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Åbo Akademi

Prof. Ulf Ryde

Department of Theoretical Chemistry
Lund University

ISBN 978-952-92-1917-9 (paperback)

ISBN 978-952-10-3840-2 (PDF)

http://ethesis.helsinki.fi

Yliopistopaino Helsinki 2007



Hofstadter’s Law:

It always takes longer than you expect, even when you take

into account Hofstadter’s Law.
Douglas Hofstadter, ”Gödel, Escher, Bach: an Eternal Golden Braid”
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Juha Vaara, Olli Lehtonen, Tommy Vänskä, Michaela Ekholm, Michal
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1 Introduction

1.1 The system

Over 90% of the molecular oxygen we absorbe upon breathing is con-

sumed in cellular respiration. In cell respiration, oxygen is combined

with protons and electrons to produce water, a highly energetic reaction

in itself. This reaction is not direct, however; the protons and especially

electrons follow intricate transfer pathways in the cell.

In most aerobic eukaryotes, from the tiniest unicellular protist to the

blue whale, cell respiration takes place in the mitochondria. The inner

membrane of the mitochondrion is at the centre of events. The citric acid

cycle produces nicotinamide adenine dinucleotide (NADH) and flavin

adenine dinucleotide (FADH2). These are the first electron carriers in

the electron transport chain.

Electrons from NADH are received by one of the three membrane-

crossing protein complexes of the respiratory system, NADH-Q reduc-

tase. Another name for this complex is NADH dehydrogenase, an equally

descriptive name, as the protein in fact separates hydrogens from the

NADH molecules, dividing the atoms into protons and electrons.

From NADH-Q reductase, the electrons are transferred onto ubi-

quinone, an electron transfer molecule moving about the plane of the

membrane. Electrons from FADH2 are directly uptaken by ubiquinone.

Ubiquinone in turn makes its way towards the second protein complex of

the chain, cytochrome c reductase, reducing the latter. As the name sug-

gests, this complex reduces cytochrome c, the next electron transporter

in the process. Cytochrome c, a small protein, carries the electrons on

towards the third of the transmembrane complexes, cytochrome c oxi-
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8 Introduction

dase, the end station of the electron transfer chain.

Cytochrome c oxidase contains two haems, haem a and haem a3.

Haem a3, together with the copper complex CuB, is involved in the final

reduction of molecular oxygen into water, but receives the necessary elec-

trons from haem a. Haem a, in turn, receives its electrons from a copper

ion pair in the vicinity, called CuA. These four redox active metal centra

are the central characters of this thesis. Figure 1.1 shows a schematic

of a mitochondrion and the central processes taking place. The protein

structure near the two haems of cytochrome c oxidase is shown in Figure

1.2.

The purpose of this long chain reaction is to reduce oxygen to water in

a controlled manner. A direct reduction would free so much energy in an

instant, that most of it would be lost as heat. At every electron transfer

step a small amount of energy is released, driving the reaction in the

right direction. The energy release in each electron transfer step in the

transmembrane complexes maintain their essential function, the pumping

of protons from the inner chamber, the matrix of the mitochondrion,

to the space between the inner and outer membrane. Thus, a proton

gradient is formed over the inner membrane. The synthesis of adenosine

triphosphate, ATP, is driven by the protons that return to the inside, less

concentrated solution. This takes place in the small nano-engine, ATP

synthase. The energy of oxygen reductions is thus effectively harvested

in our cells.

1.2 The goal

In this thesis, detailed studies of electron densities and changes of the

same in the two haems are presented. How does the spin density of the

oxidised form of haem evince itself? How does the electronic structure

change, when a haem receives an electron and is reduced? And how

is the electron transferred from one haem to the other in cytochrome c

oxidase? The tool used for enticing the answers to these questions is

quantum chemical calculations.

Previously, the properties mentioned have mainly been accessible via
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Figure 1.1: Schematic of a mitochondrion. The central steps in the res-
piratory chain are depicted. In reality, the transmembrane
complexes are not structurally organised, instead, they appear
here and there in the membrane. The electron transporters
ubiquinone and cytochrome c find the next protein complex any-
way.

experimental study. The experiments are, however, very complicated,

and an unambiguous interpretation of the results well-nigh impossible.

Often, the experimentalist sees only Plato’s ”shadows on the cave wall”

[1]. With the aid of quantum mechanics, we can take a step towards the

mouth of the cave, and attempt to unmask the real object, giving rise to

the shadows.

Solving the quantum mechanical equations with absolute precision is,
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Figure 1.2: A small cutout of the crystal structure of cytochrome c oxidase.
The haems with their axial ligands are marked with thicker lines.
The two copper atoms in the foreground comprise the CuA com-
plex. CuB binds the oxygen molecule between itself and the iron
of haem a3.

however, unfeasible with currently available resources. Nothing indicates

a change to this situation in the foreseeable future either. Absolute accu-

racy is naturally not an end in itself. If a simplification, an approximation

of the equations can be accomplished without reducing the quality of the

result to unusability, much has been achieved.

As to the approximations to the necessary physical equations, the last

century witnessed great progress. The formulation of the approximation

known as density functional theory, DFT, was, in the form applied in

this work, mature at the start of the 1990’s. Naturally, DFT evolves and

is refined and adjusted continuously, and break-troughs constantly lurk

around the corner. But most of the work presented here could in principle

have been carried out already some fifteen years ago; the formulas were

there. Only formulas are not sufficient, however. A machinery tooling

the formulas is required. This machinery is composed of a computer
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program solving the equations, as well as a computer system executing

the programs. These were not sufficiently powerful fifteen years ago.

Even if detailed quantum chemical studies of large biological systems in

principle could have commenced a long time ago, it has become feasible

only during the present millennium.

Now, the machinery exists, but even that is not enough; to perform

calculations, something to calculate on is of course needed. For example,

the main function of the cytochrome has been known for some time [2,3],

though many of the details are still wrapped in obscurity. A requisite

for the study of processes at molecular level is a molecule, a structure.

The molecular structure of cytochrome c oxidase was published as late

as 1996 [4]. Without a reasonable experimental starting structure as

the base for calculations, one can only hope for educated guesses con-

cerning the structures of complexes the size of proteins. The structure

is also of great help in propounding various hypotheses for the protein

functions [5, 6]. Collaboration between the experimentalist and the the-

oretician is thus of utmost importance. Work in this area would not

be possible without intimate interaction crossing the virtual borders of

scientific discipline. The difficulty in defining what category a work of

this type should be considered belonging to illuminates; is it chemistry,

biology, perhaps physics, maybe biochemistry, or some monster of name

combination in the spirit of ”nanomolecular inorganic biophysical quan-

tum chemistry”? Perhaps one should just be content with calling it

science.





