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Chapter 1

Introduction

The idea that the spacetime could well have more than the usual four dimensions
dates back to the very beginning of the 20th century, to the works of Nordström,
Kaluza and Klein [1]. Indeed, only ten years after the ordinary space and time had
been joined by Einstein's special relativity into a single four-dimensional spacetime,
Nordström proposed the existence of a �fth dimension. Originally the motivation
for these Kaluza�Klein (KK) theories was to unify the two forces known by then,
gravity and electromagnetism, into a single uni�ed �eld theory. However, it was soon
realized that the extra dimensions would have to be compacti�ed into an extremely
small volume to produce the familiar interactions with measured strengths. This
is easy to understand, as the typical length scale of a theory unifying gravity with
quantum theory would be the Planck length `Pl � 10�35 m. Because of this apparent
impossibility of obtaining any experimental con�rmation of the extra dimensions,
and some problems associated with nonabelian Kaluza�Klein theories, these models
were considered as an interesting but not very useful possibility for decades.

The birth of superstring theories in 1970's gave a new lift to theories with ex-
tra dimensions. Although the experimental status of the new dimensions was not
improved, the theory was shown to be consistent only in 10-dimensional spacetime.
That the existence of a sensible physical theory should depend so crucially on the
dimensionality of the spacetime is quite remarkable in itself. Furthermore, super-
string theory and its postulated 11-dimensional extension M-theory have become the
leading candidates for a fundamental theory, unifying all interactions, during the last
twenty years. Although the string scale is usually supposed to lie beyond the reach
of any foreseeable experiments, string theory provides both motivation and a solid
theoretical background for the existence of additional dimensions also in low energy
e�ective �eld theory.

Along with the emergence of new proposals for a fundamental theory it has become
clear that the Standard Model (SM) of particle physics is only an e�ective theory
applicable at low energies, where it is extremely well-established and describes the
nature with incredible accuracy. One important consequence of this interpretation is
that it is necessary to impose some upper energy limit, which serves as a cuto� for
the model. Since the theory is not valid for arbitrarily high momenta, it need not be
required to be (UV) renormalizable. This change in the point of view is extremely
vital for the extra dimensions, whose presence invariably makes the UV divergences
worse.

The e�ective theory interpretation, however, has some serious problems, the most
important of which is the hierarchy problem. The cuto� of the theory is usually
placed at some very high scale, such as the Planck scale or the grand uni�cation
scale MGUT � 1016 GeV. Although the large cuto� is useful in reducing the e�ects
of higher dimensional (non-renormalizable) operators, it also induces large radiative
corrections to quantities de�ned at low energy. This problem manifests itself in the
quadratic corrections to scalar masses due to fermion loops. In the e�ective theory it
is therefore very hard to prevent the two separate scales from mixing. In particular,
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one usually needs a �ne-tuning of unacceptable accuracy to keep the Higgs mass
around few hundred GeV.

Usually the hierarchy problem is solved by imposing a symmetry that protects
the lower scale from large radiative corrections, like the supersymmetry [2], or by
assuming that the Higgs boson is a composite particle as in technicolor models [3].
However, in [4] a new solution was proposed, as the authors pointed out that the
fundamental Planck scale could be lowered down to TeV scale by introducing large
extra dimensions. Correspondingly, in [5] the extra dimensions were used to bring
the another large scaleMGUT in the reach of future colliders. This is possible because
the presence of extra dimensions changes the conventional logarithmic running of the
couplings into a power law, thus accelerating the uni�cation. The use of a higher
dimensional gauge symmetry to protect the scalar masses from radiative corrections
has been considered in [6].

The main reason for the new advent of extra dimensions in late 90's is the discovery
of extended string theoretical objects called 'p-branes'. From the low energy �eld
theory point of view the branes act as p+ 1 -dimensional submanifolds, where �elds
can be localized. This makes it possible to consider large extra dimensions, �large�
meaning here (TeV)�1 � 0:2 � 10�19 m or even millimeters [7], as opposed to the
Planck scale of traditional Kaluza�Klein theories. The branes allow some of the �elds
to be restricted to move only in four dimensions, providing much more freedom for
the choice of higher dimensional �elds, which no longer have to be onlyD-dimensional
versions of the SM �elds.

All the extra dimensions considered here are assumed spacelike. Extra time di-
mensions have also been studied in the literature [8], but they are usually plagued
with problems of causality, negative probabilities and tachyonic states. Moreover, I
will always be assuming a factorizable geometry M4 � BN , the product of the four-
dimensional Minkowski spacetime with a compact N -dimensional manifold. This
leaves out some interesting recent developments, like the Randall�Sundrum model [9]
and all its numerous extensions. Nevertheless, the product manifold ansatz is com-
pletely su�cient for the studies of power law uni�cation, and the Kaluza�Klein de-
composition of higher dimensional �elds is usually much simpler with the factorizable
geometry.

This thesis is organized as follows: in chapter 2 some general results on theories
with extra dimensions will be presented. The Kaluza�Klein decomposition of �ve-
dimensional �elds is discussed in section 2.1.1 and generalized to other manifolds in
section 2.1.5. In section 2.1.2 the e�ects of large extra dimensions on the fundamen-
tal Planck scale are studied, and it is shown that for two or more millimetric extra
dimensions the gravity scale could become as low as few TeV. Other aspects of higher
dimensions relevant for realistic model building, such as eliminating unwanted exci-
tations from the zero-mode spectrum and D-dimensional supersymmetry, are treated
in the following subsections. Finally, a short review of the renormalization group
running of gauge couplings in four dimensions is given in section 2.2.

Chapter 3 contains the main topics of this thesis, namely, the power law running of
the gauge couplings and its consequences for the grand uni�cation. In section 3.1 the
radiative corrections to the photon propagator in �ve-dimensional QED are calculated
and it is shown that the dependence of the electric charge on the sliding scale is linear
instead of logarithmic. In section 3.2 the same result is derived in the context of the
completely renormalizable theory de�ned by discarding all but the lowest Kaluza�
Klein excitations. It is also argued that near the compacti�cation scale the running
is better described by a logarithmic than a power law. The renormalizability is
discussed in section 3.3 and the threshold corrections near the compacti�cation scale
in section 3.3.3. The uni�cation of the gauge couplings is studied in section 3.4,
where it is shown in particular that for large enough extra dimensions MGUT can be
brought down to ten TeV. As well as new possibilities for future experiments, this
scenario induces some problems, however. The proton decay and some mechanisms
to stabilize protons are discussed in section 3.5. Chapter 4 contains the conclusions.
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Chapter 2

Preliminaries

2.1 Theories in more than four dimensions

In this section I will discuss the general aspects of theories with extra spacelike di-
mensions. In particular, I will describe how the 4 + Æ-dimensional �elds can be
decomposed into in�nite towers of four-dimensional �elds through the Kaluza�Klein
reduction, and how the spectra of these 4D �elds depend on the number, the topology
and the size of the extra dimensions. However, these are not Kaluza�Klein theories
in the usual sense, since I will not be treating the metric as a dynamical variable and
I will also neglect the e�ects of the spacetime curvature. To simplify the formulas, I
will do the calculations mostly with only one extra dimension. The generalization to
higher dimensions, which do not all have to be equally sized, is usually straightfor-
ward.

2.1.1 Kaluza�Klein decomposition

I will show in this section how the higher dimensional �elds can be described from the
e�ective 4D point of view as in�nite towers of massive Kaluza�Klein (KK) excitations.
The problems with chiral fermions and the residual gauge invariance will also be
discussed.

Assume for simplicity that the spacetime is �ve-dimensional, and that one of the
dimensions is compacti�ed into a circle. The topology of the space is then R4 � S1

instead of R5, while the metric is taken to be the 5D Minkowski metric �MN =
diag(+;�;�;�;�), where indices M;N = 0 : : : 4. The coordinates will be usually
written as (x�; y) with � = 0 : : : 3 and 0 � y � 2�R. At low energies, E � R�1, the
theory is expected to look four-dimensional, whereas the new dimension will open up
as the energy is increased above the compacti�cation scale � = R�1.

Consider a scalar �eld �(x; y). Since the space is periodic in the �fth dimension,
the �eld can be decomposed into a Fourier series

�(x; y) =
1p
2�R

1X
n=�1

�n(x)e
iny=R: (2.1)

The factor in front of the series is convenient for the normalization of the �elds �n,
which now have the right dimension for being interpreted as four-dimensional scalar
�elds. To see that this is indeed the case, write the �ve-dimensional free action as

S� =
1

2

Z
d4xdy

�
@M�

�@M��m2
0�

��
�
; (2.2)

substitute (2.1) and integrate over y. This gives the e�ective four-dimensional action

S� =

1X
n=�1

1

2

Z
d4x

�
@��

�
n@

��n � (m2
0 +

n2

R2
)��n�n

�
: (2.3)
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It is then evident that the 5D �eld �(x; y) corresponds to an in�nite tower of 4D
scalar �elds �n(x) with masses given by

m2
n = m2

0 +
n2

R2
: (2.4)

The couplings have a more complicated form, because the momentum in the y
direction is required to be conserved also in 4D theory. For example, the quartic
scalar self-coupling gives, when integrated over the �fth dimension

�

M
(���)2 ! �

2�MR

X
i;j;k

��i �
�
j�k�i+j�k ; (2.5)

where M is the cuto� of the (e�ective) theory written explicitly to make � dimen-
sionless. The indices in the last factor are so arranged that the momentum in the
�fth dimension is conserved. If M is taken to be the 5D Planck scale M5 (2.17),
then the coupling in the 4D e�ective theory is seen to be suppressed by a factor
(M5=MPl)

2. This is a typical relation between the couplings of the full theory and
those of the e�ective four-dimensional theory, since the former usually have negative
dimension and are suppressed by corresponding powers of the cuto� M5. Let the
5D coupling have dimension [g5] = �d. To get dimensionless couplings in the 4D
theory, a corresponding number of factors 1=R normalizing the KK modes has to be
introduced, leading to suppression by (RM5)

�d � (M5=MPl)
2d, where again (2.17)

has been used.
To see how the gauge �elds behave in the compacti�cation, I take an abelian

theory as an example. The generalization to nonabelian theories is straightforward,
only with more complicated couplings. Since the gauge �eld AM (x; y) is real, it is
more convenient to Fourier expand it in the form

AM (x; y) =
1p
2�R

A
(0)
M +

1p
�R

1X
n=1

�
A
(n)
M cos

ny

R
+ Â

(n)
M sin

ny

R

�
: (2.6)

This form is also suitable for compacti�cation on an orbifold S1=Z2 discussed be-

low (see section 2.1.3), since both A
(n)
M and Â

(n)
M have de�nite parities with re-

spect to the re�ection y ! �y. Substituting (2.6) into the pure gauge Lagrangian
�(1=4)FMNF

MN and integrating over y leads to

SA =

Z
d4x

1X
n=0

�
�1

4
F (n)
�� F

(n)�� +
1

2
(@�A

(n)
5 � n

R
Â(n)
� )2

�

+

1X
n=1

�
�1

4
F̂ (n)
�� F̂

(n)�� +
1

2
(@�Â

(n)
5 +

n

R
A(n)
� )2

�
: (2.7)

Analogously to the usual Higgs mechanism, the massless scalars A
(n)
5 , n 6= 0, can

be absorbed into A
(n)
� by a gauge transformation. For the Fourier components, the

5D U(1) gauge transformations are

A(n)
� ! A(n)

� + @��
(n)

A
(n)
5 ! A

(n)
5 +

n

R
�̂(n)

Â
(n)
5 ! Â

(n)
5 � n

R
�(n): (2.8)

Given the transformations (2.8), it is obvious that the choice �(n) = (R=n)Â
(n)
5 ,

�̂(n) = �(R=n)A(n)
5 makes the �elds A

(n)
5 vanish for n > 0. In terms of the trans-

formed �eld (still denoted by A�), the Lagrangian in this speci�c gauge reads

SA =

Z
d4x� 1

4
F (0)
�� F

(0)�� +
1

2
@�A

(0)
5 @�A

(0)
5

+

1X
n=1

�
�1

4
(F (n)

�� F
(n)�� + F̂ (n)

�� F̂
(n)��) +

1

2

n2

R2
(A(n)2

� + Â(n)2
� )

�
; (2.9)
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where it is easy to see that the KK modes of AM have masses mn given by (2.4).
Even with the gauge transformation parameter �(x; y) �xed as above, the compo-
nent �(0)(x) remains undetermined, corresponding to the 4D gauge transformations

A
(0)
� ! A

(0)
� + @��

(0). The action (2.9) is clearly invariant with respect to these
transformations, re�ecting the residual 4D gauge invariance of the theory. The U(1)

symmetries related to A
(n)
� with n 6= 0 are broken by the compacti�cation, and cor-

responding Goldstone bosons A
(n)
5 have been eaten by the gauge �elds to give them

longitudinal degrees of freedom [5].1

The decoupling of the modes A
(n)
5 can also be seen by �xing the gauge already in

the 5D Lagrangian by the usual covariant gauge-�xing term,

LA = �1

4
FMNF

MN � 1

2�
(@MA

M )2: (2.10)

Working out the dimensional reduction as above, it has been shown in [10] that the
A5 propagator vanishes in the Landau gauge (�=0), whereas the other components
A� stay in the four-dimensional Landau gauge.

The KK masses of nonchiral fermions arise exactly the same way, the masses of
each excited level being once again given by (2.4). For massless fermions the KK
decomposition of the 5D Lagrangian i�	�M@M	 in the chiral basis gives

S	 =

1X
n=�1

Z
d4x

�
i � nL��

�@� 
n
L + i � nR��

�@� 
n
R �

n

R
( � nR

� nL +  nR 
n
L)
�
: (2.11)

In this expression  R and  L refer to the di�erent four-dimensional chiral compo-
nents of the spinor 	. Note that the Kaluza�Klein mass terms necessarily involve
both chiralities. Indeed, there are no chiral fermions in �ve dimensions, which means
that the e�ective four-dimensional theory will generally also be nonchiral. To intro-
duce chiral fermions into the 4D theory it is necessary to consider more complicated
geometries, such as the orbifold compacti�cation of section 2.1.3.

