner’s 
concept image gets wider, he acquires a richer and more many-sided concep-
tion of the mathematical concept.  

Finally, it is then up to the readers of this investigation to decide if it is 
possible to generalise the results of the investigation. I believe if the readers 
can find in the investigation something that describes and touches their per-
sonal experience world, the research results may be regarded as general (cf. 
Silkelä 1999, 71). 
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10 Results of the empirical studies 

 
The results in this chapter will be given in the same sequence as the research 
questions. The research results in the sections 10.1, 10.2.2, 10.2.3 and 10.3 
have been analyzed by applying the phenomenographic analysis principles. 
Whereas in the sections 10.2.1 and 10.4 the results have been treated statisti-
cally by using frequency distributions and diagrams. In the phenomeno-
graphic part of result analysis I have followed Marton’s and Booth’s (1997, 
35–38) example to present firstly the categories found and their main charac-
teristics, and then to present more detailed illustration of the each category of 
description. 

 
 

10.1 Teachers’ conceptions of the concept learning 
of equations 

 
The first research question is: 

How have the teachers apprehended their learning of equations from their 
school and university time? 

 
With a phenomenographic analysis of the interview number 1 (see the inter-
view questions in APPENDIX 2) and the interview number 2 (see the inter-
view question 19 in APPENDIX 3) I found four qualitatively distinct catego-
ries of description how the teachers in mathematics have apprehended their 
learning of equations. I named these categories as follows: Learning of equa-
tions as doing routine problems; as memorizing and reproduction of rules 
and models; as doing applications and as interaction with other students. 
The term category of description is used here as it is presented in Marton and 
Booth (1997, 125). When discussing the phenomenographic research they 
state that: ‘…the individual categories should each stand in clear relation to 
the phenomenon of the investigation so that each category tells us something 
distinct about a particular way of experiencing the phenomenon.’ 

The teachers’ conceptions about learning of equations in the two first 
categories have a focus on the act of learning and the consequences of the act, 
whereas the conceptions in two later categories focus on the object of learn-
ing itself. Similar approach to learning can be found in the study of Marton & 
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al. (1993) and Säljö (1982). A more careful description of the four categories 
now follows.  

 
Category 1: Learning of equations as doing routine problems 

In the first category the teachers’ conceptions of learning of equations indi-
cate that mathematical knowledge is mainly gained by doing routine prob-
lems. The learning here is apprehended as mechanical drill without under-
standing. Thus the focus lies on the act of learning or a procedure itself. The 
following quotations are examples of how the teachers voice the first concep-
tion: 

… you learn a certain system…. When you have done this several weeks, drilled 
and drilled. You gather x on one side and then you get the value of x. It is a very 
mechanical way … you learn a system, something like learning to cycle, I 
think…but the application was very difficult to see, especially at the secondary 
school. (Simon) 

We were drilled to solve equations…the understanding for solving equations 
came latter and it was negative… I have looked at my old exercise books in 
mathematics; I don’t understand what I have done… (Thomas) 

I did not understand what I did, and I could not see any applications with equa-
tions in reality. (Eric) 

At school I have practised mostly routine problems… solve 150 equations, do 
start!…(Mathias) 
 

From the quotations above one may extract the following characteristic fea-
tures of learning of equations: ‘drilled’, ‘mechanical way… something like 
learning to cycle’, ‘no understanding’, ‘the application was difficult to see’ 
and ‘routine problems’. The teachers establish that they have been drilled to 
solve equations, however they did not know how much they understood what 
they have done. Especially, they pointed out that applications were difficult 
to see.  

The teachers’ conceptions about learning of equations indicate that 
mathematical knowledge was acquired in the form of routine problems with 
consumption as the main metaphor (cf. Marton & al. 1997): by doing, by 
drilling and by practising routine problems. Learning in the first category is 
seen in a quantitative light—the learners do a lot of routine problems in order 
to learn to solve equations purely in a study context. It seems that learning is 
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totally limited to the tasks of learning imposed by a study situation. Further-
more, the teachers could not see any applications with equations in reality. 

 
Category 2: Learning of equations as memorizing and reproduction of rules 
and models  

In the second category the teachers’ conceptions of learning of equations 
indicate that mathematical knowledge is mainly acquired by memorizing and 
reproduction of rules and models without understanding. The teachers’ con-
ceptions about learning of equations are not only focused on the act of learn-
ing itself but also the consequences of the act, that is, on the way knowledge 
is consumed. The following quotations are examples of how the teachers 
voice the second conception: 

It was model learning ….I don’t remember if I understood what I did. If you did 
exactly as the teacher said, it is fine and you got the right answer… I was care-
ful to memorize rules. In that way I got mark5 4 in math. (Maria) 

I had a pattern and it worked fine. When I began the upper secondary school the 
pattern didn’t work and I didn’t understand what I did… At nine-year compul-
sory school there was no need for me to understand, I did math in order to get a 
good certificate. (Rita) 

At university we were doing Diophantine equations. It was model learning. I 
had no time to enter deeply into my studies at university … it is important to 
save my own skin and to learn by heart certain typical examples and to pass an 
exam. (Maria) 

The goal was that we must pass the exams…You could not ask a question, the 
teacher might get furious and lower your mark … (Mathias) 
 

It will be clear from the participants’ remarks above that the following fea-
tures are characteristic of the conceptions of learning of equations in the 
second category: ‘model learning’, ‘I didn’t understand’, ‘memorize rules’, 
and ‘good certificate’. The teachers acquired knowledge about equations by 
memorizing rules and reproducing them in exams. They have apprehended 
that if they had a pattern or model they could reproduce mathematical infor-
mation in order to get the right answer and consequently to get a good certifi-
cate at school. The teachers conceptualize learning as memorizing for later 
reproduction, as being able to use what one knows. 

                                                           
5 According to the former Swedish marking system. Mark 1 and 2 mean ‘failed’, mark 3 ‘ap-

proved’, mark 4 ‘passed with distinction’ and mark 5 ‘passed with very distinction’. 
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Rather than focusing only on the act of learning, the teachers in the sec-
ond category focus equally on what is to be done with knowledge again 
purely in a study context. The consumption metaphor that was used in the 
case of the first category is extended to include the way knowledge is con-
sumed: to be learnt by heart, to be memorized and its eventual use and repro-
duction in exams. Learning is seeing purely in a quantitative light—as learn-
ing certain typical examples, as memorizing rules, as reproducing models and 
patterns. The teachers’ main interest in this use is what they can reproduce in 
order to pass an exam, to get a right answer or to get a good certificate. It 
seems that learning in these cases does not support students’ understanding, 
which they can apply in other school levels or other situations outside the 
school. As one of the teachers establishes: ‘When I began the upper secon-
dary school the pattern didn’t work and I didn’t understand what I did’ 
(Rita).  

 
Category 3: Learning of equations as doing applications  

In the third category the teachers’ conceptions of learning of equations indi-
cate that these teachers gain mathematical knowledge of equations by doing 
applications. Here, the teachers’ conceptions have a focus on application and 
understanding of equations in a greater context rather than acquiring knowl-
edge by doing routine problems and memorizing and reproducing rules and 
models purely in a study context. The focus of attention in this category is the 
object of learning itself. The next quotations are examples of how the teach-
ers express their conceptions in the third category: 

Only in the courses in physics I began to understand how good [useful] it 
was…you solve a certain formula before you put in the values. When you see the 
application, you appreciate the knowledge. (Simon) 

I didn’t understand at compulsory school that equations could be used for ex-
ample in physics. Only being at upper secondary school I saw mathematics in 
physics and physics in mathematics. I saw an idea in the whole, how it is. (Eva) 
 

The quotations of the teachers’ voices show here that significant for learning 
of equations were the following features: ‘I saw mathematics in physics’, ‘I 
began to understand’ and ‘appreciate the knowledge’. Here the understanding 
of equations through applications evoked clearly. 

Learning in the third category is no more seen in a quantitative light. In 
this category, the learning of equations is not restricted to specific models 
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and routine problems in mathematics. The teachers connect the concept of 
equation to other subjects. They have a focus on the object of learning itself. 
In other words they find a meaning in the learning of equations. By doing 
applications in physics, they see and understand the concept in a different 
way. The consumption metaphor that was so dominant in the first two cate-
gories is now replaced by a visualization metaphor in which learning of equa-
tions has the character of seeing things in a new light. One of the teachers’ 
saying is very illustrative: ‘I saw mathematics in physics and physics in 
mathematics’. (Eva) It indicates that a mathematical concept will be con-
nected with other subjects and mathematical representations. An interaction 
between different kinds of representations gives in turn a deeper mathemati-
cal understanding of the concept.  

 
Category 4: Learning of equations as interaction with other students  

Here the teachers’ conceptions indicate that their mathematical knowledge 
about equations is mainly acquired by interaction with other students. It 
seems that understanding of equations is taken a stage further. Learning and 
understanding of equations is no more connected to only applications in 
physics. The new mathematical knowledge about equations is mainly gained 
in a communicative context. In this context language and reflection play an 
important role. Similarly, like in the third category the conceptions about the 
learning of equations have a focus on the object of learning itself. The next 
quotations are examples of how the teachers express their conceptions in the 
fourth category: 

Only at the university I have had possibilities to discuss and reflect over impor-
tant issues. I could ask other students and discuss with them. (Anna) 

Courses in mathematics education were different from those in mathematics and 
we discussed different ways to solve equations. You yourself must find out. 
(Jenny) 

At the university we had small groups where we together discussed and solved 
exercises. It was only then I began to understand how to use equations. 
(Mathias) 
 

The quotations illustrate that learning of equations occurs in connection with 
discussions and reflections as follows: ‘to discuss and reflect over important 
issues’ and ‘we together discussed’. 
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The teachers view learning as coming to an understanding of equations, 
taking perspectives and getting a new way of viewing equations. The concep-
tion ‘Only at the university I have had possibilities to discuss and reflect over 
important issues’ (Anna) shows that learning in this case is an active process 
where a learner reflects on his own conceptions and tries to understand the 
meaning of them. Reflections play a central role for understanding of mathe-
matical contents. The teachers stress that their learning of equations was 
based on interactions with other students. They also mean that discussion 
plays a key role in the acquisition of knowledge. 

 
Overview of the categories of description  

I have found four qualitatively different categories of learning of equations 
among the teachers’ conceptions: (1) Learning of equations as doing routine 
problems, (2) Learning of equations as memorizing and reproduction of rules 
and models, (3) Learning of equations as doing applications and (4) Learning 
of equations as interaction with other students.  

Learning in the categories 1 and 2 was apprehended as doing routine 
problems and as memorizing and reproducing rules and models purely in a 
study context. The conceptions in these categories have a focus on—the act 
of learning of equations itself—the way knowledge is consumed and its even-
tual use. Learning in these categories was apprehended in quantitative terms. 
The teachers’ main interest is what they can reproduce and do in order to 
perform well on tests. 

 Learning in the categories 3 and 4 has a focus on the object of learning 
itself and on understanding. Learning is seen in qualitative terms. The con-
sumption metaphor that was so dominant in the first two categories is now 
replaced by a visualization metaphor in which learning has the character of 
seeing things in a new light or in a communicative context. Applications in 
other subjects and an interaction with other students give a deeper mathe-
matical understanding on equations.  
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10.2 Teachers’ subject matter conceptions about 
equations 

 
The second research question is: 

What kind of subject matter conceptions do the teachers have about equa-
tions? 

 
From the second research question I have developed the three sub-questions, 
in order to sharpen it.  

 
10.2.1 Associations about the statement x + 16 = 2x 

The first sub-question of the second research question is:  

What kind of thoughts does the statement X + 16 = 2X evoke in the teachers’ 
mind? 

 
In this part I asked the teachers to develop their thoughts about the statement  

X + 16 = 2X (see APPENDIX 3) 

The teachers were encouraged to use their own words, because I was inter-
ested in associations that the statement could evoke in their mind. By making 
a frequency distribution about the teachers’ thoughts I could find that the 
evoked thought ‘An equation’ about the statement was the most frequent one 
(a number of similar conceptions was 7) following with the ideas ‘A me-
chanical solution’, ‘It is easy to solve it’ and ‘ X is 16’ (a number of similar 
conceptions was 2 in respective association). The least frequent conceptions 
(frequencies were 1in respective association) were ‘A lever’, ‘A balance’, 
‘Arithmetic solution like __ + 16 = 2 __’, ‘Change side – Change sign’, 
‘Graphically two lines’, ‘A number plus 16, which gives twice the given 
number’, ‘Something plus 16 is 2 multiplied by something’, ‘A number of 
apples plus 16 apples is equal to twice the number of apples’ and ‘No con-
nection to any problem’. One teacher could have several associations about 
the statement. The most frequent ideas lie nearest to the statement X + 16 = 
2X, whereas the least frequent ones lie longest from the statement in Figure 
9.  
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Figure 9. Teachers’ evoked thoughts about X + 16 = 2X. 
 
As it will be seen from the Figure 9, the statement X + 16 = 2X evoked dif-
ferent kinds of conceptions in the teachers’ mind. The evoked thought, that 
the statement is ‘an equation’ was the most frequent one. The other evoked 
thoughts were associated with the solution of equation, a solution method, the 
concrete and graphical illustration of the statement, own word problems to 
the statement and finally, no connection to any problem situation.  

 
 

10.2.2 Conceptions about the examples and non-examples of equations 

The second sub-question of the second research question is: 

What kind of alternative conceptions do the examples and non-examples of 
equations evoke in the teachers’ mind? 
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In the questionnaire 3 including 18 examples and non-examples of equations 
(see APPENDIX 3) all the teachers got the question: Which of the following 
examples do you apprehend as equations? The teachers expressed their feel-
ings like ‘Oh’, ‘what’, ‘gosh’ in pondering whether the examples were to be 
regarded as equations or not. In connection with the questionnaire 3, I began 
the interview 2 by taping the teachers’ reactions to the given tasks in the 
questionnaire. Therefore, the phenomenographic data analysis begins already 
here. The following quotations illustrate the teachers’ feelings during the 
recorded interview: 

When you ask me now whether this is an equation or not…I get a feeling that I 
want to solve it. I want to get an answer. I have learnt that if you get a right an-
swer, it’s good. This I have learnt at school, you are capable. (Mathias) 

I want to put some figures into the equation, to test a bit. I don’t trust myself. 
(Maria)  

… equation is an equality ……but I have never thought in this way. In this situa-
tion I have tried to solve an equation and then verify if the left-hand side is 
equal to the right hand side. (Anna) 
 

As it will be seen from the quotations above the solving procedure of equa-
tions is in the focus of the teachers’ attention. They feel that they should find 
an answer first. In order an example is an equation, it should have a solution. 
Furthermore, the teachers feel that the situation, where they should identify 
examples and non-examples of equations, is totally a new experience for 
them.  

In the interview number 2, I asked the teachers to clarify and develop 
their Yes- and No-answers about the issues in the questionnaire. I was inter-
ested in knowing why the teachers apprehend some examples about equations 
as non-equations and some non-equations as equations and therefore I asked 
them after each answer: ‘Why?’  

From a phenomenographic analysis of the interview transcripts I found 
that some patterns could be identified in them and the three qualitatively 
distinct categories of description about equations could be discerned among 
the teachers’ conceptions. I named these categories as follows: Equations as 
a procedure; as an answer and as a ‘rewritten’ expression.  

The categories of description characterize contradictory conceptions 
that the teachers hold about equations. The solving procedures of equations 
as well as mathematical symbols are the focus of the teachers’ attention in the 
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first category. The conceptions in the second category indicate that the teach-
ers’ attention is not only focused on the solving procedure but also the arith-
metical interpretation of the equals sign. In the third category the teachers’ 
conceptions about equations have a focus on both the procedures and the 
rules used in algebra. Significant of the teachers’ conceptions in the three 
categories is that they reveal a process-oriented view of equations. Now a 
more careful description of the categories follows. 

 
Category 1: Equations as a procedure  

In the first category the teachers’ conceptions about equations have a focus 
on the process of solving equations itself and mathematical symbols. 
 
Firstly, I treat such examples, which were apprehended as non-equations, 
since the teachers think that it is not possible to solve them, because they 
consist of too many unknown factors. For instance the following quotations 
are examples of how the teachers voice their conceptions in the first category: 

I am a bit unsure if I can solve it…. I feel there are three unknown variables. 
Maybe a formula, but you can’t solve it because you don’t know any values of 
the variables. (Rita; ayx =+ 52 ) 

I felt as if I could draw it, but then we are talking of functions and I became un-
sure if they could be regarded as equations… I cannot say that a=3 and b=2 in 
this expression and that it is possible to solve. (Eva; baba 5,965 +=+ ) 

This is like ayx =+ 52 . It is not possible to solve it. I don’t know a value for x 

either y…(Eva; 25)1( 22 =−+ yx )  

I change my mind. I wrote that it is an equation… if the radius is changed, the 
volume too will be changed and I cannot solve it. So my answer will be no. That 

is how I feel now. (Rita; 
3

4 3rV π
= ) 

 
These quotations point out that equations as a mathematical entity are con-
nected with solving procedure. In these remarks the teachers state that ‘I 
cannot solve it’. The reasons for that were e.g. as follows: ’three unknown 
variables, ‘you don’t know any values’, ‘if they [functions] could be regarded 
as equations’, and ‘if the radius is changed, the volume too will be changed’.  
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The conception about ayx =+ 52 —‘you can’t solve it because you 
don’t know any values of the variables’—indicates that a solution to the equa-
tion is apprehended as a fixed number rather than a generalized number.  

Similarly, the conception about baba 5,965 +=+ —‘I cannot say that a=3 
and b=2 in this expression and that it is possible to solve’—indicate that the 
teachers feel that it is not possible to solve the equation including two un-
known factors. The solution to equation baba 5,965 +=+  is also here appre-
hended as a fixed number rather than a generalized number. Furthermore, the 
conception about baba 5,965 +=+ —‘I felt as if I could draw it, but then we 
are talking of functions and I became unsure’—indicates that the teacher is 
thinking of a graphical representation of the given statement but is a little 
confused if functions can be regarded as equations.  

The conception about 
3

4 3rV π
= —’if the radius is changed, the volume 

too will be changed and I cannot solve it’— indicates that it is difficult for the 
teachers to accept that the relationship between the quantities described in a 

formula like 
3

4 3rV π
=  can be regarded as equations. The conception about the 

statement also indicates that the solution to the equation is apprehended on a 
similar way as in earlier examples i.e. as a fixed number. 

It seems that the teachers’ conceptions (see Rita; 
3

4 3rV π
= ) are context 

sensitive and can change at particular moment or moments during the inter-
view. It is also interesting to notice that the teachers’ conceptions seem to be 
based on feelings, since the phrase: ‘I feel’ is characteristic for the teachers’ 
voices. 

