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Chapter 1

Introduction

Solar and stellar observations reveal a multitude of complex phenomena that are related
to the outer convection zones of those stars. The most prominent emergent effects of
convection are the differential rotation and large-scale magnetic fields, strikingly visible
from the solar surface. In the longer term, the 11 year sunspot cycle and the grand
minima seen in the sunspot number are the most well-known examples of solar activity.
During the past decade or so, the surface features of a variety of other active late-type
stars, discernible with the Doppler imaging technique, have also been obtained. These
stars are usually more rapid rotators and exhibit starspot distributions and cycles that
are significantly different from those of the Sun: the large scale magnetic fields are highly
non-axisymmetric and concentrated near the poles.

During the last decades mean-field dynamo models, in which large scale magnetic
fields are thought to arise due to the combined inductive action of differential rotation
and small scale turbulence, have been enormously successful in reproducing many of
the observed features of the solar magnetic activity on a global scale. In the meantime,
new observational techniques, most prominently helioseismology, have yielded invaluable
information about the interior of the Sun. Asteroseismology promises to reveal the inner
structure of stars other than the Sun in the near future. This new information, however,
imposes strict conditions on dynamo models. Moreover, basically all of the present
dynamo models depend on knowledge of the small-scale turbulent effects that produce
the large-scale phenomena such as differential rotation and global magnetic fields. In
many dynamo models these effects have to be prescribed in a rather ad hoc fashion with
little or no support from observations or theoretical considerations.

With powerful enough computers it would be possible, at least in principle, to numer-
ically solve the equations of magnetohydrodynamics under stellar conditions, distinguish
the dominant physical processes and study their behaviour as functions of different pa-
rameters. However, scales of several orders of magnitude need to be resolved in the same
model in order to accurately capture all the relevant dynamics, which renders the full
problem unsolvable with the present day, or for that matter, any forseeable computers.
In our view, a combination of mean-field modelling and local 3D calculations is a more
fruitful approach. The large-scale structures of convection and magnetic fields are well
described by global mean-field models, provided that the small-scale turbulent effects
are adequately parameterized. The latter can be achieved by performing local calcula-
tions because they allow a much higher spatial resolution than what can be achieved in
direct global calculations.
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In the present dissertation three differing aspects of developing mean-field theories
and models of stars are studied. Firstly, the basic assumptions of different mean-field
theories are tested in the contexts of passive scalar diffusion due to isotropic turbulence
(Paper I) and the turbulent electromotive force due to turbulent convection (Paper V).
Furthermore, the spatial and temporal coherence of turbulent rotating convection is
studied in Paper IV in order to estimate the Strouhal number which determines the
validity of many approximations used in the mean-field theory. Secondly, even if the
mean-field theory is unable to give the required transport coefficients from first princi-
ples, it is in some cases possible to compute these coefficients from three-dimensional
numerical models in a parameter range that can be considered to describe the main
physical effects in an adequately realistic manner. In the present study, the Reynolds
stresses and turbulent heat transport, responsible for the generation of differential ro-
tation, were determined in Paper II from hydrodynamic convection calculations. The
mixing length relations describing convection in stellar structure models were studied
under the influence of rotation in Paper III. Furthermore, the α-effect and magnetic
pumping due to turbulent convection were studied in Paper V. The third area of the
present study is to apply the results of the local convection calculations in mean-field
models, which task we start to undertake in Paper VI, where kinematic solar dynamo
models are presented with the α-effect and turbulent pumping from Paper V.

The remainder of the dissertation is organised as follows: in Chapter 2 a brief
overview of what is known about convection in late-type stars and the physical pro-
cesses affected by it are given. The emphasis in the present study is on the knowledge
we have of the solar convection zone. Chapter 3 introduces the basics of the mean-field
theory and applications for passive scalar diffusion, convective angular momentum and
energy transport, and magnetic field generation. In Chapter 4 the numerical models
used in the present study are described. Chapters 5 and 6 summarise the results and
conclusions of the publications included in the thesis.
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Chapter 2

Convection and turbulence in
late-type stars

The energy radiated by stars such as the Sun is produced in the hot and dense core of
the star by nuclear fusion. This energy can be transported to the stellar surface by a
variety of means such as conduction, radiation or convection. The transport of energy
by convection differs from the other processes in the sense that it drives large-scale mass
motions. This makes convection particularly interesting, escpecially in the astrophysical
context where the convecting fluid is often fully ionized. Furthermore, the molecular
viscosities that are to be expected in these environments are very small in view of the
dimensions of the system. For this reason convective flows in astrophysical systems are
usually highly turbulent (see Sect. 2.2). Present day knowledge explains the differential
rotation and other large-scale flows, as well as the magnetism of the Sun and other
late-type stars basically as emergent features of the underlying turbulent convection.

In this Chapter a brief outline of what is known of convection in late-type stars
in general is presented (Sect. 2.1), and some arguments for the turbulent nature of
these convective flows are given (Sect. 2.2). Furthermore, a more detailed description
of the most prominent physical processes arising from or affected by convection is given
with emphasis on observational evidence (Sect. 2.3). The best known and most studied
example of a late-type star with a convective envelope is the Sun which will be used as
an example in the majority of the discussion in the present dissertation. Observational
evidence from stars other than the Sun is given when available.

2.1 Principles of stellar convection

2.1.1 Stability criterion

The convective instability of a stratified fluid without rotation or magnetic fields is
determined by the classic Schwarzschild criterion (Schwarzschild 1906)

∇ > ∇ad (unstable) . (2.1)

where ∇ = ∂ ln T
∂ ln p is the logarithmic temperature gradient, and ∇ad the corresponding

adiabatic gradient. This criterion was generalised by Ledoux (1947) who took into
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account the possibility of a variable molecular weight

∇ > ∇ad +
ϕ

ζ
∇μ (unstable) , (2.2)

where ∇μ = ∂ lnμ
∂ ln p is the logarithmic mean molecular weight gradient. Furthermore,

ϕ = ∂ ln ρ
∂ ln μ and ζ = − ∂ ln ρ

∂ lnT . However, for simplicity, Eq. (2.1) is considered as the
stability criterion of convection in what follows. An alternative way to represent the
stability criterion can be presented using the Rayleigh number

Ra =
gl4δ

νχHp
, (2.3)

where g is the acceleration due to gravity, l a typical length scale, δ = ∇ − ∇ad the
superadiabatic temperature gradient, ν the viscosity, χ the thermal diffusivity, and
Hp = −(1

p
∂p
∂r )−1 the pressure scale height. The Rayleigh number describes the efficiency

of convection in comparison to diffusion. In the absence of rotation or magnetic fields
and assuming constant μ, an equivivalent way of expressing Eq. (2.1) is

Ra > Racrit = 0 (unstable) , (2.4)

The effects of viscosity, rotation and magnetic fields change the stability criterion (e.g.
Cowling 1951; Chandrasekhar 1961; Hathaway et al. 1979, 1980) and work, in general,
as to increase the critical Rayleigh number.

Essentially the ways to fulfill (2.1) are twofold; either by increasing the temperature
gradient or by decreasing the adiabatic gradient. The present stellar structure and
evolution models (e.g. Kippenhahn & Weigert 1990) predict that in the main-sequence
the former case occurs in early-type stars with a convective core, and the combination
of both effects in late-type stars with an outer convection zone.

2.1.2 Convection in main sequence stars

The case of a convective core occurs in massive enough stars, approximately of spectral
type A and earlier, whose main energy production mechanism is the CNO-cycle. The
energy production rate, εCNO, of the CNO-cycle is strongly dependent on the temper-
ature, i.e. εCNO ∝ T 16. This causes the energy production to be highly concentrated
in the core of the star and forces the radiative temperature gradient to steepen rapidly
towards the centre (e.g. Kippenhahn & Weigert 1990).

For stars of spectral type later than A, on the other hand, the main energy produc-
tion mechanism is the proton-proton (pp) chain whose temperature dependency is much
milder, εpp ∝ T 4, leading to a much more distributed energy source, and thus a signif-
icantly gentler radiative gradient within the core of the star. The reason for the outer
layers of these stars to be convectively unstable is that due to their lower temperature
(T � 104K) the partial ionization of hydrogen, and of helium in the deeper regions,
lowers the ratio of the specific heats γ = cp/cV, thus diminishing the adiabatic gradient
∇ad = γ−1

γ (Unsöld 1930). More importantly, however, the high opacity of the stellar
matter makes radiative transport very inefficient and causes the temperature gradient
to increase substantially. Thus the convection zone can extend to much deeper layers
where hydrogen and helium are essentially fully ionized (Biermann 1935). The outer
convective envelopes expand from the shallow or non-existent unstable layers found in
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spectral type A stars via the solar convection zone which extends approximately 30 per
cent of the radius to the most likely fully convective M stars. It is also possible that the
dissociation of hydrogen molecules in the surface layers of very late-type stars can play
an analogous role as the ionization of hydrogen and helium in the earlier types.

The possibility to have convection in evolutionary stages other than the main-
sequence (see, e.g. Kippenhahn & Weigert 1990) has not been discussed above since
this does not fit in the scope of the present study. In the remainder of the dissertation
only late-type stars possessing an outer convective envelope are considered.

2.2 Viscosity and resistivity in stellar convection zones

Considering the stellar convective envelopes to consist of essentially fully ionized plasma,
it is possible to estimate the viscosity and electrical conductivity by the formulae given
in Spitzer (1962) (see also Brandenburg & Subramanian 2005c)

ν ≈ ε2
0 m

1/2
i (kBT )5/2

ρZ4e4 lnΛ
, (2.5)

σ ≈ ε2
0 (kBT )3/2

m
1/2
e Ze2 lnΛ

, (2.6)

where the collisions of electrons have been neglected, ε0 = 8.8542 · 10−12 C−2 N−1 m−2

is the vacuum permittivity, kB = 1.3806505 · 10−23J/K the Boltzmann constant, T [K]
the temperature, ρ [kg m−3] the density of the particles that dominate the momentum
transport (ions), mi [kg], and me [kg] are the masses of ions and electrons, respectively.
Moreover, Z is the charge number, e = 1.60217653 · 10−19C the elementary charge, and
ln Λ the Coulomb logarithm. The resistivity in SI units is simply η = σ−1.

Assuming the gas to consist of pure hydrogen, the order of magnitude estimates for
the viscosity and resistivity in SI units read

ν ≈ 10−4 ·
(

T

106 K

)5/2( ρ

102 kg m−3

)−1( ln Λ

20

)−1

m2 s−1 , (2.7)

η ≈ 1 ·
(

T

106 K

)−3/2( ln Λ

20

)
m2 s−1 . (2.8)

The Reynolds numbers describing the strengths of advection and induction versus dif-
fusion are given by

Re =
ul

ν
, (2.9)

Rm =
ul

η
, (2.10)

where u and l are typical velocity and length scales. For the Sun, typical values of the
temperature and density (see e.g. Stix 2002) are T ≈ 104 K, and ρ ≈ 10−4 kg m−3 near
the surface, and T ≈ 106 K, and ρ ≈ 102 kg m−3 near the bottom of the convection zone.
Approximating the Coulomb logarithm by ln Λ ≈ 20, the values ν and η can be estimated
at different depths in the solar convection zone. Mixing length models of the solar
convection zone give (from top to bottom) u ≈ 103 . . . 10 m s−1, and l ≈ 106 . . . 108 m
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Figure 2.1: The internal rotation of the Sun as obtained from helioseismology. The
bottom of the convection zone lies at r = 0.713R�. Image courtesy of Markus Roth.

(Stix 2002). Thus Re ≈ 1012 . . . 1013, Rm ≈ 106 . . . 109, and Pm = η/ν ≈ 10−6 . . . 10−4.
Terrestrial flows are known to become turbulent when Re is sufficiently large (O(103),
see e.g. Frisch 1995). In the stellar case Re and Rm are well beyond these values
implying that the flows are highly turbulent.

A typical feature of turbulent flows is that quantities that are ideally conserved
evolve according to nonlinear cascades. For instance, the total energy density (kinetic
plus magnetic) is transferred from large to small scales. Associated with this are three
ranges of length scales: the injection range at a large scale, the inertial range, where dis-
sipation is negligible, and the dissipation range at small scales, where viscous dissipation
dominates and kinetic energy is converted into heat. By contrast, the magnetic helicity
density, which is another conserved quantity, evolves according to an inverse cascade,
such that it is transferred from small to large scales (see Frisch et al. 1975; Pouquet et
al. 1976; Brandenburg et al. 2002). This is escpecially interesting when considering the
generation of large-scale magnetic fields in turbulent helical flows, such as convection
under the influence of rotation. Using numerical models of helically forced isotropic
turbulence, Brandenburg (2001) showed that the generative process, the α-effect, can
be considered to be due to an inverse cascade of magnetic helicity from small to large
scales. Thus it is very important to study the small-scale turbulence in order to be able
to understand the large-scale phenomena observable in the Sun and other stars. In the
next section, the most prominent of these large-scale phenomena are discussed in some
detail.

2.3 Emergent effects of turbulent convection

2.3.1 Differential rotation and meridional circulation

Shear flows play an important role in many dynamo models, including the most of the
solar ones. The surface of the Sun has been known, since Carrington (1863), to rotate
differentially and the present observations based on different surface features give an
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equatorial rotation period of about 25 days and a polar period of approximately 30 days
(see e.g. Sect. 7.4.2 of Stix 2002). Since the advent of helioseismology, the internal
rotation of the Sun is also fairly well known apart from the polar regions for which the
datasets are still insufficient for reliable inversions to be made (e.g. Schou et al. 1998;
Thompson et al. 2003). Figure 2.1 shows the internal rotation of the Sun as obtained
from the helioseismic inversions. The solar internal rotation is characterised by a positive
radial gradient of Ω at low latitudes and a negative one at latitudes Θ � 40◦. The shear
is mostly concentrated in a shallow layer, known as the tachocline, at the bottom of
the convection zone or just below it, whilst in the bulk of the convection zone ∂Ω

∂r ≈ 0.
Moreover, there also seems to be a relatively robust shear layer at r � 0.95R� where
∂Ω
∂r < 0 at all latitudes. Keeping in mind that the bottom of the solar convection zone
is determined to lie at R = 0.713R� (Christensen-Dalsgaard et al. 1991; Basu & Antia
1997) highlights the effects of rotating convection in the angular momentum balance in
comparison to the essentially rigidly rotating radiative interior.

The drastic change from the rigid rotation of the core to the latitudinally and radially
varying rotation in the convection zone is qualitatively explained by the different angular
momentum transport mechanisms and efficiencies in the two. The long diffusion time
scale in the radiative core suggests that the solid body rotation observed today is possibly
due to a weak poloidal relic magnetic field (e.g. Mestel & Weiss 1987; Kitchatinov &
Rüdiger 2006) or weak turbulence induced by the magnetorotational instability (Arlt et
al. 2003) that has had sufficient time to smooth out all gradients of Ω in the lifetime
of the Sun. On the other hand, the diffusion time scale in the convection zone much
shorter, O(102) years, suggesting that some process constantly generating differential
rotation is required. In the mean-field theory of stellar rotation (see Rüdiger 1989), the
angular momentum transport within the convection zone is due to (i) the off-diagonal
components of the Reynolds stress tensor, Qij ≡ uiuj, which describe the turbulent
fluxes of angular momentum in terms of correlations of fluctuating velocity components,
and (ii) the meridional flow. The Reynolds stresses also contribute to the the meridional
flow directly (via the stress component Qrθ) as well as indirectly via the differential
rotation itself (see Chapter 5 of Rüdiger 1989). A more important contribution to
the meridional flow, however, arises from anisotropic turbulent heat transport, which
can be represented by the turbulent heat fluxes Fi = uiT ′ (see e.g. Küker & Rüdiger
2005; Rüdiger et al. 2005a). This is linked to the fact that a pole-equator temperature
difference can be generated if the heat transport is suitably anisotropic (see the next
subsection). Another effect that is likely to play a role in the generation of meridional
flows and the overall rotation profile is a latitudinally varying subadiabatic tachocline
(Rempel 2005), similar to that seen in non-local models of overshooting at the base of
the convection zone (Rempel 2004).

For stars other than the Sun, only surface differential rotation can be observed
at present, although asteroseismology should enter the picture in the future with in-
struments such as MOST, COROT, PICARD, and KEPLER. At present, photometric
observations can be used to determine the surface rotation by interpreting the changes
in the period of luminosity variations (Hall 1991; Henry et al. 1995; Järvinen et al.
2005a,2005b) or in calcium emission (Donahue et al. 1996) as the latitudinal drift of
the surface features causing the variation. Secondly, spectroscopic observations can be
inverted to temperature maps of the stars by the technique of Doppler imaging (e.g.
Korhonen et al. 2000, 2002; Barnes et al. 2005), from which the latitudinal drift of the

7



Figure 2.2: Differential rotation parameter k = (Ωequator −Ωpole)/Ωequator = ΔΩ/Ω and
the absolute differential rotation ΔΩ as functions of the rotation period P . Adapted
from Korpi & Tuominen (2003).

surface features can be seen directly. Furthermore, it is possible to interpret changes
in spectral line profiles as effects of differential rotation by a Fourier transform method
(e.g. Gray 1977; Wöhl 1983; Reiners & Schmitt 2002, 2003a, 2003b; Reiners et al. 2005;
Weber et al. 2005).

The common factor in the observational studies is the apparent decrease of the
relative differential rotation as rotation becomes more rapid, with the notable exceptions
of Reiners et al. (2005) and Weber et al. (2005) who report very large differential
rotation for A type stars with a shallow convection zone. Figure 2.2 summarises the
early photometric results of Hall (1991) and Henry et al. (1995) as depicted in Kor-
pi & Tuominen (2003). The left panel shows the differential rotation parameter k =
(Ωequator − Ωpole)/Ωequator = ΔΩ/Ω as function of the rotation period. The right panel
shows the calculated absolute differential rotation, ΔΩ = kΩ. This graph illustrates the
fact that whereas the angular velocity increases by more than three orders of magnitude,
ΔΩ increases only by a factor of five to ten. Although more recent studies indicate
that the dependence of ΔΩ on the angular velocity is somewhat stronger (Messina &
Guinan 2003; Reiners & Schmitt 2003a, 2003b) it is still clear that these results imply
that the importance of the Ω-effect, which is proportional to the absolute differential
rotation ΔΩ, is expected to diminish in comparison to the α-effect which, by order of
magnitude, is proportional to Ω. Recent numerical calculations (Paper V; Sect. 5.6)
indicate that the dependence of the α-effect on rotation is not quite this strong, but
on the other hand, no clear signs of quenching are observed. This seems to imply that
the dynamos in the rapidly rotating stars are of α2-type. In Paper II we find that the
Λ-effect (see Sect. 3.2.1), which is proportional to the Reynolds stresses, and at least
partially responsible for the generation of the differential rotation, is subject to strong
rotational quenching thus supporting the above conjecture based on the observational
results.
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2.3.2 Heat transport

The outer convection zones of stars are essentially opaque to radiation and thus con-
vection transports practically all of the energy flux through these layers. Thus the
convective energy transport can be surmised to be highly efficient. Furthermore, the
normalised energy flux, f = F�/ρc3

s , where cs is the sound speed, is very small in most
of the convection zone (e.g. for the Sun f � 10−7 below r = 0.95R�). This suggests
that a very small temperature fluctuation can carry the total flux and lead to an essen-
tially adiabatic thermal stratification. Thus simple models, such as the mixing length
concept (see Sect. 3.3.1), are adequate to describe the convective heat transport, and
can reliably be used to calculate the temperature gradient within the convection zone
in stellar structure models.

