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both places.

The enormous patience of Jarkko Laitinen and Ari Lehtonen, the
computer experts should be also thanked.

Thanks are due to Pekka Koskela for suggesting me to do my grad-
uate studies in Finland when I met him at “Vakkari”.

For logistics I wish to express my best thanks to Antonio, Bilbo,
Gloria, Veronica, Soledad, Dionisio y Arantxa. They prepare me to
arrive at the defense properly equipped. However Arantxa, Carlos
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1. introduction

In the modern mathematical theory of materials science a pressing
topic is the understanding of the presence of very fine microstructures in
various physical models. For example, one can place into this general
framework several aspects of theories such as those of composites of
solids, optimal design and phase transitions in crystals.

In many of these situations, the existence of microstructures and
some of their properties can be understood by analyzing the behaviour
of sequences of mappings {fj} ∈ W 1,p(Ω, Rm) such that

(1.1) lim
j→∞

∫
Ω

distp
E(Dfj(x))dx = 0.

In this model, E is a closed subset of the space of matrices Mn×m, p ∈
[1,∞], Ω ⊂ Rn is a smooth domain and the function distE : Mn×m → R
denotes the distance from E, i.e, distE(A) = infP∈E |P−A|. The crucial
parameters are the closed set E and the exponent p, both depending
on the particular case we are investigating. The canonical example of
this situation is the Variational theory of phase transitions developed
by Ball and James [BJ]. In their model, p = ∞ and the set E is a
union of orthogonal wells, i.e, E = SO(n) ∪ SO(n)H1 ∪ ...SO(n)Hj,
where SO(n) stands for the group of rotations and H1, ..Hj are diagonal
matrices with positive determinant. Other examples arise in the theory
of nematic elastomers [DD], in G-closure problems, and in optimal
design [Ta1],[F],[BP]. It should be emphasized that in the last two
examples the associated set E is unbounded.

The presence of microstructure and its properties are reflected on
the kind of constraint that (1.1) imposes on the sequence {Dfj}. For
example, when (1.1) implies the compactness of {Dfj} in Lp(Ω) there
is no microstructure. If this is not the case, the features of the mi-
crostructure and its influence in the macroscopical scale corresponds
to the oscillating behaviour of the sequences {Dfj}, which satisfy (1.1)
but converges only in the appropriate weak topology.

It goes back to Tartar [Ta1] in the setting of homogenization and
to Ball and James [BJ] [BJ1] in their Variational approach to marten-
sitic phase transitions that an excellent devise to analyze sequences
converging weakly but not strongly are the so-called (Gradient) Young
measures (see also [Mü] and the references therein to find more informa-
tion about the relation of Young measures with microstructures). The
formal definition of these mathematical objects is given in [1, Section
3] see also [B1], but one can think of Young measures as generalized
functions in the following way. Let {uj} be a sequence of weakly con-
vergent functions say, in L1(Ω). Then, {νx}x∈Ω, the Young measure
generated by {uj}, stores information on the oscillating behaviour of
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uj. Loosely speaking, for a Borel set E ⊂ Rm, νx(E) gives the prob-
ability that uj(y) takes values “arbitrarily close to E”when y is in
B(x, r), in the limits j → ∞ and r → ∞. The class of W 1,p-Gradient
Young measures are those Young measures for which the generating
sequence {uj} equals to {Dfj}, where {fj} is a sequence weakly con-
vergent in W 1,p(Ω, Rn), p ∈ [1,∞]. We will use GY M for Gradient
Young measures and generating sequence for {Dfj}. Young measures
with no spatial dependence, i.e, νx = ν for almost every x are called
homogeneous. The Lebesgue differentiation theorem guarantees that
local properties of GYMs follow from the properties of Homogeneous
GYMs. Furthermore, a covering argument shows that the domain Ω
plays no role in the study of homogeneous GYMs. Therefore, we will
use the notation Hp(E) to denote the set of Homogeneous W 1,p-GYMs
supported in E.

The canonical tools to understand Gradient Young measures are
functions F for which the integral functional

I(ϕ) =

∫
Ω

F (Dϕ)

is sequentially weakly lower semicontinuous in the appropriate Sobolev
space . However, provided that F satisfies suitable growth conditions,
the necessary and sufficient condition guaranteeing the lower semicon-
tinuity of I is the mysterious notion of quasiconvexity (see the mono-
graphs [Mü], [P1] and the original article of Kinderlehrer and Pedregal
[KP]). Unfortunately the quasiconvexity of a given function is very
hard and often impossible to verify. Thus, in practice one needs to
search for tamer conditions. Weakly continuous functions, such as the
determinant, subdeterminants or div-curl products have proved to be
both effective and easy to handle tools in restricting and clarifying the
properties of Gradient Young measures. At the heart of this circle of
ideas are the notions of polyconvexity and compensated compactness
(see [B],[D],[Ta1]). Nevertheless, in spite of their effectiveness, a simple
example in which the set E consists only of three matrices shows that
the above notions do not always suffice when dealing with GYM (see
[Mü, Section 2.4]).

