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Solving Graph Problems via Potential Maximal Cliques:
An Experimental Evaluation of the Bouchi�é�Todinca
Algorithm

TUUKKA KORHONEN, JEREMIAS BERG, and MATTI JÄRVISALO,University of Helsinki,
Finland

The BT algorithm of Bouchitté and Todinca based on enumerating potential maximal cliques, originally
proposed for the treewidth and minimum �ll-in problems, yields improved exact exponential-time algorithms
for various graph optimization problems related to optimal triangulations. While the BT algorithm has received
signi�cant attention in terms of theoretical analysis, less attention has been paid on engineering e�cient
implementations of the algorithm for di�erent problems and thereby on empirical studies on its e�ectiveness in
practice. In this work, we provide an experimental evaluation of an implementation of the BT algorithm, based
on our second place winning entry in the 2nd Parameterized Algorithms and Computational Experiments
Challenge (PACE 2017), extended to several related graph problems: treewidth, minimum �ll-in, generalized
and fractional hypertreewidth, and the total table size problem. Instead of focusing on problem-speci�c
optimization of BT for a particular problem, our focus in this work is on studying the applicability of BT more
generally to a range of problems. Based on the results, we conclude that an e�cient implementation of the BT
algorithm yields an empirically competitive approach to each of the considered problems when compared to
available implementations of alternative problem-speci�c algorithmic approaches.

CCS Concepts:̂Theory of computation � Algorithm design techniques ; Dynamic programming ;
Theory and algorithms for application domains ; Graph algorithms analysis.
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1 INTRODUCTION

Enumeration of potential maximal cliques yields improved exact exponential-time algorithms for
various graph optimization problems where the optimal solutions are related to optimal graph
triangulations with respect to di�erent cost functions. A central algorithm in this setting is the
BT algorithm �rst proposed by Bouchitté and Todinca for the treewidth and minimum �ll-in
problems [16]. The BT algorithm for treewidth and minimum �ll-in enumerates potential maximal
cliques in order to solve the problems via dynamic programming. The algorithm runs in polynomial
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time with respect to the number of potential maximal cliques, or more precisely, with respect to
the number of minimal separators of the input graph. Later on, the BT algorithm has received
signi�cant attention in terms of theoretical analysis. It has been shown to be applicable to a range
of cost functions [11, 24, 27] and to yield new exact algorithms and improved worst-case upper
bounds [23, 25, 34]. However, from a more experimental perspective, less attention has been paid
on engineering e�cient implementations of variants of the BT algorithm for di�erent problems
and on empirical studies on the e�ectiveness of the implementations. As Bodlaender and Fomin put
it in the context of treewidth, �While these algorithms provide the best-known running times, they
are based on computations of potential maximal cliques and may be di�cult to implement� [12];
the lack of empirical analysis may be due to the di�culty of engineering e�cient implementations
of the approach.

As a recent development, the best-performing top-3 algorithm implementations in the exact
minimum �ll-in track of the 2nd Parameterized Algorithms and Computational Experiments
challenge (PACE) [22] were based on adaptations the BT algorithm for the minimum �ll-in problem.
In this work, we provide an experimental evaluation of our implementation of the BT algorithm,
based on our second place winning entry in the PACE challenge, extended to several related graph
problems. Instead of focusing on problem-speci�c optimization of BT for a particular problem, such
as the so-called positive instance driven dynamic programming for treewidth (PIDDT) [52] BT
approach speci�c to treewidth, our focus in this work is on studying the applicability of BT more
generally to a range of problems. For each of the problems, we report results from an experimental
comparison of the empirical performance of our open-source BT algorithm implementation with
available�to the best of our knowledge state-of-the-art�implementations of other algorithmic
approaches proposed for the particular problem. In particular, we consider the following �ve
problems.

