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ABSTRACT

The output of a laser is a propagating electromagnetic field with superior coher-
ence and brightness compared to that emitted by thermal sources. A multitude
of different types of lasers exist, which also translates into large differences in the
properties of their output. Moreover, the characteristics of the electromagnetic
field emitted by a laser can be influenced from the outside, e.g., by injecting an
external optical field or by optical feedback.

In the case of free-running solitary class-B lasers, such as semiconductor and
Nd:YVO4 solid-state lasers, the phase space is two-dimensional, the degrees of
freedom being the population inversion and the amplitude of the electromagnetic
field. The two-dimensional structure of the phase space means that no complex
dynamics can be found. If a class-B laser is perturbed from its steady state, then
the steady state is restored after a short transient. However, as discussed in part
(i) of this Thesis, the static properties of class-B lasers, as well as their artificially
or noise induced dynamics around the steady state, can be experimentally studied
in order to gain insight on laser behaviour, and to determine model parameters
that are not known ab initio. In this Thesis particular attention is given to the
linewidth enhancement factor, which describes the coupling between the gain and
the refractive index in the active material.

A highly desirable attribute of an oscillator is stability, both in frequency and
amplitude. Nowadays, however, instabilities in coupled lasers have become an
active area of research motivated not only by the interesting complex nonlinear
dynamics but also by potential applications. In part (ii) of this Thesis the com-
plex dynamics of unidirectionally coupled, i.e., optically injected, class-B lasers is
investigated. An injected optical field increases the dimensionality of the phase
space to three by turning the phase of the electromagnetic field into an impor-
tant variable. This has a radical effect on laser behaviour, since very complex
dynamics, including chaos, can be found in a nonlinear system with three degrees
of freedom. The output of the injected laser can be controlled in experiments by
varying the injection rate and the frequency of the injected light. In this Thesis
the dynamics of unidirectionally coupled semiconductor and Nd:YVO4 solid-state
lasers is studied numerically and experimentally.
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STRUCTURE AND LIST OF ARTICLES

This Thesis consists of an introduction and five articles published in international
peer-reviewed scientific journals. The articles will be referred to by bold face ro-
man numerals in the main text.

In writing the six introductory chapters, the author has tried to write an intro-
duction to the subject of this Thesis while avoiding, as much as possible, the more
detailed contents of the publications. Also, the author has tried to put his work
into a historical context – from the invention of lasers and the relevant physics in
the first chapter to the contemporary and potential future applications presented
in Chapter 5 which utilise the various properties of coupled lasers discussed in
the preceding chapters.

The introduction is organised as follows. Part (i), which includes Chapters
1 and 2, discusses the properties of solitary free-running and pump-modulated
lasers. Chapter 1 gives a short review of the historical milestones that led to
masers and to the contemporary semiconductor and Nd:YVO4 microchip solid-
state lasers studied in articles I-V. In Chapter 2 basic laser properties are reviewed
with the help of a rate-equation model, including steady-state solutions, noise
properties and modulation response. Whenever appropriate, model and laser
properties are demonstrated with examples from the articles.

Part (ii) of the introduction, i.e., Chapters 3-5, discusses the dynamics of uni-
directionally coupled lasers, which differs from that of solitary lasers due to the
increased dimensionality of the phase space. Chapter 3 turns the focus from soli-
tary lasers towards coupled oscillators, starting with a brief historical background.
In Chapter 4 the rate-equation model introduced in Chapter 2 is complemented
with an injected optical field. Analytical solutions in the small signal regime are
given as well as different numerical approaches that can be utilised in the large
signal regime, where the injected field can no longer be treated as a perturbation.
In Chapter 5 experiments on unidirectionally coupled semiconductor lasers and
Nd:YVO4 microchip solid-state lasers are presented and compared with numerical
results. Chapter 5 is concluded by presenting contemporary and potential future
applications where the various dynamical states discussed in Chapters 3-5 can
be used to advantage. Concluding remarks are given in Chapter 6. The original
scientific articles, the abstracts of which are given on the next two pages, are
reproduced in the appendices with permission from the publishers.
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Abstracts of the original articles

I: T. Fordell and Å.M. Lindberg, “Experiments on the linewidth enhancement
factor of a vertical-cavity surface-emitting laser”, Journal of Quantum Electron-

ics, vol. 43, no. 1, pp. 6-15, 2007

Nine different experimental techniques for measuring the linewidth en-

hancement factor α are discussed and tested on a single 760-nm vertical-

cavity surface-emitting laser. Techniques included in the comparison are

based on linewidth measurements, current modulation, optical injection

and optical feedback.

II: T. Fordell, Z. Toffano and Å.M. Lindberg, “A vertical-cavity surface-emitting
laser at threshold”, Photonics Technology Letters, vol. 18, no. 21, pp. 2263-2265,
2006

Linewidth is measured over the threshold transition of a vertical-cavity

surface-emitting laser and results are compared to a Fokker-Planck semi-

conductor laser model. The linewidth shows nonmonotonous behaviour

at threshold similar to that previously observed in distributed feedback

lasers. The behaviour agrees with the Fokker-Planck model if the linewidth

enhancement factor α ≈ 5.0. Measurement of the relaxation oscillation

frequency and the damping rate using an injected optical probe allows,

together with the Fokker-Planck model, the extraction of major laser pa-

rameters.

III: T. Fordell, S. Valling and Å.M. Lindberg, “Modulation and the linewidth
enhancement factor of a diode-pumped Nd:YVO4 laser”, Optics Letters, vol. 30,
no. 22, pp. 3036-3038, 2005

A technique based on an FM/AM method is proposed for measuring the

linewidth enhancement factor α of a diode-pumped Nd:YVO4 laser. A

standard rate equation model is complemented with temperature effects

to explain the observed behavior under pump modulation. The result

α = 0.25 ± 0.13 agrees with values deduced from recent optical injection

experiments.
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IV: S. Valling, T. Fordell and Å.M. Lindberg, “Maps of the dynamics of an
optically injected solid-state laser”, Physical Review A, vol 72, 033810, 2005

Maps of the dynamics of an optically injected solid-state Nd:YVO4 laser

are presented. Experimental maps showing different dynamical regions are

generated automatically from measured intensity time series by plotting

the maxima of intensity. Corresponding numerical maps and a bifurca-

tion diagram are calculated with a rate equation model of an injected class

B laser. Intensity time series inside different regions in the maps are ex-

amined. The experimental and numerical maps are shown to be in good

agreement with each other if the linewidth enhancement factor α is used

as a fitting parameter in the model. As a result, experimental estimates

for an effective α are given for a Nd:YVO4 laser. The effects of noise on

the dynamics are also discussed.

V: T. Fordell and Å.M. Lindberg, “Numerical stability maps of an optically
injected semiconductor laser”, Optics Communications, vol 242, no. 4-6, pp.
613-622, 2004

Detailed experimental mappings of the dynamics of a Fabry-Pérot type

semiconductor laser subjected to external optical injection along with pa-

rameters describing the injected laser have been published by Eriksson and

Lindberg [J. Opt. B: Quantum Semiclass. Opt. 4 (2002) 149] and by Eriks-

son [Opt. Commun. 210 (2002) 343]. This paper reports on a numerical

investigation of the injection experiments. By computing the largest Lya-

punov exponent, the chaotic islands, periodic windows and locking ranges

are compared in detail with the experimental results for three different op-

erating points of the laser. The numerical results are in good agreement

with the experiment once the linewidth enhancement factor is increased

from the earlier reported value of 3.9± 0.5 to about 6.7. The new value is

confirmed by a re-measurement of the linewidth enhancement factor using

a current modulation technique.

Author’s contribution

I: All experiments and modelling were performed by the author. The paper was
written by the author of this Thesis.

II: The author performed the measurements and wrote the article. Modelling was
done by Prof. Zeno Toffano, Supélec (Ecole Supérieure d’Electricité), France.
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III: The author developed the experimental procedure, performed the data anal-
ysis and modelling, and took part in the experiments. The paper was written by
the author of this Thesis.

IV: The experimental procedure for mapping the dynamics was conceived by the
author, who also wrote the computer programs used for modelling and devised
the parameter extraction procedure. A minor part of the paper (most of Sec-
tion III) was written by the author of this Thesis.

V: The author performed the computer modelling and the measurements. The
paper was written by the author of this Thesis.



1. BACKGROUND

Lasers are oscillators that operate at frequencies corresponding to the ultra-violet,
visible and infrared parts of the electromagnetic spectrum. In general, an oscil-
lator consists of two parts: a feedback network that provides positive feedback
and an active part that provides amplification. The physics that allows lasers
to be constructed was discovered in the beginning of the 20th century, and the
technical foundation was laid in the 1950s.

In 1900, M. Planck managed to derive an expression for black-body radiation,
which was, in contrast to Wien’s law, in remarkable agreement with measurements
[1]. In his derivation, Planck introduced the concept of energy quantisation, but
he used it only as a formal assumption, a mathematical hypothesis, without
emphasising the discrete nature of real energy-exchange processes. Later, in
1917, A. Einstein considered atoms in thermal equilibrium with a radiation field
and demonstrated that, in order to obtain the correct energy density formula
derived by Planck for black-body radiation, stimulated emission of radiation from
excited atoms must be taken into account [2-4]. In stimulated emission, a photon,
a quantum of the electromagnetic field, stimulates a downward transition of an
excited atom. Additionally, Einstein predicted that the photon is emitted in the
same direction as the stimulating photon is travelling in. However, Einstein did
not consider coherence. Although a proof of coherence was lacking, the coherence
property of stimulated emission was recognised by many physicists working in the
field in the 1920s and 1930s [5]. Stimulated emission, therefore, leads to coherent
amplification of electromagnetic fields and allows oscillators operating at optical
frequencies to be constructed. It took, however, another three decades until the
vital technical discoveries were made.

In thermal equilibrium there are more electrons in the lower energy levels than
in the higher ones. As a consequence, incoming radiation will, on average, stim-
ulate more upward transitions than downward, which results in net absorption
of radiation. Efforts to figure out ways of producing millimetre waves for appli-
cations such as radars and microwave communications systems led C.H. Townes
in 1951 to make the final and crucial discovery. Townes realised that the con-
stituent species of an amplifier do not have to be in thermal equilibrium. If the
atoms, or molecules, are prepared with a population inversion, which was rou-
tinely done in various laboratories at that time, and enclosed in a resonator, then



6 1. Background

net amplification of the electromagnetic field inside the resonator would result.
The first working device, a maser (microwave amplification by stimulated

emission of radiation), was constructed at Columbia University in 1954. It con-
sisted of a hollow metal cylinder as the feedback element and a beam of excited
ammonia molecules that provided amplification of the electromagnetic field. The
energy levels employed were two vibrational states of the ammonia molecule with
an energy difference corresponding to 23.87 GHz.

Concurrently, in the Soviet Union, A. Prokhorov and N. Basov did work on
microwaves independently of the Americans. In 1954 they published a theoretical
paper describing a similar maser concept, and later, they were the first to produce
a continuous wave (CW) maser by utilising more than two energy levels.

The success of masers drew attention towards oscillators at even shorter wave-
lengths. A. Schawlow and C.H. Townes were the first to publish detailed calcu-
lations on how to construct optical masers [6]. These devices were later dubbed
lasers (light amplification by stimulated emission of radiation). Lasing at optical
frequencies was first demonstrated by T. Maiman in 1960 [7]. He used a flash-
lamp-pumped ruby crystal and achieved pulsed lasing at 694 nm. By the end of
the same year, lasing at infrared or visible wavelengths had been demonstrated
in five different devices [8], including the first CW infrared laser, the He-Ne gas
laser, by A. Javan et al. [9].

1.1 Semiconductor Lasers

J. von Neumann is believed to be the first to consider theoretically light am-
plification in a pn-junction in 1953 although his results remained unpublished
[10]. During the late 1950s and early 1960s many scientist worked independently
on the problem, and their efforts led to the demonstration of laser operation by
four different groups in 1962 (for references see [10]). The first devices were ho-
mostructure devices, meaning that the same semiconductor material was used
throughout the active region; only the doping was varied. These devices had
high current thresholds even at cryogenic temperatures and were capable of only
pulsed operation. The heterostructure and double-heterostructure configurations
were invented a year later and a suitable lattice matched AlGaAs-GaAs system
was discovered in 1967 [11]. In a double-heterostructure laser a low band-gap
material is sandwiched between two high band-gap materials (Fig. 1.1). Such an
arrangement improves electron and hole confinement, reduces absorption away
from the active region, and provides wave guiding due to the varying refractive
index. Progress was rapid after these important breakthroughs. Room tempera-
ture CW operation of a semiconductor laser was demonstrated in 1970 indepen-
dently by Z. Alferov in the Soviet Union and by I. Hayashi and M. Panish at Bell
Telephone Laboratories in the United States.
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Fig. 1.1: Schematic band diagram of a double-heterostructure semiconductor laser un-
der forward bias. (Note that the detailed band structure depends on the
materials and doping levels.)

The efficiency of heterostructure junctions can be further improved by making
the active region very thin so that quantum effects come into play. In quantum-
well, quantum-wire and quantum-dot structures the density of states function
is such that the electrons are concentrated into states that contribute to light
amplification. Most commercial devices of today, also those used in this Thesis,
have active regions consisting of several quantum wells.

The hallmark of a pn-junction is its ability to rectify currents. Very little
current flows through the junction in the backward direction, but in the forward
direction current increases exponentially with applied voltage. This sensitivity
to the applied voltage in the forward direction means that, in order to keep the
supply of carriers to the active region constant, diode lasers must be pumped by
current sources rather than voltage sources. The voltage, which also depends on
the temperature and the carrier density, is free to drift.