The rotation vector, however, introduces a new preferred direction which can cause
the heat transport to become anisotropic (see Sect. 3.3; Rüdiger 1989) and lead to a
pole-equator temperature difference within the convection zone. This effect is rather
consistently ignored in stellar structure models which usually solve only for the radial
structure (see, however, Bazán et al. 2003; Li et al. 2006). Although a differential tem-
perature of no more than a few degrees changes the gross structure of the star only very
little or not at all, it does play a very significant role in the angular momentum balance
where the associated flow can have the result of extending the range of Taylor numbers
for which the Taylor-Proudman balance, that velocities cannot vary in the direction
along the rotation axis, does not dominate the rotation profile (see, e.g. Küker & Rüdi-
ger 2005; Rüdiger et al. 2005a). Furthermore, the latitude dependent heat transport
also affects the overshooting (see the next subsection) and is likely to contribute to the
structure of the tachocline for which helioseismology suggests a prolate shape (Basu &
Antia 2001). However, no pole-equator temperature difference has been measured on the
Sun, since its typical magnitude is expected to be of the order of a Kelvin (e.g. Rüdiger
& Küker 2002; Küker & Rüdiger 2005) which is comparable to the current precision of
the temperature measurements (e.g. Kuhn et al. 1998). An explanation to the inability
to observe latitude dependent heat flux in the Sun was provided by Spruit (1977) who
deduced that flux disturbances are effectively screened due to the efficient turbulent
diffusion in the deep layers of the convection zone and due to the isolating effect of
the surface. Thus the large fluctuations of the radial heat flux as function of latitude
that are characteristic to numerical convection calculations (e.g. Pulkkinen et al. 1993;
Rüdiger et al. 2005a; Paper II) and mean-field models (e.g. Durney & Roxburgh 1971)
are not at odds with the homogeneity of the solar surface flux.

Recently, however, Rempel (2005) studied the effects of subadiabatically stratified
tachocline on the rotation profile by means of mean-field models employing the equa-
tion of motion and thermodynamics. The main result of this study is that the Taylor-
Proudman balance can be avoided, even without the inclusion of anisotropic turbulent
heat transport, if a subadiabatic tachocline is assumed. Such a stratification produces
an entropy perturbation that propagates into the convection zone due to the thermal
conductivity and breaks the Taylor-Proudman balance. Moreover, if also the deep layers
of the solar convection zone are mildly subadiabatic, as predicted by the non-local over-
shooting models of Skaley & Stix (1991) and Rempel (2004), the solar internal rotation
profile can be reproduced without the need of latitudinal turbulent heat transport.
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2.3.3 Penetration and overshooting

The vertical motions involved with convection pose a difficult problem for stellar struc-
ture modelling. Characteristic of these motions is that although the background strati-
fication may already be stable against convection, the fluid elements still possess some
kinetic energy and thus tend to overshoot into the stable layers. If the thermal structure
of the otherwise stable region is affected due to overshooting, the process is referred to
as penetration, whereas if only the fluid elements travel into the stable layer without
changing the stratification noticeably, the term is overshooting (Zahn 1991). The for-
mer case is problematic for the stellar structure models since it increases the depth of
the convection zone from that determined by the mixing length concept which, in its
standard form, does not allow overshooting motions to occur (see Sect. 3.3.1).

The surface abundances of lithium and beryllium give some indication of the depth
of the solar convection zone (see e.g. Chapter 4 of Stix 2002). According to solar
observations, lithium is depleted by roughly two orders of magnitude whereas beryllium
has essentially primordial (meteoric) abundance. This implies that the fully mixed outer
envelope of the Sun, i.e. the convection zone, extends to a depth where the temperature
is close to 2.5 · 106 K (destruction temperature for lithium), but stays clearly below
3 · 106 K (corresponding temperature for beryllium). From helioseismology the bottom
of the solar convection zone is found to lie at R = 0.713(±0.001)R� (Christensen-
Dalsgaard et al. 1991; Basu & Antia 1997), for which depth the temperature is roughly
2.2 · 106 K according to solar models (e.g. Stix 2002). This implies that the depletion of
lithium is due to overshooting motions into warmer regions although it is also possible
that this depletion has occured at some earlier phase of the evolution of the Sun (Ahrens
et al. 1992).

Overshooting has been studied in the context of solar models with the help of a
non-local version of the mixing length concept (introduced by Shaviv & Salpeter 1973)
by Pidatella & Stix (1986) and Skaley & Stix (1991). In these studies it was found
that the overshooting is essentially adiabatic with a sharp transition to the the radiative
envelope below the overshoot region. Furthermore, the depth of the convection zone is
markedly increased in these models. Both of the foregoing results should show up in the
helioseismic inversions, but there is no evidence of this. An upper limit for the extent
of the overshoot region with a sharp transition at the bottom of the solar convection
zone is ≈ 0.1Hp, where Hp is the pressure scale height (Monteiro et al. 1994; Basu &
Antia 1994; Christensen-Dalsgaard et al. 1995). In Paper III we consider the rotational
effects on the convective energy transport and interpret the decreased efficiency of con-
vection as function of rotation as a depth dependent, i.e. inward decreasing, mixing
length parameter αMLT. Using the non-local version of the mixing length concept, the
overshooting can now be reconciled with helioseismic results if αMLT is decreased by a
factor of rouhgly 2.5 at the bottom of the convection zone. This reduction is comparable
to that seen in the numerical convection models corresponding to the bottom of the solar
convection zone (see Sect. 5.5; Paper III).

Numerical convection models (e.g. Hurlburt et al. 1994; Brummell et al. 2002;
Ziegler & Rüdiger 2003; Paper III) and recent more sophisticated non-local analytical
models (Xiong & Deng 2001; Rempel 2004) tend to produce results which are quali-
tatively different in comparison to the non-local mixing length models: overshooting
is generally even larger, of the order of a pressure scale height, and the transition to
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the stable layer is always much smoother than in the non-local mixing length models.
However, the input energy flux in the numerical models is, in general, much larger than
in the Sun (usually f ≈ 10−4 . . . 10−3 in comparison to f ≈ 10−10 in deep layers of
the solar convection zone). Lowering the input flux leads to smaller velocities which by
themselves decrease the overshooting depth. Zahn (1991) derived a scaling relationship
between the overshooting depth and the energy flux, and numerical results of Singh
et al. (1994, 1995, 1998) support these findings. Furthermore, increasing the rotation
decreases the overshooting as well (Brummell et al. 2002; Ziegler & Rüdiger 2003;
Paper II). Recently, Rempel (2004) put forward an overshooting model with which he
was able to suggest a possible explanation of the discrepancy between the mixing length
models and the numerical calculations. Essentially his results show that the two models
work in different parameter regimes and that it should be possible to reproduce the
steep transition to the radiative layer in numerical convection models by decreasing the
input flux by a modest amount (see Paper III and Sect. 5.5 for further details).

Convective overshooting most likely also affects the solar dynamo: the overshooting
fluid can advect magnetic fields from the convection zone down to the convectively stable
layer where much larger field strengths can be expected to remain buoyantly stable in the
form of flux tubes (e.g. Spruit & Ballegooijen 1982; Moreno-Insertis 1986; Ferriz-Mas &
Schüssler 1993,1994). The aforementioned studies suggest that fields up to 100 kG can
be stored in the subadiabatic layer beneath the convection zone proper. These strong
fields would be expelled from the convection zone in a dynamical timescale of the order
of a month due to buoyancy (e.g. Parker 1955a). The weak magnetic fields transported
into the overshoot region can act as seed fields for the Ω-effect in the approximately
coinciding shear layer, the tachocline, below the convection zone.

2.3.4 Magnetism

The most notable manifestation of stellar magnetism are the sunspots seen on the solar
surface (see Figure 2.3) and the 11 year sunspot cycle which was found by Schwabe
(1844). However, it was more than half a century later when Hale (1908) made the
connection between the spots and magnetism. Hale and coworkers also found the general
polarity rules which are now known as the Hale’s laws (Hale et al. 1919) and which state
that (i) the orientation of leader and follower spots in bipolar groups remains the same
in each hemisphere over each cycle, (ii) the bipolar groups at different hemispheres have
different polarities, and (iii) that the magnetic orientation of the bipolar groups reverse
from one cycle to the next. Furthermore, in the beginning of each cycle the spots appear
at latitudes 30◦–35◦, whereas at the end of the cycle they appear at latitudes ±10◦. This
migration of the sunspot belts is called Spörer’s law, named after Gustav Spörer who first
studied the phenomenon in the 1860’s. The migration of the latitudes where sunspots
emerge to the solar surface as the cycle evolves forms the so-called butterfly diagram
plotted in Figure 2.4.

However, it took almost another five decades to succesfully explain the generation
of the large-scale magnetic field by the interaction of convection, rotation, and shear
(Parker 1955b). The present paradigm of large-scale magnetic field generation in stars
relies basically on the same ideas proposed by Parker in his seminal paper in 1955. The
dynamo cycle in this model can be understood as follows: the rising and descending
parcels of gas drag the initially toroidal magnetic field with them from which a net
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Figure 2.3: Sunspot AR 10810 depicted by the Dunn Solar Telescope at Sunspot, New
Mexico, in September 23, 2005. Courtesy of Friedrich Wöger, Kiepenheuer-Institut für
Sonnenphysik.

poloidal field is generated when the parcels are twisted by the Coriolis force and dis-
connected from their roots by reconnection. The key element here is that the flow,
such as convection under the influence of rotation, is helical (see e.g. Krause & Rädler
1980). The generative process was later named the α-effect due to the appearance of
the poloidal field loops under the influence of rotation. The reconnection occurs due
to the turbulently enhanced diffusivity which is often called the β-effect. The cycle is
completed when the differential rotation further re-generates a toroidal field from the
poloidal one by winding up the field lines (the Ω-effect). Often this type of models are
called αΩ-dynamos. Although many other dynamo models have since appeared (see
recent reviews by e.g. Ossendrijver 2003; Weiss 2005), essentially all of them require the
presence of convection and rotation in order to work. Moreover, increased knowledge
of the internal solar rotation has lately introduced strict restrictions for the dynamo
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Figure 2.4: Butterfly diagram of the solar magnetic field. Courtesy of D. H. Hathaway.

models and introduced new problems, some of which are discussed in Sects. 3.4 and
5.6.4, see also Paper VI. The most succesful quantitative treatment of the large-scale
dynamo mechanism is obtained by the application of the mean-field theory, basics of
which are presented in Sect. 3.1. The textbooks of Moffat (1978), Parker (1979), and
Krause & Rädler (1980) give more detailed accounts. More recent developments on the
field of dynamo theory have recently been summarised by Brandenburg & Subramanian
(2005c). In what follows, some further details of the characteristics of the solar mag-
netic field and the basic observational results of magnetism in other late-type stars are
discussed in more detail.

In addition to the large-scale solar magnetic field which behaves in an oscillatory
manner, there is observational evidence of a random small-scale field (e.g. Martin 1988)
whose strength is more or less independent of the cycle of the large-scale field (e.g.
Lawrence et al. 1993). For the surface layers of the Sun the Coriolis number, which
is the inverse of the Rossby number, can be estimated to be of the order of 10−3 (see
Sect. 4.3.1) which essentially means that the rotational influence in these regions is
very weak. The helicity production due to the Coriolis force ceases if rotation vanishes,
leading to a vanishing α-effect in the sense of the Parker dynamo. Dynamo theory
does, however, permit the generation of a random magnetic field that is dynamically
important even in the absence of rotation if the flow is complex enough. Numerical
calculations of convection have shown that the turbulent magnetic energy can still grow
to be dynamically important also in the nonrotating case (Meneguzzi & Pouquet 1989;
Cattaneo 1999; Thelen & Cattaneo 2000; see Nordlund et al. 1992; Brandenburg et
al. 1996 for studies with included rotation). Thus, it is likely that the observed small-
scale field is generated by an entirely different mechanism than the large-scale field (e.g.
Spruit et al. 1987), although the ultimate source of both is the underlying convection.

There is also plenty of evidence of magnetic activity in late-type stars other than the
Sun. The observed activity points to dynamo modes which differ substantially from the
solar case. Especially the rapidly rotating late-type giants and dwarfs show distinctly
nonaxisymmetric magnetic fields which are dominated by large spots at high latitudes
at a 180◦separation in longitude (see e.g. Berdyugina & Tuominen 1998; Tuominen et
al. 2002). Furthermore, one of the spots tends to dominate the configuration, and the
dominance shifts from one spot to the other periodically. This phenomenon was first
identified by Jetsu et al. (1991, 1993) and named ‘flip-flop’ by Jaan Pelt. Such config-
urations have been obtained also from nonlinear mean-field models of rapidly rotating
late-type giants (e.g. Tuominen et al. 1999; Elstner & Korhonen 2005), which suggest
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that for rapid enough rotation, the nonaxisymmetric dynamo modes are easier to excite
than the axisymmetric ones. Furthermore, there is mounting evidence that the differ-
ential rotation is significantly reduced when the rotation increases, which implies that
the dynamos in these stars should be of α2-type as oppposed to α2Ω-solar dynamo, i.e.
that the generation of the magnetic field would be solely due to the α-effect. Although
numerical convection calculations in local rectangular domains indicate that some com-
ponents of the α-tensor are also quenched as function of rotation (Ossendrijver et al.
2001), the αφφ-component, which plays an important role in the α2-dynamos, shows no
clear signs of quenching (Paper V). This fact may also be reflected by global numerical
calculations of fully convective stars which show dynamo action also when rotation is
substantially more rapid (Dobler et al. 2006).
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Chapter 3

Mean-field
magnetohydrodynamics

The full dynamics of stellar convection are exceedingly complex and beyond analytical
techniques as well as present numerical modelling (see Sect. 4.3). On the other hand,
large-scale flows and magnetic fields are observed, suggesting that a simplified, mean-
field treatment of their evolution should be possible without the need to resolve the
small scales. Such simplified models can be constructed by the application of the mean-
field theory to hydro- and magnetohydrodynamics (e.g. Rüdiger 1989; Moffat 1978;
Parker 1979; Krause & Rädler 1980; see also Brandenburg & Subramanian 2005c). In
the present Chapter the basics of the mean-field approach are discussed in Sect. 3.1 and
two different closures for the turbulent quantities are studied in the context of passive
scalar diffusion under isotropic turbulence (Sects. 3.1.1 and 3.1.2). As the mean-field
models still require knowledge of the small scales via turbulent correlations, the main
objective of the present study is to compute the correlations responsible for turbulent
angular momentum and energy transport, and magnetic field generation from numerical
models of convection and compare to the mean-field descriptions when possible. Thus,
the mean-field theories of angular momentum transport (Sect. 3.2) and turbulent eddy
heat conductivity (Sect. 3.3) are briefly introduced. Furthermore, an overview of the
mixing length concept, which is widely used in stellar structure and evolution models
to describe convection, is given in Sect. 3.3.1, followed by the the mean-field description
of the electromotive force, responsible for the generation and diffusion of large-scale
magnetic fields in mean-field dynamo models (Sect. 3.4).

3.1 Basics of the mean-field theory

The fundamental assumption made in the mean-field theory is that the variables can be
divided into mean and fluctuating parts, i.e.

U = U + u , (3.1)

where U is an ensemble average of the quantity, in this example the velocity, and u

the fluctuation for which u = 0. The same decomposition is also applicable to the
temperature and the magnetic fields. Furthermore, for this decomposition the Reynolds
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rules are valid

U = U , U 1 + U2 = U1 + U2, U 1 U2 = U1 U2, Uu = 0 , (3.2)

U1U2 = U1 U2 + u1u2,
∂U

∂t = ∂U

∂t , ∂U

∂xi
= ∂U

∂xi
. (3.3)

With this method it is straightforward to derive equations that govern the mean and
fluctuating parts (see e.g. Chapter 8 of Stix 2002). In numerical calculations the en-
semble averages can be replaced by spatial and/or time averages for which the Reynolds
rules also hold1.

The problematic part of the mean-field approach is that knowledge of the small scales
is still needed in the equations of the mean quantities via the turbulent correlations,
such as the Reynolds stresses, turbulent heat transport and the electromotive force (see
e.g. Eq. 3.16). Thus the equations for the fluctuations have to be simplified in order
to render the problem of deriving the turbulent correlations tractable by analytical
methods. Essentially a closure relation that is both practical and accurate has to be
found for the equations. In the next subsections two of the most widely used closures
are discussed in more detail in a simple context of passive scalar diffusion in isotropic
incompressibe turbulence as an example case.

3.1.1 First order smoothing approximation (FOSA)

One of the biggest problems in the calculation of the transport coefficients which re-
late the turbulent correlations to the mean quantities is due to the higher order terms
appearing in the expressions. For example, consider the evolution of a passive scalar

∂C

∂t
= −∇ · (UC) , (3.4)

where C is the concentration per unit volume, and where the diffusion term is assumed
small. Using the decomposition (3.1) and the Reynolds rules, one arrives at

∂C

∂t
= −∇ · (U C + uc) , (3.5)

which contains the passive scalar flux, F ≡ uc. The goal is to express F in terms of the
mean concentration C. This can be done by deriving the equation for the fluctuation of
the concentration

∂c

∂t
= −∇ · (Uc + uC + uc − uc) , (3.6)

which includes second order correlations in the fluctuations (third and fourth terms on
the rhs). These terms would, in general, yield third-order correlations in the equation
of the passive scalar flux via

c(t) = −
∫ t

−∞

∇ · [(uc − uc) + · · · ]dt′ . (3.7)

1Note that in this case ∂U

∂t
≈

∂U

∂t
, where the approximation approaches equality for long enough time

averages, see the discussion in Paper II.
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The simplest and most widely used form of closure is to neglect all terms higher than
second order in the fluctuations in the resulting equations for the turbulent correlations.
This is called the first-order smoothing approximation (hereafter FOSA), also known as
the quasi-linear or the second order correlation approximation (SOCA). Furthermore, if
the correlation time of the flow is short and there are no mean flows the passive scalar
flux reduces to

Fi = τcuiuj∂jC , (3.8)

where uiuj = 1
3δiju

2
rms for isotropic turbulence. Thus the equation for the mean passive

scalar concentration reads

∂C

∂t
= −κc∇2C , (3.9)

where κc = 1
3τcu

2
rms is the turbulent passive scalar diffusivity.

By order of magnitude, a sufficient, but not a necessary condition for FOSA to be
valid is that either the Reynolds number or the Strouhal number is small, i.e.

min
(ul

ν
, τcukf

)
≡ min(Re,St) � 1 , (3.10)

where u and l are typical values for the velocity and length scale, kf the forcing wavenum-
ber, and τc the correlation time of the turbulence. In the present case, however, where
the molecular diffusion is assumed small, the relevant condition is that St � 1.

The FOSA results for the transport coefficients can, in general, also be recovered as
the first non-trivial truncation of the cumulative series expansion (van Kampen 1974a,
1974b, 1976) of the turbulent correlation (e.g. Hoyng 1985; Nicklaus 1987). The higher
order terms in these expansions are essentially proportional to higher powers of the
Strouhal number, so that if St � 1 these terms can be neglected, and if St exceeds
a critical value the expansion diverges. The critical value depends on the flow, since
the transport coefficients are integrals of the flow itself. However, order of magnitude
estimates indicate that St < 1 is required for convergence. If the Strouhal number is
in the intermediate range, i.e. large enough so that the higher order terms cannot be
neglected but smaller than the critical value, higher order approximations can be derived
(e.g. Knobloch 1978; Nicklaus & Stix 1988). For the simple turbulence model of the
latter, a critical value of St = 1 was found.

Numerical studies of isotropic turbulence, however, indicate that St ≈ 1 or larger
(Paper I; Brandenburg & Subramanian 2005b), whereas in numerical convection cal-
culations the Strouhal number seems to lie in the intermediate range (see Sect. 5.2;
Paper IV), or close to unity (see Sect. 5.6.3, Paper V), where the higher order effects
can already be important. On the other hand, it also appears that the FOSA results
capture many of the features of the dynamo coefficients accurately (Sect 5.6.3; Paper V)
although St ≈ 1.