 
Secondly, I consider such examples, which were apprehended as non-
equations. They include mathematical symbols like square roots, integrals, 
derivatives and functions that may prevent the teachers to see the mathemati-
cal structure of equations. For instance the following quotations are examples 
of how the teachers express their conceptions of the mathematical notions.  

How can I be sure of this third root, no it is not so… OK, it is an equation, but I 

am not quite sure. (Thomas; aaaab = ) 

I associate this to the integral. It is some kind of surface. I don’t remember what 
it is. I feel it is an area under the curve and it can’t be an equation. 
(Maria; Cxdxxf +=∫ 2)( ) 
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Here you can see an equals sign and therefore I can think that the given state-
ment is an equation. But at the same time, when there is an integral I do not 
know, whether it is an equation. (Simon; Cxdxxf +=∫ 2)( )  

I am unsure again. I don’t remember this )(´´ xy …. I must think how it can be 

solved. (Anna; xxyxy 2cos5,0)()(´´ =+ ) 

I want to know what the function itself is called…..so that I can substitute y(x) 
by the function and then derive it twice and then solve x. 

In principle it is an equation, but I cannot do anything with it. (Eva; 
xxyxy 2cos5,0)()(´´ =+ ) 

It is a function. The equals sign says that it is an equation, but mathematically I 
don’t know, if you can call it an equation. (Jenny; 12)( += xxf ) 

We press a button on our calculator and it was like this example here… I feel if 
e is raised to zero or just the opposite, it will be one. …. That was it. But what it 
was, I don’t know. I felt I began to understand something at university, but now 
it is gone and I am unsure. (Rita; ea a =ln ) 
 

These quotes point out that not only procedures but also mathematical sym-
bols are the focus of the teachers’ attention. Many mathematical symbols like 
‘this third root’, ‘an area under the curve [primitive function]’, ‘an integral’, 
‘this )(´´ xy ’ and ‘e is raised to zero’ seem to cause insecurity in the teachers’ 
mind. 

The statement Cxdxxf +=∫ 2)(  arouses different kinds of thoughts and 
insecurity in the teachers’ mind. The symbol for the primitive function 
∫ dxxf )(  will be associated with a surface or an area under the curve. With 
other words, it will be related to a definite integral and an area calculation, 
i.e. a procedure. Thus, conception about Cxdxxf +=∫ 2)( —‘I feel it is an area 
under the curve’—indicates a process-oriented view of the mathematical 
notion. 

Similarly, the mathematical symbols like derivatives evoke insecurity. 
The conception about xxyxy 2cos5,0)()(´´ =+ —‘I want to know what the func-
tion itself is called…..so that I can substitute y (x) by the function and then 
derive it twice and then solve x’—indicates that a solution of the differential 
equation is not regarded as a set of functions but as a fixed number. Simi-
larly, the conception about the same statement—‘In principle it is an equa-
tion, but I cannot do anything with it’—shows how hard it is for a learner to 
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understand the structure of equation and to accept the beginning premise that 
two quantities are equivalent. The conception has a process-oriented nature, 
i.e. ‘to do something’ character about the mathematical notion.  

The conception of the symbol of function ( f ) also causes insecurity in 
the teachers’ mind. The conception about 12)( += xxf  indicates that the 
teachers have difficulties to see the statement as a structure, as a relation 
between x and f (x).  

The evoked conception about ea a =ln —‘We press a button on our cal-
culator and it was like this example here. …. That was it. But what it was, I 
don’t know’—indicates that a lot of time at school was devoted to procedural 
activities. It also indicates that the teachers have difficulties to identify state-
ments if they don’t look like ‘ordinary equations’ in their mind. As one of the 
teachers points out when looking at the statement: ‘Sometimes I feel insecu-
rity, because I cannot identify what it is. I do not know what answer I should 
have given five years ago…’ (Maria; ea a =ln ) 

 
Thirdly, I look over such non-examples of equations, which were appre-
hended as equations, since the teachers think that it is possible to solve them. 
For instance the following quotations are examples of how the teachers voice 
their conceptions. 

..it is an equation… I can solve x here. I have a goal… I must have a goal and in 
the end I can solve x. (Anna; 213 +−≥−+ xxx ) 

This is an inequality. I wonder if it is an equation or not, I am unsure but I fancy 
we treat also inequalities in the same section of the textbook as equations, so 
this is some kind of equation. (Mathias; 213 +−≥−+ xxx ) 

Yes, I called the example 1052 −− xx  an equation, so this ( )( )( )xxx +−− 592 2  
must also be one. (Anna) 

Yes, I try again if I can get a value of the unknown factor. I can get the value in 
the exponent. It must be the same x further down. In this case it is an equation. 
(Anna; 017 =−xxe ) 

I got a bit surprised because the equals sign was in the exponent. I ought to 
solve it in some way. (Mathias; 017 =−xxe ) 
 

 These quotes point out that procedures are the focus of the teachers’ atten-
tion rather than the mathematical entity itself. The teachers are confused 
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concerning the meaning of many mathematical concepts, which may cause 
their incorrect classification.   

The conception about 213 +−≥−+ xxx —‘I can solve x here ‘—

indicates that x seems to be a fixed number even when solving inequalities. 
The conception also indicates that the concept of equation is strongly con-
nected to the solving procedure. The meaning of symbols ‘ ≥ ‘ and ‘ = ‘ 
seems to be unclear. As one of the teachers says: ‘I am unsure due to sign 
bigger than. . In an equation you have an exact value don’t you?’ (Maria). 
Textbooks treat equations and inequalities in the same section and therefore it 
is quite natural that some of the teachers consider the concepts equation and 
inequality to be the same.  

The conceptions reveal that an expression even without a mathematical 
content is considered as an equation. (Anna, Mathias; 017 =−xxe ): The concep-
tions about non-examples of equations indicate that the difference between 
the concepts equation and expression does not appear to be quite clear. One 
of the teachers especially points out when looking at the expression 

4sin3sin 2 −+ xx : ‘It is only an expression. I don’t know what the difference is 
between an expression and an equation’. (Eric) 

 
Summary of the first category 

In the first category the teachers’ conceptions about equations have a focus 
on the process of solving equations itself and on mathematical symbols rather 
than the mathematical entity itself. The teachers have inconsistent concep-
tions about equations. It seems that their conceptions are context sensitive 
and can change during the interview. 

Some examples of equations are not apprehended as equations. The 
teachers think that it is not possible to solve them, because the equations 
consist of too many unknown factors and/or mathematical symbols like 
square roots, integrals, derivatives and functions. The conceptions about 
equations indicate that the teachers have a process-oriented conception about 
mathematical notions. Some teachers have difficulties in recognizing the 
statements, since the equations do not look like ‘an ordinary equation’ in 
their mind (cf. Figure 9). The teachers’ conceptions also reveal that a solution 
to the equation is apprehended as a fixed number.  

The conceptions about the non-examples of equations indicate that x 
seems to be a fixed number even when inequalities are solved. Similarly, 
with regard to the examples of equations, the interpretation of mathematical 
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symbols like ‘ ≥ ‘ and ‘ = ‘ causes difficulties for teachers. The difference 
between the concepts ‘equation’ and ‘expression’ and the concepts ‘equation’ 
and ‘inequality’ does not appear to be clear for some of the teachers. Fur-
thermore, an expression even without a mathematical content is apprehended 
as an equation, since the teachers think it is possible to solve x. 

 
Category 2: Equations as an answer 

The conceptions in the second category indicate that the teachers’ attention is 
not only focused on the solving procedures but also the arithmetical interpre-
tation of the equals sign. The arithmetical interpretation means that the equals 
sign is apprehended operationally i.e. followed by an answer. 

Here I discuss such examples about equations, which were apprehended 
as non-equations, since the teachers think x is already solved. The following 
quotations are examples of how the teachers express their conceptions in the 
second category of description. 

I apprehend this as an answer…. The value of the unknown factor is already 
given. That is why it’s not an equation. (Maria; 2=x ) 

No, it is only an expression for what x is. (Eric; 2=x ) 

No, it is not, because the issue number 7 (that is x = 2 in the questionnaire nr 3) 
is not an equation… it is only an answer. (Eric; 1=+yxe ) 

No, it is a rule or a formula. I do not remember what you call it. It is a result of 
something. (Anna; 1sincos 22 =+ αα ) 
 

These quotes ‘it is an answer’, ‘an expression for what x is’ and ‘it is a result 
of something’ point out that the equals sign is apprehended ‘that is’, which is 
usual in arithmetic. 

The conception ‘The value of the unknown factor is already given’ indi-
cates that a teacher may think that the expression on the left-hand side is a 
process, which is already performed, whereas the expression on the right-
hand side must be an answer.  

In spite of the fact that some of the teachers apprehend the state-
ment 2=x  as a trivial equation, one of them says: It’s solved. I don’t know, if 
the answer can be regarded as an equation. Therefore, I was a bit unsure. 
(Jenny). This quotation indicates that the teachers’ conceptions about equa-
tions are inconsistent even if they can identify the structure of equation. 
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Similarly, another teacher, who holds the conception that the statement 
1=+yxe  is an example of equations points out in connection to the interview: 

Statement e = 1 is wrong for me (i.e. it is wrong, because the statement is not 
true, since e = 2.718…) but now you find x + y in the exponent. It is an equa-
tion. (Simon). The conception indicates that a learner who holds this concep-
tion of the given example may think that statements like 2.718… = 1 are not 
equations because they are not true.  

The conceptions voice that the teachers have inconsequent apprehen-
sions about equations no matter how they have answered the issues in the 
questionnaire 3. In the teachers’ conceptions equations are closely related to 
x and y. Especially, one of the teachers points out when looking at the state-
ment 1sincos 22 =+ αα —‘there is no unknown factor’. (Rita; 

1sincos 22 =+ αα ). The conception indicates the difficulties the learners have 
with the interpretation of ‘letters’ in algebra. 

 
Summary of the second category 

The conceptions in the second category indicate that the arithmetical interpre-
tation of the equals sign is the focus of the teachers’ attention. In the concep-
tions the statements are not apprehended as equations, because the teachers 
think that the equation is already solved. The conceptions about equations 
reveal that the teachers have a process-oriented conception of equations. The 
conceptions also indicate that the equals sign is used in the meaning ‘that is’, 
which is common in arithmetic. It seems that the teachers apprehend alge-
braic notions as processes rather than abstract objects in their own right. The 
equations seem to be closely linked to the symbols x and y and the solution 
procedure. 

 
Category 3: Equations as a ‘rewritten expression’ 

In the third category the teachers’ conceptions about equations have a focus 
on not only the procedures but also the rules used in algebra. In this category 
I treat the statement ))((22 yxyxyx +−=− , which was apprehended as a non-
equation, since the teachers think it is a rule or a ‘rewritten’ expression. The 
following quotations are examples of how the teachers express their concep-
tions.  
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No, there are no values of figures, you cannot solve x and y, it is only an expres-
sion, which has been developed. It is a quadratic rule, a conjugate rule. It is just 
a conjugate rule. (Maria)  

This is an identity, a conjugate rule. (Thomas)  

You have rewritten an expression, I don’t remember, what you call it. (Eric) 

You can find here two unknown factors, but if you factorise the left- hand side 
you receive the right-hand side. Is it always an equation, if there is an equals 
sign? (Jenny) 
 

The example evoked the conceptions ‘an expression’, ‘a rewriting of an ex-
pression’, ‘an identity’, ‘a conjugate rule’ and ‘a quadratic rule’ in the teach-
ers’ mind. The quotes point out that ‘rules’ in algebra are not apprehended as 
equations. 

The conception—‘there are no values of figures, you cannot solve x and 
y’—shows that the teacher has a process-oriented view of the structure of 
equation. The conception about the statement also indicates that variables 
seem to stand for fixed numbers rather than any values of the variables. Simi-
larly, the conception—‘if you factorise the left- hand side you receive the 
right-hand side’—indicates that even though a teacher is able to expand the 
brackets to verify the equivalence he is not capable to identify an equation 
and to see its structure. The question—‘Is it always an equation, if there is an 
equals sign?’—reveals that it is hard for the learner to accept the beginning 
premise that two quantities (expressions) are equivalent. 

 
Summary of the third category  

In the third category the teachers’ attention has a focus on not only the proce-
dures but also the rules used in algebra. The conceptions indicate that ‘rules’ 
used in algebra are not apprehended as equations. They also indicate how 
hard it is for a learner to understand the structure of equations and to accept 
the beginning premise that two quantities are equivalent. The conception 
about the statement ))((22 yxyxyx +−=−  also indicates that variables seem to 
stand for fixed numbers rather than any values of the variables. 
 
Overview of the categories of description 

The examples and non-examples about equations evoked different kinds of 
conceptions in the teachers’ mind. The teachers’ conceptions of equations can 
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be classified in three qualitatively distinct categories: (1) Equations as a pro-
cedure, (2) Equations as an answer and (3) Equations as a ‘rewritten expres-
sion’. The categories of description characterize contradictory conceptions 
that the teachers hold about equations. The solving procedure of equations 
and mathematical symbols are the focus of the teachers’ attention in the first 
category. The conceptions in the second category indicate that not only the 
solving procedures but also the arithmetical interpretation of the equals sign 
are the focus of the teachers’ attention. The conceptions in the third category 
indicate that the teachers stress both the procedures and rules used in algebra.  

The teachers’ conceptions in the three categories reveal a process-
oriented view of the mathematical notions. For many of the teachers, the 
conceptions of equations are based on some kind of ’feeling’ of an activity or 
procedures, which have to be performed here and now. However, they are not 
able to tell what is an equation. The conceptions show the difficulties a 
learner has in transition from arithmetical to algebraic thinking. They also 
indicate how hard it is for a learner to understand mathematical symbols, 
concepts and structures and to accept the beginning premise that two quanti-
ties are equivalent. The conceptions reveal that a solution to the equation is 
apprehended as a fixed number rather than a generalized number. In the con-
ceptions the equals sign is used in the meaning ‘that is’, which is usual in 
arithmetic. The conceptions also indicate that equations are closely related to 
the symbols x and y and solving procedures. The conceptions reveal the dif-
ficulties the learners have with the interpretations of ‘letters’ in algebra. The 
conceptions of equations show that the teachers have difficulties to recognize 
the equations, if they include too many mathematical symbols and therefore 
do not look like ‘ordinary equations’ in their mind. 

 
10.2.3 Conceptions about the concept definition 

The third sub-question of the second research question is: 

How do the teachers describe equations? 
In connection to the interview number 2 the teachers were given an opportu-
nity to develop their thoughts about the concept of equation (see APPENDIX 
3). Based on the analysis of the interview transcripts I have found four quali-
tatively different categories of description. The teachers described equations 
as a concrete illustration; as a tool to find out unknown; as an equality be-
tween two quantities and as a transition to algebraic thinking. 
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The concrete illustration of equations is the focus of the teachers’ atten-
tion in the first category. The conceptions in the second category indicate that 
the teachers stress the act of solving procedure of equations. In the third cate-
gory the teachers’ conceptions about equations have a focus on the structure 
of equations. In the fourth category the attention is concentrated on generali-
zation. The teachers’ conceptions in the categories 1, 2 and 3 have a process-
oriented or procedural view of the mathematical notion. The procedural con-
ception refers to what has to be carried out. In the category 4 the concept is 
apprehended from a general point of view. A more careful description of the 
four categories now follows.  

 
Category 1: Equations as a concrete illustration  

The concrete metaphors of equations like ‘a balance ‘ and ‘a swing plank’ are 
the focus of the teachers’ attention in the first category. The following par-
ticipant remarks illustrate the teachers’ conceptions: 

It is a balance, different blocks in the balance. (Maria) 

You can see it like a swing plank, equals sign in the centre. The value, which is 
sitting on the left-hand side, has the same weight as the value, which is sitting 
on the right-hand side. (Eva) 

I should probably answer that is it some kind of equality, a balance, it does not 
matter how you pick there and back it will still have a same weight, and at the 
end you should find out an answer. (Mathias) 

 
The conception—‘at the end you should find out an answer’—indicates that 
the concept in this phase is apprehended on procedural way. 

 
Category 2: Equations as a tool to find out unknown 

The teachers’ attention in this category is focused on the act of process of 
solving equations rather than the concrete metaphors of equations, which was 
so dominant in the first category. For instance the following quotations illus-
trate the teachers’ conceptions in the second category: 

A way to find out something unknown…we know, some given values. 
But we have one value, which is unknown to us. Equation is a way to find this 
unknown value. (Maria) 

It is an unknown factor, which becomes a known one. (Rita) 

Equations are a tool to solve problems. (Simon) 
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You know equality and you should solve an unknown number. (Eric) 

…an elegant method to solve a delicious practical problem. (Thomas) 
 

The conceptions indicate that the concept is closely connected to the solving 
procedure. They also indicate that the concept recalls strong images of ‘ do-
ing something’, that is, ‘to find out’, ‘to solve problems’. The apprehension—
‘…we know, some given values. But we have one value, which is unknown to 
us’—suggests that a solution will be a fixed number. The teachers emphasize 
that equations are a useful tool in mathematics.  

 
Category 3: Equations as an equality between two quantities 

Here the teachers stress not only on the process of solving equations but also 
the structure of equations. The following quotations illustrate the key aspects 
of the third category: 

You should work all the time so that both sides are equal. (Simon) 

It means equality between the left-hand side and the right-hand side…you know 
equality, and you should solve an unknown number. (Jenny) 

The left-hand side is equal to the right-hand and then you must find an unknown 
number. I have not before reflected on what the concept of equation means … 7 
+ x =9, something like this…. (Eric) 

 
All three quotes express the main characteristic of equations: ‘both sides are 
equal’. Furthermore, one can see the procedural aspect very clearly in all 
remarks in this category: ‘You should work’, ‘you should solve’, ‘you must 
find’. 

  
Category 4: Equations as a transition to algebraic thinking 

The process-oriented metaphor about equations, which was the most promi-
nent feature of the three first categories, is replaced in the fourth category by 
the generalization metaphor in which equations are seen in a universal light. 
In the following quotation the attention lies in generalization. 

A type of mathematics where you use letters instead of numbers. You use the 
same fundamental rules as in arithmetic. When you use equations, you can make 
certain things universal. It does not matter what numbers you have in the state-
ment, it is valid for all situations e.g. area or volume. (Anna) 
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By using equations it is possible to describe situations generally. Equations 
are seen as a transition from arithmetical to algebraic thinking.  