The oscillation frequency of lasers is sensitive to the cavity temperature.
Therefore, active temperature control circuitry is needed in most experiments,
also in those reported on here. Although not used in this work, improved fre-
quency stability in free-running lasers, compared to that achievable with tradi-
tional temperature control circuitry, can be obtained by monitoring the junction
voltage and feeding this signal back to the temperature controller [12, 13, 14].

1.1.1 Edge-Emitting Lasers

Conventional semiconductor lasers are edge-emitting Fabry-Pérot (FP) devices
(Fig. 1.2). In these lasers the active region is parallel to the cavity, which means
that the gain per round trip is very high. Consequently, lasing can be achieved
even with naturally cleaved crystal facets as mirrors. The single-mode properties
of small devices can be significantly improved by incorporating a distributed
feedback (DFB) structure into the laser cavity. Moreover, optical feedback from
an external mirror or a grating can reduce the linewidth from the MHz level to
the 100 kHz level and below.

Typical output characteristics of contemporary commercial (small) devices are
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Fig. 1.2: A schematic of a basic index guided edge-emitting semiconductor laser. A
multitude of different cavity designs exist.

10-100 milliwatts of output power with threshold currents of a few tens of mil-
liamperes. These lasers are used in laser pointers, CD and DVD players, interfer-
ometry, spectroscopy and optical fibre communications. High-power broad-area
edge-emitting lasers (EELs) produce several watts of output power with poor
beam quality. Such devices are often used to optically pump solid-state lasers.

1.1.2 Vertical-Cavity Surface-Emitting Lasers

Lasing orthogonally to the substrate surface and in the longitudinal direction
with respect to the current was first reported by I. Melngailis in 1965 [15]. His
InSb surface-emitting laser (SEL) operated only in pulsed mode at liquid nitro-
gen temperatures and required a strong external magnetic field to confine the
carriers. The most successful SEL is the vertical-cavity surface-emitting laser
(VCSEL), where the active layer is perpendicular to the cavity. The VCSEL
concept was proposed by K. Iga in 1977. VCSEL cavities consist of an active
region, e.g., a multi-quantum-well structure, sandwiched between high reflectiv-
ity planar distributed Bragg reflector (DBR) mirrors. The first working VCSEL
was demonstrated in 1979 by H. Soda et al. [16]. It operated in pulsed mode
at liquid nitrogen temperatures at 1300 nm. A decade later, in 1988, CW room-
temperature operation was achieved by F. Koyama et al. at 890 nm [17].

VCSELs exhibit many desirable features, including low threshold current, dy-
namic single-mode operation, circular output beam, and reduced sensitivity to
feedback. Many more features are listed in [18]. Less attractive features include
low output power in single-mode devices and polarisation instabilities, particu-
larly in older devices. In order to suppress higher order transverse modes, the
lateral dimensions of single-mode devices must be kept small. Small dimensions



1.2. Nd:YVO4 Solid-State Lasers 9

Fig. 1.3: A schematic of a VCSEL. The VCSEL studied in articles I and II has a similar
structure but it lacks an air gap for current confinement. Doping levels are
also different. This Figure has been reprinted from [20] with permission from
the publisher.

mean low output powers. Polarisation switching has been widely studied both
from a dynamical systems point of view and from a device manufacturing point
of view. By including symmetry breaking features in the cavity, the polarisation
switching can be eliminated. The state-of-the-art in VCSEL technology include
60-nm micro-electro-mechanically (MEMS) tunable VCSELs [19], threshold cur-
rents in the µA region, and 10 mW of single-mode output power (not all in the
same devices though).

The structure of the commercial air-post VCSEL studied in articles I and
II of this Thesis is shown in Fig. 1.3. The lasers consist of 25 periods of
Al0.38GaAs/AlAs quarter-wave layers in the top (p-doped) and 40 periods (n-
doped) in the bottom Bragg reflector. The 1-λ Al0.4GaAs cavity incorporates
three 8-nm Al0.14GaAs quantum wells designed for 760-nm operation [21]. The
threshold current is 2.90 mA at room temperature, and the maximum output
power is just below 1 mW.

1.2 Nd:YVO4 Solid-State Lasers

The potential of neodymium-doped yttrium orthovanadate (Nd:YVO4) as a laser
material was recognised already in the mid 1960s [22]. Development of laser
systems based on this crystal was hindered by the difficulty in growing large high-
quality crystals suitable for flash-lamp pumping. Improvements in crystal growth
processes and the availability of semiconductor lasers for efficient pumping has
made Nd:YVO4 crystals one of the most efficient gain media available for diode-
pumped solid-state lasers. It has a large stimulated emission cross-section at 1064
nm, a high pump-absorption coefficient (3.7 mm−1 for 1% doping) and a large
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Fig. 1.4: Simplified Nd:YVO4 energy level diagram (left) and a photograph of a 3x3x1-
mm3 Nd:YVO4 crystal used in articles III and IV (right).

pump-absorption bandwidth at 809-nm pump wavelengths (>10 nm).
A simplified energy level diagram is shown on the left in Fig. 1.4. The

Nd:YVO4 laser is a four-level system. Electrons in the dopant Nd atoms are
optically excited to high-lying pump levels from which they rapidly decay (< 1
ns) nonradiatively to the upper laser level [23]. The upper laser level lifetime is
90 µs for 1% doping [24]. From the lower laser level electrons decay fast (<1 ns)
back to the ground state [25]. Nd:YVO4 is often considered an ideal four-level
laser gain material owing to the five orders of magnitude difference between the
upper and lower level lifetimes. In spite of that, the lower level lifetime does play
a crucial role when noise and modulation response are considered in Chapter 2.

A photograph of a 3x3x1-mm3 Nd:YVO4 crystal used in articles III and IV

is shown on the right in Fig. 1.4. The pump-side facet of the 1-mm thick crystal
is coated for very high reflectivity (R1 > 99%) at 1064 nm and for very low
reflectivity at 809 nm. The output facet has a reflection coefficient of R2 = 95%
at 1064 nm.

1.3 Classification

From a dynamics point of view it is convenient to classify lasers not by their
construction, but by their degrees of freedom [26, 27]. Single-mode lasers can
be described by three autonomous first-order differential equations – one for the
slowly varying complex amplitude of the electromagnetic (EM) field, one for
the slowly varying complex material polarisation, and one for the population
inversion. The relative magnitudes of the damping rates of these three quantities
play a fundamental role in the type of behaviour displayed by lasers.

In class-A lasers, e.g., dye lasers, the population and the material polarisation
relax much faster than the EM field. Before the EM field has time to change,
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the population and the material polarisation will have decayed to their steady-
state values and can, therefore, be adiabatically eliminated, i.e., replaced by their
steady-state values. This adiabatic elimination reduces the dimensionality of the
system of equations to just one. Hence, only fixed-point (steady-state) solutions
can exist.

In class-B lasers, e.g., semiconductor and Nd:YVO4 solid-state lasers, only the
material polarisation can be adiabatically eliminated. The system of equations is
thus three dimensional. However, as will be shown in the next chapter, the phase
of the EM field decouples and what is left is a system of equations with only two
degrees of freedom – the slowly varying amplitude of the electric field and the
population inversion. In a two-dimensional autonomous system only constant or
periodic solutions exist.

Finally, in class-C lasers, all the variables relax on similar time scales and
none of them can be adiabatically eliminated. In a nonlinear system with at
least three degrees of freedom very complex dynamics is allowed, including quasi-
periodicity and chaos. In 1975 H. Haken [28, 29] demonstrated that, in the case of
resonant tuning, the laser rate equations are isomorphic to the Lorenz model for
atmospheric convection [30], which was known to exhibit chaotic dynamics. The
onset of instabilities in free-running single-mode class-C lasers requires very high
pumping conditions, one exception being the NH3 far infrared (FIR) laser [31].
In 1984 a period-doubling route to chaos in a single-mode NH3 laser operating at
81 µm was demonstrated by C. Weiss et al. [32, 33].

This work deals exclusively with class-B lasers. In the next chapter a more
in-depth look at the properties of such lasers is given.
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2. MODELLING

This chapter introduces a simple laser model that has been utilised extensively
in this Thesis. With the help of this model basic properties of class-B lasers
are reviewed, including steady-state behaviour, noise properties and modulation
response.

2.1 The Laser Model

In this Thesis, lasers are described by a phenomenological rate-equation model
of single-mode class-B lasers [34, 35]

dE

dt
= −γc

2
E + i(ω0 − ωc)E +

Γ

2
gE + FE (2.1)

dN

dt
= J − R(N) − 2ǫ0n

2

~ω0

Re{g}|E|2 + FN . (2.2)

In the equation for the the slowly varying envelope of the electric field E, γc

is the cavity decay rate, ω0 is the angular frequency of the optical field of the
free-running laser, and ωc is the cold cavity angular resonance frequency. The
confinement factor Γ describes the spatial overlap of the optical field and the
(complex) gain rate g = g′ + ig′′. The gain arises due to stimulated emission and
is related to the carrier induced susceptibility via

g =
iω0

ǫ0nng

χ (2.3)

where n is the refractive index, ng is the group refractive index, and ǫ0 is the
permittivity of vacuum. Field noise due to spontaneous emission is modelled
with the Langevin white noise source FE

〈FE(t)F ∗
E(t − τ)〉 = REδ(τ) (2.4)

where RE is a constant to be determined.
In the equation for the carrier density1 N , J is the pump rate2, R(N) is

the carrier recombination rate, and FN is a Langevin noise source that describes

1 When solid-state devices are considered, N is the number density of electrons in the upper
laser level.

2 In article V the pump-rate of a semiconductor laser is written as J

ed
where J is the current
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noise in the pump and due to spontaneous emission. Above threshold, the re-
combination rate R(N) can be expanded into a Taylor series at the operating
point

R(N) = R(N0) +
∂R

∂N
(N − N0) + ...

≃ R(N0) −
∂R

∂N
N0 +

∂R

∂N
N

= R0 + γsN (2.5)

where γs = ∂R/∂N is the small signal carrier decay rate. Here and below, steady-
state values are denoted by a subscript ’0’ and the derivatives are evaluated at
the operating point.

The gain rate g = g(N, |E|2) is also expanded into a series at the operating
point

g(N, |E|2) ≃ g(N0, |E0|2) + (
∂g′

∂N
+ i

∂g′′

∂N
)(N − N0)

+ (
∂g′

∂|E|2 + i
∂g′′

∂|E|2 )(|E|2 − |E2
0 |)

= g(N0, |E0|2)

+ (1 − iα)
∂g′

∂N
(N − N0) + (1 − iβ)

∂g′

∂|E|2 (|E|2 − |E0|2). (2.6)

The second term in the above expression is the differential gain and the last term
is the nonlinear gain. The linewidth enhancement factor (LEF) α is defined by

α =
∂χ′/∂N

∂χ′′/∂N
= −∂g′′/∂N

∂g′/∂N
(2.7)

and β by

β =
∂χ′/∂|E|2
∂χ′′/∂|E|2 = −∂g′′/∂|E|2

∂g′/∂|E|2 (2.8)

where χ′ and χ′′ are the real and complex parts of the susceptibility, respectively.
The LEF and β are discussed in more detail in the next subsection.

Defining the normalised field amplitude A = E/E0 and the normalised carrier
density ñ = N/N0−1 and utilising Eqs. (2.5) and (2.6), the rate equations obtain
the following form

dA

dt
=

1

2
{(1 − iα)

γcγn

γsJ̃
ñ − (1 − iβ)γp(|A|2 − 1)}A + FA (2.9)

dñ

dt
= γsJ̃(1 − |A|2) − γsñ − γn|A|2ñ +

γpγsJ̃

γc

|A|2(|A|2 − 1) + Fñ, (2.10)

density, d is the active region thickness and e is the elementary charge. In Eq. (2.2) J is a more
general pump rate used to describe both optically and electrically pumped lasers.
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where J̃ = (J − Jth)/Jth is the pump rate normalised to the threshold value Jth.
The differential and nonlinear gain relaxation rates γn and γp, respectively, are
defined by

γn =

(
∂gr

∂N

)
S0 (2.11)

and

γp = −Γ

(
∂gr

∂S

)
S0 (2.12)

where S0 = 2ǫ0n2|E0|2

~ω0

is the steady-state photon density. The effect of nonlinear
gain is to reduce the total gain. Therefore, the nonlinear gain relaxation rate γp

in Eq. (2.12) is defined with a minus sign so that γp > 0. Also note that γn and
γp are linear functions of the operating point. In this model, the above threshold
operation of a class-B laser is determined by the following nine quantities: J̃ , γs,
γn, γc, γp, α, β, FA, and Fñ. Usually, in lasers, FA dominates over Fñ; therefore,
Fñ is often omitted [36][IV]. Furthermore, β is expected to be small [37] although
more recent experiments on semiconductor lasers indicate otherwise [38]. More
often than not, β is ignored or β = α is used.

Equations (2.9) and (2.10) seem to define a three dimensional system. How-
ever, by expressing A in exponential form, i.e., writing A = |A|e−iφ, it can be
seen that the phase φ decouples and what is left is a two-dimensional system for
|A| and ñ.

2.1.1 The Linewidth Enhancement Factor

The linewidth enhancement factor is defined as the ratio of partial derivatives,
with respect to the carrier density, of the real and imaginary parts of the suscep-
tibility3

α =
∂χ′/∂N

∂χ′′/∂N
. (2.13)

Laser gain variations correspond to variations in −χ′′, and changes in the refrac-
tive index to changes in χ′. Therefore, α describes the coupling between gain and
refractive index variations due to variations in the carrier density. Analogously,
β describes the coupling between gain and refractive index variations due to vari-
ations in the intensity.