3.1.2 Minimal tau approximation (MTA)

The biggest downfall of FOSA is the neglect of the higher than second order correlations
in terms of the fluctuations. This implies that FOSA may not work when the fluctua-
tions are large, or comparable to, the mean fields, which indeed seems to be the case in
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numerical turbulence models. During recent years an alternative to FOSA has emerged
in which the higher order terms are no longer fully neglected. Instead of trying to solve
the equation of the turbulent correlation, such as the passive scalar flux F , itself, the
equation of the time derivative is derived (Blackman & Field 2003). Furthermore, the
higher than second order correlations are retained via a relaxation term, T = −F/τr,
where T encompasses all terms higher than second order, and τr is a relaxation time.
This approach is known as the ‘minimal tau-approximation’ or MTA (for other applica-
tions of this closure, see also Orszag 1970; Vainstein & Kitchatinov 1983; Kleeorin et al.
1990,1996; Rädler et al. 2003; Brandenburg & Subramanian 2005b,2005c). Considering
again the transport of a passive scalar, the evolution equation for F reads

∂F

∂t
= u̇c + uċ , (3.11)

where the dots on the rhs denote time derivatives. From Eq. (3.11) one can now derive
the equation

∂Fi

∂t
= −uiuj∂jC − uiuj∂jc . (3.12)

Using the basic assumption of MTA, the triple correlation uiuj∂jc is replaced by Fi/τr.
Furthermore, the passive scalar flux now reads

Fi = κc∂jC − τr
∂Fi

∂t
, (3.13)

where κc = 1
3τru

2
rms. This implies that instead of a pure diffusion equation, the passive

scalar concentration is governed by a damped wave equation

∂2C

∂t2
+

1

τr

∂C

∂t
=

1

3
u2

rms∇2C . (3.14)

The extra time derivative in (3.14) also introduces a maximum signal propagation speed,
urms/

√
3, in contrast to the infinitely fast propagation in Eq. (3.9).

It is obvious that even for the simple case of passive scalar transport in isotropic
turbulence, the different closures described above give significantly different results.
Testing the validity of the closures can now be done numerically (see Sect. 5.1; Paper I).
New results concerning the α-effect have also been obtained by applying MTA to the
equation of the electromotive force (Sect. 3.4; Blackman & Field 2002; Brandenburg &
Subramanian 2005b), and preliminary results indicate that MTA can also be used to
model the Reynolds stresses in turbulent convection (Käpylä et al. 2005a).

3.2 Angular momentum transport

Solving for the velocity fields of the convective envelopes of stars, formally governed by
the Navier-Stokes equations, is needed in order to find out the possible differential rota-
tion patterns therein. However, due to the complexity of the full problem (see Sect. 4.3)
and the fact that the differential rotation is in general a large-scale phenomenon, it is
more practical to study internal rotation of stars from the mean-field perspective. Us-
ing the decomposition (3.1) in the Navier-Stokes equations, one arrives at the so-called
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Reynolds equation (Reynolds 1895)

ρ
(∂U

∂t
+ U · ∇U

)
= −∇ · (ρQ−M) + ρg −∇p + J × B − ν∇ · σ , (3.15)

where Q and M are the Reynolds and Maxwell stress tensors, g the gravitational ac-
celeration, J × B the large-scale Lorentz force, ν the kinematic viscosity, and σ the
rate of strain tensor of the mean flow. In stellar environments the molecular viscosity
is small in comparison to the turbulent viscosity which enters the equation through the
Reynolds stress, so that the last term on the rhs can be safely neglected.

Furthermore, knowledge of the Maxwell stresses is poor and they are often simply
neglected in the mean-field models. However, to our knowledge, no extensive study of
the Maxwell stresses and their role in the angular momentum transport in stellar con-
vection zones exists. The backreaction from the large-scale Lorentz force is referred to as
the Malkus–Proctor effect (Malkus & Proctor 1975). This effect is usually held respon-
sible for the so-called torsional oscillations (Rüdiger et al. 1986; although alternative
mechanisms have been proposed, see e.g. Spruit 2003), i.e. bands of faster or slower
rotation, which are seen to appear at the sunspot emergence latitudes (e.g. Schüssler
1981; Yoshimura 1981; Rüdiger et al. 1986). However, in what follows, we will neglect
this effect as well and consider only on the remaining hydrodynamical terms.

Considering averages over the azimuthal direction and moving on to spherical coor-
dinates one can derive the equation for the angular momentum balance from Eq. (3.15),
the result being (e.g. Stix 2002)

∂

∂t
(ρs2Ω) + ∇ · (ρs2Ωum + sρuφu) = 0 , (3.16)

where um = (ur, uθ, 0) is the meridional flow, s = r sin θ, and where the fluctuations in
density have been omitted. Having neglected the angular momentum transport by the
molecular viscosity we are left with the transport by the meridional circulation and the
Reynolds stresses. Let us discuss the latter first.

3.2.1 Reynolds stresses and the Λ-effect

The early models (Boussinesq 1897; Taylor 1915; Schmidt 1917) for the Reynolds stresses
often made use of what is now known as the Boussinesq-ansatz, which essentially states
that the terms arising from the Reynolds stresses have a solely diffusive character de-
scribed by

Qij = −νt

(∂Ui

∂xj
+

∂Uj

∂xi

)
, (3.17)

where νt is the ‘eddy’ or ‘turbulent’ viscosity. In this formulation the turbulent viscosity
appears in an expression analogous to that which would arise from the (now omitted)
molecular viscosity.

In the case of solar or stellar differential rotation, the associated azimuthal velocity
can be represented in terms of the angular velocity as Uφ = r sin θ Ω. Thus, according
to the Boussinesq-ansatz, the expressions for the stresses responsible for the angular
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momentum transport in spherical coordinates are

Qrφ = −νtr sin θ
∂Ω

∂r
, (3.18)

Qθφ = −νt sin θ
∂Ω

∂θ
, (3.19)

of which, under the assumption that νt > 0, the latter is in contradiction with so-
lar surface observations (e.g. Ward 1965; Virtanen 1989; Tuominen 1990; Pulkkinen
& Tuominen 1998). Furthermore, since these contributions are purely diffusive, it is
questionable whether any differential rotation should any longer be observable on the
Sun. Clearly these expressions alone are not satisfactory. The flaw in this model is that
the possible anisotropy of the turbulence which would be able to generate a turbulent
correlation even if rotation is uniform was not taken into account. The basis for the
development of a systematic theory of the non-diffusive contribution of the Reynolds
stress was laid down by the studies of Lebedinski (1941), Wasiutyński (1946), Biermann
(1951) and Kippenhahn (1963). Nowadays this non-diffusive contribution is known as
the Λ-effect after Krause & Rüdiger (1974).

The general expression of the Reynolds stress tensor taking into account the diffusive
and the non-diffusive contribution under the assumption that the mean flows vary slowly
in space and time can be written as (e.g. Rüdiger 1989)

Qij = ΛijkΩk + Nijkl
∂Uk

∂xl
+ · · · . (3.20)

Here Λijk is a third rank tensor, and Nijkl a fourth rank tensor relating the angular ve-
locity vector, and the first derivatives of mean velocities to the Reynolds stresses, respec-
tively. Furthermore, the dots indicate the possibility to include higher order derivatives,
but which are usually neglected on account of the assumption that the Strouhal number
is small. The tensor Qij is symmetric and polar so the tensor Λijk has to be axial.
Furthermore, for convection, the radial direction represents a preferred direction. The
simplest form of Λijk which obeys the symmetry considerations and takes into account
the preferred radial direction is (Rüdiger 1989)

Λijk = ΛV (εipkĝj + εjpkĝi)ĝp , (3.21)

where ĝ is the unit vector in the radial direction and εijk the Levi-Civita symbol. The
expression (3.21) gives the result

Q
(Λ)
rφ = ΛV sin θ Ω , (3.22)

Q
(Λ)
θφ = 0 , (3.23)

where the superscript Λ refers to the non-diffusive part of the stress. Eq. (3.21) can
be considered as the lowest order approximation which is valid for slow rotation. Thus
the only non-zero component, ΛV = νtV

(0), is often called the fundamental mode of the
Λ-effect.

The horizontal Λ-effect vanishes up to this order. This can be explained by symmetry
arguments because the horizontal angular momentum flux, and thus the stress, has to
vanish at the poles and at the equator. Furthermore, Qθφ is antisymmetric with respect
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to the equator. Thus, in the simplest case, the non-diffusive contribution has to have a
latitude dependence of the form sin θ cos θ, which requires higher orders of the rotation
vector to appear in the equation of the Λijk-tensor. Examples of such tensors with
increasing complexity are given in Rüdiger (1989).

The diffusive part of the stress is also affected by the anisotropy of the turbulence.
In general, the tensor Nijkl turns out to be quite complicated. For instance, if one
considers only the contribution to the anisotropy due to gravity, and neglects dependence
on rotation and compressibility, one obtains the expression (Rüdiger 1989)

Nijkl = ν1(δikδjl + δjkδil) + ν2(ĝiδjl + ĝjδil)ĝk + ν3(ĝiδjk + ĝjδik)ĝl +

+ν4δij ĝkĝl + ν5ĝiĝj ĝkĝl . (3.24)

Note that the first term on the rhs reproduces the result of the Boussinesq-ansatz.

The third off-diagonal Reynolds stress component, Qrθ, does not explicitly appear
in the angular momentum conservation equation, Eq. (3.16), but it can still affect the
angular momentum balance indirectly by generating or suppressing meridional flows.
The importance of Qrθ as the generator of meridional flows is poorly known, and also a
thorough theoretical investigation is lacking (see, however, the appendix to Rüdiger et
al. 2005a). On symmetry grounds, one may conjecture a non-diffusive contribution of
the form (Rüdiger 1989; Pulkkinen et al. 1993; Paper II)

Qrθ ∝ ΛM cos θ sin θ Ω , (3.25)

where ΛM stands for ‘meridional’ Λ-effect.

Although not within the scope of the present study, it is noted here for completeness
that mean flows can generate Reynolds stresses via the anisotropic kinematic alpha effect
(i.e. AKA-effect; see, e.g. von Rekowski & Rüdiger 1998) in flows that violate Galileian
invariance. Furthermore, the counter rotation turbulent heat flow, i.e. azimuthal heat
flux directed against the rotation velocity, was recently found to influence the Reynolds
stresses significantly in the slow rotation regime by Kleeorin & Rogachevskii (2006).

3.2.2 Meridional circulation

Meridional circulation refers to the axisymmetric motions in the meridional (r, θ) plane
in spherical coordinates. Existence of such a flow in the Sun is quite well established
(Giles et al. 1997; González Hernández et al. 1998), and recent helioseismic inversions
point to a poleward flow of the order of 10–20 m s−1 near the surface, down to a depth
of about 20 Mm (Zhao & Kosovichev 2004; Komm et al. 2004). However, a return flow
has not been detected, which is likely due to the fact that local helioseismology does not
yet reach sufficiently deep.

On theoretical grounds, the different processes generating meridional flow can be
distinguished most easily by considering the azimuthal component of the vorticity equa-
tion, which is obtained by taking the curl of the Navier-Stokes equation (e.g. Küker &
Stix 2001)

∂ωφ

∂t
= r sin θ

∂Ω2

∂z
−

[
∇× 1

ρ
∇(ρQ)

]
φ

+
1

ρ2
(∇ρ ×∇p)φ , (3.26)
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where ∂
∂z = cos θ ∂

∂r − sin θ
r

∂
∂θ is the derivative along the rotation axis. Essentially the

meridional flow can be generated by three different effects, corresponding to the three
terms on rhs of Eq. (3.26)

Firstly, the presence of radial and/or latitudinal differential rotation can by itself
induce meridional flows due to angular momentum conservation, indicated by the first
term on the rhs. This is known as the Kippenhahn-Biermann circulation (Kippenhahn
1963; Biermann 1951). This notion arose from the fact that if the Reynolds stresses and
the baroclinic term (the last two terms on the rhs) are neglected, the centrifugal force
is conservative if the quantity ρΩ2 depends only on the distance from the rotation axis,
s = r sin θ (see Rüdiger 1989). If this requirement is not fulfilled, the centrifugal force
cannot be balanced by the pressure gradient alone and a meridional flow which modifies
the rotation profile so that the centrifugal force can balance the pressure gradient has
to be generated.

Secondly, the Reynolds stresses influence the meridional flow indirectly by gener-
ating the differential rotation, and directly via the component Qrθ, which appears in
the meridional components of the Reynolds equation. However, Qrθ has not played a
significant role in the models for stellar rotation so far due to poor knowledge of its
magnitude and distribution.

The third, and probably the most important source of meridional motions is the
baroclinic flow which is induced if the contours of constant pressure and density do
not coincide, as indicated by the last term on the rhs of Eq. (3.26). If hydrostatic
equilibrium, ∇p = −ρg, is assumed, this term can be written as

1

ρ2
(∇ρ ×∇p)φ =

1

cPρ
(∇s ×∇p)φ ≈ − g

rcP

∂s

∂θ
, (3.27)

where s = cV ln(p ρ−γ) is the specific entropy. Effectively, this term describes a temper-
ature difference between the pole and the equator, which results in a flow, also referred
to as thermal wind, which affects the angular momentum balance. This effect also alle-
viates the so-called Taylor number puzzle (e.g Brandenburg et al. 1990b; Kitchatinov &
Rüdiger 1995; Rüdiger et al. 2005a), i.e. the tendency of the angular velocity isocontours
to elongate themselves with the rotation axis as a consequence of the Taylor-Proudman
theorem when rotation is rapid enough. Differential temperature and, as a consequence,
a baroclinic flow, can occur if the turbulent heat transport varies as function of latitude
due to the effects of rotation on convection (e.g. Weiss 1965; Durney & Roxburgh 1971;
Rüdiger 1982; Stix 1987).

Recently, Rempel (2005) suggested another method to break the Taylor-Proudman
balance. The essential element in his model is that a subadiabatic tachocline gener-
ates a latitudinally varying entropy perturbation without the need to include rotational
anisotropy to the turbulent heat transport. However, in order to reproduce the solar
differential rotation, the deep layers of the convection zone should also be subadiabatic.
Although some evidence of this indeed exists (Rempel 2004), some help is probably also
needed in the form of anisotropic heat conduction.

3.3 Convective heat transport

As noted in the previous subsection, the thermodynamics cannot in general be neglected
when studying stellar differential rotation. Following the same procedure as above for
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the Navier-Stokes equations, one can derive an equation for the mean temperature (e.g.
Pulkkinen et al. 1993)

cVρ
(∂T

∂t
+ U · ∇T

)
= −∇ · (ρcV uT ′) − p∇ · U + ∇ · (κ∇T ) + Γ , (3.28)

where cV is the heat capacity in constant volume, T the mean temperature, κ the
(microscopic) thermal conductivity, and Γ any additional heating or cooling, such as
dissipation or radiation. However, the convective energy transport is surmised to be
very efficient in stellar convection zones so it is sufficient to consider only the convective
heat flux.

The turbulent heat flux, F = ρcV uT ′, where T ′ is the temperature fluctuation, can
be parameterised by an anisotropic thermal conductivity (e.g. Rüdiger 1982, 1989).
Quantitatively,

uiT ′ = χijδj , (3.29)

where χij is a second rank tensor, and δj = −(∇jT − gj/cP) is the superadiabatic tem-
perature gradient in the direction j. In the foregoing analysis, Herring’s approximation
is used, in which the fluctuations in density and all correlations of higher than second
order in the fluctuations have been omitted (Herring 1963).

In mean-field theory χij is often called the eddy heat conductivity tensor. The
symmetry requirements for χij in spherical coordinates are given by the application of
Onsager’s principle, which in the presence of an axial vector such as Ω, states that

χij(Ω) = χij(−Ω) . (3.30)

Taking into account the rotation vector and the radial anisotropy due to gravity, a
variety of tensors can be constructed which fulfill the above condition (see Chapter 8 of
Rüdiger 1989 for a detailed description). Here, only the end result is stated, which can
be written for the meridional components as

χij

χt
=

(
1 0
0 s

)
−

∑
l

(
V V (l) sin2l θ V H(l) sin2l−1 θ cos θ

HV (l) sin2l−1 θ cos θ HH(l) sin2l θ

)
, (3.31)

where s describes the possible anisotropy between radial and horizontal components in
the nonrotating case and the further terms on the rhs are due to the effects of rotation.
Knowing the details of turbulent heat transport along with the Reynolds stresses and
the mean thermal stratification is in principle all the information needed in order to
solve for the angular momentum balance in rotating stars in the hydrodynamic regime.
The most widely used method to determine the structure of stellar convection zones is
introduced in the next section.

3.3.1 The mixing length concept

Along with the angular momentum balance, convection also affects stellar structure.
However, since there is no established theory of turbulence, let alone turbulence in stellar
interiors which is most likely much more vigorous than in any terrestrial experiments
(e.g. Castaing et al. 1989), the treatment of convection in stellar structure models

23



is problematic. Furthermore, the emergent effects, such as differential rotation and
magnetism, of turbulent convection are exceedingly diverse. However, in the stellar
evolution models, the primary concern is to find the temperature gradient within the
convectively unstable layers. Since the convection zones of stars are essentially opaque
to radiation, the radiative temperature gradient needed to transport the flux is large,
i.e. ∇rad � ∇ad. This implies that convection has to basically carry the total flux and
thus to be very efficient. Furthermore, in the bulk of the convection zone bar the surface
layers, a very small temperature fluctuation is capable of transporting the whole energy
flux (e.g. Kippenhahn & Weigert 1990). Thus the temperature gradient is expected to
be very close to adiabatic which, on the other hand, implies that a detailed description
of convection is not needed.

The most widely used description of convection is the mixing length concept, which
was originally developed to describe incompressible terrestrial convection (e.g. Taylor
1915; Prandtl 1925). This model was first applied in the context of stellar convection by
Biermann (1932) and Cowling (1935) and it is still used in most stellar evolution models
in a form introduced by Vitense (1953, see also Böhm-Vitense 1958) which allows for
combination of convective and radiative transport.

The basic assumption of the mixing length concept is that the convective elements
can be identified to lose their identity after rising or sinking some distance, the mixing
length. In the formulation put forward by Vitense, this length is proportional to the
pressure scale height via

l = αMLTHp , (3.32)

where αMLT is a free parameter of O(1) and Hp = −(1
p

∂p
∂r )−1 the local pressure scale

height. Applying this approach it is possible to derive, for example, simple algebraic
expressions which relate the convective velocity and temperature fluctuations to the
background thermal stratification

v2 =
α2

MLTHpgδ

8
(∇−∇′) , (3.33)

T ′ = (∇−∇′)
TαMLT

2
, (3.34)

where ∇ is the background temperature gradient and ∇′ the gradient experienced by the
convective element during its rise or fall. A constant molecular weight has been assumed.
Using these simple algebraic equations for the velocity and temperature fluctuations the
convective energy flux can be computed. Once the flux is known, it is possible to solve
for the convective temperature gradient (see e.g. Stix 2002).

As noted above the details of the convection are expected to play only a minor
role if the stratification is close to adiabatic. Three-dimensional numerical calculations
support this conjecture and indicate that the mixing length relations give an adequate
description of the basic properties of convection (Chan & Sofia 1986, 1989, 1996; Kim et
al. 1996; Porter & Woodward 2000; Paper III; Brandenburg et al. 2005). However, in
certain parts of stellar convection zones, such as just below the photosphere, the supera-
diabaticity is large due to radiative effects and the mixing length concept is probably
inadequate (e.g. Robinson et al. 2003). Also the effects of rotation play a significant role
even in the deep layers of the solar convection zone although the Sun is considered to
be a slow rotator (Paper III; Sect. 5.5). Thus a more detailed description of convection

24



that can deal with large superadiabaticities and takes rotation into account is needed.
Quite a few more sophisticated theories of convection have been published during recent
years (e.g. Xiong 1985; Xiong & Chen 1992; Lumer et al. 1990; Forestini et al. 1991;
Canuto & Mazzitelli 1991; Canuto et al. 1996), whose applicability should be checked
by means of numerical calculations.