Treewidth [23, 27, 46], intuitively giving a measure for how close a graph is to a tree, is a
central notion in the analysis of tractable fragments of NP-hard problems [8, 9]. For example,
constraint satisfaction problems and Bayesian inference [18, 20, 26] are exponential only
in the treewidth of the underlying graph representations of instances, yielding tractability
for classes of instances with bounded treewidth. We compare our BT implementation for
treewidth to both the earlier-proposed QuickBB branch-and-bound algorithm [30] and a
declarative approach based on encoding the problem as maximum satis�ability (MaxSAT) [3]
and applying a state-of-the-art MaxSAT solver to solve the resulting MaxSAT instance.
Furthermore, we report results for PIDDT [52], a variant of BT with treewidth-speci�c
optimizations.

Minimum Fill-In [23, 27, 48] is an alternative de�nition of optimal triangulations as those
which are obtained by minimizing the number of added edges to a given graph. Interchange-
ably referred to as the chordal completion problem [5, 13], minimum �ll-in has applications in
e.g. Gaussian elimination for sparse matrices [49] and phylogenetics [34, 35, 38]. We compare
our BT implementation to a recently-proposed integer programming approach [4] that uses
lazy constraint generation and a heuristic separation method speci�cally designed for the
minimum �ll-in problem.

Generalized and Fractional Hypertreewidth [31, 33, 45] are generalizations of the central
notion of treewidth to hypertrees, with motivations in re�ned analysis of constraint sat-
isfaction problems [31, 33, 44]. Here we compare our BT implementation to the BB-ghw
algorithm [51], a specialized branch-and-bound approach to generalized hypertreewidth,
as well as to the det-k-decomp backtracking algorithm [32] speci�c to (non-generalized)
hypertreewidth.
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Total Table Size [11, 37, 41, 47], compared to treewidth and minimum �ll-in, gives more exact
bounds on the memory and time requirements for inference over Bayesian networks [39, 40].
More speci�cally, an optimal triangulation in terms of total table size minimizes the sum of
the sizes of the conditional probability tables of a given Bayesian network, providing best
performance guarantees for the junction tree inference algorithm [39, 40]. We compare our
BT implementation to the recently proposed EDFS (extended depth-�rst search) branch-and-
bound algorithm [41].

Based on the results, we conclude that an e�cient implementation of the BT algorithm yields an
empirically competitive approach for each of the considered problems.

The rest of this article is organized as follows. We start with necessary preliminaries on graph-
related concepts and terminology (Section 2). Then, we overview the types of problems and cost
functions to which the BT algorithm can be adapted to (Section 3), and give a description of
the generic BT algorithm (Section 4). Further implementation details and main results from the
experimental evaluation are presented in Section 5.

2 PRELIMINARIES

We recall graph-related concepts to the extent necessary for the remainder of this paper. We assume
graphs to be undirected and simple.

The set of vertices and edges of a graphG are denoted byV(G) andE(G), respectively. A graph
G is complete if it has an edge between every pair of vertices. Given a set of verticesSwe denote
the set of edges of a complete graph havingSas vertices byS2, i.e.,S2 = ffu;vg ju;v 2 S;u , vg.
Given a subsetS � V (G), the graphG[S] induced byShasV(G[S]) = SandE(G[S]) = E(G) \ S2.
To simplify notation, letGnS = G[V(G) nS]. The neighborhoodN(v ) of a vertexv 2 V(G) contains
the nodesu for which fu;vg 2E(G), i.e.,N(v ) = fu j fu;vg 2E(G)g. This notation is extended to a
setSof vertices byN(S) = [ v 2SN(v ) nS.

A graphG is chordal if every cycle of length at least 4 has a chord, i.e., an edge joining two
non-adjacent vertices in the cycle. AtriangulationH of G is a chordal graph that containsG, i.e.,
such thatV (H) = V(G) andE(G) � E(H). A triangulationH of G is minimal if no proper subgraph
of H is a triangulation ofG. We denote the set of minimal triangulations ofG by MT(G). The edges
in E(H) nE(G) are�ll edges, denoted in set-notation byFEH (G), dropping the subscript when clear
from context.