 
Overview of the categories of description 

In the teachers’ conceptions of equations the following four qualitatively 
distinct categories of description were found: (1) Equations as a concrete 
illustration, (2) Equations as a tool to find out unknown, (3) Equations as an 
equality between two quantities and (4) Equations as a transition to algebraic 
thinking. The teachers’ conceptions in the three first categories have a proc-
ess-oriented or procedural view of equations. In the fourth category the con-
cept is apprehended as a mathematical entity from a general point of view.  

In the first category of description the concrete metaphor of equations is 
the focus of the teachers’ attention. They describe the concept by using the 
concrete illustrations of the concept. In the second category the teachers’ 
attention is focused on the act of process of solving equations. The concep-
tions indicate that the concept recalls strong images of doing something. In 
the third category the structure of equations seems to be the focus of the 
teachers’ attention rather than the mere focusing on the process of solving 
equations. The process-oriented metaphor about equations, which was so 
dominant in the three first categories, is replaced by the generalization meta-
phor in the fourth category. Equations are seen in a universal light as a transi-
tion from arithmetical to algebraic thinking.  

 
 

10.3 Teachers’ pedagogical content conceptions 
about equations 

 
The third research question is: 

What kind of pedagogical content conceptions do the teachers have about 
equations? 
 
The teachers were interviewed (the interview number 3) by using the ques-
tions 1–6 and 12 from APPENDIX 4. In order to give illustrative examples 
about the teachers’ pedagogical content conceptions of equations I have tran-
scribed selected quotations from the six videotaped lessons in algebra. The 
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qualitatively different categories of description to the third research question 
are found by applying the phenomenographic research method. 

 
10.3.1 Teachers’ conceptions about the purpose of teaching of equations 

The third research question includes two sub-questions. The first sub-
question of the third research question is as follows:  

What kind of conceptions do the teachers have about the purpose of teaching 
of equations?  

 
In the teachers’ conceptions about purposes for teaching equations I found 
three qualitatively different categories of description: Pupils should learn 
equations as a tool; equations according to goals in mathematics curriculum 
and equations from a general point of view. 

In the first category the teachers’ conceptions about the purpose of 
teaching equations have a focus on a procedure. The pupils’ acquisition of the 
basic understanding about algebraic concepts and the pupils’ understanding 
of the innermost ideas with equations in algebra are expressed in the concep-
tions in the second and third category. The two aspects ‘pupils should use 
equations’ and ‘pupils should understand equations’ in the three categories 
are however equally important in teaching of algebra. The overall aim, called 
‘goals to aim for’ in mathematics curriculum in Sweden, expresses the direc-
tion that the teaching of algebra should take in order to develop pupils’ abil-
ity both to use and to understand the basic algebraic concepts like expres-
sions, equations and inequalities. Now a more careful description of the each 
category follows. 

 
Category 1: Equations as a tool  

In the first category the pupils’ use of equations as a tool in problem solving 
and in everyday life is the focus of the teachers’ attention, i.e. the procedural 
aspect. The following quotations are examples of how the teachers voice their 
conceptions in the first category. 

…they should use equations as a tool in problem solving. (Maria) 

Pupils shall use equations as a tool and they shall see the value of equations in 
everyday life, for example in connection to calculation of percentages. (Simon) 

Pupils should see that equations are not only ‘hocus-pocus’ formulas, which 
can be performed. They should see that equations have to do with reality. (Eric) 
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The pupils should get a picture, a real picture, e.g. a telephone bill in which you 
pay a fixed fee plus a fee for the calls you phone. (Mathias) 
 

The conceptions in this category illustrate that the purpose of teaching is to 
instruct pupils how to use equations as ‘a tool in problem solving’ and ‘in 
everyday life’. The use of equations in everyday life is described by a couple 
of concrete examples: ‘calculation of percentage’ and ‘a telephone bill’. The 
pupils should see the use of equations in reality. In this category the concep-
tions about the purpose of teaching of equations have a process-oriented and 
concrete character of the mathematical notion.  

From the videotaped lessons, one sees that the ‘balance’ metaphor is a 
usual way to illustrate equations at school. One of the teachers says during 
the lesson: ‘A balance is equality. Equations are also balances. The balance 
can be an equation’. (Jenny) 

Another teacher who uses a balance in order to give a real picture about 
equations gives for his pupils an illustrative problem during the lesson. He 
says: ‘we do not know the weight of this stone. We are going to find out the 
weight by using a balance and different weights [2 hg and 0.2 hg]’. (Mathias) 

When the balance was achieved the teacher compared the two sides of 
the balance with an equation. He says: ‘Equation has two sides like a balance 
and they are called the left-hand side and the right-hand side and in this case 
they are equal. In an equation we have one letter, one unknown. The most 
usual is x. The weight of the stone is called x’. Mathias shows that in the left-
hand bowl there is a stone and one weight [2hg]. In the right-hand bowl there 
are three weights [2hg+2hg+0.2hg]. The bowls are in balance and the equa-
tion  

x + 2 = 2 + 2 + 0.2 

can be written. The teacher describes carefully how to solve the equation by 
using the formal solving procedure.  

The conceptions in the first category and the example from the video-
tape recording of a lesson illustrate that the teachers try to give a concrete 
picture of equations. By using a balance, a telephone bill or applications to 
calculation of percentages they try to give to pupils a real picture of equations 
in problem solving and in everyday life. 
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Category 2: Equations according to the goals in mathematics curriculum 

In the second category the pupils’ acquisition of the basic understanding 
about equations is the focus of the teachers’ attention, whereas the first cate-
gory stresses the procedural aspect of equations. In the following quotation 
the attention lies in the goals in mathematics curriculum. 

The aim is that all the pupils should achieve the goals related to mathematics 
curriculum. The aim is to teach so that all at least can get the mark ‘approved’. 
(Mathias) 
 

The purpose of teaching algebra in the second category probably refers to the 
specific goals in the Swedish curriculum in mathematics, called ‘goals to 
attain’, which define the minimum knowledge. The goals make clear what 
pupils should have learnt in algebra after they have ‘passed’ the fifth and the 
ninth grade at the compulsory school. The minimum knowledge (basic 
knowledge) refers to that all pupils’ at least can get the mark ‘approved’ in 
mathematics.  

Since only a few teachers seem to be aware of the goals in the mathe-
matics curriculum, I wanted to find out reason for this situation. 

During the interview 3 I put an additional question (question 12) to the 
teachers concerning ‘goals to attain’ in mathematics curriculum. Some of the 
teachers in this investigation don’t have a clear conception what the pupils 
should attain at the end of the fifth and the ninth school year at compulsory 
school. They say for instance: ‘I don’t know, I have had no time to enter 
deeply into it’ [curriculum in mathematics] (Rita) or ‘I don’t remember, I 
have not read’ (Anna). The teachers apprehend that it is difficult to read the 
curriculum in mathematics or they experience that there is no time to discuss 
the content of the curriculum at school. The following participants’ remarks 
are illustrative examples about the teachers’ conceptions. 

I read periodically the curriculum. It’s difficult to read it. Then I fall back to 
some kind of conception of my own. (Eva) 

You have no time to discuss the content of the curriculum. Most of the time goes 
to taking care of the pupils, solving conflicts and making peace and quiet in the 
classroom… You don’t have time to do so much when you have a group of 27 
pupils and you ought to have individualised mathematics teaching according to 
the curriculum. (Anna) 
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We have compared the two latest curricula, and there have been no big changes 
in teaching mathematics. I miss pedagogical discussions, particularly being a 
new teacher at my school. What do we do with pupils who do not achieve the 
goals? (Rita) 
 

The teachers use to discuss the content of the curriculum in mathematics, for 
instance, at working conferences at their school. However, some teachers feel 
that this is not sufficient. ‘Most of the time is devoted to practical discussions 
like: How big shall the groups be? How many teachers will be needed in the 
future? How much teaching material should be ordered?’ (Eric) 

 
Category 3: Equations from a general point of view 

In the third category compared with the second category the pupils’ under-
standing is taken a stage further. Here the pupils’ understanding of the in-
nermost ideas with equations in algebra is the focus of the teachers’ attention. 
The process-oriented metaphor about equations, which was characteristic of 
the first category, is replaced by a generalization metaphor in which the con-
cept is seen in a new light. The following quotation is an example of the 
attention of the conceptions.  

It’s important that the pupils can express their thoughts generally …(Anna) 
 

The following example from the videotape recording is illustrative. It shows 
an example how a teacher can focus on the central ideas of equations. In this 
lesson the ideas like ‘using letters in algebra’ and ‘understanding of algebraic 
structures’ have a central place.  

The teacher (Jenny) wonders, whether the pupils have worked with 
equations already at the primary school. She writes on the blackboard:  

1 + 1 = 2; 1 +  = 5; 1 + ∇ = 5; 1 + O = 5 

She asks, if the pupils recognize this, adding: ‘You have started to use equa-
tions already in the first class, but you do not know the very name.’ The 
teacher points out that the different symbols for an unknown factor have the 
same meaning. She writes on the blackboard 3 + 4 = 7. She points to the 
statement and says: ‘This is called equality.’ She writes again, 2 + 2 = 4. She 
asks the pupils: ‘What is this?’ The pupils answer: equality. She continues to 
write, x + 2 = 7 and she asks: ‘What do you call this?’ The pupils answer: 
equality. The teacher says: ‘The equality has another name. It is called an 
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equation, where the left hand-side is equal to the right-hand side.’ The 
teacher gives another example and stresses that the pupils need to learn a 
method for solving equations in order to solve more complicated equations. 
She begins with a simple equation. She writes on the blackboard: 

x + 2 = 7 

which by using other symbols for 2 and 7 can be written 

x + * * = * * * * * * * 

In order to solve x you eliminate the two * * from both sides 

x + * * = * * * * * * * 

x = 5 
 

The teacher stresses: ‘You should think of a balance when you solve equa-
tions. Whatever you do on one side of the equation, you should do the same 
on the other side.’  

After this she solves the equation above by using the formal method and 
continues with more complicated examples.  

The example above from the lesson in mathematics illustrates that alge-
bra is more than x and y. The example shows that a letter in algebra can stand 
for different symbols. The symbols like , ∇ and O are logically equivalent 
to x. 

Furthermore, the example describes that algebra is more than proce-
dures ‘to solve’, ‘to find out’ or ‘to do something’. It also includes the under-
standing of mathematical structures. Comparing arithmetical equalities with 
algebraic structures can be the first step for a learner in transition from arith-
metic to algebra. 

 
Overview of the categories of description 

 Among the purposes for teaching equations three qualitatively different 
conceptions were discerned: (1) Equations as a tool, (2) Equations according 
to the goals in mathematics curriculum and (3) Equations from a general 
point of view.  

In the first category the teachers’ conceptions about the purpose of 
teaching equations have a focus on a procedure. The pupils’ acquisition of the 
basic understanding about algebraic concepts and the pupils’ understanding 
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of the innermost ideas with equations in algebra are expressed in the second 
and third category.  

The purpose of teaching equations in the first category has a procedural 
aspect in the meanings ‘a tool’ and ‘to use’. The conceptions stress that pu-
pils should learn to use equations as a tool in problem solving and in every-
day life.  

In the second category the purpose of teaching has an aspect, which is 
directly related to the specific goals in mathematics curriculum. These goals 
define the minimum knowledge (basic knowledge) to be attained by all pu-
pils when they ‘passed’ the fifth and the ninth year of school. Some of the 
teachers in this investigation do not have a clear conception what pupils 
should attain in algebra at the end of the fifth and the ninth year of school at 
compulsory school. The teachers apprehend that it is difficult to read the 
curriculum in mathematics, and there is no time to discuss the content of the 
curriculum. Most of the time at working conferences is devoted to practical 
rather than pedagogical discussions. 

 The conceptions in the third category stress the pupils’ understanding 
of the innermost idea with equations. Here the aim of algebra teaching is 
more than the procedures ‘to use’, ‘to solve’, ‘to find out’ or ‘to do some-
thing’. The third category includes the understanding of mathematical struc-
tures. Comparing arithmetical with algebraic equalities can help a learner to 
take the first step in transition from arithmetic to algebra. The two aspects 
‘pupils should use equations’ and ‘pupils should understand equations’ in the 
three categories are however equally important in teaching of algebra, since 
the overall aim, called ‘goals to aim for’ in mathematics curriculum, ex-
presses the direction the teaching of algebra should take in order to develop 
the pupils’ ability both to use and understand the basic algebraic concepts 
like expressions, equations and inequalities.  

 
10.3.2 Teachers’ conceptions about pupils’ alternative conceptions 

The second sub-question of the third research question is as follows:  

What kind of conceptions do the teachers have of pupils’ alternative concep-
tions about equations? 
 
From a phenomenographic analysis of the interview transcripts I found three 
qualitatively different categories of description in the teachers’ conceptions 
of pupils’ alternative conceptions concerning equations.  
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The categories, which are not hierarchic, are as follows: Pupils have al-
ternative conceptions about the equals sign; letters, and the grammatical 
rules of algebra. 

The teachers’ conceptions about pupils’ alternative conceptions in the 
case of equations characterize contradictory conceptions that the pupils hold 
about equations. The pupils’ interpretation of the equals sign is the focus of 
the teachers’ attention in the first category. The conceptions in the second 
category of description indicate that the teachers stress pupils’ interpretation 
of the letters in algebra. In the third category the teachers’ conceptions about 
pupils alternative conceptions have a focus on the grammatical rules used in 
algebra.  

 
Category 1: The equals sign  

The conceptions in the first category have a focus on the pupils’ alternative 
interpretation of the equals sign. The following quotations are examples of 
how the teachers voice their conceptions about the pupils’ alternative concep-
tions about equals sign.  

Most pupils interpret the equals sign as an answer. (Simon) 

They have no respect for the equals sign; they can continue to calculate forever. 
They use their experiences from arithmetic. For example 3 + 5 =8*7 =56/2 
=28. (Anna) 

There is to be an answer on the right-hand side. It is difficult for them to under-
stand that x=5 is equal to 5=x. (Mathias) 

Only in connection with solving equations do pupils understand that the equals 
sign has another interpretation. In connection with solving equations pupils use 
the equals sign several times. You can transfer factors from the right-hand side 
to the left-hand side and vice versa. Then the equals sign will not be associated 
directly with an answer. (Simon) 
 

The quotations show that pupils understand the equals sign operationally. 
According to a teacher: It is ‘an answer’. Pupils use the equals sign in algebra 
in the same meaning as in everyday life or in arithmetic. The teachers pointed 
out that pupils often interpret the equals sign as a symbol indicating where 
the answer should be written. However, this conception is not correct because 
in algebra there is usually no question on one side of the equals sign, and no 
‘answer’ on the other. One of the teachers (Simon) points out that pupils first 
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in connection with solving equations begin to understand that the equals sign 
has another interpretation. 

 
Category 2: Letters  

The conceptions in this category have a focus on the pupils’ interpretation of 
the letters. The following quotations are examples of how the teachers ex-
press their conceptions about the pupils’ alternative conceptions about letters.  

Many pupils don’t understand that letters have something to do with mathemat-
ics. (Simon) 

They have difficulties in understanding that an unknown factor can have differ-
ent kinds of symbols. (Maria) 

The pupils want to have x in every task…. (Eva) 

What’s the difference between a2 and 2a  in equations of the second degree? 
(Eva) 
 

The quotes point out that pupils have difficulties in understanding letters in 
algebra. They also indicate that equations are closely related to x. The pupils 
believe as one of the teachers points out—‘that letters have to do with lan-
guage, not with mathematics.’ (Simon) One of the teachers tells about pupils’ 
difficulties in understanding the function of letters in algebra and compares 
with their difficulties concerning letters in physics. He says: … ‘if you have 
substituted another letter for x in an equation, pupils think that it is not the 
same thing and they have to solve the equation in another way. But when we 
work in physics doing the same thing there is no problem. You work in quite 
a different way with the concepts in physics. In physics the concepts mean 
something. Algebra is abstract.’ (Mathias) 

 
Category 3: The grammatical rules of algebra 

The conceptions in this category have a focus on the pupils’ interpretation of 
the grammatical rules in algebra. For instance the following quotations are 
examples of how the teachers voice their conceptions about pupils’ interpre-
tations. 

Pupils have difficulties to understand in which order they should calculate. 
(Maria) 

They have difficulties in the priority rules. (Simon) 
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The quotes ‘in which order’ and ‘priority rules’ show that pupils have diffi-
culties to understand the grammatical rules used in algebra.  

 
Overview of the categories of description 

 I could find from the interview data three qualitatively distinct categories of 
description in the teachers’ conceptions of pupils’ alternative conceptions 
concerning equations: Pupils have alternative conceptions about (1) the equal 
sign, (2) letters and (3) the grammatical rules in algebra. 

The pupils’ interpretation of the equals sign and letters are the focus on 
the teachers’ attention in the first and second category, whereas in the third 
category the pupils’ interpretations of the grammatical rules in algebra are the 
focus on the teachers’ attention.  

 
 

10.4 Results of the reference group of student 
teachers 

 
The fourth research question is: 

What kind of subject matter conceptions do the student teachers have about 
equations? 
 
In order to answer to the fourth research question I firstly present the results 
from a preliminary investigation including thirty student teachers in teacher 
education. Secondly I describe 75 student teachers’ background factors in the 
reference group. Thirdly, I present the results of the 75 student teachers’ 
conceptions about equations.  

 
The preliminary investigation 

Thirty student teachers were asked to draw a mind map of the mathematical 
concept ‘equation’ in the preliminary investigation, which took place in 
spring 2000 during a course in mathematics education (see Figure 8). The 
idea of mind mapping can assist students in both checking and consolidating 
what they have learnt and what they remember from their school time and 
lessons. The preliminary investigation was carried out by using a question-
naire 0 (see APPENDIX 0,). Two typical mind maps from the preliminary 
investigation are presented in Figure 10. 
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Figure 10. Student teachers’ mind map of equations. 

 
Student number one associates equations with: mathematics, problem solv-
ing, headache, equations of the second-degree, to find out, fun, unknown 
numbers, x and y. The student tells that she once used equations outside the 
school in connection with felling a tree in the garden. She wanted to know 
how long the tree was and used a method from school. She estimated the 
length by eye and a ruler (or a stick). The method, which she used, is based 
on similar triangles. 
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Student number two associates equations with: x + y = 0, there is an 
answer, they are quite funny, the same thing must be performed on both sides 
of the equals sign. 

Both students’ conceptions indicate that ‘an ordinary equation’ in the 
students’ mind is closely related to the symbols x and y. Both students like to 
solve equations even if they sometimes cause troubles. It seems that the stu-
dent number one has a more many-sided and comprehensive mind map of 
equations compared with the student number two. The student number one 
has positive learning experiences of equations from school time. Her apply-
ing of a method used at school in a practical situation shows that she under-
stands the meaning of equations in problem solving. 

