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Abstract

Time-dependent backgrounds in string theory provide a natural testing
ground for physics concerning dynamical phenomena which cannot be re-
liably addressed in usual quantum field theories and cosmology. A good,
tractable example to study is the rolling tachyon background, which describes
the decay of an unstable brane in bosonic and supersymmetric Type II string
theories. In this thesis I use boundary conformal field theory along with ran-
dom matrix theory and Coulomb gas thermodynamics techniques to study
open and closed string scattering amplitudes off the decaying brane. The cal-
culation of the simplest example, the tree-level amplitude of n open strings,
would give us the emission rate of the open strings. However, even this has
been unknown. I will organize the open string scattering computations in a
more coherent manner and will argue how to make further progress.
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Chapter 1

Introduction

Time-dependent backgrounds in string theory provide a natural setting where
one can address dynamical issues. Resolving the initial singularity, black hole
evaporation, and time evolution in cosmology are longstanding open prob-
lems in physics. Although the study of time-dependent backgrounds can be
conceptually difficult, there have been a number of recent breakthroughs.
The inception of AdS/CFT (Anti de Sitter/Conformal Field Theory) cor-
respondence [1, 2] has brought us much closer to understanding theories of
quantum gravity. This correspondence may also help to understand the time-
dependent backgrounds.

The basic picture which emerges is the following: in supergravity
(SUGRA), the low-energy limit of string theory, there are black-hole like
stationary solutions, called p-branes, that have extended spatial dimensions.
These solutions have a definite tension and are charged under the massless
p-forms of the corresponding string spectrum / supergravity multiplet. Such
supergravity solutions admit a microscopic string theory description: they
are D(irichlet)-branes. D-branes are, by definition, hypersurfaces embedded
in a background spacetime which confine the endpoints of open strings, thus
the name Dirichlet.

For around a decade, D-branes have been a source for discoveries in many
directions. Thus far, all of the phenomena associated with these discoveries
concern static geometries. In general relativity, space and time are placed
on equal footing, so we should in principle be able to generalize to time-
dependent geometries. In order to find these phenomena, we are led to
study time-dependent string backgrounds. A flat spacetime with a Dirich-
let boundary condition for open string endpoints in the temporal direction
gives probably the simplest time-dependent background one can imagine,
providing us with at least one way to include time dependence.

One of the concepts one might hope to carry over from static to time-

1



dependent spacetimes is holography. In the AdS/CFT correspondence, the
field theory on the D-brane worldvolume holographically reconstructs a spa-
tial dimension in the bulk spacetime – the boundary theory contains all the
information of the bulk gravity theory which is of higher dimension. How
about the temporal case? To this end, consider the following spacelike object.
An S-brane [3] is an object for which time is a transverse dimension and so it
only exists for an interval of time. In the same manner that the p-branes and
D-branes are stationary solutions of supergravity and string theory, S-branes
are time-dependent backgrounds of the theory. Inspired by the AdS/CFT
correspondence, Strominger proposed that S-branes are expected to lie at
the heart of dS/CFT correspondence [4,5] (see also [6–8]). The dS/CFT cor-
respondence states that the dual description of gravity in de Sitter space is
CFT in past and future conformal boundaries. This is intuitively understood
as follows: the dS spacetime is obtained by a double Wick rotation of the
AdS spacetime and hence similar arguments as in AdS/CFT should hold. In
particular, the bulk time translation is expected to be dual to the boundary
scale transformation and so the time would be holographically reconstructed.
At present, the situation of the conjectured dS/CFT correspondence is less
clear [9] and there is also a different variant of the duality [10].

However, D-branes and S-branes are not just boundary conditions for
open strings: they are physical sources for closed strings. Imagine having
two separated parallel D-branes with an open string stretching between them.
Consider the partition function of this open string going into loop. A one-
loop diagram for an open string is an annulus. Pictorially then, it is clear
that we can view this also as a cylinder, the closed string tree diagram, with
the interpretation of a free closed string propagating between two sources.
This suggests that open and closed string theories are deeply intertwined and
cannot really be studied separately.1

In contrast to a D-brane, playing the role as a time-independent source for
closed strings, an S-brane is a time-dependent source. Drawing an analogy
from field theory, it is clear that we should see closed string radiation – the
analogue of particle creation from a time-dependent source. Indeed, one of
the simplest examples is the so called full S-brane [3,12], which corresponds
to finely tuned incoming closed string radiation forming a brane at some
instant of time, followed by its decay. In this thesis, we mainly focus on a
specific limit of the full S-brane, namely, half S-brane [13], which basically

1There is a stronger version of the duality, where the results gained in open string tree
level of an unstable D-brane decay relate to the properties of the high density closed string
states, the remnant of the decay [11]. This conjectured duality is clearly different from the
usual duality relating the open string one-loop amplitude and the information on closed
string poles.

2



corresponds to the future half of the full S-brane, or to the spontaneous decay
of an unstable D-brane at infinite past.

Before we turn to the discussion of unstable branes in string theory we
briefly recall some facts about instabilities in quantum field theories. In
quantum field theory, instabilities of a system are signalled by the presence of
tachyons in the perturbative spectrum of the theory. From the particle point
of view, tachyons are particles that propagate faster than light, thus violating
causality – equivalently put, they are relativistic particles with negative mass
squared. In field theory, we have learned that a mass of a scalar arises from
the quadratic term of the scalar potential around a stationary point. Would
the quadratic term be positive, upon quantizing the theory, we would get a
massive particle; for negative quadratic term, we would get a tachyon that
simply indicates that we are trying to quantize the theory around an unstable
vacuum. A small perturbation of such a system initiates a decay process to
a stable configuration (if the theory has one). In the course of this decay
process, the tachyon acquires a vacuum expectation value – a condensate
of scalars is formed. This process is called tachyon condensation. This is
reminiscent of the Higgs mechanism in Standard Model, where a condensate
of the Higgs scalar field is responsible for generating the particle masses.