A subset! � V (G) is acliqueif G[! ] is complete. A clique! is maximal if no other clique! 0

satis�es! ( ! 0. We denote the set of maximal cliques ofG by MC(G). A set of vertices
 � V (G) is
a potential maximal clique (PMC) if there is a minimal triangulationH 2 MT(G) with 
 2 MC(H).
We denote the set of all potential maximal cliques ofG by � (G).

Example 2.1.Consider the example graphs in Figure 1. Starting with the graphG on the left, the
set fv2;v3;v4g 2MC(G) is an example of a maximal clique ofG. For this graphN(v5) = fv3;v6g

v1 v2

v3

v4

v5

v6

v1 v2

v3

v4

v5

v6

v1 v2

v5

v6

Fig. 1. Example graphG (le�), a triangulation H of G (middle), and an induced subgraphG n fv3;v4g(right).

ACM J. Exp. Algor., Vol. 24, No. 1, Article 1.9. Publication date: February 2019.



1.9:4 Korhonen, Berg, and Järvisalo

and N(fv5;v6g) = fv3;v4g. The graphG is not chordal as witnessed by the cycle(v3;v4;v6;v5).
An example of a minimal triangulationH 2 MT(G) is the graph in Figure 1 middle. For this
triangulation FEH (G) = ffv4;v5gg, we can also see for example thatfv3;v4;v5g 2� (G). Finally, the
graphG n fv3;v4gis shown in Figure 1 right.

Two verticesu andv of G are connected if there is a path between them. A setC � V(G) is a
connected component ofG if any two verticesu;v 2 C are connected inG[C] and no nodes inC
are connected to any nodes inV(G) nC in G. We denote the set of connected components ofG by
C(G). A setS � V (G) is a separator ofG if the graphG nShas at least two connected components.
For a separatorS, a componentC 2 C(G nS) is a full component ofS if N(C) = S. A separatorS is
minimal if it has at least two full components. We denote the set of minimal separators ofG by
� (G). A tuple (S;C) consisting of a minimal separatorS 2 � (G) and a componentC 2 C(G nS) of
S is a block associated toS. A block (S;C) is full if C is a full component ofS. In this work we only
consider full blocks, and will for simplicity use the term block to refer to full blocks. Whenever
clear from context, we also use(S;C) to denote the nodes inS[ C. The realizationR(S;C) of a
block (S;C) is the graph withV(R(S;C)) = S[ C andE(R(S;C)) = E(G[S[ C]) [ S2. In words,
R(S;C) is obtained fromG[S[ C] by completingSinto a clique. A block(S;C) is associated with
a potential maximal clique
 if C 2 C(G n 
 ) andN(C) = S. Notice that this also impliesS � 
 .
Given a block and a PMC
 the set(S;C : 
 ) contains all blocks(Si ;Ci ) associated with
 for
which (Si ;Ci ) � (S;C).

Example 2.2.Let S = fv3;v4gand consider the graphsG andG nS in Figure 1 left and right,
respectively. AsG is connected, we haveC(G) = fV(G)g. SimilarlyC(G nS) = ffv1;v2g; fv5;v6gg.
HenceSis a separator ofG. As both(S; fv5;v6g) and (S; fv1;v2g) are blocks associated withS, S is
a minimal separator. The block(S; fv1;v2g) is associated with the PMCfv3;v4;v5g.

3 PROBLEMS COMPUTABLE USING THE BT ALGORITHM

We overview three classes of objective functions which can be addressed with the BT algorithm,
based on the abstract framework of [11, 27]. As instantiations of the framework, we provide
de�nitions for the �ve concrete optimization problems considered in this paper.

Given an undirected graph, the BT algorithm can be used for determining the value off (G) for
di�erent types of graph parametersf . Speci�cally, the BT algorithm is applicable whenever the
function f is one of the following three types.

Clique-type [27]:f is of clique-type if

f (G) = min
H 2MT(G)

max
! 2MC(H )

gc(! )

for some clique-functiongc : 2V (G) ! R+ .

Fill-type [27]:f is of �ll-type if

f (G) = min
H 2MT(G)

X

e2FEH (G)

ge(e)

for some edge-functionge: V (G)2 ! R+ .

