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Abstract

The first quarter of the 20th century witnessed a rebirth of cosmology, study of our Uni-

verse, as a field of scientific research with testable theoretical predictions. The amount

of available cosmological data grew slowly from a few galaxy redshift measurements,

rotation curves and local light element abundances into the first detection of the cos-

mic microwave background (CMB) in 1965. By the turn of the century the amount

of data exploded incorporating fields of new, exciting cosmological observables such

as lensing, Lyman alpha forests, type Ia supernovae, baryon acoustic oscillations and

Sunyaev-Zeldovich regions to name a few.

CMB, the ubiquitous afterglow of the Big Bang, carries with it a wealth of cosmolog-

ical information. Unfortunately, that information, delicate intensity variations, turned

out hard to extract from the overall temperature. Since the first detection, it took

nearly 30 years before first evidence of fluctuations on the microwave background were

presented. At present, high precision cosmology is solidly based on precise measure-

ments of the CMB anisotropy making it possible to pinpoint cosmological parameters

to one-in-a-hundred level precision. The progress has made it possible to build and test

models of the Universe that differ in the way the cosmos evolved some fraction of the

first second since the Big Bang.

This thesis is concerned with the high precision CMB observations. It presents three

selected topics along a CMB experiment analysis pipeline. Map-making and residual

noise estimation are studied using an approach called destriping. The studied approxi-

mate methods are invaluable for the large datasets of any modern CMB experiment and

will undoubtedly become even more so when the next generation of experiments reach

the operational stage.

We begin with a brief overview of cosmological observations and describe the general

relativistic perturbation theory. Next we discuss the map-making problem of a CMB

experiment and the characterization of residual noise present in the maps. In the end,

the use of modern cosmological data is presented in the study of an extended cosmo-

logical model, the correlated isocurvature fluctuations. Current available data is shown

to indicate that future experiments are certainly needed to provide more information

on these extra degrees of freedom. Any solid evidence of the isocurvature modes would

have a considerable impact due to their power in model selection.
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Chapter 1

Background

1.1 Our Universe

1.1.1 Big Bang cosmology

Our Universe is expanding. Expanding in the sense that the average separation between

two distant observers increases. This has been an experimental fact since the late 1920’s

[1, 2]. By that time it was already well known from the redshift measurements of other

galaxies that they were receding from us in all directions. The real breakthrough,

however, was to estimate the distances of the galaxies using particular variable stars

called Cepheids whose absolute brightness is known to high accuracy. Comparison to

the redshift data revealed a relation between a galaxy’s radial velocity, v, and distance,

d:

v = H0 d (1.1)

This proportionality factor is called the Hubble constant, H0. By an invocation of the

Cosmological Principle1, the relation is interpreted as expansion of the Universe

General Theory of Relativity [3] had already been applied to cosmology in 1917 [4].

Only at that time Einstein considered the Universe to be static. The theory itself is well

equipped to describe the expansion of an isotropic, spatially homogeneous Universe. The

description is known as the Friedmann-Lemâıtre-Robertson-Walker solution [5, 6, 7, 8,

9]. In this setting the line element of space-time can be written in spherical coordinates

as:

ds2 = gµνdxµdxν = −c2dt2 + a(t)2
(

dr2

1 −Kr2
+ r2dθ2 + r2 sin2 θdφ2

)
, (1.2)

where gµν is the metric, c is the speed of light, a(t) is the scale factor and K is the

curvature constant of the Universe. The isotropic, homogeneous approximation reduces

1 Cosmological Principle states that at the very largest scales, the Universe is homogeneous and

isotropic. It follows that our position in the Universe is not special.

1



2 Chapter 1: Background

the Einstein equation to the Friedmann equations that in one of their many forms read:

(
ȧ

a

)2

=
8πG

3
ρ−

Kc2

a2
(1.3)

and
ä

a
= −

4πG

3

(
ρ+

3p

c2

)
. (1.4)

Here, G is the Newton’s gravitational constant, ρ and p are the density and the pressure

of the Universe and a dot over a quantity denotes the derivative with respect to the

cosmic time. In this context the scale factor can be interpreted as a dimensionless

measure of separation between two observers. Changes in the separation are driven by

the energy density and the pressure that are due to various components of the cosmic

fluid, e.g. radiation (p = 1
3ρ), non-relativistic matter (p = 0) and later to be defined

scalar fields. All the components differ, not just by their equations of state, p(ρ), but

also by the way their density connects with the evolution of the scale factor.

The two Friedmann equations are often accompanied with the cosmic fluid energy-

momentum continuity equation that also follows from the Einstein equation:

ρ̇ = −3
(
ρ+

p

c2

) ȧ
a
. (1.5)

Along with the equations of state, the continuity equation tells us that matter and

radiation densities are proportional to a−3 and a−4 respectively. Furthermore, we can

use these results and the first Friedmann equation (1.3) to find that, when either matter

or radiation dominates, the density of the Universe, the scale factor evolves as t2/3 and

t1/2.

An unavoidable2 consequence of the cosmological expansion is, that the Universe

must have been smaller and denser. This line of thinking leads one to consider the

initial conditions that are popularly referred to as the Big Bang. If no ad hoc model

is devised to prevent backward extrapolation of the current matter distribution to the

primordial fireball, one must conclude that the Universe used to be extremely dense and

hot. This model has been immensely successful in explaining the observed abundances

of light elements such as hydrogen and helium [11].

Under the extreme temperature and density of the primordial Universe, photon

distribution is necessarily at thermal equilibrium. Expansion of the Universe cools

down the plasma and finally allows neutral matter to form. This process, known as

recombination, decouples photons from the rest of the energy content of the Universe.

The decoupled photons are left to traverse the Universe unimpeded, only to cool down

with the expansion [12]. This residual radiation from the violent birth of our Universe

is called the cosmic microwave background (CMB). It was first discovered in 1965 [13].

Existence of the CMB is deemed to be one of the strongest evidence for the big bang

cosmology.

2 If no complicated models are devised to account for the observations. A well-known example is the

steady state theory [10] that avoided the singular initial condition by continuous creation of matter.
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1.1.2 Concept: horizon

Cosmologists define the horizon as the surface of a volume of 3–dimensional space that

has causal connection over cosmological time scales (most commonly relative to the age

of the Universe). By defining the time-dependent Hubble parameter as a function of

the scale factor:

H =
1

a

da

dt
=
ȧ

a
, (1.6)

we define two cosmological quantities, the Hubble time and the Hubble length as

tH = H−1 and lH = c tH = cH−1. (1.7)

Hubble time is the time constant of cosmological expansion. If the Hubble parameter

remained nearly constant we could solve equation (1.6),

Hdt =
da

a
⇒ a(t) ≈ a0 e

t/tH , (1.8)

and the Universe would expand one e-fold in one Hubble time. Thus tH defines a cos-

mological timescale. Hubble length is the physical distance light could travel during one

Hubble time in a static Universe. Distances shorter than this are in causal connection

over cosmological time scales.

1.1.3 Inflation

The Big Bang paradigm alone does not explain cosmological isotropy. Structure de-

veloped in regions that could not have been causally connected in an ordinary matter

and radiation filled Universe, e.g. northern and southern celestial spheres, indicates

that some process in the primordial Universe connects the two regions even though

the standard Big Bang cosmology assumes them to be causally disconnected. A very

profound example is the cosmological background radiation (discussed in detail below).

It is an isotropic radiation field emanating from the early Universe, 13 billion years

before present. If the standard Big Bang scenario was correct, the horizon, a causally

connected patch of the CMB field, would span roughly just a few degrees of our view.

Yet, the radiation field is almost exactly the same on the opposite side of our CMB sky,

a hundred horizon distances away.

Another problem is that the Big Bang does not explain why our Universe’s geometry

is extremely close to flat. If we define critical density as the density of a flat (K = 0 in

equation (1.3)) Universe,

ρcrit ≡
3H2

8πG
, (1.9)

and a density parameter Ω ≡ ρ/ρcrit, we can write equation (1.3) as a quantity directly

describing deviation from flat geometry,

Ω − 1 ≡ ΩK =
Kc2

a2H2
. (1.10)

Now, if we start from the current estimate, |ΩK| . 0.01 [14], we may ask how do those

limits translate to initial conditions in the early Universe. If the Universe is filled with
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ordinary matter or radiation, the scale factor evolves as a ∝ tr, where r is 2/3 or 1/2

for matter and radiation respectively. Thus we have

|ΩK| = |ΩK|

∣∣∣∣
t=t0

(
t

t0

)2r

, (1.11)

and any deviation from flat geometry will promptly escalate. In fact, to conform with

the observations, |ΩK| would need to have been less than 10−20 in the single second old

Universe. If not utterly unimaginable, the cosmologists still consider the required initial

conditions as awkwardly fine-tuned.

A third problem of the Big Bang would rise if the speculated grand unified theory

(GUT) phase transition took place in our Universe. Most proposals of the GUT include

production of topological defects, such as magnetic monopoles or cosmic strings. Despite

our efforts, none have been observed. The unobserved defects are commonly known as

relics.

To address these problems, the inflationary scenario [15, 16] was proposed as a

refinement of the Big Bang model. In cosmological inflation the Universe undergoes

a period of rapid, exponential expansion that disconnects causally connected regions

and drives its geometry flat. While the disassociation of causal regions is intuitive, the

solution to the flat geometry problem follows from a ∝ eCt, as equation (1.11) implies

|ΩK| ∝ e−2Ct, (1.12)

exponential decay of curvature during the inflationary expansion.

In order to solve the problems associated with the Big Bang model, inflation needs

to take place in the very early Universe, some fraction of a second after Big Bang.

Inflation erases all information about the initial conditions before it. Required amount

of expansion is so large (a factor of ∼ e60), that the seeds of structure around us must

be created during or after inflation. Instead, to dissolve all relics and not create new

ones, the GUT symmetry must be broken before inflation and the consequent stages

may not include reheating into energies above the GUT energy scale & 1014 GeV.

Inflationary models differ in the way the expansion is generated but typically it is

driven by a scalar field, φ, slowly approaching its potential minimum. The equation of

motion for such a field is

∇µ∇µφ− V ′(φ) = 0 (1.13)

and assuming the spatially homogeneous FLRW geometry provides a simplification:

φ̈+ 3Hφ̇+ V ′ = 0, (1.14)

where we have written the covariant derivative in terms of the FLRW connection coef-

ficients, Γα
βγ , as

∇µ(∇µφ) = ∇µ(∂µφ) = ∂µ∂
µφ+ Γµ

µα∂
αφ. (1.15)

We can read the energy density and the pressure for such a field from the energy-

momentum tensor [17]:

ρφ =
1

2
φ̇2 + V (φ) and pφ =

1

2
φ̇2 − V (φ). (1.16)
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Plugging these formulae into the second Friedmann equation (1.4):

ä

a
= −

8πG

3c2

(
φ̇2 − V (φ)

)
(1.17)

makes it evident that when the potential energy dominates over the kinetic energy, the

expansion accelerates.