If a gas laser is forced to operate away from the gain peak, then a broadening
of the linewidth is observed. Lax [40, 41] showed that this line broadening is due

3 Often a minus sign is included in the definition. The sign depends on which time factor e±iωt

is considered, since χ(ω) = χ(−ω)∗, i.e., χ′(ω) = χ′(−ω) and χ′′(ω) = −χ′′(−ω) [39]. In the
introduced laser model the time factor e−iωt is considered, which means that gain corresponds
to −χ′′ > 0.
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Fig. 2.1: Susceptibility and the linewidth enhancement factor as a function of frequency
detuning from the gain peak for two different carrier densities drawn in blue
and red with Nred < Nblue. For a symmetric Lorentzian gain profile α is
zero at the gain peak (b). In semiconductor gain media the gain profile is
asymmetric (c), which leads to α 6= 0 at the gain peak. Note that (c) and
(d) are only schematics of the type of behaviour that can be expected. The
detailed behaviour is a complex function of the laser structure and materials
used.
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to the coupling of intensity and phase and results in a (1+α2) enhancement of the
linewidth. The situation is depicted in Fig. 2.1(a) for a symmetric Lorentzian gain
profile. At the gain peak, the χ′ curves go through zero and α = 0 results. The
real and imaginary parts of the complex susceptibility form a Hilbert transform
pair (Kramers-Kronig relations) [42]. It is a general feature of this transformation
that a symmetric gain profile leads to χ′(ω = 0) = 0. Away from the gain
peak α is nonzero, as shown in Fig. 2.1(b). For a Lorentzian gain profile α =
2∆/FWHM = ∆/ΓP where ∆ is the cavity detuning from the gain peak, FWHM
is the full width at half maximum of the gain profile, and ΓP is the material
polarisation decay rate, i.e., the inverse of the dephasing time. Therefore, α
is related to the detuning parameter often found in gas and solid-state laser
analysis. Traditional solid-state and gas lasers tend to be relatively long with
small longitudinal mode spacings, which means that they operate very close to
the gain peak unless forced to do otherwise. With approximately symmetric
Lorentzian gain profiles α2 << 1 results.

In the early days of semiconductor lasers, there was an order of magnitude
discrepancy between measured and theoretically predicted linewidths [43]. This
discrepancy was resolved by Henry [44], who showed that α, which was thought
to be small also for semiconductors, actually could take relatively large values,
resulting in broadening factors (1 + α2) as large as 10...40. In semiconductor
gain media, the gain profile is asymmetric with α > 0 also at the gain peak.
This is illustrated in Figs. 2.1(c) and 2.1(d). Note that these graphs are only
schematics of the type of asymmetry that can be expected. They were plotted
using a bulk gain model presented in [45]. The exact gain profile is difficult
to obtain from first principles owing to the semiconductor band structure and
the complicated many-body carrier-carrier, carrier-hole and hole-hole interactions
[46]. The susceptibility, and therefore also α, is a function of several quantities,
including the carrier density, operating wavelength, temperature, gain material,
and the geometry of the active region (bulk, quantum well, ...).

In the rate-equation model, α is introduced by assuming that the suscepti-
bility varies linearly with carrier density, i.e., α is constant. The validity of this
assumption has been investigated in [47] using more general Bloch equations. The
authors of the cited paper come to the conclusion that a constant α can be used
for free-running or modulated semiconductor lasers as long as the lasers are not
biased too far below threshold. In other words, the carrier density must remain
nearly constant. A more generalised model is needed whenever sub-picosecond
pulses are present.

The linewidth enhancement factor is perhaps the most important semiconduc-
tor laser parameter. Besides the linewidth broadening already discussed, it also
influences laser behaviour under optical injection and optical feedback. Further-
more, α is responsible for frequency chirping under high-speed current modulation
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and for filamentation in broad-area high-power lasers [48]. Because of this, many
techniques have been put forward over the years to measure α in semiconductors,
some of which are presented in the upcoming chapters. Despite the abundance
of techniques available, no systematic comparison between these techniques have
been made – a shortcoming noted already in 1987 in an review paper by Osiński
and Buus [49]. Since then, a number of new experimental schemes have been
published, but still a comprehensive comparison between these techniques have
been lacking. Article I of this Thesis presents the first extensive comparison be-
tween different techniques. In the article nine different methods are tested on
a single VCSEL. Including the regeneratively amplified probe technique, which
is discussed in Chapter 4, brings the total number of α-measurement techniques
applied to the one and the same VCSEL up to ten.

By definition, α is a material parameter whose value depends on many factors,
e.g., the carrier density, wavelength, temperature, etc. In article I all measure-
ments are performed above or very close to threshold, and the mathematical
formulae used to obtain expression for α have been derived from the laser rate
equations. Therefore, in this context, α must be considered as a model parame-
ter (device-α) somewhat ’detached’ from its physical origin. There are, however,
experimental techniques available that rely on the very definition of α, and these
techniques measure what is called the material-α. Unfortunately, many of the
more fundamental techniques, which are based on gain and refractive index mea-
surements, cannot be applied to the VCSEL studied in this Thesis. Some of the
techniques require the existence of many longitudinal modes inside the gain band-
width and are, therefore, not applicable to VCSELs at all. Others require custom
made devices, which means that commercial devices are unsuitable. In the ex-
haustive α-measurements planned within the COST action 288: “Nanoscale and
ultrafast photonics” of the EU [50], different material-α and device-α techniques
will be tested on many different laser structures. It will be interesting to see the
results of those experiments, both in terms of the material-α vs device-α and in
terms of the results in article I.
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Fig. 2.2: Illustration of model solutions for S and N as a function of the pump rate.
Here a linear recombination coefficient is used and spontaneous emission is
ignored. Solid lines indicate stable solutions and dashed lines unstable solu-
tions.

2.2 The Steady State

In order to get an overview of laser behaviour, some basic properties of the laser
model are reviewed. To simplify the discussion, the noise terms and the nonlinear
gain are neglected in this Section. Furthermore, a linear recombination rate is
assumed. The steady states of the laser are easily found by putting the time
derivatives of the rate equations to zero. This produces two branches of solutions:

S = 0

N =
J

Jth

N0

∆ω = α
Γ

2γs

∂g

∂N
(J − Jth) (2.14)

and

S =
Γ

γc

(J − Jth)

N = N0

∆ω = 0. (2.15)

Here S is the photon density, Jth = γsN0 and ∆ω is a shift in the angular
oscillation frequency. A stability analysis shows that solution (2.14) is stable
when J < Jth and (2.15) is stable when J > Jth. In Fig. 2.2 the stable and
unstable solutions are represented with continuous and dashed lines, respectively.
The two branches of solutions intersect at the lasing threshold in a transcritical
bifurcation [51]. Above threshold S > 0 and below S = 0. In a real laser
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spontaneous emission is always present, and because of that, the photon density
is nonzero (but very small) also below the lasing threshold.

Below threshold, the LEF causes a blueshift of the laser frequency. This can
be used to advantage when the value of this important parameter is sought for [I].
Equation (2.15) and Fig. 2.2(b) show that the carrier density is clamped above
threshold to its value at threshold. This is a very important property of lasers,
and it justifies the series expansions of the recombination rate and the gain made
in Eqs. (2.5) and (2.6).

According to quantum mechanical many-body calculations, the peak gain in
bulk semiconductor gain media is a linear function of the carrier density gpeak =
GN(N −Ntr) where Ntr is the carrier density at transparency [52]. Conventional
EELs tend to operate close to the gain peak, since the cavity does not, in theory,
discriminate between the relatively closely spaced longitudinal modes. In a DFB
laser, and in a VCSEL in particular, the cavity determines the lasing wavelength.
Therefore, these lasers can be forced to operate far from the gain peak where the
gain is a nonlinear function of the carrier density. In quantum-well lasers even the
peak gain is a nonlinear function of N . In this Thesis lasers are operated above
or very near the threshold, where the carrier density is clamped, and without the
presence of extremely short and high peak-power pulses. Therefore, the use of a
linear gain model with respect to the carrier density is acceptable.

Nd:YVO4 is an almost ideal four-level gain medium. If the lower level is
completely ignored, then there will be gain as soon as there are electrons in the
upper laser level, and this gain will increase linearly with the population inversion.
Consequently, these lasers are often modelled with a gain g = KN where K is
a constant. The lower level does play a very important role when noise and
modulation properties are considered. In [53] it is shown how the nonzero lower
level lifetime gives rise to the nonlinear term in the expression for the gain. In
short, another rate equation is written for the lower level population N2. Due
to the very short lifetime of this level, adiabatic elimination of N2 can be done,
which then results in gain suppression in proportion to the output intensity. In
semiconductor lasers the origin of nonlinear gain is usually attributed to spectral
hole burning and carrier heating [54]. The relative importance of the two different
processes seems to depend on the laser type [55, 56]. Spectral hole burning is the
formation of a dip in the gain profile around the lasing wavelength due to the
reduction of carriers by stimulated emission. In carrier heating the electron and
hole temperatures differ from the lattice temperature, which leads indirectly to
gain suppression. Furthermore, in [57], it is shown how lateral carrier diffusion
caused by spatial hole burning in semiconductor lasers also gives rise to nonlinear
gain.
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Fig. 2.3: After a perturbation the steady state is restored via relaxation oscillations.
Oscillations of intensity as a function of time is shown in (a), and (b) shows
the same oscillations in the (ñ, |A|2)-plane.

2.3 Dynamics

If a semiconductor or a solid-state laser is perturbed from its steady state above
threshold, then the steady state is restored via relaxation oscillations as illustrated
in Fig. 2.3. Below threshold these lasers relax without oscillations [58]. The
relaxation oscillation frequency fR = ΩR/2π is the characteristic frequency of
lasers. A small signal analysis shows that

Ω2
R = γcγn + γsγp ≈ γcγn ≈ γsγcJ̃ =

1

τs

1

τc

J̃ (2.16)

where τs = γ−1
s is the differential upper state lifetime and τc = γ−1

c is the cavity
lifetime. The first approximation follows from the fact that γc ≫ γp. If the gain
is simply written as g = KN , then γn = γsJ̃ [59]. In semiconductors the first
approximation is correct to within a few per cent, the latter, to within a few tens
of per cent. In Nd:YVO4 both approximations are accurate to a high degree. The
damping of the relaxation oscillations is given by the relaxation rate

γr = γs + γn + γp. (2.17)

The cavity lifetime τc of the VCSEL of articles I and II and of the EEL of
article V is O(1 ps), i.e., γc is O(1012s−1). The upper level differential lifetime
τs is O(1 ns) and γs is O(109s−1). Hence the characteristic frequency fR in
semiconductor diode lasers is O(1 GHz).

In the Nd:YVO4 laser of articles III and IV, the cavity lifetime is O(100 ps)
and τs is 90 µs. These values yield relaxation oscillations of O(1 MHz). The three
orders of magnitude difference between the characteristic frequencies of these two
types of lasers is mostly due to the five orders of magnitude difference in the
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Fig. 2.4: Relaxation oscillations excited by noise in a free-running Nd:YVO4 laser (a)
and the corresponding power noise spectrum (b).

upper state lifetimes. Due to the long upper state lifetime of these solid-state
lasers, they are often referred to as slow-inversion lasers.

In certain gas lasers, the relaxation oscillations can be overdamped, meaning
that the lasers relax without oscillations. This happens approximately when
τs . τc, i.e., when the cavity lifetime is longer than the upper level lifetime.

2.4 Noise

Noise due to spontaneous emission is the dominant noise source in semiconductor
lasers [36]. The same applies for diode-pumped Nd:YVO4 solid-state devices.
Fourier transforming the linearised rate equations gives the following expression
for the power noise spectral density

S(ω) =
(γcγn

γs
eJ
)2D2

ñ + 4D2
A(ω2 + (γs + γn)2)

(Ω2
R − ω2)2 + ω2γ2

r

(2.18)

where D2
ñ = 〈Fñ(ω)F ∗

ñ(ω)〉 and D2
A = 1

2
〈FA(ω)F ∗

A(ω)〉 = (4π|E0|2)−1RE . A
typical power time series is shown in Fig. 2.4(a) together with a power noise
spectrum for an Nd:YVO4 laser (b). The dashed line is calculated with D2

A = 0
and D2

ñ > 0, and the solid line with D2
A > 0 and D2

ñ = 0. The latter case gives
an excellent fit to the experimental data and it can be concluded that the field
noise due to spontaneous emission dominates. The location of the peak gives
the relaxation oscillation frequency fR and the width of the spectra gives the
relaxation rate γr = γs + γn + γp. Power noise spectral measurements are thus
an important technique for the characterisation of lasers. Since both γn and γp

depend on the operating point of the laser, extrapolating γr to threshold gives
the differential upper state decay rate γs (see, e.g., Fig. 2(b) in [II]). In article IV

γr is measured using the above technique for the solid-state laser at J = 3.5Jth
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with the results that γp is an order of magnitude larger than γs and γn. This
means that the nonlinear gain relaxation rate, which arises due to the short but
nonzero lifetime of the lower laser level, actually dominates the damping rate.