2.1.2 Lowering the Planck scale

Among the �rst results to revive the interest in extra dimensions was the realization
that large extra dimensions could signi�cantly lower one of the fundamental scales in
the nature, the Planck scale MPl =

p
~c=G = 1:2� 1019 GeV [4]. This is most easily

understood by considering the D � 1 -dimensional Gauss law. At small distances,
r � R, the �ux of the gravitational �eld is equally distributed on the area of 2 + Æ
-sphere S(2+Æ)r

2+Æ , where Æ = D � 4. The force law is then

F(4+Æ) = G(4+Æ)
m1m2

r2+Æ
: (2.12)

As the distance is increased well beyond the compacti�cation scale, the �ux be-
comes equally distributed to whole of the compact space. This corresponds to re-
placing the extra dimensional part of the factor S(2+Æ)r

2+Æ in (2.12) by the volume

of the compact space VÆ � RÆ , leading to the usual four-dimensional force

F(4) = G(4+Æ)

S(2+Æ)

S(2)VÆ

m1m2

r2
: (2.13)

Comparing this with Newton's gravitation gives the desired relation

G(4) = G(4+Æ)

S(2+Æ)

S(2)VÆ
: (2.14)

In fact, the actual form of the gravitational potential, de�ned as the solution of
the Poisson equation in D dimensions, is somewhat more complicated than (2.12)

1Although very similar to the Higgs mechanism, this interpretation is not fully justi�ed, because
the �Goldstone bosons� transform nonlinearly under the gauge group.
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because of the periodic boundary conditions in Æ directions. However, the short and
long distance limits are precisely those stated in (2.12) and (2.13).

The same result can also be derived by staying in four dimensions and consid-
ering the in�nite tower of KK excitations for the graviton [11]. For compacti�ca-
tion on a Æ-torus, the mass spectrum is a direct generalization of the formula (2.4),

m2
n = (

PÆ
i=1 n

2
i )=R

2 with n = (n1; � � � ; nÆ). The 4D gravitational coupling is the same
for all KK modes, leading to the potential written as a sum of Yukawa potentials of
the massive excitations,

V (r) = G(4)

X
(n1;���;nÆ)

e�jnjr=R

r
: (2.15)

For r � R only the massless graviton contributes, leading to the standard four-
dimensional expression. On the other hand, when r � R the sum can be approxi-
mated by an integral,

V (r) =
G(4)

r

Z
dÆn e�jnjr=R =

G(4)S(Æ�1)R
Æ

rÆ+1
�(Æ): (2.16)

Equating this expression with the potential derived from (2.12) it is easy to show,
using the Legendre duplication formula for � functions and the well known expression
for the area S(2+Æ), that this leads precisely to the relation (2.14) with VÆ = (2�R)Æ .

In terms of the Planck masses M(4+Æ) = G
�1=(2+Æ)
(4+Æ) the same relation reads

M2
(4) =M2+Æ

(4+Æ)

4�VÆ
S(2+Æ)

: (2.17)

Most often (2.17) is only used as an order of magnitude estimate, in which case the
approximation M2

(4) �M2+Æ
(4+Æ)VÆ with VÆ � RÆ is more useful.

In [4] the relation (2.17) has been used to investigate the possibility of lowering
the fundamental Planck scale M(4+Æ) down to the electroweak scale Mew. Since the
experimental tests of gravity have only probed distances above 100 �m [12], this
scenario is not excluded by gravity experiments for Æ � 2. However, all the other
�elds have to be bound to a four-dimensional submanifold, or a '3-brane', not thicker
than M�1

ew , for the Standard model is certainly known to be four-dimensional well
below that scale. In [11] the authors claim that this kind of scenarios, where only
the gravitons propagate in the extra dimensions, cannot be excluded by the current
experimental data, even if the higher dimensional Planck scale is as low as � 30 TeV
for Æ = 2. Another interesting possibility is the in�nite-dimensional limit Æ ! 1,
which could be constructed even without any brane con�gurations con�ning the SM
�elds.

The main topic of this work is the power law running of the Standard Model
couplings, induced by the towers of KK excitations of the SM �elds. Therefore I will
not elaborate any more upon the models with the gravity scale lowered down to the
weak scale as described above, since they do not allow the SM particles to propagate
in the extra dimensions.

2.1.3 Orbifold compacti�cations and brane-bulk models

As described above, the e�ective 4D theory of �ve-dimensional fermions is necessarily
nonchiral when the �fth dimension is compacti�ed on a circle. Thus, to introduce
four-dimensional chiral fermions into the low energy e�ective theory one has to either
explain why they should not have any massive KK excitations at all, or to introduce a
tower of chiral conjugate mirror fermions whose zero-mode is for some reason excluded
from the physical spectrum.

The simplest way to carry out either of the possibilities mentioned above is to
compactify some of the extra dimensions on an orbifold. Consider a compact manifold

6



M and a discrete group K acting on it. The group action � on the manifold and on
the �elds �i(x; y) living on it can be written as

� : K �M !M; �(k; y) � ky

R : �i(y)! R(k)ij�j(ky); (2.18)

where R(k) is a representation of K. When the action is free (i.e. ky 6= y 8k 6= 1K),
the quotient space is M=K is smooth and it is again a manifold. On the other hand,
when � has �xed points, the curvature of the quotient space becomes singular at
these points. This kind of spaces are referred to as orbifolds. The �xed points are
obviously exceptional, and the propagation of �elds in their neighborhood can be
expected to deviate from the �at space behaviour.2

An interesting e�ect arises when there are gauge symmetries de�ned on the orig-
inal manifold. Consider a gauge group G acting on �elds 	i, and interpret K as
a subgroup of G. In the points that are left �xed only by the identity element of
K, the action of K is always consistent with the gauge symmetry [13]. In con-
trast, in the �xed points the gauge group is broken down to a smaller group. Let
H(y) = fk 2 Kjky = yg be the isotropy group of y 2M . Then only those generators
of G that commute with all elements of H(y) remain unbroken at y, provided that
the representation R of K is faithful. The unbroken gauge group is the centralizer of
H(y),

GK(y) = fg 2 Gjgk = kg 8k 2 H(y)g � G: (2.19)

In [14] this method of breaking gauge symmetries has been used to reduce the GUT
SU(5) group to the Standard Model gauge group.

As a concrete example I will discuss in more detail the simple S1=Z2 orbifold,
which has been used extensively in the literature. It can be constructed by making
the identi�cation y � �y on the product manifold R4 � S1, and restricting the �fth
coordinate to 0 � y � �. The bene�t of imposing this kind of additional structure
to the compact manifold is that the �elds can be required to have a de�nite parity
under the transformation y ! �y. The decomposition (2.1) can be rewritten in the
form � = �+ + i��, where

�+(x; y) =
1p
2�R

�(0)(x) +
1p
2�R

1X
n=1

h
�(n)(x) + �(�n)(x)

i
cos

ny

R

��(x; y) =
1p
2�R

1X
n=1

h
�(n)(x) � �(�n)(x)

i
sin

ny

R
: (2.20)

The components transform in the Z2 transformation y ! �y as �� ! ���. What
is important here is that �� has no zero-mode. By demanding that � transforms in
the orbifold projection as an odd function, only the �� component is kept and the
lowest excitation is necessarily massive, m2 = m2

0 + R�2, thus decoupling from the
low energy physics.

A similar parity assignment can be made for the 5D spinor �elds to make the zero-
mode of either one of the chiral components vanish. The e�ective four-dimensional
theory then looks chiral at low energies, but the fermion still has a tower of KK
excitations and the full higher dimensional theory is nonchiral, as required by the
existence of suitable KK mass terms. In particular, it should be noted that the Dirac
mass term �m0

�		 is odd under the orbifold symmetry, since 	 �eld transforms as
	! 5	. Assuming the Lagrangian to be invariant in this symmetry, the Dirac mass
term must then vanish. However, even in the Standard Model the fermion masses are
generated by the VEV of the Higgs �eld, not by explicit mass terms of the unbroken
Lagrangian. The vanishing of the Dirac mass is not therefore a serious limitation on
the model construction. The Majorana mass term 	TC5	, where C5 = 025, is

2The consistency of �eld theories de�ned on an orbifold is discussed in [13], where it is shown
that the unitarity is conserved if the singularities are not too severe. More stringent constraints
arise from anomaly cancellation.
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not excluded by the orbifold symmetry [15], but it violates the conservation of the
lepton (or baryon) number and is therefore usually left out.

Another possibility already mentioned above is to have purely four-dimensional
�elds, with no KK excitations at all. To this end, it should be noted that there are two
special points, y = 0 and y = �R, which are invariant in the orbifold transformation.
The existence of these two �xed points breaks the translational invariance in the
y-direction, giving rise to another possible mode expansion, namely

�(x; y) = �1(x)Æ(y) + �2(x)Æ(y � �R): (2.21)

It is then completely consistent to assume that the fermion �elds are localized in
the four-dimensional submanifolds at the orbifold �xed points. As pointed out in [5],
from the string theory point of view the orbifolding mechanism is valid only for closed
string theories. Nevertheless, for open strings a similar mechanism involving 3-branes
is possible. From the �eld theory point of view these two mechanisms are identical for
all the practical purposes. This is mostly because the 4D submanifold, or the 'brane',
as it is usually referred to in the literature, is only used to restrict the motion of some
of the �elds to four dimensions, while the rest of the �elds are free to propagate in all
D dimensions, or the 'bulk'. It does not matter which one of the boundaries located
at the �xed points is chosen to represent our 4D world, but once the choice is made,
the matter located at the other end of the �fth dimension is visible to us only through
its e�ects on the bulk �elds.

To see how the virtual KK excitations can a�ect the four-dimensional processes, in
which all the external particles are brane �elds, consider a Yukawa coupling between
a real bulk scalar and brane fermions [5, 15],

SI =

Z
d4xdy

hp
M

� (x) (x)�(x; y)Æ(y)

=

Z
d4x

hp
�RM

�  

 
�0 +

p
2

1X
n=1

�
(n)
+

!
; (2.22)

where the coe�cients �
(n)
� are those written in the expansion (2.20). As before, the

coupling in four dimensions is suppressed by 1=
p
RM �M=MPl. Note also that the

coupling to the excited modes is stronger by a factor
p
2 relative to the zero-mode,

and that the odd-parity components �
(n)
� decouple completely.

Contrary to the coupling (2.5), the interactions in (2.22) do not conserve the KK
number, i.e. the momentum in the �fth dimension. This is possible because the
brane breaks the translational invariance in y-direction. It should be emphasized
that the brane is not considered here as dynamical object, but it has an in�nite mass
and can absorb the transverse momentum of any particle hitting it.

With the interactions like (2.22) the amplitude for four-fermion scattering   !
  mediated by � becomes

M = ĥ2

 
1

q2 �m2
0

+ 2
1X
n=1

1

q2 �m2
0

!
D(q2); (2.23)

where ĥ is the e�ective 4D coupling of (2.22) and D(q2) is some kinematic factor
independent of n. At low energies, q2 � m2

0 � R�2, the summation can be performed
to give, in the �rst order,

M = � ĥ2

m2
0

D(q2)

�
1 +

�2

3
m2
0R

2

�
: (2.24)

It is easy to see here the small correction from the in�nite tower of Kaluza�Klein
excitations. It should be noted that the summation in (2.23) is �nite only in the
case of one extra dimension. For greater number of dimensions this expression has to
be de�ned with a suitable ultraviolet cuto� or some other regularization procedure.
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In [16] similar corrections for electroweak observables are calculated. Comparing with
the precision data, in particular with the leptonic width of Z0, the authors �nd a
lower limit R�1 & 2:5 TeV for the size of a single large extra dimension.

Although the mode expansion (2.21) is perfectly sensible in the presence of a
brane, the most general expression in this case would be a combination of (2.21) and
(2.1). Some mechanism of localizing the 4D �elds on the brane is then needed to
ensure that they do not develop KK excitations. For example, in [4] the SM particles
are trapped into four-dimensional vortices in a six-dimensional space. Various other
�eld theoretical mechanisms have been proposed in the literature. I will present here
only a toy model for localizing the fermion �elds at the ends of the orbifolded �fth
dimension [15].

Consider a bulk scalar �eld with a linearly varying vacuum expectation value
h�(y)i = 2m2y. This kind of con�guration is possible because the branes break the
translational invariance of the �fth dimension. Assuming a Yukawa-like coupling, the
relevant part of the action takes the form

S =

Z
d4xdy �	

�
i�M@M + hh�i(y)�	: (2.25)

As before, the the y-dependence of 	 can be written in terms of some unknown
functions fn; gn,

	L =
X
n

fn(y) Ln(x); 	R =
X
n

gn(y) Rn(x); (2.26)

where  L;R are four-dimensional spinors. For (massless) zero-modes the equations of
motion lead to

(@5 + 2m2hy)f0 = 0; (�@5 + 2m2hy)g0 = 0; (2.27)

whose (unnormalized) solutions are

f0(y) = e�hm
2y2 ; g0(y) = ehm

2y2 : (2.28)

These are bound states of the usual gaussian form. Note that the left-chiral compo-
nent is localized around y = 0, while the right-handed part lies at the other end of
the �fth dimension. Therefore, the theory on both boundaries is chiral.

More complicated brane con�gurations have become a standard tool in the recent
literature. Some authors prefer compacti�cation on S1=(Z2 � Z2), a small modi�-
cation of the simple example discussed above, because of the better phenomenology
(e.g. doublet-triplet splitting and proton decay) of this model [14]. By a suitable
choice of overlapping and intersecting branes with variable thickness, models have
been constructed that explain the fermion mass hierarchy [5] and small neutrino
masses [15]. However, the predictivity of these models is not very good, because all
the required e�ects have to entered by hand by properly choosing the brane con�gu-
ration. Although this kind of extended brane models are perfectly sensible from the
string theory point of view, in this work I will consider only the minimal number of
four-dimensional submanifolds located at the orbifold �xed points.