Apart from solving the problems of the Big Bang cosmology, the inflationary sce-

nario conveniently explains the origin of structure in the Universe. As the expansion is

being driven by a field dominating the energy density of the Universe, quantum fluctu-

ations in the very same field are extended into macroscopic scales and begin to evolve

classically. These seeds of inhomogeneity then evolve into the rich multi-scale structures

that surround us.

Figure 1.1: Evolution of a cosmological scale from the inflation until late times. The solid red

curve is the chosen cosmological scale and the solid black curve is the Hubble horizon. The

blue curves are the relative energy densities of the inflaton, radiation, matter and dark energy.

The CMB photons are set free in recombination some time after the matter-radiation equality.

Figure 1.1 shows the evolution of a cosmological scale, for example a distance of two

galaxy groups. It shows the relative densities of the inflaton field, radiation, matter

and a possible cosmological constant, Λ. The figure depicts how the scale is driven
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outside the horizon by inflationary expansion, then returns into the horizon in the

radiation dominated era and finally exits the horizon again somewhere in the future.

Primordial structure at this scale is evolved by dynamics of the baryon-photon plasma

before recombination that takes place after matter-radiation equality at the center of the

plot. Structure at the smallest scales is damped by photon diffusion while the largest

scales are enhanced by clustering dark matter and propagating sound waves. These

dynamics are discussed further in the following sections.

1.2 Cosmic Microwave Background (CMB)

Before the recombination the photons are strongly coupled through electromagnetic in-

teraction to baryonic matter3. The coupling allows for some very interesting dynamics

in the photon-baryon fluid. The primordial density fluctuations evolve first by gravita-

tional amplification of the density differences. Then photon pressure rises to cancel the

gravitational pull and leads to suppression of the same densities. Baryons are forced to

follow the oscillation but they drag its equilibrium towards higher over-densities. The

pattern is modified further by clustering dark matter and the evolving ratio of energy

densities leading from radiation dominated into matter dominated era. Furthermore,

free streaming photons smooth the energy density contrasts at scales smaller than the

mean free path. These dynamics leave an imprint on the decoupled photon distribution

of the CMB. The pre-recombination dynamics are often referred as acoustic oscillations.

We observe the CMB photons from all of the directions of the sky. Their temperature

fluctuations form a two-dimensional field upon which the acoustic oscillations induce a

correlation that only depends on the angle of separation between two lines of sight. If

the field is Gaussian, all statistical information is conveniently expressed in a form of

an angular power spectrum: let the CMB temperature to be field s(θ, φ) and expand it

in terms of the spherical harmonic functions as

s(θ, φ) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

aT
ℓmY

ℓ
m(θ, φ). (1.18)

Recall that for the Y ℓ
m, ℓ determines the angular scale and m the orientation or pattern.

Therefore a measure of correlation of the temperature field, sensitive only to the angular

scale, is the angular power spectrum,

CTT
ℓ =

1

2ℓ+ 1

ℓ∑

m=−ℓ

|aT
ℓm|2, where 〈CTT

ℓ 〉 = 〈aT∗
ℓma

T
ℓm〉. (1.19)

The latter expression is an ensemble average of the former. The factors CTT
ℓ are related

to correlations on the sky, 〈s(θ, φ)s(θ′, φ′)〉, in a manner analogous to how Fourier power

spectral density of time ordered signal relates to the autocorrelation function of that

3 Interaction is mediated by electrons through Thomson scattering. Cosmologists loosely refer to

all ordinary matter (hadrons and leptons) as baryonic since the only significant contribution to the

cosmological energy density of ordinary matter is on the account of baryons.
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same signal: the two are each others Fourier transforms. Furthermore, we can write the

angular correlation function, ξ(α), in terms of the CTT
ℓ as

ξ(α) = 〈s(x)s(x′)〉 =
∑

ℓ

2ℓ+ 1

4π
CTT

ℓ Pℓ(α), (1.20)

where Pℓ(α) are the Legendre polynomials, x is a unit vector pointing in the direction

(θ, φ) and α is the angle between x and x′.

From the observations we know that the relative fluctuations in CMB temperature

are of the order of 1 : 105. This makes it possible to use linear perturbation theory to

evolve [18] the primordial perturbations by perturbing the Friedmann equations (1.3)

and estimate their imprint on the CMB photon distribution. Customarily, the initial

perturbations are characterized by a primordial power spectrum, PR(k), for the curva-

ture perturbation, R, from the inflation. For typical inflationary models the primordial

power spectrum is well approximated by a power law:

PR(k) = A

(
k

kp

)n−1

, where
2π2

k3
PR(k)δ(k − k′) = 〈R(k)R(k′)〉, (1.21)

where A, n and kp are constants defining the power spectrum and k is the Fourier wave

vector of amplitude k. The primordial curvature perturbation with adiabatic initial

conditions are enough to define completely the initial perturbations for all the energy

species. Fig. 1.2 presents a sample angular power spectrum evolved from the adiabatic

initial conditions fixed by the WMAP best fit cosmological parameters4.

Figure 1.2: Angular power spec-

trum evolved from the primordial

curvature perturbations assuming

the WMAP 5 year data release best

fit values. τ is the optical depth

to reionization of the intergalactic

medium.

In addition to the photon temperature anisotropy the photons exhibit also a slight

polarization anisotropy that they acquire through Thomson scattering only moments

prior to total decoupling from the baryon plasma. The polarization anisotropy requires

quadrupole density differences between photon and baryon fluids [19, 20] that can only

be supported during a narrow window near recombination. This feature follows from

4http://lambda.gsfc.nasa.gov/
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the multipole expansion of the differential Thomson cross section:

dσ

dΩ
=

3

8π
|ǫ · ǫ′|2σT, (1.22)

where ǫ denotes photon polarization and σT is the Thomson cross section.

Given that the Thomson scattering is the only cosmological process that polarizes

CMB photons, the polarization is linear. Incoming photons can thus be characterized

by three Stokes parameters I, Q and U . Polarization fraction p and angle ψ relate to

the Stokes parameters as

p =

√
Q2 + U2

I
and 2ψ = tan−1 Q

U
(1.23)

and I is the total photon intensity, a. k. a. temperature. CMB polarization experi-

ments are usually designed to ignore circular polarization parametrized by the Stokes

parameter V , since all circular polarization is expected to originate from secondary

sources.

The polarization parameters Q and U form spin±2 fields on the sky as (Q ± iU).

They too can be expanded in terms of spherical base functions, but to support their

spin-2 nature, we need to use spin-weighted spherical harmonics [21]:

(Q± iU)(θ, φ) =

∞∑

ℓ=2

ℓ∑

m=−ℓ

±2aℓm ±2Y
ℓ
m(θ, φ). (1.24)

Of these two fields, we can extract a curl-free and a source-free component just like the

electromagnetic field is separated into E and B. Their expansions,

E(θ, φ) =
∞∑

ℓ=2

ℓ∑

m=−ℓ

aE
ℓmY

E
ℓm(θ, φ) (and similarly for B) (1.25)

are related to the combinations (Q± iU) by

aE
ℓm ≡ −(2aℓm + −2aℓm)/2, Y E

ℓm(θ, φ) ≡ −
(
2Y

ℓ
m(θ, φ) + −2Y

ℓ
m(θ, φ)

)
/2 (1.26)

and

aB
ℓm ≡ −(2aℓm − −2aℓm)/2i, Y B

ℓm(θ, φ) ≡ −
(
2Y

ℓ
m(θ, φ) − −2Y

ℓ
m(θ, φ)

)
/i2. (1.27)

Again, under the assumption that the fluctuations are Gaussian and isotropic, all

statistical information can be compressed into angular power spectra. Polarized CMB

information is often conveyed as TT, TE, EE, BB, TB and EB angular power spectra,

CXY
ℓ =

1

2ℓ+ 1

ℓ∑

m=−ℓ

aX∗
ℓma

Y
ℓm, where 〈CXY

ℓ 〉 = 〈aX∗
ℓma

Y
ℓm〉. (1.28)

Note that although individual aX
ℓm are complex, being expansion coefficients of real fields

they satisfy aX
ℓm = aX∗

ℓ−m and as a result, even the cross spectra are real. A sample of

angular power spectra that correspond to WMAP 5 year best fit values is displayed in

Figure 1.3.
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Figure 1.3: Simulated CMB angular power spectra corresponding to the WMAP 5 year best fit

parameters with an allowed 10% primordial tensor perturbation responsible for the BB-mode.

The solid black line is the CAMB6 [22] simulated spectrum and the dots represent single

realization. Their grey counterparts include beam smoothing corresponding to the Planck

70GHz channel. Not shown here are the TB and EB power spectra that would appear through

cross-polar leakage in the instrument.

1.3 Other cosmological data

As the cosmological models become more complex, the CMB data alone is unable to

constrain all model parameters. This is due to parameter degeneracies, i.e. the ability

of different parameter combinations to produce similar acoustic structure of the CMB

photons. A notorious example is that the CMB data alone does not require dark en-

ergy at all. It is necessitated by supernova observations, the Hubble constant [23] and

measurements of the large scale structure. In the following we list the most important

cosmological datasets and constraints other than the CMB observations.

1.3.1 Hubble constant

The first steps to precision observational cosmology were taken in the late 1920’s when

the galaxy redshift and distance data were used to estimate the Hubble constant. To

this end the distances of extra-galactic objects need to be determined by employing

6http://camb.info
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knowledge of astrophysics. Frequently this means identifying so-called standard candles

that possess an observable quantity related to their intrinsic luminosity. Two commonly

encountered standard candles are the Cepheid variables and the type Ia supernovae.

When neither are available one can resort to statistical properties of the galaxies such

as the absolute magnitude of the brightest star.

Varying level of astrophysical assumptions in the H0 estimates has kept the field

controversial over decades. Even in the 1990’s different approaches led to very diverge

estimates between 40km/s/Mpc [24] and what has become widely accepted 72km/s/Mpc

[25] (for a review of methodology cf. [26]).

1.3.2 Big bang nucleosynthesis (BBN)

The light elements, 2H, 3He, 4He and 7Li, are produced in a very short period of

time when the temperature decreases sufficiently and collisions start to build elements

from the free nucleons (100 keV range). Fractions of these isotopes all depend on the

baryon-photon ratio. Although of considerable historic importance, the BBN limits only

provide a weak prior on baryon density. For a review of the matter cf. [27]. Abundances

of the light elements were forged much before the CMB, making them an interesting

complementary dataset.

1.3.3 Large scale structure (LSS)

The large scale distribution of matter is measured by the distribution of galaxies. The

most notable datasets are due to the 2 Degree Field Galaxy Redshift Survey7 (2dF-

GRS) [28] and the Sloan Digital Sky Survey8 (SDSS) [29]. Both measure the redshifts

of galaxies, translating that into distance and characterizing the 3D distribution by

appropriate statistical measures.

In the past the most frequently used statistical measure was the matter power spec-

trum, P (k), but a number of systematic difficulties has driven cosmologists into de-

veloping more robust statistics to aid parameter estimation from galaxy distributions.