  
Student teachers’ background factors 

In this part of the investigation some descriptive statistical analyses were 
carried out on the basis of the results from the qualitative analysis in the pre-
liminary investigation and in the investigation with the teachers. Data from 
student teachers’ background was collected by using questions in PART I in 
the questionnaire 5 (see APPENDIX 5). Frequency distributions for the dif-
ferent questions in the questionnaire were made by using the statistic pro-
gram MINITAB (see also Turkey 1977). 

In all 75 student teachers participated in the investigation. Of them 65% 
(49 persons) were women and 35% (26 persons) men. The women were from 
19 to 45 years old and men from 21 to 57. The student teachers represent 
different teacher categories; 28 were prospective primary school teachers, 34 
prospective secondary school teachers and 13 prospective upper secondary 
teachers. The student teachers were on different levels in their teacher educa-
tion programmes, some at the beginning and some at the end of their studies. 
Their academic points in mathematics varied from 0 to 95 points. Most of the 
student teachers (45 persons) had passed the highest level (level E)6 in 
mathematics at upper secondary school. 27 of the students had passed the 
level below (level D) and the remaining 3 students the level C in mathemat-
ics, when they started the teacher education programme. Passing the level E 
in mathematics is a necessary condition for becoming a teacher in mathemat-
ics at upper secondary school. 

                                                           
6 At upper secondary school in Sweden there are levels A, B, C, D and E in mathematics.  
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The following figures (Figure 11 and Figure 12) represent the student 
teachers’ age and academic points in mathematics distributed among different 
teacher categories. The categories 2, 3 and 4 in the figures refer to prospec-
tive primary, secondary and upper secondary school teachers respectively. A 
number of prospective primary, secondary and upper secondary teachers in 
the respective categories is 28, 34 and 13. Median values are marked in all 
boxes in the figures below.  

 

 
 
Figure 11. Student teachers’ age in the respective teacher category. (2: Primary, 
N=28; 3: Secondary, N=34; 4: Upper secondary, N=13) 

 
The prospective primary (see number 2 in figure), secondary (see number 3 
in figure) and upper secondary school teachers’ median age (see number 4 in 
figure) varies between 31 and 35 years. The lowest age is almost the same 
(20 years) for all of the teacher categories, while the highest age varies from 
44 to 57 years. Half of the observations for the each teacher category lie 
between the lower and the upper quartile in the respective boxes. For in-
stance, half of the 28 prospective primary school teachers have an age, which 
is between 25 and 36 years (lower quartile = 25.75 years and upper quartile = 
36.75 years)  
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Figure 12. Student teachers’ academic points in mathematics in the respective teacher 
category. (2: Primary, N=28; 3: Secondary, N=34; 4: Upper secondary, N=13). 

 
One academic point corresponds to one week of full-time studies at univer-
sity. In all teacher categories (2, 3 and 4) can be found students who have not 
yet studied mathematics on the academic level at university. The median 
point in mathematics is the same (5 academic points) for the prospective 
primary (see number 2) and secondary school teachers (see number 3), while 
the prospective upper secondary school teachers’ median point (see number 
4) is 55. The highest point (95 academic points) in mathematics can be found 
in the category prospective upper secondary school teachers. Half of the 28 
prospective primary school teachers have academic points in mathematics 
that lie in the interval from 0 to 5 (the lower quartile is 0 and the upper quar-
tile is 5, which is equal to the median point). Some separate prospective pri-
mary school teachers have 15 respective 25 points in mathematics (marked 
with stars in the figure). Similarly, half of the 34 prospective secondary 
school teachers and half of the 13 prospective upper secondary school teach-
ers have points in mathematics that are in the interval from 0 to 25 respec-
tively from 0 to 62.5. 

The 75 student teachers in the study should also estimate, in a scale 
from 1 to 5, their conceptions of their ability as learners in mathematics (see 
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Figure 13) and their conceptions of their understanding of the courses in 
mathematics they had made in school time (see Figure 14). The categories 2, 
3 and 4 in the figures refer to prospective primary, secondary and upper sec-
ondary school teachers respectively. Median values are marked in all boxes 
in the figures below.  

 

 
 
Figure 13. Student teachers’ conceptions of their ability as learners in mathematics 
with respect to teacher categories. (2: Primary, N=28; 3: Secondary, N=34; 4: Upper 
secondary, N=13) 

 
The prospective secondary and upper secondary teachers’ median conception 
of their ability as learners in mathematics is 4 (median is 4, which is equal to 
the upper quartile) compared with the prospective primary school teachers’ 
median conception 3 (median is 3, which is equal to the lower quartile). The 
prospective primary school teachers’ highest value is 4 (equal to upper quar-
tile), while the prospective secondary and upper secondary teachers’ highest 
value is 5. The prospective primary and secondary school teachers’ lowest 
value is 2 compared with the prospective upper secondary school teachers’ 
value, which is 3. Half of the 13 prospective upper secondary (see number 4) 
apprehend that their ability as learners in mathematics lies in the interval 
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from 3.5 to 4. The interval is a little narrower compared with the prospective 
primary and secondary school teachers’ intervals. 

 

 
 
Figure 14. Student teachers’ conceptions of their understanding of the content in 
courses in mathematics with respect to teacher categories. (2: Primary, N=28; 3: 
Secondary, N=34; 4: Upper secondary, N=13) 

 
The prospective primary, secondary and upper secondary school teachers 
have estimated that their median understanding of the content in courses in 
mathematics varies from 71,5% to 80%. The lowest value varies from 0% to 
30% and the highest value from 96% to 100%. Some separate students in the 
each category have estimated their understanding of the content in courses in 
mathematics in the interval from 0% to 30% (marked with stars in the figure). 
Half of the 34 prospective secondary school teachers (see number 3) appre-
hend that their understanding of the content in courses in mathematics lies in 
the interval from 70% to 88%. The interval is a little narrower compared with 
the prospective primary and upper secondary school teachers’ intervals. 
 
The student teachers’ conceptions about equations 

Data from student teachers’ conceptions about equations was collected by 
using issues in PART 2 in the questionnaire 5 and by interviews (see AP-
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PENDIX 5). The examples and non-examples used in the investigation with 
the 75 student teachers were the same as for teachers (see APPENDIX 3). All 
the student teachers got the question in the questionnaire 5: Which of the 
following examples do you apprehend as equations? They ranged their an-
swers Yes or No from 1 (unsure) to 5 (sure). Eight of the participants were 
interviewed afterwards. In the subsequent interviews they had the opportunity 
to clarify their answers. After each interview a short summary of the inter-
view was written. The interviewed student teachers were prospective secon-
dary and upper secondary school teachers.  

At first the conceptions of the examples of the equations are presented. 
Table 3 shows the percentage distribution between Yes- and No-answers 
together with average certainty degree and standard deviation of the student 
teachers’ conceptions about the examples of equations. 

 
Table 3. The percentage distribution between student teachers’ Yes- and No -answers 
about the examples of equations together with average certainty degree and standard 
deviation. (N=75) 
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  (%) (%) (%) 1◄▬►5  
1 25)1( 22 =−+ yx  5 95 0 4.20 1.07 
2 baba 5,965 +=+  12 88 0 4.15 1.12 
3 ayx =+ 52  17 83 0 4.06 1.22 

4 xxyxy 2cos5,0)()(´´ =+  24 76 0 3.55 1.12 

5 ))((22 yxyxyx +−=−  25 75 0 3.92 1.12 

6 1=+yxe  26 73 1 3.56 0.99 

7 aaaab =  27 69 4 3.30 1.24 

8 1sincos 22 =+ αα  40 60 0 3.61 1.09 
9 ea a =ln  44 56 0 3.11 1.16 

10 12)( += xxf  47 53 0 3.86 1.04 
11 Cxdxxf +=∫ 2)(  51 49 0 3.56 1.18 

12 
3

4 3rV π
=  53 47 0 3.74 1.11 

13 2=x  55 44 1 3.86 1.28 
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Firstly, the student teachers’ conceptions about identities are reported. Sec-
ondly, the student teachers’ conceptions about conditional equations are pre-
sented. 
 
The conceptions of identities ))((22 yxyxyx +−=−  and 1sincos 22 =+ αα  
(issues 5 and 8 in the table 3). The student teachers’ motivate their No-
answers of the statements above in the following way: a rule, a formula or 
the Pythagorean identity. One of the student teachers notes that the statement 

))((22 yxyxyx +−=−  cannot be regarded as an equation, because the answer 
will be ‘zero’. The student means that for all values of the variables the left-
hand side will be equal to the right-hand side. However, the same student 
considers that 1sincos 22 =+ αα  is an equation since the statement is a rule. 
Another student does not apprehend the statement 1sincos 22 =+ αα  as an 
equation with the motivation that it is a matter of the Pythagorean identity.  

The students give most No-answers to the statement 1sincos 22 =+ αα . 
Altogether 40 percent of the student teachers do not regard the Pythagorean 
identity as an equation. The average certainty degree in their interpretations is 
3,6. The distribution of the No-answers to the statement 1sincos 22 =+ αα  in 
the respective teacher category is shown in APPENDIX 6. The distribution of 
the No-answers to the statement 1sincos 22 =+ αα  is relatively even and var-
ies from 31% to 46% between the prospective primary, secondary and upper 
secondary school teachers.  

The student teachers’ conceptions about identities indicate that some of 
them have difficulties to identify a mathematical structure related to equa-
tions. The study indicates that the same student may have contrary concep-
tions about equations. 

 
The conceptions of conditional equations; non-algebraic equations 

xxyxy 2cos5,0)()(´´ =+  and Cxdxxf +=∫ 2)(  (issues 4 and 11 in the table 3). The 
student teachers’ motivate their No-answers of the statements above in the 
following way: an area, a formula, an integral or a function. One of the 
students says that the statement xxyxy 2cos5,0)()(´´ =+  is not an equation on 
the ground that functions and derivatives together cannot be an equation. 
Another student says about the same statement that it is an equation since x 
can be solved. The statement Cxdxxf +=∫ 2)(  evokes feelings of area and area 
calculation in the student teachers’ mind. There are most No-answers in re-
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gard to the statement Cxdxxf +=∫ 2)( . Altogether 51% of the student teachers 
do not regard the primitive function as an equation. The average certainty 
degree in their interpretations is 3,56. The distribution of the No-answers to 
the statement Cxdxxf +=∫ 2)(  between the prospective primary, secondary 
and upper secondary school teachers is shown in APPENDIX 6. Over 50% of 
the prospective secondary and the upper secondary teachers think that the 
given statement is not an equation. However, the result does not tell that the 
other student teachers, who have answered Yes—nearly 50%—understand 
the mathematical structure concerning equations. The same student may have 
contrary conceptions as is shown above. 

The conceptions of non-algebraic equations show that the interpretation 
of mathematical symbols is difficult. The symbol for the primitive function 
will be associated with an area, an association related to definite integral and 
area calculation. The students’ answers vary depending on how they appre-
hend the algebraic structure of the equation. The average certainty degree of 
the answers to the two statements is about the same, although the proportion 
of correct answers to the statement xxyxy 2cos5,0)()(´´ =+  is higher. This fact 
may indicate that the students are unsure of mathematical symbols concern-
ing the statement Cxdxxf +=∫ 2)(  and the statement does not look like an 
‘ordinary’ equation in the student teachers’ mind. One of the interviewed 
student teachers establishes that both of the two statements consist of too 
many mathematical symbols. That is why it is difficult to decide whether it is 
a question of equations. 

 
The conceptions of conditional equations; equations including one or more 
unknown factors 25)1( 22 =−+ yx , baba 5.965 +=+ , ayx =+ 52 , 1=+yxe , 

aaaab = , ea a =ln  and 
3

4 3rV π
=  (issues 1, 2, 3, 6, 7, 9, and 12 in the table 

3).  
The student teachers’ motivate their No-answers of the statements 

above in the following way: they consist of too many variables, they are 
exponential functions, graphs or formulas. The statement ayx =+ 52  is not 
apprehended as an equation since it consists of too many variables. The 

statements aaaab = , 1=+yxe  and ea a =ln  give the students a feeling of 

exponential functions or graphs. One of the students points out that he has 



152 Iiris Attorps 

 

bad knowledge of exponential functions and logarithms. He remembers how-
ever that ‘e to zero’ is one.  

Many of the interviewed students apprehend 
3

4 3rV π
=  as a formula and 

not as an equation. Average certainty degree varies between 4.06 and 4.20 for 
the three first statements. It may depend on the fact that the statements look 
like ‘ordinary equations’ in the students mind. For the other statements the 
average certainty degree varies between 3.11 and 3.74.  

Between 5% and 53% of the student teachers have interpreted the 
statements as non-equations. They give most No-answers to the last state-

ment 
3

4 3rV π
= . The average certainty degree of 

3
4 3rV π

=  is 3.74, which is 

lower than the average certainty degree of the tree first statements. The dis-

tribution of the No-answers to the statement 
3

4 3rV π
=  between the prospec-

tive primary, secondary and upper secondary school teachers is shown in 
APPENDIX 6. The proportion of No-answers is relatively even between the 
teacher categories. It lies between 46% and 61%. The conceptions of 

3
4 3rV π

=  indicate how hard it is for some students to accept that the relation-

ship between the quantities described in a formula can be regarded as an 
equation. The conceptions may also be due to the fact that the statement does 
not look like an ‘ordinary’ equation in their mind. 

 
The conceptions of conditional equations; a trivial equation 2=x  (issue 13 
in the table 3). The student teachers’ motivate their No-answers of the trivial 
equation above in the following way: it is an answer or an indirect equation 
and x is already solved. 

The trivial equation is apprehended as an answer or as an indirect equa-
tion. One student says that it is an answer, because x is already solved. An-
other student regards it as an indirect equation, meaning both that it is an 
equation and that it is not. The interpretation ‘x is already solved’ indicates 
that the equals sign is used in the meaning ‘that is’, which is usual in arithme-
tic. In algebra this meaning is not correct, because there is no question on one 
side of the equals sign and no answer on the other. Over the 50% of the stu-
dent teachers do not regard 2=x  as an equation. The average certainty de-
gree in the students’ interpretation is 3.86. The distribution of the No-answers 
to the trivial equation 2=x  between the prospective primary, secondary and 



Results of the empirical studies 153 

 

upper secondary school teachers is shown in APPENDIX 6. Altogether 75% 
of the prospective primary school teachers, and between 38% and 44% of the 
prospective secondary and upper secondary school teachers do not consider 
the example as an equation. The results indicate that the students apprehend 
algebraic notions as processes to find out or to do something rather than ab-
stract objects. Process-thinking appears to be frequent for prospective pri-
mary school teachers. 

 
The conceptions of conditional equations; a function 12)( += xxf  (issue 10 
in the table 3). The student teachers’ motivate their No-answers of the issue: 
it is a function. 

The interviewed students feel unsure, if functions can be regarded as 
equations. Some of them point out that they regard the equals sign as a sym-
bol for an equation but that they get a bit confused when they see the symbol 
f . 

The distribution of the No-answers to the function between the prospec-
tive primary, secondary and upper secondary school teachers is shown in 
APPENDIX 6. The strongest conception that the function 12)( += xxf  is not 
an equation is related to the prospective upper secondary school teachers. The 
result indicates that it is difficult for the students to interpret mathematical 
symbols like f and to see the statement as a structure or as a relation between 
x and f(x). 

In the next table the student teachers conceptions about non-examples of 
equations are presented. Table 4 shows the percentage distribution between 
Yes- and No-answers together with average certainty degree of the student 
teachers’ conceptions about the non-examples of equations. 
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Table 4. The percentage distribution between student teachers’ Yes- and No-answers 
about the non-examples of equations together with average certainty degree and stan-
dard deviation. (N=75) 
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  (%) (%) (%) 1◄▬►5  

1 1052 −− xx  48 49 3 4.34 1.02 

2 213 +−≥−+ xxx  47 52 1 3.25 1.26 

3 017 =−xxe  40 56 4 3.13 1.23 
4 ( )( )( )xxx +−− 592 2  35 64 1 4.06 1.08 
5 4sin3sin 2 −+ xx  29 70 1 3.61 1.15 

  
The student teachers motivate their Yes-answers of the inequality and of 
some expressions in the following way: it is possible to solve x or they are 
the second-degree equations. The results show that nearly 50% of the student 
teachers regard both 213 +−≥−+ xxx  and 1052 −− xx as equations. They 

mean that it is possible to solve x. The certainty degrees in their interpreta-
tions are 3.25 respectively 4.34. The higher certainty degree for the expres-
sion indicates that the students are more familiar with expressions like 

1052 −− xx  than with inequalities like 213 +−≥−+ xxx . The interviews with 

students reveal that an expression even without a mathematical content—
such as 017 =−xxe —is apprehended as an equation. Most Yes-answers were 
concerning the expression 1052 −− xx . Almost half (48%) of the student 
teachers regard the expression 1052 −− xx  as an equation. The distribution 
between the teacher categories is presented in APPENDIX 6. For 68% of the 
prospective primary school teachers the expression 1052 −− xx  is an equation. 
The results indicate that the students apprehend algebraic notions as proc-
esses ‘to do something’ or ‘to solve’ rather than abstract objects. The proc-
ess-thinking appears to be frequent for prospective primary school teachers.  

By using the data from the student teachers’ conceptions of the exam-
ples and non-examples of equations (see table 3 and 4) it is possible to illus-
trate the development of the student teachers’ concept image of one proto-
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typical example (see Figure 15). As a prototypical equation is used one of the 
teachers’ apprehension about the concept of equation.  

The left-hand side is equal to the right-hand and then you must find an unknown 
number. I have not before reflected on what the concept of equation means … 7 
+ x =9, something like this. You try to find an unknown factor, you solve an 
equation…. (Eric) 

 
The Figure 15 describes the development of the concept image of one proto-
typical example. 

2=x  

3
4 3rV π

=  
Cxdxxf +=∫ 2)(  

f(x) = 2x + 1 

ea a =ln  
1sincos 22 =+ αα  

aaaab =  
1=+yxe  

))((22 yxyxyx +−=−  
xxyxy 2cos5,0)()(´´ =+  

ayx =+ 52  
baba 5,965 +=+  

25)1( 22 =−+ yx  
�������	�	
����

�����������
���������  

1052 −− xx  
213 +−≥−+ xxx  

017 =−xxe  
( )( )( )xxx +−− 592 2  

4sin3sin 2 −+ xx  
 
Figure 15. Development of the concept image from one prototypical example. 
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In the Figure 15 the distance from the prototypical example corresponds to 
the percentage distribution of the student teachers’ conceptions of examples 
and non-examples of equations (see percentage Yes-answers in the table 3 
and percentage Yes-answers in the table 4). The nearer the examples are to 
the prototype, the stronger is the students’ conception that the issues are ex-
amples of equations. For example, for the majority of the student teachers 
(95%) the statement 25)1( 22 =−+ yx  represents an equation, that is, only 5% 
has an erroneous conception. Similarly, 48% of the student teachers have a 
conception that the expression 1052 −− xx  is an example of an equation of the 
second-degree while the others have an opposite conception.  