2 Density functional theory

2.1 Introduction

The foundation for modern density functional theory, DFT, is the

Hohenberg–Kohn theorem [7]. According to the theorem, the energy

of the system, as well as all other observables are unambiguously defined

by the electron density of the system. No knowledge of the wave func-

tion is necessary, and thereby there is no need to solve the Schrödinger

equation

Hψ = Eψ (2.1)

Above, H is the Hamiltonian, and ψ is the wave function. Originally,

for the hydrogen atom, Eq. (5) in reference [8], the equation was presented

as:

∇2ψ +
2m

K2

(

E +
e2

r

)

ψ = 0 (2.2)

Above, Schrödinger used K for ~, and Gauss CGS units; m is the

mass of the electron, and e the charge. Unless otherwise noted, this work

uses atomic units instead, where me = |e| = ~ = 4πε0 = 1. These define

other atomic units as well. For example, the unit of length, the Bohr

radius is defined as a0 = 4πε0~
2/(mee

2), and the energy unit Hartree as

Eh = ~
2/(mea

2
0). The spin, α or β is generically denoted by σ.

The molecular Hamiltonian is presented later, in Eq. (2.16)

An exact solution for the wave function requires, in principle, a com-

putational effort that scales exponentially with the number of electrons

in the system. In contrast, the equations of a perfect density functional

should be solvable with an effort independent of the number of elec-

13



14 Density functional theory

trons. In practice, the development of the functionals is nowhere near

this state of perfection. Very good results with only moderate resources

can be obtained already. DFT has thereby facilitated accurate quantum

chemical calculations on system much larger than what ”conventional”

wave function methods are capable of treating. Walter Kohn received

the Nobel Prize in chemistry in 1998 ”for his development of the density-

functional theory ” [9]. He shared The Prize with John Pople [10].

In this chapter, a short overview of the foundations of DFT is given.

The central approximations, the functionals are presented.

2.1.1 The Thomas–Fermi model

The first density functional actually appeared even before the Hartree–

Fock method [11, 12], the basis for modern wave function based models.

The Thomas–Fermi model was published already 1927 in two indepen-

dent works [13, 14]:

ETF[ρ] = TTF[ρ] + Ene[ρ] + J [ρ] (2.3)

Above, the general notation F [g] is introduced, emphasizing that F is a

functional the value of which depends on the variable g, which in turn

is a function. We first consider the two latter terms. Ene[ρ] is the core–

electron attraction which can be described by:

Ene[ρ] = −
∑

a

∫

Zaρ(r)

|Ra − r|dr (2.4)

where a runs over all atomic cores of the system and Ra denotes the

position of atom a . J [ρ] represents the Coulombic repulsion functional,

the electrostatic electron–electron repulsion

J [ρ] =
1

2

∫∫

ρ(r)ρ(r′)

|r − r′| drdr′ (2.5)

where the coefficient 1
2

is introduced to allow for integration over all space

for r and r′.
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The remaining term, TTF[ρ], is the functional for the kinetic energy.

Thomas and Fermi approximated this with the expression for a uniform,

non-interacting electron gas:

TTF[ρ] = CF

∫

ρ(r)5/3 (2.6)

CF =
3

10
(3π2)2/3 (2.7)

The energy can now be minimized by varying the density ρ:

E = min
ρ

[

TTF[ρ] + Ene[ρ] + J [ρ] + µ

∫

ρ(r)dr
]

(2.8)

This introduces the chemical potential µ. It is adjusted so that integra-

tion over ρ gives the right number of electrons.

It soon became evident that the Thomas–Fermi model had limited

applicability, the approximations it contains are too rough. It can, for

example, never produce a binding energy between two atoms, as shown

by Teller [15]† The largest absolute error is introduced via the kinetic

energy, even if the relative error is only of the order of 10%. The kinetic

energy is of the same order of magnitude as the total energy of the system.

For a Coulombic system, the virial theorem [17], states that T = −1
2
V ,

should be fulfilled‡. Small percentual errors in the kinetic energies are

enormous when looking at chemically relevant energy differences.

During the years to come, improvements on the model were attempted

to enable, for example, bond formation. Of these, the best known is prob-

ably the contribution of Dirac [18]. He presented an exchange functional

†Lieb and Simon appropriately refer to ”the nontheory of molecules” in connection
with TF [16].

‡The total energy of, e.g., FeP(Im)+2 , as calculated at B3LYP/TZVP level is
−7099 MJ/mol. In this case, the kinetic energy contributes with +7074 MJ/mol.
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with the form:

εD30
x = −Cxρ

1/3 (2.9)

ED30
x = −Cx

∫

ρ4/3(r)dr (2.10)

Cx =
3

4

( 3

π

)1/3

ε represents the actual density functional. From (2.9) one arrives at

(2.10) by combining
∫

Ψ∗ε(ρ)Ψdr with |Ψ∗Ψ| = ρ.

None of the modifications managed to improve the model enough for

DFT to gain a wider acceptance, until Kohn made note [9] of one feature

of the theory. The TF model gave a direct relation between an external

effective potential and the electron density distribution:

ρ(r) =γ
(

µ− veff(r)
)3/2

, γ =
1

3π2

(

2m

~2

)3/2

(2.11)

veff =v(r) +

∫

ρ(r′)

|r− r′|dr
′ (2.12)

µ again denoted the chemical potential. Equation (2.12) is based on the

expression of the density of a uniform degenerate electron gas in a static

external potential v:

ρ =γ(µ− v)3/2 (2.13)

In collaboration with Hohenberg, the Hohenberg–Kohn theorem was

developed.

2.1.2 The Hohenberg–Kohn theorem

In 1964, Hohenberg and Kohn showed [7] that the potential function for

the ground state of a finite system is directly (up to a trivial constant)

defined by the electron density. The proof is surprisingly easy to demon-

strate. Let v(r) be the potential and ρ(r) the electron density, where
∫

ρ(r)dr = N . If the claim would not be true, another potential, v′(r)



2.1. Introduction 17

(v′(r) 6= v(r) + constant), giving the same density ρ(r) should exist.

Two different wave functions for the ground state would exist, Ψ and Ψ′

(corresponding to the external potentials v(r) and v′(r)), and thus two

different Hamilton operators H and H′ with the ground state energies E0

and E ′
0.

The variational principle states that an approximate wave function

has an energy above the exact energy. If the wave function has the same

energy as the exact energy, the wave functions itself is exact. The claim of

Hohenberg and Kohn can be proved by showing that the opposite would

lead to a logical conflict. As the kinetic energies and the electron–electron

repulsions are the same for H and H′, one obtains:

E0 = 〈Ψ|H|Ψ〉 < 〈Ψ′|H|Ψ′〉 = 〈Ψ′|H′|Ψ′〉 + 〈Ψ′|H − H′|Ψ′〉 (2.14)

But also:

E ′
0 = 〈Ψ′|H′|Ψ′〉 < 〈Ψ|H′|Ψ〉 = 〈Ψ|H|Ψ〉 + 〈Ψ|H′ − H|Ψ〉 (2.15)

The above cannot be correct, as it leads to an assertion that E0 >

E ′
0 > E0, clearly a contradiction.