3.4 Magnetic field generation

Using the decomposition (3.1) for the velocity and magnetic field, it is possible to derive
the mean-field induction equation

∂B

∂t
= ∇× (U × B + E − ημ0J) , (3.35)

where E is the electromotive force (emf)

Ei = εijkujbk , (3.36)

η the microscopic resistivity, μ0 the vacuum permeability, and J = ∇×B/μ0 the current
density. The electromotive force describes the effects of the small scale turbulent motions
on the large scale magnetic fields. The problem is to express E in terms of the mean
magnetic field B. If B varies slowly in space and time, the emf can be expanded in
terms of the mean field and its gradients (e.g. Steenbeck et al. 1966; Moffat 1978;
Krause & Rädler 1980) via

Ei = aijBj + bijk
∂Bj

∂xk
+ · · · , (3.37)

where aij and bijk are second and third rank tensors, respectively, and the dots indicate
the possibility to take into account higher order derivatives. An equivivalent, and more
informative, way of writing Eq. (3.37) was given by Rädler (1980; see also Rädler et al.
2003)

E = αB + γ × B − β(∇× B) − δ × (∇× B) − κ∂B , (3.38)

where γ and δ are vectors, α and β tensors of second rank, and κ a third rank tensor.
∂B describes the symmetric part of the gradient tensor of the mean magnetic field. α

and γ, defined via

αij =
1

2
(aij + aji) , (3.39)

γi = −1

2
εijkajk , (3.40)

consist of the symmetric and antisymmetric parts of the aij-tensor, respectively. The
diagonal components of α describe the generation of the magnetic field via the α-effect.
γ describes turbulent pumping of the mean field which is essentially advection by means
other than the underlying large-scale velocity field. The pumping velocity due to γ

is common for all magnetic field components. The pumping velocities can, however,
vary depending on the field component due to the off-diagonal components of α (see
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Kitchatinov 1991; Ossendrijver et al. 2002; Paper V). The full contribution of aij in
Cartesian coordinates can be written as (Ossendrijver et al. 2002; Paper V)

E = αD · B + γ(x) × Bx + γ(y) × By + γ(z) × Bz , (3.41)

where Bi = êiBi, and

αD =

⎛
⎝ αxx

αyy

αzz

⎞
⎠ , (3.42)

γ(x) = γ +

⎛
⎝ 0

−αxz

αxy

⎞
⎠ , (3.43)

γ(y) = γ +

⎛
⎝ αyz

0
−αxy

⎞
⎠ , (3.44)

γ(z) = γ +

⎛
⎝ −αyz

αxz

0

⎞
⎠ . (3.45)

Eqs. (3.43) to (3.45) show how the off-diagonals of αij affect the pumping velocity for
different magnetic field components (see Ossendrijver et al. 2002; Paper V; Sect. 5.6.2).

More general considerations, such as the fact that E is a polar and B an axial vector,
require that α is a pseudo-tensor. The simplest pseudo-tensor of second rank that can
be constructed from the unit vectors of rotation, Ω̂, and the gradient of density, ĝ, (or
turbulence intensity) leads to (e.g. Krause & Rädler 1980)

αij = α1δij ĝ · Ω̂ + α2ĝiΩ̂j + α3ĝjΩ̂i . (3.46)

Note that the first term on the rhs leads to an expression of αφφ that is proportional
to cos θ. Higher order contributions of Ω introduce more complex latitude dependences,
see Krause & Rädler (1980).

As an often used example, applying FOSA to the case of isotropic turbulence in the
high conductivity limit, the α-effect reduces into a single scalar quantity (Steenbeck et
al. 1966)

α = −1

3
τcω · u , (3.47)

where ω · u is the kinetic helicity. Although in the anisotropic case the trace of α is
proportional to the helicity (see, e.g. Rädler 1980; Paper V), the kinetic helicity is often
used as a tracer of the α-effect. Using the correlation between the divergence and the
curl of the horizontal velocities (see Rüdiger et al. 1999) as a proxy of the helicity, local
helioseismic inversions of the surface layers of the Sun have revealed that the helicity
follows a cos θ latitude trend in the observe latitude range of |Θ| < 45◦ (Gizon & Duvall
2003). The validity of the proxy, as well as the observed helicity results, were confirmed
by Egorov et al. (2004) by means of numerical convection calculations. Both, the cos θ
latitude dependence (Ossendrijver et al. 2002) and the, at least qualitative, validity
of the relation (3.47) have been obtained also from numerical convection calculations
(Brandenburg et al. 1990a; Ossendrijver et al. 2001). These results are, however,
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valid only for slow and intermediate rotation, i.e. Co � 4. The latitude dependence
is significantly different for Coriolis numbers of the order of ten which correspond to
the deep layers of the solar convection zone (see Sect. 5.6; Paper V). The anisotropic
analogues to Eq. (3.47) derived under FOSA are also in better agreement with the
numerical results (see Sect. 5.6; Paper V).

In the present study contributions to E proportional to gradients of the mean fields
are not considered. For completeness, it is sufficient to state that the coefficients β

and κ in Eq. (3.38) describe the diffusion of the mean fields, i.e. turbulent diffusivity,
whereas two distinct dynamo effects are possible via the coefficients δ (see e.g. Rädler et
al. 2003). The first alternative is the Ω×J-effect studied by Rädler (1968, 1980; Rädler
et al. 2003) which can generate large scale fields via the interaction of uniform rotation
and large-scale currents. An analogous effect was recently discussed by (Rogachevskii &
Kleeorin 2003, 2004; Rädler & Stepanov 2006) where large scale shear, denoted by W ,
takes the place of Ω (see also Brandenburg 2005b; Rüdiger & Kitchatinov 2006).

27



28



Chapter 4

Modelling

The advent of increasingly powerful computers during the past two decades has opened
up a wealth of new opportunities to astrophysicists whose problems are often far beyond
analytical techniques. In many cases it is already fruitful to study a simple system where
isotropic turbulence is present. Additional physics can be easily added in these models at
will to study their specific effects individually. However, in order to make better contact
with the stellar context, three-dimensional convection calculations are the ideal tools.
One very important aspect to bear in mind when considering numerical calculations
is that while they do reach much further than analytical methods, they still lag very
much behind real stellar environments (see e.g. Chan & Sofia 1989; Ossendrijver et al.
2001; Ossendrijver 2003; Sect. 4.3). The implication is that one should compare the
calculations with the Sun or other stars with a certain amount of caution.

In the present Chapter, the three-dimensional turbulence (Sect. 4.1) and convection
models (Sect. 4.2) applied in the study at hand are discussed in some detail, along with
a simple axissymmetric mean-field dynamo model (Sect. 4.4) in which the results of the
latter can be applied. Some limitations of the numerical convection models are also
considered along with a comparison of the parameter ranges achievable in the model as
opposed to those in the Sun (Sect. 4.3).

4.1 Turbulence model

We model turbulence in a fully periodic cube of dimensions (2π)3. The gas is assumed
isothermal, characterized by the sound speed cs, which is also the unit in which veloc-
ities are measured. The evolution of the velocity U is governed by the Navier–Stokes
equations

∂U

∂t
= −(U · ∇)U − c2

s∇ ln ρ − F visc + f , (4.1)

where ρ the density. The viscous force F visc can be written as

F visc = ν

(
∇2U +

1

3
∇∇ · U + 2S · ∇ ln ρ

)
, (4.2)

where ν is the constant kinematic viscosity, and Sij = 1
2(Ui,j + Uj,i) − 1

3δijUk,k the rate
of strain tensor. The Reynolds number is defined via

Re =
urms

νkf
, (4.3)
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where urms is the rms-velocity realised in the calculation and kf the forcing wavenumber
which essentially determines the spatial scale of the turbulent eddies. kf is one of the
input parameters of the model. The (random) forcing f is given by

f(x, t) = Real{Nfk(t) exp[ik(t) · x − iφ(t)]} , (4.4)

where x is the position vector. N = f0cs(kcs/δt)
1/2, is the normalisation factor, where

f0 describes the amplitude of the forcing, k = |k|, and δt is the length of the time step.
−π < φ(t) < π is a random delta-correlated phase. The forcing amplitude f0 = 0.05
used in the present study leads to flows that are clearly subsonic. The vector amplitude
fk is given by

fk =
k × e√

k2 − (k · e)2
, (4.5)

where e is an arbitrary unit vector. fk describes nonhelical transversal waves with
|fk|2 = 1. The remaining equations are those of mass conservation and passive scalar
concentration

∂ρ

∂t
= −∇ · (Uρ) , (4.6)

∂C

∂t
= −∇ ·

[
UC − ρκC∇

(C

ρ

)]
, (4.7)

where the constant passive scalar diffusion coefficient is related to the kinematic viscosity
through the Schmidt number

Sc =
ν

κC
. (4.8)

The calculations were made with the Pencil-Code1, which employs explicit sixth order
finite differences in space and a third order accurate Runge-Kutta time stepping method
(Brandenburg & Dobler 2002). The code can be used in a variety of different contexts
from simple hydrodynamical turbulence models as described above to complex MHD
problems such as global modelling of stars (Dorch 2004; Dobler et al. 2006). The code
is parallelised with message passing interface (MPI) and has been shown to scale well at
least up to resolution of 10243 grid points (e.g. Haugen et al. 2003; Dobler et al. 2003).

4.2 Convection model

4.2.1 Geometry and governing equations

We model a local rectangular portion of a star, situated at latitude Θ, see Fig. 4.1. The
coordinates are chosen so that x, y, and z correspond to the south-north, west-east,
and radially inward directions, respectively. Our coordinates (x, y, z) thus correspond
to (−θ, φ,−r) in spherical coordinates where θ = 90◦−Θ is the colatitude. The angular
velocity as a function of latitude can now be written as Ω = Ω(cos Θêx − sin Θêz).
The box has horizontal dimensions Lx = Ly = 4, and Lz = 2 in the vertical direction,
in units of the depth of the convectively unstable layer d. We set (z0, z1, z2, z3) =

1http://www.nordita.dk/software/pencil-code/

30



z 0
z 1

z 2

z 3

cooling layer

x y

overshoot layer

Ω

Θ

g

z

x y

z

radiative interior CZ

convection zone

Figure 4.1: Sketch of the convection model setup. Left: the coordinate system is set up
so that x-axis points from south to north, y-axis from west to east, and z-axis radially
inwards. The angle Θ is the latitude, i.e. the angular distance of the centre of the box
from the equator. Right: the domain is divided into three parts, an upper cooling layer,
a convectively unstable layer, and a lower overshoot region. The coordinates z0 and z3

denote the upper and lower boundaries of the box, whereas z1 and z2 are the boundaries
between stable and unstable layers. Adapted from Paper II.

(−0.15, 0, 1, 1.85)d, where z0 and z3 are the top and bottom of the box, and z1 and z2

are the positions of the boundaries between stable and unstable layers. In this geometry,
we solve a set of MHD-equations

∂A

∂t
= U × B − ημ0J , (4.9)

∂ ln ρ

∂t
= −(U · ∇) ln ρ + ∇ · U , (4.10)

∂U

∂t
= −(U · ∇)U − 1

ρ
∇p − 2Ω × U + g +

1

ρ
J × B +

1

ρ
∇ · σ , (4.11)

∂e

∂t
= −(U · ∇)e − p

ρ
(∇ · U ) +

1

ρ
∇ · (χρ∇e) + Γvisc + ΓJoule − Γcool , (4.12)

where A is the vector potential, U the velocity, B = ∇ × A the magnetic field, J =
∇×B/μ0 the current density, ρ the mass density, p the pressure, g = gêz the (constant)
gravity, and e = cVT the internal energy per unit mass. η and ν are the magnetic
diffusivity and kinematic viscosity, respectively, μ0 the vacuum permeability, and χ the
thermal diffusivity. The fluid is assumed to obey the ideal gas equation

p = ρe(γ − 1) , (4.13)

where the ratio of the specific heats is γ = cP/cV = 5/3. σ = 2ρνS is the rate of strain
tensor where

Sij =
1

2

(
∂Ui

∂xj
+

∂Uj

∂xi
− 2

3
δij∇ · U

)
. (4.14)
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The terms responsible for viscous and Joule heating can be written as

Γvisc = 2νSij
∂Ui

∂xj
, (4.15)

ΓJoule =
ημ0

ρ
J2 . (4.16)

We use a narrow cooling layer on the top of the convection zone in the range z0 ≤ z < z1,
where efficient cooling according to (Brandenburg et al. 1996)

Γcool =
1

τcool
f(z)(e − e0) , (4.17)

is applied. Here τcool is a cooling time, chosen to be short enough for the upper boundary
to stay isothermal, f(z) = (z− z1)/(z0 − z1), and e0 = e(z0) the value of internal energy
at the top of the box. This parameterisation mimics the radiative losses at the stellar
surface, and, although still rather simple in comparison to the real surface layers of stars,
works as a more realistic boundary condition and stabilises the numerics better than
just imposing a constant temperature at the boundary.

In order to study the dynamics of the flow in more detail, it is possible to follow test
particles advected by the flow. The particles are advected with the local fluid velocity,
once the velocity at the position of the particle has been determined by the use of linear
interpolation according to

u(xtp) = u(n) −
∑

i=x,y,z

δxi

Δxi
u(n − ei) , (4.18)

where xtp = (xtp, ytp, ztp) is the position vector of the test particle, n = (nx, ny, nz)
denotes the grid point next to the test particle, ei the unit vector in direction i, δxi =
xi − xtp the distance between the test particle and the grid point next to it, and Δxi

the grid spacing in direction i.

4.2.2 Boundary conditions and dimensionless quantities

For the velocity, we adopt periodic boundary conditions in the horizontal directions,
and closed stress free boundaries at the top and bottom. The temperature is kept fixed
at the top of the box and a constant heat flux is applied at the bottom:

∂Ux

∂z
=

∂Uy

∂z
= Uz = 0 at z = z0, z3 ; (4.19)

e(z0) = e0 , (4.20)

∂e

∂z

∣∣∣
z3

=
g

(γ − 1)(m3 + 1)
, (4.21)

where m3 is the polytropic index at the bottom of the lower overshoot layer. For the
magnetic field we apply pseudo-vacuum boundary conditions

Bx = By =
∂Bz

∂z
= 0 . (4.22)

We adopt the same dimensionless quantities as Brandenburg et al. (1996), and Os-
sendrijver et al. (2001, 2002). Thus by setting

d = ρ0 = g = μ0 = cP = 1 ,
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length is measured with respect to the depth of the convectively unstable layer, d =
z2 − z1, and density in units of the initial value at the bottom of the convectively
unstable layer, ρ0. Time is measured in units of the free fall time,

√
d/g, velocity in

units of
√

dg, magnetic field in terms of
√

dρ0μ0g, and entropy in terms of cP.

4.2.3 Dimensionless parameters

The calculations are controlled by the following dimensionless parameters. The rela-
tive importances of thermal and magnetic diffusion against the kinematic viscosity are
measured by the Prandtl numbers

Pr =
ν

χ0
, (4.23)

Pm =
ν

η
, (4.24)

where χ0 is the reference value of the thermal diffusivity, taken from the middle of
the unstably stratified layer. In the studies presented in this dissertation, ν and η are
constants. Rotation is measured by the Taylor number

Ta =

(
2Ωd2

ν

)2

. (4.25)

Convection efficiency is measured by the Rayleigh number

Ra =
d4gδ

χ0νHp
, (4.26)

where δ = ∇ − ∇ad is the superadiabaticity, measured as the difference between the
actual and the adiabatic logarithmic temperature gradients, and Hp the pressure scale
height, both evaluated in the middle of the unstably stratified layer in the non-convecting
hydrostatic reference solution. The amount of stratification in the box is controlled by
the parameter

ξ0 =
(γ − 1)e0

gd
, (4.27)

which determines the pressure scale height at the top of the box. In the present models
we use ξ0 = 0.2 which results in a convectively unstable region of approximately three
pressure scale heights. The strength of the imposed magnetic field, B0, is described by
the Chandrasekhar number

Ch =
μ0B

2
0d2

4πρ0νη
, (4.28)

The equations (4.23) to (4.28), along with the polytropic indices for the different layers
(see the next subsection), fully determine the initial state of the calculations2.

The rest of the nondimensional parameters characterising the flow are derived from
the calculation and not given as input parameters. These include the Reynolds numbers,
defined as

Re =
urmsd

ν
, (4.29)

Rm =
urmsd

η
, (4.30)

2In Paper III and Paper V we also adjust the input energy flux via Eq. (4.37)
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and the Coriolis number, which is the inverse of the Rossby number,

Co = 2Ωτ , (4.31)

where τ = d/urms is an estimate the convective turnover time, and urms =
√〈u2〉 the

rms-value of velocity fluctuations as determined from the calculation by averaging over
the convectively unstable layer and time.

4.2.4 Stratification

In Papers II and IV the initial stratification of the models is piecewise polytropic, de-
scribed by the indices m1, m2, and m3 for the three layers. For convective instability to
occur, the Rayleigh number must be positive, which requires that m1 < mad = 3/2. We
set m1 = ∞, m2 = 1, and m3 = 3, respectively, which means that the cooling layer is
initially isothermal, and the stratification of the lower overshoot layer resembles that of
the solar model of Stix (2002) immediately below the convection zone. The stratification
for the internal energy e can thus be written as

e(z0 ≤ z ≤ z1) = e0 ,

e(z1 < z ≤ z2) = e1 +
g (z − z1)

(γ − 1)(m2 + 1)
, (4.32)

e(z2 < z ≤ z3) = e2 +
g (z − z2)

(γ − 1)(m3 + 1)
.

Corresponding equations for the density are

ρ(z0 ≤ z ≤ z1) = ρ0 exp

{
g (z − z0)

(γ − 1)e0

}
,

ρ(z1 < z ≤ z2) = ρ1

[
1 +

g (z − z1)

(γ − 1)(m2 + 1) e1

]m2

, (4.33)

ρ(z2 < z ≤ z3) = ρ2

[
1 +

g (z − z2)

(γ − 1)(m3 + 1) e2

]m3

.

Initially the radiative flux, F rad = κ∇e, where κ = γρχ is the thermal conductivity,
carries all of the energy through the domain. This constraint with the Eqs. (4.32) defines
the thermal conductivities in each layer as

κi

κj
=

mi + 1

mj + 1
, (4.34)

where mi and mj are the polytropic indices of the respective layers. In the calculations
the vertical profile of κ is kept constant, which with the boundary condition for the
internal energy, Eq. (4.21), assures that the heat flux into the domain is constant at all
times.

Furthermore, in Papers III and V we use a setup in which the transition between
the convectively unstable layer and the lower overshoot region is smoother than the
one described above. In this setup only the uppermost layer is polytropic, whereas in
the lower part of the convectively unstable layer and in the lower overshoot layer the
logarithmic temperature gradient is given by

∇ = ∇3 +
1

2
{tanh[4(zm − z)] + 1}(∇3 −∇2) , (4.35)
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where ∇2 and ∇3 are the temperature gradients at the top of the convection zone and
at the bottom boundary, respectively, and zm the inflection point of the tanh-profile
determined on the condition that ∇ = ∇ad at z = z2. The density profile is calculated
using the hydrostatic equilibrium condition.

The input energy flux can be regulated by splitting the thermal conductivity into
two parts

κ = κh + κf , (4.36)

of which the former acts only on the mean temperature stratification and the latter only
on the fluctuations. κh and κf can be thought to represent the radiative and turbulent
conductivies, respectively, for which κh � κf is true in realistic stellar environments.
Numerical stability of the calculations is mainly determined by the value of κf which
deals with the fluctuations, and thus the value of κh can, at least in principle, be
decreased significantly in order to lower the input flux via

Fb = κh
∂e

∂z

∣∣∣∣
z3

, (4.37)

in order to achieve a more realistic setup (see Sect. 4.3). In practise, however, the
value of κh cannot be decreased by a large amount since the thermal relaxation time,
τthermal ∝ κ−1

h , becomes prohibitively long (see e.g. Paper V).