Although the prospective upper secondary school teachers have made 
between 0 and 95 academic points7 of mathematics at the university level 
(median is 55 points), 23% of them apprehend the expression 1052 −− xx  as an 
equation. The prospective primary teachers, who have made between 0 and 5 
academic points of mathematics at the university level (median is 5 points), 
have the strongest erroneous conception (68%) (see APPENDIX 6). The 
results indicate that the frequency of the process thinking is linked the num-
ber of courses in mathematics and teacher categories. 

The interviews with the student teachers uncovered that they have simi-
lar conceptions of equations as the teachers. The conceptions are closely 
connected to the symbols x and y which Figure 15 illustrates. The student 
teachers’ conceptions indicate how hard it is for a learner to understand 
mathematical symbols and algebraic structures since his thinking is arith-
metical and how hard it is to accept the beginning premise that two quantities 
are equivalent.  

In spite of the fact that the prospective upper secondary teachers have 
on average estimated both their ability as learners in mathematics and their 
understanding of the content in courses in mathematics higher than the pro-
spective primary school teachers, it does not mean that their conceptions of 
equations differ qualitatively from each other. The quantitative results from 
No-answers and Yes-answers have a limited importance. As this study indi-
cates the person who has correctly answered No or Yes can have inconsistent 
conceptions about equations.  

                                                           
7 The Swedish academic year contains 40 study weeks. One academic point corresponds to one 

week of full-time studies at university. 
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11 Discussion of the research results 

 
In this chapter the research results are discussed. The summary of the main 
results is presented. Furthermore, discussion about the teachers’ experiences 
of learning of equations, their subject matter and pedagogical content concep-
tions about equations are reported. At the end of this chapter some critical 
viewpoints of the evaluation of the research results are presented.  

 
 

11.1 Summary of the main research results  
 

The teachers have apprehended their concept learning of equations in four 
qualitatively distinct ways. Learning of equations: as doing routine problems, 
as memorizing and reproduction of rules and models, as doing applications 
and as interaction with other students.  

Learning in the categories 1 and 2 was apprehended as doing routine 
problems and as memorizing and reproducing rules and models purely in a 
study context. The conceptions in these categories have a focus on—the act 
of learning of equations itself—the way knowledge is consumed and its even-
tual use. Learning in these categories was apprehended in quantitative terms. 
The teachers’ main interest is what they can reproduce and do in order to 
perform well on tests. 

Learning in the categories 3 and 4 has a focus on the object of learning 
itself and on understanding. Learning is seen in qualitative terms. The con-
sumption metaphor that was so dominant in the first two categories is now 
replaced by a visualization metaphor in which learning has the character of 
seeing things in a new light or in a communicative context. Applications in 
other subjects and an interaction with other students give a deeper mathe-
matical understanding on equations.  

The examples and non-examples about equations evoked different kinds 
of conceptions in the teachers’ mind. The teachers’ conceptions of equations 
can be categorised in three qualitatively different categories. Equations: as a 
procedure, as an answer, and as a ‘rewritten expression’.  

The categories of description characterize contradictory conceptions 
that the teachers hold about equations. The solving procedure of equations 
and mathematical symbols are the focus of the teachers’ attention in the first 
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category. The conceptions in the second category indicate that not only the 
solving procedures but also the arithmetical interpretation of the equals sign 
are the focus of the teachers’ attention. The conceptions in the third category 
indicate that the teachers stress both the procedures and rules used in algebra.  

The teachers’ conceptions in the three categories reveal a process-
oriented view of the mathematical notions. For many of the teachers, the 
conceptions of equations are based on some kind of ’feeling’ of an activity or 
procedures, which have to be performed here and now. However, they are not 
able to tell what is an equation. The conceptions about equations show the 
difficulties a learner has in transition from arithmetical to algebraic thinking. 
The conceptions indicate how hard it is for a learner to understand mathe-
matical symbols, concepts and structures and to accept the beginning premise 
that two quantities are equivalent. The conceptions reveal that a solution to 
the equation is apprehended as a fixed number rather than a generalized 
number. In the conceptions the equals sign is used in the meaning ‘that is’, 
which is usual in arithmetic. The conceptions also indicate that equations are 
closely related to the symbols x and y and solving procedures. The concep-
tions reveal the difficulties the learners have with the interpretations of ‘let-
ters’ in algebra. The conceptions about equations show that the teachers have 
difficulties to recognize the equations, if they include too many mathematical 
symbols, and therefore, do not look like ‘ordinary equations’ in their mind. 

The teachers’ pedagogical content conceptions reveal the range of con-
ceptions that a teacher holds about equations when presenting the concept for 
pupils. Among the purposes for teaching equations three qualitatively differ-
ent conceptions were discerned. Equations: as a tool, according to the goals 
in mathematics curriculum, and from a general point of view.  

In the first category the teachers’ conceptions about the purpose of 
teaching equations have a focus on procedures. The pupils’ acquisition of the 
basic understanding about algebraic concepts and the pupils’ understanding 
of the innermost ideas with equations in algebra are expressed in the second 
and third category.  

The purpose of teaching equations in the first category has a procedural 
aspect in the meaning ‘a tool’. The conceptions stress that pupils should learn 
to use equations as a tool in problem solving and in everyday life.  

In the second category the purpose of teaching has an aspect, which is 
directly related to the specific goals in mathematics curriculum. These goals 
define the minimum knowledge (basic knowledge) to be attained by all pu-
pils when they ‘passed’ the fifth and the ninth year of school. Some of the 
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teachers in this investigation do not have a clear conception what pupils 
should attain in algebra at the end of the fifth and the ninth year of school at 
compulsory school. The teachers apprehend that it is difficult to read the 
curriculum in mathematics, and there is no time to discuss the content of the 
curriculum at school. Most of the time at working conferences is devoted to 
practical rather than pedagogical discussions. 

The conceptions in the third category stress the pupils’ understanding of 
the innermost idea with equations. Here the aim of algebra teaching is more 
than the procedures ‘to use’, ‘to solve’, ‘to find out’ or ‘to do something’. 
The third category includes the understanding of mathematical structures. 
Comparing arithmetical with algebraic equalities can help a learner to take 
the first step in transition from arithmetic to algebra. The two aspects ‘pupils 
should use equations’ and ‘pupils should understand equations’ in the three 
categories of pedagogical content conceptions are however equally important 
in teaching of algebra, since the overall aim, called ‘goals to aim for’ in 
mathematics curriculum, expresses the direction the teaching of algebra 
should take in order to develop the pupils’ ability both to use and understand 
the basic algebraic concepts like expressions, equations and inequalities.  

In order to help pupils to overcome difficulties in algebra learning, a 
teacher in mathematics is supposed to be familiar with the pupils’ different 
conceptions concerning equations. The teachers’ conceptions about pupils’ 
alternative conceptions about equations characterize contradictory concep-
tions that the pupils hold about equations. The teachers have experienced that 
the pupils have alternative conceptions about the equal sign, letters and 
grammatical rules in algebra. The pupils’ interpretation of the equals sign and 
letters are a focus on the teachers’ attention in the first and second category, 
whereas in the third category the pupils’ interpretation of the grammatical 
rules in algebra is a focus on the teachers’ attention.  

The interviews, in the reference group with student teachers, uncovered 
that they have similar conceptions as the expert and novice teachers of equa-
tions. The conceptions are closely connected to the symbols x and y. In spite 
of the fact that the prospective upper secondary teachers have on average 
estimated both their ability as learners in mathematics and their understand-
ing of the content in courses in mathematics higher than the prospective pri-
mary teachers, it does not mean that their conceptions of equations differ 
qualitatively from each other. The quantitative results from No-answers and 
Yes-answers in the investigation have a limited importance. As this study 
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indicates a person who has correctly answered No or Yes can have inconsis-
tent conceptions about equations.  

 
 

11.2 Discussion on results in detail  
 

11.2.1 Experiences of learning of equations from school and university 
time 

The teacher’s conceptions of equations have been described from three per-
spectives: teachers’ experiences of the concept learning, their subject matter 
conceptions and their pedagogical content conceptions of the concept. The 
teachers have usually at least 16 years’ experiences as learners of mathemat-
ics teaching and learning from compulsory school to university.  

The teachers have apprehended their learning of equations, as follows: 
as doing routine problems, as memorizing and reproduction of rules and 
models, as doing applications, and as interaction with other students. 

The teachers’ conceptions about learning of equations in the two first 
categories have a focus on the act of learning and the consequences of the act, 
whereas the conceptions in two latter categories focus on the object of learn-
ing itself. Similar approach to learning can be found in Marton’s & al. (1993) 
and Säljö’s (1982) study.  

The research results indicate that the teachers feel that the concept 
learning was a mechanical drill especially at secondary and upper secondary 
school. The teachers have experienced that they have worked mostly with 
routine problems on all levels at school. It was essential for them to learn by 
heart rules and formulas, and if they did as the teacher said they could get the 
right answer. By doing as the teacher said they could get a good school re-
port. Knowledge about equations was purely intended for consumption and 
its eventual use. One of the teachers points out:  

It was important to remember the rules and to be vigilant. If you did ex-
actly as the teacher said, it is fine and you got the right answer. I do not re-
member if I understood what I did. I was careful to memorize rules and to 
follow them. In that way I got the mark 4 in math. (Maria) 

Traditional classrooms usually consist of teachers presenting the ‘right’ 
way to solve problems or even the ‘right solution’. The teachers describe 
their experiences of learning of equations in quantitative terms—as doing 
routine problems, as learning certain typical examples, as memorizing rules, 
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as reproducing models and patterns. The teachers’ main interest in this use is 
what they can reproduce in order to pass an exam, to get a right answer or to 
get a good certificate. It seems that learning of equations did not support 
students’ understanding. Knowledge, in a traditional classroom, is usually 
symbolic and isolated; learning does not typically motivate students or pro-
vide them with problem-solving skills they can apply to other school levels or 
situations. As one of the teachers establishes:  

When I began the upper secondary school the pattern didn’t work and I didn’t 
understand what I did (Rita).  
 

Moreover, traditional views of interaction between teacher and students in 
traditional classrooms are characterized as distant, with the teacher as an 
authority figure (cf. Waller 1932; Burton 1989). One teacher tells:  

The goal was that we must pass the exams…You could not ask a question, the 
teacher might get furious and lower your mark…(Mathias) 
 

The teachers describe their learning experiences of equations on the way, 
which is typical in direct instruction: transmission of facts to students, who 
are seen as passive receptors (cf. Burton 1989, 17). In the classrooms where 
this type of teaching predominates, the teachers are active and they typically 
conduct lessons using a lecture format. They often instruct the entire class as 
a unit, write on the blackboard, and pass out worksheet for students to com-
plete. It seems that mathematical knowledge about equations was presented 
as facts, and the students’ prior experiences were not seen as important.  

The teachers’ experiences of concept learning indicate that school 
mathematics was apprehended as a collection of unintelligible rules. If the 
rules were memorized and applied correctly, they led to ‘the right answers’ 
(cf. Skemp 1971, 3). 

Pedagogical processes in direct instruction deny the influence of indi-
vidual or social context and present an imagined world of certainty, exacti-
tude and objectivity (Burton 1989, 18). According to Burton (ibid) ‘by vali-
dating a depersonalised model of mathematics, we ensure that the subject 
remains aloof from the concerns and interests of most members of society’. 

For some of the teachers the understanding of equations came later, es-
pecially in connection with applications in physics and in discussions with 
other students. Learning in this use was no more seen in a quantitative light. 
It was not restricted to specific models and routine problems in mathematics. 
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It had a focus on the object of learning itself and on understanding. The 
teachers connect the concept of equation to other subjects. The research re-
sults indicate that when a mathematical concept will be connected with other 
school subjects and mathematical representations the teachers experienced 
that they acquired a deeper mathematical understanding of equations. By 
doing applications in physics, the teachers could understand the concept in a 
new light.  

In discussions with other students understanding of equations is taken a 
step further. The teachers experience that learning and understanding of equa-
tions is no more connected to only applications in physics. The new mathe-
matical knowledge about equations was mainly gained in a communicative 
context, where language and reflection play an important role.  

The teachers’ conceptions of learning of equations in the four categories 
of description are directly analogous to the difference between surface and 
deep approaches to learning: the former focusing on the tasks themselves and 
the latter going beyond the tasks to what the tasks signify (Marton & Booth 
1997). 

It looks like the experiences shaped during the mathematics lessons are 
still strong in the teachers’ memory (cf. Malinen 2000). As Silkelä (1998) 
says, significant and valuable experiences do not have only a momentary 
value. They will be a part of our personality. According to Malinen (2000, 
134–140) a learner’s personal (experiential) knowledge originates from ac-
quired life experiences. These experiences are always true for a learner. Ex-
periences of this sort may be untested conceptions, incorrect theories and 
limited perspectives. These private and sometimes incomplete conceptions 
however constitute a holistic unity for a learner, because he seeks a unity 
among experiences. Thus, a learner’s personal (experiential) knowledge in-
cludes such kinds of learning experiences that have an influence on the de-
velopment of a person’s conceptions of mathematical concepts. 

The earlier conceptions direct formation of new knowledge. Many mis-
conceptions and learning difficulties of scientific concepts depend on the 
learners’ experiences and conceptions of concepts in everyday life (Duit 
1995). Learners encounter, for example, the equals sign early in their life. 
Outside mathematical classrooms the equals sign is often used to mean ‘is’ or 
‘gives’ (cf. Kieran 1992). However, the limited view of the equals sign 
causes difficulties for the learners to understand mathematical entities, be-
cause they may have, for example, a persistent idea that the equals sign is 
either a syntactic indicator, a symbol indicating where the answer should be 
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written, or an operator sign, as a stimulus to action or ‘to do something’ (see 
e.g. Kieran 1981). The research results indicate that a restricted understand-
ing of equals sign appears to persist through secondary school, continues into 
upper secondary and tertiary education and affects concept understanding at 
these levels. Research on misconceptions (see e.g. Confrey 1990a; Vinner 
1983) has specially shown that direct instruction does not support students’ 
mathematical understanding (cf. Burton 1989). Misconceptions appear to be 
resistant to traditional forms of instruction. Efforts to develop forms of in-
struction that overcome misconceptions have focused on the need to have 
students make their conceptual model explicitly (cf. Dunkels 1996; Mariotti 
& Fischbein 1997). 

The teachers in the investigation have experienced that they did not dis-
cuss enough the innermost meaning of mathematical concepts either at sec-
ondary or at upper secondary school. It seems that the teachers’ personal 
conceptions (knowing) were not important there, and they did not need to 
make their conceptions or concept images about equations explicitly. How-
ever, learning cannot happen before the learners’ first-order experiences 
(personal knowing) ‘meet’ second-order experiences, i.e. experiences, for 
example, acquired in teaching and learning of mathematics (c. Malinen 2000, 
135). All the second-order experiences are not yet educative. They instead 
prevent the learners’ capacity from learning and therefore, they cannot be 
integrated into personal knowing. The result may be non-learning (cf. Jarvis 
1992, 1995), and the development of erroneous conceptions of mathematical 
concepts. The changing of the learner’s existing conceptions presupposes that 
there always must be a balance or continuity between a learner’s personal 
knowing and second-order experiences. Learning is a re-construction process, 
where more precise knowledge is created and already existing conceptions 
change (cf. Malinen 2000, 137). 

 
11.2.2 Teachers’ subject matter conceptions of equations 

Concept definitions help us to form concept images but they do not guarantee 
the understanding of mathematical concepts and they do not tell the whole 
story. It is a well-known fact that learners often hold to certain beliefs and 
conceptions about scientific and mathematical signs in spite of the dictum of 
definitions (cf. Sfard 1998, 33).  

The concept ‘conception’ in this investigation means the teachers’ sub-
jective picture of the concept ‘equation’ (cf. Sfard 1991, 3; see also chapter 
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2). Thus the conceptions can therefore include alternative or contradictory 
conceptions deemed to be in conflict with the generally accepted conceptions. 
Conceptions are regarded to belong to teacher knowledge (cf. Ponte 1994; 
Grossman 1990; Turner-Bisset 1999). Conceptions of equations are gener-
ated by the teachers’ previous experiences and by tasks in which the concept 
definitions have been tested in the teaching and learning of mathematics. 
Conceptions of equations may also be created during mathematics teaching 
itself, based on the teachers’ practical teaching experiences. 

The research results indicate that the teachers’ alternative conceptions 
about equations seem to be based on their experiences in arithmetic and their 
experiences when they first learned the process of solving equations. The 
conceptions can also originate from their own teaching of equations. 

Mathematical concepts and expressions are not only abstract, they also 
have a dual nature and can be conceived in fundamentally different ways: 
structurally—as objects, and operationally—as processes. A transition from 
the operational to the structural conception or from arithmetical to algebraic 
thinking is therefore difficult for most people (cf. Sfard 1991; Sfard & 
Linchevski 1994). The operational understanding of a mathematical concept 
describes how to operate concretely with the concept, whereas the structural 
understanding refers to the ability to ‘see’ the concept as a static totality—a 
structural entity that exists as an abstract construction. Sfard (1991, 6) spe-
cially points out by giving an example 43xy =  that ‘algebraic representation 
can easily be interpreted both ways: it may be explained operationally, as a 
concise description of some computation, or structurally, as a static relation 
between magnitudes’. This duality of the interpretation corresponds to the 
widely discussed dual nature of the equals sign (cf. section 6.3).  

The teachers’ alternative conceptions of examples and non-examples of 
equations form the three categories of descriptions: equations as procedure, 
equations as an answer, and equations as a ‘rewritten’ expression. The teach-
ers’ conceptions in the categories reveal that they have a process-oriented or 
operational view of the mathematical notion: equation. They prefer to see the 
notion of equation as a computational process rather than as a certain alge-
braic structure or a static relation between two quantities (cf. procedural and 
conceptual knowledge; Hiebert & Lefevre 1986; cf. Kieran 1992, 392). The 
operational interpretation appears in the teachers’ interpretation of the equals 
sign and in their apprehension of letters in algebra. Furthermore, it appears in 
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their conceptions of solution of equation and in their insecurity concerning 
mathematical symbols and concepts.  