Interestingly, the proof above also indirectly shows that the electron

density unambiguously defines all properties of the system that are inde-

pendent of a magnetic field, even the wave function itself†. The electron

density gives both the external potential and the number of electrons in

the system, which in turn are sufficient for the definition of the Hamilton

operator. This can be seen in the electronic Hamiltonian:

He = −1

2

∑

i

∇2
i −
∑

i,a

Za

|Ra − ri|
+
∑

i>j

1

|ri − rj|
+
∑

a>b

ZaZb

|Ra −Rb|
(2.16)

†For the moment, the only way of obtaining the exact wave function is to solve
the Schrödinger equation. This does not rule out the possibility of the existence of a
more economic method. See further discussion in Section 2.3.
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Ra,b denotes the positions of the atomic cores and ri,j the positions of

the electrons. a and b are summed over the number of atoms, while

i and j run over the number of electrons. The last term is constant

within the Born–Oppenheimer approximation [19]. The operator is seen

to be unambiguously defined by the number of electrons and the external

potential created by the atomic cores.

Originally, the HK theorem was only proven for non-degenerate

closed-shell ground states. Levy has later shown [20] that also degenerate

ground states can be treated. Extensions to Spin DFT, SDFT [21, 22],

and Current DFT in a magnetic field, CDFT [23–25] have been pre-

sented. In an interesting article, ”Density-functional theory beyond the

Hohenberg–Kohn theorem” [26] Görling shows how DFT can be applied

to excited states as well†. DFT for macroscopic polarisation in periodic

systems has also attracted attention [28–31].

2.1.3 The Kohn–Sham formulation

Even with the proof that every specific electron density gives a specific

energy (for the ground state), the connection, the functional between

the two has not been discovered. The hypothetical functional can be

divided in three parts: the kinetic energy T [ρ], the core–electron attrac-

tion Ene[ρ], and the electron–electron repulsion Eee[ρ]. The electron–

electron repulsion is usually also divided into an exchange part K[ρ] and

a Coulomb part J [ρ].

The exact kinetic energy for a ground state is given by

T =

∞
∑

i

ni〈ψi| −
1

2
∇2|ψi〉 (2.17)

where ψi are natural spin orbitals and ni their occupation number, 0 ≤
ni ≤ 1. For an interacting system, Eq. (2.17) contains an infinite number

of terms, making an exact solution unattainable.

†An ongoing discussion about TDDFT should be footnoted here; the discussion is
beyond the scope of this thesis as well as my competence, but the interested reader
is directed towards the preliminary version of ”Critique of the foundations of time-
dependent density functional theory”, by Schirmer with Dreuw [27]. See also other
problematic cases discussed in Section 2.3
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Kohn and Sham [32] presented a formalism for treating the kinetic

part of the energy. Presently, non-plane-wave DFT almost exclusively

applies this methodology (although alternatives have been presented

[33]).

An early wave-function method, the Hartree equations [34] from 1928,

contain the basic idea used by Kohn and Sham. In Hartree’s model, the

electrons move in an effective potential created by the atomic cores and

a mean field created by the other electrons:

vH(r) = −
∑

a

Za

|Ra − r| +

∫

ρ(r′)

|r− r′|dr
′ (2.18)

In this approximation, a one-particle Schrödinger equation can be

defined:
[

−1

2
∇2 + vH(r)

]

ψi = eiψi (2.19)

The mean density is given by

ρ(r) =
N
∑

i

|ψi(r)|2 (2.20)

For the ground state, a summation over the N spin orbitals with lowest

eigenvalues is performed.

Equations (2.18–2.20) are solved self consistently. From a trial guess

of the electron density, a potential vH is obtained by Eq. (2.18). This

potential is used in Eq. (2.19). The one-electron orbitals produced are

fed on to Eq. (2.20). If the electron density distribution thus obtained

equals the one used for the construction of the potential, the calculation

has converged to a (semi)stable state on the potential surface. If not,

the density has to be modified suitably and another iteration carried

through. When convergence is reached, a set of converged one-electron

orbitals have also been obtained.

In Kohn–Sham DFT, a system of independent non-interacting elec-

trons in a common one-body potential, vKS, is imagined. This potential

gives rise to the same electron density as the real, interacting system.

Kohn and Sham also introduced molecular orbitals in a similar man-
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ner as in the Hartree equations. In the KS formalism, they are assumed

independent reference orbitals that fulfil the Schrödinger equation for

independent particles:

[

−1

2
∇2 + vKS

]

ψi = eiψi (2.21)

The local one-body potential vKS gives, by definition, a non-interacting

electron density that has the same form as Eq. (2.20). Despite the con-

struction of the KS-orbitals as mathematical entities, they have been

found to be useful for describing various physical phenomena, and their

exact meaning is still debated.

The introduction of the molecular orbitals increases the dimension-

ality of the computational problem from 3 to 3N . The increase in cost

brings along the possibility of calculating the kinetic energy with a much

higher accuracy compared to, for example, Thomas–Fermi. Still, the

dimensionality is no larger than for the simplest of wave-function based

methods.

The expression for the kinetic energy for the non-interacting electrons

becomes (cmp. with Eq. (2.17)):

Ts[ρ] =

N
∑

i=1

〈ψi| −
1

2
∇2|ψi〉 (2.22)

where the sum i again runs over all orbitals. The lower index s denotes

single-electron equations†. As the electrons do interact in reality, the

expression is not exact, and the following inequality holds:

Ts[ρ] ≤ T [ρ] (2.23)

The remaining part of the kinetic energy defines the correlation contri-

bution:

Tc[ρ] = T [ρ] − Ts[ρ] ≥ 0 (2.24)

†According to tradition, this is the meaning of the notation in Reference [32],
where it is given without explanation [35].
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Usually, Tc is included in a exchange/correlation term Exc (it can be

noted that Eq. (2.24) shows that, by definition, no kinetic exchange-

energy exists).

The amount of kinetic correlation energy is of the same order of mag-

nitude as the total correlation energy [36, 37], but always of opposite

sign.

Now the Kohn–Sham equations can be solved analogously to the

Hartree equations, with the difference that the potential in Equation

(2.19), vH, is replaced by veff:

veff(r) = v(r) +

∫

ρ(r′)

|r− r′|dr
′ + vxc(r) (2.25)

where vxc denotes the local exchange/correlation potential.

Within the KS formalism, the energy of the ground state can be

obtained from

EDFT[ρ] =
∑

i

ei + Exc[ρ] −
∫

vxc(r)ρ(r)dv −
1

2

∫

ρ(r)ρ(r′)

|r − r′| (2.26)

or more generally, divided into its components:

EDFT[ρ] = Ts[ρ] + Ene[ρ] + J [ρ] + Exc[ρ] (2.27)

Hereby, an exact energy expression has been obtained. Of the terms

above, all but the last, the exchange/correlation energy, can be solved

exactly. Kohn and Sham paved the way for a renaissance for DFT. The

problem of the kinetic energy was largely solved. The new challenge was

to find a solution for Exc. More than forty years on, the problem remains

unsolved.