What do we mean by vacuum of string theory? A vacuum is identified
once the string propagates in target space in such a way that worldsheet
theory is conformal, so string theory can be formulated as a conformally
invariant theory. Conformal invariance turns out to give constraints on the
allowed spacetime dimension and the possible internal degrees of freedom.
We are, however, allowed to deform the underlying conformal field theory,
but the deformations must obey conformal invariance. These infinitesimal
deformations are called marginal. In this sense, the space of all possible
string vacua is a space of two-dimensional conformal field theories. Points
in this space correspond to exact string backgrounds, the ones where strings
are allowed to propagate. Around each point, there are marginal directions
to which one can deform the original CFT while maintaining the conformal
invariance. In particular there are some infinitesimal deformations that can
be exponentiated to a finite one, a so called exactly marginal deformation,
thus giving a one parameter family of CFTs. These exponential deformations
are the ones we use to study the rolling tachyon CFT introduced below.

There are many unstable vacua in string theory, signalled by the appear-
ance of a tachyon in the perturbative spectrum. The simplest example is the
critical 26-dimensional closed bosonic string theory in flat space. This theory
is non-supersymmetric, does not contain any fermions, and its lowest lying
state, a non-oscillating string, is tachyonic. Although this is the simplest
case where one encounters a tachyon in string theory, it is far from easiest
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to understand. The appearance of the (closed) string tachyon signals the
instability of the 26-dimensional bosonic spacetime itself [14–22]. The main
problem is that the spacetime disappears altogether when a (bulk) tachyon
condenses, and hence perturbation theory breaks down. It is not clear that
the condensation of the closed string tachyon leads to a ground state, even
asymptotically, and it is even less clear that it could lead to a theory with
gravitational degrees of freedom.

There is another simple system that has a tachyon, the bosonic open
string theory. The open strings can be interpreted as strings attached to a
space filling D-brane (a D25-brane). The appearance of a tachyon can then be
interpreted as the instability of the brane rather than the spacetime itself. All
bosonic D-branes are uncharged, lack supersymmetry, and contain tachyons
in their spectra. Localized energy such as a bosonic D-brane is then expected
to decay to a more energetically favorable vacuum since charge conservation
cannot protect against it. The bosonic string theory is not a realistic theory
but it provides a useful toy model, since there are unstable D-branes also in
supersymmetric Type II string theories.

Type IIA(B) string theory admits stable Dp-branes, where p is an even
(odd) integer and counts the number of spatial dimensions spanned by the
worldvolume of the Dp-brane. The branes carry RR-charges (Ramond-
Ramond) sourcing the respective RR-massless fields of the closed string the-
ory [23]. Their tensions saturate the BPS (Bogomol’nyi-Prasad-Sommerfield)
bound and break half of the (target space) supersymmetry. Furthermore, it
can be shown that the open string living on the worldvolume of the D-brane
does not contain a tachyon in its spectrum, since the NS (Neveu-Schwarz)
tachyon has been projected out with the GSO-projection (Gliozzi-Scherk-
Olive) needed to keep modular invariance at one-loop level.

In analogy with particles and anti-particles in quantum field theory, ev-
ery object in superstring theory has the corresponding anti-object, with equal
tension but opposite charge. In particular, for every Dp-brane there exists
a corresponding anti-Dp-brane state, denoted D̄p-brane. D̄p-branes and Dp-
branes have the same tension but opposite charges under RR (p + 1)-form.
This implies that D̄p-branes are also BPS states, preserving half of the super-
symmetries of the vacuum, but they preserve the half broken by Dp-branes,
and vice versa. When a Dp-D̄p-pair is brought sufficiently close together, it
will break all of the spacetime supersymmetries, and the pair will annihilate
into the vacuum.

In addition to the stable D-branes, Type II string theories also contain
single D-branes which are unstable. These are the branes of wrong dimen-
sionality, p odd for Type IIA and even for IIB. They are non-BPS D-branes.
The instability is due to the fact that these branes are not charged. There
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are no RR (p+ 1)-forms in the closed string sector that can couple to them
and the tachyon in the open string sector results from the opposite GSO-
projection with respect to the stable case.

The question arises: to where do these instabilities drive the theory and
is there a stable vacuum? In case of the bosonic closed string tachyon,2 we
already argued that the answer is at best obscure. However, in case of open
string tachyon the unstable system of branes decays to a vacuum (in some
cases to a lower-dimensional brane configuration) and converts its energy to
closed string radiation [24]. The decay of an unstable brane is a physical pro-
cess that interpolates between two different vacua, the unstable one and the
stable one. Open string tachyon condensation is thus a natural test for the
background independence paradigm [25,26]. Closed string tachyon condensa-
tion still awaits a convincing interpretation, but given the relations between
open and closed strings, the physics of open string tachyon condensation may
eventually shed light on closed string tachyon condensation.