4.2.5 The numerical method

The code used in the convection calculations is based on that described by Caunt &
Korpi (2001). The numerical method is based on sixth order accurate explicit spatial
discretisation and a third order accurate Adams-Bashforth-Moulton predictor corrector
time stepping scheme. The changes to the model described in Caunt & Korpi (2001)
involve the addition of the convection setup and the diffusion which in the present
calculations is achieved through constant enhanced molecular viscosities. The code is
written in Fortran 90 and parallelised using message passing interface (MPI).

4.3 Limitations of the numerical approach

When analysing the numerical results one has to keep in mind the restrictions of the
model. Table 4.1 summarises the values of the most important dimensionless param-
eters and physical characteristics in the Sun and in the present model. In the case of
astrophysical objects the greatest computational problem arises from the small value
of the viscosity which means that in order to capture all relevant dynamics one needs
to resolve scales of many orders of magnitude. For example in the Sun, the Reynolds
number, Re = ul/ν, is of the order of 1012 or larger, and its magnetic equivivalent,
Rm = ul/η can reach values of the order of 1010 (see Sect. 2.2). Numerical models, on
the other hand, can cope with Reynolds numbers which are of the same order of mag-
nitude as the number of grid points in one direction, which in the modern calculations
is of the order of hundreds to a few thousand (see e.g. Porter & Woodward 2000 and
Brummell et al. 2002 for high resolution local convection calculations). However, it
can be shown (Landau & Lifshitz 1959) that the smallest dynamically important scale
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Table 4.1: Comparison of the parameter ranges of the present calculations and the Sun.
The first column gives the parameter along with its definition. The second and third
columns denote the orders of magnitude of these parameters in the Sun and in the
present numerical models. If more than one figure for the solar case is given, the first
one denotes the value in the photosphere and the second at the bottom of the convection
zone. The numbers for the numerical model denote either the maximum value or the
accessible range. The last column states whether the numerical model reaches the solar
value (+) or not (-).

Parameter Sun model comparability

Ra = gd4δ/(νχHp) 1016 . . . 1020 � 107 −
Re = ul/ν 1012 . . . 1013 � 103 −
Rm = ul/η 106 . . . 109 � 103 −
Pr = ν/χ 10−7 0.1 . . . 1 −
Pm = ν/η 10−6 . . . 10−4 0.1 . . . 1 −
NP = ln(pbot/ptop) 20 ≈ 5 −/+
Fn = Fb/ρc3

s 10−7 . . . 10−11 10−3 . . . 10−5 −
Ma = u/cs 1 . . . 10−4 0.01 . . . 0.1 −
δ = ∇−∇ad 0.1 . . . 10−8 10−4 . . . 0.1 −
Ta = 4Ω2l4/ν2 1019 . . . 1027 � 107 −
Co = 2Ωl/u 10−3 . . . 10 0 . . . 10 +

is proportional to Re3/4. Thus, if one wants to capture all dynamically relevant scales
in one model, one needs approximately Re3/4 grid points in one dimension, which in
the solar case for a three-dimensional calculation means 1027 grid points (Chan & Sofia
1989). This is clearly out of the reach of the present or any forseeable computers. One
can, however, argue that if Re (or Rm) are sufficiently large, there is a clear separation
of scales and that increasing Re would only push the dissipative range to smaller scales
without fundamentally changing the physics on the larger scales. Thus the present nu-
merical calculations where Re is of order 102–103 can already be considered to give useful
information about the physics of stellar convection.

Although one may be content with the fact that realistic values in terms of the
Reynolds numbers cannot be reached, more severe analogous obstacles arise. The small
Prandtl numbers Pr = ν/χ ≈ 10−7 and Pm = ν/η ≈ 10−4 . . . 10−6 in the solar convec-
tion zone essentially state that the thermal and magnetic structures vary on scales much
larger than the velocity field. Thus the problem boils down to the same inadequacy of
the models to incorporate and resolve this many scales. Another similar problem is
caused by the extreme stratification, for example the solar convection zone contains
more than twenty pressure scale heights counted from the photosphere to the bottom
of the convection zone. Further complications can be seen to arise, for example, due to
the small Mach number in the bulk of the convection zone which forces the time step
due to the CFL-condition to be extremely short in comparison to the dynamical time
scale and the need to incorporate radiation transport near the top and bottom of the
convection zone.
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Figure 4.2: Coriolis number in the Sun calculated from the mixing length model of Stix
(2002) according to Eq. (4.38). Adapted from Paper III.

4.3.1 Comparison of numerical models to real stars

Obviously, the numerical models are still far away from the conditions of real stars and
the situation is bound to stay that way for at least two decades based on the assumption
that Moore’s law continues to hold in the future. However, some of the numerical
problems can be alleviated by splitting the problem into smaller pieces. At the moment
numerical convection models can be classified in three different categories depending on
the physical background: (i) models of the near surface layers. i.e. the chromosphere and
photosphere, where energy transport by radiation is taken into account self-consistently,
(ii) models of deeper layers where the radiation transport is taken into account only via
the diffusion approximation, and (iii) global models of convection in spherical geometry.

The hydrodynamical models of e.g. Stein & Nordlund (1998), Asplund et al. (2000).
Freytag et al. (2002), Ludwig et al. (2002), Robinson et al. (2003, 2004), Wedemeyer
et al. (2004) and Leenaarts & Wedemeyer-Böhm (2005) and recently also magnetohy-
drodynamical of e.g Carlsson et al. (2004) fall into the first category. These models are
able to capture many of the observed features of the solar surface granulation and the
spatial resolution can be chosen so that it resembles the resolution that can be obtained
in observations, allowing direct comparisons to be made.

The second class of models includes the ones used in the present study. Here the
explicit calculation of the full radiative transport is bypassed by assuming the scales
in which radiation is important to be much smaller than the spatial resolution of the
calculation, in which case the diffusion approximation is adequate. This kind of setup
can be thought to represent deeper, i.e. subphotospheric layers, of the convection zone.
The numerical problems outlined in Sect. 4.3, however, can be thought to be worse than
in class (i) models. Thus the comparison to real stars should be done via some other
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parameter than the explicit spatial resolution or direct observations. As discussed in
the previous section, and shown in Table 4.1, most of the parameters are far beyond
the reach of present numerical models. Essentially the only aspect that can be thought
to be correctly modeled in the present models is the rotational influence on convection
due to the Coriolis force. This can be seen by considering a mixing length model of the
solar convection zone, in this case the one of Stix (2002). If one takes the typical length
scale of convection to equal the mixing length estimate, l = αMLTHp, where Hp is the
local pressure scale height, and the typical velocity to be the convection velocity of the
model, it is possible to estimate the Coriolis number from

Co =
2Ω�αMLTHp

v
, (4.38)

where Ω� = 2.6 · 10−6 s−1 is the mean angular velocity of the Sun. Using a value
αMLT = 1.66 for the mixing length parameter from the standard solar model, Co varies
from about 10−3 near the surface to values of the order of 10 or greater near the bottom of
the convection zone (see Figure 4.2). This range of Coriolis numbers is also accessible to
the present numerical models. Thus the local convection calculations can be interpreted
to represent either different depths in the solar convection zone depending on the Coriolis
numbers or as full convective envelopes of stars with different Coriolis numbers.

Here one must note that there are other models around which can capture many
aspects of stellar convection zones better than the one used in the present study. For
example, in the deep layers of the solar convection zone the Mach number is expected
to be so low (� 10−4) that the fully compressible models run into difficulties due to
the timestep condition which would be determined by the large sound speed. Thus it
is useful to use the anelastic approximation (e.g Lantz & Fan 1999), with which it is
possible to use much lower input fluxes and reach Mach numbers comparable to the solar
values (e.g. Brun et al. 2004). Furthermore, if one is interested of the deep layers of the
convection zone, the stratification can be significantly less than in the full convection
zone. With our choice of ξ0 = 0.2 the convection zone spans about three pressure scale
heights, whereas in the models of Chan & Sofia (1996) the coverage is about six scale
heights, which, if counted from the bottom of the solar convection zone would already
correspond to more than 95 per cent of the total depth of the layer in the Sun.

In the third class of models are the global calculations in a full spherical shell. These
models are mentioned only for completeness, and shall be discussed only briefly. Global
models have been constructed since the early 1980s and the pioneering studies of, for
example, Gilman & Glatzmaier (1981), Glatzmaier & Gilman (1981a, 1981b, 1981c,
1982), Gilman & Miller (1981; 1986), Gilman (1983). Their work has been recently
picked up by various people (Robinson & Chan 2001; Miesch et al. 2000; Elliot et al.
2000; Brun & Toomre 2002; Browning et al. 2004; Brun et al. 2004). The weaknesses
of the global models are linked to the problems reviewed in Sect. 4.3, i.e. the spatial
resolution is far worse than in the local calculations. On the other hand, one can argue
that the small scales are not that important and that in these models the interactions
of convection, rotation and magnetic fields can all be modelled in a self-consistent way
which is not possible with the mean-field models. However, we feel that a combination
of local three-dimensional convection modelling to study the small scales and the use of
mean-field models to study the large scales is a more fruitful approach at present. Brief
description of a simple mean-field model of a dynamo in a spherical shell is given below.
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4.4 Axisymmetric mean-field dynamo model

The simplest model that can be used to study the solar dynamo solves only the induction
equation and neglects any backreaction to the flow. This kinematic approach has been
widely used in the literature (e.g. Steenbeck & Krause 1969; Stix 1976; Bonanno et al.
2002) and it still proves to be a valuable tool. As a further simplification, the mean
field can be assumed to be axisymmetric, which is indeed the case for the Sun when
considering the observed sunspot distribution in a time scale longer than roughly ten
rotations (Pelt et al. 2006). In this case it is possible to represent the magnetic field
in terms of two scalar fields corresponding to the azimuthal magnetic field Bφ ≡ B and
the azimuthal component of the vector potential Aφ ≡ A. In spherical coordinates the
magnetic field can thus be written as

B =

[
1

r sin θ

∂

∂θ
(sin θA),−1

r

∂

∂r
(rA), B

]
. (4.39)

The induction equations in terms of A and B read

∂A

∂t
= (U + γ) × B + αB − ηt∇× B , (4.40)

∂B

∂t
= ∇× [

(U + γ) × B + αB − ηt∇× B
]

, (4.41)

where U = (Ur, Uθ, r sin θ Ω) is the prescribed velocity field, whereas γ and α, defined
via Eqs. (3.39) and (3.40), respectively, describe the α-effect and turbulent pumping.

We non-dimensionalize the equations by choosing the following units:

[r] = R� ≡ R, [t] = R2/η0 ≡ τ, [U ] = η0/R,

[ηt] = η0, [B] = B0, [A] = RB0, [Ω] = Ω0, (4.42)

where the subscript 0 refers to a typical value of the quantity in question. α0 and u0

are the maximum values of the α-effect and the latitudinal component of the meridional
flow and Ω0 = 2.6 · 10−6 s−1 is the angular velocity of the Sun. Thus the models are
controlled by the dimensionless parameters

Cα =
α0R

η0
, CΩ =

Ω0R
2

η0
, CU =

u0R

η0
, (4.43)

describing the magnitude of the α-effect, differential rotation, and meridional flow with
respect to diffusion.

We neglect the tensorial nature of the turbulent diffusivity (e.g. Kitchatinov et
al. 1994b) for the time being, but take into account the decreased value beneath the
convection zone according to

ηt(r) = ηc + 0.45η0

[
1 + tanh

(
r − rc

d1

)]
, (4.44)

where ηc = 0.1η0, d1 = 0.015, and η0 the value in the convection zone. Since the
model is kinematic, the velocity field is prescribed so the ‘macroscopic’ back reaction
from the magnetic field via the large-scale Lorentz-force (Malkus & Proctor 1975) is
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neglected. The nonlinearity in the model enters via ‘microscopic’ feedback in the form
of α-quenching

αij(r, θ) =
αij(r, θ)

1 + (B(r, θ)/Beq)2
, (4.45)

where Beq is the equipartition magnetic field. In practise, the value of Beq simply
determines the amplitude of the magnetic field in the model. For simplicity, we set
Beq/B0 = 1 in the present study.

The equations (4.40) and (4.41) are solved over the radius 0.6R ≤ r ≤ R and
colatitude 0 ≤ θ ≤ π using a two-dimensional equidistant grid of Nr × Nθ gridpoints.
The boundary condition at the poles reads A = B = 0, and in the radial direction
pseudo-vacuum conditions

B =
∂(rA)

∂r
= 0 , (4.46)

are used at the surface, and perfectly conducting condition at the bottom of the con-
vection zone, i.e.

A = ηt
∂(rB)

∂r
− αθθr

∂A

∂r
= 0 . (4.47)

The code has been validated using the “dynamo benchmark” test cases (Arlt et al. 2006)
The model is capable of using the full α-tensor and γ-vector, as well as the observed
solar internal rotation profile and a prescribed meridional flow pattern. For the details of
the dynamo coefficients and large-scale velocity fields used, see Sect. 5.6.4 and Paper VI.
Representative results using the transport coefficients found in Paper V are presented
in Sect. 5.6.4 and Paper VI.
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Chapter 5

Results

The publications included in the present dissertation aim at a better understanding of
turbulence and convection and what we can learn from these numerical studies in the
contexts of mean-field theories of stellar rotation, structure, and magnetism.

In the context of testing different aspect of mean-field theory, we study the va-
lidility of different mean-field descriptions of passive scalar diffusion under isotropic
forced turbulence (Sect. 5.1; Paper I) and the Strouhal number for convection (Sect. 5.2;
Paper IV). The convective angular momentum and heat fluxes as function of rotation
and latitude were studied in Paper II (see Sects. 5.3 and 5.4, respectively), whereas the
convective α-effect and turbulent pumping in the rapid rotation regime corresponding
to the deep layers of the solar convection zone were studied in Paper V (Sect. 5.6). The
results of the latter were applied in kinematic mean-field dynamo models describing the
Sun in Paper VI (Sect. 5.6.4). In Paper III the effects of rotation on the energy trans-
port were studied and the results were interpreted in terms of a rotation dependent
mixing length parameter. We apply the results into a solar model in order to study the
implications for overshooting in non-local mixing length models (see Sect. 5.5).

5.1 Passive scalar transport: FOSA or MTA?

In Paper I we study two different mean-field formulations in the context of the pas-
sive scalar diffusion problem. The relevant theory was introduced in Sects. (3.1.1) and
(3.1.2). Essentially we seek to determine whether the diffusion is characterised by regu-
lar (Fickian) diffusion, as predicted by FOSA, or does it also exhibit wave-like or ballistic
behaviour as indicated by MTA. The first and the most direct way to distinguish which
of the two closures, FOSA or MTA, is valid in the case of passive scalar diffusion under
isotropic turbulence is to determine whether the extra time derivative in the MTA result

∂2C

∂t2
+

1

τr

∂C

∂t
=

1

3
u2

rms∇2C , (5.1)

really exist in the flow. We consider the same example as Blackman & Field (2003),
who showed that if the initial mean concentration is zero, but the flux F not, the time
evolution of the concentration should exhibit wave-like behaviour if the Strouhal number
is large enough. Such an initial condition is achieved by taking a snapshot of developed
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Figure 5.1: Comparison between the volume averaged mean passive scalar concentra-

tion 〈C2〉1/2 between the Non-Fickian diffusion model (solid lines) and the numerical
calculations (dashed lines) with two values of the forcing wavenumber kf in the non-zero
initial flux experiment. Adapted from Paper I.

turbulence as an initial condition and setting

C(x, y, z, 0) = C0
uz(x, y, z, 0)

urms
sin k1z , (5.2)

where C0 is the passive scalar concentration amplitude and k1 = 1 the wavenumber
corresponding to the largest possible scale in the box. Essentially Eq. (5.2) states that
the passive scalar concentration is correlated with the z-component of the velocity in
such a way that the volume average of C vanishes, but Fz = uzc = 0. Monitoring

the quantity 〈C2〉1/2, where the bar denotes horizontal, and the brackets vertical (z-)
averaging, and comparing to the analytical solution of Eq. (5.1), where

τr =
St

urmskf
, (5.3)

is the relaxation time. Figure 5.1 shows comparisons between the numerical results
and the analytical solution of the non-Fickian diffusion model for two values of kf . We
find that the concentration does indeed exhibit wave-like behaviour when the forcing
wavenumber is small, i.e. kf ≈ 1.5, and that the analytical non-Fickian diffusion model
yields Strouhal numbers in the range 1.8–2.4 in the explored parameter range.

The initial flux experiment established the wave-like characteristics of the diffusion.
In order to test whether this wave-like diffusion can be seen directly, we set up an initial
condition where the passive scalar concentration is given by a top hat function defined
via

C(x, y, z, 0) =
1

2
+

1

2
tanh[k2

z(d
2 − z2)] , (5.4)

where we set kz = 2 and d = 1. For Fickian diffusion this profile would first smoothen
and eventually turn into a Gaussian. For large enough Strouhal numbers and non-
Fickian diffusion the profile should split into two peaks that travel to opposite directions.
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Figure 5.2: Comparison of the width, σ2 (upper panel), and the kurtosis κ − 3 (lower
panel) of the initial top hat function between the Non-Fickian diffusion model (solid
lines) and the numerical calculations (dashed lines) with two values of the forcing
wavenumber kf . Adapted from Paper I.

This, however, could not be seen directly from the calculations. As a quantitative
measure of the departures from Gaussianity, we compute the kurtosis

κ =
1

σ4

∫
Cz4dz∫
Cdz

, (5.5)

where

σ2 =

∫
Cz2dz∫
Cdz

, (5.6)

quantifies the width of the profile. If the profile is Gaussian, then κ = 3. The results from
the analytical model and the numerical calculation are shown in Figure 5.2. The width
of the profile grows rapidly at first and then levels off to the scale of the computational
domain. The kurtosis computed from the numerical calculation follows the non-Fickian
diffusion model well at early and late times, and for small enough kf indications of wave-
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like behaviour are again observed. The Strouhal numbers needed to fit the analytical
model to the numerical results were again in the range 1.8–2.4.

As a third example we sought to determine whether the basic assumption of MTA,
i.e. that the third order correlations can be represented by a damping term involving
the second correlations, is realised in the turbulent flow. This can be done by imposing
a mean gradient of C in the calculation

C(x, y, z, t) = ρ(x, y, z, t)Gz + c(x, y, z, t) , (5.7)

where ρ is the density, G the constant gradient, and c the deviation from the mean con-
centration. From this choice it follows that C is no longer periodic, but the fluctuation,
c, still is. Thus volume averages are meaningful. Deriving the equation for Ḟ introduces
correlations of third order in the fluctuations

T = T1 + T2 + T3 = 〈uz∇ · (uc)〉 + 〈(uc) · ∇uz〉 + 〈c∇zp〉 , (5.8)

where the angular brackets denote volume averaging. T1 comes from the passive scalar
equation and the latter two from the momentum equation. Due to the periodicity of the
fluctuations, T1 +T2 = 0. However, the sum of the two third order correlations from the
momentum equation, T2 + T3 = 0, also vanishes on average. Thus the relaxation time
can be computed from

τ =
〈uzc〉

〈uz∇ · (uc)〉 . (5.9)

The results for various large-scale Reynolds numbers, ReLS = urms/(νk1), are shown in
Figure 5.3. Note that the Strouhal number seems to saturate at St ≈ 3 for large ReLS

in accordance with the earlier results using the Non-Fickian diffusion model.
Interestingly, the equations of passive scalar fluctuation with the impsosed mean

concentration gradient and the induction equation written in terms of the vector poten-
tial, A, with an imposed large-scale magnetic field, are very similar. The question of
whether the MTA can also be applied to the induction equation was studied recently
by Brandenburg & Subramanian (2005b, 2005c) by means of similar forced turbulence
models. These authors found that the Strouhal number in this case is also of the order
of unity or larger, and that the third correlations scale with the second correlations.