2.1.4 Higher dimensional supersymmetry

Supersymmetry, although not yet experimentally con�rmed, is widely believed to be
a true symmetry of nature, mostly because of theoretical reasons. However, the pres-
ence of large extra dimensions may bring the fundamental scales MGUT and MPl so
low that the hierarchy problem regarding the radiative corrections of the Higgs mass
can be solved without any need for SUSY. The uni�cation of the MSSM couplings
at high energy, resulting from the renormalization group running, is often cited as
an experimental signature of SUSY, but the uni�cation is also modi�ed by the extra
dimensions. The e�ective theory with D > 4 could then well be non-supersymmetric.
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Nevertheless, the most promising candidate for a fundamental theory combining the
gauge theories with gravity, namely string theory, is required to be supersymmetric
to be consistent. It is then reasonable to expect that also the low energy e�ective
theory exhibits SUSY down to some SUSY-breaking scale MSUSY. In fact, there are
many interesting models (see e.g. [10,17]) in which supersymmetry breaking is asso-
ciated with the compacti�cation of the extra dimensions. A more practical reason is
that the higher order corrections usually spoil any perturbative calculation in higher
dimensions, unless they are cancelled by some underlying symmetry, such as SUSY.

The most important aspect of SUSY in D > 4 from the e�ective four-dimensional
theories' point of view is that if unbroken, 4D SUSY has to be an extended one. This
follows from the fact that the minimal spinorial objects in D > 4 have at least 8 real
degrees of freedom [18], corresponding to two or more four-dimensional spinors. In
particular, this applies to the SUSY generators in D dimensions, which forces the 4D
theory to be at least N = 2 supersymmetric. The MSSM particle content is recovered
by choosing the Z2-parities of the component �elds of N = 2 supermultiplets so that
the zero-mode spectrum only contains the N = 1 multiplets of the MSSM. The need
to reduce the extended 4D supersymmetry down to N = 1 SUSY gives another reason
for compactifying on an orbifold instead of a circle.

To see how the extended supersymmetry can be realized for the excited modes
while keeping the zero-modes less supersymmetric, let us take a closer look at the
5D N = 1 MSSM compacti�ed on S1=Z2 [10, 17]. Consider �rst an N = 2 vector
supermultiplet. On-shell (i.e. with auxiliary �elds eliminated by the equations of
motion) it consists of a 5D vector �eld VM , a four-component spinor3 �i, i = 1; 2,
and a real scalar �. Correspondingly, the Higgs �elds belong to hypermultiplets that
contain two complex scalars Ha

i and a Dirac spinor 	a. Index a here labels the two
hypermultiplets. In [5] the two MSSM Higgs �elds were placed in the same N = 2
multiplet. However, as noticed by the authors themselves, this requires one of the
Higgses to be odd under the Z2 orbifold transformation, which rules it out from the
zero-mode spectrum.

If all the chiral matter is assumed to live on the brane, the bulk �elds only include
the gauge and Higgs supermultiplets. Choosing the Z2 parities so that the zero-mode
spectrum is that of the MSSM, the gauge and Higgs sector �eld content is that written
in Table 2.1 (taken from [10]). On the left hand side are the zero-modes, which form

Zero modes (N = 1) Excited modes (N = 2)
Vector Chiral Vector Hyper

V
(0)
� H

2(0)
2 H

1(0)
1 V

(n)
� ;�(n); V

(n)
5 H

1(n)
1 ;H

1(n)
2 H

2(n)
2 ;H

2(n)
1

�
1(0)
L 	

2(0)
L 	

1(0)
R �

1(n)
L ;�

2(n)
L 	

1(n)
R ;	

1(n)
L 	

2(n)
L ;	

2(n)
R

Table 2.1: Gauge and Higgs supermultiplets of the 5D MSSM.

the complete N = 1 multiplets of the MSSM. On the right hand side are the KK
excitations (n > 0). Here again the vertical columns form N = 1 multiplets, but,
in addition, the two multiplets are paired to form a 4D N = 2 supermultiplet. The
semicolon separates the �elds with even Z2-parity (on the left) from those with odd
parity assignment (on the right). The zero-modes obviously have even parities.

It can be seen from Table 2.1 that although the orbifold projection selects either
even or odd KK excitations, every N = 2 supermultiplet contains equal number of
both parities. Together these �elds once again form full KK towers, with only the
number of towers halved by the orbifolding. However, in corrections to 4D processes
this e�ect is cancelled by the fact that the coupling of the excited modes to brane
�elds is stronger by a factor

p
2, as seen in (2.22).

3In �ve dimensions this is a symplectic Majorana spinor, composed of two 4D spinors �i trans-
forming as a doublet under 4D SU(2) R-symmetry [18]
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2.1.5 Compacti�cations on other manifolds

For simplicity, in the examples given above I have only considered 5D theories com-
pacti�ed on a circle. However, the topology of the extra dimensions could well be
more complicated than that, given in particular that string theory strongly suggests
6 additional dimensions. In this section I will give some general remarks on com-
pacti�cations on product manifolds M4 � BN and a more detailed discussion of the
symmetric spaces TN (the N -torus) and SN . The compact space BN is always as-
sumed to be orientable for the integration on BN to be well de�ned.

From the general relativity point of view most higher dimensional compact mani-
folds have problems with curvature. Even if the metric is not treated as a dynamical
variable, one should at least check that the background spacetime used for �eld the-
ory calculations satis�es the (vacuum) Einstein equations. If this is not the case,
then either matter or vacuum energy should be added to the background to make it
consistent with general relativity. However, it can be assumed that this additional
matter interacts only very weakly with the SM �elds.

On a given background spacetime M4 � BN the Kaluza�Klein decomposition
procedure usually boils down to �nding the eigenfunctions of the Laplacian operator
r2
N on the compact manifold (for more details, see [19]). An arbitrary �eld � can

then be expanded in terms of these functions,

�(x�; yi) =
X
fng

�fng(x) fng(y); (2.29)

where  fng(y) are the r2
N eigenfunctions,

r2
N 

fng(yi) =
1p
�g
@i(
p
�g@i fng) = �m2

fng 
fng: (2.30)

Here �g is the determinant of the compact space metric �gij and fng is a set of discrete
indices labeling the eigenfunctions. Substituting the expansion (2.29) into the D-
dimensional Klein�Gordon equation (�2

D + m2
0)�(x; y) = 0 gives the equations of

motion of the 4D �elds �fng(x)

(�2
4 +m2

0 +m2
fng)�

fng(x�) = 0; (2.31)

since for the product manifold �2
D = �2

4 �r2
N .

As a general remark, the zero-mode spectrum of the Laplacian operator depends
on the topology of BN through Hodge's theorem, which states that the dimension of
the space of harmonic p-forms on a compact manifold BN equals the p-th Betti num-
ber bp(BN ) [20]. For connected manifolds b0 = 1, giving one massless scalar. Note
that all  fng(y) transform as scalars on the compact manifold. Other Betti numbers
become important in the decomposition of higher rank tensors. For example, a D-
vector is in general decomposed into a 4D vector and a set of 4D scalars transforming
as a vector on the compact manifold. Since b1(S

2) = 0, Hodge's theorem states that
there are no massless vectors on S2. The 4D scalar part of the original vector then
decouples from the low energy spectrum.

Similar topological restrictions hold for fermion masses. In particular, it has been
shown in [21] that spaces with positive scalar curvature � do not admit massless
spinors, but the mass is bounded from below by the curvature, m � p

�=2. To
take again S2 as an example, for two-sphere this limit reads m � (

p
2R)�1. This

contradicts the Standard Model, in which the fermions are assumed massless until
they get masses from electroweak symmetry breaking.

From the phenomenological point of view the �rst non-zero eigenvalue �1 is the
most interesting one, since the observation of KK excitations would be an undeniable
sign of extra dimensions. For non-negative scalar curvature of BN the limit cited
in [21] reads

�1 � �2

4d2B
; (2.32)
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where dB is the diameter of the compact space. As expected from the simple cases
treated earlier in this chapter, the mass is lower for larger extra dimensions. However,
the scale in (2.32) is dB , not the volume of BN as might be expected from (2.17).
This is easy to understand, since the manifold can be deformed and the spectrum
changed while keeping the volume unaltered. A good example would be an N -torus
with variable radii, whose product is kept �xed. In [21] also upper bounds for masses
are given, depending in general on the curvature of the compact space.

Most of the limits given here apply only for spaces with positive curvature. For
manifolds with negative curvature (compact hyperbolic manifold, CHM) there are no
simple bounds for the lowest non-zero eigenvalue, although some special cases have
been studied, see [21, 22].

N-torus For the N -dimensional torus TN with a unique radius R the metric �gij is
simply the N -dimensional Euclidean metric Æij . The eigenfunctions  fng are plane
waves,

 n(y) = (2�R)�N=2ein�y=R; n = (n1; � � � ; nN ); ni 2 Z: (2.33)

with the masses given by the formulam2
n =

PN
i=1(ni=R)

2. The multiplicities for each
mass level are highly nontrivial, although the combinatorics is simple for any given
level. The toroidal compacti�cation is used in most references because of the simple
expressions for KK modes and mass levels, and because the curvature of the torus
vanishes.

N-sphere The corresponding formulae for theN -dimensional sphere are much more
involved. The metric on the N -sphere takes the form

�gij = R2 � diag
 
1; sin2 �1; sin

2 �1 sin
2 �2; : : : ;

N�1Y
i=1

sin2 �i

!
; (2.34)

where the angular coordinates are restricted to �i = 0 : : : � for i = 1; : : : ; N � 1
and �N = 0 : : : 2�. The corresponding eigenfunctions can be written in terms of the
associated Gegenbauer polynomials [23], but all that is needed here are the orthonor-
malization properties and the eigenvalues. The eigenfunctions are labeled by a set of
integers fn1; : : : ; nNg where n1 � n2 � � � � � nN�1 � 0 and �nN�1 � nN � nN�1.
The eigenvalues only depend on the �rst quantum number,

m2
fng = n1(n1 +N � 1)=R2: (2.35)

The degeneracy gN (n) of each mass level n � n1 can be found from the conditions
restricting the possible values of ni. Explicit formulas for N � 6 are given in [23],
while the general formula can be shown to be

gN(n) =
(n+N � 2)!

n!(N � 1)!
(2n+N � 1) (2.36)

by induction on both n and N .
At low energies the number of excited levels �uctuates strongly with scale. Nev-

ertheless, in [23] it has been shown that if the radii are chosen properly to make the
volumes of TN and SN equal, the number of states below a given level � is almost the
same for both compacti�cations up to high energies. Asymptotically, there are a little
more (of order 0.01%) excitations on sphere for N � 3. The similarity of the spectra
makes it hard to distinguish the spherical compact space from the toroidal one when
a large number of KK modes are excited. The di�erences between the two spaces are
most visible for the lowest excited modes, whose wavelenghts are comparable to the
size of the compact manifold, since they are most sensitive to the overall topology.
The same result was obtained more explicitly in [23] for the process e+e� ! h,
where h is the graviton.
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2.2 Renormalization of couplings in four dimensions

Here I will shortly review the central results on the renormalization group running
of coupling constants in four dimensions, since they will be needed in the following
chapter.

The renormalized quantities in quantum �eld theory usually depend on some ad-
ditional mass scale �, where the renormalization is carried out. The principle of
the renormalization group method is to choose � in such a way that the logarithmic
terms, which usually appear in the renormalization procedure and complicate the
scaling behaviour of di�erent quantities, are small. This is important because in the
case of large logarithms the e�ective expansion parameter in perturbation theory is
� ln(E=�) instead of �. Here E represents some typical energy scale of the process in
question. Thus, in order to keep the perturbative expansion trustworthy one should
choose � � E. However, as the energy E may well be very large, some connection to
the quantities renormalized and measured at low scales is needed. The renormaliza-
tion group equations (RGE) provide this relation in the form of di�erential equations
d�=d� = �(�). The function � can be calculated perturbatively, since the validity
of perturbation theory is guaranteed by the running coupling constant.

As shown in any standard textbook (see e.g [3, 24]), the one-loop radiative cor-
rections to propagators and vertices lead to the running of couplings with the renor-
malization scale �,

dg

d ln�
= �(g) ' b

16�2
g3: (2.37)

In gauge theories, the actual expansion parameter is usually � = g2=4�, in terms of
which the previous equation reads

d�

d ln�
=

b

2�
�2 (2.38)

The beta function coe�cient b of the coupling constant � related to gauge group
G can be calculated from the corrections to the gauge boson propagator. In general
it is given by [2]

b = �11

3
c2(V) +

2

3

X
R

c2(R) +
1

3

X
S

c2(S); (2.39)

where the group theoretical factor c2 for the representation generated by T
a
R is de�ned

by c2(R)Æ
ab = Tr(T aRT

b
R) and the summations in V, R and S run over the representa-

tions containing vectors, Weyl spinors and scalars, respectively. For SU(N) theories
c2(V) = N in the adjoint representation and c2(F) = 1=2 in the fundamental repre-
sentation.

Consider now the gauge group SU(3)�SU(2)�U(1) of the Standard Model and
its supersymmetric extensions. Assuming that the matter �elds are introduced as
complete generations, the general formula (2.39) gives the coe�cients b = (b1; b2; b3)
for models with di�erent supersymmetries,

b =

8>>><
>>>:
(0;� 22

3 ;�11) +( 43 ; 43 ; 43 )nG +( 110 ;
1
6 ; 0)nH non-SUSY

(0;�6;�9) +(2; 2; 2)nG +( 310 ;
1
2 ; 0)nH N = 1

(0;�4;�6) +(4; 4; 4)nG +( 35 ; 1; 0)nH N = 2

; (2.40)

where nG is the number of generations and nH counts the Higgs doublets. In the
MSSM nH = 2, whereas in the N = 2 theory one could have both the MSSM
Higgses in the same multiplet, corresponding to nH = 1. However, as discussed
in section 2.1.4, it is phenomenologically more viable to promote both Higgses to
separate hypermultiplets. As usual, I have de�ned b1 = (3=5)bY, which is the right
normalization for the hypercharge in SU(5)-class GUT theories. If the generations
are not complete, the contributions of the matter �elds have to be considered one by
one, with coe�cients given by (2.39). For N = 2 b's have also been listed in [25].
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For the MSSM the coe�cients in (2.40) are b = (33=5; 1;�3). The most remark-
able property of this particular set of coe�cients is that starting from the experimen-
tally measured values of the couplings at MZ (3.64) and letting them run according
to (2.38), all three couplings coincide at the scale MGUT � 1016 GeV. At this scale a
new theory with some simple or semi-simple gauge group, such as SU(5) or SO(10),
is supposed to emerge. Because of the large uncertainties in the experimental value
�3(MZ), the validity of the uni�cation is usually studied by choosing the intersection
of �1 and �2 as MGUT and running �3 down from that scale to give a prediction
for �3(MZ), to be compared with the experimental value. The solution of (2.38) is
simply

��1(�) = ��1(MZ)� b

2�
ln

�

MZ
; (2.41)

which gives the uni�cation parameters

MGUT = MZ exp

�
2���112 (MZ)

b1 � b2

�
; ��1ij � ��1i � ��1j

��1G = ��11 (MZ)� b1
b1 � b2

��112 (MZ) (2.42)

and the prediction for �3(MZ)

��13 (MZ) = ��11 � b1 � b3
b1 � b2

��112 (MZ): (2.43)

Another important prediction of GUT models is the weak mixing angle de�ned by
tan2 �W = �Y=�2. Using (2.43) and the similar prediction for �2(MZ) it easy to
derive a relation between the measurable quantities �W, �em and �S = �3:

(5b1 + 3b2 � 8b3) sin
2 �W(MZ) = 3(b2 � b3)� 5(b2 � b1)

�em(MZ)

�3(MZ)
: (2.44)

For the MSSM beta functions this expression gives sin2 �W = 0:231, while the ex-
perimental value is sin2 �W = 0:23117� 0:00016 [26]. Since the Standard Model in
itself does not give any prediction for �W, this result strongly suggests the grand
uni�cation scenario to be realized in nature.