Apart from the important question of background independence of string
theory, the study of unstable branes is interesting in its own right. Unstable
branes are fundamental objects. As such, it is essential to understand how
they decay. This picture is also expected to have many interesting cosmo-
logical applications (e.g., [27, 28]) where one can quantitatively study the
properties of these models.

In this thesis we will restrict ourselves to study the computational ad-
vances in understanding the properties of brane decay in first quantized string
theory. We will discuss connections between the worldsheet approach to the
decay of unstable D-brane configurations, random matrix techniques, and
Coulomb gas thermodynamics. The combination gives new ways to organize
calculations of n-point functions and gives hope to understand some physi-
cal uncertainties associated to the properties of the remnant of the unstable
brane configuration. We begin our discussion in Chapter 2 reviewing some
facts about ordinary stable BPS D-branes, then continue to unstable non-
BPS D-branes to discuss Sen’s conjectures associated with the decay process.

In Chapter 3 we will turn to direct calculational methods, in the world-
sheet approach to analyzing string scattering processes. Previous studies of
tree-level open bosonic string amplitude calculations unraveled a relation to
U(N) matrix integrals. We will review this structure. The correlation func-
tions are related to expectation values of periodic functions in the ensemble
of U(N) matrices of varying rank. However, the U(N) matrix structure is
related to the half S-brane profile on a bosonic open string worldsheet. Other
profiles lead to different random matrix structure, e.g., in article [I] we ex-

2In Type II the closed string tachyon is absent.
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tended the discussion to superstrings where the random matrix structure is
of the form U(N) × U(M).

It is worth noting that the random matrix language may be too restrictive,
since even for the bosonic full S-brane profile such structure is not yet known.
There is a different way of interpreting the worldsheet calculations. This is
achieved by a grand canonical ensemble of point charges confined to a unit
circle; we will discuss this in Chapter 4. Different decaying brane profiles
turn out to be related to different thermodynamical systems. The novel
connection of a half S-brane profile to Dyson gas, that is with same sign
unit charges on the circle, was first noticed in [29], which we subsequently
put on more concrete footing in article [II]. We generalized the work to
other profiles as well: full S-brane corresponds to two-component Coulomb
gas on the circle [IV], the half S-brane in Type II corresponds to a paired
Dyson gas [V] and an oscillatory rolling tachyon profile to multi-component
Coulomb gas [III,VI].

An interesting feature of the relation between a decaying brane configu-
ration and the Coulomb gas is that it relates a non-equilibrium system to a
system in equilibrium. In particular, on the string theory side there is a well
defined time variable, along which we can evolve the system and study the
decay process. On the Coulomb gas side, on the other hand, time is absent:
we consider a system which already is in thermodynamic equilibrium.

Let us clarify what we mean by the “time” evolution of this statistical
system. One might have expected a non-equilibrium flow towards an equi-
librium of a statictical system to realize the flow in time. Specializing to
the half S-brane case, it turns out that the time coordinate in the spacetime
where the strings move maps to the chemical potential of the Dyson gas.
Thus, by Legendre transformation, time becomes related to the mean num-
ber of charges N̄ on the circle. One can thus view N̄ as a reinterpretation of
time. The Helmholtz free energy decreases with increasing N̄ , giving rise to
a thermodynamic arrow in the time direction.

How about the time evolution then? In classical systems, one is used to
describe the evolution of an observable by giving its initial data, and then
allowing the equations of motion to evolve that observable in time. Since
the Dyson gas dual description arises by rewriting the worldsheet theory of
an open string, the spacetime equations of motion can be derived in the
Dyson gas by requiring the scale invariance of the statistical system. The
time evolution equations convert into differential equations for some thermal
observables at different points of thermal equilibrium. The interpretation
carries over to other decaying brane spacetimes as well. The reference [30]
contains more discussion.

We will end by discussing how one can use the methods of RMT (random
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matrix theory) and Coulomb gas to infer physics associated to open string
scattering calculations in the string theory side. The conclusions and outlook
are given in Chapter 5.
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Chapter 2

Tachyon condensation in string

theory

One of the remarkable advances in string theory is the discovery of D-branes.
The D-branes are extended objects. In Type II string theories, they are
charged under RR field and are half BPS states. This means that they
preserve half of the spacetime supersymmetries of the theory. In addition
to these states, Type II theories contain also non-BPS states, or wrong di-
mensional D-branes that are not charged – there is no corresponding RR
field to which they may couple. They are expected to decay to a pair of
lower-dimensional BPS branes or closed string radiation. The instability is
signalled by the presence of a tachyonic degree of freedom in the open string
spectrum, describing the excitations of the branes. Tachyonic excitations are
familiar from field theory, they indicate that we are trying to describe the
theory around a false vacuum – we are perturbing around a local maximum
point of the effective potential. A small fluctuation around this point makes
the theory to decay towards a true vacuum in a process that is called tachyon
condensation. Sen has made conjectures [31,32] about the fate of the unsta-
ble branes. In this section we will review tachyon condensation from different
points of view and Sen’s conjectures.

2.1 D-branes

The Dirichlet boundary condition for open bosonic strings introduces us to
the concept of D-branes. The Dirichlet boundary condition specifies where
an open string ends.1 One can think that open strings always end on D-
branes, by interpreting Neumann boundary conditions in all directions as

1These hyperplanes were given a name D(irichlet)-branes in [33].
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open strings moving on a space filling D-brane. Hence the string can end
anywhere and freely propagate throughout space. Suppose then that one of
the directions has a Dirichlet boundary condition: the open string endpoints
are fixed in this specific direction and not in others. It would then be free to
slide around on a 24-dimensional plane. This plane is considered a physical
object called a Dirichlet membrane, or D-brane. Generically, if the endpoints
of an open string have p Neumann boundary conditions, the string therefore
has 25 − p (9 − p for superstrings) Dirichlet boundary conditions, and ends
on a Dp-brane. For a more detailed analysis, see [23, 34–40].