The research results indicate that some teachers look at algebraic ex-
pressions (non-examples of equations) as processes rather than objects in 
their own right. It is most likely that some teachers have an operational inter-
pretation of algebraic expressions like 1052 −− xx , ( )( )( )xxx +−− 592 2  and 

4sin3sin 2 −+ xx . For some teachers and for almost half of the student teachers, 
the expression like 1052 −− xx  was an example of the equation of the second-
degree. Probably, due to the fact that the difference between the concepts 
‘equation’ and ‘expression’ is not quite clear for some of them. One teacher 
says about the expression 4sin3sin 2 −+ xx : ‘It is only an expression. I don’t 
know what the difference is between an expression and an equation’ (Eric). 
The research results also indicate that some of the teachers regard an inequal-
ity ( 213 +−≥−+ xxx ) and an equation as the same concept, because x can be 

solved and the solution to the inequality will be according to them a fixed 
number.  

Wagner’s & al. (1984) research results indicate that students have diffi-
culties in understanding the differences between mathematical concepts. 
Many algebra students in the study mentioned try to add ‘=0’ to any expres-
sions they where asked to simplify. Students’ need to transform algebraic 
expressions to equations was also presented in a study by Kieran (1983) who 
found that some of the students could not assign any meaning to the expres-
sion a + 3 because the expression lacked an equals sign and right-hand num-
ber. Students must, according to Kieran (1992, 392; cf. Sfard 1991) be helped 
to regard algebraic expressions and equations as objects in their own rights 
where operations are used, and not as arithmetic operations upon numbers. 
Kieran also emphasizes that the traditional approach in algebra focuses on 
procedural issues and various arithmetical techniques, which allow the stu-
dents to bypass the algebraic symbolism when solving algebraic equations.  

Sfard and Linchevski (1994) declare that the process-object duality may 
affect the development of a complete understanding of the equality relation. 
A consequence of a student thinking of the equality symbol as an indication 
to do a certain operation (Kieran 1981) is thought to be related to the notation 
of the didactical cut as defined by Filloy and Rojano (1984; see also Her-
scovics & Linchevski 1994). The results of this investigation indicate that the 
equals sign is apprehended as an operator sign or to ‘do something signal’ 
and not as a symbol of a static relation (Behr & al. 1976; Kieran 1981; Filloy 
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& Rojano 1989). Interpretation of the trivial equation 2=x  specially points 
to this direction. For some teachers the statement is only an answer and not 
an equation, that is, the expression on the left-hand side is a process, which is 
already performed, whereas the expression on the right-hand side must be a 
result or an answer. The interpretation of the identity 1sincos 22 =+ αα ; ‘It is 
a result of something’ (Anna) also indicates that the equals sign is used in the 
meaning ‘that is’, which is usual in arithmetic. Similarly, one of the teachers 
compares the statement 1=+yxe  with the trivial equation 2=x  and establishes 
that it is ‘not an equation… it is only an answer’ (Eric). 

A development of mathematical concepts as transitions from operational 
to structural conceptions is connected with some risks because a conception 
of a mathematical concept on a fixed developmental level lays the basis of 
the conception on the next level. If the development stops, the process of 
learning collapses. The secondary process will remain ‘dangling in the air’ 
and learners learn to operate with a mathematical object without keeping in 
touch with the lower levels. The statement 2=x  gives for the teachers the 
feeling that ‘x is already solved’ or that it is ‘an answer’. The interpretation 
of the trivial equation indicates that some teachers may have developed a 
‘pseudostructural conception’ of equations, that is, they are able to perform 
meaningless procedures without having a deeper structural understanding of 
the concept. (cf. Sfard & Linchevski 1994). 

Some teachers do not interpret the statements like (1)
3

4 3rV π
= , 

(2) 1sincos 22 =+ αα  and (3) ))((22 yxyxyx +−=−  as equations. They appre-
hend them as rules and formulas. One of the reasons may be that these state-
ments according to general conventions, are called with different names like 
formulae (the volume of sphere) or the identities (Pythagorean identity, con-
jugate rule) and therefore cannot be understood as equations in the teachers’ 
mind. These different names also reflect different use of ‘letters’ or variables 
and they may evoke different feelings for the teachers (cf. Usiskin 1988, 9). 

In the first statement 
3

4 3rV π
=  the relationship among the quantities is de-

scribed in a formula i.e. the volume of sphere. The quantities V and r stand 
for the volume and radius, π for the constant. All of them have the character 
of known factors. The teachers may have a feeling that there is no unknown 
factor, because we are not solving anything. In this relationship the notions of 
independent variable and depend variable exist. Variables stand for domain 
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values or numbers on which other numbers depend. The second statement 
1sincos 22 =+ αα  is called according to general conventions Pythagorean 

identity or an identity. The letter α can be interpreted as an argument of a 
function or a variable. In this investigation, the interpretation of the letter α 
evoked the feeling ‘there is no unknown factor’ (Rita) probably, because the 
argument of the function was not x. In the third statement 

))((22 yxyxyx +−=− , called the conjugate rule, the letters x and y can be 
interpreted as variables and they do not cause the feeling of unknowns, be-
cause we are not solving anything. Thus, the different names of the state-
ments and the different use of ‘letters’ in algebra may confuse and prevent 
the teachers in this study to identify a concept and its algebraic structure ‘at 
glance’ (cf. Usiskin 1988, 9; Sfard 1991).  

The results of this investigation also indicate that the teachers are unsure 
of mathematical symbols and solving procedures. The insecurity concerning 
mathematical symbols like f (x), ∫ dxxf )( , )(´´ xy , and solving procedures 

as it will be seen from the examples xxyxy 2cos5,0)()(´´ =+ , Cxdxxf +=∫ 2)( , 

aaaab = , f (x) = 2x + 1, 1=+yxe  and ea a =ln  can make the teachers 

incapable to see the concept as a static totality or a structure. Understanding 
of for example the symbol f is necessary, because f represents both the name 
of a function and the value of the function (cf. Sierpinska 1992, 22–58). In-
terpretation depends on the context, which can confuse a learner. Similarly, it 
is necessary to know that the symbol ∫ dxxf )(  stands for the primitive func-
tion i.e. F(x). For some of the teachers the symbol ∫ dxxf )(  evoked thoughts 
of a surface or an area under the curve. This conception may depend on the 
fact that the symbol evokes in the teachers’ mind a feeling of a concrete 
situation related to a definite integral and an area calculation. Structural un-
derstanding of mathematical concepts refers to the ability to identify a con-
cept containing many details (e.g. f (x), ∫ dxxf )( , )(´´ xy , ) at ‘a glance’. It 
also refers to the ability to see the concept as a structural entity, which exists, 
as an abstract construction (cf. Sfard 1991).  

The process-object duality of mathematical concepts may affect the de-
velopment of understanding of the equality relation (Sfard & Linchevski 
1994). Learners may not understand the processes needed to solve non-
arithmetical equations because they do not accept the beginning premise that 
the two quantities are equivalent. Herscovics and Linchevski (1994) describe 
the learners’ difficulties at this phase as a cognitive gap. The results in this 
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investigation indicate that the teachers have difficulties to accept that two 
quantities (expressions) are equivalent. For instance, one of the teachers 
wonders, when looking at the statement ))((22 yxyxyx +−=− : ‘Is it always an 
equation, if there is an equals sign? ‘(Jenny) 

‘Equation’ as a mathematical concept seems to be closely connected to 
the solving procedure. It will be clear from the examples like ayx =+ 52 , 

baba 5,965 +=+ , 25)1( 22 =−+ yx , 
3

4 3rV π
=  and aaaab =  which according 

to some teachers could not be regarded as examples of equations because it 
was not possible to solve them, since they include more than one unknown 
factor. It seems that some of the teachers have a conception that the solution 
for an equation will always be a fixed number. This conception may be cre-
ated during mathematics teaching itself, based on the teachers’ practical 
teaching experiences at compulsory school. One of the teacher’s apprehen-
sion of the concept of equation is illustrative: ‘The left-hand side is equal to 
the right-hand side and then you must find an unknown number...7 + x =9, 
something like this. You try to find an unknown factor, you solve an equa-
tion...’ (Eric). In this conception, we think of x as unknown factor and the 
solution as a fixed number. The key instructions in this use are simplify and 
solve. Usiskin (1988, 11–16) calls this conception of algebra a study of pro-
cedures for solving certain kinds of problems, which can be called ‘ordinary’ 
equations in this investigation. This conception of algebra corresponds with 
some of the teachers’ interpretation of equations.  

All the observations in this investigation indicate that for some of the 
teachers the concept of equation does not constitute a mathematical statement 
or a static structure. The process-object duality of the mathematical notion 
creates fundamental problems for the teachers. They have considerable prob-
lems in leaving the process level and in entering the object level. A transition 
from arithmetical to algebraic thinking is troublesome for most of them (cf. 
Sfard 1991; Sfard & Linchevski 1994). The teachers’ conceptions of equa-
tions seem to be based on their experiences when they first learned the proc-
ess of solving equations (cf. Vinner & Hershkowitz 1983; Hershkowitz 1989; 
Vinner & Dreyfus 1989). 

Teachers’ experiences of the concept learning as well as their practical 
teaching experiences as a teacher at secondary school may influence their 
mathematical thinking. However, it can be problematic, because acquired 
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experiences often give a limited picture of mathematics and mathematical 
concepts (cf. Hatano 1996).  

Vinner’s & al. (1983) research results indicate that some specific exam-
ples of concepts that are constructed first in teaching and learning of mathe-
matics are more central to learners than others. These more central examples 
are often called prototypes. Similarly, this study indicates that the novice, 
expert and student teachers tend to identify a concept with one of a few pro-
totypical examples and the conceptions often develop from one unique proto-
typical example or ‘an ordinary equation’ to include more and more examples 
of increasing distance (in terms of different attributes, cf. figure 15) from the 
prototypical example (cf.Vinner & al. 1983). 

All the findings in this investigation point out the same direction that 
operational outlook in algebra is fundamental and that the structural approach 
does not develop immediately (cf. Sfard 1991). The student teachers have 
similar conceptions of equations as the expert and novice teachers in spite of 
the fact that the student teachers ought to have current knowledge of mathe-
matical contents from upper secondary and university studies.  

The findings of the teachers’ conceptions about equations in this study 
can at least partly explain the complexity of the concept acquisition in 
mathematics. As Dunkels in his dissertation (1996, 192–193) points out 
‘…what seems to be impossible is to remove the erroneous etchings in the 
frame—in other words, it seems impossible to forget something you once 
learned, even if it was erroneous—or perhaps because it was’.  

 
11.2.3 Teachers’ pedagogical content conceptions of equations 

Pedagogical content knowledge is a term to describe ‘the ways of represent-
ing and formulating the subject that make it comprehensible to others’ 
(Shulman 1986, 9). Pedagogical content knowledge forms thus the essential 
bridge or ‘a special amalgam’ between academic subject matter knowledge 
and the teaching of subject matter (Shulman 1987, 8). Pedagogical content 
knowledge is based on teachers’ learning and teaching experiences in 
mathematics. This knowledge is going to develop during the studies of 
mathematics but most of this knowledge is acquired also in teacher educa-
tion, teacher practice or at school (Ernest 1989a, 18; see also Fennema & al. 
1996, 432). According to Brown and Borko (1992, 221), one of the most 
important purposes in teacher education is just acquirement of pedagogical 
content knowledge.  
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Pedagogical content knowledge includes teachers’ conceptions about 
the purposes for teaching a subject at different grade level (Grossman, Wil-
son & Shulman 1989; Grossman 1990, 8, Fennema & Franke 1992, 162; 
Ernest 1989a, 20, 1989b). According to the Swedish curriculum, the overall 
aim of teaching of algebra at compulsory school should aim to ensure that 
pupils develop their knowledge and ability to use and understand basic alge-
braic concepts, expressions, formulae, equations and inequalities as a tool in 
problem solving. The overall aim, which is called ‘goals to aim for’ in cur-
riculum, expresses the direction the subject should take in terms of develop-
ing pupils’ knowledge and they constitute the main basis for teachers’ plan-
ning of teaching and do not set any limits to the pupils’ acquisition of knowl-
edge (SKOLFS 1994:3, 33–34; The Swedish Board of Education 2000). 

The teachers’ pedagogical content conceptions of equations reveal three 
different aims for teaching algebra/equations. In the first category the teach-
ers’ conceptions about the aim of teaching equations have a focus on a proce-
dure rather than the pupils’ acquisition of the basic understanding about alge-
braic concepts and the pupils’ understanding of the innermost ideas with 
equations in algebra, which are expressed in the second and third category. 

The teachers in the first category present algebra as something to do 
rather than emphasising the central ideas and concepts of algebra (cf. Menzel 
& Clarke 1998, 1999). They apprehend algebra as a study of procedures for 
solving certain kinds of problems in everyday life or in mathematics. If alge-
bra is seen as a study of procedures, the purpose is to find a general pattern in 
a problem and translate it to the language of algebra and then to solve the 
equation (e.g. 5x + 3 = 40) with a certain procedure. The key words in this 
conception are simplify and solve. (cf. Usiskin 1988). 

The second purpose of teaching equations at the compulsory school re-
fers to the specific goals (goals to attain) in mathematics curriculum. It refers 
to minimum (basic) knowledge in mathematics to be attained by all pupils at 
compulsory school. The minimum knowledge refers to that all pupils, as one 
of the teachers says, ‘at least can get the mark ‘approved’ in mathematics. 
(Mathias).  

The third purpose of algebra/equations teaching stresses that algebra is 
more than procedures ‘to use’, ‘to solve’ or ‘to do something’. The teaching 
stresses that a letter in algebra can stand for different symbols. The symbols 
like, ∇ and O are logically equivalent to x (cf. Usiskin 1988, 8). In this pur-
pose of algebra teaching the pupils’ understanding of mathematical structures 
from general point of view has a central place. By comparing arithmetical 
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equalities with algebraic the teachers help pupils in transition from arithmeti-
cal to algebraic thinking. The two aspects—‘to use’ and ‘to understand’—in 
the three categories are however equally important in teaching of algebra. 
The overall aim, called ‘goals to aim for’ in mathematics curriculum, ex-
presses the direction the teaching of algebra should take in order to develop 
the pupils’ ability both to use and understand the basic algebraic concepts 
like expressions, equations and inequalities. 

At each school and in each class in Sweden, the teacher must interpret 
the national curriculum and together with pupils plan and evaluate teaching 
on the basis of the pupils’ preconditions, experiences, interest and needs (The 
Swedish Board of Education 2000). On the one hand the Swedish syllabuses 
at compulsory school do not lay down ways of working, organisations or 
methods that teachers shall use. On the other hand, they lay down the qualita-
tive knowledge which teaching should develop and thus provide a framework 
within which the choice of materials and methods are to be locally deter-
mined. Characteristic for the Swedish syllabuses are that, they are designed 
to make clear goals what pupils should learn after they ‘passed’ the fifth and 
the ninth form at the compulsory school. The goals i.e. ‘goals to attain’ de-
fine thus the minimum knowledge to be attained by all pupils in the fifth and 
ninth year of school. According to curriculum at the end of the fifth year in 
school pupils in algebra should be able to discover numerical patterns and 
determine unknown numbers in simple formulae. At the end of the ninth year 
in school pupils should in algebra be able to interpret and use simple formu-
lae and solve simple equations (SKOLFS 1994:3, 33–34, The Swedish Board 
of Education 2000).  

Some of the teachers in this investigation have not a clear conception 
what the pupils should attain in algebra at the end of the fifth and the ninth 
school year at compulsory school. They say that it is difficult to read the 
curriculum in mathematics. The teachers used to discuss the content of the 
curriculum in mathematics in working conferences at their schools. Accord-
ing to some of the teachers it is not sufficient. Most of the time at school is 
devoted to practical rather than pedagogical discussions. Some of the teachers 
state that the teaching of mathematics has not been appreciably changed 
although syllabuses have changed. They also declare that there are several 
barriers as big classes, few pedagogical discussions and so on leading to only 
infrequent instructional reforms in the constructivist direction.  

Research of expert and novice teachers have showed that pedagogical 
content knowledge is unique to the profession of teaching and it is relatively 



172 Iiris Attorps 

 

undeveloped and limited in novice teachers (Brown & Borko 1992). Both 
expert and novice teachers in this investigation showed various conceptions 
needed to identify specific pupil difficulties in algebra/equation (cf. Küche-
mann 1978, 1981; MacGregor & Stacey 1997). 

The teachers’ pedagogical content conceptions of pupils’ alternative 
conceptions concerning equations reveal three different categories: the equals 
sign, letters, and the grammatical rules of algebra.  

The teachers point out that the pupils have no respect for the equals 
sign, i.e. they have an alternative interpretation for it. They mean that when 
pupils begin to solve equations they usually would write as follows: 2x + 6 = 
17 = 2x = 11= x = 5, 5. It is probably that the pupils use the equals sign in the 
meaning ‘it gives’, ‘that is ‘ or ‘a left-to-right directional signal’ and they 
interpret the equals sign as a symbol indicating where the answer should be 
written. (cf. Kieran 1992, 393). An expert teacher says:  

It is difficult for them to understand that x=5 is equal with 5=x. (Mathias) 
 

Pupils encounter the equals sign at an early stage. Outside the arithmetic 
classroom, the equals sign is often treated as a sign of association and causa-
tion. Pupils know that it is used as a sign of association i.e. ’that is’ and in a 
causative sense i.e. ‘it gives’. In algebra, such meanings of the equals sign are 
however not correct, because there is usually no question on one side of the 
equals sign, and no ‘answer’ on the other (Kieran 1992, 393; Stacey & Mac-
Gregor 1997a, 253). The limited view of equals sign, representing the result 
or the answer of the procedure, results in difficulties for pupils to understand 
mathematical notations (Kieran 1992; Thomas 1995).  

Some of the teachers apprehend that the pupils’ difficulties are due to 
their understanding and interpreting of letters in algebra (cf. Küchemann 
1981). For example, one teacher says: 

 … if you have substituted another letter for x in an equation, pupils think that it 
is not the same thing, and they must solve the equation with another way. 
(Mathias) 
 

Similar findings were illustrated by Thomas (1995) who has shown that 
about 38% of the 14-year-old students could not see the same structure be-
tween 2s – 1 = 5 and 2p – 1 =5, and they did the same procedure twice. Find-
ings of Wagner’s & al. (1984) study also show that algebra students do not 
recognise the identical structure of the equation. Linchevski and Vinner 
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(1990) refer to this as the hidden structure of an equation and have found that 
the ability of students to recognise such structures depends upon their experi-
ence with this kind of activity. 

The teachers in this investigation have experienced that pupils have dif-
ficulties to understand the grammatical rules of algebra (cf. Stacey & Mac-
Gregor 1997). Pupils’ difficulties can be due to the fact that the grammatical 
rules of algebra are different from those in ordinary language. In everyday 
life, things are often described in the same order as they are performed. In a 
mathematical equation, the signals for ordering are not those of ordinary 
language. Algebra makes use of priority rules and parenthesis, which can be 
unclear for students.  