New studies make increasingly use of the baryon acoustic oscillations (BAO) [30]. These

oscillations are remnants of the photon acoustic oscillations of the CMB. Using the BAO

one, instead of fitting a spectrum with unknown calibration and selection effects, fits

the characteristic scale of the acoustic oscillations. In order to understand this quantity

we must start from the sound horizon, rs. We define it to be the distance perturba-

tions in the primordial plasma could travel before recombination. The sound horizon

determines the relative distance of the acoustic peaks in the angular power spectrum,

as the wave modes, k, that correspond to that distance and its harmonics, impart the

strongest correlations on the angular power spectrum.

When we measure the matter power spectrum from the distribution of galaxies, we

find an acoustic structure imposed on top of the dominant form of the spectrum. Again,

the distance of the acoustic peaks is determined by the sound horizon and we have thus

7http://www2.aao.gov.au/∼TDFgg/
8 http://www.sdss.org/
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two angular size measurements of the same comoving size, rs, at two very different

redshifts. The way that the angular size has evolved is depends on a combination of

cosmological parameters.

1.3.4 Weak Gravitational Lensing

Gravitational deflection of light by nearby clusters distorts our view of distant objects.

The reader may recall an image of a notably distorted, arc-shaped galaxy. Weak lensing

refers to the more subtle statistical effects that matter distribution induces to shapes and

apparent sizes of distant galaxies. The same deflection field also distorts our view of the

CMB and needs to be considered prior to comparing theoretical and measured spectra.

Statistical measures of weak lensing are most sensitive to matter density fluctuation

amplitude, σ8, but can be studied as a source of rich cosmological data [31, 32]. For a

review of the matter, see e.g. [33].

1.3.5 Type Ia supernovae

Type Ia supernovae rose to the spotlight at the end of the millennium [34]. It is believed

that the event is caused by an exploding white dwarf that, after accumulating critical

mass from a binary, becomes unstable at the advent of carbon fusion. The type Ia

have a characteristic luminosity curve that make it possible to compute their intrinsic

luminosity, L. Intrinsic luminosity on the other hand is translated into luminosity

distance by comparison to the observed flux, F :

dL =

(
L

4πF

)1/2

. (1.29)

With redshifts, the luminosity distances provide an independent measurement of the

Universe’s expansion history between present and distant past when the Universe was

billions of years younger. The data show to high degree of confidence the transition

from decelerated expansion of the matter dominated era into accelerated expansion of

the dark energy dominated era [35].

1.3.6 Lyman-α forest (Lyα)

Despite their obvious differences, both the CMB and the LSS data probe the same

density fluctuations. Both possess a very profound limitation in characterizing these

fluctuations at the smallest observable scales. For the CMB, photon diffusion washes out

the information and for the LSS the non-linear structure evolution makes it extremely

hard to compare theory to observations. A way to get around the LSS limit is to observe

the small scales before non-linear evolution confuses them. One probe of this large

redshift structure are the hydrogen Lyα absorption lines in quasar spectra [36]. They

probe the neutral hydrogen distribution in the intergalactic space and can resolve linear

matter power spectrum at z = 3. Extending the range of observable scales is especially

useful for the constraints of the primordial power spectrum beyond amplitude and tilt

[37, 38].
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1.4 Cosmological perturbation theory

Linear perturbation theory is an invaluable tool to many fields of science. We present

here a short review of the perturbation theory applied to cosmology [39, 40, 41, 18].

Our focus is to outline how primordial perturbations are characterized and how their

evolution can be followed into the angular power spectrum of the CMB today.

The Einstein equation, in one of its many forms,

Gµν = 8πGTµν (1.30)

connects the geometry of the Universe, described by the Einstein tensor G, to the energy

content of the Universe, described by the stress-energy tensor T. This 4× 4 differential

equation (the derivatives are hidden in G) is symmetric, leaving 10 degrees of freedom.

When we model the Universe, the zeroth order (background) of equation (1.30)

is assumed homogeneous and isotropic, defining the FLRW universe. Furthermore it

suffices to most of our purposes to limit our considerations to spatially flat backgrounds

(K = 0). With these assumptions the unperturbed line element reads

ds2 = gµνdxµdxν = a(η)2
(
dη2 − δijdx

idxj
)
, dη ≡

dt

a(t)
, (1.31)

where we have defined the conformal time, η, that leads to a particularly simple form

of the metric, gµν = a(η)2ηµν , ηµν being the Minkowski metric of Special Relativity.

In order to refine this description we assume that the real Universe can be repre-

sented as a small perturbation around our idealized (zeroth order) background. For the

geometrical side this means adding a small perturbation to the metric:

gµν = ḡµν + δgµν ≡ a(η)2 (ηµν + hµν) . (1.32)

From here on, the over-barred quantities refer to the background solution. The pertur-

bation, hµν , represents a deviation from a spatially flat background. It is not unique,

but depends on our choice of the mapping between background and perturbed coor-

dinates. The arbitrariness associated with the choice of these coordinates is referred

to in cosmology as gauge freedom. Imposing additional constraints to hµν is known

as choosing a gauge. The general perturbation contains more degrees of freedom than

the physical set-up. Thus a cosmologist can limit the number of unphysical degrees of

freedom by useful choices of the gauge.

We call a coordinate transformation between two perturbed space-times a gauge

transformation. Let x̃µ and x̂µ be the coordinates of a background point x̄µ in the two

gauges. Difference between the two coordinate systems is x̃µ(x̄µ) − x̂µ(x̄µ) = ξµ. For

coordinate systems that are sufficiently close to each other, ξµ defines a gauge trans-

formation between the two systems and can be considered a tensor in the background

space-time:

x̃µ(x̄µ) = Xµ
ν x̂

ν(x̄ν), where Xµ
ν =

∂x̃µ

∂x̂ν
= δµ

ν + ∂νξ
µ. (1.33)

In the following we shall see how the factors ∂νξ
µ are useful in choosing convenient

gauges to work in.
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A general perturbation can be decomposed into scalar, vector and tensor perturba-

tions based on the individual part’s transformation properties in spatial rotations of the

background space time. We parametrize it with the scalars A and D, 3-vector B and a

traceless 3 × 3 matrix E:

hµν =

[
−2A −BT

−B −2D · 13×3 + 2E

]
(1.34)

≡

[
−2A (∇Bs)T

∇Bs −2D13×3 + 2
(
∇∇T − 13×3

1
3∇

2
)
Es

]
(1.35)

−

[
0 (Bv)T

Bv ∇Ev + (∇Ev)T

]
+

[
0 0

0 2Et
ij

]
, (1.36)

where ∇ · Bv, ∇ · Ev, δik(∂kE
t
ij) and TrEt all vanish. In the final form we have

extracted the scalar (s), vector (v) and tensor (t) quantities from B = −∇Bs +Bv and

E =
(
∇∇T − 13×3

1
3∇

2
)
Es + ∇Ev + (∇Ev)T + Et

ij .

In the linear perturbation theory the scalar, vector and tensor perturbations evolve

independently. Moreover, the available observations can all be modelled by just the

scalar perturbations. The future CMB polarization measurements such as Planck

are hoped to detect the primordial B-mode polarization signal [42] stemming from the

inflationary gravity waves that require tensor perturbations.

Limiting our attention to the scalar perturbations A, B, D and E we perform the

gauge transformation (1.33) to a perturbed metric. Now the perturbation reads

hµν =
[
−2(A− ∂0ξ

0 −Hξ0) ∇(B + ∂0ξ + ξ0)T

∇(B + ∂0ξ + ξ0) −2(D − 1
3∇

2ξ + Hξ0) + 2
(
∇∇T − 1

3∇
2
)
(E + ξ)

]
.

(1.37)

We have chosen ξ = (ξ0,∇ξ) in order not to introduce new vector perturbations.

The two remaining degrees of freedom in the gauge transformation allow us to choose

ξ = −E and ξ0 = ∂0E − B, rendering the perturbation diagonal. This choice of ξ is

called the Newtonian gauge. It is customary to call the remaining degrees of freedom

A = Φ and D = Ψ:

ds2 = a(η)2
[
− (1 + 2Φ)dη2 + (1 − 2Ψ) δijdx

idxj
]
, Φ,Ψ ≪ 1. (1.38)

Newtonian in this context refers to the fact that in the limit of sub-horizon scales

and non-relativistic matter the perturbations can be identified as a single Newtonian

gravitational potential, φ = Φ = Ψ, causing acceleration of a massive test particle as

a = ∇φ. (1.39)

So far we have only discussed perturbations in the geometry of the Universe i.e. the

lhs of the Einstein equation (1.30). Accordingly there must be perturbations in the

energy content of the Universe. Perturbing the stress-energy tensor will, however, lead us

astray from the ideal fluid description and we need to identify additional components in

the perturbed tensor. First, we may not wish to work in the perturbed fluid rest frame,
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allowing for a possible 3-velocity component, v. Second, the fluid can now support

anisotropic stress: p̄Π = δT(3) − 13×3
1
3Tr δT(3), defined here as the traceless part of

the spatial stress-energy tensor perturbation. We then have

T = T̄ + δT ⇒

ρ = ρ̄+ δρ

p = p̄+ δp

v = v̄ + δv

Π = Π̄ + δΠ

⇒

δ ≡
δρ

ρ̄

v ≡ δv

Π ≡ δΠ

, (1.40)

where, due to the isotropy of the background model, we can choose a frame where v̄ = 0,

and consider only the scalar modes of the velocity and shear perturbations (δv = −∇v

and δΠ = (∇∇T − 1
3∇

2)Π).

These perturbations are gauge dependent. If we make a gauge transformation, x̃µ =

xµ + ξµ, with ξ = (ξ0,−∇ξ), they change:

δ̃ = δ −
ρ̄′

ρ̄
ξ0

δp̃ = δp− ρ̄′ξ0

ṽ = v + ∂0ξ

Π̃ = Π.
(1.41)

Another useful gauge can be defined by choosing the transformation ξ to eliminate

v and B. By equations (1.37) and (1.41) this means

B + ∂0ξ + ξ0 = 0 = v + ∂0ξ ⇒
∂0ξ = −v

ξ0 = v −B.
(1.42)

This gauge condition leads to the comoving gauge. It is of particular interest since it

has become a standard to parametrize the primordial perturbations from inflation by

their comoving curvature perturbation. Recall that we assume the background to be

spatially flat and homogeneous. Then any curvature on a constant η hypersurface is due

to the perturbations. If we compute the Ricci curvature scalar of such a hypersurface

we find

R =
4

a2
∇2

(
D + 1

3∇
2E

)
≡ −

4

a2
∇2R, (1.43)

where we have defined the curvature perturbation, R, which is directly related to the

scalar curvature. The symbol R is taken to refer to the curvature perturbation in the

comoving gauge.