The variance of the output power 〈∆p2〉 can be related to the noise spectral
density

〈∆p2〉 =
1

2π

∫ ∞

−∞

S(ω)dω ≃ 2D2
A

γr

, (2.19)

which is proportional to D2
A when D2

ñ is ignored. Thus a measurement of the noise
spectral density and power variance yields D2

A. The power variance of Nd:YVO4

lasers is easy to measure because of the low frequencies involved. In article IV a
value of D2

A = 750s−1 was obtained.
The carrier noise Fñ has a negligible influence on laser linewidths. Based on

what was described above, its influence on the power variance is also at least an
order of magnitude smaller than that of the field noise FA. However, according to
numerical studies in [60], carrier noise may play an important role in the dynamics
of coupled lasers. In the cited paper a semiconductor laser with delayed optical
feedback was studied, and it was found that, under certain operating conditions,
the carrier noise determined the stable dynamical states of the system. The
authors conjectured that carrier noise might also be important for lasers with
optical injection. In Chapters 4 and 5 and in more detail in article IV and [61],
experiments on optically injected Nd:YVO4 lasers are compared to predictions
of the rate-equation model introduced above. In the simulations carrier noise is
excluded, and yet no discrepancies between simulations and experiments is found.
Hence, at least for these types of experiments and lasers, carrier noise is of minor
importance.

2.4.1 Frequency Linewidth

A fundamental property of any laser is the frequency linewidth of the emitted
light. According to the Wiener-Khintchine theorem, the optical spectrum can be
obtained as the Fourier transform of the autocorrelation function

GE(τ) =
〈E(t + τ)E∗(t)〉

〈E(t)2〉 . (2.20)

The calculation of the optical spectrum via the autocorrelation function from the
laser rate equations has been presented in [62]. The result is that above threshold
the spectrum consists of a narrow central peak and weak sidebands due to the
relaxation oscillations. For linewidths ∆ν ≪ γr the line profile is Lorentzian with
a FWHM linewidth

∆ν =
D2

A

2π
(α2 + 1). (2.21)
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Equation (2.21) is commonly referred to as the modified Schawlow-Townes for-
mula. For the above Nd:YVO4 laser, Eq. (2.21) predicts a frequency linewidth of
only 120 Hz (α2 ≪ 1). In practise, however, the linewidth is limited to the 10-100
kHz level by mechanical vibrations and, especially, refractive index variations due
to temperature fluctuations [63].

In order to see which properties of lasers affect their linewidths, the Langevin
noise spectral density D2

A must be expressed in terms of other laser parameters.
Let Rsp denote the rate of spontaneously emitted photons into the lasing mode.
By expressing Eq. (2.9) in terms of the number of photons in the lasing mode
P#, it can be shown that [36]

Rsp = 2D2
AP#. (2.22)

Experimentally, P# can be obtained from the relation

γmP# =
Pout

~ω
(2.23)

where Pout is the total output power and γm is the cavity loss rate due to the
mirrors

γm = − ln(R1R2)

tRT

(2.24)

where R1 and R2 are the mirror reflectivities and tRT is the round-trip time in the
cavity.4 According to quantum theory, the rate of photons emitted by stimulated
emission Rst equals the number of photons in the mode multiplied by the rate
of spontaneously emitted photons into the mode, i.e., Rst = P#Rsp. In a steady
state above threshold the rate of stimulated emission must equal the number of
photons lost per unit time, which is given by γcP#. From this it follows that
Rst = γcP# and Rsp = γc. If the inversion is not complete, then there will be
absorption, which reduces the net rate of stimulated emission. This is taken into
account by introducing the inversion factor nsp ≥ 1 so that

Rsp = nspγc (2.25)

above threshold. In other words, the reduction of net stimulated emission caused
by absorption enhances the relative amount of spontaneous emission. From Eqs.
(2.22), (2.24) and (2.25) the inversion factor for the Nd:YVO4 laser can be com-
puted. The result is nsp ≈ 1.0 as it should for a nearly ideal four-level laser. In
semiconductors nsp = 1.5...2.5. In article II a value of nsp = 1.9 is deduced for the
VCSEL. The spontaneous emission rate can also be enhanced by other factors,

4 The cavity decay rate γc includes all losses whereas γm is the loss rate due to the output
coupling only.
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Fig. 2.5: (a) Laser line profile as recorded with a Fabry-Pérot interferometer. For the
narrowest linewidths plotted, the finite finesse (≈ 200) must be taken into
account when estimating the real laser linewidth. (b) Linewidth (FWHM) as
a function of inverse output power. The dashed line marks the threshold.

including unevenly distributed losses in the cavity, which lead to nonorthogonal
eigenmodes [64], as well as phase-front curvature in gain guided lasers [65].

Using the above formulae, the frequency linewidth can be expressed as

∆ν ≈ nspγcγm~ω0

4πPout

(1 + α2). (2.26)

The cavity lifetimes of the VCSEL of articles I and II and of the EEL of article
V were measured to be around 3 ps, i.e., a factor of 20 smaller than the cavity
lifetime of the Nd:YVO4 laser [IV]. When the LEF is around five (α2 +1) is near
30. As a consequence, for similar output powers linewidths of the order of 1 MHz
can be expected in semiconductor lasers. The four orders of magnitude difference
between the linewidths of the semiconductor lasers and the solid-state laser used
in this work is, therefore, accounted for by the differences in the LEF and the
different cavity lifetimes.

Far below threshold, the linewidth is given by the Schawlow-Townes formula
[66]

∆ν =
D2

A

π
=

Rsp

2πP#
, (2.27)

and what the transition to the modified Schawlow-Townes formula, Eq. (2.21),
looks like depends on the LEF [67]. For α & 3 the transition is nonmonotonous.
Such a behaviour has been observed in DFB lasers in [66, 68, 69] and in a VCSEL
for the first time in article II. Figure 2.5 shows the measured linewidth versus
inverse power across the threshold transition. According to Eqs. (2.21) and
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Fig. 2.6: (a) Intrinsic AM response of a VCSEL calculated from Eq. (2.28) using pa-
rameters for a 760-nm VCSEL [II]. (b) Measured FM/AM response together
with fits to Eq. (2.30) for the same laser [I].

(2.27), the ratio of the slopes above and below threshold is

α2 + 1

2
.

With this relation, α can be estimated from linewidth versus inverse power data
[70]. Figure 2.5(b) yields α = 5.0 ± 0.4.

2.5 Pump Modulation

When a small sinusoidal modulation ∆J = 1
2
J1e

−iΩM t + c.c. with angular fre-
quency ΩM = 2πfM is superimposed on the pump J , lasers respond by modulat-
ing the power ∆p and the phase of the electromagnetic field. Let ∆p = 1

2
p1e

−iΩM t

+ c.c. and ñ = 1
2
ñ1e

−iΩM t + c.c. where p1 and ñ1 represent small perturbations
to the steady-state values. A small-signal analysis yields

p1 =

γcγnJ1

Jth
eJ

(Ω2
R − Ω2

M) − iΩMγr

. (2.28)

The amplitude modulation5 (AM) response equals |p1| and is illustrated in Fig.
2.6(a). Since normalised units are used, i.e., average power is 1, this quantity
also equals the AM index m.6 Beyond the relaxation oscillation frequency the
response of the laser drops fast, which, e.g., limits the attainable bitrates in

5 Here amplitude refers to the amplitude of the sinusoidal power modulation and not to the
amplitude of the electric field.

6 The AM index is defined as the amplitude of the power modulation normalised to the
average power.
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high speed telecommunication systems. In neodymium doped solid-state lasers
the long lifetime of the upper state limits the modulation frequencies to a few
MHz, making such lasers unsuitable for optical communication systems based on
directly modulated lasers.

The AM response formula, Eq. (2.28), can usually not be used to experimen-
tally extract laser parameters, since the microwave response of the laser mount
and casing is often unknown. The parasitics can be avoided with special arrange-
ments, though. In [71, 72], the carrier density is modulated by external light
shone directly onto the active region. To avoid optical injection and cavity ef-
fects, the modulating light must be directed perpendicularly to the cavity and
tuned far away from the frequency of the lasing mode. In the cited papers light
from a krypton laser at 753 nm was mixed with light from a dye laser to produce
beat frequencies in the GHz regime. The experimental data for the studied 840-
nm edge-emitter were in excellent agreement with the small signal AM response
function deduced from the rate equations.

2.5.1 Frequency Modulation

Let A = |A|e−iφ where φ = 1
2
φ1e

−iΩM t + c.c. is the phase of the electric field.
Then φ1 is given by

φ1 =
1

2
[α +

iγp

ΩM

(α − β)]p1, (2.29)

and the angular frequency chirp is ∆ω = |φ1|ΩM . Frequency modulation (FM)
is often characterised by the FM index M , which is defined by M = ∆ω/ΩM . A
useful formula is obtained from the ratio of the FM and AM indexes

M

m
=

α

2

√

1 +

(
α − β

α

)2 (
γp

ΩM

)2

, (2.30)

which is fitted to experimental data from the VCSEL in Fig. 2.6(b) [I]. As the
modulation frequency increases, the FM to AM ratio approaches α/2. This fea-
ture has been used extensively in the literature to determine α in semiconductor
lasers, and many different techniques have been put forward over the years to
measure the FM/AM ratio, starting with the seminal paper by Harder et al. [73]
and the introduction of the nonlinear gain contribution (with β = 0) in [74].
Equation (2.30) represents also a straightforward method to measure γp provided
that the nonlinear index contribution can be ignored, i.e., β = 0. In articles I

and V the FM/AM technique is utilised to measure α in the VCSEL and in the
EEL, respectively, and in article III the method is extended to the Nd:YVO4

solid-state laser case.
Equation (2.30) is only valid at high frequencies. At low frequencies the chirp

is dominated by the temperature dependence of the refractive index and cavity
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length. Article III shows one simple way the temperature dependence can be
introduced into the model via the cavity angular resonance frequency ωc. Let ∆T
be a small change in temperature caused by pump modulation. The evolution of
∆T is governed by the heat conduction equation

ρcp

∂∆T

∂t
= κT∇2∆T + ∆Q (2.31)

where κT is the thermal conductivity, cp is the heat capacity, ρ is the density,
and ∆Q is a small change in the amount of heat generated in a unit volume per
unit time. Equation (2.31) can be integrated over the lasing mode to produce an
equation for an effective temperature ∆Te. Temperature decay (or equalisation)
is performed by the Laplacian, which is here approximated simply by a decay
rate γT . This gives

∂∆Te

∂t
= −γT ∆Te + ∆Qe. (2.32)

Finally, if a linear dependence between temperature and cavity resonance fre-
quency is assumed, i.e., ∆ωc = κωT ∆Te, and a sinusoidal modulation is applied,
i.e, ∆Qe = 1

2
Qe0 exp(−iΩM t) + c.c., then

∆ωc0 =
κωT

Qe0

−iΩM + γT

. (2.33)

The frequency response thus equals the response of a passive first-order RC low-
pass filter of electronics with a -3 dB cutoff frequency of f−3dB

M = γT /2π. An order
of magnitude estimate for the cutoff frequency follows from the heat conduction
equation. The Laplacian can be approximated by L−2

x + L−2
y + L−2

z where Li,
i = x, y, z, are the characteristic length scales in the directions of the correspond-
ing coordinate axes. In lasers the lateral dimensions (mode width) are usually
much smaller than the longitudinal dimension (cavity length), the exception be-
ing VCSELs where the cavity length and mode waist are of the same magnitude.
Nevertheless, an order of magnitude estimate for the Laplacian is 2w−2 where w
is the mode width (waist). Then

γT ≈ 2κT

w2cpρ
(2.34)

is obtained. In the Nd:YVO4 laser w is of the order of 100 µm, giving f−3dB
M

O(100 Hz). The cutoff frequency is very low; however, the temperature induced
FM is so strong and the population inversion induced FM so small that the
temperature variation dominates the frequency response up to 1 MHz [III]. For
VCSELs the characteristic length scale is a few µm, giving cutoff frequencies of
the order of 100 kHz. Preliminary measurements on a 760-nm VCSEL in the
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Fig. 2.7: A noiseless VCSEL (fR = 4.4 GHz, α = 4) modulated with an ideal 1 Gbit/s
NRZ pseudo-random sequence: (a) amplitude modulation and (b) frequency
chirping.

frequency range 100 kHz - 4 GHz gave a cutoff frequency of roughly 200 kHz.
The overall agreement between the model and the data was good despite the
rough approximations made above. In semiconductors the temperature response
dominates the FM below 10-100 MHz (depending on laser structure). In the
literature more detailed models of temperature response have been developed,
which also take into account specific cavity structures, mode profiles and so on.

2.5.2 Large-Signal Modulation

Figure 2.7(a) illustrates relaxation oscillations that occur when a semiconduc-
tor laser is modulated with an ideal 1 Gbit/s non-return-to-zero (NRZ) pseudo-
random sequence (noise and temperature neglected). As the modulation fre-
quency is increased, the ’ringing’ of the output intensity starts to interfere with
the next symbol to be transmitted. This leads to inter-symbol interference (ISI).
The ringing can be reduced by reshaping the drive current so that the output
intensity behaves as smoothly as possible (see, e.g., [75] and references therein).
With α > 0 amplitude modulation is accompanied by frequency modulation,
as shown in Fig. 2.7(b). The frequency chirping is detrimental to optical fibre
communication systems, since group velocity dispersion (GVD) in fibres causes
chirped pulses to broaden in time as they propagate. Hence, reducing the value
of α in semiconductor lasers is of some technological importance. Furthermore,
if α could be pushed down to zero, then an order of magnitude reduction in the
linewidths of free-running semiconductor lasers would result.