This thesis studies the interplay between the theory of Gradient
Young measures and planar quasiconformal and quasiregular mappings.
The relation stems from the pioneering work of Nesi [N], were quasi-
conformal techniques where related to G-closure problems, see also the
subsequent articles of Astala and Miettinen [AM] and Astala and Nesi
[AN].

In our work the one to one correspondence between planar quasicon-
formal mappings and linear elliptic PDEs is fundamental. Quasiregular
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mappings are related with elliptic PDEs in all dimensions, but the Bel-
trami equation

(1.2)
∂f(z) = µ(z)∂f(z),

µ(z) ∈ L∞(C), ‖µ‖∞ < 1,

bestows many special properties to planar quasiconformal (quasiregu-
lar) mappings. Every quasiregular mapping solves a Beltrami equation
and conversely, by the measurable Riemann mapping theorem [Ah],
every Beltrami equation is solved by a quasiconformal mapping. The
linearity of the Beltrami equation invites to use the powerful machinery
of singular integral operators. In [AIS], Astala Iwaniec and Saksman
used this theory together with Astala theorem on the area distortion of
quasiconformal mappings to establish the precise range of invertibility
of the so-called Beltrami operators.

Since many of our results rely on appropriate versions of Astala-
Iwaniec-Saksman Theorem we quote the canonical one for illustration.

Theorem 1.1. Let µ1, µ2 ∈ L∞(C) be such that k = ‖|µ1|+ |µ2|‖∞ <
1. Denote p = 1 + 1/k and p′ = 1 + k. Then the Beltrami operator

(1.3) I − µ1S − µ2S

and its transpose I−Sµ1−Sµ2 are invertible on Lq(C) for all q ∈ (p′, p).

Here S stands for the Beurling-Ahlfors transform, see [1, Section 2]
for the definition and some of its properties. For other versions and
generalizations of Theorem 1.1 see [3, Theorem 2.2, Corollary 2.3].
The other fundamental tool coming from quasiconformal geometry is
Astala’s theorem on the area distortion of quasiconformal mappings
and the subsequent reverse Hölder inequalities [As].

This thesis consists of three papers. In [1] and in most of [3] we
exploit the invertibility of the Beltrami operators, Astala’s theorem
and other results concerning planar quasiconformal mappings to obtain
restrictions and information about the set of GY M supported in M2×2.
In [2] we combine an special kind of GYMs called p-laminates with
Beltrami operators to study the regularity of the isotropic equation,
i.e,

(1.4) div
(
ρ(z)∇u(z)) = 0 in Q,

where Q is a cube in the plane R2, u ∈ W 1,2(Q, R) and ρ ∈
L∞(Q, [ 1

K
, K]) is real valued.

We give a rigorous proof of an old conjecture of Milton [Mi] concern-
ing the integrability of the gradients of solution to isotropic equations.

The last section in [3] is devoted to constructing counterexamples and
it uses ideas from [2] and from the theory of very weak quasiregular
mappings.
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2. Quasiconformal geometry as a restriction for
microstructure

A linear mapping f(z) = Az is K-quasiconformal if and only if the
matrix A belongs to the set

Q2(K) = {A ∈ M2×2 : ‖A‖2 ≤ K det(A)},

where 1 ≤ K < ∞ and ‖A‖ stands for the operator norm of A. Thus,
Q2(K) is called the set of quasiconformal matrices. One can define
K-quasiregular mappings as those mappings f ∈ W 1,2(Ω, R2) whose
Jacobian derivative Df(z) lies in Q2(K) for a.e. x ∈ Ω. If the mapping
is also a homeomorphism it is said to be K-quasiconformal.

It is natural to expect that W 1,2-GYMs supported in Q2(K) are
blessed with many of the nice features of quasiregular mappings. We
called these measures quasiregular Gradient Young measures. The pa-
per [1] is devoted to the study of this type of GYMs. Often, the prop-
erties of a class of Gradient Young measures follow from choosing the
appropriate generating sequence (A prototype of this situation is the
so-called Zhang lemma [Z],[Mü1]). As a first result we use the invert-
ibility of Beltrami operators to prove that quasiregular GYMs can be
generated by quasiregular mappings.