To match the experimental accuracy, there are also various corrections that have
to be taken into account in the renormalization group running of the couplings. They
will be discussed in more detail in section 3.4.

It should be noted that not only are the couplings renormalized, but also all the
other parameters of the theory, like masses. Although these are also important issues,
in this work I will concentrate on the couplings, whose running is all that is needed
to study grand uni�cation in higher dimensions.
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Chapter 3

Power law running

As already discussed in the previous chapter, the coupling constants depend on the
energy scale through the renormalization group equations (RGE) (2.38). In four di-
mensions their behaviour is logarithmic, but, as I will show in this chapter, increasing
the number of spacetime dimensions changes the RGE into a power law. I also discuss
the (non-)renormalizability of D>4 models and the regularization scheme dependence
of the results obtained below. Finally, the possibilities for grand uni�cation in higher
dimensional theories are investigated, and the problems related to the fast proton
decay are discussed.

3.1 One-loop correction to the photon propagator

In this section I study the e�ects of including the virtual Kaluza�Klein excitations
to the usual SM radiative corrections, in the framework of the e�ective 4D theory
discussed above. I will work out in detail only the case of a single Dirac fermion within
an abelian gauge theory with one compacti�ed extra dimension. However, these
results can easily be generalized for all particles and gauge groups of the theory, since
the inclusion of the KK tower only a�ects the kinematic part of the calculations,
leaving the group theoretical factors intact. The excitations of scalar and vector
particles behave similarly, for the only e�ect of extra dimensions is to produce an
in�nite tower of copies of each particle species, with masses given by (2.4).

k; �

q

k; �

q � k

Figure 3.1: The vacuum polarization diagram

The vacuum polarization diagram of Figure 3.1 is given by

i���(k) = �
1X

n=�1

g2
Z

d4q

(2�)4
Tr(�

1

=q �mn
�

1

=k + =q �mn
); (3.1)

where mn is given in (2.4). I will use a suitable ultraviolet regularization, such as
Pauli�Villars regulator or dimensional regularization, to assure gauge invariance, and
then, having introduced the proper time parameter t with the necessary ultraviolet
and infrared cuto�s, I will take the physical (i.e. � ! 1 or � ! 0) limit of the
initial regulator. For the moment I shall assume that the results obtained this way
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are insensitive to the particular regularization used; the validity of this assumption is
given a closer inspection in section 3.3. Because of the gauge invariance the photon
self-energy can be written as

���(k) = (k�k� � g��k
2)�(k2); (3.2)

which gives, after contracting the indices and evaluating the trace,

�i3k2�(k2) = 8g2
1X

n=�1

Z
d4q

(2�)4
q2 + k � q � 2m2

n

(q2 �m2
n)[(k + q)2 �m2

n]
: (3.3)

The details of this calculation can be found in any standard textbook, e.g. [27]. Using
the proper-time parameter t the self-energy eventually reads

�(k2) =
2�

�

1X
n=�1

Z 1

0

dxx(1� x)

Z 1

0

dt

t
eit[�m

2
n+x(1�x)k

2]: (3.4)

I am only interested in �(0), which is used to de�ne the physical coupling constant.
Setting k2 = 0 above, integrating over x and rotating the t-integration contour by
��=2, (3.4) becomes

�(0) =
�

3�

1X
n=�1

Z 1

0

dt

t
e�tm

2
n =

�

3�

Z 1

0

dt

t
e�tm

2
0

1X
n=�1

e�tn
2=R2

(3.5)

Introducing the Jacobi #3 function

#3(�) =

1X
n=�1

e�i�n
2

(3.6)

the summation can be performed:

�(0) =
�

3�

Z 1

0

dt

t
e�tm

2
0#3

�
it

�R2

�
: (3.7)

As described earlier, I will now switch to the proper time regularization by intro-
ducing the ultraviolet and infrared cuto�s � and �. If �� m0, the zero-mode mass
can be neglected, and the regularized expression for self-energy is simply

�(0) =
�

3�

Z r��2

r��2

dt

t
#3

�
it

�R2

�
; (3.8)

where r is a scaling factor not derivable from the non-renormalizable theory alone.
In [5] a value

r = �X
�2=Æ
Æ ; where XÆ =

�Æ=2

�(1 + Æ=2)
(3.9)

is obtained by equating the beta function calculated here to the one given by a
truncated (mn < �) KK tower, and I will repeat the argument in the following
section. The parameter Æ here equals the number of extra dimensions, Æ = D � 4.
Other choices of r are also possible, resulting in di�erent beta functions. For example,
in [28] a value r = �(2 + Æ=2)2=Æ is used, based on the exact renormalization group
analysis, and the origin of these di�erent values is traced back to di�erent e�ective
theory approaches used. They demand that the RGE should give the right higher
dimensional limit as R ! 1, while the current approach is optimized to give the
correct 4D limit. The ambiguity in choosing the cuto� is a part of the general
regulator dependence of the e�ective theory, which will be discussed below in more
detail.
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From (3.8) the usual D = 4 result can be restored by letting R ! 0, which is
equal to setting #3 ! 1:

�(0) =
�

3�

Z r��2

r��2

dt

t
=

�

3�
ln
�2

�2
� �b

4�
ln
�2

�2
; (3.10)

where I have identi�ed b = 4=3 as the beta function coe�cient of a Dirac fermion
carrying a U(1) charge Q = 1.

The above example is somewhat oversimpli�ed, for in an abelian theory the gauge
boson wave function renormalization coe�cient is directly related to the gauge cou-
pling renormalization,

g0 = Z1Z
�1
2 Z

�1=2
3 g = Z

�1=2
3 g or gA� = g0A

�
0 ;

where Z1, Z2 and Z3 are the vertex and the fermion and photon wavefunction renor-
malization coe�ecients, respectively, and the �nal equality follows from the Ward
identity Z1 = Z2. This no longer holds for a nonabelian theory in an arbitrary
gauge, since the renormalization coe�cients are in general gauge dependent. Never-
theless, one can choose a gauge in which the product gA� is invariant, and the gauge
boson self-energy diagram calculated above gives the coupling constant renormaliza-
tion directly. For example, the background �eld gauge [3] has this property. The
higher-dimensional theory I am considering here is not renormalizable, which usually
implies that the standard renormalization procedure gives non-zero values to all cou-
plings allowed by symmetries. This would require in�nitely many new counterterms
that in turn make the structure of UV divergences highly nontrivial. One should then
be careful in applying the results of the background �eld approach in these theories.
However, the invariance of gA� in the background �eld gauge depends only on the
gauge invariance of e�ective action, which is preserved in this gauge. Therefore, in
this gauge the radiative corrections to couplings calculated in an e�ective theory will
be inverse to those of gauge �elds in every order of perturbation theory, even when
the theory is non-renormalizable.

Given the remarks above, (3.7) can be generalized to include all �elds and their
KK excitations, as well as the other gauge groups of the SM. As discussed in section
2.1.3, not every �eld necessarily has a tower of massive KK excitations, and therefore
the KK tower beta function coe�ecient may di�er from the zero mode value. I will
denote the coe�cient of the zero modes bi and that of the excitations ~bi, where
i = 1; 2; 3 for U(1)Y �SU(2)L �SU(3)c coupling constants, respectively. Extracting
the contribution of the zero modes from the integral, (3.7) becomes

�(0) =
�bi
4�

ln
�2

�2
+
�~bi
4�

Z r��2

r��2

dt

t

�
#3(

it

�R2
)� 1

�
(3.11)

In this expression the contributions coming from the Kaluza�Klein excitations, i.e.
from the extra dimension, can be clearly seen, for the �rst term is just the familiar
4D part, independent of R, while the second term vanishes in the limit R! 0.

The integral in (3.11) can be evaluated analytically in the limit �;� � R�1.
From the general relation #3(�1=�) =

p�i� #3(�) it follows

#3(
it

�R2
) � R

r
�

t
; (3.12)

for t=R2 � 1. Substituting this into the integral above yields

�(0) =
�(bi � ~bi)

4�
ln
�2

�2
+
�~bi
4�

4�R

�
�

�
� 1

�
: (3.13)

I am currently not concerned about the dependence on the arbitrary infrared cuto� �,
since the beta function is independent of it. Here � represents a scale below which the
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e�ects of the extra dimensions should be neglected; a natural choice would therefore
be � = R�1. I will use this particular value of the IR cuto� unless otherwise stated,
and continue to denote it with �. (In (3.13) the validity of the approximation was
guaranteed by the assumption � � R�1. However, numerical integration of (3.11)
shows that (3.12) is a good approximation even if one sets � = R�1, provided that
�� R�1 still holds (see [5], Appendix A).)

As discussed above, the corrected coupling constant is obtained from the wave

function corrections by the requirement gA� = g0A
�
0 . Since A� = Z

1=2
3 A�0 , where

Z3 = 1��(0), this leads to

g(�) = [1��(0)]�1=2g , ��1(�) = [1��(0)]��1 (3.14)

Substituting �(0) from (3.13) the expression for ��1 reads

��1i (�) = ��1i (�) � bi � ~bi
4�

ln
�2

�2
�
~bi
�

�
�

�
� 1

�
: (3.15)

With more than one extra dimension the expression for ��1(�) is not necessarily as
simple as in (3.15). In the case of the simplest possible topology for the Æ-dimensional
compact space, Æ-torus T Æ �= S1� S1 � � � � �S1 with one common radius R, the cal-
culation above can nevertheless be generalized to give a 4+Æ-dimensional power law.
The essential feature that makes this generalization possible is the simplicity of the
excitation spectrum of torus, m2 = m2

0 + �2
PÆ

i=1 n
2
i , which leads to a complete fac-

torization of the contribution of each dimension in the proper time parametrization,

e�tm
2

= e�tm
2
0

ÆY
i=1

e�t�
2n2i :

If (2.41) is used to solve for ��1(�) with an initial condition given at MZ, the �nal
expression for M4 � T Æ can be written as

��1i (�) = ��1i (MZ)� bi
4�

ln
�2

M2
Z

+
~bi
4�

ln
�2

�2
�
~biXÆ

2�Æ

"�
�

�

�Æ
� 1

#
: (3.16)

(To be more precise, one should only include the contribution of top quark from
mt = 174 GeV on, and, in supersymmetric theories, introduce the SUSY partners of
Standard Model particles at their respective thresholds.)

3.2 Truncated KK tower and logarithmic running

Given the non-renormalizability of the 4D e�ective theory discussed in the previous
section, it is interesting to also consider the fully renormalizable theory obtained by
decoupling the heavier modes from the theory, i.e. truncating the tower of Kaluza�
Klein excitations with the condition mn < � [5,29]. Since I assume � < MGUT, this
always gives a �nite number of excitations traveling in the loops. Indeed, the states
with mn > MGUT will never contribute and can be safely left out. This theory has
then only a �nite number of 4D �elds and can be renormalized in the usual way.
In particular, the decoupling theorem can be applied to ensure that the method of
introducing new particles at their respective thresholds is perfectly sensible. The
renormalizability of gauge theories de�ned with this kind of a truncation is proven
in [5] by establishing an analogy with the Higgs mechanism.

A major complication in carrying out the level by level approach is the highly
nontrivial degeneracy of each mass level, even if the compact space is assumed to
be the simple Æ-torus. On the other hand, once the running equation is obtained in
terms of level degeneracies, it can be easily applied to any kind of compact space, not
just tori. Each mass level is characterised by a number N = m2

N=�
2, which will be

assumed an integer; this assumption is valid for such simple spaces as tori or spheres,
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and can be removed if necessary, as long as the spectrum is discrete. I am ignoring
the zero mode mass m0, which is usually relatively small, m0 � � = R�1. De�ne
g(n) as the degeneracy of level n and let

f(N) =
NX
n=1

g(n): (3.17)

For each level this degeneracy is computable, and since the highest level to be con-
sidered is N = M2

GUT=�
2, these calculations can in principle always be carried out.

With the truncation described above, the number of excitations considered at scale
� is then f(N), where N � �2=�2 < N + 1.

Since the beta function coe�cient bX due to a particle X is independent of the
mass, in this approximation the overall b grows by g(n)bX each time �2 exceeds some
n�2. The RGE is therefore

d

d ln�
��1 = �b+ f(N)~b

2�
(3.18)

in the interval
p
N � �=� <

p
N + 1. Given a boundary condition at N�2 � m2

N ,
this equation can be integrated to give

��1(�) = ��1(mN )� b+ f(N)~b

2�
ln

�
�

mN

�
: (3.19)

Similarly,

��1(mN ) = ��1(mN�1)� b+ f(N � 1)~b

2�
ln

�
mN

mN�1

�
; (3.20)

etc., until �nally

��1(2�) = ��1(�)� b+ f(1)~b

2�
ln

�
m2

�

�
: (3.21)

Summing all these equations together leads to a formula giving the logarithmic run-
ning of the coupling constant,

��1(�) = ��1(�)� b

2�
ln

�
�

�

�
�

~b

2�

"
f(N) ln

�
�

�

�
� 1

2

NX
n=1

g(n) lnn

#
: (3.22)

The second term here is the expected four-dimensional logarithmic dependence,
whereas the third term represents the contribution of the compact extra dimesions.
Consistently, the last term vanishes in the limit R! 0, or N ! 0.