2.2 Different DFT models

Most DFT models differ in their expression for the exchange/correlation

energy Exc. It is almost always split into separate exchange and cor-
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relation terms, Ex and Ec, even if it has not been proven that this is

principally correct. Whereas no exchange interaction exists between α

and β spin, the correlation energy contains contributions from the inter-

actions between all electrons:

Ex(ρ) = Eα
x (ρα) + Eβ

x (ρβ) (2.28)

Ec(ρ) = Eαα
c (ρα) + Eββ

c (ρβ) + Eαβ
c (ρα,ρβ) (2.29)

The sum ρα + ρβ = ρ. The largest contribution to Exc comes from the

exchange part Ex.

In what follows, a short presentation of the main classes of functionals

is given.

2.2.1 The Local Density Approximation

In the same article where the KS formalism was presented [32], the

authors also suggest a first approximation to Exc, the Local Density

Approximation, LDA. Generalizing LDA to consider also the electron

spin, the Local Spin Density Approximation, LSDA or LSD, is obtained.

In LDA, the electron density is assumed to be slowly varying in space:

ELDA
xc [ρ] =

∫

ρ(r)εunif
xc (ρ) (2.30)

εunif
xc gives the exchange/correlation energy per electron in a uniform elec-

tron gas. From this, an analytical expression for the exchange energy can

be obtained, analogously to the Thomas-Fermi-Dirac model, Eqs. (2.9–

2.10). Combining (2.9) and (2.30) gives

ELDA
xc [ρ] = −Cx

∫

ρ4/3(r)dr (2.31)

ELSDA
xc [ρ] = −21/3Cx

∫

(

ρ4/3
α (r) + ρ

4/3
β (r)

)

d(r) (2.32)

For the LDA correlation energy, no exact solution is known but it has

been calculated to high accuracy using Quantum Monte Carlo methods.

The numerical results of Ceperley and Alder [38] are considered to be
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among the most accurate. Vosko, Wilk and Nusair [39] fitted various data

to obtain reliable analytic expressions for the LDA correlation energy.

These five expressions are the VWN correlation functionals. Despite

the authors recommendation to use the VWN-5 functional, and later

confirmation of its superiority [40], two are in general contemporary use,

VWN-3 and VWN-5.

Other analytical fits for the LDA correlation have been presented

[41, 42], but today, LSDA is almost synonymous with the VWN func-

tional (either VWN-3 or VWN-5) combined with the exchange functional

of Dirac. Due to historical reasons, the LSDA functional with Dirac’s

exchange and VWN is often called S-VWN†.

The only parameters in the LSDA functionals are the electron densi-

ties:

εLSDA = εLSDA(ρα,ρβ) (2.33)

2.2.2 The Generalized Gradient Approximation

Being a quite simple model, and surprisingly accurate especially for solid-

state calculations, LSDA became reasonably popular within the material

physics community. Chemists were still not really convinced, the accu-

racy was still not high enough for molecular applications. This changed

with the introduction of the Generalized Gradient Approximation, GGA.

GGA builds upon the foundation laid by LDA by taking into account

the fact that the electron distribution is not uniform. This is done by

considering not only the electron density, but also the gradient of the

density, that is, the change in density at a given point. Slightly mislead-

ing, the GGA functionals have been called non-local functionals. A more

accurate attribute would be semi-local and will be used in this work.

The first gradient corrections within DFT date back to 1935, when

von Weizsäcker [44] suggested a correction to the kinetic energy of the

†S stands for Slater and has its origin in Slater’s Xα method [43], designed to
simplify the Hartree–Fock method.
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Thomas–Fermi model:

TW[ρ] =
~

2

8m

∫ |∇ρ(r)|2
ρ(r)

dr, TTFW = TTF + TW (2.34)

The idea of gradient corrections is also given by Hohenberg and Kohn

[7] and Kohn and Sham [32]. The Gradient Expansion Approximation,

GEA [45], was a step towards GGA, although not very successful. With

time, the main drawbacks of GEA were identified and eliminated [46–49].

The term GGA was probably first introduced in connection with the

PW86 functional, developed by Perdew and Wang in 1986 [50]. It has a

relatively uncomplicated form:

EPW86
x [ρ] = −3

4

(

3

π

)1/3
∫

ρ4/3FPW86(s)dr (2.35)

FPW86(s) = (1 + 0.0864s2/m+ bs4 + cs6)m (2.36)

s =
|∇ρ|

2(3π)1/3ρ4/3
(2.37)

One can note the origin of the term ”generalized”. In previous GE-

approximations gradient corrections were only considered to second

order, |∇ρ|2; the GGA functionals also consider higher powers of |∇ρ|,
generally, any powers [51]. Eq. (2.37) is known as the enhancement factor

and is part of many GGA’s.

A general GGA functional has the form:

εGGA = εGGA(ρα,ρβ,∇ρα,∇ρβ) (2.38)

Several GGA functionals, both for exchange and correlation, have

been proposed in the literature. It is not uncommon, although perhaps

slightly illogical to make combinations of different functionals. A com-

mon GGA functional is the BP86 functional, which also is one of the

main functionals used in the work presented here. It is composed of

Becke’s exchange potential from 1988, B88 [52], and Perdew’s correla-

tion potential à 1986, P86 [53].
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B88, a refinement of two earlier functionals [54, 55] is defined as:

εB88
x = εLSDA

x + ∆εB88
x (2.39)

∆εB88
x = −βρ1/3

σ

x2

1 + 6βxσ sinh−1 xσ

(2.40)

x =
|∇ρ|
ρ4/3

(2.41)

EB88
x = ELSDA

x − β
∑

σ

∫

ρ4/3
σ

x2
σ

1 + 6βxσ sinh−1 xσ

dr (2.42)

∆ denotes a semi-local contribution. The functional contains a semi-

empirical parameter, β. It was fitted to the HF exchange energies for

the six noble gas atoms He–Rn, and the optimal value was found to be

0.0042. A reparameterisation of B88 [56], based on 55 atoms, yielded

essentially the same value.

The functional form of P86 is rather involved and is not reproduced

here. The reader is referred to the original article [53] and its erratum

[57].

From an energetic point of view, the major improvement compared

with the LSDA methods is a better description of the exchange energy.

2.2.3 Meta-GGA

The Meta-GGA functionals in turn build upon GGA. In addition to the

density and its gradient, also the Laplacian of the density and/or the

kinetic energy density is considered. ”Meta” in this connections refers to

”beyond”, ”more complete” [58]. The term was coined by Perdew [59].

A general meta-GGA thus has the following functional form:

εmGGA = εmGGA(ρα,ρβ ,∇ρα,∇ρβ,∇2ρα,∇2ρβ, τα,τβ) (2.43)

τ , the kinetic energy density, is defined as

τσ(r) =
1

2

occ
∑

i

|∇ψiσ(r)|2 (2.44)
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Some authors omit the coefficient 1
2
. As can be seen, τ depends on the

Kohn–Sham orbitals ψi. Therefore, a functional taking τ as a parameter

should perhaps not be considered a pure density functional. Nevertheless,

the direct connection between the KS orbitals and the electron density

makes also τ indirectly connected to the density, thus motivating the

term pure DFT also for the meta-GGA’s.