Theorem 2.1. [1, Theorem 1.2] Suppose that Ω ⊂ R2 is a bounded
domain with smooth boundary. Assume also that p > 2K

K+1
. Then a

W 1,p-GYM {νz}z∈Ω is supported in Q2(K) if and only if it can be
generated by a sequence of (gradients of) K-quasiregular mappings.

If we restrict our attention to Homogeneous GYMs we can choose a
more regular generating sequence. A simple and yet useful consequence
of the homogeneity of a GYM ν is that any generating sequence con-
verges weakly to a constant matrix, namely the centre of mass of ν.
This fact and the factorization theorem for planar quasiregular map-
pings enable us to prove that

Theorem 2.2. [1, Theorem 1.5] Let ν be an homogeneous W 1,p-GYM
with support contained in Q2(K). Assume p > 2K

K+1
. Then there are

K− quasiconformal mappings Fj : R2 → R2 such that the sequence
{DFj|D}j∈N generates ν.

For simplicity in the theorem we have as the underlying domain the
unit disk D. The proof uses normal families arguments for both the
holomorphic and the quasiconformal factors in the decomposition of the
generating sequence of quasiregular mappings obtained in Theorem 2.1.

Next we obtain from Astala’s theorem sharp estimates for the mea-
sure of the set where the Jacobian of a quasiconformal mapping is small
([1, Theorem 2.4]). In turn, this yields a 0-1 law for Homogeneous
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quasiregular GYMs. Since zero sets of Jacobians of quasiregular map-
pings have measure zero the result is also true for general quasiregular
GYMs.

Theorem 2.3. (The 0-1 Law for Quasiregular W 1,p-GYM ’s.)[1, Theo-
rem 1.3] Let Ω ⊂ R2 and let {νz}z∈Ω be a W 1,p-gradient Young measure
supported in Q2(K) for some K < ∞. Assume that p > 2K

K+1
. Then

either νz({0}) = 0 for almost every z ∈ Ω, or νz = δ0 for almost every
z ∈ Ω.

It is interesting to observe that to prove Theorem 2.3 one needs
estimates of the size of the level sets of the Jacobian of a quasiconformal
mapping. It is not enough knowing that the zero set has measure zero.
We do not know if any of these theorems hold in higher dimensions. In
higher dimensions, a more technical proof yields the 0-1 law provided
that Theorem 2.1 holds. However, since we do not have Measurable
Riemann Mapping Theorem in the space, a different approach should
be used.

As a corollary of the 0-1 law we obtain a new proof of Šverák’s three
matrices problem [S], [S1]. As we pointed out before, the study of
weakly continuous quantities, such as the determinant, is not enough
to deal with this situation.

Another consequence of Theorem 2.2 is that quasiregular GYMs
share with genuine quasiregular mappings higher integrability prop-
erties.

Corollary 2.4. [1, Corollary 1.4] Suppose that p > 2K
K+1

and that ν is

a homogeneous W 1,p-GYM supported in Q2(K). Then( ∫
M2×2

|λ|sdν(λ)
) 1

s ≤ C(s, K)|
∫

M2×2

λdν(λ)| < ∞ ∀ s <
2K

K − 1
.

Observe that this corollary implies a highly non-convex constraint
in the possible values of the centre of mass

∫
M2×2 λdν in terms of the

moments of ν. It would be of interest to investigate if this constraint
is useful in the computation of quasiconvex hulls (see below and [3] for
more on quasiconvex hulls).

In [3] we need to extend the above higher integrability result to sets
which we call asymptotically K-quasiconformal. The definition is as
follows:

Definition 2.5. A set E ⊂ M2×2 is said to be asymptotically K-
quasiconformal if

(2.1) lim
M→∞

sup{ ‖A‖
2

det A
, A ∈ E \B(0, M)} ≤ K

and

(2.2) lim
M→∞

inf{det A, A ∈ E \B(0, M)} > 0.
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We give a different use of Beltrami operators, this time in collabora-
tion with the so-called Measurable Selection Theorem, to obtain that
the higher integrability result remains true in this situation. In ad-
dition, we find other nice properties of asymptotically quasiconformal
sets. Namely, we prove coercivity results for the distance function and
show that one can characterize the so-called p-quasiconvex hull of a set
E asymptotically quasiconformal in terms of GYMs. The definition of
p-quasiconvex hull is given in [3, Definition 1.3]. Quasiconvex hulls of-
ten reflect the macroscopical impact of the microstructure. We refrain
ourselves from being more specific and refer to the existing literature
(see for example [Mü] or [P1]).