The teachers’ conceptions about pupils’ alternative conceptions con-
cerning equations indicate that the pupils’ experiences about the use of equals 
sign, letters and grammatical rules in everyday life are not helpful for them in 
algebra learning (cf. Kieran 1981; Küchemann 1978, 1981; MacGregor & 
Stacey 1997).  

 
11.2.4 The evaluation of research results of the teachers’ conceptions 

about equations 

In the evaluation of the research results, it is worthy to notice that the partici-
pants experience the same object or phenomenon in qualitatively different 
ways, because every person is a carrier of his own subjective history, which 
includes among others, knowledge; attitudes and feelings (see also chapters 4 
and 9). Some of their knowledge can be inexact and even erroneous. In spite 
of the fact that experiences are incomplete and inadequate they constitute a 
holistic unity for the person himself, because he seeks to make a unity of the 
experiences (cf. Malinen 2000).  

Another important factor is—when the research results are evaluated—
that ‘…qualitatively different ways of experiencing something can be under-
stood in terms of differences in the structure or organization of awareness at 
a particular moment or moments’ (Marton & Booth 1997, 100). This means 
that an individual’s experience of a phenomenon is context sensitive, and can 
change with changes in time and situation. As the research results from this 
study indicate, a person who has correctly answered No or Yes at a particular 
context or moment can have, after all, inconsistent conceptions about equa-
tions. The quantitative results from No-answers and Yes-answers therefore 
have a limited importance in this study.  
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The ambition in the investigation has been to connect the research out-
comes with the existing theoretical framework (see also chapter 9). In other 
words the aim has been to make an analytical generalisation (Yin 1989, 36). 
One of the most important criteria in judging the outcomes of the phe-
nomenographic research is the theoretical significance of the research results. 
Case studies like this investigation play an important role in order to develop 
a base of knowledge in a certain problem area. By using the analytical gener-
alization, it has been possible to understand the theoretical background to the 
teachers’ conceptions about equations. The aim of the study has been to cre-
ate understanding and not to test, if the research results have a general valid-
ity (cf. Eiser & Puchkin 1990). Therefore, the theoretical significance of the 
research results in this investigation is emphasized rather than the general 
validity of the research outcomes. 
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12 Conclusions 

 
The structure of this chapter is, as follows: The development of the concept 
of equation from a prototypical to a static structure is discussed. A hypotheti-
cal model for teacher knowledge based on teachers’ experiences is created on 
the basis of the research results. Furthermore, the impact of the research on 
teacher education is discussed. Finally, some reflections from the research are 
presented and some practical and theoretical proposals for further investiga-
tion are treated.  

 
 

12.1 Development of the concept of equation from a 
prototypical to a static structure 

 
The majority of mathematical concepts have an inherent process-object dual-
ity that may affect, for instance, the development of understanding of the 
equality relation (Sfard & Linchevski 1994). Difficulties the learners have in 
understanding of the equality relation are described by using different terms 
as didactical cut or a cognitive gap (see e.g. Filloy & Rojano 1984; Her-
scovics & Linchevski 1994). By applying the process-object nature of 
mathematical concepts to the concept of equation and by using Vinner’s and 
Hershkowitz’s (1983) findings that indicate that learners’ concept images 
often include prototypes, the development of the concept of equation from a 
prototypical to a static structure could be described through three phases. I 
named these phases: prototypical structure, comparative structure and static 
structure. Similarly, as in Sfard’s (1991; see section 5.4) model of develop-
ment of mathematical concepts, the first two phases are operational, whereas 
the third phase is structural. On the operational level the equals sign is appre-
hended as an indication to do a certain operation, whereas on the structural 
level, it is apprehended as a symbol of a static relation. 

Prototypical structure can be described as the stage where a learner be-
comes acquainted with a prototype of equation (e.g. 7 + x = 9) and performs 
operations or processes concerning it. In this phase a learner, for example, is 
able to solve equations automatically so that the algorithmic process is no 
longer focused upon. This stage seems to be context bound. When a mathe-
matical concept like an equation has been learnt by using one-sided represen-
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tations or tasks it may have negative consequences for students. (cf. Niss 
1999, 15). The study of Wagner (1981; cf. Thomas 1995), disclosed for in-
stance, that for the majority of secondary school students, a change of the 
name of a variable in an equation leads to a completely new equation (see 
more section 5.2.1). Linchevski and Vinner (1990) refer to this as the hidden 
structure of an equation and have found that the ability of students to recog-
nise such structures depends upon their experience with this kind of activity. 

Comparative structure can be described as the stage where a learner be-
comes more and more capable of thinking about a given process as a whole, 
without feeling a demand for going into details. In this stage, a learner be-
comes able to combine different processes (e.g. formal and informal meth-
ods) needed when solving equations. He is also able to make generalizations. 
For example, he is able to find a general pattern in a text problem and trans-
late it to the language of algebra and then to solve the equation. In the com-
parative phase, the concept can be seen in relation to other concepts and the 
connection between the concepts will be more evident. A learner is also ca-
pable to make comparisons for example with arithmetical and algebraic 
equalities. He has increasing capability to alternate between different repre-
sentations of a concept. He can alternate between algebraic and graphical 
representations of the concept (cf. Sfard 1991, 6). The learner can, for exam-
ple, solve an equation by using both algebraic and graphical methods. He is 
considered to be in the comparative phase as long as the concept is connected 
to an algorithmic or a computational process. 

Static structure can be described as the stage where a learner can con-
ceive the mathematical concept as a complete, structural object. At the static 
phase the concept is not connected to an algorithmic or a computational proc-
ess. The concept begins to receive its meaning as a member of a certain cate-
gory. In the case of the concept of equation this stage could occur when prop-
erties in specific equations like a differential equation, a root equation, a 
trigonometric equation, a trivial equation etc. will be disregarded, and only an 
invariant property, ‘a static relation between two magnitudes, i.e. ‘A = B’ 
will be regarded (cf. Sfard 1991, 6). At the stage the learner has an ability to 
identify the concept of equation containing many details or mathematical 
symbols like square roots, integrals, derivatives, functions etc… ‘at a glance’. 
The learner at this stage recognizes identities (e.g. ))((22 yxyxyx +−=−  and 

1sincos 22 =+ αα ) and conditional equations (e.g. 
3

4 3rV π
= , aaaab = and 
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Cxdxxf +=∫ 2)( ) as a static totality, as a structural entity. In other words, he 
has an ability to identify the structure of the concept of equation and to see a 
static relation between two magnitudes (cf. Sfard 1991, 6). The stage presup-
poses that the learner understands the concept as a static structure. He under-
stands that in spite of the fact that the statements like ))((22 yxyxyx +−=− , 

1sincos 22 =+ αα  and 
3

4 3rV π
=  evoke different kinds of feelings and thoughts 

like ‘rules’, ‘formulas’ or ‘identities’ in his mind, all of them are called equa-
tions (cf. section 10.2.2). The understanding of the concept of equation pre-
supposes that the learner is conscious of the different use of letters in algebra, 
the meaning of mathematical symbols (e.g. equals sign), how the methods 
used in solving equations work and what the solution of an equation means 
(see section 6.3; Usiskin 1988, 8; Küchemann 1978; Kieran 1992).  

In order to develop a higher level of mathematical understanding of 
concepts, it is important that a new concept in teaching of mathematics is at 
first introduced operationally. Sfard (1991) points out that the structural un-
derstanding of mathematical concepts requires a great deal of effort from 
learners. Furthermore, it will be developed as a consequence of systematic 
operations with carefully prepared examples, for instance, with such prob-
lems that cannot be solved by referring just to the concept image (Sfard 1991; 
Vinner 1991, 80). A transition from the operational to the structural concep-
tion will not be successful without explicit help from teachers and textbooks 
(Sfard 1991). The transition makes heavy demands on both the teacher’s 
pedagogical and mathematical knowledge and skills and his talent to struc-
ture the teaching, to adapt new situations, to identify the boundaries of the 
students’ knowing and to generate and select instructive second-order experi-
ences in harmony with the students’ unique knowledge structure (cf. Leino 
1994; Simon 1995; Malinen 2000). 

 
 

12.2 A hypothetical model for teacher knowledge 
 

On the basis of the research results a hypothetical model for teacher knowl-
edge is created (cf. Figure 16). Building on the findings of this investigation 
and extending Grossman’s and Shulman’s two types of content knowledge, 
the terms subject matter and pedagogical content conceptions are used to 
encompass the range of conceptions that a teacher might hold about a particu-
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lar concept that is taught. The model describes secondary school teachers’ 
subject matter and pedagogical content conceptions of equations based on 
their experiences of teaching and learning of mathematics. 
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Figure 16. A hypothetical model for modifying teacher knowledge based on teachers’ 
experiences in the case of equations. 

 
In the model both teachers’ subject matter conceptions and pedagogical con-
tent conceptions are in ongoing change process at teachers’ school context. 
For example, consider a teacher in mathematics, who has planned a particular 
lesson. As he observes the pupils and listens to their conceptions of particular 
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mathematical concept, several changes can take place in his knowledge base. 
As in this investigation, the teachers’ conceptions on the pupils’ understand-
ing of the equations can bring about adaptations in teachers’ subject matter 
and pedagogical content conceptions. In turn this leads to a new and modified 
teacher knowledge base as well as decisions.  

On the basis of the research results some conclusions are made. The 
teachers’ experiences of concept learning are linked to their subject matter 
and pedagogical content conceptions about equations. The subject matter 
conceptions of ‘equations’ in this investigation seem to be based at least 
partly on the teachers’ experiences when they first learned the process of 
solving equations (cf. Vinner & Hershkowitz 1983; Hershkowitz 1989; Vin-
ner & Dreyfus 1989). The acquired experiences of the concept learning and 
teaching as well as the teachers’ practical teaching experiences—developed 
as a teacher in mathematics at secondary school—have an important role in 
the teachers’ mathematical thinking. It can be however problematic, since the 
acquired experiences from school may often form a limited picture of 
mathematics and mathematical concepts (cf. Hatano 1996; Vinner & Dreyfus 
1989; Niss 1999).  

The teachers’ pedagogical content conceptions about equations are 
based on their learning experiences in mathematics. The conceptions are 
going to develop during the studies of mathematics but also in teacher educa-
tion, teacher practice or at school (cf. Ernest 1989a, 18; see also Fennema & 
al. 1996, 432). Teachers’ limited subject matter conceptions (e.g. based on 
their experiences of learning and teaching of mathematics) can however re-
strict their pedagogical content conceptions of a particular concept. The lim-
ited subject matter conceptions can restrict, for example, teachers’ interpreta-
tion of curricular reform. Some of the teachers in the investigation feel for 
instance that teaching mathematics has not been changed although the cur-
riculum in mathematics has changed and is based on the constructivist view 
of knowledge. The following quotation from the interview is illustrative: 
‘Tradition directs mathematics teaching. Mathematics teaching looks much 
the same as when I went to school’. (Eric). The limited subject matter con-
ceptions of the particular concept can also influence the purposes for teaching 
of a particular content. Some of the teachers in the study present algebra as 
something to do rather than emphasising the central ideas and concepts of 
algebra (cf. Menzel & Clarke 1998, 1999). Teachers’ limited subject matter 
conceptions may also have an influence on their conceptions’ of pupils’ un-
derstanding. The teachers in this investigation showed various conceptions 
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needed to identify specific pupil difficulties in algebra (cf. Küchemann 1978, 
1981; MacGregor & Stacey 1997). 

 
 

12.3 The research results and their impact on 
teacher education 

 
Studies comparing the mathematical knowledge of prospective elementary 
and secondary teachers have shown that secondary teachers’ conceptual 
knowledge of elementary mathematics is not significantly more comprehen-
sive than the knowledge of their elementary counterparts (see e.g. Ball 1990, 
1991; Borko & al. 1992; Ma, 1999). Ball’s findings show that simply requir-
ing more mathematics for prospective teachers will not increase their sub-
stantial understanding of school mathematics. Similarly, Cooney (1999, 175) 
declares that a number of successfully completed advanced mathematics 
courses does not guarantee that a student teacher achieves deep enough un-
derstanding of either the contents of school mathematics or pedagogical con-
tent knowledge concerning school mathematics. The results of this investiga-
tion also indicate that a number of mathematics courses does not automati-
cally guarantee a deeper understanding of mathematical contents. Although 
the prospective upper secondary school teachers have attained between 0 and 
95 academic points8 of mathematics at the university level (median is 55 
points), 23% of them apprehend the expression 1052 −− xx  as a second-
degree equation (see APPENDIX 6). It is therefore important that teacher 
education programmes provide courses in mathematics for students that have 
focus on central concepts and their development in school mathematics (cf. 
Borko & al. 1992, 219–221).  

Teacher educators in mathematics must pay attention to the way stu-
dents apprehend particular mathematical concepts, because it may vary 
enormously. Therefore, students in teacher education ought to have a chance 
to process their own conceptions of central concepts in school mathematics. 
Both this study and the literature on misconceptions include many examples 
in which private, intuitive mathematical knowledge leads to erroneous con-
ceptions and conclusions (e.g. Sfard 1987; Fischbein 1987, 6; see also Vinner 
1991; Graeber 1999, 198–200). Student teachers should also be trained to use 

                                                           
8 See the footnote number 7, p 156 
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definitions as an ultimate criterion in mathematical tasks. This goal can be 
achieved only if the student teachers are given tasks that cannot be solved 
correctly by referring just to the concept image. They should deeply discuss 
the conflicts between the concept image and the formal definitions (cf. Vin-
ner 1991). This is especially important, since some mathematical concepts 
like the concept of equation have different interpretations depending on the 
school level. As Fischbein (1987) argued, there is a need both to preserve 
students’ confidence in their intuition and at the same time to help them to 
develop a healthy scepticism of intuitive ideas that often lead to erroneous 
conclusions. Results of this investigation for example indicate that, if the 
concept of equation is interpreted only as ‘a balance’, i.e. weights in the first 
bowl balance the weights in the second one (cf. Undvall & al. 1996, 215), it 
may lead to erroneous conceptions. For instance, the statements, which are 
not true like 2 = 1, are not therefore apprehended as equations. Discussions 
and reading about prominent misconceptions can thus help student teachers 
both to discover their own misconceptions (cf. Graeber 1999, 199) and to 
understand pupils’ alternative conceptions (e.g. alternative solution strategies, 
erroneous conceptions etc.) and learning difficulties in mathematics. The 
understanding of pupils’ conceptions helps student teachers to see their own 
understanding from a new perspective and to expand their own content 
knowledge (cf. Carpenter, Fennema & Franke 1996, 15). 

Students in teacher education ought to have experiences of mathematics 
similar those expected of their own pupils (Cooney 1999, 163). It is thus 
important that student teachers can study, analyse and build models, collect 
and present knowledge different ways, motivate their solutions and solve 
problems (Borko & al. 1992, 220). As one of the novice teachers in this in-
vestigation points out: ‘Courses in mathematics education were different 
from those in mathematics and we discussed different ways to solve equa-
tions. You must find out yourself’ (Jenny). It is therefore important that a 
teacher encourages students to questions and to formulate and to present their 
own ideas and conceptions. In a learning environment that is based on stu-
dents’ experiences and conceptions, the ‘correct answers’ and single methods 
are de-emphasized. 

Knowledge of other subject matter plays an important role in teacher 
education, because it provides a stock of knowledge of usage and applica-
tions of mathematics. One of the teachers in this investigation describes the 
importance of the other subjects in education and in concept learning in the 
following way: ‘I saw mathematics in physics and physics in mathematics’ 
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(Eva). This indicates that an interaction between different kinds of represen-
tations gives a deeper mathematical understanding of the concept. The use of 
mathematics in graphs for economics purposes, as formulas in physical sci-
ence and so on provides motivation for studying mathematics by showing 
student teachers its broad relevance. Knowledge of other subjects provides a 
range of models, images and analogies for mathematical concepts. Integers 
can e.g. be demonstrated by using a thermometer. Similarly, equations can be 
demonstrated by doing applications in physics. Knowledge of the processes 
and methods of inquiry of other subjects can contribute to the teaching of 
mathematics. For example, looking for patterns, hypothesising relationships 
and testing conjectures are a part of mathematical problem solving (Ernest 
1989a, 17). 

For some teachers in this investigation, concept learning of equations 
was a mechanical drill without understanding, especially at secondary and 
upper secondary school. Therefore, students in teacher education must be 
convinced of the importance of combining teaching and learning with under-
standing. During courses in mathematics and mathematics education it is 
important to discuss problems concerning teaching with understanding. It is 
necessary to discuss why many teachers stress mechanical knowledge rather 
than conceptual in spite of the fact that understanding promotes memory and 
influences conceptions (Sfard 1991; Hiebert & Carpenter 1992, 74–77).  

Students in teacher education ought to make a difference between what 
a pupil can do and what he understands as conceptual and procedural knowl-
edge (cf. Hiebert & Lefevre 1986, 3–8; Graeber 1999, 195–198). Usually, a 
pupil can operate with mathematical concepts but he often lacks the concep-
tual understanding of them. Similarly, the student and teachers, according to 
this study, are able to perform mathematical procedures without having a 
deeper conceptual understanding. When students make a difference between 
conceptual and procedural understanding (knowledge), they will be able to 
reflect on their own studying.  

Students in teacher education should have time and support to prepare 
lessons which stress conceptual understanding, and they should receive care-
ful feedback and support from tutors. Shulman (1986, 10–13) has recom-
mended the case method, used also in this study, in teacher education as a 
means of developing professional judgment and decision-making. Case 
knowledge is knowledge of specific, well-documented, and richly described 
events. The cases may be examples of specific instances of practice—detailed 
descriptions of how an instructional event occurred—complete with details of 
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context, thoughts, and feelings. According to Shulman, the professional 
teacher is not only a master of procedure but also a master of content and 
capable of explaining why something is done. He is able to reflect on his 
actions. The case method can be applied both in teacher education and in 
teaching practice by using videodisks and annotated scripts. Researchers 
Cooney (1999) and Graeber (1999) also recommend the use of the case 
method in teacher education.  

For many novice teachers, instruction means a simple transmission of 
subject-matter knowledge to pupils. Therefore, it is important that student 
teachers in teacher education—besides mathematical knowledge—develop 
knowledge that is specific to teaching subject matter, i.e. pedagogical content 
knowledge (Shulman 1986, 1987). Brown and Borko (1992, 221) emphasize 
that one of the most important purposes in teacher education is the acquire-
ment of pedagogical content knowledge, that is, student teachers learn to 
transform subject-matter knowledge into a form in which it is teachable to 
pupils. 