Clique-sum-type [11]:f is of clique-sum-type if

f (G) = min
H 2MT(G)

X

! 2MC(H )

gs(! )
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for somefast1 clique functiongs: 2V (G) ! R+ .
Given a graph parameterf and a graphG, a triangulationH 2 MT(G) is optimal if (i) f is of

clique-type with a clique functiongc and f (G) = max! 2MC(H ) gc(! ), (ii) f is of �ll-type with an
edge functionge and f (G) =

P
e2FEH (G) ge(e), or (iii) f is of clique-sum-type with a fast clique

function gs and f (G) =
P

! 2MC(H ) gs(! ).
Several well-known graph optimization problems are instantiations of one of these three types

of graph parameters. In this work we evaluate the BT algorithm on the following �ve problems.

Treewidth [23, 27, 48]:The treewidth problem asks to compute

TW(G) = min
H 2MT(G)

max
! 2MC(H )

fj! j � 1g:

The treewidth problem is of clique-type withgc(! ) = j! j � 1.

Minimum �ll-in [23, 27, 46]:The minimum �ll-in problem asks to compute

MF(G) = min
H 2MT(G)

fjFEH (G)jg:

The minimum �ll-in problem is of �ll-type with ge(e) = 1.

Generalized & fractional hypertreewidth [31, 33, 45]. Hypergraphs generalize graphs by allowing
arbitrary subsets of vertices as (hyper)edges. For a vertexv 2 V(G) of a hypergraphG, let
Ev � E(G) be the set of edges containingv. A function K : E(G) ! f 0; 1g( K : E(G) ! [0; 1]) is
an (a fractional)edge coverof a setK � V (G) if

P
e2Ev  K (e) � 1 for eachv 2 K. The size of K

is
P

e2E(G)  K (e). We denote the size of the smallest edge cover ofK by COVG(K) and the size of
the smallest fractional edge cover ofK by FCOVG(K). The primal graphPrim(G) of a hypergraph
G hasV(Prim(G)) = V(G) andE(Prim(G)) = ffu;vg j 9e 2 E(G); fu;vg � eg. Observe that each
edge inPrim(G) contains 2 vertices, i.e., all de�nitions from Section 2 are applicable.

The generalized hypertreewidth problem (GHTW) asks to compute

GHTW(G) = min
H 2MT(Prim(G))

max
! 2MC(H )

fCOVG(! )g:

The fractional hypertreewidth problem (FHTW) asks to compute

FHTW(G) = min
H 2MT(Prim(G))

max
! 2MC(H )

fFCOVG(! )g:

Both problems are of clique-type withgc(! ) = COVG(! ) andgc(! ) = FCOVG(! ), respectively.

Total table size [11, 37, 41, 47]: LetG be a moralized Bayesian Network, i.e., an undirected graph,
andts : V (G) ! N a function, mapping each random variableX 2 V(G) to ts (X), the size of the
probability table associated withX in G. The total table size problem (TTS) asks to compute

TTS(G) = min
H 2MT(G)

X

! 2MC(H )

*
,

Y

X 2!

ts (X)+
-

:

TTS is of clique-sum-type withgs(! ) =
Q

X 2! ts (X). To see whygs is fast, assume thatts (X) � 2
for all X and letKs � K � V (G). Then

gs(K) =
Y

X 2K

ts (X) =
Y

X 2(KnKs )

ts (X)
Y

X 2Ks

ts (X) �
Y

X 2(KnKs )

2
Y

X 2Ks

ts (X) � 2jKnKs jgs(Ks):

Note that the assumptionts (X) � 2 is not restrictive when considering random variables.
Finally, we note that an alternative way of de�ning the considered problems is throughtree

decompositions(see e.g. [10]). A tree decomposition of a graphG is a tuple(T; � ), whereT is a tree
1A function gs is fast ifgs(K ) � 2jK nKs jgs(Ks ) for all Ks � K . The necessity ofgs being fast is discussed in [11].
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