Theorem 2.6. [3, Theorem 3.6] Let E ⊂ M2×2 be a set asymptotically
K-quasiconformal and let 2K

K+1
< q, p < 2K

K−1
. Then E enjoys the

following properties:

i) For every A ∈ M2×2 there exists a constant C(K, A) such that
for every ϕ ∈ C∞

0 (D, R2)∫
D
|Dφ(z)|pdz ≤ C(K, A)

(
1 +

∫
D
distpE(A + Dφ(z))dz

)
.

ii) Eqc,p = {A ∈ M2×2 : A =
∫
M2×2 λdν(λ), ν ∈ Hp(E)}.

iii) Hq(E) = Hp(E).

The remaining part of [3] is devoted to study sets E ⊂ M2×2 that
forbid microstructure. That is, sets E for which Hp(E) is trivial. A
well-known necessary condition is the lack of rank-one connections, i.e,

det(A−B) 6= 0

for every A, B ∈ E. Šverák realized that for compact sets

(2.3) det(A−B) > 0

is also a sufficient condition independently of p, [S2]. In the series
of papers [Z1],[Z2],[Z3] and [Z4], Zhang studied the cases where E is
unbounded and realized that the situation is more delicate there. He
needed to assume (2.3) to be satisfied in a strong form. Namely, his
sets in addition to (2.3) satisfy that the quantity,

(2.4) KE = sup
{ ‖A−B‖2

det(A−B)
: (A, B) ∈ E × E

}
is finite. If we fix B = 0 we are again in the set of K-quasiconformal
matrices. Therefore, in this work, a closed set E such that KE is finite
is called K-quasiconformal at every point. In [Z2], Zhang proved that
in the unbounded case Hp is trivial only if p > p(KE), where p(KE)
depends only on KE. However the precise relation between p and K
remained open.
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We find yet another use of Beltrami operators to present a new proof
of the results of Šverák and Zhang. We also manage to find the right
relation between p and K. The theorem is as follows:

Theorem 2.7. [3, Theorem 4.1] Let K > 1 and let E ⊂ M2×2 be
K-quasiconformal at every point in the sense of (2.4). Let 2K

K+1
< p.

Then E has the following properties:

i) Hp(E) is trivial.
ii) Ep,qc = E.
iii) There exists a constant C(p, k) such that

distpE(A) ≤ C(p, k)QdistpE(A).

The function Qdistp
E denotes the quasiconvexification of distp

E, see [3,
Definition 1.4] for the definition of quasiconvexification and [D] for the
importance of this notion in the study of relaxation in the Calculus of
Variations. The theorem is shown to be sharp by constructing suitable
examples in [3, Section 5].

We treat also the case of sets satisfying (2.3) everywhere and qua-
siconformal at infinity. In this case we use the weak continuity of the
determinant and the higher integrability result proved in Theorem 2.6
to obtain

Theorem 2.8. [3, Theorem 4.3] Let E ⊂ M2×2 be an asymptotically
K-quasiconformal set such that

(2.5) det(A−B) > 0, for all A, B ∈ E.

Then for every q > 2K
K+1

,

1) Hq(E) is trivial.
2) Eq,qc = E.

A similar theorem was proved by Zhang in [Z4] for the case q = 2
using a different method. As a final remark in this section we quote

Proposition 2.9. [3, Proposition 4.5] Let {Hi}n
i=1 with Hi : CO+(2) →

CO−(2) be a collection of k- Lipschitz functions with k < 1. Denote by
Ei ⊂ M2×2 the graph of Hi. Let q > 1+k and E = ∪n

i=1Ei. Then every
ν ∈ Hq(E) can be generated by gradients {Dgj} such that Dgj(z) ∈ E
for a.e. z.

Several versions of this proposition have found applications in the lit-
erature. See for example the next section, the formulation of G-closure
problems in [F] and the explicit quasiconvexifications of functionals ob-
tained in [BP], in particular the proof of [BP, Theorem 1.2] for general
GYMs.
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3. Unbounded laminates and regularity of elliptic
equations

The paper [2] is devoted to constructing counterexamples to the reg-
ularity of isotropic equations. We prove the following theorem,

Theorem 3.1. [2, Theorem 1.1] Let K > 1. There exist sequences
of functions {ρj} ∈ L∞(Q, {K, 1

K
}) and {uj} ∈ W 1,2(Q, R) with

‖uj‖W 1,2 ≤ 1, such that

(3.1) div(ρj(z)∇uj(z)) = 0, a.e z ∈ Q,

and for every compact set R of positive measure contained in Q

lim
j→∞

∫
R

|∇uj(z)|
2K

K−1 dz = ∞.