5.2 Strouhal number for convection

The results from isotropic turbulence raise the question of the Strouhal number for
convection which is the process responsible for the small-scale turbulence in the case
of solar and stellar dynamos. Solar surface observations indicate that the turnover and
lifetimes of granules are similar, suggesting that the Strouhal number is of the order
unity. Considering the equation of fluctuating velocity, the Strouhal number describes
the ratio of the advection and the time derivative of u

St =
|(u · ∇)u|
|∂u/∂t| ≈ urms

τc

lc
, (5.10)

where τc and lc are the correlation time and length of the flow. Note that due to
lc ≈ 2π/kf the value of St is not directly comparable to that of Eq. (5.3). Furthermore,
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Figure 5.3: The Strouhal number from the ratio of the second and third order corre-
lations from the imposed gradient experiments with four different large scale Reynolds
numbers indicated by the legends and various forcing wavenumbers. Adapted from
Paper I.

it is entirely possible that the relaxation time τ obtained from MTA is not the same as
the correlation time τc from the autocorrelation of the velocity field.

We determine the correlation time of the turbulence from the velocity autocorrelation
function

A[ui(x, t0), ui(x, t)] =
ui(x, t0)ui(x, t)√
u2

i (x, t0) u2
i (x, t)

, (5.11)

where i denotes the used velocity component, and the overbars horizontal averaging.
The correlation time, τc, is defined to be the time after which A drops below a threshold
value of 0.5. In general this happens at different times for different depths. Moreover,
the available snapshots are separated by Δt = 1

√
d/g which is why we use linear in-

terpolation to determine a more accurate value of τc for each depth. In the present
parameter range the rms-velocities at the surface and in the deep layers of the convec-
tion zone are of the same order of magnitude so we average the values of τc within the
convection zone in order to obtain a ‘global’ correlation time. Furthermore, correlation
times for roughly 200 snapshots per calculation are computed, from which the final τc

is obtained simply by averaging.

The correlation time decreases rapidly as a function of rotation as is seen from the
left panel of Figure 5.4. Similar decreasing trend was found for the moderate and rapid
rotation when MTA was applied to the Reynolds stresses (see Käpylä et al. 2005a).
Interestingly, no significant trend is found as a function of the Reynolds number for the
explored range Re ≈ 95 . . . 250.

In order to be able to comment on the value of Strouhal number one needs to
determine whether the spatial scale of convection changes as a function of Co and Re.
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Figure 5.4: The correlation time (left panel) and the Strouhal number (right panel) for
convection calculations with varying Coriolis numbers. Power laws τc ∝ Co−0.28 and
St ∝ Co−0.32 are shown for reference. Adapted from Paper IV.

However, in order to determine lc it is required to introduce another arbitrary threshold
value similarly as in the case of τc. We do find that the velocity autocorrelation functions
decrease more rapidly as functions of distance when rotation is increased and that no
clear trend is found as a function of Re (for the details, see Paper IV). This indicates
that the correlation length decreases somewhat when rotation is increased. On the other
hand, we find that urms decreases as well, effectively cancelling the effect of diminishing
spatial scale. In order to bypass the problem of defining the correlation length, we
conjecture that a suitably defined measure of the convective turnover time can capture
both effects without the need to introduce a new arbitrary threshold value for any
quantity. We find that such a method exists and that it is to determine the convective
turnover time from test particles that are advected by the flow.

The turnover time, tto, is defined to be the time between two consecutive changes
of direction of the particle (upward-downward-upward), after which one full turnover
has been completed. In each calculation we use 103 particles which make approximately
2 · 104 turnovers in the course of the calculation. We find that the averaged turnover
time changes only by roughly 20 per cent when the Coriolis number is increased from
zero to ten. This is also consistent with the conjecture that tto ∝ lc/urms since both lc
and urms are seen to decrease. Thus the value of the Strouhal number can be computed
from

St =
τc

tto
. (5.12)

We find (see the right panel of Figure 5.4) that St is essentially determined by the
correlation time. The actual values are of the order 0.1−0.5 which is in the range where
the higher order terms were seen to become significant in the simple turbulence models
of Nicklaus & Stix (1988), see also Petrovay & Zsargó (1998). Although the present
study is hardly comparable due to the different physical setup, the validity of specific
FOSA results should be checked in more detail with numerical convection models (see
Schrinner et al. 2005, 2006; Paper V; Sect. 5.6.3).
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5.3 Convective angular momentum transport

The Reynolds stresses are thought to be one of the principal drivers of differential
rotation in stellar convective envelopes. The mean-field theory of Reynolds stresses has
been discussed at length by Rüdiger (1989), see also the basics outlined in Sect. 3.2.1.
Essentially the off-diagonal stresses Qθφ and Qrφ describe the radial and latitudinal
fluxes of angular momentum, respectively. Although the knowledge of the internal
rotation of the Sun is rather comprehensive (see e.g. Schou et al. 1998; Thompson et
al. 2003), observations have so far been unable to reveal the internal distribution of the
generators of differential rotation, i.e. the Reynolds stresses, differential temperature,
or the meridional flow.

The most robust results come from solar surface observations, which yield infor-
mation about the horizontal Reynolds stress component, Qθφ, (e.g. Ward 1965). The
observations show that Qθφ is positive (negative) in the northern (southern) hemisphere
with an almost linear variation in latitude (Pulkkinen & Tuominen 1998) in the latitude
range covered by sunspots. Already this result gives important information about the
angular momentum transport in the solar convection zone and constrains the theories
of the Reynolds stresses (see the discussions in Rüdiger & Tuominen 1987; Pulkkinen
et al. 1993; Sect. 3.2.1). Several studies of numerical convection have been presented
during the past decade which have essentially confirmed the observational result for Qθφ

(Pulkkinen et al. 1993; Rieutord et al. 1994; Chan 2001; Paper II; Hupfer et al. 2005,
2006; Rüdiger et al. 2005b). However, the knowledge of the other stress components is
based solely on theoretical considerations, either analytical or numerical.

The most thorough analytical treatment of the non-diffusive part of the Reynolds
stress, the Λ-effect, has been presented by Kitchatinov & Rüdiger (1993; hereafter
KR93). These authors use a turbulence model which takes into account the preferred
directions introduced by gravity and rotation. We show their result in Figure 5.5. Here
the coefficient V (0) and V (1) correspond to the two lowest order modes of the vertical
Λ-effect (see Sect. 3.2.1). In the formulation of KR93, the horizontal Λ-effect is related
to the vertical one via H(1) = V (1) (H(0) = 0 due to symmetry). The Reynolds stresses
are connected to these coefficients through the equations

H =
Qθφ

νtΩ cos θ
= H(1) sin2 θ , (5.13)

V =
Qrφ

νtΩ sin θ
= V (0) + V (1) sin2 θ , (5.14)

where νt is the turbulent viscosity. KR93 found that for slow rotation, Co < 1, the
horizontal effect is weak and negative, and a strong positive V (0) dominates in this
regime. When the Coriolis number exceeds unity, the horizontal effect becomes positive
and the two components of the vertical effect are of opposite sign and very similar in
magnitude. In a mean-field model based purely on the Reynolds stresses, the latter
feature is the principal source of the pole-equator difference of the angular velocity
(Rüdiger 1989).

In Paper II we study the dependence of the Reynolds stresses on latitude and rotation
with the numerical convection model presented in Sect. 4.2. We vary the Coriolis number
between 0.1 and roughly 10 which is within the range expected to be realised in the solar
convection zone (see Figure 4.2). The main difference to earlier studies in the literature

47



Figure 5.5: Coefficients of the Λ-effect according to Kitchatinov & Rüdiger (1993). Here
H(1) = V (1), and the dashed line shows the quantity V (0) + 4

5V (1) which determines the
radial gradient of the latitudinally averaged angular velocity.

(e.g. Pulkkinen et al. 1993; Chan 2001) is that we extend the coverage of the Coriolis
numbers to the rapid rotation regime. Furthermore, we study the effects of imposed
magnetic fields, and make efforts to understand the results in the mean-field sense, by
comparison to the studies of KR93 and Kitchatinov et al. (1994a), the latter of which
study the effects of magnetic fields on the Reynolds stresses.

The results for the Reynolds stresses from the local box calculations with different
Coriolis numbers can be interpreted in two ways. Firstly, one can think of the box as
the lower part of a convection zone in a star with a given Co. Applying this approach,
considering horizontal averages is meaningful (this approach was taken by Rüdiger et
al. 2005b). Secondly, one can consider the Coriolis number to fix a radial position in a
rotating convection zone so that calculations with different Coriolis numbers represent
different depths in, for example, the solar convection zone. In this case, volume averaging
is more appropriate. In what follows, we inteprete the results in the framework of the
latter approach unless explicitly stated otherwise.

The first thing to note is that the Eqs. (5.13) and (5.14) are valid only for slow
rotation (Rüdiger 1989; KR93). This becomes clear also with the numerical results from
which we find that it is not possible to relate the volume averaged Reynolds stresses with
a latitude dependence such as those given in Eqs. (5.13) and (5.14), but that in general
higher orders of sin2 θ would be needed. Thus we contend to compare to mean-field
theory by calculating the Λ-effect coefficients via

H = − 〈Qxy〉
νtΩ cos θ

, (5.15)

V = − 〈Qyz〉
νtΩ sin θ

, (5.16)

M =
〈Qxz〉

νtΩ sin θ cos θ
, (5.17)
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where νt = 1
3urmsd is an estimate of the turbulent viscosity, and the coefficients H =

ΛH/νt, V = ΛV /νt, and M = ΛM/νt are considered to encompass terms of all orders.
Here the angular brackets denote volume averaging over the convectively unstable re-
gion and time. In this way we do not try to calculate the contributions of higher order
effects of Ω separately, but assume that all higher order terms are subsumed in the coef-
ficients H, V , and M . The minus signs in the first two expressions indicate coordinate
transformation from the model coordinates to spherical ones.

The results are summarised in Figure 5.6 where we plot the normalized off-diagonal
Reynolds stresses, 〈Qij〉/νtΩ, as functions of latitude along with the results of KR93
for corresponding Coriolis numbers (dashed lines). The rotational influence increases as
shown by the labels on the left.

We find that for slow rotation, Co ≈ 0.1, the Reynolds stresses are statistically
consistent with zero. This is partly in contrast with the results of KR93, who found
that there should be a rather strong vertical Λ-effect present in this regime. When the
rotation increases, the horizontal stress shows a mixed sign as a function of latitude for
moderate rotation (Co � 1). For more rapid rotation the horizontal stress is consistently
negative on the southern hemisphere, indicating equatorward flux of angular momen-
tum, in accordance with solar observations and the results of KR93. Although our
results qualitatively agree with those of KR93, the latitude dependence shows marked
differences. In the numerical calculations the horizontal stress peaks strongly near the
equator whereas the Λ-effect derived by KR93 shows a much more smooth behaviour
(see the dashed lines in the leftmost panels of Figure 5.6). A very similar result was
obtained recently also by Chan (2001), Hupfer et al. (2005), and Rüdiger et al. (2005b).
At the moment there is no satisfactory explanation to this behaviour near the equator.

As noted above, in contrast to KR93, we do not find a positive vertical Λ-effect for
slow rotation. However, already for Co ≈ 0.5 we do obtain a statistically significant stress
Qrφ, which, in contrast to KR93, is negative on the southern hemisphere corresponding
to a negative V and inward transport of angular momentum. Qualitatively the vertical
stress remains the same up to Coriolis number of roughly four. The effect is maximal for
Co ≈ 1 and decreases steeply for more rapid rotation (see also Figure 5.7). Interestingly,
for rapid enough rotation, i.e. for Co � 4, the stress changes sign, first at the equator,
and as rotation is increased further also at higher latitudes so that for Co ≈ 10 the
vertical stress is positive at all latitudes. The sign of the vertical stress is consistent
with the estimate ΛV ∝ u2

y − u2
z (Rüdiger 1980). The sign change is again in contrast

with KR93 who find a negative vertical Λ-effect at rapid rotation. The numerical results
of Chan (2001) and Rüdiger et al. (2005b)1 also indicate a negative V for all Coriolis
numbers explored in those studies.

The third off-diagonal Reynolds stress, Qrθ, shows less coherent trends than the
other two components. We find that for slow and moderate rotation, Co � 2, the stress
is mainly negative, whereas for more rapid rotation the values stay negative near the
equator and obtain a positive peak at high latitudes. Again, the sign change is an
unexpected result (see the appendix to Rüdiger et al. 2005a). Straightforward physical
interpretation of this component is more difficult and will have to wait until the effect
can be studied by mean-field models.

1These authors also find a sign reversal for calculations with more rapid rotation than included in
the paper (Egorov 2005, private communication)
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Figure 5.6: Normalized Reynolds stresses, Qij/νtΩ, from Paper II. The dashed lines
show the corresponding results from the turbulence model of KR93, see Eqs. (5.13) and
(5.14). The error bars give a modified mean error of the mean (see Paper II for the
details).
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Figure 5.7: Λ-coefficients H and V as functions of rotation from different latitudes.
Adapted from Paper II.

We find that the absolute values of the Reynolds stresses remain more or less constant
when rotation is sufficiently rapid, i.e. Co � 4. This implies that the Λ-effect itself,
which is proportional to Qij/Ω is significantly quenched as a function of rotation. This
is indeed the case as Figure 5.7 shows. Furthermore, this quenching is stronger for the
vertical Λ-effect, but occurs also for the horizontal one at more rapid rotation. This
result has implications for the dynamo theory where the differential rotation plays a
large role in generating the azimuthal field from the poloidal one via the Ω-effect. It
is then conceivable that for rapidly rotating stars differential rotation is significantly
weaker than for the Sun (see e.g. Sect. 2.3.1), and that the dynamos in those stars are
of α2-type.

5.3.1 Effects of shear

It is not a priori clear, however, whether the above results represent the actual contri-
bution of the non-diffusive part of the stress since significant mean flows are generated
in practically all calculations with appreciable rotation bar those made at or very near
the poles (Chan 2001; see also Fig. 10 of Paper II). Furthermore, it is not possible to
distinguish the diffusive part from the non-diffusive using just one calculation. Thus we
have made additional calculations without rotation in which we impose the same mean
flows as those generated in the calculations with rotation (see Paper II). In this case we
can write the equation for the total stress as

Qij = Q
(Λ)
ij + Q

(shear)
ij , (5.18)

where superscripts Λ and shear correspond to the non-diffusive and diffusive parts of

the stress, respectively. From the two calculations we obtain Qij and Q
(shear)
ij , with

which information the non-diffusive contribution Q
(Λ)
ij can be retrieved. We find that

the diffusive contributions are relatively small in comparison to the total stress except
for the cases near or at the equator when rotation is very rapid (Co ≈ 10). In this regime
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we find that the diffusive part of the horizontal stress component is maximally about
one fourth in magnitude and of the same sign as the total. The vertical diffusive stress,
on the other hand, is of the same order of magnitude and of different sign as the total at
the equator and significantly smaller at other latitudes. Thus the horizontal Λ-effect is
slightly overestimated, and the vertical effect underestimated by up to a factor of two to
three if calculated from the total stress at or near the equator for the most rapid rotation
cases. This is observed, however, only in the most rapidly rotating cases whereas for the
models with slower rotation the stresses due to the shear flows are negligible. Thus the
qualitative discussion in the previous sections does not change because of the diffusive
contributions.

5.3.2 Effects of an imposed magnetic field

The effects of magnetic fields on the Reynolds stresses and the Λ-effect have been stud-
ied analytically by Kitchatinov et al. (1994a). These authors found that the Reynolds
stresses can be enhanced by the presence of weak magnetic fields. For example, for slow
rotation and weak magnetic field, a non-zero H(0) component appears which increases
proportionally to β2

m, where βm = |B|2/ρu2 is the normalized magnetic field strength.
However, for magnetic field strengths approaching and exceeding equipartition, the hor-
izontal as well as the vertical Λ-effects are expected to be quenched proportional to
β−3

m .

We study the dependence of the Reynolds stresses on the imposed magnetic field
strength by determining the total stresses as

Tij = Qij − (μ0ρ)−1Mij , (5.19)

where Mij is the Maxwell stress Mij = bibj. We measure the coefficients H, V , and
M using expressions analogous to those in Eqs. (5.15) to (5.17) with the distinction
that the Reynolds stress is now replaced by the total stress Tij . We impose a large-
scale azimuthal field similar to what is believed to reside in the deep layers of the solar
convection zone.

The dependence on magnetic fields was studied with four calculations with increasing
imposed magnetic field strength. The first two, corresponding to Chandrasekhar num-
bers, defined by Eq. (4.28), of 1 and 10, represent the subequipartition case, whereas
the cases of Ch = 102 and Ch =103 correspond to equipartition and superequipartition
cases, respectively. Additionally, a nonmagnetic calculation is used as a reference solu-
tion. Note that although βm and Ch are both proportional to B2, they are not directly
comparable because the former takes into account also the fluctuating field generated
in the calculation. The results show great contrast to the analytical theory of Kitchati-
nov et al. (1994a) which predicts a strong quenching for the superequipartition field
strengths.

In our calculations the horizontal stress changes sign when the field reaches equipar-
tition and the absolute value reaches a maximum when the magnetic field is largest. The
absolute value of the vertical stress, on the other hand, seems to increase monotonically
as a function of the imposed field strength. For the meridional stress M there is no clear
trend, but the largest value is again obtained for the largest field strength. The under-
lying reason for the increase of the stresses as a function of the magnetic field strength
is not clear at the moment although most likely the explanation lies in the additional
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anisotropy introduced by the imposed field. However, further study is needed in order
to substantiate the reasons for this unexpected behaviour and to study the dependence
on other magnetic field components.

5.4 Convective heat transport

In Paper II we also studied the turbulent heat fluxes as functions of rotation. It is
known from linear stability analysis (e.g. Cowling 1951; Chandrasekhar 1961) that ro-
tation has a stabilizing effect on convection. This implies that, for a given Rayleigh
number, the convective energy transport should diminish as rotation becomes stronger.
Effectively the reduced efficiency manifests itself as an increased superadiabatic temper-
ature gradient which has implications for the mixing length models of convection (see
Sect. 5.5; Paper III) and, if the the latitude variation is omitted, for 1D stellar models
incorporating a description of overshooting motions (see the next section).

However, in mean-field theory of angular momentum transport it is crucial not to
neglect the latitudinal variation of the heat flux. As was briefly discussed in Sect. 3.2.2,
an anisotropic eddy heat conductivity can lead to a pole-equator temperature difference
which is likely to play an important role in generating the solar and stellar differential
rotation (e.g. Küker & Rüdiger 2005). In Paper II we calculate the meridional compo-
nents, χrr and χθr (see Sect. 3.3), of the eddy heat conductivity tensor as functions of
latitude and rotation via

χrr = −χtV V (r, θ,Ω) , (5.20)

χθr = −χtHV (r, θ,Ω) , (5.21)

where

V V =
〈uzT

′〉
δzχt

, (5.22)

HV =
〈uxT ′〉
δzχt

, (5.23)

and where χt = νt = 1
3urmsd is an estimate of the turbulent conductivity. Furthermore,

δz = ∇z −∇ad is the superadiabatic temperature gradient in the vertical (z) direction.
As in the case of the Reynolds stresses we find that it is not possible to relate the
coefficients V V and HV to a latitude dependence of the form given in Eq. (3.31) but
find it easier to encompass all orders to the single coefficients given by Eqs. (5.22) and
(5.23).

We find that the radial component, χrr, peaks at the equator (Figure 5.8; see also
Pulkkinen et al. 1993; Rüdiger et al. 2005a). There also seems to be a minimum of
χrr at intermediate latitudes and a secondary maximum at the pole. In any case, it
seems that the radial transport is significantly more efficient at the equator than at
high latitudes. This result is in contradiction with theoretical considerations based on
rotating free turbulence for which it is expected that the heat transport should peak at
the poles rather than at the equator (Kitchatinov et al. 1994b; Rüdiger et al. 2005a).
The latter authors, however, find that although the latitudinal variation of the radial
heat flux is large, it has only minor effect (see also Sect. 2.3.2) on the resulting rotation
profiles and that the crucial role in alleviating the Taylor-Proudman balance is played
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Figure 5.8: Radial and meridional components of the eddy heat conductivity tensor.
Adapted from Paper II
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by the latitudinal component χθr representing a latitudinal heat flux Fθ. We find a
mostly equatorward latitudinal heat flux for slow and moderate rotation (Co � 4), but
there is a sign change for Co = 4 and that both signs can appear for more rapid rotation
depending on the latitude.