Consider bosonic open string having one Dirichlet boundary condition on
X25-direction, with Neumann boundary conditions for the rest of directions,

X25(z, z̄) = x25 ; at z = z̄ , (2.1)

where z is the coordinate on the upper half of the complex plane, the open
string (tree-level) worldsheet. The boundary condition (2.1) breaks transla-
tional invariance of the theory, and hence describes a spacetime defect. The
open string endpoints are now confined to live on an hyperplane X25 = x25.
Its mode expansion is

X25(z, z̄) = x25 + i

√

α′

2

∑

m6=0

α25
m

m
(zm − z̄−m) . (2.2)

The massless spectrum consists of states which are acquired by acting on the
vacuum by the vertex operators

Vµ = : ∂Xµeik·X : ; µ = 0, . . . , 24 (2.3)

V25 = : ∂X25eik·X : , (2.4)

where kµ satisfies the on-shell condition for physical states: k2 = 0. Here
the first state represents a massless vector localized on the hyperplane while
the second represents a scalar. It signals that the hyperplane is not a rigid
object but subject to fluctuations in the target spacetime. The presence of
such fluctuations indicates that the brane is a dynamical object in spacetime.
The example we considered is D24-brane with 24 spatial dimensions. This
readily generalizes to any Dp-brane, with p spatial dimensions.

From the point of view of the worldvolume, with ξα, α = 0, . . . , p the
(p+1) coordinates, the scalar fields Xa(ξα), a = p+1, . . . , D−1, vary as we
move around the worldvolume and hence describe small fluctuations of the
D-brane. This embeds the brane in the target space. By assuming that the
D-brane is sufficiently flat, and is close to the hypersurface Xa = 0, a > p,
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we can adopt a convenient gauge choice Xα = ξα, called static gauge. This
simply describes the specific shape of the brane once embedded in spacetime.

Let us focus on superstrings in ten spacetime dimensions, D = 10. Again,
we can introduce D-branes as open string boundary conditions whereas Type
II closed strings are propagating in the bulk. The massless spectrum of open
string modes on a Dp-brane in Type IIA or Type IIB superstring theory
contains a (p + 1)-component gauge field Aα, 9 − p transverse scalar fields
Xa, and a set of massless fermionic gaugino fields. Scalar fields again describe
small fluctuations of the brane around a flat hypersurface. If the hypersurface
is far from flat, it is useful to describe the embedding of the brane more
generically by Xµ(ξ), where Xµ are ten functions giving a map from D-brane
worldvolume into the spacetime manifold. Let us now proceed to describing
the physics at the low-energies.

Since D-branes act as sources for closed strings, apart from open string
excitations we should also consider couplings to closed strings propagating in
the bulk. In particular, the D-branes curve the surrounding space and can be
given a gravity description. Specializing to tree-level amplitudes between the
massless degrees of freedom, one can capture all the physics by a spacetime
effective action.

2.1.1 DBI action

The low-energy effective action is obtained by integrating out all the mas-
sive and massless modes that circulate in loops. Only massless modes are
allowed as external states. The effective action should reproduce the string
theory S-matrix at tree level. In general, the effective action can be highly
non-local, thus containing an infinite number of derivatives, making it very
complicated. Remarkably though, for open superstring the low-energy ef-
fective action takes fairly simple form, known as DBI (Dirac-Born-Infeld)
action, valid for all orders in α′. However, such action is only valid for slowly
varying field strengths.

There are many different methods to “integrate out” loop contributions.
A particularly nice one is to require Weyl invariance of the open string world-
sheet, the non-linear sigma model. The method is explained in length in [37].
Heuristically, a way to obtain it is to write down the action for the open string
in a curved background, then require that the Weyl anomaly of the sigma
model vanishes. This procedure amounts to putting the resulting beta func-
tions to zero. These equations are equivalent to equations of motion derived
from an effective action. In this way the (Abelian) DBI action was obtained
for the D9-brane (one-loop calculation) in Type IIB string theory in [41] and
for lower-dimensional branes in [42]. Subsequently, a two-loop calculation for
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bosonic string was calculated in [43], which then yielded corrections with two
derivatives. It is worth pointing out that the beta function calculations are
insensitive to the topology of the worldsheet, so one cannot obtain any in-
formation about higher string loops (expansion in string coupling), although
there is a proposal to generalize the Weyl variation method to higher string
loops [44], with the machinery of [45, 46].

The DBI action for a single Dp-brane is the following [42],

S = −Tp

∫

dp+1ξe−φ
√

− det(Gαβ +Bαβ + 2πα′Fαβ) + SWZ + fermions ,

(2.5)
where G, B and φ are the pullbacks of the ten-dimensional metric, antisym-
metric tensor and dilaton. Fαβ is the field strength of the worldvolume U(1)
gauge field Aα. SWZ represents the Wess-Zumino terms, indicating that the
corresponding Dp-brane carries RR charges. The action (2.5) can be veri-
fied directly by a perturbative string calculation [34], which fixes the brane
tension,

Tp =
1

gs

√
α′(2π

√
α′)p

. (2.6)

Since the tension scales inversely with the coupling constant, it is clear that
Dp-branes are non-perturbative configurations of string theory.