Meta-GGA functionals that use τ are, on the other hand, truly non-

local via their orbital dependency. A meta-GGA that does not consider

τ , but instead uses only ∇2ρ as an additional parameter is still semi-local.

2.2.4 Hybrid methods

Wave function theory (Hartree–Fock) can in principle provide the exact

exchange energy†:

EHF
x = −1

2

n
∑

i

n
∑

j

∫ ∫

ψi(r1)ψj(r1)ψi(r2)ψj(r2)

|r1 − r2|
dr1dr2 (2.45)

It could be assumed that the ideal exchange/correlation energy would

then be obtained from

Exc = EHF
x + EDFT

c (2.46)

This is the simplest example of a hybrid method. In hybrid DFT methods

in general, the exchange term of DFT is corrected by a contribution

from exact exchange energy. In the above, the DFT exchange has been

completely exchanged by HF exchange. The formulation can also be

seen as a correlation correction to HF. Equation (2.46) was suggested

already in connection with the LDA approximation [32]. Atomisation

energies compared to HF are improved, but normal GGA methods are

not outperformed [60].

The Adiabatic Connection Formula, ACF [61] gives a connection

†In this work, the notation EHF
x is used for exact exchange energy, even if a small

formal difference between using HF and KS orbitals exists, as they do not carry the
same significance. The upper index HF can be considered to define the computational
method used in the evaluation.
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between the Kohn–Sham and real systems. Exc can be expressed in

the following form:

Exc =

∫ 1

0

Exc,λdλ (2.47)

where

Exc,λ = 〈Ψλ|vee(λ)|Ψλ〉 −
1

2

∫∫

ρ(r)ρ(r′)

|r − r′| drdr′ (2.48)

λ is an electronic coupling strength parameter which turns on the

electron–electron interaction. λ = 0 represents the non-interacting KS

reference system, while λ = 1 represents the fully interacting, real phys-

ical situation. As no Coulomb interaction exists for λ = 0, the potential

energy term Exc,λ = 0 is reduced to a pure exchange-energy term and can

therefore be computed exactly with Equation (2.45).

The simplest approximation to Eq. (2.47) is a two-point integration,

which implies the assumption that Exc,λ varies linearly between 0 ≤ λ ≤
1:

Exc ≃
1

2

(

Exc,λ = 0 + Exc,λ = 1

)

(2.49)

Exc,λ = 0 is thus computed exactly, whereas Exc,λ = 1 can be approximated

by a GGA of choice. Becke used this method in the definition of his

Half-and-Half functional [62], pointing out that it is a much simplified

approximation, and that it could be generalized:

Exc ≃ c0E
HF
xc + c1E

DFT
xc (2.50)

c0 and c1 could then be fitted to experimental data. The semi-empirical

hybrid functionals had been delivered.

2.2.5 Becke3

The most popular hybrid methods are still based on Becke’s three-

parameter functional B3 [63]. Unsurprisingly, it contains three adjustable
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parameters a0, ax and ac:

EB3
xc = a0E

HF
x + (1 − a0)E

LSDA
x + ax∆E

B88
x + ELSDA

c + ac∆E
GGA
c (2.51)

Originally, Becke used PW91 [64] for the correlation part. Today,

the most popular variant is, however, B3LYP. B3LYP was defined by

Frisch [65], who thought Becke’s hybrid was a good idea. PW91 was

not available in the program Frisch was using, but the Lee–Yang–Parr

correlation functional, LYP [66] was implemented; so came about the

combination of B3LYP, with good result.

2.3 On the performance of DFT — A

philosophical interlude

After a somewhat sluggish start, density functional theory has become

an established quantum chemical method. The strengths and weaknesses

of LDA are well documented in the literature. The most common GGA

and hybrid functionals have also been applied to such a large extent,

that a feel for their behaviour and performance exists. From time to

time, surprise appears, though. A good example is the poor description

of the Co–C bond of cobalamine at B3LYP level reported by Jensen and

Ryde [67]; the functional known to usually excel for biosystems, suddenly

fails for a specific system.

Comparisons between the different functional families and specific

functionals, and their ability to describe ”traditional” molecular proper-

ties have been diligently published during the years. Quality differences

in the evaluations of structures, atomisation energies, ionisation energies

and electron affinities, polarisability, vibrational frequencies and other

spectra as calculated with different structures have been reviewed in, for

example, the book by Koch and Holthausen [68]. Magnetic properties

are also treated. With a suitable choice of functional, good results can

be obtained for the properties mentioned.

Thus, it has become apparent that DFT can produce good results for
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diverse properties. The results are sometimes of a surprisingly high qual-

ity. In some cases, the reason probably lies in a cancellation of errors.

The basic strength of DFT lies in the fact that, with moderate com-

putational effort and contemporary functionals, one can account for an

important part of electron correlation. For the moment, it is not possi-

ble to quantify exactly how much of correlation the different functionals

recover. The share is in any case higher than what the Hartree–Fock

method is able to deliver, as correlation is defined as the portion of the

total energy not described by HF.

The strongly increased computational effort for more sophisticated

correlated wave function methods has raised some questions among quan-

tum chemists. Why do the DFT equations, the solutions of which are no

more time consuming than those of the simplest ab initio equations, still

succeed in describing the systems so well? Is it possible to achieve even

more exact results with new density functionals, without approaching the

same effort required by wave function methods of comparable accuracy?

The latter question is usually answered by a more or less definitive

”no”. The motivation goes that this would imply that the Schrödinger

equation would contain superfluous information. Even setting this possi-

bility aside, for most problems, more than one way of solving them exists.

Further, the methods usually differ in efficiency.

A simple analogy would be the problem of deciding whether an integer

x is prime or not. One method that never fails is naturally to divide x

by all integers k larger than 1 and smaller than x: 1 < k < x. If all

divisions leave a remainder, x is prime. A much more effective way† of

solving the same problem is to first check that the number is not even,

and if not, only do the division x/k for odd k larger than 2 and smaller

than the square root of x: 2 < k <
√
x.

In a series of articles [69–73], Nakatsuji actually discusses the struc-

ture of the exact wave function and alternative solution mechanisms of

the Schrödinger equation.

The foundations of DFT have also been discussed and examined crit-

†The computational effort for both algorithms scale exponentially with the number
of bytes n required to describe the number x; O(2n) and O(2n/2) respectively.
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ically. The HK theorem is valid only for ”well-behaved” densities; ρ(r)

must be N representable, that is, it has to fulfil the following require-

ments [74]:

ρ(r) ≥ 0,

∫

ρ(r)dr = N,

∫

|∇ρ(r)1/2|2dr <∞ (2.52)

Even if the requirements seem reasonable (especially the first two), it

has not yet been proven that a non-N-representable density could not

be the ground state for some special kind of system. Further, it has not

been proven that it, for every conceivable system, is possible to construct

a reference electron density that corresponds to the density of the real,

interacting system. This entices a mild discomfort as to the generality of

DFT.