It is instructive to see that asymptotically, i.e. � � R�1, (3.22) gives the same
power law behaviour as (3.16). For one circular extra dimension the degeneracy of
the levels is simple, g(n) = 2 if n = k2 and zero otherwise. For n� � � < (n + 1)�,
(3.22) then reduces to

��1(�) = ��1(�)� b

2�
ln

�
�

�

�
�

~b

2�

�
2n ln

�
�

�

�
� 2 lnn!

�
: (3.23)

With the help of Stirling's formula n! � nne�n
p
2�n, and substituting n � �=� valid

for large n, the power law behaviour is found,

��1(�) = ��1(�)� b� ~b

2�
ln

�
�

�

�
�

~b

2�
2

��
�

�

�
� ln

p
2�

�
: (3.24)

For large � this expression agrees with (3.15). Partially this stems from the proper
choice of the factor r in (3.8), for in [5] the value of r is derived precisely the way I
have shown here. Note, however, that the constants in the last term are still di�erent.
This should not come as a surprise, since in a non-renormalizable theory there is
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no a priori reason for the �rst order terms to be regularization scheme invariant.
In fact, di�erent regularization procedures always induce di�erent threshold e�ects
that strongly a�ect the behaviour of couplings in the vicinity of � = 1=R. In the
asymptotic region the overall behaviour follows a power law, but the threshold e�ects
are still visible as �nite corrections to the actual values of the couplings, as will be
seen below.

In higher dimensions the evaluation on the asymptotic region is less trivial, but
can be carried out with few additional assumptions. Here I will only work out the
case of toroidal compacti�cation, in order to compare with (3.16). In this case there
is exactly one state corresponding to each set of integers fn1; : : : ; nÆg, with mass

given by m2
N = �2

PÆ
i=1 n

2
i . For large N the number of states below the cuto� can

therefore be approximated by the volume of Æ-sphere,

f(N) � (�N)Æ=2

�(1 + Æ=2)
� 1 = XÆN

Æ=2 � 1; (3.25)

where I have explicitly subracted the zero mode in (3.25), since it is not included
in the de�nition of f(n). The error made in approximating f(N) by the volume is
proportional to the area of the sphere, making the di�erence negligible for large N
and Æ � 2. XÆ has been de�ned in (3.9). If a further approximation

g(n) = f(n)� f(n� 1) � df(n)

dn

is made, then the sum in (3.22) can be evaluated by the Euler�Maclaurin formula (I
will only make use of the leading term)

NX
n=1

g(n) lnn =

Z N

1

dn
df(n)

dn
lnn = f(N) lnN �

Z N

1

dn

n
(XÆn

Æ=2 � 1)

= f(N) lnN � 2XÆ

Æ
(N Æ=2 � 1) + lnN (3.26)

Setting N � (�=�)2 and substituting this expression into (3.22), it �nally becomes

��1(�) = ��1(�)� b� ~b

2�
ln
�

�
�
~bXÆ

2�Æ

"�
�

�

�Æ
� 1

#
; (3.27)

which agrees exactly with (3.16). One should remember, however, that in deriving
(3.16) the factor XÆ was explicitly chosen to make this agreement possible, although
the power law bahaviour �Æ is independent of this choice. The matching of the
logarithmic terms should probably not be given too much weight, since I have already
left out terms of order �Æ�1 while deriving (3.27). The way it stands, this equation
gives the correct result also on the limit Æ ! 0.

Even if the running calculated by the two methods agrees in the asymptotic
region, they di�er strongly near the threshold � = R�1, where the approximations
(3.25) and (3.12) fail. This is most clearly seen in the fact that (3.16) is a power law
all the way down to the compacti�cation scale �, whereas (3.22) actually describes
a logarithmic running in the low energy region. The truncation method used to
derive the latter equation makes its behaviour highly irregular near the thresholds
n� for small values of n. The number of thresholds needed to stabilize the running
in (3.22) depends largely on the complexity of the excitation spectra, i.e. on the
dimension and the topology of the compact manifold, as described in [29] for the
case of toroidal compacti�cation. As will be shown below, the presence of extra
dimensions accelerates the running of the couplings enough to bring the uni�cation
scale MGUT down to only few times the compacti�cation scale, or MGUT � 10�.
This implies that the results of the two approaches presented in this chapter may
considerably di�er from each other on the whole range of their validity, since the
large N limit is not reached even at the GUT scale. This fact renders the analysis of
the regularization scheme dependence (see [30] and section 3.3) important in studying
the D > 4 -dimensional gauge coupling uni�cation.
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3.3 Regularization dependence

In this section I will �rst shortly discuss the (non-)renormalizability of D > 4 mod-
els and the running of coupling constants in these theories, and then dwell on the
problem of analyzing the dependence of the beta function on the speci�c ultraviolet
regularization scheme. It is evident that the e�ective theory needs some kind of UV
regularization, and the results of the previous sections in this chapter already show
that di�erent choices of the regulator may lead to very di�erent behaviours near the
compacti�cation scale. Nevertheless, it will be seen that the asymptotic power law
behaviour common to all the schemes considered makes it possible to compare the
running in di�erent schemes in a systematic way. The notion of e�ective dimension

will also be introduced in this context, following closely [30].

3.3.1 A word on renormalizability

It is evident from a simple power counting argument that the 4+Æ-dimensional Stan-
dard Model is not renormalizable, and the same applies to the Fourier-expanded 4D
theory, which contains an in�nite number of parameters to be measured at some scale
�. As the running of the coupling constants is a consequence of the renormalization
procedure, in particular the renormalization group equations, it is reasonable to ask
if (3.16) really describes the scale dependence of coupling constants.

The point of view adopted here is that the D-dimensional theory only exists as
an e�ective theory, deriving from a more fundamental theory, e.g. string theory. All
the high-energy modes have been integrated out, leaving an e�ective Lagrangian that
is not expected to be valid but for momenta jpj < �. It is then natural to restrict
the loop integrals to small energies, and this in turn renders the theory �nite. Con-
sequently, the radiative corrections are �nite, but they depend explicitly on a cuto�
�. As in renormalizable theories, this dependence can be absorbed into the bare
couplings of the theory, but the main obstacle in renormalizing this kind of theories
is that the Lagrangian does not necessarily contain all the counterterms needed to
absorb the cuto� dependence. However, this problem can be circumvented by assum-
ing that all terms allowed by symmetries are already contained in the Lagrangian,
but higher order operators are suppressed by respective powers of cuto� �, which
makes them negligible at low energies. In this sense, non-renormalizable theories
are just as renormalizable as renormalizable ones, but they lose all their predictive
power near cuto� energies, where higher order terms are no longer suppressed and
an in�nite number of them should be taken into account. The e�ective theory point
of view should not be considered as a major handicap, since it has become clear
that the Standard Model itself is an e�ective theory, although the e�ects of a truly
fundamental theory (if such a thing exists) will become important only at energies
of order MPl � 1019 GeV.

Usually the UV cuto� is considered as a �xed parameter used to regularize the
theory, and not as something that would �run� with the typical energy scale of the
process. However, given a theory de�ned with a cuto� �0 related to the scale of some
new physics, one can formulate a new e�ective theory by integrating out additional
� < p < �0 of momentum space (note that this procedure only makes sense for
� < �0). In this process the e�ective couplings change, and for an in�nitesimal
change �0�� = Æ� the derivative dg=d� can be calculated (at least perturbatively)
byWilson renormalization group methods. While the couplings of negative dimension
remain suppressed by �0, in this way it is possible to get rid of large logarithms (of
order ln p=�0) by setting � ' p, which makes the perturbative calculation more
reliable. In this sense one can talk about the running of couplings as a function
of the sliding cuto� �, which is preferably of order p, the typical energy of process
considered. In contrast to the renormalizable theories, however, it is not possible
to completely get rid o� the UV cuto� by rede�ning a �nite number of parameters.
Instead, �0 is usually interpreted as an actual physical parameter describing the scale
of new physics. Because of the need to give � a physical meaning, the straightforward
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cuto� is generally preferred to somewhat ambiguous dimensional regularization.

3.3.2 Exact renormalization group method

Since both methods used earlier in this chapter to derive the power law running
rely on �rst reducing the D-dimensional theory to a 4D e�ective one, I will begin
with brie�y describing a genuinely higher-dimensional method of calculation. This is
the exact (or Wilson continuous) renormalization group (ERG) approach, which has
been succesfully applied to a scalar theory in [28,30]. While the ERG �ow equations
derived below can be generalized to theories including gauge bosons and spinors in a
gauge-consistent manner [31,32], the derivative expansion used to extract the running
of couplings is much harder to formulate for more complicated theories. Therefore
I will only consider a scalar �eld, which is simple enough to clearly represent the
underlying ideas of the method.

The key ingredient is the separation of the high-momentum part of the �eld,

�(p) = �(p� �)�>(p) + [1� �(p� �)]�<(p); (3.28)

with a suitable infrared cuto� function �(p��). To make this separation more clear,
I will be working with Euclidean momenta in what follows. That is, pE = (ip0; ~p)
and p2E = �p2, with subscript E suppressed from now on. The e�ective action is
then de�ned by integration over �>,

Se� [�<;�] = � ln

Z
D�>e�S[�<;�>]: (3.29)

Since I am looking for an evolution equation for Se� , or @�Se� , it is clear that the
sharp cuto� of (3.28) is not the most suitable one, for its derivative becomes singular
at �. The standard procedure is to introduce into the Lagrangian a smooth cuto�
function that acts like a mass term. The integration of only the heavy modes can then
be achieved by choosing a cuto� function which becomes large for small p, making
the soft modes e�ectively very massive and thus preventing them from propagating.
That is, one should actually introduce an infrared cuto� into the Lagrangian.

To further simplify the calculation, I will �rst concentrate on a model in which
there is only one extra dimension, compacti�ed to a circle. As earlier, the scalar �eld
can then be expanded as a Fourier series with respect to the �fth coordinate, with
frequencies !n = n=R. The cuto� term is written as

�S =
1

2

Z 2�R

0

dy

Z
d4x�(x; y)C�1(�i@x;�i@y;�)�(x; y)

=
1

2

Z
d4p

(2�)4

X
n

��n(�p)C�1(p; !n;�)�n(p); (3.30)

and the generating functional of the connected Green's functions then reads

W [J ] = ln

Z
D� exp

(
�S[�;�0]��S[�;�] +

Z
d4p

X
n

J�n(�p)�n(p)
)
: (3.31)

Here S[�;�0] is the original action with some ultraviolet regulator de�ned at �0, the
precise form of which is of no interest here. The results below are actually UV �nite,
and the underlying regulation is only needed to justify the performed manipulations.

With the e�ective action de�ned as

�[�] = �W [J ] +
X
n

Z
d4p J�n(�p)�n(p)

�1

2

X
n

Z
d4p

(2�)4
��n(�p)C�1(p; !n;�)�n(p) (3.32)
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it is straightforward to derive the running equation [30, 31]

�@�� =
1

2

X
n

Z
d4pC(p; !n;�)�@�C

�1 ��n;n(p; p); (3.33)

where �m;n is the inverse of

��1
i;j (p; q) = Æ4(p� q)Æi;j + (2�)4C(p; !n;�)

Æ2�

Æ�i(p)Æ��j(�q) : (3.34)

To proceed, I will introduce a speci�c form of the cuto� function used in [30],

C(p; !n;�) =
1

�2

�
p2 + !2n
�2

�k
; (3.35)

with k an integer such that k > D=2�1 to maintain UV convergence of the derivative
expansion [33]. In addition to its apparent simplicity, the cuto� (3.35) has the virtue
of preserving the reparametrization (�eld normalization) invariance in the derivative
expansion (see [32] and references therein). The sharpness of the cuto� can be con-
trolled with the parameter k, and it will be seen below that although the running
coupling �(�) becomes dependent on k, or the speci�c form of the regulator, this
dependence can be absorbed into a rede�nition of �.

The scalar self-coupling � is most easily extracted from here by the use of deriva-
tive expansion. This amounts to writing the e�ective action in the form

�[�] =

Z
d4x

 
1

2

X
n

Z�n(�)@��n@
���n + V (�;�) + : : :

!
; (3.36)

where the ellipsis stands for terms with higher derivatives of �n(x), and V is a local
function of the �eld. The lowest order approximation (local potential approxima-
tion, LPA) includes only the terms written explicitly in (3.36), and at this level it
is consistent to drop the wave function renormalization factor, Z�n = 1 [32]. The
potential V (�) takes the same form as in the tree level expressions (2.3) and (2.5),
which already include all terms consistent with symmetries,

V (�) =
1

2

X
n

��n(m
2
0 + !2n)�n +

�

4!

X
ni

Æn1+n2+n3+n4�n1�n2�n3�n4 + : : : (3.37)

Substituting the expansion (3.36) together with the regulator (3.35) into the running
equation (3.33) gives the scale dependence of the e�ective potential V ,

�@�V = (k + 1)
X
n

Z
d4p

(2�)4

"
1 +

1

�2

�
p2 + !2n
�2

�k �
p2 +

@2V

@�n@��n

�#�1
(3.38)

From this formula it is straightforward to extract the RGE of the coupling �,

�@�� =
3�2

16�2
2(k + 1)

X
n

Z 1

0

ds s
s2kn

(1 + sk+1n + (m0=�)2skn)
3
; (3.39)

where

sn = s+ (!n=�)
2 = s+

� n

R�

�2
:

In the four-dimensional limit R! 0 this becomes

�@�� = � 3�2

(4�)2
+O(m0=�)

2; (3.40)

which is precisely the usual RGE for �4-theory (see e.g. [24]). It is remarkable that
the dependence on k disappears from this expression, as it should by the renormaliz-
ability of 4D scalar theory. It would be tempting to try to generalize the above result
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to theories that contain spinor and vector �elds, as well as gauge interactions, simply
by replacing the factor 3 above by respective beta function coe�cients. However, the
technical di�culties in performing a gauge invariant regularization and then extract-
ing the couplings from a derivative expansion seem far too intricate to be thoroughly
discussed in this thesis.