It is remarkable that D-branes do not break all spacetime supersymme-
tries. More concretely, exactly half of the supersymmetries are preserved in
the presence of a D-brane, which then identifies D-branes as BPS states in su-
perstring theory. BPS states generically carry charge under the (p+ 1)-form
potential in the RR sector [23]. The Type IIA theory contains odd RR-
forms which couple to the even-dimensional branes, while Type IIB contains
even RR-forms coupling to the odd-dimensional branes. This is a restriction
on the dimensions of the BPS-branes. The Wess-Zumino term couples the
charges to the RR fields,

SWZ = +µp

∫

Σp+1

eB+2πα′F ∧
∑

r

Cr , (2.7)

where one should interpret all products between forms as wedged, the Cr

denote the RR potentials, and the integral picks out the (p + 1)-form in
the expansion of the integrand. For the D̄p-brane, one switches the sign in
front of (2.7), because they carry opposite charge to Dp-branes. This action
is known to receive geometrical corrections too. The interested reader may
consult [47].
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As an example, consider the first term of the exponent in (2.7). We then
find the coupling between the Dp-brane and a (p+ 1)-form RR-potential:

SWZ = µp

∫

Σp+1

Cp+1 . (2.8)

This means that the Dp-branes are charged under the RR (p+ 1)-potential.
As another example, consider the linear term of the exponent. In this case
we find the coupling between the Dp-brane and the RR (p− 1)-potential:

SWZ = µp

∫

Σp+1

(B + 2πα′F ) ∧ Cp−1 . (2.9)

In equation (2.9), the term involving F means that the Dp-brane with a
magnetic flux carries D(p − 2)-brane charge. From the latter term we see
that the same is true for Dp-brane with B flux.

2.2 Unstable D-branes and Sen’s conjectures

We now turn to the subject of tachyons. Some D-branes on D-brane config-
urations are unstable against the decay to the vacuum both in bosonic and
in Type II string theories. This instability is manifested in the open string
spectrum by a tachyonic degree of freedom, i.e., an excitation with negative
mass squared. In this case the presence of a tachyon means that we are just
perturbing around an unstable point of the effective potential. In a physi-
cally realistic situation, we expect that the field will roll down the potential
to a stable vacuum, where the tachyon will then disappear automatically.
In string theory this is quite involved, since standard string theory is first
quantized and it is hard to study off-shell questions. The proper framework
to address this issue is string field theory (SFT).

We now give a short review of the properties of D-brane-anti-D-brane
systems and non-BPS D-branes. For an extensive discussion, see the review
[48]. For the SFT part, see lecture notes [49].

2.2.1 Brane configurations that are unstable

Usually in string theories with spacetime supersymmetry, i.e., Type I, Type
II and heterotic, the tachyons are projected out by imposing a projection on
states with definite fermion number. This operation is called GSO projection.
However, even in these theories open string tachyon can appear if we consider
certain D-brane configurations. In the following we list some simple D-brane
configurations with tachyonic instabilities.

12



Wrong-dimensional

Recall that Type II string theory has stable BPS Dp-branes with p =
0, 2, 4, 6, 8 in Type IIA and p = −1, 1, 3, 5, 7, 9 in Type IIB. Clearly,
if we switch the parity we find unstable non-BPS Dp-branes with p =
−1, 1, 3, 5, 7, 9 in Type IIA and for p = 0, 2, 4, 6, 8 in Type IIB theory. The
corresponding spectrum on an unstable Dp-brane in superstring theory is
the spectrum of a single open string but without the GSO projection, hence
there is a real tachyon.

Brane-anti-brane

Begin with a single BPS Dp-brane and a single BPS D̄p-brane in Type
II string theory with coincident worldvolumes. The configuration is non-
supersymmetric; there is no supercharge conserved by both the Dp- and
D̄p-brane. Furthermore, the corresponding state, as a whole, is not BPS: by
denoting Tp as the tension of the Dp-brane and by Qp corresponding charge,
the state as a whole has tension 2Tp but charge 0. For a BPS state the
tension should equal the charge, hence it is clear that the brane-anti-brane
configuration is a non-BPS excited state. Since there exists a BPS ground
state with zero energy, namely the Type II vacuum, it is expected that the
brane pair is unstable against a decay to the vacuum, since both states have
the same charge (zero) and the vacuum is energetically favored. In this case
there are two real tachyons, combined to form a complex tachyon, in the open
string spectra. One is coming from an open string stretching from brane to
anti-brane and the other one from reversed orientation.

Bosonic

A Dp-brane of any dimension in bosonic string theory is unstable, since these
D-branes do not carry any conserved charge, and they have a tachyon in the
open string spectrum. Such branes can decay to vacuum without violating
charge conservation.

To summarize, the BPS D-branes are stable because of charge conservation,
while the non-BPS branes can decay, via tachyon condensation into the vac-
uum or lower-dimensional (BPS or non-BPS) branes. A brane and anti-brane
pair can decay similarly. In flat backgrounds, Type II branes are either BPS
and stable or non-BPS and unstable.

It is also interesting to notice that once we look at more complicated
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backgrounds such as orbifolds2, we can also find stable non-BPS branes [50–
55]. In these situations the open string tachyon is typically projected out by
orbifolding. Such D-branes are then stable because they are lightest states
while they carry some conserved charge. Stable non-BPS branes provide nice
string theoretical models for non-supersymmetric gauge field theory. These
branes are also relevant to verifying the S-duality (strong-weak duality). For
a pedagogical review we refer the reader to lecture notes [56].