Lately, other general problems with DFT have been pointed out. In

2001, the possibility of a non-unique potential, when the electron den-

sity is represented by separate spin densities was discussed [75,76]. This

problem has been argued to disappear in a thermodynamic formulation

of DFT [77]. In a relativistic treatment [78], the density cannot even

be separated into α and β spin densities. But even a unique mapping

between the density and the wave function, believed to have been estab-

lished also for SDFT [21], has been challenged in a preprint by Capelle,

Ullrich and Vignale [79]. The authors consider situations where both the

mapping between the density and the wave function, as well as the further

mapping between the wave function and the potential breaks down.

The original, simple Hohenberg–Kohn proof has also been criticised

[80], followed by critique against the criticism [81].

Perhaps the problematic situations, and actual proof of systems non-

describable by DFT, should be taken as encouragement instead of dis-

heartening. It could raise hope of a density functional, which while

requiring only moderate computational effort, still could provide results

with arbitrary precision for those systems it can handle. Perchance the

3N -dimensional complexity of the Schrödinger equation is needed for a

description of all conceivable (non-relativistic) systems, regardless of how

unrealistic (or uninteresting) they may be. The 3-dimensional solution
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of the perfect density functional could then, perhaps, ”only” be capable

of treating the well-behaved entities in our Universe.

The problem with prime numbers again serves as a good example.

Algorithms exist, that with arbitrarily high probability and with a very

low computational demand can tell whether an integer x is prime, regard-

less of how large x is. These are based on Fermat’s little theorem, which

states that for every prime p, the integer division ap−1/p leaves a remain-

der of 1; 1 < a < p. There are, however, special integers that fulfil

Fermat’s little theorem for all a without being prime. The previous algo-

rithm can never expose their non-primality. These are the Carmichael

numbers. They are very rare but infinite in number, nonetheless [82]†.

Analogously, possible non-N-representable densities (or possible other

badly behaved densities) could then be the Carmichael numbers of den-

sity functional theory.

To drive the analogue to its extreme, I will end with a recent report

from India. Agrawal, Kayal and Saxena [83, 84] have published an algo-

rithm that with full certainty and a relatively small effort can decide

the primality of an integer‡. Let us leave the door slightly ajar for the

appearance of the Exact Density Functional, capable of efficiently solving

all systems.

†The smallest Carmichael number is 561. The algorithms based on Fermat’s little
theorem exploit the fact that if x is not prime or a Carmichael number, then ax−1/x
more often than not gives a reminder different from 1. So by choosing K random
values for a (1 < a < x), the probability of not detecting that x is something else
than a prime or Carmichael number is reduced to less than 2−K . With, for example,
K = 100 the probability of a false negative is less than 10−30. The computational
effort for this test is O(K ·n3); in contrast to the previously presented algorithms, the
effort is no longer exponential.

‡From an initial proven effort of at most O((log n)12f(log log n)), the maximum
scaling has been proposed to be as low as O((log n)4), see for example Ref. [85].





3 Results

3.1 Computational methods

Most quantum chemical calculations have been performed at density

functional theory (DFT) level. The exceptions are the wave function

Hartree–Fock (HF) and coupled cluster (CC) calculations performed in

Paper III, used to corroborate the validity of the DFT methodology.

Open-shell systems have been treated within the spin-unrestricted for-

malism, where the distributions of α and β electrons are allowed to differ.

For closed-shell systems the calculations have, in general, been performed

within the spin-restricted formalism, where ρα = ρβ.

The workhorse functionals of this work are two. A GGA-method,

BP86 [39, 52, 53], and a hybrid functional, B3LYP [39, 63, 66, 86]. In

connection with the BP86 functional, a pure DFT-functional lacking HF

exchange, the density fitting RI-approximation was employed [87]. Some

calculations have further used the Multipole Accelerated RI methodology

for the Coulomb interaction, MARI-J [88].

3.2 Programs used

The quantum chemical calculations have been performed with the Tur-

bomole suite of programs [89], and with NWChem [90]. Hyper-

chem [91] has been used for molecular mechanics calculations and for

the superposition of structures. The figures have been made with gOpen-

Mol [92–94], the graphs with gnuplot [95].

33
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3.3 Redox changes in the electronic struc-

ture of haem a

In the active enzyme, haem a continuously shuttles between its reduced

and oxidized form, performing its task of pumping electrons into the

binuclear site, with haem a3 and CuB. In Paper I, the major changes in

the electron distribution, both of charge and spin, was investigated.

How the added electron gets distributed in the haem system has been

unclear. On the one hand, it has been suggested that added charge

could be evenly distributed over the haem structure [96,97]. Electrostatic

calculations, on the other hand, have localised the charge, and charge

difference, to the iron [98]. As both experiment and calculations show,

in the oxidised low-spin haem a, iron has nearly one unpaired electron in

its dπ orbital.

When the haem accepts an electron and is reduced, all spin density

disappears. The system is closed-shell, with no ESR signal detectable

[99–103]. It could thus seem plausible that the added electron would fill

up the unpaired dπ orbital, as the iron atom needs an extra electron of

opposite spin. Then also the electron density at iron would increase by

about one unit. Preliminary semi-empirical studies by Wikström hinted,

however, at an interpretation where the charge density difference would

actually be quite evenly distributed over the entire haem structure.

Figure 3.1 shows the charge density difference between the two oxi-

dation states of haem a.

A direct integration of the charge difference, calculated at DFT level,

showed that the net charge difference of iron is very moderate, being only

10–15% of an electron. The accumulated charge density difference curve

is seen in Figure 3.2, calculated in three simulated solvent environments.

3.4 Oxidised haem a

The literature contains a certain controversy concerning the distribution

of the unpaired electron density in haem a and in low-spin iron por-
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Figure 3.1: Charge density differences between the oxidised and reduced
forms of haem a. Plotting thresholds of 0.005 e and 0.001 e
have been used.
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Figure 3.2: The accumulated charge difference between the reduced and oxi-
dised form of haem a as a function of integration sphere radius, in
simulated solvents. Curves based on the COSMO-model, explicit
water molecules, and explicit protein surroundings is shown. All
calculations performed at BP86/SV(P) level.

phyrins in general. Interpretation of the g-tensors, obtained from ESR

spectra, seem to require that the dπ-orbitals of iron contain nearly one
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whole unpaired electron, while NMR and ENDOR studies indicate a

substantially delocalised spin density distribution [104–106]. The extent

of delocalisation is not thoroughly settled, but it seems to depend very

much on the occupation of the electronic one-particle states at iron and

the ligands of iron.

After being introduced to the controversy, I decided to revisit one

statement in Paper I, which claimed that ”the spin density is completely

localised at the iron”.