Adding the scalar perturbations to both sides of the Einstein equation (1.30) provides

us with the perturbation field equations, that in the conformal Newtonian gauge read:

∇2Ψ − 3H(Ψ′ + HΦ) = 4πGa2δρ

Ψ′ + HΦ = 4πGa2(ρ̄+ p̄)v

Ψ′′ + H(Φ′ + 2Ψ′) + (2H′ + H2)Φ − 1
3∇

2(Φ − Ψ) = 4πGa2δp

(∂i∂j −
1
3δ

i
j∇

2)(Φ − Ψ) = 8πGa2p̄(∂i∂j −
1
3δ

i
j∇

2))Π,

(1.44)

where H is the conformal Hubble parameter, H = aH . These need to be combined with

our knowledge that the energy content of the Universe consists of several species of en-

ergy: photons, neutrinos, dark and baryonic matter, and (possibly) dark energy. Thus
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we split ρ and p into components and couple them to each other based on their inter-

actions. A necessary tool in doing so is the overall continuity of the energy-momentum

tensor, Eq. (1.45), or

∇µT
µν = 0. (1.45)

The perturbed Einstein equations are written in terms of perturbations to individual

species of energy and coupling between different species is entered as collision terms in

the relativistic Boltzmann equations. It then turns out that to evolve these field equa-

tions it is very convenient to move to Fourier space and expand the angular dependence

of the photon distribution in terms of Legendre polynomials. After setting the initial

conditions at a time well before cosmological scales enter the horizon, the perturbations

can be directly integrated into the CMB multipole expansion at present. Details of such

calculation are unfortunately outside the scope of this thesis and we refer the reader to

the papers [e.g. 18, 43, 44, 45] and textbooks [39, 41] of the field.

1.5 Planck Surveyor mission

Much of the material covered briefly in this section is explained in detail in the Planck

Bluebook [46] and the references therein.

Planck is a satellite mission designed to produce full sky intensity and polarization

maps in 9 different frequency bands between 30 and 857 GHz (0.35–10 mm). Com-

bination of multi-level cryogenic stages, bolometer technology of the high frequency

instrument (HFI) and HEMT radiometers in the low frequency instrument (LFI) grant

Planck an unprecedented frequency coverage. That multi-frequency information is

used to discern several galactic and extra-galactic foregrounds to produce pristine CMB

maps [47]. Figure 1.4 shows the Planck frequency bands alongside with the COBE

[48] and WMAP [49] bands.

Figure 1.4: Frequency bands of the

three full sky CMB surveys. Shown

here is also the CMB intensity in ar-

bitrary thermodynamical units.
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1.5.1 Instrument and noise features

In contrast to its predecessors, Planck is an actively cooled, single focal plane in-

strument. Excess heat is first dissipated by passive V-groove radiators leading to the

ambient 50 K temperature. The LFI front-end is then cooled down to 20 K using a

novel hydrogen sorption cooler. The HFI is cooled down further first to 4 K by another

Joule-Thomson device, and all the way down to 0.1 K by a 3He/4He dilution cooler.

The 4 K stage provides the LFI the reference loads that relieve the LFI from using dif-

ferencing assemblies like the COBE and WMAP. While cooling allows Planck to reach

extremely low noise equivalent temperatures (NET) in its detectors, it also exposes the

correlated 1/f behaviour of the noise samples [50, 51]. The feature is enhanced by the

lack of real differencing assemblies immersed in the same thermal environment.

Let ñ be the discrete Fourier transform of an instrument noise sample vector of

length N :

ñk = F {n}k ≡
N−1∑

s=0

ns e
−i2πks/N . (1.46)

The Planck instrument noise is assumed Gaussian and has a zero mean. The two inde-

pendent noise components, correlated and white, can be modelled by a power spectral

density (PSD):

P (f) = 〈ñ∗
f ñf 〉 =

σ2

fs
·
fα + fα

knee

fα + fα
min

, f = k
fs
N
, (1.47)

where σ2 is the white noise sample variance, fs is the detector sampling frequency and

slope, knee and minimum frequencies (α, fknee, fmin) are the noise model parameters.

A sample noise power spectrum is depicted in Fig. 1.5.

Figure 1.5: Left: parametrized and simulated instrument noise power spectrum. Right: noise

autocorrelation computed for the model on the left, but fmin multiplied by 10 (solid) and effect

of α, fmin and fknee.

A non-white noise power spectrum implies a correlation between noise samples from

the detector. According to the Wiener-Khinchin Theorem, the time domain noise auto-

correlation function is the inverse Fourier transform of the noise power spectral density:
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Rl ≡ 〈nsns+l〉 = fs F
−1{P (f)}l = fs

1

N

∑

f

P (f)ei2πlf , (1.48)

where the sum over f ranges from −fs/2 to fs/2 and N is the length of the noise

vector. Right panel in Fig. 1.5 depicts the autocorrelation function normalized with the

white noise variance and the effects of noise model parameters. One may conclude that

the only parameter relevant for the correlation length is the minimum frequency that

sets the scale for correlation. Others simply control the level of correlation with same

correlation length.

1.5.2 Scanning strategy

Planck will be positioned in the Lagrange point 2 (L2 for short) of the Sun-Earth

gravitational system. It is located 1.5 million kilometers from Earth, leaving Earth

between the satellite and Sun. The satellite spin axis is directed away from the Sun

and set to precess at an amplitude of 7.5 degrees with a period of seven months. As a

result the spin axis tracks a cycloid pattern around the ecliptic on the celestial sphere

once per year. The Planck focal plane axis is directed at a boresight angle of 85◦ away

from the spin axis and follows nearly great circles between the ecliptic poles at a rate

of 1 rpm. Planck completes a full sky survey roughly once in every seven months of

operation. These parameters have been chosen to [52]

• adequately sample all sky pixels, needs both sufficient hit count and scanning

directions

• observe the same regions of the sky over various time scales

• avoid unnecessary strong gradients in pixel hit counts

Unfortunately, all of these constraints cannot be satisfied at the same time. Figure 1.6

contains an illustration of the Planck scanning strategy and an example of a simulated

hit distribution corresponding to that scanning strategy. It shows two deep fields of high

hit count at the ecliptic poles. Outline of both fields is characterized by a strong gradient

in pixel hit counts. In Paper I we discuss some aspects of these gradients in conjunction

with map-making.

1.5.3 Planck analysis pipeline

The Planck data analysis is organized into five separate levels, four of which are shown

as a diagram in Figure 1.7. Not shown in the plot is the vital simulation level (Level S)

that has been a crucial tool in pipeline development and will provide necessary support

for data analysis through Monte Carlo studies.

The Planck satellite will relay its observations daily to the mission operations

centre (MOC) in Darmstadt. The low and high frequency instrument consortia have es-

tablished two separate data processing centres (DPCs) that receive the instrument data
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Figure 1.6: Top: Visualization of the cycloidal Planck scanning strategy for one year of

observations. The satellite spin axis precesses around the equator along the dark blue line.

The three scanning circles represent focal plane center pointing for one day of observations one

month apart from each other. The corresponding spin axis pointings are marked by diamond

shapes on the right side of top row. The Planck focal plane center opens at an angle θb = 85◦

from the satellite spin axis. Bottom: Hits per pixel for one year of simulated observations using

the 12 70GHz detectors. The characteristic distribution of hits at the ecliptic poles is due to

the cycloidal scanning strategy. The color scale extends logarithmically from 3, 500 (blue) to

340, 000 hits (red) per 7′ × 7′ pixel.
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and satellite telemetry from MOC. Level 1 constitutes of storing that data and process-

ing the telemetry into satellite attitude information. Level 1 also provides feedback to

the MOC about the satellite.

Level 2 receives the raw uncalibrated time-ordered information (TOI) from Level 1

and calibrates and compacts the data into intensity time lines. Most importantly, Level

2 processes those calibrated time lines into frequency maps of the microwave sky. Paper

I deals with this map-making stage.

Level 3 is the component separation stage where the full frequency information from

both of the instruments is combined to separate the foreground components, both galac-

tic and extra-galactic, and the CMB into separate component maps. The DPC:s share

data at this level but implement component separation independently for a necessary

consistency check.

Level 4 stands for all subsequent scientific exploitation of the data. The CMB compo-

nent map is analyzed into angular power spectra and cosmological parameter estimates.

Paper II studies the residual noise covariance from the map-making stage. The noise

covariance matrix developed in Paper II is an input to the power spectrum estimation.

Paper III presents a study of an expanded phenomenological model hosting additional

inflationary degrees of freedom. It provides the cosmological parameter estimates using

a dataset similar to the Planck data.

Additional statistical analysis such as the non-gaussianity studies take place on level

4. A body of non-CMB science is also performed on the component maps, e.g. the

study of Sunyaev-Zeldovich effect that is a signal of ionized intergalactic media.

Level 1

Level 2

Level 3

Level 1

Level 2

Level 3

MOC

Level 4

HFI DPCLFI DPC

Comp. maps

Cal TOI + Freq. maps

Cal. TOI

Freq. maps

Raw TOI Raw TOI

Cal. TOI Freq. maps Cal. TOI Freq. maps

all TMall TM

Figure 1.7: Planck data analysis

pipeline organized into four levels.

Details: see text. The diagram is

reproduced from [46].
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1.6 Notational conventions

In the remainder of this thesis we employ the natural unit system defined by setting

c = kB = ~ = 1 (1.49)

if not explicitly stated otherwise.

1.6.1 CMB analysis

The field of CMB experiments is still rather new and for that reason many frequently

encountered quantities still lack an agreed symbol. An alert reader may notice that not

even the papers I and II conform to the same notation. Table 1.1 lists some frequently

used quantities in the CMB analysis with their chosen symbols.

Table 1.1: Frequently encountered symbols

Symbol Definition

P detector pointing matrix

F offset projection matrix

a baseline offset vector

m 3Npix map vector

m̂ map estimate

n noise vector

nw white noise vector

d TOD vector, d = Pm + n

N noise covariance, map domain

N noise covariance, time domain

Nc correlated noise covariance, time domain

Nw white noise covariance, map domain

Nw white noise covariance, time domain

Mp 3 × 3 observation matrix for pixel p

Na prior baseline offset covariance

Throughout the thesis, maps are presented in Hierarchical Equal Area iso-Latitude

Pixelization (HEALPix) [53]. The resolution of a HEALPix map is defined by its res-

olution parameter, r, or its Nside=2r. The number of pixels in a HEALPix map is

Npix = 12 · N2
side.
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Destriping approach to

map-making

The satellite scans the microwave sky sampling the temperature and polarization pro-

ducing sizable time ordered data vectors. Before we can compare cosmological models

to these observations we need to reduce the data size in some manner. An obvious

reduction operation is to make a map of the observations. However, care must be taken

in order not to destroy any cosmological information present in the TOD. Failure to

model and treat the instrument noise properly will lead to greater uncertainty of the

pixel temperatures and thus degradation of the cosmological information.

2.1 Preliminaries

The calibrated output of a detector is a vector of observations. The magnitude of an

observation (sample) depends on the sky temperature, its polarization and instrument

noise. This time ordered data vector (TOD for short), d, can be decomposed as

d = s + n = s + nw + nc, (2.1)

where s denotes the sky signal and the noise vector n is broken down into an uncorrelated

white nw and a correlated nc part.