2.2.2 Sen’s conjectures

As we mentioned, a non-BPS brane can also decay to a lower-dimensional
brane. The key features are captured by Sen’s conjectures. For the simplest
example, i.e., for the bosonic space-filling D25-brane, they can be stated as
follows.

• The energy difference between the effective unstable vacuum and the
perturbative vacuum should be equal to the tension of the D25-brane.

• Lower-dimensional D-branes should be realized as soliton configura-
tions of the tachyon and other string fields.

• The perturbatively stable vacuum should correspond to the closed
string vacuum. In particular, there should be no physical open string
excitations around this vacuum.

There are analogous conjectures in superstring theory [57], e.g., for a D9-
brane in Type IIA. These conjectures concern the properties of the tachyon
potential on unstable D-brane configurations. The origin of the conjectures
is a study of a pair of orbifolds of Type IIB theory which are conjectured
to be S-dual. The conjectures arose as necessary conditions for the non-
BPS spectrum to match on both sides [51]. It was then realized that the
conjectures will hold more generally. Notice also that these conjectures were
first formulated for time-independent decay processes but we expect them to
hold also in the time-dependent case with some obvious adaptations. Let us
consider a more general form of the conjecture below.

We have discussed three different types of tachyonic degrees of freedom
T appearing in the open string spectrum confined to live on unstable brane
systems: the bosonic Dp-branes, non-BPS Dp-branes, and Dp-D̄p-pair in

2An orbifold is a generalization of a manifold which usually describes an object that
can be globally written as a coset M/G where M is a manifold, and G is a (sub)group of
its symmetries / isometries. In general, these symmetries do not necessarily have to have
a geometric interpretation.
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both Type IIA and IIB superstring theories. Now the conjectures tell us that
once the tachyon field has acquired a vacuum expectation value 〈T 〉 = T0,
i.e., after the tachyon condensation, there is no brane left on which open
string endpoints could end, hence no open string degrees of freedom. The
system should then be indistinguishable from the closed string vacuum plus
some left over energy that is stored into closed string degrees of freedom.
This mysterious substance is usually referred to as tachyon matter [58, 59],
which we return to in Subsection 3.2.1. The potential energy difference of
the false and perturbatively stable vacuum must be equal to the tension Tp

(2Tp for pair) of the unstable brane.
Open SFTs are needed to verify Sen’s conjectures. Indeed, we only need

to know the potential to verify that the potential difference matches with
the tension. This kind of computation fits very well in the effective field
theory framework. Alas, we immediately confront the limitations of string
perturbation theory. String worldsheet techniques are best suited to address
on-shell questions, and can encode information about the off-shell questions,
such as the properties of the potential, only indirectly. However, Witten’s
cubic open string field theory [60] is one example of an off-shell description of
open string theory, and provides a potential for open string field configuration
space. It may hence turn out to be sufficient to explore this potential and find
the endpoint of the open string tachyon condensation. This approach was
initiated in [32,61], and for more recent literature, see the reviews [49,62–66].
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Chapter 3

Brane decay

In this section we begin to analyze the time-dependent brane decay process.
We will adopt the well-known correspondence between classical solutions of
equations of motion of string field theory and two-dimensional (super-)CFTs.
To study a D-brane in a spacetime background at tree-level we can use a two-
dimensional CFT on a disk, describing the propagation of open string degrees
of freedom on the D-brane. Such CFTs are known as boundary conformal
field theories (BCFT), since they are defined on surfaces with a boundary
(here mapped to a circle with unit radius). The spacetime background de-
termines the bulk component of the CFT (the interior of the disk), and
the existence of the D-brane is encoded into conformally invariant boundary
conditions involving various fields of this CFT. Specifically, for an ordinary
Dp-brane in flat spacetime background there are Neumann boundary con-
ditions on the (p + 1)-coordinates fields parallel to the brane and Dirichlet
boundary conditions for coordinate fields perpendicular to the brane. Differ-
ent conformally invariant boundary conditions of this BCFT correspond to
different classical solutions in the open string field theory.

Now consider adding a boundary term
∫

∂disk
dtV (t), where t is the pa-

rameter labeling the boundary of the worldsheet and V is a boundary vertex
operator, to the original worldsheet action. In general, the conformal invari-
ance of the theory would be lost. However, for an exactly marginal boundary
deformation there is a conformal field theory and also an associated solution
of the classical open string field equations. In particular, we want to focus
on exactly marginal time-dependent tachyonic boundary deformations which
correspond to the classical decay of unstable systems of D-branes.

To describe a time-dependent solution of the equations of motion of open
string field theory, we begin with a static solution that depends on some
spatial coordinate X, then we Wick rotate X to iX0. The new configuration
is then automatically a solution of the equations of motion. One might face
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some problems, e.g., the solution hits the singularity or the solution does not
turn out to be real, both issues should of course be investigated separately.
In the following we will discuss some examples.

We will restrict our attention to time-independent closed string back-
grounds for which the matter part of the bulk CFT is a direct sum of the
theory of a free scalar field X0 (+ a fermion), representing the time coordi-
nate and a unitary CFT of central charge c = 25 (c = 9). By turning on
a boundary deformation which only involves time coordinates, we can only
focus on the non-trivial temporal part of the calculation.