This theorem is surprising since in 1972 Piccinini and Spagnolo
proved that every solution to an isotropic equation (3.1) is Hölder con-
tinuous with exponent 4

π
arctan( 1

K
). Let us compare with the more

general class of equations

(3.2) div(σ(z)∇u(z)) = 0, z ∈ Q,

where σ(z) ∈ M2×2 with σ(z) = σ(z)t and 1
K
|ξ|2 ≤ 〈ξ, σ(z)ξ〉 ≤ K|ξ|2

for every ξ ∈ R2 and a.e.z in Q. Then, it goes back to Morrey that
the solutions are locally 1

K
Hölder continuous. On the other hand, it

follows from the work of Astala, Leonetti and Nesi, [As], [LN] that the
threshold for the integrability of the gradient of solutions to (3.2) is
2K

K−1
. Hence, we observe that for solutions to (3.2), the Hölder regu-

larity is the one implied by the integrability of the gradient, and the
Sobolev embedding (which says that W 1,p

loc is embedded in the Hölder

space C
0,1− 2

p

loc ). Arguing by analogy, one would conjecture that in the
isotropic case the threshold for the integrability of the gradient would
be 2

1− 4
π

arctan( 1
K

)
. However, in 1986 Milton suggested that the value 2K

K−1

was extremal in the isotropic case and proposed that the coefficients ρj

in Theorem 3.1 should be arranged in a lamination pattern where in-
finite scales are involved, see [Mi]. Nevertheless, a mathematical proof
was lacking and the question appear again in several discussions and
papers [LN], [AN].

We present a proof of Milton’s conjecture by instead of looking at
the equations, considering the properties characterizing the solutions.
The main idea goes as follows. Firstly, we recall that u solves an
isotropic equation with ρ ∈ {K, 1

K
} if and only if u is the real part of

a K-quasiregular mapping f such that Df lies in the set E given by
(3.3)

E =
{(

X
JρX

)
: X ∈ R2, ρ ∈ {K,

1

K
} and J =

(
0 −1
1 0

)}
.



INTRODUCTION 13

Next, we build a Gradient Young measure ν such that ν ∈ Hp(E) for
every p < 2K

K−1
but

(3.4)

∫
M2×2

|λ|
2K

K−1 dν(λ) = ∞.

Then, we consider a sequence {fj} ∈ W 1,2(Q, R2) such that
{Dfj} generates ν. It is not hard to see that (3.4) implies that

limj→∞
∫

R
|Dfj|

2K
K−1 = ∞ for every compact set R with positive mea-

sure. Unfortunately, the sequence {Dfj} does not need to lie in E
but only to converge to E in Lp, in the sense of (1.1). To solve this
difficulty we use again Beltrami operators. An adequate version of
Proposition 2.9 yields another sequence gj ∈ W 1,2(Q, R2) such that
Dgj(z) lies in E for almost every z and

lim
j→∞

∫
Q

|Dfj −Dgj|pdx = 0

for every p < 2K
K−1

. In turn, the real parts of {gj} are shown to satisfy
the claim of Theorem 3.1.

Let us conclude this introduction with some words about the con-
struction of ν. The classical examples of Homogeneous GYMs which
do not come directly from the gradient of a given Sobolev function are
the so-called laminates, see [P2], [K] or [2, Section 3]. In the literature
the interest is so far restricted to compactly supported laminates. We
present a way of constructing laminates with unbounded support such
that their integrability is easy to compute. Motivated by the figures,
see [2, Figure 3] and [3, Figure 3], we call these laminates staircase
laminates. They can be constructed for many other subclasses of el-
liptic equations of divergence type. However when Beltrami operators
are not available it is not clear how to push the generating sequence to
the appropriate closed set E supporting the laminate. Even more chal-
lenging is to decide if these laminates are extremal for those classes of
equations for which the corresponding Weyl’s exponents and thresholds
for integrability remain unknown.
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Basel, 1997.

[P2] Pedregal, P. Fully explicit quasiconvexification of the mean-square deviation
of the gradient of the state in optimal design. Electron. Res. Announc. Amer.
Math. Soc. 7 (2001), 72–78.

[PS] Piccinini, L.C; Spagnolo, S. On the Hölder continuity of solutions of second
order elliptic equations in two variables. Ann. Scuola Norm. Sup. Pisa (3) 26
(1972), 391–402.



INTRODUCTION 15
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