The instrument response to sky temperature and polarization can be formulated as

st = (1 + ǫ)Ip + (1 − ǫ) [Qp cos(2χt) + Up sin(2χt)] , (2.2)

where I,Q, and U are the pixelized, beam-smoothed sky maps of the corresponding

Stokes components, χ is the detector polarization angle, and t and p label samples and

pixels respectively. ǫ is the small cross polar leakage factor that for the LFI and this

thesis can be approximated as zero. We ignore beam asymmetry and idealize that the

detector response is a function of only the targeted pixel of the beam-smoothed sky

map. For a more precise treatment, the detector beam should be convolved with the

21
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full sky. Depending on the selected map resolution and frequency channel, a detector

beam is 2–5 times wider than an average pixel.

Following the idealized sky response model we can group the three Stokes maps into

a single map vector m = [I,Q,U] and establish a linear transformation between the

sky TOD s and the map m:

s = Pm. (2.3)

The transformation is defined by the pointing matrix P that picks the correct contribu-

tions from the map for each of the samples in the TOD. In our case, P is an extremely

sparse nsamples × 3Npix matrix hosting only three non-zero elements per row. In a

more precise treatment, such as the deconvolution map-making [54], the rows would be

replaced by maps of the beam sensitivity in proper orientations.

2.2 Maximum likelihood map-making

We formulate map-making as an attempt to recover an estimate, m̃, of the true sky

map, m, from the TOD, d:

d = Pm + n, m̃ = Ld, (2.4)

and wish to choose the linear operator, L, so that it minimizes the difference between

m and m̃:

〈(m̃ − m) (m̃ − m)T〉. (2.5)

Both the map, m, and the noise, n, are assumed to be Gaussian, zero mean vectors.

Let us start by assuming that we know the noise covariance matrix of the detector

noise, allowing us to rotate the noise vector into an uncorrelated Gaussian with unit

variance:

N ≡ 〈nnT〉 ⇒ n = N 1/2n′, (2.6)

where 〈n′n′T〉 = 1 and 〈n〉 = 0. If noise is stationary, then N is circulant. For a

real experiment, stationarity over the whole mission may be unjustified, but even in

that case N can be treated as a block diagonal matrix where each block corresponds

to a stationary interval. It is also band diagonal, the width being determined by the

correlated noise minimum frequency (cf. Figure 1.5).

Multiplying the expression for d by N−1/2, yields

N−1/2d = N−1/2Pm + n′. (2.7)

Since n′ lacks all statistical structure, the best we can do is to simply neglect it, leading

to a solvable estimate of m̃:

m̃ =
(
PTN−1P

)−1
PTN−1d, (2.8)

where we have multiplied by PTN−1/2 to make the prefactor of m̃ invertible. We

identify
(
PTN−1P

)−1
PTN−1 as our linear map-making operator in m̃ = Ld, and

note that this estimate, m̃, leads to minimum variance of the difference m̃ − m. A
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map-making operator defined in this manner was applied already to the COBE data

[55] and belongs to the equivalence class of lossless map-making methods listed in [56]. In

fact, it is the information content of the noise-weighted map, PTN−1d, that determines

the possible loss of information.

2.3 Destriping

Solving minimum variance maps from (2.8) for a Planck sized dataset is exhaustive

in terms of both memory and processing power. Nevertheless the method has been

successfully applied to the BOOMERanG [57] data and simulated LFI data within the

Planck Working Group 3 [58, 59, 60, 61]. It is desirable to have in hand a tool that can,

under suitable conditions, perform nearly optimally using significantly fewer resources.

The 1/f form of the correlated noise spectrum ensures that most of the correlated noise

power manifests at low frequencies. That being the case, the correlated part of the noise

is effectively modelled by a series of constant offsets of fixed length called baselines. In

this approximation the correlated noise part is written as

nc = Fa, (2.9)

where a is a vector of the baseline amplitudes and F is a matrix that projects the

amplitudes onto the TOD. The length of the baseline offset is usually chosen to be in

the range of 1 second to 1 hour, corresponding roughly to 102 to 105 samples. Now the

time domain noise covariance becomes [62]

N = Nw + Nc = Nw + FNaF
T. (2.10)

Like N , the baseline correlation matrix, Na, is approximately band diagonal, the width

of the diagonal being inversely proportional to baseline length.

In our derivation of the minimum variance map we took the underlying map, m,

as fixed and removed noise statistically. Standard destriping [63, 64, 62, 65] takes

additionally also the baseline amplitudes as fixed. Therefore one solves for m̃ and ã and

only considers variations in the white noise levels. The decorrelation procedure looks

like:

d = Pm + Fa + nw ⇒ N−1/2
w d = N−1/2

w Pm + N−1/2
w Fa + n′ (2.11)

Neglecting n′ allows us to solve for m̃,

m̃ =
(
PTN−1

w P
)−1

PTN−1
w (d− Fã) , (2.12)

and substituting m̃ into Eq. (2.11) leads to an equation for ã:

FTN−1
w ZFã = FTN−1

w Zd, where Z ≡ 1− P
(
PTN−1

w P
)−1

PTN−1
w . (2.13)

After solving the baselines from equation (2.13), one then subtracts them from the orig-

inal TOD ending up with essentially sky signal and simple white noise. Some residual

correlated noise will remain but is approximated as white for the purpose of problem
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reduction. Solving the minimum variance map (2.8) from such a TOD is computation-

ally much less intensive than the complete case since the band diagonal N is replaced

by a diagonal Nw.

In practice the baselines are most conveniently solved through conjugate gradient

iteration [66]. In fact, the nbaselines×nbaselines matrix FTN−1
w ZF is not even invertible.

2.3.1 Destriping with prior information

The fundamental difference between the destriping and optimal approaches is that the

destriping only employs information about the instrument noise equivalent tempera-

tures, whereas the optimal method makes use of the full noise power spectrum. A

middle ground of the two approaches is a map-making algorithm that does model the

correlated noise by constant baseline offsets but employs the noise power spectrum to

constrain the baseline amplitudes. Here, we call this approach generalized destriping. In

this case, the noise decorrelation procedure includes a baseline correlation matrix, Na,

that can be computed from the correlated instrument noise power spectrum. Basically

this matrix contains the correlations of averages of noise samples.

We formulate this algorithm by substituting the destriping approximation for noise

covariance, Eq. (2.10) into the minimum variance map equation (2.8):

m̃ =
(
PT

(
Nw + FNaF

T
)−1

P
)−1

PT
(
Nw + FNaF

T
)−1

d. (2.14)

Unfortunately, this form of the generalized destriping bears no computational advan-

tages over the optimal method since all relevant matrix products are still enormous.

Instead, one can follow the standard destriping steps and first solve for the baseline off-

sets, now employing the full knowledge of the noise properties. This time the baseline

amplitudes are solved from

(
FTN−1

w ZF + N−1
a

)
ã = FTN−1

w Zd. (2.15)

If no a priori information on the baseline correlation is available, one is forced to assign

infinite variances to the baseline amplitudes. In such a case, the term N−1
a ∝ σ−2

a

vanishes and we recover the standard destriping equation (2.13)

If the baseline vector, a, is stationary or can be treated as stationary pieces, then

N−1
a is approximately circulant and band diagonal, allowing a very efficient computation

of N−1
a ã using Fourier techniques. Thus the additional noise information has induced

only minimal delay to each conjugate gradient iteration. In effect, the noise filter (N−1
a )

constrains the solved baseline amplitudes and allows solving for shorter baselines than

standard destriping.

2.3.2 Breakdown into components

Being a linear operation, the destriping allows individual study of all the elements

present in the TOD: we can make separate maps from all the independent components
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present in the time ordered signal. Paper I features a scrupulous analysis of all compo-

nents encountered in destriping. Furthermore, the relative significance of these individ-

ual components varies over three different domains: frequency, time and map domain.

Note that when applying the destriping operation to the full TOD, one unavoidably

applies it to the sky signal and white noise, to neither of which it is advantageous to do

so.

In the map domain the components are hierarchically as follows:

• sky signal

– binned sky signal

– pixelization noise baselines

– pixelization noise baseline errors

• instrument noise

– white noise

∗ white noise

∗ reference baselines

∗ baseline errors

– correlated noise

∗ correlated noise

· part modelable by baseline offsets

· part unmodelled by baseline offsets

∗ reference baselines

∗ baseline errors

By reference baselines we mean the näıve average of samples over the baseline. The

pixelization noise is the variation in samples drawn from the same pixel, stemming

from subpixel signal gradients. When sufficient information is available and subpixel

structure of the sky signal does not interfere, a destriper solves nearly zero baseline

amplitudes for the sky signal and white noise and removes the part of the correlated

noise modelable by baseline offsets.

Figure 2.1 features three top level components (the CMB, white and correlated noise)

in frequency domain. Power spectral densities are plotted before and after subtracting

15 s baseline offsets solved by a standard destriper. A number of notable features are

present in the figure: destriping alters dramatically the noise spectra but leaves CMB

almost intact and correlated noise is removed more effectively than white noise. Also,

the CMB spectrum exhibits harmonics of the satellite spin rate, 1 rpm, and repointing

frequency 1 h−1 ≈ 3 × 10−4 Hz. Baseline effects only show at frequencies lower than

1/15 s ≈ 7 × 10−2 Hz. Furthermore, the rise in low frequency power of the destriped

noise spectra is due to the difference between solved and reference baselines (baseline

error).
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Figure 2.1: Component powers in

spectrum domain. The solid lines

represent the power spectral den-

sities of three TOD components.

The dashed lines of the correspond-

ing colours are the same TOD:s af-

ter destriping with 15 s baselines.

The three vertical dotted lines mark

(from left to right) the repointing,

satellite spin and baseline frequen-

cies.

Binning these signals into a map introduces additional phenomena. If we write the

destriped TOD as d′ = d− Fa and compute the covariance we get

〈d′d′T〉 = 〈ddT〉 − 〈daT〉F − F〈ayT〉 + F〈aaT〉FT, (2.16)

where all signals are assumed to have zero mean. For a sample yt, on a baseline at, we

find

〈d′t
2
〉 = σ2

d′ = σ2
d − 2〈dtat〉 + σ2

a (2.17)

and we see that unless there is a strong positive correlation between the TOD samples

and their baselines, destriping only adds to the variance in time domain. That corre-

lation is dictated by the fraction of the signal that can be represented by the baseline

offsets and is strongest for the 1/f noise and weakest for the CMB signal.

It is not given that these cancellations make it to the pixel temperatures. For a

simple case, consider a non-polarized measurement with a single detector. Now the

pixel temperature from binning is the simple average over samples hitting that pixel,

mp =
1

nhits

∑

t∈p

dt, (2.18)

resulting in a pixel variance,

〈m2
p〉 =

1

n2
hits

∑

t,s∈p

〈d′td
′
s〉

=
1

n2
hits

∑

t,s∈p

(
〈dtds〉 − 〈atds〉 − 〈dtas〉 + 〈atas〉

)
, (2.19)

which is strongly influenced by sample-baseline correlation. For white noise, terms with

t and s on different baselines vanish. If we approximate the solved baselines by reference

baselines, we have 〈dtat〉 = σ2
a = σ2

w/nbase, leaving

σ2
p ≈

1

n2
hits

∑

t∈p

(
σ2

w − bσ2
a

)
=
σ2

w − bσ2
a

nhits
≈ (1 −

b

nbase
)
σ2

w

nhits
, (2.20)
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where we include the factor b ∼ 1 to account for multiple samples on a single baseline

falling into same pixel. Table 2.1 lists sample and pixel standard deviations for the

CMB and noise and shows how sample-baseline correlations alter them. Signal com-

ponents listed in Table 2.1 are the same as in Figure 2.1, showing the components in

three different domains: time, frequency, and map. Notable is that while subtracting

reference baselines, in accordance to equation (2.20), reduces pixel variance, baseline

misestimation negates the effect for white noise.