In Paper II, density functional theory calculations performed on a

model of haem a in its oxidised form are presented. The conflict discussed

above is shown to be imaginary; nearly one whole electron is localised

to the iron, but at the same time, a substantial unpaired spin density is

present in the porphyrin ring, its substituents, and at the axial ligands

of iron. The seeming paradox is explained by a deficiency of theory in

earlier interpretations, as suggested in pioneering work by Horrocks and

Greenberg [104]. The net spin density is, as it should be, one. The gross

spin density, the sum of α and β-spin is, however, as high as 1.3 electrons.

The spin density distribution for haem a is seen in figure 3.3. Areas

in blue denote excess α density while areas in red denote excess β spin.

The α excess is mainly seen around the central iron atom, but a part is

also seen to nest around the pyrrole carbons and the vinyl group. The

most striking feature is, however, the pronounced and clear excess of β

spin along the Fe–N bonds. To the best of my knowledge, this work is

the first to present a quantitative measure of the magnitude of β spin

present. Previous experimental work has shown indications of a β-spin

presence near the pyrrole nitrogens, though [107,108].

The large excess of α spin at the iron leads to a spin polarisation of the

electron density around iron. The polarisation appears as excess β spin.

The effect is analogous to the spin polarisation in atomic systems, but

now at a much larger, molecular, scale. In atoms, the core is polarised

by an unpaired valence electron. The polarisation of the core orbitals

leads to a small difference in the α and β densities at the centre of

the core. This is reflected in the isotropic hyperfine coupling constant.

The orbitals being normalised, this core spin polarisation must lead to a
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Figure 3.3: The spin density distribution in oxidised haem a, calculated at
B3LYP/TZVP level. Excess α spin in blue, β spin in red. The
density plotting threshold is 0.001 e.

slightly more diffuse orbital of the opposite spin. The low-spin haem has

a large α-excess at iron. Due to spin polarisation, a slight, diffuse excess

of β electrons appear right outside.

The extent of spin polarisation can be visualised by performing a

radial spin density distribution analysis with iron at the origin:

ρdens(r) =
1

N(r)

4

3
πr3

N(r)
∑

i

ρdens,i (3.1)

N(r) is the number of integration points within the sphere, ρdens,i the

computed electron density in point i, and ρdens(r) the total net electron

density within the sphere. ρdens,i can be either positive or negative. When

studying the spin density, the different signs denote the different spins.

In the case of total density, the signs show which of the two systems

compared have a higher density in a specific point.

Figure 3.4 shows the integrated net spin density for haem a, within a

sphere of a given radius from the central atom. The area with excess β

spin is clearly seen in the curves; the net α spin density decreases when β

spin dominates at a given sphere radius. A maximum for the accumulated

α spin density is seen to coincide with the covalent radius of iron, 1.2 Å.

Here, the integrated density reaches 0.9–1.0 electrons, depending on the
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Figure 3.4: The accumulated net α spin density of haem a as a function of
the radius of the sphere, 0–8 Å. Calculated with the BP86 and
the B3LYP functionals, using the SV(P) and TZVP basis sets.
Iron defines the origin.

functional, basis set and environment modelling used. Approximately a

whole unpaired electron is located at the iron.

Beyond iron, near the ligating nitrogens, the accumulated net spin

density is reduced by about 0.1 electrons, due to the β excess. Thus,

the net spin density declines towards a minimum at the nitrogens, at a

distance of 2 Å from the iron atom. After this minimum the spin density

again rises, all the way to approximately a distance of 3.5 Ångström from

the central atom, whereupon a small minimum follows. After 4 Å, the

spin-density function is nigh monotonically increasing. At 7.5 Å, all of

the unpaired density has been recovered.

The separate derivatives of the accumulated α and β spin densities

are shown in figure 3.5. Especially clear is the localisation of the β spin

to the area in front of the nitrogens, a clear peak being visible at 1.8 Å.

The numerical integration of the unpaired α spin turned out to be more

problematic, but clear peaks at about 3.0 and 4.3 Å can be discerned.
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Figure 3.5: The derivative of the accumulated spin density in haem a (e/Å)
at spherical surfaces with radii 0–8 Å. For the α spin, only deriva-
tives for radii over 2 Å are shown, while the derivative of the β
spin is plotted from 1 Å on. A numerical five-point differentiation
formula has been used. The graph is based on B3LYP/TZVP
spin densities.

When all unpaired α and β spin density in haem a is integrated and

summed, a total amount of 1.28–1.34 unpaired electrons is obtained. The

BP86 calculations give a slightly smaller value; the spin polarisation is a

bit larger in the hybrid B3LYP calculations. The majority of the β spin

is not atom centred, rather, it is found along the Fe–N bonds and is quite

diffuse.

For the conformations studied, the spin distribution is significantly

more symmetric in the unsubstituted model, as compared to haem a.

This clearly shows how important the porphyrin substituents are in deter-

mining the details of the spin density distribution in haem, and in iron

porphyrins in general.

Here, it is appropriate to point out that the strong spin polarisation

effect around iron is present in all cases studied, independent of how the

rest of the spin seems fit to nest. Thus, I conclude the spin polarisation
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Figure 3.6: The distribution of the unpaired spin, calculated at unrestricted
Hartree–Fock level. The B3LYP/SV(P) geometry and the SV(P)
basis have been used. The plots to the left have a plotting thresh-
old of 0.001 e, the plot to the left a threshold of 0.01 e.

Figure 3.7: The distribution of the unpaired spin, calculated at restricted
open-shell Hartree–Fock level (ROHF). The same basis set and
geometry as in Figure 3.6, and a threshold of 0.001 e has been
used.

observed to be a general feature of the studied, type II low-spin iron

porphyrins.

Hartree–Fock is known to give a poor description of transition metal

systems. A HF calculation of the spin density in haem a confirms this.

Figure 3.6 shows the spin density distribution calculated at HF/SV(P)

level, using the B3LYP/SV(P) optimised geometry.

The total, gross amount of unpaired spin at HF level is very unreal-

istic; integration shows the haem to contain eleven unpaired electrons!

Spin contamination is extensive, 〈S2〉 = 3.46, when the ideal value would

be 0.75†. It is hard to see any similarity between the DFT and HF

descriptions.

†〈S2〉 for the DFT calculations presented in paper II was at most 0.78.
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The spin distribution was also calculated at ROHF level, where all

but one electron are defined to belong to closed shells. By definition, the

gross spin density will then be exactly one. The results compared to UHF

do not improve much, however, even if the amount of unpaired electron

density is constrained to a more realistic value of exactly one; no spin

density is found around iron, all of the unpaired electron is delocalised

around the porphyrin ring, as seen in Figure 3.7.

3.5 DFT versus CC2

The properties studied in Papers I and II, the charge and spin distribu-

tion, have both been suggested as possible problem childs of DFT. Prob-

lems with the definition of spin-DFT was already discussed in Section

2.3. Another source of concern could be the alternative interpretation

of ρα and ρβ, proposed by Perdew, Savin and Burke [109]. In approxi-

mate DFT, it might apparently sometimes be favourable to use ρα − ρβ

for a better description of the on-top pair density instead of the spin

density. Gräfenstein et al. went as far as considering the DFT spin den-

sity to lack physical meaning [110]. Further, the ability of contemporary

functionals to describe charge delocalisation in charged species has been

questioned [111–113].