On the other hand, if α ≫ 1, then pump-modulation results in close to pure
frequency modulation. In [76] an effective LEF of almost 60 was measured at a
certain bias current in a quantum-dot laser. Such a large value was measured
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just below the operating point at which the ground state population of the dots
became filled. This filling effect reduced the differential gain, which in turn
reduced AM and increased the FM/AM ratio dramatically. As a consequence,
the authors of the cited paper were able to produce frequency-shift keyed (FSK)
communication signals in a directly modulated semiconductor laser. For more
details on pump-modulation dynamics with relation to the LEF in quantum-dot
lasers, the reader is referred to [77].

The above discussion on pump-modulation response brings part (i) of this
Thesis to end. The upcoming third chapter gives a brief historical introduction
to part (ii), where the dynamics of coupled lasers, unidirectionally coupled lasers
in particular, is at the centre of attention.



3. COUPLED OSCILLATORS

In 1660, C. Huygens together with The Royal Society began working on the
major technological challenge of that time, the longitude problem; that is, they
wanted to find an accurate way of determining longitude for navigation at sea
[78]. Huygens had invented the pendulum clock in 1657, and he was convinced
that, with proper design, these clocks could be made accurate and robust enough
for sea travel, thereby solving the longitude problem.1 The continuous operation
of an on board clock was vital to the determination of longitude. In case the
clock stopped or required maintenance, another clock would be needed to keep
accurate timing. The practical requirement of redundancy led Huygens to study
two clocks operating at the same time. In a letter to The Royal Society in 1665,
Huygens reported on “an odd kind of sympathy perceived by him in these watches
suspended by the side of each other”. Huygens found that two pendulum clocks
with a common frame synchronised spontaneously. After disturbing one of the
clocks, the synchronised state was re-established half an hour later, and the two
clocks remained synchronised indefinitely. After a series on new experiments,
Huygens was able to show that small vibrations in the common frame supporting
the two oscillators was the cause for the phase locking.

The coupling between the two pendulum clocks was bidirectional. A more
simple coupled system is that of unidirectional coupling. A nice example of this
is the coupling between the circadian rhythms of biological organisms and the
rotation of planet Earth [79]. Most, if not all, biological systems have internal
clocks that regulate their lives. For example, the leaves of a haricot bean plant
move up and down in concert with the time of day. The motion is regulated by
the plant’s circadian clock, but it is locked to the time of day via the environ-
mental coupling. If the plant is moved into a room with constant environmental
conditions, i.e., if the coupling to the Earths rotation is removed, then the motion
will continue but the phase of the oscillation will drift with respect to the time
of day.

1 Location at sea is determined by longitude and latitude. Latitude can be determined by
measuring the elevation of stars, e.g., Polaris, the North star, in the northern hemisphere.
For Polaris, the elevation equals the geographic latitude. Determination of longitude is more
problematic. Local time can always be found by, e.g., observing the sun, but to accurately
determine longitude, the time at a reference location is also needed. For this purpose sailors
needed accurate clocks to follow the time at a reference point.
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Injecting a weak signal into an oscillator can produce, besides locking, a wealth
of other interesting and useful phenomena in all kinds of self-sustained oscillators,
including lasers. Locking between lasers was achieved for the first time already
in 1966 [80]. In that experiment two single-mode He-Ne lasers (class A) operated
in a master-slave configuration, where light from the master is injected unidirec-
tionally into the cavity of the slave laser. The results of the experiment were in
qualitative agreement with a general theoretical result by R. Adler in 1946, which
relates the locking bandwidth ∆ωlb of a self-sustained oscillator to the injected
signal amplitude Ei

∆ωlb =
ω0

Q

|Ei|
|E0|

(3.1)

where E0 and ω0 are the free-running amplitude and angular oscillation frequency,
respectively, and Q is the quality factor [81]. Equation (3.1) is derived with the
restriction that only the phase of the oscillation is allowed to vary. In reality,
the amplitude will also vary; however, under low level injection, the amplitude
stays nearly constant due to the gain saturation effect present in self-sustained
oscillators.

Far away from the locking region, the phasor of the slave laser, compared to
the master, will rotate with a constant speed that corresponds to the frequency
detuning. When the locking boundary is approached, the phasor, as it rotates,
begins to spend more and more time at a certain angle while traversing other
parts of the complex plane quickly. When the locking boundary is reached, the
phasor makes a complete stop. This means that the phase difference between
the master and the slave becomes a constant, i.e., that the slave is phase locked
to the master. In time space the slave laser’s behaviour en route to locking is
nonlinear, with long smooth sequences periodically interrupted by more erratic
behaviour. In frequency space the slave laser’s oscillation frequency appears to
be pulled towards the master’s frequency. Examples of these will be given in
Chapters 4 and 5, where the dynamics of coupled lasers is discussed.

Mathematically, the transition to locking in Adler’s model happens via a
saddle-node bifurcation. When the amplitude of the slave oscillator is also allowed
to vary, locking can also take place via a Hopf bifurcation. These, and other types
of bifurcations, are discussed in Chapter 4.

3.1 Coupled Class-B Lasers

A free-running single-mode class-B laser does not exhibit any complex behaviour.2

If the laser is perturbed from its steady-state, then the steady state is restored via

2 The Poincaré-Bendixson Theorem of mathematics states that only fixed-point or periodic
solutions exist for an autonomous first-order differential equation in two dimensions [82].
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relaxation oscillations. However, if a third degree of freedom can be introduced, a
class-B laser can be driven into complicated dynamical states. The dimensionality
can be raised to three in a number of ways, e.g., by injecting an external optical
field or by making one of the parameters time dependant, i.e., by making the
two dimensional system nonautonomous. An injected field prevents the phase of
the EM field from decoupling, which then provides the necessary third degree of
freedom.3 The time dependence of a parameter can be removed by defining a
third variable, say z(t), with the equations ż = 1 and z(0) = 0, so that the time
t is replaced by the new variable z = t. The new system is then autonomous and
three dimensional [83]. Chaos in an optical device was first predicted in 1980 by
Ikeda et al. [84], who investigated numerically the transmission properties of a
ring cavity with a nonlinear dielectric element. However, chaotic dynamics was
first experimentally observed in a loss modulated CO2 laser (class B) by Arecchi
et al. in 1982 [85].

The dimensionality can be raised also by other means, e.g., by opto-electronic
and optical feedback (Fig. 3.1). In opto-electronic feedback, the output power
is converted to a current and fed back to the laser. Both positive and negative
opto-electronic feedback have been studied [86]. In optical feedback part of the
output from the laser is fed back into the cavity of the laser. In these cases
the system of equations becomes infinite dimensional, since a unique solution
requires, in principle, the initial condition to be specified on a continuous time
interval (corresponding to the delay of the feedback process). Optical feedback
in single-mode semiconductor lasers is usually analysed in terms of the Lang-
Kobayashi equations [87].

A phenomenological classification of different optical feedback regimes has
been presented in [88]. At very low feedback levels, regime I, no instabilities exist.
Depending on the feedback phase, broadening or narrowing of the linewidth is
observed as are shifts in the oscillation frequency and output power. This regime
can be used to advantage in interferometry [89]. For example, movement of a
distant reflector can be monitored by reflecting a small part of the light back into
the laser cavity. Any movement of the reflector will cause a phase shift in the
feedback light and this will alter the frequency and output power of the laser.

With increasing feedback levels, regime II, mode-hopping between different
longitudinal external cavity modes is seen as a function of the feedback phase.
The mode hopping property can be utilised in the characterisation of lasers, e.g.,
to measure the LEF in a semiconductor laser [90][I]. In regime III large linewidth
reductions and stable operation is obtained irrespective of the feedback phase.
This regime has important applications in extended cavity diode lasers, where

3 In other words, the injected field provides a time reference, a clock, which breaks the time
invariance of the equations and turns the phase, with respect to the injected field, into an
important variable.
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Fig. 3.1: Schematics of a few setups often used in the study of laser dynamics. Solid
and dashed lines indicate optical and electrical paths, respectively. (a) uni-
directionally coupled lasers (optical injection); (b) positive opto-electronic
feedback; (c) mutually coupled lasers; and (d) optical feedback. Symbols as
follows; LD: laser diode; ML: master laser; SL: slave laser; PD: photodiode;
D: measurement apparatus (of appropriate type); R: reflector.

feedback is used to reduce the natural linewidth of semiconductor lasers by several
orders of magnitude. In the experiments related to article V, a grating feedback
semiconductor laser operating in this regime was used as the master laser.

In regime IV strong instabilities exist with multiple external cavity modes and
linewidths of the order of 10 GHz. This regime has attracted much attention in
recent years due to the presence of interesting complex dynamics. The chaotic
output can be put to use in chaos communication experiments, where messages
are ’hidden’ in chaotic carriers. Finally, if the faced reflectivity R is much smaller
than that of the external mirror Rext, i.e., the feedback is very strong (regime V),
then the laser cavity is essentially formed by the external cavity, R acting only
as a perturbation.

In this Thesis the focus is on optical injection, i.e., unidirectional coupling.
Optical feedback from a reflector (in regime II) as well as filtered optical feedback
have only been applied in laser characterisation, more specifically, to measure
the LEF in article I. In the next chapter the rate-equation model introduced
in Chapter 2 is complemented with an injected optical field. It is shown how
low level optical injection can also be used for parameter extraction. When the
injection strength is increased, a tremendous variety of interesting and potentially
useful dynamics is revealed.
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An injected optical field can be introduced into the model of Chapter 2 by adding
a term ηEie

−iΩt to the right hand side (R.H.S.) of Equation (2.1) [91]. Equation
(2.9) for the normalised field amplitude then becomes

dA

dt
=

1

2
{(1 − iα)

γcγn

γsJ̃
ñ − (1 − iβ)γp(|A|2 − 1)}A + κe−iΩt (4.1)

where κ = η|Ei|/|E0| is the injection rate and Ω = 2π(νML − νSL) is the angular
frequency detuning between the master and the slave laser. The time dependent
injection term makes the model nonautonomous; however, it can be transformed
back into an autonomous form by rewriting it in terms of a = AeiΩt to yield

da

dt
= [

1

2
{(1 − iα)

γcγn

γsJ̃
ñ − (1 − iβ)γp(|a|2 − 1)} + iΩ]a

+κ (4.2)

dñ

dt
= γsJ̃(1 − |a|2) − γsñ − γn|a|2ñ +

γpγsJ̃

γc

|a|2(|a|2 − 1). (4.3)

Equations (4.2) and (4.3) form a three dimensional nonlinear system that exhibits
complicated nonlinear dynamics. In Chapter 2 the reference frequency was the
free-running frequency of the laser. The above transformation means that the
reference frequency is changed to the oscillation frequency of the master laser,
i.e., a fixed-point solution with da/dt = dñ/dt = 0 now means that the slave
laser is locked to the master.

Similarly, a model for a laser with optical feedback is obtained simply by
adding a term ηE(t− τ) to the R.H.S. of Eq. (2.1). Here τ is the round trip time
and η describes the coupling of the feedback light into the laser mode.

The rate equations of an injected class-B laser exhibit very complicated solu-
tions, and approximations are usually needed in order to analytically gain insight
into laser behaviour. At very low injection rates where the external field can
be treated as a perturbation, analytical formulae can be found that successfully
describe the nonlinear interactions taking place within the laser cavity. At higher
injection rates the equations must be analysed numerically, although exceptions
do exist. This chapter presents analytical results valid for low power injection
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together with numerical techniques that can be utilised at higher powers where
the external field can no longer be treated as a perturbation.

4.1 Small-Signal Regime

According to Eq. (3.1), oscillators will lock to injected signals no matter how
weak the coupling is made, but the locking range shrinks in proportion to the
injection rate, i.e., in proportion to the square root of the injected power. This
section presents laser behaviour under weak injection both inside and outside the
locking range.

4.1.1 Regenerative Amplification and Four-Wave Mixing

Low power optical injection can be used to advantage in laser characterisation.
Far from the locking region, very low power injection causes only a perturbation
of the laser. Solutions of the form

A(t) = 1 + Are
−iΩt + Afe

iΩt (4.4)

ñ(t) = ñ1e
−iΩt + ñ∗

1e
iΩt (4.5)

to Eqs. (4.1) and (2.10) can then be sought for [92]. Here Ar, Af and ñ1 represent
small perturbations to the free-running field and carrier density, respectively.1

This ansatz yields a useful expression for the regeneratively amplified field Ar

[92, 93]

|Ar

Ai

|2 = | η
Ω
|2 [−Ω2 +

Ω2

R

2
+ βΩγp]

2 + [Ωγr − Ωγp

2
− αΩ2

r

2
− (β−α)(γr−γp)γp

2
]2

(−Ω2 + Ω2
R)2 + Ω2γ2

r

. (4.6)

The above equation is depicted in Fig. 4.1 together with experimental data for the
VCSEL [I, II]. The equation is sensitive to ΩR and γr, but the other parameters
cannot be obtained directly. If γp is fixed to a known value, then the equation
yields estimates for α as well. For the VCSEL this procedure gave α = 5.1± 0.5,
in agreement with values obtained with various other methods in article I.

Above, the regeneratively amplified field was considered. A somewhat similar
expression is obtained for the four-wave mixing field Af , which is produced by
the injection induced carrier pulsation. However, the Af component is symmetric
and its shape is independent of α, which makes it less interesting than the Ar

component.

1 Here it is more convenient to keep the reference frequency at the slave laser’s free-running
frequency. Hence Eqs. (4.1) and (2.10) are used instead of (4.2) and (4.3).
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Fig. 4.1: (a) Regenerative amplification of a weak probe as a function of detuning for
the VCSEL together with a fit to Eq. 4.6. (b) Schematic of carrier density
variation across the locking range under weak injection.