3.1 Tachyon profiles

The time-dependent backgrounds that we study are the rolling tachyons cor-
responding to the decay of unstable D-branes in both bosonic and superstring
theory. (We will be specifically interested in the configuration where the
tachyon on the unstable D-brane sits at the top of the potential at x0 = −∞
and then spontaneously rolls down to the minimum as x0 → ∞.) In terms
of CFT this is then described as the usual c=25 (c=9) spatial fluctuations of
the open string plus the action (we will work in units where α′ = 1)

Sη
P (X0)+ δSbdry = − 1

2π

∫

disk

∂X0∂̄X0 +(fermions) +

∫

∂disk

dtT (X0) . (3.1)

The simplest of the tachyon profiles is exponential [13], and in the bosonic
case it reads

T (X0) = λeX0

. (3.2)

This kind of deformation gives rise to a new BCFT, since eX0

is known to
be an exactly marginal operator [52, 67–70], and hence generates a solution
of the equations of motion of open string theory. This can be interpreted
in spacetime as a spatially homogeneous rolling of the tachyon [12] sitting
at the top of the potential at x0 = −∞ and then spontaneously rolling
down to the minimum as x0 → ∞ [71]. The parameter λ does not carry
any physical meaning, since it can always be absorbed to the origin of the
time coordinate. We will refer this theory of a negative norm boson with
an exponential boundary perturbation as half S-brane. It is also called a
timelike boundary Liouville theory (TBL) [72], which is a close relative of
the bulk case [73], and the inverse Wick rotated spacelike boundary Liouville
theory (SBL) [74–76].

The profile (3.2) belongs to the more general class of exactly marginal
tachyonic deformations of the type

V = eikµXµ

, (3.3)
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where k2 = −1 on-shell. However, for the inhomogeneous rolling (~k 6= 0),
the resulting tachyon potential can not be real. A way to cure this is to add
the complex conjugate operator. Such real deformations are typically not
exactly marginal, and thus not solutions to string field theory equations of
motion. In this manner, one can construct spatially varying profiles relevant
for studying lower dimensional branes as decay products. However, these are
quite complicated to analyse in general. The current state of the art is found
in the papers [13, 77–79].

One can also take linear superpositions of the exponentials eX0

and e−X0

,
but they are strongly restricted by the requirement that the resulting defor-
mation is exactly marginal. One of the possibilities,

T (X0) = λ cosh(X0) , (3.4)

is called the full S-brane. Analytically continuing X0 → iX, (3.4) turns
into a known marginal deformation.1 This tachyon profile is interpreted as
a configuration where the tachyon rolls up the hill from the minimum of the
potential, gets closest to zero at the time chosen as x0 = 0, and then rolls
back. During this process, finely tuned closed strings come together and
form a brane, which then subsequently decays. As can be seen in (3.4) the
parameter λ cannot be absorbed into the definition of the zero mode x0 of
the field X0. It has a physical interpretation: the time interval in which the
brane first forms and then decays [81] turns out to be τ = − log | sin πλ|.

In Type II superstring theories there are also similar profiles [13, 82, 83],
e.g., for half S-brane,

T (X0) = − 1√
2
λψ0e

X0
√

2 ⊗ σ1 . (3.5)

Here the Pauli matrix σ1 is the Chan-Paton factor associated with the bound-
ary fermion [I] and ψ0 is the time-component of the worldsheet superpartner.
This profile describes the decay of an unstable non-BPS D-brane in Type II,
whose spacetime interpretation is the same as in bosonic case.

For all of the above profiles the “velocity” of the tachyon field in the
associated effective field theory picture must approach a finite value in the
asymptotic future x0 → ∞. This can only happen if the tachyon potential has
a run-away property [32], i.e., its minimum is at infinity. But what happens
in the theories, e.g., in open string field theory or p-adic string theory, where
the minimum is at finite value in the field configuration space? Many authors

1It is also exactly marginal, since it can be turned into a Wilson line by using the exact
level 1 SU(2) current algebra present in the open string theory on a circle with a critical
radius [31, 67, 68, 80].
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who have tried to find rolling tachyon solutions have found oscillations with
ever-growing amplitudes (see [84–86] and more recently [87, 88]), a typical
example of which reads

T (X0) =
∞
∑

n=0

ane
nX0

. (3.6)

It has been argued that this seemingly different behavior from that of the sim-
ple rolling (3.2) of the tachyon field is related to (3.6) via a (time-dependent)
field redefinition in the open string field space [89, 90]. In [III] we provided
further evidence for this.

3.2 Spacetime properties of the decay prod-

uct

Let us now apply the method discussed in the previous section and describe
some features of the spatially homogeneous rolling tachyon field configuration
on a Dp-brane in the bosonic case, i.e., the profile (3.2). The basic observables
in the rolling tachyon background are the disk partition function itself and
the correlation functions of the vertex operators. Recall that in the sigma
model approach in string theory the spacetime effective action is given by
the (deformed) disk partition function (see [37] and references in there):

Sspacetime ∝ Zdisk =

∫

DXµe−SP−δSbdry , (3.7)

where the Polyakov action and the deformation are

SP =
1

2π

∫

d2z gµν∂X
µ∂̄Xν (3.8)

δSbdry = λ

∫

dt eX0(t) . (3.9)

Notice that in (3.8) we wrote the worldsheet action in the presence of a
generic background metric. From the spacetime action, we can then form
the (spacetime) energy-momentum tensor in flat space