Table 2.1: Component powers before and after destriping with 15 s baselines

Standard deviation [µK]

Time domaina Map domainb

Component σd σd′ σa σa(ref) σp(bin) σp(ds) σp(ref)

CMB 99.94 99.93 0.462 24.88 99.85 99.83 99.82

1/f 1 766 153.6 1 862 1 862 487.1 4.163 3.852

white 2 700 2 699 79.63 79.55 55.19 55.24 55.16

a d and d′ refer to the time line samples before and after subtracting the baselines, a. “ref”

stands for reference baselines (naive averages) instead of actual solved baselines.

b We report pixel standand deviations of an Nside=512 Stokes I map. The abbreviations

“bin”, “ds” and “ref” refer to binned map, destriped map and destriped with reference

baselines respectively.
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Residual noise characterization

The second of the selected topics deals with map-making residuals. For any high preci-

sion observation the quality of science deliverables is only as good as the understanding

of non-scientific components still present in the data. That knowledge ultimately limits

all attempts to further refine the data products. The Planck frequency maps act as

inputs to component separation and power spectrum estimation that both rely on a

solid understanding of the residuals.

3.1 Preliminaries

No map-making method is perfect in the sense that the estimated map, m̃, always

contains some degree of residuals. The residuals are defined to be the difference between

the beam-smoothed underlying sky map and the estimate:

△m = m̃ − m. (3.1)

According to Paper I, there are numerous components to this difference. Even if our

noise model is perfect, we can only remove the statistically most probable noise realiza-

tion from the time ordered data. To which extent that realization is defined, depends

on aspects of the survey, such as the scanning strategy, focal plane geometry and instru-

ment performance. Also, since the destriping principle employs a coarse grained noise

model (baselines), that clearly limits the accuracy of our noise description. The part

of noise that escape our noise model is dubbed unmodelled noise. For the destriping

approximation the term includes all non-white features in the power spectral density

above the baseline frequency fbase = 1/tbase.

In addition to the noise effects, the map-making algorithm may induce distortion in

the sky signal. These distortions only become significant when map-making is applied

at a low resolution where the sky signal has considerable subpixel structure. Such will

not be the case for a high precision CMB experiment. Therefore this chapter deals with

noise related residuals.

Statistical description of the residuals is established in the form of a pixel-pixel noise

28
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covariance matrix

N = 〈△m△mT〉. (3.2)

Inserting here the minimum variance map estimate (2.8) allows one to write for this

matrix

N =
(
PTN−1P

)−1
. (3.3)

For generalized destriping it suffices to insert here the approximated noise covariance,

N =
(
PT

(
Nw + FNaF

T
)−1

P
)−1

, (3.4)

and to make full use of the reduced problem dimension we furthermore employ the

Woodbury formula1 to write

N−1 = PTN−1
w P − PTN−1

w F
(
FTN−1

w F + N−1
a

)−1
FTN−1

w P, (3.5)

effectively reducing the problem size from number of samples into number of baselines.

Standard destriping is the limit of generalized destriping when no a priori informa-

tion of the baseline correlation are available. Thus we let σ2
a → ∞ with the effect that

N−1
a → 0 leaving

N−1 = PTN−1
w P − PTN−1

w F
(
FTN−1

w F
)−1

FTN−1
w P. (3.6)

This line of thinking implies that both optimal and generalized destriping noise

models are assumed accurate and no unmodelled noise is present. In reality destriping

always ignores the part of noise that cannot be modelled by the constant baseline offsets.

Paper II quantifies in detail the effects of unmodelled noise and shows the approximation

to be good for short baselines and low knee frequencies.

3.2 To noise covariance from its inverse

Applying equation (3.3) and its successors lead to a situation where one needs to invert

a symmetric 3Npix × 3Npix matrix. Potentially the problem is huge: the matrix size

scales as N2
pix ∼ N4

side and the actual inversion by most methods as N3
pix ∼ N6

side.

Map-making algorithms attempt to resolve the correlated noise component by com-

paring samples measured from the same pixels at different times and by different detec-

tors. The methods are unable to resolve the overall average amplitude, the monopole,

of the temperature map. The same limitation applies to the analytical noise covariance

matrices: when no measures are taken to prevent it, the ill-determined temperature

monopole renders the covariance matrix singular. We have chosen to regularize the

matrices by projecting out the ill-conditioned eigenmode:

N−1 = UΛUT =
∑

i=0

λiêiê
T
i → Nreg =

∑

i=1

1

λi
êiê

T
i , (3.7)

1 (A + UCV)−1 = A
−1 − A

−1
U

`

C
−1 + VA

−1
U

´

−1
VA

−1
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where we have written the covariance matrix as a product of orthogonal and diagonal

matrices, U and Λ, and ultimately in terms of its eigenvalues and eigenvectors λi and êi.

Because N is real and symmetric, it always has 3Npix linearly independent eigenvectors.

Both the eigenvalue analysis and the consecutive matrix inversion are demanding

operations when the matrices are computed even for moderate resolutions such as

Nside=32. To invert such a 11 GB matrix requires 30 CPU hours on a modern desktop.

Advancing to a step better resolution of Nside=64 multiplies these requirements by 16

and 64 respectively. Fortunately the ScaLAPACK2 linear algebra package provides ef-

ficient MPI parallelized routines for these operations on a parallel platform. Currently

the inversion and regularization of an Nside=64 matrix is computationally feasible and

taken to suffice.

3.3 Structure of the noise covariance

We wrote a code implementing equation (3.5), the generalized destriper case, and used

it to compute the residual noise covariance matrix for a realistic scanning of the sky

using the Planck 70 GHz channel comprising 12 detectors. The noise parameters for

the simulation were chosen as fs = 76.8 Hz, fmin = 1.15×10−5 Hz, fknee = 50 mHz, and

α = 1.7. Since each row and column is really a covariance map of the corresponding

pixel, we can plot them using standard HEALPix visualization tools. For clarity we

normalize the covariance map into correlation factors:

Corr(mp,mq) ≡
〈mpmq〉√
〈m2

p〉
√
〈m2

q〉
, (3.8)

where m is to be taken a noise-only map. Figures 3.1 and 3.2 exhibit the estimated

correlation factors. We have chosen two reference pixels fixing p = 0 or p = 2047.

Given HEALPix resolution Nside=32 and NESTED ordering scheme, these two pixels

are located at the equator and north pole respectively. In a single map, q assumes all

values between 0 and Npix − 1 = 12287.

3.4 Downgrading maps and matrices

It is not trivial to produce useful low resolution maps from a high resolution observation.

One has the choice of a number of methods all leading to different signal and noise

structures. If we examine the problem from power spectrum estimation viewpoint, the

most useful methods are those that have analytical descriptions (covariances) of the

induced signal and noise distortions.

Another desired virtue of a low resolution map is being bandwidth limited. Pix-

elized spherical harmonic functions, Yℓm(θ, φ), form an approximately orthogonal set of

functions on a pixelized sphere up to ℓmax ≈ 3Nside − 1. When a high resolution map

containing small angular scale power is re-pixelized to lower resolution, power beyond

2http://www.netlib.org/scalapack/scalapack_home.html
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Figure 3.1: Visualization of the noise covariance matrix. Top: Noise correlation of an equa-

torial pixel. Bottom: Noise correlation of a polar pixel. Left: Linear color scale highlights the

regions of strongest correlation. Right: Histogram equalized color scale reveals a rich pattern

of correlation over the entire map. Cf. Figure 3.2 for correlation with polarization maps.

this ℓmax gets aliased to lower angular scales distorting the power spectrum estimates.

For iterative power spectrum estimators such as the Gibbs sampler [67], it is imperative

to make the signal bandwidth limited.

In Paper II we describe and study three low resolution strategies: direct map-

making, noise-weighted downgrading, and smoothing downgrading. The first method

is the simplest case and the appropriate noise covariance was developed in equations

(3.3) and (3.5). It has the significant downside of inducing signal distortions due to

subpixel structure. A more refined method is to recover the original noise-weighted

map, PTN−1d′ (see Eq. (2.8)), from the high resolution map and rebin it according to

estimated noise levels. In this approach the signal distortion is limited to pixelization

smoothing and the noise covariance is very close to direct map-making.

If it is necessary to limit the signal bandwidth to angular scales supported by the

low resolution, it is possible to downgrade the map through harmonic analysis. In this

approach the harmonic expansion of the high resolution map is convolved with a sym-

metric Gaussian beam designed to suppress high-ℓ power and the smoothed expansion

is resynthesized to lower resolution. In this last considered case both noise and signal

covariances need to be modified accordingly with the smoothing beam window function.

The presented matrices describe the pixel-pixel correlations directly at the map-

making resolution. However it is obvious that this will not be the case for low res-

olution maps downgraded from high resolution, a procedure called for by the signal
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Figure 3.2: Visualization of the noise covariance matrix. 1st and 3rd row: IU and QU noise

correlation of an equatorial pixel. 2nd and 4th row: IU and QU correlation of a polar pixel.

Left: Linear color scale highlights the regions of strongest correlation. Right: Histogram

equalized color scale reveals a rich pattern of correlation over the entire map. Cf. Figure 3.1

for correlation of temperature pixels.
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distortion effects. We can device a downgrading operator that re-pixelizes a map into

lower resolution and, when applied to a noise covariance matrix, yields the statistical

noise description in the downgraded case:

D =
(
PT

lowN
−1
w Plow

)−1
X

(
PTN−1

w P
)
. (3.9)

Matrix X simply sums all subpixel3 temperatures into a superpixel. It can be formulated

as

Xqp =

{
1, p subpixel of q

0, otherwise.
(3.10)

Now the low resolution maps and covariance matrices become

m̃low = Dm̃ and Nlow = DNDT. (3.11)

Because of the sheer size of the full resolution covariance matrix, it is not feasible to

iterate to the low target resolution through huge intermediate products. For both op-

timal and generalized destriping map-makers it means that the downgraded covariance

can only be estimated by the use of some intermediate resolution matrix (e.g. going

through Nside=64 to Nside=32), or skipping the downgrading procedure altogether by

producing a low resolution matrix directly. We found that even the direct approach

produced satisfactory results.

3.5 Making use of residual noise covariance

Due to resource limitations the full statistical noise description can only be applied at

large angular scales. Fortunately this is the region where noise residuals have the most

prominent effect on the angular power spectrum of the map estimate.

For a cosmologist the low-ℓ region of the angular power spectra contains a host of

interesting features such as the effects of integrated Sachs-Wolfe effect (ISW), reioniza-

tion and the primordial gravity waves. Misestimated or neglected noise correlations in

the maps increase errors and have the potential to bias the power spectrum estimates

in the low-ℓ regime.