4.1.2 Locking

The locking region at low injected powers can be found by putting the time
derivatives of the linearised equations to zero. This gives

∆ωlb = 2κ
√

1 + α2 =
ωc

Q

|Ei|
|E0|

√
1 + α2 (4.7)

where Q = ωc/γc is the quality factor of the empty cavity.2 Comparing this to
Eq. (3.1), it can be seen that the above formula contains an additional factor of√

1 + α2. In Eq. (3.1) it was assumed that the injected field does not alter the
resonance frequency of the oscillator. But when α > 0 a change in the carrier
density due to the injected field will shift the cavity resonance frequency, which
in turn gives an additional contribution to the locking range.

The carrier density change under low level injection is shown in Fig. 4.1(b).
According to Section 2.2, an increase in carrier density causes a blueshift of
the laser frequency. When the laser is locked on the positive frequency side,
the carrier density increases, which then leads to a blueshift of the slave laser’s
cavity resonance frequency. The slave laser is thus shifted towards the master
laser frequency and the locking range is increased. On the negative side, the
carrier density decreases, which leads to a redshift of the slave’s cavity resonance
frequency, i.e., the slave gets tuned towards the master. This process yields the
additional factor of

√
1 + α2 in the expression for the locking range.

2 Ei is the field that is ’available’ to the locking process inside the cavity. In real experiments
the coupling of the injected field to the cavity mode is difficult to determine.
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Note that the above formula is generally valid only for weak injection. At
higher injection rates, depending on the value of α, instabilities arise which alter
the shape of the stable locking range. Examples on this are shown in the next
section.

Equation (4.7) cannot, as such, be used to determine model parameters since
the coupling of the injected field to the lasing mode is difficult to determine in
experiments. In [94] it is shown that the change in the output power, or the
carrier density, due to the injection is zero when Ω = Ω0 = κ. This is illustrated
in Fig. 4.1(b). The locking range is approximately between the maximum and
minimum carrier excursions for α & 3. The LEF is then given by

α =

√(
∆ωlb

2Ω0

)2

− 1. (4.8)

This relation and a similar technique for the measurement of α is discussed in
article I.

In semiconductors changes in carrier densities shift the quasi-Fermi levels,
which in turn alter the voltage over the pn-junction. Therefore, carrier density
changes can be detected by monitoring diode voltages. In experiments the peak
voltage excursion in Fig. 4.1(b) tends to be less than the largest negative excur-
sion (see, e.g., Fig. 4 in [I]). This has been studied experimentally in more detail
in [95] and conjectured to be caused by instabilities arising from nearby complex
dynamical states. The features outside the locking region in Fig. 4.1(b) are due
to four-wave mixing effects and can be analysed analogously to that shown in the
previous subsection [96, 97].

4.2 Large-Signal Regime

The orbit plot of Fig. 4.2(a) illustrates the complex dynamics that results when
the injection rate is increased from the small signal regime. Here, local extrema
of power time series have been plotted as a function of the normalised injection
rate K = κΩ−1

R with the detuning kept constant at Ω = −ΩR. In this simulation
the laser parameters correspond to an edge-emitting semiconductor laser [V].
Starting from the left, the diagram shows a periodic orbit that bifurcates into a
fixed-point solution at K = 0.16. The fixed point is stable only for a narrow range
of K values. After the fixed point a periodic solution emerges followed by what
appears to be a chaotic attractor at K = 0.25. There are many different chaotic
attractors and periodic windows in the shown parameter range. On the right, a
clear period-doubling cascade can be seen, the left side of which is connected to a
chaotic attractor, and the right side is connected to a fixed point, i.e., the locked
state (not shown).
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Fig. 4.2: Orbit diagram (a) and corresponding largest Lyapunov exponents (LLE) (b).
Here K is the normalised injection rate K = κΩ−1

R .

When the detuning is also allowed to change, solutions to the rate equations
can be conveniently represented by drawing two dimensional maps, or diagrams,
where regions of qualitatively different dynamical states are indicated. These
maps are usually drawn with the injection rate on the x-axis and the frequency
detuning on the y-axis. The rest of this chapter introduces numerical schemes that
can be used to construct such stability maps, and in the next chapter experimental
techniques are reviewed. The various different methods for producing mappings
of the dynamics, both numerical and experimental, aid in the basic research of the
behaviour of low-dimensional nonlinear systems and assist in locating a specific
type of orbit to be used in applications.

4.2.1 Numerical Integration

A straightforward method to construct a map of laser dynamics is to integrate
the rate equations for a large number of (K, Ω)-pairs and to manually classify
the states using intensity time series, optical and power spectra, and perhaps
Poincaré sections. This resembles the traditional experimental techniques but is
very time consuming if detailed mappings are desired. A faster approach is to
compute a single representative quantity from each time series and to plot a map
based on it.
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Fig. 4.3: Peak power in the Nd:YVO4 laser subjected to optical injection. Power time
series at the labelled points have been plotted in Fig. 4.4. Parameters as
follows: J̃ = 2.5, γc = 1.74 · 1010s−1, γs = 11100s−1, γn = 27750s−1, γp =
3.0 · 105s−1, α = 0.2, and β = 0.

In article IV such an approach was used when the dynamics of an Nd:YVO4

laser subjected to optical injection was experimentally mapped. In that paper
the quantity chosen was simply the peak power, which equals the maximum of
local extrema. Consequently, the peak power corresponds to the envelope of Fig.
4.2(a). This quantity cannot, of course, as such reveal the nature of the state
the laser is in (steady state, periodic orbit, ...), but it is reasonable to assume
that the peak power will generally vary from state to state. Hence changes in
the peak power give information on changes in the state of the laser. This is
particularly true for slow inversion lasers, such as the Nd:YVO4, which have a
tendency for spiking. In Fig. 4.3 numerically obtained peak power relative to the
free-running power is plotted. Power time series found at the labelled points have
been plotted in Fig. 4.4. Here spontaneous emission noise must be taken into
account, since noise reduces the peak powers of high power peaks considerably.
Without amplitude noise peak powers in excess of 40 times the free-running power
would occur at large negative detunings in Fig. 4.3.

In large parts of the (K, Ω)-plane multiple stable attractors exist. Which
of these are found depends entirely on the initial conditions. Figure 4.3 was
produced by increasing K from zero to K = 4 with fixed Ω. For a certain Ki,
the initial condition was taken as the last computed phase point for the prior
Ki−1 integration. This procedure mimics experiments where the injection rate is
ramped up from zero while the detuning is kept constant.
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Fig. 4.4: Power traces corresponding to the labelled points in Fig. 4.3: (a) period-
doubled limit cycle; (b) limit cycle before the Hopf transition to locking; (c)
fixed point (locked); (d) limit cycle (on a torus); (e) limit cycle near the
saddle-node transition to locking; (f) limit cycle.
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The simple approach introduced here gives an overview of when and what is
happening with the laser, and when compared to experimental results in Section
5.1, it gives an estimate for α.

4.2.2 The Largest Lyapunov Exponent

If the region of interest in the parameter plane contains locked, periodic and
chaotic states, then the computation of the Largest Lyapunov Exponent (LLE)
is a convenient way to get an overview of laser behaviour [98].

A negative LLE indicates a fixed point, i.e., locking in this case, and a positive
LLE indicates chaotic states. The LLE is zero for periodic and quasi-periodic
(torus) states. The absolute value of the LLE quantifies the stability of fixed
points and the amount of chaos in chaotic attractors and it allows periodic win-
dows inside chaotic islands to be mapped. Let

dx

dt
= f(x) (4.9)

be an m-dimensional autonomous dynamical system with a solution x(t). Fur-
thermore, let δt be the integration time step and introduce a small perturbation
δx0 to the system at t = 0. The linearised equation for the evolution of the
perturbation is

dδx

dt
= J(x)δx (4.10)

where J(x) is the Jacobian of the system. During the first time step δx0 will
evolve to

δx1 = δx0e
J(x0)δt. (4.11)

After k time steps, the perturbation is given by

δxk = δx0 exp(

l=k∑

l=1

J(xl)δt) = δx0e
Λktk (4.12)

where

Λk =
1

k

l=k∑

l=1

J(xl) and tk = kδt. (4.13)

The Lyapunov exponents λi are then defined as the eigenvalues of

Λ = lim
k→∞

Λk. (4.14)

The number of Lyapunov exponents thus equals the dimensionality of the system.
For simplicity, assume that all the eigenvalues of Λ are distinct. In that case there
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is a matrix S such that D = S−1ΛS is diagonal with the eigenvalues of Λ as the
diagonal elements. Equation (4.12) can then, in the limit k → ∞, be written as

δx = SS−1eΛtSS−1δx0 = SeDtS−1δx0. (4.15)

Finally, defining δy = S−1δx and δy0 = S−1δx0 yields

δy(i) = eλity
(i)
0 , i = 1... m (4.16)

for the components of y.
If at least one λi > 0, then a small perturbation of the trajectory will grow

exponentially, i.e., there is sensitive dependence on the initial condition, which is
the hallmark of chaos. On the other hand, if all λi < 0, then all directions are
converging, i.e., the attractor is a fixed point. For a trajectory not containing a
fixed point, at least one of the λi’s is zero [99]. This is due to the fact that in the
direction of the trajectory a perturbation neither shrinks nor expands on average.

Now consider a trajectory with initial condition x(0) = x0 as well as a nearby
perturbed trajectory with the initial condition x(0) = x0 + δx0. When these two
trajectories are integrated in concert, the perturbed phase point will quite quickly
align itself along the fastest growing direction relative to the unperturbed trajec-
tory. As a consequence, the largest Lyapunov exponent (LLE) can be computed
from the relation d(t) = d0e

λLLEt where d(t) is the separation between the phase
points. For large t = kδt,

λLLE =
1

t
ln

(
d(t)

d0

)

≃ 1

kδt
ln

(
d0e

λ1δteλ2δt . . . eλkδt

d0

)

=
1

k

k∑

i=1

λi, where λi =
1

δt
ln

(
di

di−1

)
. (4.17)

In order to keep the perturbed trajectory close to the unperturbed one, the dis-
tance d(t) is normalised to d0 at each time step. Furthermore, d0 should be chosen
much smaller than the characteristic length scale, which is 1 in the laser model
due to the normalisation. In article V d0 = 10−9 was used.

Figure 4.2(b) compares the LLE to the orbit diagram for fixed Ω = −ΩR.
Clearly, the LLE is positive where the power extrema structure is complicated
and zero for periodic dynamics. Also, the LLE is negative in a narrow range
where a fixed point can be found. Letting the detuning also vary and by colour
coding the LLE a two-dimensional map of laser dynamics is obtained. Figure
4.5 shows the LLE computed for the edge-emitter in article V. The map shows
three distinct chaotic islands (red), two of which contain clear periodic windows.
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Fig. 4.5: The LLE of the edge-emitter studied in article V at a bias of J = 1.25Jth.
The injection rate in the zoomed figure to the right has been scaled using the
linear locking region boundary in order to fit the experimental map in Fig.
5.1. Parameters as follows; J̃ = 0.25, γc = 2.79 · 1011s−1, γs = 1.06 · 109s−1,
γn = 0.30 · 109s−1, γp = 1.04 · 109s−1, α = 6.7 and β = 0.

In most of the map λLLE = 0, which indicates periodic or quasi-periodic states
(tori). The stable locking region (blue), where λLLE < 0, is considerably narrower
than what might be expected based on Eq. (4.7), which is valid only for very
small K.

4.2.3 Bifurcation Analysis

Section 4.2.1 presented a straightforward method for studying the dynamics of
nonlinear systems. A less straightforward but much more powerful method is that
of numerical bifurcation analysis. A bifurcation is a boundary between two re-
gions of qualitatively different dynamics. Stability diagrams can be generated by
first detecting a bifurcation somewhere in the (K,Ω)-plane and then numerically
following this bifurcation. The stability map consists of a network of different
types of bifurcation curves, each of which indicates a specific type of change in
the dynamical state (see Fig. 6 in article IV).

Numerically, bifurcations of fixed points are detected by monitoring the (gen-
eralized) eigenvalues of the Jacobian matrix [100]. A bifurcation takes place when
a single eigenvalue crosses the imaginary axis (saddle-node bifurcation) or when
a pair of complex eigenvalues crosses the imaginary axis (Hopf bifurcation). In a
saddle-node bifurcation, a saddle point and a node (stable or unstable fixed point)
is born. In a Hopf bifurcation a fixed point bifurcates into a periodic orbit. The
stability of the new solution depends on the other eigenvalues of the Jacobian.
Bifurcations where attractors are born are called supercritical, whereas unstable
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orbits are born in subcritical bifurcations.
Bifurcations of limit cycles are detected by constructing Poincaré maps P , also

called stroboscopic or first-return maps, and then monitoring the eigenvalues of
the Jacobian of P . In bifurcations of limit cycles, a saddle type periodic orbit and
a stable or unstable periodic orbit is born in a saddle-node bifurcation of a limit
cycle, which takes place when a single eigenvalue obtains the value +1. When
a single eigenvalue obtains the value -1, a periodic orbit with twice the period
is born in a period-doubling bifurcation. Finally, when the Jacobian of the map
P acquires a pair of complex eigenvalues, a torus is born in a torus bifurcation
(Hopf bifurcation of a limit cycle).

The bifurcations introduced above form the backbone of the bifurcation dia-
gram of an optically injected laser [101]. There are several programme packages
available that can be used to detect and follow the basic bifurcations introduced
here. In article IV the package MATCONT [102] was utilised, which features an
easy to use graphical user interface.