 
 

12.4 Reflections and proposals for further 
investigation  

 
The study of teacher knowledge is as important to educational reform today 
as it was already more than 20 years ago. As Shulman (1983, 504) has noted:  

…the teacher must remain the key. The literature on effective schools is mean-
ingless; debates over educational policy are moot, if the primary agents of in-
struction are incapable of performing their functions well. No microcomputers 
will replace them, no television system will clone and distribute them, no 
scripted lessons will direct and control them, no voucher system will bypass 
them.  
 

In my view, there are several possible explanations why many teachers do not 
teach mathematics with focus on conceptual understanding. One is that many 
textbooks do not give enough support for such instruction. As one of the 
teachers declares:  

Textbooks don’t help me with ideas. There should be experiments fetched from 
the pupils’ reality. (Maria) 
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Another possible explanation is that teachers do not have sufficient compe-
tence in conceptual knowledge in mathematics (e.g. Leinhardt & Smith 1985; 
Putnam & al. 1992). In the light of this, it is not at all surprising if teachers 
have deficiencies regarding competence. Furthermore, teachers have not had 
enough opportunities to develop their competence in pedagogical content 
knowledge, which according to Shulman (1987) identifies the distinctive 
bodies of knowledge for teaching. This may be due to deficiencies in school 
politics, educational research and teacher education. Another possible expla-
nation is the lack of understanding of the extensive knowledge that is re-
quired to teach any subject matter area. In educational research there are only 
a few studies that contribute to the development of teachers’ competence in 
pedagogical content knowledge in subject-specific area (e.g. Brown & Borko 
1992; Bolte 1999; Lijnse 2000). There is also the following question: To 
what extent do research results from educational studies reach out to teachers, 
teacher educators and decision-makers? (cf. Wallin 1997).  

In teacher education, many studies indicate that student teachers do not 
develop the sufficient competence in pedagogical content knowledge in order 
to manage to teach with focus on conceptual understanding (e.g. Ball 1990, 
1991; Borko & al. 1992; Ma 1999; Cooney 1999). This is not surprising since 
many teacher educators lack both research experience and necessary compe-
tence in pedagogical content knowledge and therefore they are not able to 
provide student teachers the opportunity to develop such competence (SOU9 
1999:63). The development of pedagogical content competence requires both 
time and resources. However, time and resources seem to be in short supply 
in mathematics education.  

It seems clear that we need more comprehensive studies of teachers in 
action in various contexts—as learners of mathematics and as teachers of 
mathematics. I emphasize in agreement with Brown and Borko (1992, 221), 
that one of the most important purposes in teacher education is just the ac-
quirement of pedagogical content knowledge. Student teachers should learn 
to transform subject-matter knowledge into a form in which it is teachable to 
pupils. Brown’s and Borko’s assertion gives us new ideas for further investi-
gation. One of the future research areas should therefore be longitudinal 
study concerning student teachers. What do student teachers learn and how 
does their pedagogical content knowledge develop and change during their 
teacher education in mathematics? 

                                                           
9 Swedish Government Official Reports 
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In my view, the theories of concept development like Sfard’s (1991) 
seem partly to explain what prevents a learner from a transition from one 
conceptual level to another. In order to achieve a better understanding of 
obstacles that prevent concept formation, it could be justified to complement 
these theories with the theories of conceptual change in future longitudinal 
investigation. The theories of the conceptual change have been traditionally 
used in the research of learning of scientific concepts, especially in biology 
(Carey 1985) and in physics (Vosniadou 1994; diSessa 1993; Reiner & al. 
2000). In the learning of mathematical concepts, these theories however have 
been used in relatively few investigations, which have dealt mainly with 
number concept (Stafilidou & Vosniadou 1999; Merenluoto 2001; Merenlu-
oto & Lehtinen 2002; Merenluoto & Lehtinen 2004a, 2004b). 

An application of the theories of conceptual changes in future investiga-
tions should be justified at least for the following reasons. Firstly, the theo-
ries of concept development (Sfard 1991; Sfard & Linchevski 1994) have 
their origin in mathematics, but the theories of conceptual change are based 
on a learner’s early naïve knowledge. Secondly, the theories of conceptual 
change have similarities both with the prototype theory and the theory of 
concept image, which claim that children’s concept images often include only 
prototypes, that is, the specific examples of the concept, which are con-
structed first in learning and teaching of mathematics (Rosch 1975; Vinner & 
Herhkowitz 1983). Thirdly, mathematical concepts have a dual nature (Sfard 
1991; Sfard & Linchevski 1994) and conceptual change from the operational 
to the structural understanding of mathematical concept is very difficult for 
most of people. 

The Swedish curriculum (SKOLFS 1994:3, 33–34; The Swedish Board 
of Education 2000) in my opinion supports teaching of mathematics with 
focus on conceptual understanding. The research results however indicate 
that some of the teachers present algebra as ‘something to do’, rather than 
emphasising the central ideas and concepts of algebra (cf. Menzel & Clarke 
1998, 1999). Therefore, it should also be interesting to study in a future re-
search project, which other things than teacher professional competence in-
fluence in decision-making at school context. One of the future research 
assignments should therefore be to study, whether textbooks in mathematics 
on different levels in educational system have a focus on conceptual under-
standing or whether they convey a message of (Burton 1989, 18) a deperson-
alised model of mathematics resting upon knowing and expertness and ensur-



186 Iiris Attorps 

 

ing that mathematics remains aloof and uninteresting for most people of 
society. 
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APPENDICES 
 

APPENDIX 0 
PRELIMINARY INVESTIGATION (Questionnaire 0) 
 
1. Which of the following alternatives do you prefer and why? 
 

to solve a given system of equations; for example 
⎩
⎨
⎧

=+
=+

3,006,001,0
2022

yx
yx  

 
 to construct a system of equations from a text problem and to solve it  
  
e.g. Åsa and Mats are working at a holiday camp. The children at the camp will be 
served medium-fat milk with a fat content of 1,5%. One day they get a wrong de-
livery of 10 litres of milk, which consists of low-fat milk with a fat content of 
0,5% and standard milk with a fat content of 3%. Åsa and Mats decide to mix the 
two sorts. How much milk of each sort should they mix? 

 
Motivate your answer! 

 
____________________________________________________________________  

 
____________________________________________________________________  

 
____________________________________________________________________  

 
____________________________________________________________________  

 
 

2. When and in which situations do you use equations? 
 

____________________________________________________________________  
 
____________________________________________________________________  

 
____________________________________________________________________  

 
____________________________________________________________________  
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3. Write down what you connect with the concept equation. Do a mind map.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. Tell about your process of learning of equations. 

 
_____________________________________________________________________ 
 
_____________________________________________________________________ 
 
_____________________________________________________________________ 
 
_____________________________________________________________________ 
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APPENDIX 1  
BACKGROUND FACTORS (Questionnaire 1) 
 
1. Gender, Mark with a cross!  
  

 Male  
 

 Female  
 
2. Are You  
 

 a newly graduated teacher  
 

 an experienced teacher ( at least 5 years as a teacher)  
 
 
3. How many years have you worked as a teacher in mathematics?  
 

_________________________________________________________________  
 

4. How old are you?  
 

_________________________________________________________________  
 

5. What kind of university education do you have?  
 

_________________________________________________________________  
 

6. State the courses you have in your basic education.  
 

_________________________________________________________________  
 

7. How many academic points do you have in mathematics in your education?  
 

_________________________________________________________________  
 

8. Why did you want to become a teacher?  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
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9. State the name of the school and the number of pupils in your school. 
 

__________________________________________________________________ 
 

10. What is the name of the textbook in mathematics, which your class uses? 
 

__________________________________________________________________ 
 

11. Describe the working climate at your school.  
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

12. Tell something about the reception area of your school (the structure of the popu-
lation, the immigrant frequency and so on).  

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 
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13. Does the local authority of your district influence your instruction?  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

14. Do you discuss with your colleagues the content and the realization of the national 
and the local curriculum? 

  
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  
 
 

15. How do you do to get to know the pupils’ background / strength/ weakness? 
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
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APPENDIX 2 
CONCEPTIONS OF CONCEPT/EQUATION LEARNING (Questionnaire 2) 

 
1. Describe in detail how you have learnt equations when you were at comprehen-

sive school/nine-year compulsory school or similar. 
 

How was your learning process? What kind of teaching, working material, exami-
nation forms and goals did your teacher use in the instruction? Could you as a pu-
pil influence the instruction? 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
2. In which way have you learnt equations at upper secondary school and at univer-

sity? 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

3. What was positive respectively negative in the way you have learnt equations? 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
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APPENDIX 3  
SUBJECT MATTER KNOWLEDGE (Questionnaire 3) 
Interview questions 
 
Which of the following examples do you apprehend as equations? Range your an-
swers from 1 (unsure) to 5 (sure). Circle your answer. 
 

1. 1052 −− xx  yes no  1 2 3 4 5 

2. ayx =+ 52  yes no  1 2 3 4 5 

3. ( )( )( )xxx +−− 592 2  yes no  1 2 3 4 5 

4. baba 5,965 +=+  yes no  1 2 3 4 5 

5. 25)1( 22 =−+ yx  yes no  1 2 3 4 5 

6. 
aaaab =  

yes no  1 2 3 4 5 

7. 2=x  yes no  1 2 3 4 5 

8. 1=+yxe  yes no  1 2 3 4 5 

9. Cxdxxf +=∫ 2)(  yes no  1 2 3 4 5 

10. 12)( += xxf  yes no  1 2 3 4 5 

11. 1sincos 22 =+ αα  yes no  1 2 3 4 5 

12. xxyxy 2cos5,0)()(´´ =+  yes no  1 2 3 4 5 

13. 
3

4 3rV π
=  

yes no  1 2 3 4 5 

14. ea a =ln  yes no  1 2 3 4 5 

15. 213 +−≥−+ xxx  yes no  1 2 3 4 5 
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16. 4sin3sin 2 −+ xx  yes no  1 2 3 4 5 

17. 017 =−xxe  yes no  1 2 3 4 5 

18. ))((22 yxyxyx +−=−  yes no  1 2 3 4 5 

 

19. Which of the following alternatives do you prefer and why? 

 
a) to solve an equation  

b) to construct an equation from a text problem and to solve it 

 
Motivate your answer! 

 

 c) Name and give examples of the type of equations you know. 

______________________________________________________________ 
 

______________________________________________________________ 
 

______________________________________________________________ 
 

______________________________________________________________ 
 

 
20. What kind of thoughts does the statement below evoke in your mind? 

 Try to answer distinctly and with your own words. I want to get your sponta-
neous conceptions. If you cannot answer from a general point of view, give 
an example, which illustrates your conception, or comment on what you 
think about the question. Try to express some thoughts even if you have no 
answer you are satisfied. Comment your answers. 

 
 
 
 
 
 
 
 
 
 
 
 

 
X  +  16  =  2X 
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21. A pupil or one of the parents asks: What do you mean with the concept 
equation? What do you answer? 

 
______________________________________________________________  

 
______________________________________________________________  

 
______________________________________________________________  

 
______________________________________________________________  
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APPENDIX 4 
PEDAGOGICAL CONTENT KNOWLEDGE (Questionnaire 4) 
Interview questions 
 
1. What is your goal with algebra/equation instruction? What do you put stress on 

that your pupils shall learn about equations? 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

2. How do you motivate your pupils to learn equations? 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 
 

3. How do you prioritize the following domains in mathematics: algebra, geometry, 
statistics and arithmetic within the mathematics curriculum? 
 
1   
2   
3   
4   

 
Motivate your answer! 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 
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4. How do you apprehend the pupils’ interpretation of the equals sign in equations?  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

5. a) What kinds of misconceptions are typical for pupils concerning algebraic equa-
tions and expressions? 

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
_________________________________________________________________  

 
5. b) What is the reason of the pupils’ misconceptions? 
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 
6. You ask one of your pupils to set up an equation of the following problem: 

 
Mattias and his little brother Simon shall give their cousin Andreas a gift, which 
costs 75 Swedish crowns. Since Simon has a smaller weekly pocket-money than 
Mattias, they agree that Simon shall pay 2/3 of the sum Mattias pays. How much 
shall each of them pay? 
 
What kinds of problems does a pupil have in this issue? Why do the pupils have 
these problem according to you? 

 
_________________________________________________________________  

 
_________________________________________________________________  
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7. You ask one of your pupils to solve the following problems 
1) 3x + 8 = 20 and 2) 3x + 3 = 2x + 5 

 
Which of the problems do your pupils manage best and why? How do you moti-
vate your pupils to manage to solve both types of the problems? 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
 
8. Tell about your representations and instructional strategies for teaching the con-

cept equation to support the pupils’ understanding.  
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 
 
9. What kinds of solving methods do you use in your instruction when you solve 

equations of the type 1), 2) and 3)? 
 

1) 7
3

2512 =
−

−
x

 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

__________________________________________________________________ 
 

2) 933 +=+ xx  
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 

 
__________________________________________________________________ 
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3) 
⎩
⎨
⎧

=
+=

xy
xy

2
342  

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 
 
10. How do you organize your work in the classroom to reach the goals of the 

mathematics curriculum?  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 
11. What kind of instruction materials do you use when you teach equations? 
 

_________________________________________________________________  
 

_________________________________________________________________  
 

12.  What knowledge should the pupils attain in algebra/equations by the end of the 
fifth and the ninth year at the compulsory school according to the mathematics 
curriculum? 

 
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
 

_________________________________________________________________  
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APPENDIX 5 
STUDENT TEACHERS’ CONCEPTIONS OF EQUATIONS (Questionnaire 5) 
 
PART 1 

Mark the right alternative with a cross! 
 
1. Gender  
 
  Female  Male 
 
2. Age year  
 
3. You are going to be  

 
 a primary school teacher in mathematics and science 

 
 a secondary school teacher in mathematics and science  

 
 an upper secondary school teacher in mathematics and science  

 
4. Which level in mathematics have you achieved at the upper secondary school? 
 

 Math A  Math B  Math C  Math D  Math E  
 
5. How many courses in mathematics have you done at university? 
 

State the number of academic points. 
 

  points  
 
6. How do you apprehend your ability in mathematics?  
 

Range your answers from 1 (not so good) to 5 (good ). Mark one of the alterna-
tives. 

 1 2 3 4 5 
not so good good 

    
7. How much have you understood of the content of the courses in mathematics that 

you have studied at secondary school, upper secondary and at university? 
 
Estimate it by marking to the figure below. 
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PART 2 

Which of the following examples do you apprehend as equations? Range your an-
swers from 1 (unsure) to 5 (sure). Circle your answer.  
 

1. 1052 −− xx  yes no  1 2 3 4 5 

2. ayx =+ 52  yes no  1 2 3 4 5 

3. ( )( )( )xxx +−− 592 2  yes no  1 2 3 4 5 

4. baba 5,965 +=+  yes no  1 2 3 4 5 

5. 25)1( 22 =−+ yx  yes no  1 2 3 4 5 

6. aaaab =  yes no  1 2 3 4 5 

7. 2=x  yes no  1 2 3 4 5 

8. 1=+yxe  yes no  1 2 3 4 5 

9. Cxdxxf +=∫ 2)(  yes no  1 2 3 4 5 

10. 12)( += xxf  yes no  1 2 3 4 5 

11. 1sincos 22 =+ αα  yes no  1 2 3 4 5 

12. xxyxy 2cos5,0)()(´´ =+  yes no  1 2 3 4 5 

13. 
3

4 3rV π
=  yes no  1 2 3 4 5 

14. ea a =ln  yes no  1 2 3 4 5 

15. 213 +−≥−+ xxx  yes no  1 2 3 4 5 

16. 4sin3sin 2 −+ xx  yes no  1 2 3 4 5 
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17. 017 =−xxe  yes no  1 2 3 4 5 

18. ))((22 yxyxyx +−=−  yes no  1 2 3 4 5 

 
 
 

Thank you for your help! 
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APPENDIX 6  

TABLES FROM STATISTIC DATA PROCESSING 

 
Table A. The student teachers’ conceptions about 1sincos 22 =+ αα  in the respective 
teacher category. 
 

1sincos 22 =+ αα  Prospective primary 
school teacher 

Prospective secondary 
school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 15 (54%) 21 (62%) 9 (69%) 

No-answer 13 (46%) 13 (38%) 4 (31%) 

All N=28 100% N=34 100% N=13 100% 

 
Table B. The student teachers’ conceptions about Cxdxxf +=∫ 2)(  in the respective 
teacher category. 
 

Cxdxxf +=∫ 2)(  Prospective primary 
school teacher 

Prospective secondary 
school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 17 (61%) 15 (44%) 5 (38%) 

No-answer 11 (39%) 19 (56%) 8 (62%) 

All N=28 100% N=34 100% N=13 100% 

 

Table C. The student teachers’ conceptions about 
3

4 3rV π
=  in the respective teacher 

category. 
 

3
4 3rV π

=  
Prospective primary 

school teacher 
Prospective secondary 

school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 11 (39%) 17 (50%) 7 (54%) 

No-answer 17 (61%) 17 (50%) 6 (46%) 

All N=28 100% N=34 100% N=13 100% 
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Table D. The student teachers’ conceptions 2=x  about in the respective teacher 
category. 
 

2=x  Prospective primary 
school teacher 

Prospective secondary 
school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 7 (25%) 19 (56%) 7 (54%) 

No-answer 21 (75%) 15 (44%) 5 (38%) 

Missing-answer 0 0 1 (≈ 8%) 

All N=28 100% N=34 100% N=13 100% 

 
Table E. The student teachers’ conceptions about 12)( += xxf  in the respective 
teacher category. 
 

12)( += xxf  Prospective primary 
school teacher 

Prospective secondary 
school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 16 (57%) 19 (56%) 5 (38%) 

No-answer 12 (43%) 15 (44%) 8 (62%) 

All N=28 100% N=34 100% N=13 100% 

 
Table F. The student teachers’ conceptions about 213 +−≥−+ xxx  in the respec-
tive teacher category. 
 

213 +−≥−+ xxx  Prospective primary 
school teacher 

Prospective secondary 
school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 13 (46%) 17 (50%) 5 (38%) 

No-answer 15 (54%) 16 (47%) 8 (62%) 

Missing-answer 0 1 (≈ 3%) 0 

All N=28 100% N=34 100% N=13 100% 
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Table G. The student teachers’ conceptions about 1052 −− xx  in the respective 
teacher category. 
 

1052 −− xx  
Prospective primary 

school teacher 
Prospective secondary 

school teacher 

Prospective upper 
secondary school 

teacher 

Yes-answer 19 (68%) 14 (41%) 3 (23%) 

No-answer 9 (32%) 18 (53%) 10 (77%) 

Missing-answer 0 2 (≈ 6%) 0 

All N=28 100% N=34 100% N=13 100% 
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