3.3.3 E�ective dimension and threshold e�ects

The previous sections have shown that although the running equations calculated
with di�erent methods of regularization di�er from each other, they all have the
same logarithmic four-dimensional behaviour at low energies. At energies much larger
than the compacti�cation scale � = 1=R the asymptotic behaviour is a power law, but
there the coe�cient of �D�4 depends on the regulator used. This di�erence derives
from the di�erent methods of introducing the KK excitations to the theory, i.e. the
threshold e�ects. Since the discrepancy arises as the e�ective 4D theory turns into
a D-dimensional one, it was suggested in [30] that these threshold e�ects could be
interpreted as a consequence of a change in the dimensionality of the theory, or in
terms of the e�ective dimension,

De�(R�) = 4 +
d ln �

d ln(R�)
: (3.41)

Here �(R�) is de�ned by the running equation

d�

d ln�
=

b

2�
�(R�)�2; (3.42)

and the boundary condition
lim
�!0

�(R�) = 1 (3.43)

The terminology is justi�ed by considering the rede�ned coupling h = ��, which
satis�es

dh

d ln�
= (De� � 4)h+

b

2�
h2; (3.44)

the leading order of which is a power law with � raised to a power De� � 4. In [30] it
is argued that h de�ned above is the actual expansion parameter in the high energy
region, for it takes into account the multiplicity of KK modes. This parameter,
however, grows much faster than �, and the perturbation theory in h may not be
valid but for a small range of energies � � �. It should be noticed that �(R�),
or equivalently De� , contains all the information about the threshold e�ects that is
needed to study the scale dependence of the couplings in the lowest order.

For the proper time (PT) regularization scheme, (3.11) and (3.14) give the e�ective
dimension (I have written the factor r explicitly, insted of using the value (3.9), to
see the e�ect of choosing di�erent values for r)

d�

d ln�
=

d�(0)

d ln�
� =

b

2�
�(R�)�2

) �(R�) = ��1
2�

b

d�(0)

d ln�
= #3

�
ir

�(R�)2

�Æ
=

"X
n

exp

�
� rn2

(R�)2

�#Æ

De� = 4 +
2Æ
P

n r
�
n
R�

�2
exp[�r � n

R�

�2
]P

n exp[�r
�
n
R�

�2
]

(3.45)

With the help of (3.12) it is then easy to see that De� satis�es

lim
�!0

De� = 4; lim
�!1

De� = 4 + Æ = D; (3.46)

as expected. I have taken here (3.11) with b = ~b; if this is not the case, the de�nition
(3.42) of e�ective dimension should be changed accordingly. In Figure 3.2 I have
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Figure 3.2: E�ective dimension in the PT scheme with Æ = 1; 2.

plotted the e�ective dimension in the PT scheme (3.45) for the lowest values of Æ and

for r = �X
�2=Æ
Æ and r = �. The former r is the one chosen in [5], while the latter

will be shown below to have a minimal threshold correction. As seen in the �gure,
increasing r delays the transition from 4D into the power law behaviour. This can
be easily understood from (3.45), where r only appears in the combination

r
� n

R�

�2
= n2

�
�
p
r

�

�2
; (3.47)

which implies that the e�ective compacti�cation scale used in (3.45) is scaled by
p
r.

A numerical study on the convergence of (3.45) shows that only the �rst few
excitations are needed in the sum to give the correct behaviour of De� near the com-
pacti�cation scale, whereas the asymptotic power law is only obtained by including
all the excitations [30]. Below I will show that the asymptotic form of the beta func-
tion can be deduced up to some numerical coe�cients, which can then be determined
fromDe� , from simple scaling arguments. This in turn makes it possible to determine
the asymptotic behaviour of couplings (which includes all KK modes) by studying
only the lowest excitations.

Since the e�ect of the KK excitations on couplings is completely described by
the e�ective dimension, which has the same asymptotic behaviour (3.46) for all the
regularization schemes considered, the shift from a logarithmic behaviour to a power
law can be understood as a direct consequence of the dimension of the spacetime,
and not of the speci�c way of reducing the higher dimensional theory to a 4D one or
the regularizations used.

As already pointed out, the 4 + Æ-dimensional gauge coupling �̂ = ĝ2=4� has
dimension [�̂] = �Æ. Assuming that there are no scaling violations in the lowest
order, �̂ is then expected to behave asymptotically as �̂ � ��Æ. The perturbative
expansion of beta function for large � must then be of the form

�̂ = �@��̂ '
X
n�2

b̂n�̂
n�Æ(n�1): (3.48)

If the 4D e�ective theory is supposed to be a good description of the underlying D-
dimensional one also on the high energy limit, where the spacetime is clearly higher
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dimensional, the rescaled 4D coupling � = �̂=(2�R)Æ should have a �-function that
can be written as

� = �@�� =
X
n�2

bn�
n(R�)Æ(n�1) +��; (3.49)

where �� contains all subleading terms (lower order of � at the given order of �).
Given the general form (3.49) of �(�), the relation between couplings de�ned with

di�erent regularization schemes can be studied. Let �0 be the coupling of some other
scheme, with the same asymptotic behaviour �0 � ��Æ. Then the two �'s must be
related by

�0 = �+
X
n�2

cn�
n(R�)Æ(n�1) +�� (3.50)

to preserve the asymptotic form (3.49). Once again, �� stands for the subleading
terms. From these two equations, the corresponding coe�cients of the perturbative
expansion (3.49) for �0 can be deduced by inverting the power series:

b02 = b2 + Æc2; b03 = b3 � 2Æc22 + 2Æc3; etc. (3.51)

The similar asymptotic behaviour of beta functions actually makes it possible to
meaningfully compare di�erent regularization schemes. The couplings in di�erent
schemes obviously di�er from each other, and the direct comparison of coe�cients in
expansions (3.49) would therefore not be very fruitful. However, by a transformation
of the form (3.50) the di�erent �'s can be given the same asymptotic behaviour with
some reference scheme. The coe�cients ci of the required transformation are obtained
from the two sets of bi by relations (3.51). When brought into this reference scheme,
the beta functions will agree on the limits � ! 0;1, and the only di�erence is due
to the threshold e�ects. These will generally be important only in the vicinity of the
compacti�cation scale [30].

As a reference scheme, it is useful to de�ne the so-called one-� function scheme,
which has no threshold correction [30]. It is in general de�ned by

�� =
�2

2�

�
b+B�(R�� 1)(R�)Æ

�
; (3.52)

where b represents the usual four-dimensional running and B de�nes the asymptotical
behaviour of the reference scheme. I will choose B = ~bXÆ, as suggested by (3.16),
unless otherwise mentioned. This beta function represents the case where the power
law running is switched on at compacti�cation scale.

Correction to Grand Uni�cation As shown in section 3.1, the beta function in
the proper time regularization scheme has the form

�PT =
�2

2�

�
b+~b

�
#Æ3

�
ir

�(R�)2

�
� 1

��
; (3.53)

where r = �X
�2=Æ
Æ as in (3.9). (This equation is a direct consequence of (3.11)

generalized to 4+ Æ dimensions.) Using the approximation (3.12) this can be written
asymptotically as a power law,

�PT ' �2

2�

�
b� ~b+~b

�
#Æ3

�
ir

�(R�)2

�
�(T � ln(R�))

+
��
r

�Æ=2
(R�)Æ�(ln(R�)� T )

��
; (3.54)

where T > 0 is an arbitrary parameter separating the asymptotic region from the
lower energies. Because of the proper choice of the reference scheme (3.52), this beta
function already has the the desired asymptotical behaviour, and the threshold e�ects
can be readily compared with those of other schemes.
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The evolution of the coupling � can be solved from here, with an initial value
�(�0) given at �0 � R�1:

��1(�) = ��1(�0) +
1

2�

�
�b ln �

�0
+~b ln(R�)

�~b
�
(�=r)Æ=2

Æ
[(R�)Æ � 1] + �Æ(r)

��
; (3.55)

where �Æ is the threshold correction,

�Æ(r) = T +
(�=r)Æ=2

Æ
(1� eTÆ) +

Z T

T0

dt

�
#Æ3

�
ire�2t

�

�
� 1

�
: (3.56)

Here I have denoted T0 = ln(R�0)� 0. The lower limit of integration can be taken
to �1, since for t � T0 � 0

#Æ3

�
ire�2t

�

�
� 1 ' 2Æ exp(�re�2t)� 1:

This correction is �nite for T ! 1 and it is practically independent of T in this
limit (with the asymptotic formula (3.12) it is easy to show that d�Æ=dT ! 0 ex-
ponentially). The nomenclature is justi�ed by observing that for the one-� function
scheme (3.52) with no threshold e�ects the corresponding evolution equation is

��1(�) = ��1(�0) +
1

2�

(
�b ln �

�0
�
~bXÆ

Æ
[(R�)Æ � 1]

)
: (3.57)

It should be noted that �Æ above depends neither on b nor ~b, which means that it
universally describes the e�ects of the regularization, with no interest in the actual
particle content of the theory. It is also almost independent of the size R of the
compact space when the limits of the integration are taken to in�nity. With r chosen
as in (3.9), the threshold corrections for a few lowest Æ's give

�Æ(r = �X
�2=Æ
Æ ) =

8<
:

0:33 Æ = 1
0:55 Æ = 2
0:67 Æ = 3

Comparing the beta functions (3.52) and (3.54) it easy to see that for an arbitrary
r the two �'s can be brought into the same scheme by a transformation of the form
(3.50), with coe�cients ci given by (3.51)

�0 = �+ c2�
2(R�)Æ; c2 =

~b

2�Æ

�
XÆ �

��
r

�Æ=2�
(3.58)

This leaves the form (3.56) of the �Æ(r) intact. Being careful with the limits of
integration one can show that the threshold e�ects for di�erent r di�er by

�Æ(r) ��Æ(r
0) =

1

Æ

���
r

�Æ=2
�
� �
r0

�Æ=2�
+
1

2
ln
r

r0
(3.59)

From this expression the location of the minimum of �Æ(r) can be found by di�er-
entiating with respect to r. It is straightforward to verify that this minimum lies at
r = �, independently of Æ. For low dimensionalities the proper time regulator with
this choice of r ('�-scheme') has only a very small threshold correction,

�Æ(r = �) =

8<
:

0:023 Æ = 1
0:050 Æ = 2
0:083 Æ = 3
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which implies that in this scheme the threshold e�ects near the compacti�cation scale
can safely be neglected.

To see how the threshold corrections a�ect the uni�cation scale, let �1 and �2
run from the initial values given at �0 (e.g. MZ) according to (3.55) and (3.57) to
�nd the point of uni�cation,

��11 (�0)� ��12 (�0) =
1

2�

�
(b1 � b2) ln

MGUT

�0
� (~b1 � ~b2) ln(RMGUT)

+(~b1 � ~b2)

�
(�=r)Æ=2

Æ
[(RMGUT)

Æ � 1] + �Æ

��
;

where �Æ = 0 for one-� scheme. The left hand side is equal for both PT and one-�
regularization schemes, and equating the right hand sides gives a relation between
uni�cation scales�

b1 � b2
~b1 � ~b2

� 1

�
ln
M

(�)
GUT

M
(PT)
GUT

+
(�=r)Æ=2

Æ
RÆ
h
(M

(�)
GUT)

Æ � (M
(PT)
GUT )

Æ
i
��Æ(r) = 0:

The factor (b1� b2)=(~b1�~b2)� 1 is positive for most of the models considered in the
following section, as well as �Æ. From the above formula it is then obvious that the
threshold e�ects tend to lower the uni�cation scale. However, the e�ects are usually
only of order � 1% [30].

When the uni�cation scale is determined by the running of �1 and �2 and then
used to predict the value �3(MZ), the prediction should be insensitive to the type of
the extra dimensional regularization chosen. Of course, this requires that the relation
between couplings de�ned in di�erent schemes is known to make the comparison
meaningful. To compare with precision measurements, the couplings should also be
related to those of some conventional (e.g MS) renormalization scheme. In [30] the
predictions of PT scheme and one-� function scheme are compared in the minimal
5D MSSM model of [5]. It is pointed out that the e�ect of slightly di�erent MGUT's
is compensated by di�erent RGEs in such a way that the predictions for �3(MZ) are
very close to each other. However, this cancellation depends on the model, or the
speci�c set of beta function coe�cients. The authors proceed to show that if the
uni�cation takes place in the PT scheme with the scaling parameter r, it also occurs
in the scheme de�ned by r ! r0. However, the prediction for �'s depends on r to
one-loop order as

��1r0 (�) = ��1r (�)� b

4�
ln
r

r0
: (3.60)

This indeed shows that the predicted low-energy couplings depend on the regular-
ization scheme. To see if this r-dependence is merely an artifact of the particular
regulator used and can be cancelled by a suitable rede�nition of couplings, one would
like to relate ��1r (�0) with some more familiar scheme, �MS, say. To my knowledge,
this kind of relations for gauge theories have not been worked out in the literature
so far. The �Æ(r) calculated above can then be used only to estimate the order of
magnitude of threshold e�ects of the Kaluza�Klein excitations.

3.4 Is Grand Uni�cation preserved if D>4?

In the four-dimensional MSSM the three gauge couplings are known to reach a com-
mon value ��1GUT = 25:8 at MGUT ' 1:5 � 1016 GeV [2], and this remarkable fact
is often cited as the most compelling evidence of supersymmetry in nature. I have
already shown that the presence of large extra dimensions modi�es the usual loga-
rithmic renormalization group �ow of couplings. It is then crucial to check whether
the uni�cation is lost in this process.