The complexity of the results prevents straightforward predictions of physical im-
plications to be made. Rüdiger et al. (2005a) find that if the latitudinal heat flux is
poleward, a meridional flow pattern from the pole to the equator near the surface is gen-
erated which helps to alleviate the Taylor-Proudman balance. It is conceivable, however,
that the sign of the latitudinal heat flux changes as a function of depth as is indicated
by our results (interpreting the Coriolis number as the radial position of the box in the
convection zone). This might lead to a more complex structure of the meridional flow.
However, substantiating this conjecture can only be made by means of a full mean-field
model and has to be postponed to a future study.

5.5 Effects of rotation on the mixing length relations

One of the principal drawbacks of the standard mixing length concept is that the effects
of rotation are not taken into account. One can argue that rotation has little effect
on stellar structure unless it is so rapid that the centrifugal force forces the star to be
of a significantly oblate shape. Although this is a valid argument, one has to bear in
mind that the turbulence within the convection zone of a rotating star can be strongly
affected by the Coriolis force even if the large-scale structure of the star remains relatively
unaffected. As has been discussed above, with a mixing length model one can estimate
that the Coriolis number in the solar convection zone reaches values of the order of ten
of larger near the base of the convection zone (see Küker et al. 1993; Paper III; Figure
4.2). This implies that the convective turbulence is in fact dominated by the Coriolis
forces in the deep layers. At this point, one has to note that the Sun is considered to
be a relatively slowly rotating star on account of its rotation period of about a month,
and that in more rapidly rotating stars the effects of rotation on convection are bound
to be even more important.

The most noticeable effect of rotation is the inhibition of convective energy transport
(Paper II; Sect. 5.4). Thus when rotation is increased, keeping the input energy flux
constant, the temperature gradient driving convection has to become steeper in order to
get rid of all the flux. This naturally increases the superadiabatic temperature gradient
δ = ∇ − ∇ad (Paper III; see also Chan & Mayr 1994). In the context of the present
models, which represent inefficient convection, the relatively efficient radiative diffusion
takes care of the energy transport left over from the rotationally quenched convection.
In stellar convective envelopes, however, convection has to transport practically all of
the energy through the convection zone. Increasing the superadiabaticity increases also
the convective efficiency, but in order to reach the same effect as in the case of inefficient
convection the increase of δ has to be larger. Thus we can think our results to give a lower
limit on the increase of the superadiabaticity in comparison to efficient convection, i.e.
the stellar envelopes. We have made some preliminary test calculations with an efficient
convection setup, from which we find support for the above conjecture.

In Paper III we investigate how the reduced convective efficiency affects the mixing
length relations used in stellar structure models. Since rotation is not taken into account
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Figure 5.9: The mixing length-parameters according to Eqs. (5.24) to (5.27) as functions
of depth and rotation. The calculations were made at the south pole with approximate
Coriolis numbers of 0 (solid line), 0.1 (dotted), 1 (dashed), and 10 (dot-dashed). Adapted
from Paper III.

in the basic mixing length concept, we study its effects implicitly. The procedure is
simply that we compute the mixing length relations from calculations made with varying
rotation corresponding to different parts of, for example, the solar convection zone and
interpret the observed changes as the rotation dependence. We also probe the latitudinal
dependence with a set of calculations where the latitude is varied in steps of 30◦ from
the equator to the southern pole.

Our main finding is, indeed, the increase of the superadiabaticity within the convec-
tively unstable region as a function of rotation. Furthermore, the superadiabatic region
is extended in the rotating cases. This seems counter-intuitive, since the overshooting is
expected to decrease as a function of rotation (Brummell et al. 2002; Ziegler & Rüdiger
2003; Paper II). This discrepancy, however, is only apparent since the thermal struc-
ture below the convection zone remains closer to the adiabatic in the nonrotating and
slowly rotating cases pointing to more efficient overshooting there. We find that the
situation is qualitatively similar as a function of latitude: the convective efficiency and
overshooting peak at the equator whereas the superadiabatic region is thickest at the
poles where convective efficiency and overshooting have minima (see Paper III for the
details). The structure of the overshooting as function of latitude coincides with the
helioseismic determination of the prolate shape of the tachocline (Basu & Antia 2001).
The connection between the two is, however, not yet substantiated.

To study the mixing length relations, Eqs. (3.33) and (3.34), from the numerical
results we assume adiabatic variation within the convective elements and consider hori-
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Figure 5.10: Thermal stratification near the base of the solar convection zone from a
solar model with a non-local mixing length model and a depth dependent mixing length
parameter. Adapted from Paper III.

zontal averages for the other relevant quantities. Thus we write

u′2
z =

α2
uHpg

8
(∇−∇ad) , (5.24)

√
T ′2 =

αT

2
(∇−∇ad)T , (5.25)

where Hp is the pressure scale height and g the gravity. The mixing length parameters,
defined via Eqs. (5.24) and (5.25), diminish approximately as αu ∝ δ−1/2, and αT ∝ δ−1,
respectively, as the superadiabaticity increases significantly and the fluctuating velocities
and temperature in these equations vary much less. The results as function of rotation
can be seen in the lower panels of Figure 5.9. As the Coriolis number is increased from
zero to approximately ten, the mixing length parameters decrease by a factor of roughly
three to five.

Another possibility to gauge the rotation dependence is to relate the enthalpy and
kinetic energy fluxes to the rms values of the temperature and velocity fluctuations.
This can be done via (Porter & Woodward 2000)

Fe = αeρ
√

T ′2
√

u2
z , (5.26)

Fk = αkρ
√

u2
z

3/2
, (5.27)

where Fe = cPρT ′uz and Fk = 1
2ρu2uz are the enthalpy and kinetic energy fluxes,

respectively. The mixing length parameters αe and αk do not change appreciably for
slow and moderate rotation, i.e. up to Co ≈ 1 (upper panels of Figure 5.9). However,
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the behaviour for rapid rotation is more or less consistent with the αs derived from the
temperature and velocity fluctuations.2

The present results indicate a clear decrease of the mixing length parameter as the
Coriolis number is increased from zero to roughly ten. Intepreting the change in αMLT

as function of rotation as a depth dependence and introducing this into a standard
solar model of Stix (2002) yields only very small changes in the overall structure within
the convection zone. However, using a non-local version of the mixing length concept
where the kinetic energy of the sinking parcels is calculated as an integral over the path
(Shaviv & Salpeter 1973; Pidatella & Stix 1986; Skaley & Stix 1991; Stix 2002), a very
interesting result is obtained. In the models using a constant αMLT = 1.66, which is the
result of calibrating a model of age 4.57 · 109 years to the present Sun, the overshooting
is relatively large, 0.1–0.2Hp, and the transition in the thermodynamic variables is very
sharp at the bottom of the convection zone (see the topmost panel of Figure 5.10).
Both of these features are in contrast with helioseismic results (Monteiro et al. 1994;
Christenseen-Dalsgaard et al. 1995). However, with a monotonically decreasing αMLT

near the bottom of the convection zone these discrepancies can be removed. A reduction
by factor of 2.5 (middle panel of Figure 5.10) is sufficient to reconcile the differences
between the model and helioseimology. Reduction of this order was indeed seen in the
convection calculations when increasing Co from zero to ten.

We note that, as demonstrated, the effects of rotation have significant consequences
for the mixing length relations and overshooting below the convection zone. So far,
however, rotation has been virtually completely overlooked in overshooting models (e.g.
Zahn 1991; Rempel 2004) and stellar structure models. Clearly further studies on the
subject, by means of simplified models as well as full numerical calculations, are still
needed.

5.6 Convective α-effect and turbulent pumping in the rapid
rotation regime

5.6.1 The α-effect and kinetic helicity

In his seminal paper, Parker (1955b) introduced the first self-consistent solar dynamo
model which is not subject to the famous anti-dynamo theorems of Cowling (1934) and
Bullard & Gellman (1954). In this model the initially toroidal magnetic field is advected
by the rising and descending convective eddies and rotated by the Coriolis force to form
loops where the current is along (or opposite to) the initial magnetic field thus forming
a net poloidal field. For this model to function it is crucial that the turbulent flow is
helical. The rising and descending convective parcels in rotating stellar convection zone
do indeed produce the required helicity.

As was discussed in Sect. 3.4, the kinetic helicity has often been used as a tracer of
the α-effect on account of the FOSA result for isotropic turbulence, Eq. (3.47). Previous
numerical studies of the dynamo coefficients (Brandenburg et al. 1990a; Ossendrijver
et al. 2001, 2002) have been able to show that this relation is at least qualitatively in
accordance with the numerical results. Also the latitudinal distribution of the α-effect

2Keep in mind that in the derivation of the mixing length relations uncertainties of the order of 0.5
are introduced, see e.g. Stix (2002).
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(a) (b)

Figure 5.11: (a) The diagonal components of aij in units of 0.01
√

dg as functions of
latitude from the top (z = 0, left panels) and the bottom (z = 1, right panels) of
the convectively unstable region from calculations for which Co = 1. The dashed lines
show cos θ latitude profiles for reference. (b) The same as (a) but for calculations with
Co = 10, and the functions corresponding to the dashed lines are indicated in the
legends. Adapted from Paper V.

seems to follow a similar trend as the kinetic helicity, i.e. α ∝ cos θ (Ossendrijver et
al. 2002). So far, however, the numerical studies have not probed the parameter range
relevant for the deep layers of the solar convection zone, i.e. where Co ≈ 10.

In Paper II it was found that the volume averaged kinetic helicity shows a signifi-
cantly different latitude behaviour in the rapid rotation regime, with a sign change and
maximum values at around |Θ| = 15◦, in the regime corresponding to deep layers of the
solar convection zone. Although this result turned partly out to be an artifact of the
volume averaging (see the discussion in Paper V), the helicity is still seen to exhibit a
latitude dependence that peaks at low latitudes in the lower layers of the convectively
unstable region. Starting from the working hypothesis that the kinetic helicity can in-
deed be used as an indicator of the strength and latitude distribution of the α-effect the
new results for the helicity in the rapid rotation regime raise the question of the latitude
dependence of the α-effect in this regime.

Consider only the first term of the expansion of the electromotive force, (Eq. 3.38),

Ei = aijBj , (5.28)

where aij is, in general, a second rank tensor, and Bj the mean magnetic field. It
is possible to compute all nine components of aij with three calculations, in which a
uniform magnetic field is imposed along one of the coordinate axes. The expression
(5.28) can be considered valid if the mean fields and gradients of Bj generated in the
calculation are small in comparison to the imposed field. This is achieved by averaging
the results over a suitably defined interval where this condition is adequately fulfilled
(for the details, see Ossendrijver et al. 2002; Paper V).
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Figure 5.12: The diagonal components of aij in units of 0.01
√

dg as functions of latitude
and depth from calculations for which Co = 10. Vertical dashed lines denote the top
(z = 0) and bottom (z = 1) of the convectively unstable region. Adapted from Paper V.
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Calculations were made with approximate Coriolis numbers 1, 4, and 10. In the
two first sets (hereafter Co1 and Co4), runs were made at four latitudes separated by
ΔΘ = 30◦, and in the Co10 set seven runs separated by ΔΘ = 15◦. We find that for
the slowest rotation case Co1, the diagonal components of aij , describing the α-effect
(see Eq. 3.41), are in accordance with a cos θ latitude profile in the convection zone (see
Figure 5.11(a)), and that the sign of the vertical component is opposite to those of the
horizontal ones. In the overshoot region the horizontal components are consistent with
zero, whereas the vertical one is virtually constant all the way from the pole to at least
latitude 30◦. In the intermediate rotation set, Co4, we found basically the same results
as Ossendrijver et al. (2002) for Co ≈ 2.5; i.e. αxx and αyy begin to deviate from one
another so that whilst the former still exhibits a roughly cos θ latitude dependence, the
latter is more or less constant as a function of latitude from the pole to latitude 30◦.
A region of reversed sign appears in the overshoot layer. The vertical component αzz

shows several sign changes as a function of depth and the average computed over the
convection zone becames small.

When the Coriolis number is increased to ten, the situation changes dramatically, as
shown by Figures 5.11(b) and 5.12. First of all, αxx diminishes in magnitude and exhibits
a sign change in the convection zone at around |Θ| ≈ 45◦. Furthermore, αzz also changes
sign at all latitudes and peaks at intermediate latitudes, i.e. |Θ| = 30◦ . . . 45◦. Most
importantly, however, the component αyy, corresponding to αφφ in spherical coordinates,
no longer peaks at the pole but rather at around latitude 30◦. In the overshoot region
αyy is, however, roughly constant as a function of latitude at least down to latitude
15◦. The maximum magnitude of the α-effect in the local models is of the order of
0.2–0.3 urms, which corresponds to 2–3 m s−1 if one considers the models to describe the
deep layers of the solar convection zone where the convective velocity is of the order
of 10 ms−1. These new results are bound to have an alleviating effect on distributed
αΩ-models of the solar dynamo which tend to produce too high latitude activity when
the usual α-profile with cos θ latitude dependence and differential rotation profile from
helioseismology are applied (see Paper VI; Sect. 5.6.4).

5.6.2 Turbulent pumping of mean magnetic fields

As was shown in Sect. (3.4), the turbulent pumping of the magnetic field can be separated
in two parts; i.e. the general pumping velocity, described by the vector γ, common to
all field components, and the field direction dependent part which arises from the off-
diagonal components of the α-tensor (Eqs. (3.43) to (3.45); see also Kitchatinov 1991;
Ossendrijver et al. 2002; Paper V).

The results for the general pumping effect and the off-diagonal components of αij

in the rapidly rotating case are shown in Figures 5.13(a) and 5.13(b), respectively.
The component γx is positive in the bulk of the convection zone, corresponding to
latitudinal pumping towards the equator in spherical coordinates. The largest values,
are of the same order of magnitude as those for the α-effect and occur near the equator,
at |Θ| = 15◦. This is similar to the trend found by Ossendrijver et al. (2002) for slower
rotation (Co ≈ 2.4), although the equatorward trend is somewhat more pronounced
near the equator in the rapid rotation case (Co ≈ 10). The equatorward pumping of the

toroidal field, γ
(y)
x = γx + αyz, is somewhat further enhanced by the positive αyz. The

same terms enters the equation of γ
(z)
x with a different sign, but the small magnitude of
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(a) (b)

Figure 5.13: (a) Components of the general pumping velocity vector γ as functions of latitude
and depth from calculations for which Co = 10. (b) Off-diagonal components of aij in the set
Co10. Adapted from Paper V.
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αyz in comprarison to γx changes the qualitative results only little.
Longitudinal pumping, described by γy, on the other hand, is negative in the bulk of

the convection zone corresponding to retrograde motion in spherical coordinates. There
is a narrow prograde region near the top of the convection zone and in the cooling layer
in all cases bar the equator where the trend as a function of depth is reversed. The
maximum values of γy are comparable to those of γx. The term αxz has a very similar
latitude dependence and magnitude as γy but a reversed sign. This term enters the

equations of γ
(x)
y and γ

(z)
y making the former very small at all latitudes and increases

the magnitude of the latter to roughly equal the maximum value of γx near the equator.
Several earlier numerical studies have confirmed the existence of (downward) vertical

pumping (e.g. Nordlund et al. 1992; Brandenburg et al. 1996; Tobias et al. 1998,
2001; Ziegler & Rüdiger 2003). Ossendrijver et al. (2002) showed that this effect is
dominated by the diamagnetic effect, i.e. the magnetic field is expelled from regions of
high turbulence intensity towards regions of lower intensity (e.g. Rädler 1968; Krause
& Rädler 1980). This remains true also for slow and moderate rotation (Ossendrijver et
al. 2002), but not when rotation is rapid enough. We find that for Co ≈ 10, γz shows a
strong latitude dependence so that it is strongest at the poles and it diminishes rapidly
towards the equator. The vertical pumping can even be upward very near the equator. It
is also noteworthy that the magnitude of the vertical pumping at high latitudes increases
with rotation in general. The maximum values are again of the same order of magnitude
as those of the other two general pumping velocities and the α-effect. The field direction
dependent part of the vertical pumping effect depends upon the component αxy. Thus

the vertical pumping of the latitudinal field, γ
(x)
z = γz + αxy, is approximately constant

as funtion of latitude, whereas the pumping of the toroidal field, γ
(y)
z = γz − αxy, can

be directed upward when |Θ| < 45◦ (for the details, see Paper V).

5.6.3 Comparison to FOSA

In order to study the applicability of the first-order smoothing in the case of the α-effect
and turbulent pumping from numerical convection calculations, we derive analytical
expressions for all components of aij in the high conductivity limit under the local
approximation in Paper V. The final expressions read

axx = αxx = −τc(uz∂xuy − uy∂xuz) (5.29)

ayy = αyy = −τc(ux∂yuz − uz∂yux) (5.30)

azz = αzz = −τc(uy∂zux − ux∂zuy) (5.31)

axy = τc(uy∂yuz + uz∂xux + uz∂zuz) (5.32)

ayx = −τc(uz∂yuy + ux∂xuz + uz∂zuz) (5.33)

axz = −τc(uy∂xux + uz∂zuy) (5.34)

azx = τc(ux∂xuy + uy∂zuz) (5.35)

ayz = τc(uz∂zux + ux∂yuy) (5.36)

azy = −τc(ux∂zuz + uy∂yux) (5.37)

where τc is the correlation time. In Eqs. (5.35) to (5.37), terms of the form uk∂xuk

and uk∂yuk have vanished due to the horizontal periodicity. In practice, we use τc as
a free parameter when comparing with the numerical data. In the present study the
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(a) (b)

Figure 5.14: (a) Comparisons between numerical results (solid lines) for the coefficients aij and
the FOSA equivivalents (dashed lines) for the run Co1-30 in units of 0.01

√
dg. (b) The same as

(a) but for the run Co10-30. Adapted from Paper V.

magnetic fields are so weak that the current helicity contributions that would appear
if the MTA is applied (e.g. Blackman & Field 2002; Brandenburg & Subramanian
2005b) are negligible. We note that, in contrast to Eq. (3.47), the trace of aij instead
of any individual component of the α-effect is proportional to the kinetic helicity in the
anisotropic case, i.e.

δijaij = −τcω · u . (5.38)

Figures 5.14(a) and 5.14(b) give results for all nine coefficients aij from the runs Co1-30
and Co10-30. The correspondence between the FOSA and numerical results is remark-
ably good, although the fits seem to become somewhat worse for more rapid rotation.
Especially the diagonal components of aij match quite well, whereas the off-diagonals
tend to show at least the correct sign. It seems that the choice τc = 3

√
d/g gives best

fits of the data for the α-effect for all Coriolis numbers. This, however, is in contradic-
tion with the results for the correlation time found in Paper IV, and the trend of the
relaxation time, obtained by deriving the Reynolds stresses using MTA, for moderate
and rapid rotation in Käpylä et al. (2005a). The reason for this discrepancy is unclear
at the moment. We estimate the Strouhal number from the formula

St = urmskfτc , (5.39)

where kf is the wavenumber of the energy carrying scale. It is found that the power spec-
trum of kinetic energy always peaks at rather large scales, i.e. kf ≈ (5 . . . 10)d−1. Fur-
thermore, the rms-velocity in these models is urms ≈ 0.055

√
dg, which, with τc = 3

√
d/g,

leads to Strouhal numbers of the order of unity. Taken at face value, this result suggests
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Figure 5.15: Upper panel: contours of constant Ω for the solar rotation profile. Lower
panel: Ω, normalized by the angular velocity in the core Ωcore, as a function of radius
at different latitudes indicated by the legend. The dashed vertical lines give the bottom
(rc = 0.7R) of the convection zone and the position above which the upper shear layer
is situated (r = 0.95R). The horizontal lines above r = 0.95R denote the case where
the upper shear layer is turned off. Adapted from Paper VI.

that the validity of FOSA is rather questionable although it seems to reproduce the nu-
merical results rather well. In order to distinguish whether the inclusion of higher than
second order contributions yields better results, descriptions of the dynamo coefficients
using higher order approximations (see e.g. Nicklaus & Stix 1988) should be derived in
the anisotropic case.