Routes to locking

The locked state corresponds to a fixed point of the rate equations. Fixed points
are created and destroyed in Hopf and saddle-node bifurcations. Which of these
form the boundary of the locked state depends on the laser parameters, α in
particular, as well as on the injection rate and detuning [101]. When α > 0,
most of the upper locking boundary is formed by a Hopf bifurcation. The Hopf
bifurcation is a smooth transition, since the oscillations are born with an am-
plitude proportional to

√
ξ where ξ is a distance from the boundary [51]. This

smoothness can be seen in Fig. 4.3, where the upper locking boundary barely
shows up in the peak power mapping.

The saddle-node transition was already briefly discussed in Chapter 3 in con-
nection with Adler’s model for locking. For very small injection rates and detun-
ings, this type of bifurcation bounds the locked state both from above and from
below, and for larger injection rates it is only found at negative detunings. In the
Nd:YVO4 case, the saddle-node bifurcation takes place on a periodic orbit. When
the boundary is approached from the limit cycle side, the phase point begins to
spend more and more time in a certain part of the periodic orbit until it finally
makes a complete stop. Other parts of the orbit are traversed with longer and
longer delays. This process results in a power time series that consists of increas-
ingly long delays between pulses, and can be seen as high peak powers near the
lower locking boundary in Fig. 4.3 and Fig. 4.4(e). Spontaneous emission noise
reduces the peak powers considerably. More detailed numerical and experimental
power time series of an Nd:YVO4 laser en route to locking can be found in [61].

In the edge-emitter of article V, saddle-node transitions to locking are smoother,
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with pulse peak powers only somewhat larger than the free-running power. Fur-
thermore, this type of behaviour can only be found under low level injection.
At higher powers the fixed point disappear suddenly, with the laser making a
transition to a nearby periodic orbit.

The Hopf and saddle-node bifurcations are the generic bifurcations that form
the major parts of the locking boundaries. This is, however, not the whole story.
For instance, at certain points these bifurcation curves collide and form saddle-
node-Hopf bifurcations. The bifurcation structure and the route to locking is
very complicated in the vicinity of such points [103, 104].

Routes to chaos

In Fig. 4.5 large regions of chaotic dynamics can be seen. The type of route to
chaos taken by the slave laser depends on which direction the chaotic attractor is
approached from [105]. Chaotic attractors can appear via several different routes
[106]. In the period doubling route (Feigenbaum scenario) an attracting periodic
orbit undergoes an infinite number of successive period doublings (as a parameter
is varied) until it finally becomes chaotic. This route is clearly seen in Fig. 4.2(a)
for K & 1.7.

In an intermittent route (Pomeau-Manneville scenario) of type I, a periodic
orbit loses its stability with the appearance of a chaotic attractor. The ’ghost’ of
the periodic orbit left behind leads to chaotic output interrupted by sequences of
periodic behaviour. Hence the name intermittent. If the parameter is varied in the
other direction, the chaotic attractor disappears when an attracting periodic orbit
is born in a saddle-node bifurcation. Before this actually happens, the chaotic
attractor begins to sense the periodic orbit about to form, which then leads to
the characteristic sequence of chaotic output interrupted by longer and longer
intervals of periodic behaviour. Other variations of the intermittent transition
also exist (type II and type III).

In the Ruelle-Takens-Newhouse scenario, also called break-up of a torus, a
fixed point undergoes three successive Hopf-bifurcations. In the first stage a
periodic orbit is born. In the second stage the periodic orbit bifurcates into a
torus in a torus bifurcation (Hopf bifurcation of a limit cycle). At the third Hopf
bifurcation, a hypertorus is born; however, the hypertorus is usually unstable
and a chaotic attractor appears instead. Motion on a torus can be quasi-periodic
or locked3 and this is governed by resonance tongues. In another version of the
break-up of a torus route to chaos, a smooth transition to chaos appears where
the resonance tongues begin to overlap.

If a chaotic attractor coexists with another attractor, then it can collide with
the boundary between the basins of attractions of the two attractors. If this

3 There is a periodic orbit on the torus.
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happens, the chaotic attractor can disappear in what is called a boundary crisis.
Chaotic attractors born via break-up of tori are usually much larger than those
born via period-doubling cascades. However, a small attractor can suddenly
increase in size when colliding with the stable manifold of an attractor of the
saddle type [107]. Such a process is called an interior crisis.

A period-doubling route to chaos was first observed in a loss modulated CO2

laser [85]. In an optically injected semiconductor laser somewhat clear experi-
mental evidence for a period-doubling route to chaos was first given in [108], for
an intermittent transition in [109], and for a quasi-periodic route, i.e., break-up
of a torus, in [93].

The next chapter takes a closer look at how the dynamical complexity of
coupled lasers can be experimentally investigated. Some applications for these
systems are also presented.
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5. OPTICAL INJECTION EXPERIMENTS

Unidirectionally coupled lasers have been studied since the 1960s [80]. However,
most of published experimental work focus on isolated phenomena in the (K, Ω)-
plane, whereas detailed global experimental mappings are scarce. For semicon-
ductor lasers, detailed global mappings have been published in, e.g., [110, 109, 93]
for DFB lasers and in [111] for VCSELs with orthogonally polarised injection.
The most detailed experimental mappings to date have been performed on Fabry-
Pérot type semiconductor lasers in [112] and [113]. These mappings are compared
in detail to modelling results in article V. In article IV of this Thesis the global
dynamics of an optically injected Nd:YVO4 laser is experimentally mapped in
detail for the first time.

Experimentally, the dynamical state of a laser can be deduced from opti-
cal spectra, power spectra, power time series, or combinations thereof. Which
of these methods are applicable in practise depends on the type of laser under
study. In order to obtain undistorted power time series of lasers during optical
injection, the optical bandwidth of the detection system (photodetector and real-
time oscilloscope) must be several times higher than the characteristic frequency
of the slave laser. Consequently, semiconductor lasers require oscilloscopes with
very high bandwidths. Such instruments are still very expensive, if available at
all. Thus injection experiments with semiconductor devices must usually rely on
optical and microwave spectra, although short time series can be obtained with
streak cameras. Apart from potential applications, the high frequencies involved
does give one advantage - the frequency stability of the lasers during experiments
does not pose a problem.

In solid-state lasers it is the other way around. On one hand, the low char-
acteristic frequencies of a few MHz mean that power time series can easily be
measured with contemporary oscilloscopes and photodetectors. On the other
hand, obtaining optical spectra with 100 kHz resolution is more of a challenge,
especially when the long term frequency stability of the free-running lasers is an
order of magnitude poorer. Problems with the frequency stability of the lasers
can be avoided by performing the measurements fast enough, as discussed in Sec.
5.2.

In the next two sections experimental techniques used in optical injection
experiments on semiconductor and Nd:YVO4 lasers are discussed.
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Fig. 5.1: A typical setup used in optical injection experiments with semiconductor
lasers. ML: master laser; SL: slave laser; PM: power meter; OI: optical isola-
tor; AOM: acousto-optic modulator; M: mirror; BS: beam splitter; BB: beam
block; PD: fast photodetector; SA: microwave spectrum analyzer; OSC: oscil-
loscope; FP: Fabry-Pérot interferometer.

5.1 Semiconductor Lasers

A typical experimental setup is shown in Fig. 5.1. Light from the master laser
(ML) is directed towards the cavity of the slave laser (SL) via an optical isolator
(OI) and an acousto-optic modulator (AOM). The isolator prevents optical feed-
back to the ML and ensures that the coupling is unidirectional. Optical spectra
are measured with a Fabry-Pérot interferometer (FP). A fast photodiode (PD)
coupled to a microwave spectrum analyser (SA) gives the power spectrum, and
the power meter (PM) measures the relative amount of injected light.

A convenient way of studying the dynamics is to have a computer control the
experiment; that is, to increase the amount of injected light and to continuously
record optical and microwave spectra. The spectra can then be colour coded and
plotted next to each other to yield a pseudo-colour plot of the events taking place
as the injection rate is varied [114, 112]. Figure 5.2 shows examples of such plots
for a 690-nm EEL [115]. The injection rate increases from left to right and each
vertical column represents the colour coded optical (a) and microwave spectrum
(b) at the corresponding injection rate. Note that, in this case, the photodetector
PD had an electrical bandwidth of only 1 GHz, which explains the limited power
at the highest shown frequencies in the chaotic regions in Fig. 5.2(b).

Starting from left, the spectra correspond to Adler type frequency pulling
(ζ < 0.02 where ζ is the injection rate), followed by a narrow range of locking,
then a limit cycle (0.05 < ζ < 0.1), chaos, a periodic orbit (0.18 < ζ < 0.2),
then chaos again followed by a periodic orbit that eventually bifurcates back to
the locked state at the far right (via a Hopf bifurcation). By taking several such
sweeps with different detunings a map of the dynamics can be put together, as
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Fig. 5.2: Pseudo-colour plots of optical (a) and microwave (b) spectra of an EEL sub-
jected to optical injection (logarithmic colour scales). In (b) the electrical
bandwidth of the photodetector was only 1 GHz, which explains the low pow-
ers at the highest frequencies in the chaotic regions. The absence of power at
some of the low frequencies is an artifact.

done in [112, 113] for an edge-emitter operating around 634 nm. The results of
these mappings, one of which is reproduced with permission in Fig. 5.3, compare
well with the numerical simulations in Fig. 4.5 and article V. The periodic orbits
(1,2,3,4) in the experiment are in good agreement with those in Fig. 4.5, as are
the chaotic islands (C) although the chaotic islands in the simulation are a bit
larger. This could be due to the neglect of spontaneous emission, which is known
to cause extra damping of instabilities in strongly modulated semiconductor lasers
[116, 117]. In the regions marked ’OM’ the laser has made a mode hop to another
nearby longitudinal mode. These features can be taken into account by adding
an equation for a nonresonant mode into the model [93]. In such models power is
transferred to the nonresonant mode mostly near the locking range, in agreement
with that seen in Fig. 5.3. To avoid these mode hops a DFB laser with increased
side-mode suppression should be used.

5.2 Nd:YVO4 Solid-State Lasers

The low characteristic frequencies of slow inversion lasers, such as Nd:YVO4

lasers, means that power time series can be easily recorded, whereas optical spec-
tra are more difficult to measure. The low characteristic frequencies also imply
that the frequency stability of these lasers becomes a problem, since the detun-
ing between the lasers must stay constant during a sweep of the injection power.
The stability must be at least an order of magnitude smaller than the relaxation
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Fig. 5.3: Experimental mapping of the dynamics of an 634-nm EEL. Reproduced from
[113] with permission from the publisher. C: chaos; 1,2,3 and 4: periodic
orbits of different periodicity; OM: other longitudinal modes; P: frequency
pulling.

oscillation frequency, which means O(100 kHz) in this case. Such a long term
stability is difficult, if not impossible, to achieve, considering that no active sta-
bilisation methods can be allowed. The solution is to ramp up the injection rate
quickly so that the detuning does not have time to drift. A lower boundary for
the sweep time is set by the requirement that the injection power increase must
be adiabatic, meaning that it can be considered constant at each power level. On
the left in Fig. 5.4 is a power time series recorded with an oscilloscope while the
injection power is ramped up from zero until locking is reached in roughly one
millisecond [IV]. This trace contains about 105 data points and all dynamical
states the laser goes through on its route to locking. As an example, the inset
shows a clear period-doubling bifurcation at t = 0.33 ms.

An overview of laser response to injection as a function of detuning and injec-
tion rate can be obtained by colour coding the peak power, as discussed in Sec.
4.2.1. Such a plot is shown on the right in Fig. 5.4. This map reveals clear asym-
metry with respect to the detuning and is in good agreement with the numerical
map in Fig. 4.3 if α ≈ 0.2... 0.3. Individual power time series from different parts
of the map can also be compared and they too demonstrate a remarkable agree-
ment between the model and the experiment [IV][61]. In article III, the above
estimate for α is confirmed using an independent FM/AM technique. Prior to
these results, the LEF in solid-state lasers was usually assumed to be very small,
although in [118] evidence was given for α ≈ 1 in a Nd:YAG microchip laser.
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Fig. 5.4: An example of a power time series measured during a sweep of the injection
rate for fixed detuning Ω = 1.4ΩR (left). The inset shows a clear period-
doubling bifurcation. Several traces can be combined into a map by colour
coding the peak power (right). The white line indicates the position of the
trace shown on the left.

Such a large value seemed to agree with [119], where α = 1 and α = 2 were used
when feedback experiments on Nd:YVO4 lasers were modelled. However, based
only on the symmetrical locking region in Fig. 5.4, α . 0.4 must hold.

For a more detailed account of what kind of dynamics is contained in the
recorded traces, all traces should be analysed individually. One way of doing
this is to manually go through the data, trace by trace, and to plot a map that
shows where different dynamics was found. Another, more efficient, way is to let
a computer go through the traces looking for signs of different bifurcations. For
example, a period-doubling bifurcation corresponds to a situation where the time
between subsequent power maxima is doubled. Such an approach is presented in
[120]. The presence of a significant amount of noise complicates the seemingly
straightforward approach.

5.3 Applications

The research on optical injection as well as on other types of coupled laser systems
is motivated by the many present as well as several potential future applications
of these systems. To conclude the introductory part of this Thesis, some appli-
cations are presented where optical injection and optical feedback can be used to
advantage. Most traditional applications use the locked or low injection regimes,
but recently, potential applications for the periodic states, and the chaotic states
in particular, have been proposed. A particular state of a laser can only be used
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in applications if it can be found in the parameter space. To this end, the different
types of stability maps drawn in this and in the previous chapter come in handy.