The one-loop evolution equations like (3.16) or (3.22) can be written in a very
general way, suitable for analyzing the validity of grand uni�cation. In predicting the
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experimentally measured couplings �i(MZ) when the uni�ed coupling �G is known,
they take the form

��1(MZ) = ��1G +
b

2�
ln

�

MZ
+

~b

2�
FÆ

�
�

�

�
: (3.61)

In this expression all the information on the KK excitation spectrum is included
in the function FÆ, which depends on the number, size and topology of the extra
dimensions, but not on the particle content. All model dependence is encoded in the
coe�cients ~b, which are independent of the structure of the D-dimensional manifold,
but instead re�ect the �elds and the gauge groups living in the bulk (�elds living
only in the 4D brane do not appear in this term). Written in a vector form, (3.61)
reads

a = ��1G u+ xb+ y~b; (3.62)

where

a =

0
@ ��11 (MZ)
��12 (MZ)
��13 (MZ)

1
A u =

0
@ 1

1
1

1
A b =

0
@ b1
b2
b3

1
A ~b =

0
@ ~b1

~b2
~b3

1
A x = ln

�

MZ
; y =

FÆ
2�
:

From these three equations a parameter �� describing the uni�cation can be
constructed as in [29],

�� � (u� b) � a = [(u� b) � ~b]y: (3.63)

The condition for a uni�cation in the 4D theory would then be �� = 0. The current
experimental values of coupling constants in the MS scheme are [26]

��11 (MZ) =
3

5
��1Y = 59:01754� 0:0247

��12 (MZ) = 29:575� 0:0267

��13 (MZ) = 8:446� 0:086 (3.64)

In the MSSM these give �� = 0:552 � 0:55 whereas in the Standard Model the
situation is much worse, �� = 40:67� 0:70.

In theories like the MSSM, where the four-dimensional uni�cation is known to
occur (i.e. �� = 0) in lowest order, (3.63) sets restrictions on the higher-dimensional
theory. For the MSSM beta functions (2.40), this condition can be written as in [34],

(5~b1 � 12~b2 + 7~b3)FÆ = 0; (3.65)

which is only possible if either FÆ = 0 or the beta function coe�cients in the
D-dimensional bulk are chosen properly to make the expression in the parenthesis

vanish. The former case is rather uninteresting, since it would imply R�1 =M
(4D)
GUT ,

making the whole discussion of large extra dimensions irrelevant regarding the gauge
coupling uni�cation.

The latter case is more promising, and not as far-fetched as it may seem. In
particular, there exist always the trivial solutions ~b = b and ~b = 0 corresponding
to the cases where all the MSSM �elds live in the bulk or in the brane, respectively.
This way of satisfying (3.65) also has the advantage that the value of FÆ in (3.61)
remains unconstrained, thereby requiring no �ne-tuning of the compacti�cation scale
or the excitation spectra. This was the key observation in [5], where it was noted
that the power law running accelerates the uni�cation of the couplings so thatMGUT

is lowered down to � 10�. Choosing the compacti�cation radius R � 1 TeV�1 would
then bring the uni�cation scale close to collider (LHC) energies. It should be noted
that even for the MSSM �� 6= 0, which means that the condition (3.65) need not
be exactly satis�ed. Nevertheless, the uni�cation in the MSSM is so good that any
large deviation from 5~b1 � 12~b2 + 7~b3 = 0 would force y � 1 in (3.62), driving the

compacti�cation scale up to M
(4D)
GUT .
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If (u�b) � ~b 6= 0, the three vectors are linearly independent and a unique solution
for (��1G ; x; y) in (3.62) exists. A restriction for this kind of solution then follows
from the fact that x and y in (3.62) must be positive, since � = MGUT > �;MZ.
Analogously with (3.63), one can de�ne

~�� � (u� ~b) � a = [(u� ~b) � b]x = �[(u� b) � ~b]x; (3.66)

with positive x and y leading to the sign conditions

sgn(��) = �sgn( ~��) = sgn[(u� b) � ~b]: (3.67)

The uni�ed coupling ��1G can also be solved from (3.62), and to keep it perturbative
the additional approximative condition

��1G =
(b� ~b) � a
(u� b) � ~b > 1 (3.68)

should be satis�ed.
The most natural solution to (3.65) would be the braneless one, giving each MSSM

�eld its tower of Kaluza�Klein excitations, with no need to introduce any extra mat-
ter. This would immediately imply ~b = b, which satis�es (3.65) trivially. However,
because of problems in the KK masses of chiral fermions, and because the excitations
naturally fall into N = 2 supersymmetric multiplets (see [5] and section 2.1.4), this
scenario cannot be realized in practice. The minimal scenario introduced by Dienes,
Dudas and Gherghetta (DDG) in [5] that satis�es the constraints imposed by N = 2
SUSY has the beta coe�cients

(~b1;~b2;~b3) = (3=5;�3;�6)+ �(4; 4; 4); (3.69)

where � is the number of fermion generations living in the bulk. The zero-mode
spectrum is that of the MSSM, obtained by a suitable orbifold projection. In this
model all the gauge and Higgs �elds live in the bulk, and the two MSSM Higgses
are combined to form a single N = 2 hypermultiplet. Unfortunately, with the values
(3.69) one has 5~b1 � 12~b2 + 7~b3 = �3 6= 0 independently of �, which violates the
condition (3.65). This means that in the DDG minimal scenario the uni�cation does
not take place, unless the compacti�cation scale is almost the same as the usual four
dimensional GUT scale.

More detailed analysis of this particular model [25, 35] shows that the prediction
for �3(MZ) is far too high, �3(MZ) � 0:174 compared with the experimental result
�3(MZ) = 0:119� 0:002. In Figure 3.3 I have plotted the power law running in the
DDG minimal model in �ve dimensions, with the compacti�cation scale � = 10 TeV
and no bulk fermions (� = 0). In this �gure the general features of the power law
uni�cation can be seen. First of all, the running of all three couplings is strongly
accelerated above the compacti�cation scale, leading to (approximate) uni�cation at
MGUT � 2:1 � 105 GeV, or � 21 � �. It is obvious that the uni�cation takes place
soon after the compacti�cation scale, and the preceding logarithmic running has only
a relatively small e�ect. It should be observed that the uni�cation in this model is
not accurate, as discussed above. This can also be seen in the �gure.

Although the one-loop result of the minimal model deviates from the experimental
data, the higher order corrections can be expected to be at least of the order of the
error. Therefore, one should carry out the analysis to two loops before the model
can be de�nitely ruled out. The two-loop calculation also has the advantage that the
results for other MSSM-based models can be derived from these calculations just by
changing the values of the coe�cients ~bi, since the (supersymmetric) theory in higher
dimensions is not renormalized beyond one-loop level. Below the compacti�cation
scale � the analysis is similar to the usual four-dimensional calculation [36�38]. The
two-loop RGE

d�i(�)

d ln�
=

bi
2�
�2i (�) +

3X
j=1

bij
8�2

�2i (�)�j(�); (3.70)
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Figure 3.3: Uni�cation in the DDG minimal model with � = 10 TeV and Æ = 1.

with �j(�) substituted from the one-loop equation

��1j (�) = ��1j (MZ)� bi
2�

ln
�

MZ
; (3.71)

can be integrated to give

��1i (�) = ��1i (MZ)� bi
2�

ln
�

MZ
� 1

4�

3X
j=1

bij
bj

ln
�j(�)

�j(MZ)
��i: (3.72)

In the MSSM, the two-loop beta function coe�cients are given by [39]

bij =

0
@ 199=25 27=5 88=5

9=5 25 24
11=5 9 14

1
A (3.73)

The last term, �i, in (3.72) contains the MS ! DR [40] conversion factors
c2(Gi)=12� [41] as well as the low-energy SUSY threshold corrections [42] for �3,

�2 =
1

6�

�3 =
1

4�
+

1

28�

�
28 ln

�2(MZ)

�3(MZ)
+ 19 ln

MSUSY

MZ

�
(3.74)

�i used in (3.72) should not be confused with the KK threshold correction �Æ(r)
de�ned in (3.56). Below the compacti�cation scale the e�ects of KK thresholds
naturally do not appear. �Æ(r) is well known in the PT schemes, as shown in the
previous section. However, since the relation between couplings de�ned in these
schemes and those of the DR scheme has not been worked out, it is not possible
to include them directly to the evolution equation. Nevertheless, at least in the
regularization with r = � their e�ect is small, Æ(1=�) � 0:05. I will neglect �Æ(r)
also above the compacti�cation scale, and choose r = � for the scaling parameter of
the PT regularization to minimize the error induced by the KK threshold corrections.
It is worth noting that r is equal for all three couplings, and in one-loop running its
e�ects on the uni�cation are included in the function FÆ in (3.61). Therefore, whether
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Æ = 1 � = 2� 103 GeV � = 108 GeV
SU(3), SU(2), U(1), 3E, 3L 0.144 0.138
SU(3), U(1), U, D, 3E 0.116 0.120
SU(2), U(1), H, 5L, E 0.116 0.117

Table 3.1: Models with approximate uni�cation and predicted �3(MZ).

the uni�cation occurs or not does not depend on r but through the small threshold
corrections. For the considerations of this section the actual value of r is therefore
mostly irrelevant. In [38] it is however pointed out that although the KK threshold
e�ects can probably be neglected in most cases, a compacti�cation scale of only few
TeV would make the result unacceptably sensitive even to small KK thresholds.

Using the four-dimensional two-loop evolution equation (3.72) below the com-
pacti�cation scale and the full expression (3.11) instead of approximating #3 with
(3.12), it was shown in [38] that the two-loop e�ects only make the uni�cation in
the DDG minimal model worse. Lowering the compacti�cation scale below the 4D

uni�cation scaleM
(4D)
GUT = 1:5�1016GeV systematically increases the value of �3(MZ)

compared to the MSSM prediction, which by itself is already too high to agree with
the experimentally measured value [42].

To remedy the situation, one has to consider models with beta coe�cients di�erent
from (3.69). As already noted, the number � of fermion generations living in the bulk
only a�ects the values �G and MGUT but has no e�ect on the conditions (3.65) or
(3.67). It is then necessary either to modify the matter content of the model or to
consider more unusual GUT theories with noncanonical hypercharge normalization.
Both approaches have been extensively studied in the literature. The number of
possible models with uni�cation being quite large, I will mainly quote the results
here.

In [25] the redistribution of the MSSM �elds among the bulk and the branes
located at the orbifold �xed points is discussed. It is found that there are several
models in which the uni�cation can be carried out much better than in the minimal
DDG scenario, when the weak scale SUSY thresholds and the two-loop running below
� are included in the analysis. The central realization is that it is not necessary to
put all the gauge �elds in the bulk or to introduce fermions in the bulk as complete
SU(5) multiplets to obtain uni�cation. The speci�c models considered have the bulk
�eld content and the predicted values of �3(MZ) for two di�erent compacti�cation
scales as shown in Table 3.1. In the table, H represents both the MSSM Higgs
�elds, since they have to be considered together to maintain the supersymmetry in
the bulk. U, D and E stand for SU(2) singlets of quarks and leptons, whereas L
represents the corresponding lepton doublet. The values of �3(MZ) are tabulated
without the SUSY threshold corrections, whose e�ect is to increase the predicted
value by ÆSUSY�3(MZ) . 0:002. Note that if some gauge bosons are bound to the
brane, then only neutral particles under that group can propagate in the bulk.

The results of [25] show that by choosing the masses of SUSY partners properly
between mtop and 1 TeV the uni�cation can be achieved in the last two models,
and within 4� also in the �rst model. Note that the last entry in the table has two
exotic lepton multiplets, in addition to the MSSM �elds. This scenario is included
as an example of a model in which there are no colored KK-excitations that are
phenomenologically disfavored at low compacti�cation scales (see discussion in [25]
and references therein).

Two last entries in the Table 3.1 belong to a larger class of models satisfying
the beta function condition (3.65) analysed in [36]. Taking into account the SUSY
thresholds and the two-loop running in four dimensions, and neglecting the small
model dependence coming from the terms like b12=~b12, the authors derive an upper
limit for the compacti�cation scale in this kind of models, � < 2 � 107 GeV for
MSUSY = 1 TeV and � < 1:5 � 105 GeV for MSUSY = 500 GeV However, due to
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Model (Æ = 1) Bulk �elds � (GeV) MGUT(GeV) ��1G
SU(5),SO(10),E6 G+H+�F 9.24�1015 1.40�1016 24.57-0.387�
[SU(5)]2; [SO(10)]2 All 1.1�1010 1.08�1011 1.873

[SU(3)]4 All 8.2�1011 7.39�1012 3.602
[SU(4)]3 All 2.39�109 2.17�1010 4.257
[SU(6)]3 G+F 6.99�109 7.76�1010 1.211
[SU(4)]4 G+F 2.45�1010 1.87�1011 3.959

Table 3.2: Predictions for GUT parameters with various gauge groups.

numerous other threshold e�ects and the higher loop corrections above � these limits
should not be considered de�nitive.

It is also possible to increase the SUSY breaking scale above the usual MSUSY .
1 TeV. This has been studied in [37], where the authors show that 5D uni�cation can
be restored within the DDG minimal scenario, if MSUSY > 1:48 TeV. The analysis
does not contain the various threshold corrections discussed above. However, since
there are more free parameters in the theory, namely the SUSY breaking scale, the
qualitative nature of the results is expected to be the same when the threshold e�ects
are taken into account, with only small changes in the numerical values. A particu-
larly interesting scenario would be the one in which SUSY breaking is related to the
compactifcation. In that case the results in [37] give MSUSY � R�1 � 1� 103 TeV,
which has the disadvantage of not solving the hierarchy problem. The authors of [37]
have also studied the case � < MSUSY, but these scenarios tend to have problems
with D > 4 higher loop corrections, which cancel only in the supersymmetric case.

Apart from adding extra matter to the theory, one may also consider other GUT
gauge groups, where some of the Standard Model couplings have di�erent normal-
izations from the usual (3/5,1,1) of SU(5) or SO(10). A thorough analysis for Æ = 1
can be found in [29], the results for other dimensionalitities di�ering only by some-
what di�erent values of �G and MGUT. Of various uni�ed models including SU(5),
SO(10), E6, [SU(5)]

2, [SO(10)]2, [SU(3)]4 and others, the authors found no non-
supersymmetric models satisfying the conditions (3.67), (3.68). Among the higher-
dimensional versions of the MSSM and properly distributing the MSSM �elds between
the bulk and the brane (as complete representations of the respective gauge group),
there were several potential models for grand uni�cation, listed in Table 3.2. The
symbols G, H and F denote gauge, Higgs and fermion �elds, respectively. More
details on the speci�c models can be found in [29].