3.5.1 Noise bias

A useful tool in assessing the significance of the residual noise correlations is the noise

bias. It is defined as the average of the angular power spectra of noise-only maps.

Since noise and the sky are uncorrelated, the noise bias is additive to the angular power

spectrum of the true sky.

One can produce Monte Carlo estimates of the noise bias by producing noise time

streams, processing them into maps according to some scanning strategy, and computing

the average angular power spectra of the noise maps.

3 For HEALPix NESTED pixel ordering scheme the task of determining all subpixel pixel numbers

is straightforward. One large Nside=L superpixel contains n = (H/L)2 Nside=H subpixels. The

subpixels, p, have consecutive pixel numbers that habit the range nq ≤ p ≤ (n + 1)q − 1, where q is the

superpixel number.
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The noise covariance matrix, containing the full statistical description of the residual

noise, provides an analytical estimate of the noise bias. Let m be a noise-only map,

computed by applying any of the available linear map-making operations to a noise-only

TOD and N is its covariance matrix:

N = 〈mmT〉. (3.12)

Our noise bias, Nℓ is the average power spectrum of these noise maps. By theory of

spherical harmonic transforms we can write the spherical harmonic expansion (the aℓm

coefficients) using yet another linear operator4,

a = Ym, (3.13)

and recalling the definition of the angular power spectrum then leads to

Nℓ =
1

2ℓ+ 1

ℓ∑

m=−ℓ

〈aℓma∗
ℓm〉 =

1

2ℓ+ 1

∑

i

(
YNY†

)
ii
, (3.14)

where the rather symbolic sum over i implies a sum over proper diagonal elements.

3.5.2 Large scale power spectrum estimation

Current paradigms of the CMB power spectrum estimation split the problem into low

and high-ℓ regimes that overlap around ℓ ∼ 100. Low-ℓ analysis is driven to produce

maximum likelihood estimates making use of all the available information, whereas the

high-ℓ estimates employ a Gaussian or similar approximation of the Cℓ likelihoods.

Also, the noise is modelled as pure white noise at these small angular scales. The high-ℓ

approximations are known to be accurate at their region of application, but break down

as the angular scale increases.

This thesis deals with the distinctly non-white residual noise correlations of the low-ℓ

regime. Therefore it is necessary to understand how the statistical noise description is

put into use in the optimal power spectrum estimation.

Isotropy of the CMB signal means that all statistical Gaussian information about the

CMB anisotropies can be conveyed as an angular power spectrum Cℓ (c.f. Eq. (1.19)).

It follows that a mapping can be found between the power spectrum and the signal

pixel-pixel covariance matrix (m is the sky map):

S = 〈mmT〉 =
∑

ℓ

PℓCℓ. (3.15)

The form of Pℓ depends on whether we are dealing with polarization maps or not. For

the temperature-only case the matrix is written using Legendre polynomials Pℓ:

Pℓ
qp ≡

2ℓ+ 1

4π
Pℓ(r̂p · r̂q), (3.16)

4 Matrix Y has a row for every aℓm, aE

ℓm and aB

ℓm coefficient and each row is the map of the

corresponding (spin-weighted) spherical harmonic function.
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where r̂x is a unit vector pointing to the center of pixel x.

With both noise and sky covariance matrices we may then write a likelihood function

based on the multivariate Gaussian approximation:

logL(Cℓ) = −
1

2
m̃T (S + N)−1

m̃ −
1

2
log

[
(2π)Npix det (S + N)

]
. (3.17)

For power spectrum estimation we take S = S(Cℓ) where the free parameters are all

Cℓ up to some moderate ℓmax no larger than 3Nside of our covariance matrices. The

same expression can be used in low resolution parameter estimation, but now the set of

free parameters is defined by cosmology and the angular power spectrum is computed

from them using numerical codes such as CAMB. In both cases the procedure is simply

to maximize the likelihood by any means available and possibly characterize the iso-

curves of the likelihood in the surrounding parameter space. Paper III deals with the

parameter estimation problem, although mostly in the high-ℓ regime.
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Isocurvature models

In a CMB experiment, parameter estimation is one of the very last steps the data

flows through and likely the first step where particular cosmological models are applied

to the data. Inputs to this phase are the estimated, component separated CMB map,

power spectrum estimates and the residual noise covariance matrix, now hosting residual

information from both map-making and component separation. The task is to choose a

cosmological model defined by a handful of parameters and optimize those parameters

to model the inputs (maps and Cℓ) to the best possible agreement. It is possible to use

additional cosmological datasets to break parameter degeneracies and wield additional

constraining power (c.f. Section 1.3 for a review).

In this chapter we study the parameters of a particular cosmological model that

slightly extends the standard cosmological model by relaxing the initial conditions.

4.1 Cosmological parameter estimation

A CMB experiment can be considered successful after raw data is processed into the

frequency maps and the CMB component of these maps is resolved with reliable under-

standing of all residuals present in the CMB sky estimate. Even the most accurate CMB

sky map does little to promote cosmological understanding without careful comparison

of theoretical predictions and the observed sky.

An extremely useful tool in comparing theory and observation in cosmology has been

the angular power spectrum. We possess the tools to develop initial conditions set at

the inflationary epoch, only small fraction of a second since the Big Bang, into a pattern

of angular correlation in the CMB sky of the present, 14 billion years later.

Parametrizing the initial conditions with a handful of parameters allows us to deter-

mine the values of these parameters with variable precision following from their impact

on the correlation pattern of the sky. The parameter estimation itself provides little

information about whether or not a chosen parametrization reflects the physical setting

of the Universe as long as the parametrization has sufficient degrees of freedom to model

the initial conditions.

36
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Characterizing the primordial curvature perturbations by a featureless power spec-

trum like

PR(k) = A

(
k

kp

)ns−1

(4.1)

is an example of a parametrization that is not directly physical. For most inflationary

scenarios both A and ns can be calculated from actual physical quantities such as the

form of inflaton potential. In a sense, the parametrization (4.1) covers a wide class of

inflationary scenarios that produces relatively featureless perturbation spectrum, i.e.:

∣∣∣∣
dns

d ln k

∣∣∣∣ ≪ 1. (4.2)

4.1.1 Bayesian inference

Cosmological parameter estimation is based on the Bayes’ Theorem,

P (T |D) =
P (D|T )P (T )

P (D)
, (4.3)

that gives the conditional probability of a random event T , given that D occurs. It

features an important deviation from the more traditional frequentist statistics in the

form of prior probabilities P (T ) and P (D). For our purposes we take T to be some

cosmological theory with specific parameter values and D as the observed cosmological

data.

In cosmological parameter estimation the model is fixed and one maximizes the

probability (4.3) to determine the best fitting parameter values and their confidence

limits.

In cosmological model selection the models themselves vary and the degree at which

a certain model fits the data is compared. Bayesian statistics defines the evidence of a

model as

E =
1

V

∫
dθ P (T (θ)|D), (4.4)

where the integral is over the allowed parameter space and V is the multidimensional

volume of that space:

V =

∫
dθP (T (θ)). (4.5)

The evidence is very dependent on the chosen priors. Many cosmologists refrain from

using anything but the most conservative priors, giving its interpretation more than a

sense of controversy. Be as it may, model selection by comparing evidence facilitates

with ease the penalty of unnecessary parameters. Another widely used means of model

selection is comparison of the best fit probabilities. Unlike Bayesian comparison these

methods need to be augmented by some penalty function usually in the form of higher

expectation value for the probability.
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4.1.2 Markov chain Monte Carlo

A key ingredient in evaluating the probability in Eq. (4.3) is calculating the probability

of the observed data, given some model and its parameter values. If we take d to be a

vector of observed data points, e.g. Cℓ amplitudes, we assume that they contain some

degree of uncertainty. This uncertainty (noise) is quantified by a covariance matrix N.

Now we may compute the χ2 statistic of the observed data as:

χ2 = (d − t)
T

N−1 (d− t) , (4.6)

where t contains the theoretical predictions of the corresponding amplitudes. Under

the null hypothesis our theory is correct and the difference d− t is a realization of noise

accurately described by the noise covariance matrix. If noise is sufficiently Gaussian,

then the expectation value of the χ2 statistic is the number of data points1.

We use the multivariate Gaussian probability to write

P (D|T ) = [(2π)ndata detN]
−1/2

exp

(
−

1

2
(d− t)

T
N−1 (d− t)

)
. (4.7)

For most purposes the normalization of the probability is irrelevant and it suffices to

write

P (D|T ) ∝ LD(T ) = e−
1
2

χ2

, (4.8)

where we have defined the likelihood function LD. The maximum probability and like-

lihood occur for the same values of model parameters and the same applies also for the

log-likelihood function:

logLD(T ) = −
1

2
χ2. (4.9)

We note that the maximal likelihood coincides with the minimum χ2. Had we chosen

to keep the normalization constant in the definition of the likelihood function, it would

have appeared here as an unnecessary additive constant.

The probability distribution in (4.7) contains much more information than just the

best fit values of the model parameters. In fact, it provides us with a joint probability

distribution of all the model parameters assuming the null hypothesis. Extracting that

information can be costly in terms of computing resources. That on the account of

both number of parameters and cost of producing theoretical estimates. Instead of

simple gridding of the distribution a cosmologist resorts to a Markov chain Monte Carlo

(MCMC) that scales linearly with the number of parameters.

A particular instance of the MCMC method is the Metropolis-Hastings algorithm:

1 Pick a random starting point θ = θ0 in the allowed parameter space.

2 Draw a random (Gaussian) step from current location into a new location θ′.

3 Evaluate the likelihood ratio r = L(θ′)/L(θ) and assume the new position with

probability r. Return to 2.

1 The statement is easy to understand by writing the noise realization as N
1/2

u where u is a vector

of uniform uncorrelated random numbers. Then 〈χ2〉 = 〈uT
u〉 =

P

n 1.
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It has been shown that after an initial burn-in period the samples θ in the chain follow

the probability distribution defined by (4.8). A great deal of care is required in assessing

whether or not a chain or a set of chains have actually converged to an equilibrium

distribution. One of the often encountered measures of convergence is the Gelman-

Rubin R statistic [68] that for the multivariate case is [69]:

R̂p = max
a

aTV̂a

aTWa
, (4.10)

where V̂ is a pooled estimate of the parameter covariance matrix and W is an averaged

estimate of the same quantity. Essentially R̂p is a distance measure of the two matrices

and approaches unity as the chains mix and begin to provide converged estimates. It

should be noted that since convergence is evaluated by measuring chain mixing, the

statistic is blind to completely unsampled modes of the parameter space. A popular

implementation of the MCMC sampler is COSMOMC2 [70].

At equilibrium, the regions of equal probability have approximately the same amount

of samples drawn from them. If the run parameters are chosen poorly or the chain

starting point distribution is not dispersed enough, the chains may spend considerable

time sampling from a single mode of the distribution neglecting all other regions of

acceptable parameter values. An important factor in speeding up the convergence of

an MCMC run is using an estimated parameter-parameter covariance matrix to find

the real non-degenerate sampling directions and to adjust the step size so that the

parameter space is traversed at a feasible pace.