5.3.1 Basic Research

Model systems: A multitude of synchronisation phenomena and other types of
nonlinear processes are encountered in nature. However, systematic experimental
studies of these dynamical systems are often complicated by the limited exter-
nal control that can be applied as well as by the long time scales. An optically
injected class-B laser represents a low-dimensional dynamical system with two
relatively easily controllable parameters – the frequency detuning and the injec-
tion rate – and can, therefore, together with the rate equations serve as models
for research on the dynamics of nonlinear low-dimensional systems. Analogously,
lasers with optical or opto-electronic feedback can serve as models for delay cou-
pled dynamical systems. The two control parameters in those cases are the delay
time and the coupling strength, both of which are easily accessible quantities.

Laser characterisation: Optical injection and optical feedback can be used to
advantage in laser characterisation. In Section 4.1 and in article II amplification
of a weak injected probe as a function of detuning was measured to obtain infor-
mation on the relaxation oscillation frequency and the damping rate. In article I

several methods based on optical injection and optical feedback were applied to
measure the linewidth enhancement factor α.

Light amplification: Sometimes low power laser light of good quality needs
to be amplified while maintaining its properties. One way of achieving this is
to injection lock a more powerful laser to this light. The slave laser will then
inherit the frequency of the injected light while providing amplification of several
orders of magnitude. For example, in a frequency comb the power in a single line
is very small, O(1 µW), and in order to compare the frequency to, e.g., a 100
µW iodine-stabilised He-Ne laser, the light must be amplified in order to obtain
a reliable beat frequency count. One way of achieving improved signal to noise
ratio is to injection lock a semiconductor laser of a few tens of mW of average
power to the comb line and to count the beat signal between the He-Ne and the
semiconductor laser [121]. In the cited paper amplification of as much as 39 dB
was demonstrated.

As a side note, in the early days of radio communications, powerful triode
signal generators were injection locked to smaller but much more stable oscillators
in order to realize stable high-power signals.

5.3.2 Telecom

Modulation bandwidth: The faster a laser can be modulated, the higher the achiev-
able bitrates in telecommunication systems based on directly modulated lasers.
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Fig. 5.5: A noiseless semiconductor laser (fR = 4.4 GHz, α = 4) under strong optical
injection (Ω,K) = (0, 8) and modulated with an ideal 1 Gbit/s NRZ pseudo-
random sequence: (a) amplitude modulation and (b) frequency chirping.

An interesting discovery is that the modulation bandwidth of a laser can be
increased by strong optical injection [122]. Recently, a small signal modulation
bandwidth of 50 GHz was demonstrated in a 1.55 µm multi-quantum-well VCSEL
[123] with a free-running relaxation oscillation frequency of 7 GHz. In [124] the
bandwidth of a quantum-dot VCSEL was raised from 1.8 GHz to 7.4 GHz. The
increase has been attributed to pulsations of the intracavity field and popula-
tion inversion at frequencies determined by the frequency detuning between the
master and the slave laser [125]. Another advantage with this technique is that
frequency chirping is also reduced. Figure 5.5 shows the same situation as Fig.
2.7, i.e., a VCSEL modulated with an ideal 1 Gbit/s NRZ pseudo-random se-
quence, but now strong optical injection is also applied. Note the improved bit
pattern and the reduction in chirp.

Carrier generation: In future radio-over-fibre applications, microwave signals
will be transported optically to local base stations which receive the signals and
transmit them via microwaves to the surroundings. In [126] a method is pre-
sented for producing a high frequency microwave carrier riding on light from a
semiconductor laser. In that scheme an optically injected laser is driven into
limit cycle dynamics (region ’1’ in Fig. 4.5). To reduce the jitter of the generated
wave, the slave laser is double-locked by applying a small microwave signal to the
bias of the slave. Up to 14-GHz signals with excellent stability were successfully
produced. The direct small-signal modulation bandwidth of the laser was limited
to only 3 GHz due to device parasitics. In [127] the same period-1 state is used
to generate nearly single-sideband frequency modulated communications signals.

Frequency division: Frequency division is an important element in communi-
cations systems, e.g., in optical time division multiplexing. In [128] the frequency
doubled solution (region ’2’ in Fig. 4.5) is utilised to frequency double or divide a
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microwave carrier. Frequency multiplication is achieved when the laser dynamics
is double-locked to a microwave signal at the subharmonic frequency. Conversely,
frequency division is realised when the slave laser is double-locked to a microwave
signal at the primary frequency.

Secure communication: In recent years, the possibility of realising high-speed
secure communication systems using chaotic optical carriers has raised consid-
erable interest [129]. In the simplest scheme, known as chaos masking (CMA),
a chaotic carrier in the transmitter laser is generated with optical injection, or
feedback, and a message is added to this carrier by, e.g., modulating the current
of the slave laser or by modulating the light to be transmitted with an external
modulator. In the receiver end, one part of the incoming light is injected into the
receiver laser, which, if conditions are right, synchronises to the injected light.
The receiver laser acts as a chaos-pass filter that reproduces the chaotic fluctu-
ations of the transmitter laser but suppresses additional encoded signals [130].
The message is then recovered by subtracting the receiver output from the orig-
inal signal. The feasibility of such a scheme was first numerically demonstrated
in [131], where two solid-state lasers were used two transmit a 100 kbit/s bit se-
quence. In current state-of-the-art setups based on semiconductor lasers signals
of several GHz are routinely transmitted. In [132] a composite TV-signal at a
carrier frequency of 2.4 GHz was encoded and successfully received, although the
received image quality was less than perfect.

5.3.3 Other Areas

Chaotic radars: Conventional pulsed radars send out short microwave pulses and
record the time it takes for the reflected waves to return. Distance is then com-
puted from the time delay. A random signal radar (RSR) sends one part of a
random microwave train towards the target and keeps one part as a reference.
When the reflected wave train returns it is autocorrelated with the reference.
Since the wave train is random, the autocorrelation function has a large value
only for a certain time delay, which corresponds to the round-trip time. Typical
electrical noise circuits and chaotic circuits have bandwidths below 1 GHz. In
[133] an RSR that utilises the broadband chaotic signal (& 10 GHz) from an op-
tically injected semiconductor laser was proposed and demonstrated. According
to the authors of the cited paper, their technique offers improved range resolu-
tion compared to conventional radars, and it reduces the need for sophisticated
microwave electronics.

Interferometry: Important areas of application of optical feedback are dis-
placement measurement and velocimetry. The conventional way of optically mea-
suring displacement (velocity) is to construct a Michelson interferometer and to
simply count the resulting fringes (beat frequency). A more exotic approach is
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the self-mixing scheme, where laser light reflected from the target is fed back
into the cavity of the emitting laser and the resulting changes in the laser output
power are monitored [89]. The signal to noise ratio is not as good as what can be
achieved with the conventional interferometers, but due to its simplicity, the self-
mixing scheme is a very cost-effective way of realising sensitive sub-wavelength
detection. Additionally, the presence of the LEF in semiconductor lasers leads
to an asymmetry with respect to the target movement, which means that the
direction of movement can also be deduced (see Fig. 7(a) in article I).

This discussion on a few selected applications brings the introductory part of
this Thesis to an end. The list presented above is by no means exhaustive. Es-
pecially in the field of telecommunications several other uses for optical injection
have been proposed, including wavelength conversion (e.g. [134]), clock recovery
(e.g. [135]) and optical phase-locked loops [136]. The next chapter summarizes
the results of this work and gives a brief outlook.
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6. CONCLUDING REMARKS

In conclusion, the first part of this Thesis reviewed the historical milestones that
led to the contemporary semiconductor and Nd:YVO4 lasers studied in this work.
Basic properties of class-B lasers were reviewed using a simple but powerful rate-
equation model. Model parameters and solitary laser dynamics were discussed
with an emphasis on the linewidth enhancement factor α and on artificially or
noise induced dynamics around the steady state. The second part of this Thesis
focused on the dynamics of unidirectionally coupled lasers. Weak optical injection
was shown to be useful in model parameter extraction, whereas strong optical in-
jection was shown to induce a wealth of interesting and potentially useful complex
nonlinear dynamics.

In particular, this work presented (i) the first systematic comparison between
many different α-measurement techniques. A need for such a work was noted
already in the late 1980s in a review paper by Osiński and Buus [49]. Since
then, a number of new techniques have been presented but still a comprehensive
comparison between the various techniques have been lacking. In this Thesis the
first step towards a correction of this situation was taken.

(ii) A nonmonotonous linewidth behaviour at threshold in a VCSEL was re-
ported on for the first time. The effect, which was predicted theoretically in [67],
has previously been observed only in DFB lasers. These new results show that
the effect can be expected in many types of lasers with a strong coupling between
the gain and the refractive index.

(iii) A variation of an experimental technique originally introduced by Harder
et al. [73] was put forward to directly measure the linewidth enhancement factor
in a microchip solid-state laser for the first time. The result α = 0.25 ± 0.13
confirmed the estimates of α = 0.2...0.3 obtained indirectly from optical injection
experiments.

(iv) A novel and powerful experimental technique for studying the dynamics
of coupled microchip solid-state lasers was presented. The method is based on
continuous power time series measurements during sweeps of the injection rate.
By rapidly driving the injection rate up and down, the frequency instabilities
of these types of lasers (relative to their characteristic frequency) are avoided.
Inherent to the method is that all the dynamical states the slave laser goes through
on its way to locking are automatically recorded.
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(v) Finally, detailed previously published experimental mappings of the dy-
namics of an optically injected semiconductor laser were compared to the rate-
equation model by computing the largest Lyapunov exponent. The results show
that in order to reach at a quantitative agreement between experiment and the-
ory, the value of the linewidth enhancement factor must be increased from the
earlier reported value of 3.9 to about 6.7. The results also show that the nonlinear
gain rate γp should not be neglected.

6.1 Outlook

From a pure dynamics point of view, the most important parameter in semicon-
ductor lasers is the linewidth enhancement factor α, which influences many of the
basic properties of free-running and pump-modulated lasers, as well as the basic
properties of lasers with a coupling to an external field, cavity or reflector. The
effect of the other parameters is mostly to determine the time scale via the relax-
ation oscillation frequency. A nonzero α arises due to an asymmetric gain profile
or due to a detuning from the gain peak in the case of a symmetric gain profile.
In semiconductor lasers the gain profile is highly asymmetric, which results in a
large α-factor even when the cavity allows lasing at or near the gain peak, as is
the case in edge-emitters.

The measurements on the Nd:YVO4 lasers presented in this work left the
physical origin of α unknown. By combining these experiments with spontaneous
emission measurements that allow the gain profile to be studied, the origin of α
could probably be determined. Furthermore, if the 1-mm crystals were exchanged
to shorter ones, say 0.5 mm, and equipped with an external movable mirror, then
the oscillation frequency of the slave laser could be tuned mechanically. It would
then be possible to measure α and to study the injection induced dynamics as
a function of the frequency detuning from the gain peak. Another advantage
of changing the crystals to shorter ones would be the resulting increase in the
relaxation oscillation frequency fR. An increase in fR means that the relative
frequency stability is improved. The relaxation oscillation frequency is a function
of the cavity round-trip time, and when the round-trip time is decreased, fR

is increased. Furthermore, 0.5-mm crystals usually come with 3% neodymium
doping. The increased doping level shortens the upper state lifetime and increases
γs and γn by a factor of three [137], which in turn causes an additional increase
in fR.

The experimental data on the optically injected Nd:YVO4 laser is in surpris-
ingly good agreement with the rate-equation model considering the amount of
noise present and the frequency instabilities between the master and the slave
laser, which forced the measurements to be performed quickly. Due to the fre-
quency instabilities, it is unlikely that the unidirectionally coupled solid-state
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laser system will find any applications in the future, besides those of a more aca-
demic nature. This is in contrast to semiconductor lasers with optical injection,
where the high characteristic frequencies mean that frequency stability is not a
problem, except perhaps over long time scales. If coupled semiconductor lasers
are to be used in commercial applications, methods must be found by which the
injection parameters can be stabilised over long time scales. Otherwise, the injec-
tion rates and, in particular, the detuning between the lasers will drift, making
the systems unreliable and of little practical use. A potential solution is to man-
ufacture monolithic chips containing two identical lasers. In that case both lasers
will feel similar changes in their environment and will drift in concert maintaining
a constant detuning. If more precise control is needed, e.g., to counter drifts due
to ageing, methods for active stabilisation of the injection parameters must be
found.

From a nonlinear dynamics point of view, an ideal laser system to study would
be one with relaxation oscillations around a few hundred MHz. This would mean
that (i) contemporary oscilloscopes and photodetectors would have no problem
in keeping up with changes in the outputs of the lasers, (ii) optical spectra could
be directly measured with Fabry-Pérot interferometers, and (iii) frequency sta-
bility would not be a problem. With such a system the experimenter would be
getting the best of both the semiconductor and the solid-state laser worlds –
good frequency stability and low frequencies. Such a system could potentially
be constructed using vertical external-cavity semiconductor lasers (VECSELs) or
external cavity EELs.

Dynamics in coupled lasers is currently an active field of research motivated
by the controllable complex nonlinear dynamics and by several potential future
applications. With the results presented in this Thesis, the author hopes to
have made a contribution to the advancement of this particular sub-field of laser
physics.



ERRATA

IV: The Langevin field noise spectral density D2
a is defined by D2

a = 1
2
〈Fa(ω)F ∗

a (ω)〉.

V: Eq. (7) should read IMP

ISB∓
= .... Furthermore ∆ = arg(1+ ix) and hence ∆ = 0

if α = β or ΩM ≫ γp.
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