The results tabulated in Table 3.2 would imply that with the canonical normaliza-
tion (3/5,1,1), the extra dimension can only have a small e�ect. The compacti�cation
scale has to be pushed up to 6� 1015 GeV, giving MGUT = 1:4� 1016 GeV. Most of
the other scenarios have a substantially lower uni�cation scale, of order 1011 GeV, but
the uni�ed coupling grows dangerously large, ��1G � 3. As expected, in all the models
the ratio MGUT=� turns out to be O(10), making the discussion on the di�erence
between logarithmic and power law in section 3.2 relevant.

The analysis of [29] leading to Table 3.2 does not include two-loop corrections
or threshold e�ects. With the canonical hypercharge normalization they can destroy
the apparent uni�cation as discussed above. One way to see this is to treat the two-
loop e�ects as corrections to the e�ective values of �i(MZ) used as initial conditions
for one-loop running. Because in the canonical models �� de�ned in (3.63) is close
to zero, the higher order corrections (primarily the corrections to �3 that tend to
increase predicted �3(MZ)) easily drive it negative, thus violating the sign condition
(3.67). In contrast, all the noncanonical models listed above have either �� � 0 or
already negative, so that the two-loop e�ects barely change the predicted numerical
values somewhat, but do not spoil the uni�cation.

Uni�cation models with yet another intermediate scale associated with a new
semi-simple gauge group have also been considered in the literature [29, 37], mainly
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motivated by recent progress in neutrino physics. I will not treat them here, but only
mention that the analysis is in principle very similar to the cases discussed above,
only more complicated. More constraints on the hierarchy of scales usually have to be
imposed to extract the physics that gave the original motivation for the intermediate
scale.

There are many e�ects that have not been treated in any of the references cited
above, either because it is not clear how they should be included or because they
are highly model dependent. This is why it is reasonable to include in the analysis
all the models with at least an approximate uni�cation. Among these e�ects are
the threshold corrections near the GUT scale. Their magnitude depends strongly on
the GUT particle masses and the coupling �G, but in the SU(5) class of models one
can generally expect corrections ranging from -1% to 3% [42]. However, in most of
the SU(5) parameter space the shift in the predicted �3(MZ) is positive, so that the
GUT thresholds cannot cure the problems of the minimal DDG model. More detailed
analysis and references can be found in [43], although in most of the literature the
accuracy of the uni�cation is used to estimate the GUT threshold e�ects.

The e�ect of higher dimensional operators has been studied in [44]. For the
operator c(�ab=M)F a

��F
b�� , c being the coupling constant and M the cuto� of the

theory, it is shown that the uni�cation scale is very sensitive to this kind of operators
if ch�i=M is of order O(0:01). However, if M � MPl while h�i � MGUT is lowered
well below the conventional uni�cation scale, this kind of operators are completely
harmless.

Two-loop e�ects above the compacti�cation scale are generally neglected in the
analysis. This is justi�ed by the fact that the higher dimensional theory is N = 2
supersymmetric except for the zero modes, which means that the leading order two-
loop e�ects vanish, as in N = 2 SUSY theories in general [45]. Note that the e�ective
expansion parameter is �(�=�)Æ [45,46], which takes into account the number of KK
modes below �. The N = 2 SUSY is broken only by the zero modes, which means
that the leading two-loop correction is proportional to �2(��)Æ , instead of �2(��)2Æ .
In the case of the DDG minimal model the explicit calculation is worked out in [46]. It
is shown there that although the one-loop running is su�cient for the gauge couplings,
the Yukawa couplings may still evolve into the non-perturbative regime because of
the accelerated (power law) running. This would ruin the above analysis built on
perturbation theory. The higher order corrections to Yukawa couplings are, however,
highly model dependent, and have to be studied for each model individually.

To sum up, gauge coupling uni�cation is not ruled out in the presence of the
large extra dimensions. This was expected, since the new dimensions are universal
to all couplings. Indeed, as shown above, it is not the power law behaviour but the
demand for extended supersymmetry and chiral fermions that endangers the well-
established MSSM uni�cation. Although there are many relatively simple models
where the uni�cation is at least as good as in the MSSM, the grand uni�cation can
no longer be considered as a prediction of these models, for it has to be inserted by
hand. Moreover, the new theory also has the burden of explaining why the uni�cation
seems to be so good within the 4D MSSM, which no longer applies all the way up to
the uni�cation scale.

3.5 Proton decay

In the usual GUT models there are representations of the GUT gauge group G
that contain both Standard Model quarks and leptons. The gauge bosons X and
Y that correspond to gauge transformations mixing baryons with leptons may then
lead to proton decay, e.g. p ! e+�0 or p ! ��e�

+. In many models the decay
into a positron and a neutral pion is the dominant channel, and it is also much
studied experimentally. The latest results on this particular channel give the proton
lifetime [26]

�(p! e+�0)�1 > 1:6� 1033 a: (3.75)
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In traditional GUT theories a lifetime of this magnitude is well understood, since
the X and Y bosons mediating the proton decay develop masses MX � MGUT �
1016 GeV in the GUT symmetry breaking. The proton decay amplitudes with internal
X lines are then suppressed by a factor (mp=MX)

2. However, as shown in the previous
section, the presence of large extra dimensions can lower the uni�cation scale MGUT

down to few TeV. This would lead to a proton lifetime of the order

� � �2G
m5
p

M4
GUT

� 10�19 GeV � (6� 10�6 s)�1; (3.76)

which certainly violates the experimental limits (and the everyday experience). In
lowering the GUT scale it is therefore vital to explain the stability of the proton
against baryon number violating processes.

One genuinely higher dimensional proposal was given already in [5]. The authors
assumed that the Standard Model quarks are localized the 4D brane (the orbifold
�xed points) and that the baryon number violating gauge bosons have odd parities
under the orbifold transformation. As shown in section 2.1.3, the wave functions of X
and Y then vanish on the brane, which prevents the proton decay mediated by them
to all orders in perturbation theory. This mechanism also applies to most of the other
baryon number violating processes of the SUSY GUTs, such as the ones mediated by
the colored Higgsinos. However, the scalar partners of X and Y belonging to same
N = 2 supermultiplets with them still have zero-modes, and can cause a rapid proton
decay. This can be avoided by a more complicated orbifolding, as shown in various
models based on S1=(Z2 � Z2) [14]. Other solution of geometric nature has been
proposed in [47], based on a thick 4D brane. In that scenario quarks and leptons
are localized at di�erent points in the direction transverse to the brane, making the
overlap of their wave functions exponentially small.

It should also be noted that the e�ective couplings between the bulk and the brane
�elds are generally suppressed by the volume of the compact space, as discussed after
(2.5). This e�ect arises naturally from the fact that the bulk �elds are in general
normalized by a factor � 1=

p
VN , while the brane �elds are proportional to Æ(y),

which makes the integration over y trivial. However, this alone is not enough to
produce the suppression of 10�46 required by (3.76). For a coupling of dimension
�d, ĝ = gM�d

D , the suppression factor is generally

(RM)�d =

�
MD

M4

�2d=Æ
=

�
�

M4

�2d=(2+Æ)
= 10�32d=(2+Æ); (3.77)

where the last equality holds for TeV scale extra dimensions. MD represents the
D-dimensional Planck scale as in (2.17). In 4 + Æ dimensions gauge couplings have
dimension �Æ=2, leading to a suppression factor 10�16Æ=(Æ+2) > 10�16. On the other
hand, for the numerous GUT models with MGUT � 1011 GeV presented in Table
3.2 this suppression could prevent the rapid proton decay suggested by the low GUT
scale.

Most of the four-dimensional solutions to the proton decay problem apply to the
higher dimensional cases as well, but the suppression required is greater by many
orders of magnitude, as seen in (3.76). These mechanisms usually involve additional
local or global symmetries involving baryon number [11] or quantum numbers related
to some extra gauge �elds [48]. The problem with this kind of theories is that they are
explicitly constructed to prevent the proton decay, or to prevent the mixing of quarks
and leptons. The two classes of particles then have to be treated very di�erently by
this new symmetry. This is in sharp contrast with the conventional GUT models,
where all matter �elds within one generation are placed into a single multiplet. A
number of other attempts to solve the proton decay problem are discussed in [49].

Another intriguing possibility for a fast proton decay has been recently suggested
in [50]. When the fundamental Planck scale is lowered by many orders of magnitude,
as discussed in section 2.1.2, quantum gravity e�ects should become important. The
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possibility of virtual black holes then emerges, with potentially disastrous conse-
quences for the proton stability.

As discussed in [50], quantizing the action for D-dimensional gravity produces
roughly one virtual black hole with expected mass MD per Planck volume, with
lifetimes of the order of Planck time. In the literature this picture of the background
spacetime with virtual black holes popping in and out is often called spacetime foam.
It may then happen that two of the proton's valence quarks fall into a same black
hole, which subsequently evaporates by the Hawking mechanism. The formation of
the Hawking radiation is insensitive to the global charges, in particular the baryon
number, carried by the quarks which by now are inside the black hole's horizon.
The black hole will dominantly decay into the lightest particles consistent with the
conservation of local quantum numbers like electric charge and color. This mechanism
will then lead to processes like qq ! �q`, causing the proton decay into light mesons
and leptons. In [50] an estimate for the proton lifetime in 4 + Æ dimensions,

�p � m�1
p

�
MD

mp

�4+d
= m�(5+d)

p (�ÆM2
Pl)

4+d

2+Æ (3.78)

was derived. Here d represents the number of extra dimensions where the quarks can
move (for the usual brane-bulk models d = 0). For d = 0 this formula agrees with
the estimate for the lifetime via GUT processes, (3.76), only with MGUT replaced by
MD. The experimental limit is then MD & 1016 GeV as in the GUT case. However,
for d > 0 this limit can be signi�cantly lowered, since the quarks then have a larger
volume to live in, leading to a smaller probability of two of them falling into the
same virtual black hole. For d = 7, which is the maximum number allowed by string
theory, this limit would only be M11 > 700 TeV, corresponding to R�1 � 120 GeV.

Our knowledge of quantum gravity, even the one described by string theory, is
very limited. In particular, it is not known if the black holes really lose information
and violate the conservation of global charges. As discussed in [49], the arguments
cited above should not be considered as severe arguments against theories with low
scale quantum gravity. There is also the better understood possibility of proton decay
due to a wormhole background, but in [49] it is argued that this contribution will
probably be vanishingly small.
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Chapter 4

Discussion and conclusions

In this thesis I have studied the e�ects of large extra dimensions on low energy
physics. In particular, I have shown as in [5] that the renormalization group running
of couplings is accelerated above the compacti�cation scale, where the logarithmic
dependence on the energy scale is replaced by a power law. If the �eld content of
the bulk is chosen properly to make the uni�cation possible, the gauge couplings
generally reach a common value soon after the compacti�cation scale. In the one-
loop level I have restated the argument showing that the goodness of the uni�cation
does not depend on the size of the extra dimensions, provided that the low energy
four-dimensional theory is consistent with the GUT scenario. Usually the zero-mode
spectrum is chosen to agree with the MSSM, whereupon the compacti�cation scale
can be chosen freely. This leads to the intriguing possibility of gauge coupling uni�-
cation at TeV scale, if the extra dimensions are large enough.

I have also discussed various corrections that have to be taken into account while
studying the uni�cation. In supersymmetric models the two-loop corrections in the
bulk vanish in the leading order due to the N = 2 four-dimensional supersymmetry,
and only the logarithmic terms coming from the zero-modes contribute. In non-
supersymmetric models the higher loop corrections can easily be larger than the
lowest order terms, since the number of possible excitations running in the loops
grows rapidly with the energy scale. Moreover, I have studied threshold e�ects at
each new level of KK excitations, and their regularization scheme dependence. There
were in particular certain schemes where these threshold e�ects were negligible, but
the relation of these schemes with more physical (e.g. on-shell) schemes is not very
clear. The threshold e�ects near the uni�cation scale are similar to 4D theories, and
in general they depend heavily on the GUT model [42]. However, the very existence
of these corrections already assumes the grand uni�cation taking place, and therefore
estimating their speci�c values is not very important when studying the possibilities
for uni�cation.

Although the problem of quadratic divergences can solved by lowering the grand
uni�cation scale down to TeV range with the help of large extra dimensions, it is not
justi�ed to say that the hierarchy problem would be completely solved. In a way,
the hierarchy between the weak scale and MGUT has only been replaced by a similar
di�erence between the compacti�cation length and MPl, which is the natural scale
for the structure of spacetime. Numbers of possible mechanisms for stabilizing the
compacti�cation radius to a large value have been proposed in the literature, but to
my knowledge no general arguments preferring large radii of compacti�cation exist.
As the problem of quadratic divergences is already solved by supersymmetry, which
for other theoretical reasons is assumed to be valid in almost all the models with
low MGUT, large extra dimensions can make no merit of the partial solution to the
hierarchy problem.

Having derived the running equations in higher dimensions I have proceeded to
discuss the gauge coupling uni�cation in more detail. In particular, I have con�rmed
that the presence of extra dimensions does not necessarily ruin the observed four-
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dimensional uni�cation. This is easy to understand, since the new dimensions are
universal to all couplings. However, the requirement for extended supersymmetry
and for chiral fermions makes it necessary to modify the �eld content in the bulk
with respect to the MSSM. Although the uni�cation can be saved by introducing
yet more exotic matter into the bulk, the grand uni�cation is no longer predicted by
these models. Instead it is somewhat arti�cially added by assuming the existence of
particles unobserved up to the present.

There are many issues related to the power law behaviour that I have not ad-
dressed in this thesis. Of particular interest is the power law running of the Yukawa
couplings that could be used to generate the observed large fermion mass hierar-
chy [5, 51]. The running of soft SUSY-breaking parameters is studied in [28], and
that of the Higgs mass, relevant for electroweak symmetry breaking, in [10].

To conclude, while scenarios with TeV scale grand uni�cation seem promising
from the hierarchy point of view, they also bring about a variety of new problems. In
most cases the uni�cation has to be restored by hand, and even then there are serious
problems with proton stability. Instead, the main attraction of these models lies in
the possibility of being able to probe GUT physics and extra spacetime dimensions
already in near future accelerators, in particular the LHC. Nevertheless, the analysis
of this thesis also remains valid for less ambitious choices of the compacti�cation
scale. As there are good theoretical reasons to believe that the world fundamentally
has more than four dimensions, the considerations presented here may well become
relevant for some intermediate-scale uni�cation scenario.
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