Therefore, it was desirable to corroborate the results in some man-

ner. In Paper III, a study of small iron complexes, posing as models for

iron porphyrins, was conducted, with the aim of comparing density func-

tional results with those of a wave-function based method, the second

order coupled-cluster method, CC2 [114] in its density fitting RI-CC2

formulation [115].

Iron complexes of three different classes of spin states were chosen for

the study; low spin (S = 0 or 1/2), intermediate spin (S = 1 or 3/2) and

high spin (S = 2 or 5/2). The results of the study were reassuring. Both

the charge and spin-density distributions were described in a very similar

manner with both DFT and CC2 methods. The charge delocalisation is of

comparable magnitude and spin polarisation is exhibited in comparable

amounts.
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Figure 3.8: The distribution of the unpaired spin, calculated at a) SVWN
b) BLYP and c) CC2 levels, for Fe(R)2(NH3)2, R = NHCHNH.
Excess α density in blue, excess β density in red. An isocontour
value of 0.003 e has been used.

Figure 3.8 compares the spin distributions in the low-spin model cal-

culated at SVWN, BLYP and CC2 level.

CC2 does not, of course, deliver the final words on the true charge and

spin densities. For this, higher-order methods, including multi-reference

methods would have to be used. What CC2 does provide, is a corrob-

oration of the previous results, originating from a very different start-

ing point compared to DFT. That a correlated wave-function method

essentially describes the two possibly problematic properties of DFT in

the same way is reassuring. Paper III discusses only Fe(II) and Fe(III)

species. For general oxidase studies, where also Fe(IV) states are impor-

tant, recent reports by Ghosh and Taylor provide further insight into

the performance of DFT in comparison with correlated wave function

methods [116, 117].

3.6 Point charges for the metal centres of

the oxidase

Quantum chemical studies are quite accurate in their description of

biomolecular systems, but the computational effort, even for DFT, pre-

vents studies of really large protein portions. Especially when performing

molecular dynamics runs, which simulate the behaviour of the protein

over time, methods based on classical molecular mechanics and force

fields have to be employed.

One of the most important interactions affecting the inner workings
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of cytochrome c oxidase is the electrostatics. To get a reliable description

of this interaction, the atomic point charges contained in the force field

need to be as reliable and sound as possible. With an enzyme like CcO,

with several redox active centres and varying ligand states, point charge

development is a time consuming task. Paper IV presents a consistent

methodology for producing charges for the metal centres, as well as fitted

and optimised charges for important states of the enzyme.

The computational level chosen in the work, the hybrid B3LYP func-

tional in connection with a triple zeta quality basis set, is suitable for

the treatment of the systems considered. Many previous studies have

employed an insufficient theoretical level. Previous work has not system-

atically presented atomic charges for all four redox active metal centres,

CuA, haem a, haem a3 and CuB, either.

The main difference between the fitting procedure presented in Paper

IV and previous studies, is, however, the inclusion of an outer region

surrounding the actual structure for which new point charges are to be

derived. The purpose of this region is to stabilise the inside region, both

structurally and electronically. Several of the haem subsystems have,

formally, a highly negative charge; The haem a3(III)=O state, for exam-

ple, has a charge of −3. This highly anionic state would not be stable if

isolated, but with the charge-neutralising effect of the environment, all

electrons are bound.

Here, it is appropriate to discuss a refinement to the methodology

presented in Paper IV, suggested by one of the anonymous referees. The

suggestion was to describe the outer region not with actual atoms, but

with point charges instead. Near neutrality would be achieved with a

lighter computational effort. The buried atom problem that can appear

in charges fitted to the surrounding electrostatic potential could also

be alleviated, at least to a degree. Initial test calculations, where the

outer region atoms were replaced by standard point charges, showed that

problems with unrealistic charges at the periphery appear. Thus, the

simpler methodology cannot be employed as is. It would, however, be

interesting and important to thread this path further. Perhaps decreasing

the size of the atomic outer region from the one used in Paper IV, and
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then surrounding the real atoms by a layer of point charges could lead

to an improved point-charge derivation model, with higher accuracy and

lower computational cost.

3.7 Vibrational electron transfer between

the haems

Paper V presents the most time-consuming study of this thesis, measured

in both wall and CPU time. The project began in 2002 and is still in

draft stage, awaiting the conclusions of the final calculations. It will

hopefully be submitted for publication early April 2007.

The mechanism of the final electron transfer step in the respiratory

chain, that from haem a to a3, is not known. It is quite difficult to

measure or study it reliably, both experimentally and theoretically. The

studies performed to date have considered the transfer to be due to elec-

tron tunnelling, which most likely does play the largest role in the process,

even if the details are obscured.

The idea of this work was to look for a possible, more direct mecha-

nism of electron transfer. Perhaps the vibrational modes of the enzyme

could be involved. Previous studies have shown that vibrational motion

does affect the electron transfer rate, even significantly [118–122]. But

also these studies have considered the process from a tunnelling point of

view; the vibrations move the redox centres relative to each other, affect-

ing parameters involved in electron tunnelling, e.g., distance between the

centres.

By calculating the full vibrational IR spectrum of a combined 323-

atom model of haem a and a3, with connecting amino acid residues, the

changes in electron density induced by each vibrational mode could be

studied. Only few vibrations give rise to even a small shift in electron

density between the haems. The character of these vibrations are anal-

ysed in detail. It is concluded that some vibrations do shift electron

density between the haems, and that this could perhaps be an assist-
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Figure 3.9: The electron density difference between the two localised states
of the combined system, a[II]/a3[III] and a[III]/a3[II]. Haem a to
the left. Upon electron transfer, electron density is decreased in
the areas coloured light red, and increased in the areas coloured
dark blue.

ing mechanism on top of electron tunnelling in the transfer process. The

charge shifting, although only temporary, might catalyse the full electron

transfer.

Figure 3.9 shows the difference between the two localised spin states

of the combined system, that is, between a[II]/a3[III] and a[III]/a3[II].

The very delocalised nature of the transferred electron is clearly seen also

in the combined system, further corroborating the results of Papers I–III;

the electron gets shifted from the entire haem a to the entire haem a3.

One should note the possible caveat present, however. As the localised

states are not the ground states of the electronic structure, tricks have

had to be employed to avoid the ground state of the specific level of

calculation, a mixed valence state.





General references

In addition to the original literature, the following three books have

served as good reference material during my thesis work:

• B. Alberts, D. Bray, J. Lewis, M. Raff, K. Roberts and J. D. Wat-

son. Molecular Biology of the Cell, 3rd ed. (Garland Publishing,

New York, 1994).

• R. G. Parr and W. Yang. Density Functional Theory of Atoms and

Molecules (Oxford University Press, New York, 1989).

• F. Jensen. Introduction to Computational Chemistry (John Wiley

& Sons, Chichester, 1999).
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Appendix

In the printed version, Papers I–V follow. Legalities prevent their appear-

ance in the electronic version.
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