4.2 Isocurvature degrees of freedom

When the primordial curvature perturbations are characterized by a power spectrum,

a common approximation is to assume zero entropy perturbation. These adiabatic

initial conditions occur naturally when a single inflaton field is solely responsible for

the Universe’s energy density and decays into all species of energy: photons, neutrinos,

dark and baryonic matter, relevant for early evolution of the Universe. Thus the species

all inherit the same energy density perturbations. If one does not wish to limit to single

field inflationary models then the possibility of entropy perturbations arises.

The term isocurvature refers to the fact that instead of zero entropy perturbation one

may keep the curvature perturbation constant and make use of the additional entropy

degrees of freedom to alter individual species’ energy density perturbation.

The comoving curvature perturbation (1.43) in terms of the conformal Newtonian

gauge metric perturbation is

R = −Ψ −
2

3(1 + w)

(
1

H
·
∂Ψ

∂t
+ Ψ

)
, (4.11)

and we define the entropy perturbation between photons and cold dark matter as

S =
δc

1 + wc
−

δγ
1 + wγ

= δc −
3

4
δγ . (4.12)

2http://cosmologist.info/cosmomc
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Although a number of other pairs of energy species can be considered, we limit the

study to this particular case.

We define the adiabatic mode as S = 0 and the isocurvature mode as R = 0. The

separation is defined some time after inflation but well before the cosmological scales

enter the horizon (cf. Fig. 1.1 for evolution of scales).

During inflation, the entropy perturbation evolves and may seed another adiabatic

mode. In total, we end up having four correlation spectra instead of the usual adiabatic

one: primordial adiabatic, primordial isocurvature, and secondary adiabatic autocorre-

lations, and an isocurvature-adiabatic cross correlation. We take the primordial modes

to be uncorrelated. Thus we define our initial conditions by

PR(t, k) = A2
r

(
k

kp

)nadi1

+A2
s

(
k

kp

)nadi2

, (4.13)

PS(t, k) = B2

(
k

kp

)niso1

and (4.14)

CRS(t, k) = AsB

(
k

kp

)ncor

, (4.15)

and evolve the perturbation equations from beyond the horizon into CMB photon den-

sity correlation at present. Here, the correlated spectral index ncor is the simple average

(nadi2 + niso)/2.

Instead of absolute amplitudes Ar, As and B it is useful to define relative amplitudes

that explicitly contain the isocurvature fraction of total power:

α =
B2

A2
r +A2

s +B2
, and γ = sign(AsB)

A2
s

A2
r +A2

s

, (4.16)

where α is the fraction of pure isocurvature power at the reference scale kp and γ is the

correlated fraction of adiabatic power at the same scale.

4.2.1 Parametrization

Great care is required when physical degrees of freedom are parametrized for an MCMC

study. In order to be as conservative as possible a cosmologist often assigns only wide

uniform probabilities to his chosen primary set of parameters. Top hat prior to one

parameter is usually something completely different for a derived parameter. A derived

parameter is a quantity fixed by the values of the primary parameters in a model.

Relation of likelihoods between two alternate parametrizations, θ and φ, is given by

g(φ) = f(θ)|J |, where |J | =

∂θ1

∂φ1

∂θ1

∂φ2
. . .

∂θ2

∂φ1

∂θ2

∂φ2
. . .

...
...

. . .

, (4.17)

and g and f are probability density functions (pdf). There must exist a one-to-one

mapping between the two sets of parameters.
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Often it is hard to determine which is physically the primary and which is derived.

Parametrization effects are strongest when the data itself does not constrain the pa-

rameters sufficiently. One must pay extra attention to parametrization priors when the

prior likelihood is distinctly non-flat within the allowed region of the derived parameter.

Figure 4.1 contains a case study of data drawn from simple y = x+noise model.

Two alternate parametrizations are explored and the parametrization induced priors

are shown.

Figure 4.1: Parametrization effects in parameter fitting. Left: sparse data. Right: High

precision data. The insets depict likelihoods of two one parameter models, y = ax = 3
√

bx,

computed from the shown data points. The dotted line for P (b) is the parametrization induced

prior and the dashed line is the likelihood of b using a flat prior on b. Conclusive data negates

the parametrization effects.

An obvious choice for parameters of the additional isocurvature degrees of freedom

would be to use the new amplitudes and spectral indices, As, B, nadi2 and niso. That

approach, however, bears significant shortcomings. One is forced to choose a pivot scale

kp that fixes the point of reference for the amplitudes. Different choice of the pivot scale

induces non-flat priors to amplitudes defined at another scale. Take for example single

spectrum defined by θ = (A2, n) and another parametrization φ = (B2, n), related by

a mapping A2 = B2(kA/kB)n−1. The probability densities become

g(B2, n) = f(A2, n)

(
kA

kB

)n−1

⇒ L(B2) ∝

(
kA

kB

)n

. (4.18)

If the spectral index is well constrained by the data, this poses little problem for ampli-

tude determination. With current data, such is not the case especially for the isocurva-

ture degrees of freedom. In Paper III we explored a novel parametrization where the

primordial spectra are defined not in just one but two separate reference scales. The

spectral index of the spectrum follows from the two reference amplitudes and is not a

primary parameter. Reference scales still need to fixed but their actual values induce less

extreme parametrization priors. Let θ = (A2, n, kA) define the original spectral index

parametrization, then our new amplitude parametrization will be φ = (B2, C2, kB, kC),
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where

B2 = P(kB) = A2

(
kB

kA

)n−1

and C2 = P(kC) = A2

(
kC

kA

)n−1

, (4.19)

and the mapping can be inverted to give

n− 1 =
log

(
B2/C2

)

log (kB/kC)
and A2 = B2

(
kA

kB

)log(B2/C2)/ log(kB/kC)

. (4.20)

To study the parametrization priors we can take two sets of amplitude parameters and

the corresponding pivot scales, (A,B, kA, kB) and (C,D, kC , kD). After computing the

Jacobian (4.17), we find

g(C2, D2) = f(A2, B2) · 2
log (kA/kB)

log (kC/kD)

(
kAkB

kCkD

)log(A2/B2)/ log(kA/kB)

, (4.21)

a manifestly invariant probability density at many relevant limits such as kAkB ≈ kCkD,

A2 ≈ B2 and | log (kA/kB) | ≫ 1.

Amplitude and spectral index parametrizations imply distinctly non-flat priors to

each other. We took great care to analyze this effect and found perceptible changes in the

primary and derived parameter likelihoods when employing the different parametriza-

tions. However, the changes were always well within the inferred confidence limits.

4.3 Results and implications for cosmology

Pure isocurvature perturbations were shown to be inconsistent with the CMB early on

[71, 72, 73]. After that a considerable amount of work [e.g. 74, 75, 76, 77, 78, 79, to

name a few] has been exerted to find stringent upper limits to the amount of primordial

isocurvature perturbations. A reliable detection of even a trace amount of isocurvature

would have an impact on the realm of inflationary models since such initial conditions do

not arise naturally in single field (inflaton) inflationary models. Fortunately, multi-field

inflationary models are subject to active research [80, 81, 82].

In Paper III we combined CMB and LSS data to infer posterior likelihoods of

our six perturbation amplitude parameters (A1, A2, α1, α2, γ1, γ2) and four background

parameters, the baryon and cold dark matter densities, ratio of the sound horizon

and angular diameter distance and the optical depth to reionization (ωb, ωc, θ and τ

respectively). Following [83] we evaluated the simulated Markovian chains to estimate

the marginalized posterior likelihood of the total non-adiabatic fraction of present CMB

temperature fluctuations,

αT =

∑ℓmax

ℓ=2 (2ℓ+ 1)
(
CTTiso

ℓ + CTTcor
ℓ

)
∑ℓmax

ℓ=2 (2ℓ+ 1)CTT
ℓ

, (4.22)

and found indications of isocurvature modes. The resulting posterior likelihood for αT

is reproduced in Figure 4.2. In our studies we found the data to prefer a non-zero

isocurvature contribution by more than two sigma confidence.
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There are, however, reasons why we do not take this as a conclusive detection of

primordial isocurvature mode. Firstly, the slight deviations from adiabatic model could

be accommodated by more complex structure of the primordial adiabatic spectrum.

The argument was explored by the WMAP team who found some indications of a more

complex primordial spectrum [84]. Secondly, the detection is based to considerable

extent on the TT power spectrum around the third acoustic peak. Observations of

that region of the spectrum do not allow percent level differences to be used as basis of

conclusive model selection. Therefore better data is called for.

Figure 4.2: Our marginalized

posterior likelihood for total non-

adiabatic contribution to CMB tem-

perature fluctuations, αT. It is non-

zero by two sigma.
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Conclusions

Along with increasingly precise measurements, the need for well validated, approximate

analysis tools becomes imminent. The destriping approach with its derivants offer a

very promising, scalable solution to the map-making problem in the context of multi-

detector, high resolution, CMB surveys. The linearity of the destriping method makes

it transparent how different signal components propagate and how they are affected by

the underlying approximations. An especially attractive feature of the variable baseline

length, generalized destriper is its ability to produce results, almost arbitrarily close

to the optimal method, when sufficient resources are available and the noise power

spectrum is sufficiently white at high frequencies.

A quick and efficient map-making tool as itself is not enough. In order to derive

reliable estimates of the angular power spectrum or cosmological parameters from the

maps, there must exist a model of residual noise. We studied and compared three

different map-making methods and the associated residual noise covariance matrices,

and found three very different levels of both the computational resource consumption

and accuracy of the noise model. The methods considered were an optimal map-maker

and a classical and a generalized destriper. Not unexpectedly, we showed that the

optimal method will produce the most accurate correspondence between the produced

maps and the residual noise covariance matrix designed to describe them. However,

that precision comes at a considerable resource cost, making it unfeasible to apply the

tool on every-day basis to large datasets.

Our noise covariance matrix for the generalized destriper shows great promise be-

cause of its generality: it can be used both at a high resource, high accuracy mode

and the opposite, effectively reproducing both the optimal map-maker and standard

destriper results. Nevertheless, it must be remembered that the estimated noise covari-

ance is only as good as the destriping approximation that states that all correlations

between noise samples can be modelled by the constant baseline offsets of fixed length.

Such a noise model can not cover high frequency correlated noise to arbitrary precision

as it ultimately just falls back to the optimal noise model (offsets of single samples). It

follows that, provided that the correlated noise knee frequency is low enough and there

is no significant high frequency correlation, the generalized destriper is a sound choice

44
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for the map-making tool and the corresponding noise covariance evaluation.

When conducting an experiment as large as Planck, it pays to consider that it will

not be remembered by the maps, catalogs and power spectra that it produces but by

the science done, based on those products. Nevertheless, all the exciting science will

need to be based on robust analysis and refinement of the observations. Planck has

all the potential to discover many long sought features in the CMB such as isocurvature

perturbations, primordial gravitational waves and non-gaussianity. A reliable detection

of any of those features would certainly compare to all the past cosmological discoveries

since these signals originate all the way from the inflationary era.
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