5.6.4 Representative results from axisymmetric mean-field models

The early solar dynamo models, initiated by Parker (1955b), all rely on a positive (neg-
ative) scalar α-effect in the northern (southern) hemisphere and an outward decreasing
angular velocity profile (e.g. Steenbeck & Krause 1969; Deinzer & Stix 1971; Stix 1976).
Thus the dynamo wave (e.g. Parker 1955b) propagates towards the equator, and these
models are succesful in reproducing the correct migration of the activity belts. Since
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Figure 5.16: Left panel: αφφ-profile corresponding to depths r = 0.946R (solid), r =
0.866R (dashed), and r = 0.765R (dash-dotted) in the solar convection zone. Right
panel: the αφφ-profile used in the mean-field calculations. Adapted from Paper VI.

then, helioseismology has revealed the internal rotation profile of the Sun which turned
out to be significantly more complex than what was anticipated earlier (e.g. Schou et
al. 1998; Thompson et al. 2003; see also Figure 2.1). The shear is mostly concentrated
in shallow layers at the bottom and near the top of the convection zone whereas within
the convection zone proper ∂Ω

∂r ≈ 0. Furthermore, the gradient of Ω is positive at low
latitudes, i.e. |Θ| � 30◦. This, in conjunction with a positive (negative) α-effect in
the northern (southern) hemisphere, leads to poleward migration of the activity belts
(Parker 1955b, 1987; Yoshimura 1975; see also Moss 1999) in an αΩ-dynamo model
without turbulent pumping or meridional flow.

Moreover, the radial shear is largest at high latitudes and the observational and
numerical results for the kinetic helicity imply that the α-effect also peaks at the poles
(see Sect 5.6.1). In accordance with these results, the α-effect is assumed to have a cos θ
latitude profile in mean-field dynamo models which, with the observed rotation profile
is expected to lead to high latitude activity; however, sunspots are not observed above
the latitudes of roughly ±35◦. The current problems and progress in solar dynamo
modelling are summarised in e.g. Ossendrijver (2003) and Brandenburg (2005a)

Bearing the main problems, activity at too high latitudes and the wrong migration
suggested by the rotation profile, in mind, it is illuminating to study how the new results
from Paper V concerning the α-effect with peak values of αφφ at around |Θ| = 30◦,
and down- and equatorward turbulent pumping affect the solar dynamo models. We
undertake this investigation in Paper VI, where we use the mean-field model described
in Sect. 4.4. Keeping the model as simple as possible, we adopt the kinematic approach
and use the observed solar rotation profile, see Fig. 5.15. Furthermore, we use the
results of the local convection calculations to constrain the magnitude and distribution
of the α-effect. Using mixing lenght estimates as a guide, the maximum magnitudes of
the dynamo coefficients were determined to be of the order of 2m s−1. Thus the ratio
of the dynamo numbers, Cα/CΩ, describing the relative importance of the α-effect in
comparison to the differential rotation, is roughly 10−3. This value is small enough
so that the αΩ-approximation is adequate. Similarly, the range of observed magnitude
(Zhao & Kosovichev 2004; Komm et al. 2004) of the latitudinal velocity of the meridional
flow near the surface, 10–20 m s−1, gives the ratio CU/CΩ ≈ 0.005 . . . 0.01. As a standard
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(a) (b)

Figure 5.17: (a) Butterfly diagram of the toroidal magnetic field near the surface, r =
0.99R, for a model with constant αφφ in the convection zone and without the upper
shear layer at r > 0.95R. (b) The same as (a) but with the surface shear taken into
account. The cycle period, tcyc, is about 11 years. Adapted from Paper VI.

case we consider Cα = 15, CΩ = 1.5 · 104, and CU = 75.
Before applying the α-effect and turbulent pumping from local convection models it

is useful to look at a simple model where αφφ that is radially constant and latitudinally
proportional to cos θ is applied in the convection zone. We find that with this profile the
butterfly diagram near the surface is heavily influenced by the surface shear layer (see
Figure 5.17). If the shear is neglected, the migration of the activity belts is equatorward
only at high latitudes, |Θ| � 60◦, whereas when the upper shear layer is retained, the
migration is equatorward from |Θ| ≈ 80◦ all the way to the equator. The possible
importance of the surface shear has been recently discussed by Brandenburg (2005a),
and our results do indicate that this layer can play a very important role if there is an
appreciably large α-effect near the surface.

Adopting the results of αyy from Paper V, we obtain an αφφ-profile depicted in
Fig. 5.16. The profile captures the basic results of the convection calculations, i.e. the
cos θ profile corresponding to near surface layers at r ≈ 0.946R (Co = 1), constant αφφ

distribution for r ≈ 0.866R (Co = 4), and peak value at r ≈ 0.765R (Co = 10) at
around |Θ| = 30◦ (for the details, see Paper VI). The relative magnitudes of αφφ at
different depths are taken directly from the local calculations. Taking also the down-
and equatorward turbulent pumping into account via

γr(r, θ) = −1

2
α0

[
tanh

(r − rc

d1

)
− tanh

(r − r1

d2

)]
×

{
exp

[
(r − rc)

2

d2
3

]
sin θ + 1

}
, (5.40)

γθ(r, θ) = α0

[
tanh

(r − rc

d1

)
− tanh

(r − r2

d3

)]
sin4 θ cos θ , (5.41)

where α0 = 2 m s−1, rc = 0.7R, d1 = 0.015R, d2 = 0.1R, and d3 = 0.075R, which cap-
ture the major results for the corresponding coefficients in Paper V (see also Sect. 5.6.2;
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(a) (b)

Figure 5.18: (a) Butterfly diagram of the toroidal magnetic field near the surface, r =
0.99R, for a model with αφφ-profile as depicted in Fig. 5.16 and pumping coefficients
according to Eqs. (5.40) and (5.41). tcyc is about 11 years. (b) The same as (a) but with
field direction dependent pumping and meridional flow taken into account. The cycle
period is again about 11 years. Adapted from Paper VI.

Paper VI), we obtain a butterfly diagram depicted in Fig. 5.18(a). The migration is
equatorward basically at all latitudes, but the activity is concentrated at too high lati-
tudes. Upward pumping of the toroidal field near the equator somewhat enhances the
equatorward migration of the activity belts near the equator (see Paper VI). For the
case without meridional flow, the antisymmetric (A0) solutions remain stable up to at
least Cα ≈ 50, and a solar like 22 year cycle period is obtained for Cα ≈ 30.

According to solar observations, the meridional flow at the surface is poleward and
the magnitude is in the range 10–20 m s−1. Assuming a single cell flow structure, the
return flow at the base of the convection zone is expected to be of the order of 1m s−1,
as is also suggested by hydrodynamical mean-field models (e.g. Rempel 2005). We use
such a configuration in the present study and adopt a meridional flow structure based on
that introduced by Dudley & James (1989). The inclusion of the meridional flow shifts
the activity belt further towards the equator, although they still appear at somewhat too
high latitudes. Furthermore, the polar activity branch is recovered (see Figure 5.18(b))
due to the poleward surface flow.

Although the present distributed dynamo model is already able to avoid some of
the problems outlined above and reproduce many of the observed features of the solar
dynamo, some problems still remain. The most obvious one is that the activity is
still concentrated at higher latitudes than what is observed in the Sun, i.e. in the
range |Θ| ≈ 5◦ . . . 60◦. Secondly, the cycle periods for the solar-like antisymmetric (A0)
solutions are somewhat shorter than the solar 22 year cycle. Solutions with comparable
cycle periods tend typically to exhibit quadrupolar or mixed mode configurations.

An obvious shortcoming of the model is the prescribed nature of the large scale
velocity field. From solar observations features such as torsional oscillations (Howard
& LaBonte 1980; Howe et al. 2000) and temporally varying surface meridional flows
(Haber et al. 2002; Zhao & Kosovichev 2004) can be distinguished that are likely to
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exist due to the feedback from large scale magnetic fields (e.g. Rüdiger et al. 1986;
Küker et. al 1996; Rempel 2006).
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Chapter 6

Conclusions and further work

In the present thesis three aspects of the mean-field theories of hydro- and magnetohy-
drodynamics have been studied in some detail:

• In the derivation of analytical expressions for the transport coefficients needed in
mean-field models a closure is needed for the equations of the fluctuations. Ap-
plicability of the two widely used closures, first order smoothing approximation
(FOSA) and minimal tau-approximation (MTA), were studied in the case of pas-
sive scalar transport in Paper I, and the Strouhal number, which determines the
applicability of FOSA, was estimated from numerical convection calculations in
Paper IV. Furthermore, comparisons between numerical results of the dynamo
coefficients and analytical FOSA equivalents were studied in Paper V.

• Numerical calculations were used to determine some of the turbulent correlations
needed in mean-field models of stellar rotation, structure, and dynamos. Trans-
port coefficients describing turbulent angular momentum and heat transport in a
parameter range relevant for the Sun were studied in Paper II, whereas the effect
of rotation on the mean thermal stratification and mixing length relations was
the subject of Paper III. The α-effect and turbulent pumping in the rapid rota-
tion regime, corresponding to the deep layers of the solar convection zone, were
determined in Paper V.

• In order to study the global effects of the local results, it is necessary to param-
eterize them in a form usable in mean-field models. To this end, the rotationally
reduced mixing length parameter was applied in a solar model in Paper III to
study overshooting beneath the convection zone in the framework of a non-local
mixing length model. Furthermore, the local results of Paper V concerning the
dynamo coefficients were applied in a kinematic mean-field model of the solar dy-
namo in Paper VI in order to determine whether the imminent problems resulting
in from the observed internal rotation profile of the Sun can be alleviated.

The main results of the thesis can be summarised by the following:

• In Paper I it was found that for the simple problem of passive scalar diffusion
under isotropic randomly forced turbulence, the often used first-order smoothing
approximation fails, whereas the minimal tau-appximation, which includes higher
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order terms in the fluctuations in a collective way, is able to reproduce the nu-
merical results. The Strouhal number, St, was found to be roughly three, which
is clearly larger than St � 1 required for FOSA to be valid.

• Using convection calculations and measuring St as the ratio of the turnover and
correlation times, St was found to lie in the range 0.1–0.5, and to decrease with
increasing rotation (Paper IV). This trend, however, was not recovered when
comparing numerical and FOSA results for the α-effect, which indicate that St ≈ 1
regardless how rapid the rotation is (Paper V). Although the FOSA results do
capture the numerical results surprisingly well, its validity remains somewhat in
doubt.

• The angular momentum transport due to turbulent convection under the influence
of rotation is predominantly down- and equatorward. In the rapid rotation regime,
corresponding to the deep layers of the solar convection zone, the radial angular
momentum transport changes sign, and the horizontal transport is concentrated
in narrow bands near the equator. The Λ-effect, which describes the non-diffusive
part of the Reynolds stress, is subject to strong rotational quenching, suggesting
the differential rotation in rapidly rotating stars is not as important as in the Sun,
and that the dynamos in these stars are of α2-type.

• Radial turbulent heat transport is most efficient at the equator, whereas a mini-
mum is reached at around |Θ| = 60◦ . . . 75◦, and a secondary maximum observed
at the pole. The latitudinal heat flux is equatorward when rotation is slow or
moderately rapid (Co � 4), whereas latitude ranges of different signs can appear
for more rapid rotation. The implications of these results for mean-field models of
stellar rotation remain to be studied in detail.

• Computing the mixing length parameter, αMLT, from numerical convection calcu-
lations with varying rotation it was found that it decreases by a factor of two to
five when the Coriolis number is increased from zero (solar surface) to ten (deep
layers of the solar convection zone). Introducing such a depth dependent mixing
length parameter in a solar model with non-local mixing length description de-
creases the overshooting significantly. If αMLT is reduced by a factor of 2.5 at the
base of the solar convection zone, as indicated by the convection calculations, the
overshooting in the solar model is in accordance with helioseismic results.

• The α-effect component αyy, corresponding to αφφ in spherical coordinates, which
is the dominant contribution in solar dynamo models, no longer peaks at the poles
but at around |Θ| ≈ 30◦ when computed from convection calculations for which
Co ≈ 10. Turbulent pumping of the mean magnetic field is in general down- and
equatorward, although a region of upward pumping of the toroidal field appears
near the equator for rapid rotation.

• Mean-field models of the solar dynamo indicate that the surface shear layer ob-
served in the Sun (see Figure 2.1) can play a significant role if there is an ap-
preciably large α-effect near the surface. Furthermore, dynamo models applying
the α-effect and turbulent pumping from local convection calculations with the
observed differential rotation and observationally constrained meridional flow can
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reproduce the observed equatorward migration of the activity belts, although the
activity still appears at too high latitudes and the models with realistic cycle
periods of approximately 22 years exhibit wrong parity of the large scale field.

The new results raise a number of new questions which need to be addressed in the
future. Clearly further study is needed in order to determine a closure for the turbulent
equations which is adequately accurate and easy to apply. Significant progress in this
area has already been achieved by means of comparing analytical formulations with
numerical calculations of isotropic forced turbulence (e.g. Paper I; Brandenburg &
Subramanian 2005b). Generalising this approach to take the anisotropies introduced
by stratification and rotation into account and comparing with numerical convection
calculations is a logical step forward. Furthermore, many dynamo parameters, such as
turbulent viscosities and diffusivities have not been determined from numerical models
as of yet. Moreover, questions regarding the latitude dependence of the Reynolds stresses
and the α-effect in the rapid rotation regime (see Papers II and V) also remain without
comprehensive explanation at the moment.

In the context of mean-field dynamo theory, recent realization of the importance
of magnetic helicity conservation (e.g. Blackman & Field 2002) and helicity fluxes
(e.g. Vishniac & Cho 2001; Brandenburg & Sandin 2004; Brandenburg & Subramanian
2005a; Subramanian & Brandenburg 2006) for the dynamo effect, have led to a radical
reformulation of the theory. In the present study the back reaction from the small-
scale magnetic field on the α-effect via the current helicity and the helicity fluxes have
been neglected but should be studied in the future. Helicity expulsion from the dynamo
active region has been seen to increase the efficiency of the dynamo (e.g. Brandenburg &
Sandin 2004). One conjecture is that coronal mass ejections are responsible for shedding
the magnetic helicity from the solar convection zone (e.g. Brandenburg et al. 2004),
thus allowing the dynamo to operate efficiently. Taking this aspect into account in
convection calculations is also a subject that needs to be investigated in the future.

Mean-field modelling of stellar dynamos is likely to also face significant changes due
to the developements in the foundations of the theory. As well as taking the hydro- and
thermodynamics self-consistently into account (e.g. Brandenburg et al. 1992; Rempel
2006), future dynamo models need also to heed to the magnetic helicity conservation
requirement via a dynamic α-effect and helicity fluxes (e.g. Shukurov et al. 2006;
Brandenburg & Käpylä 2006) from analytical theories or from results of 3D calculations.
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Asplund, M., Ludwig, H.-G., Nordlund, Å. & Stein, R. F. (2000), ‘The effects of
numerical resolution on hydrodynamical surface convection simulations and spectral
line formation’, A&A, 359, 669

Barnes, J. R.; Cameron, A. Collier, Donati, J.-F., James, D. J., Marsden, S. C. &
Petit, P. (2005), ‘The dependence of differential rotation on temperature and rotation’,
MNRAS, 357, L1

Basu, S. & Antia, H. M. (1994), ‘Effects of diffusion on the extent of overshoot below
the solar convection zone’, MNRAS, 269, 1137

Basu, S. & Antia, H. M. (1997), ‘Seismic measurement of the depth of the solar con-
vection zone’, MNRAS, 287, 189

Basu, S. & Antia, H. M. (2001), ‘A study of possible temporal and latitudinal variations
in the properties of the solar tachocline’, MNRAS, 324, 498

Bazán, G., Dearborn, D. S. P., Dossa, D. D. et al. (2003), ‘DJEHUTY, a code for
modeling stars in three dimensions’, in 3D Stellar Evolution, ed. S. Turcotte, S. C.
Keller & R. M. Cavallo. ISBN: 1-58381-140-0, ASP Conference Proceedings, 293, 1

Berdyugina, S. V. & Tuominen, I. (1998), ‘Permanent active longitudes and activity
cycles on RS CVn stars’, A&A, 336, L25

Biermann, L. (1932), ‘Untersuchungen über den inneren Aufbau der Sterne. IV. Kon-
vektionszonen im Innern der Sterne.’, Z. Astrophys., 5, 117

Biermann, L. (1935), ‘Konvektion im Innern der Sterne’, AN, 257, 269

Biermann, L. (1951), ‘Bemerkungen über das Rotationgesetz in irdischen und stellaren
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Boussinesq, M. J. (1897), Théorie de l’écoulement tourbillonnant et tumultueux des liq-
uides dans les lits rectilignes a grande section, Comptes Rendus de l’Acad. des Sciences,
Gauthier-Villars, Paris

Brandenburg, A., Tuominen, I., Nordlund, Å., Pulkkinen, P. & Stein, R. F. (1990a),
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Rüdiger, G., Egorov, P. & Ziegler, U. (2005b), ‘The angular momentum transport in
rotating turbulent convection’, AN, 326, 315

86



Rüdiger, G. & Kitchatinov, L. L. (2006), ‘Do mean-field dynamos in nonrotating tur-
bulent shear flows exist?’, AN, 327, 298

Schmidt, W. (1917), ‘Der Massenaustausch bei der ungeordneten Strömung in freier
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Stein, R. F. & Nordlund, Å. (1998), ‘Simulations of solar granulation. I. General prop-
erties’, ApJ, 499, 914

Stix, M. (1976), ‘Differential rotation and the solar dynamo’, A&A, 47, 243

Stix, M. (1987), ‘Models for a differentially rotating solar convection zone’, in The
internal solar angular velocity: Theory, observations and relationship to solar magnetic
fields, eds. B. R. Durney & S. Sofia, (A88-38601 15-92), Dordrecht, D. Reidel Publishing
Co., 329

Stix, M. (2002), The Sun, An Introduction (2nd Edition), Springer-Verlag

Subramanian, K. & Brandenburg, A. (2006), ‘Magnetic helicity density and its flux in
weakly inhomogeneous turbulence’, ApJ, 648, L71

Taylor, G. I. (1915), Phil. Trans. R. Soc. London A., 215, 1

Thelen, J.-C. & Cattaneo, F. (2000), ‘Dynamo action driven by convection: the influ-
ence of magnetic boundary conditions’, MNRAS, 315, L13

Thompson, M. J., Christenseen-Dalsgaard, J., Miesch, M. S. & Toomre, J. (2003), ‘The
internal rotation of the Sun’, ARA&A, 41, 599

Tobias, S. M., Brummell, N. H., Clune, T. L. & Toomre, J. (1998), ‘Pumping of
magnetic fields by turbulent penetrative convection’, ApJ, 502, L177

Tobias, S. M., Brummell, N. H., Clune, T. L. & Toomre, J. (2001), ‘Transport and
storage of magnetic field by overshooting turbulent compressible convection’, ApJ, 549,
1183

Tuominen, I. (1990), ‘Solar differential rotation and its variations’, in The Dynamic
Sun, ed. L. Dezso, Publications of Debrecen Heliophysical Observatory of the Hungarian
Academy of Sciences, 7, 27

Tuominen, I., Berdyugina, S. V.; Korpi, M. J. & Rönty, T. (1999), ‘Nonaxisymmetric
Stellar dynamos’ in Stellar Dynamos: Nonlinearity and Chaotic Flows, eds. Manuel
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Unsöld, A. (1930), ‘Konvektion in der Sonnenatmosphäre (nebst einer Bemerkung zur
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