T µν(xµ) =
−2√−g

δSspacetime

δgµν

∣

∣

∣

gµν=ηµν

= K(B(xµ)ηµν + Aµν(xµ)) , (3.10)

where K is an overall constant related to the Dp-brane tension and

B(xµ) = 〈e−δSbdry〉′ (3.11)

Aµν(xµ) = 2〈∂Xµ∂̄Xνe−δSbdry〉′ . (3.12)
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The zero modes xµ = Xµ −X ′µ, that are separated from the oscillators X ′µ,
are left unintegrated, this is indicated by primes. In this expression 〈· · · 〉 are
symbols for expectation values on the disk with free propagator. From these
we see that B(xµ) is the deformed disk partition function and 1

2
Aµν(xµ) is

the expectation value of the zero-momentum graviton vertex operator in the
deformed theory. Hence, to determine the spacetime energy-momentum ten-
sor, one needs to calculate the path integrals (3.11), (3.12) with the rolling
tachyon background turned on.2 The path integrals in this case are quite
straightforward to calculate by Taylor expanding the perturbation, evaluat-
ing the multiple integrals and summing up the series. We however, postpone
discussing this structure to the next section and instead focus here on the
outcome. For the profile (3.2), the energy-momentum tensor reads [13]

T00 = Tp (3.13)

Tα̂β̂ = δα̂β̂Tpf(x0) = δα̂β̂Tp
1

1 + 2πλex0 ; α̂, β̂ = 1, . . . , p (3.14)

T0i = 0 = Tab ; i, j = 1, . . . , 25 ; a, b = p+ 1, . . . , 25 (3.15)

where the constant K that appeared earlier has been fixed to be equal to
the tension Tp of the unperturbed brane, i.e., in the limit λ → 0. Note that
T00 is independent of time x0, which is just the statement of conservation
of energy. Furthermore, Tα̂β̂ → 0 as x0 → ∞, so the pressure vanishes
at asymptotic future, thus meaning that the decay product of the unstable
brane is pressureless (tachyon) matter [58].

3.2.1 Tachyon DBI action

One can construct many different tachyonic (spacetime) effective actions
which are consistent with the above properties. However, if we only want
the effective action to reproduce the corresponding string theory scattering
amplitudes, it will not be unique. String theory amplitudes are on-shell, by
definition, and there are well-known ambiguities in trying to determine an ef-
fective Lagrangian purely from on-shell data. Firstly, we have the freedom to
perform field redefinitions T → f(T, ∂αT, ∂α∂βT, . . .) in the open string the-
ory field space. Secondly, we can add arbitrary couplings to the Lagrangian
that are proportional to the equations of motion. In certain cases, however,
the ambiguities related to the second case can be fixed.

2Notice that one can alternatively take a boundary state approach and study its prop-
erties. Indeed, Sen derived the generic expression (3.10) for the energy-momentum tensor
in [12] using BRST (Becchi-Rouet-Stora-Tyutin) invariance of the corresponding boundary
state.
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For example, consider a general Lagrangian,

L = L(T, ∂αT ) (3.16)

which contains no higher than first derivatives of the tachyon field and is
assumed to have a Taylor expansion in its arguments, thus making it analytic.
The restriction to first derivatives means that the tachyon field is assumed to
be slowly varying. Now, require that the effective action with (3.16) admits
homogeneous rolling tachyon solutions in open superstring theory (this is a
slight generalization of the full S-brane profile (3.4)) of the form

T (x0) = λ+e
x0/

√
2 + λ−e

−x0/
√

2 . (3.17)

This requirement fixes the Lagrangian (3.16) uniquely [91], up to one free
parameter at each order in T . These parameters would be determined by a
direct calculation of tree-level diagrams in field theory and comparing them
at each order in T to string theory Veneziano amplitudes (with the profile
(3.17) turned on, where x0 is promoted to X0),

〈

T
(±)
~k1

T
(±)
~k2

· · ·T (±)
~kn

e−δSbdry

〉′

λ+,λ− 6=0
, (3.18)

where T
(±)
~k

(Xµ) = eω±X0+i~k· ~X are taken slightly off-shell: ω± = ± 1√
2
(1 −

~k2)+O(~k4) (see, e.g., [92]). This matching would then fix (3.16) completely,
again up to field redefinitions. This is still an open problem and remains to
be shown in detail.

The authors of [91] suggested an alternative way to fix the Lagrangian
(3.16). They proposed that once we apply the equations of motion to the
Lagrangian (3.16), to reduce it on-shell, it should be exactly equal to (minus)
the unintegrated open string disk partition function Zdisk(x

0). For half S-
brane in Type II theory (3.5), this procedure means

Lon−shell = − 1

1 + 1
2
T 2

= − 1

1 + (πλ)2e
√

2x0
= −Zdisk(x

0) . (3.19)

In this case one can show that the effective Lagrangian takes the form,

L = − 1

1 + 1
2
T 2

√

1 +
1

2
T 2 + ∂αT∂αT . (3.20)

Notice that the resulting tachyon effective action is only valid for close to
on-shell field configurations, those of the form (3.5).3 The Lagrangian (3.20)

3The Lagrangian (3.20) is quite different from the one found in BSFT [93–95]. This is
however not unexpected. The action derived from BSFT is valid for far off-shell tachyons,
e.g., for T = a + ux2, in contrast to (3.20).
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can be further transformed to the familiar tachyon DBI form [96–99]

L = − 1

cosh T̃
2

√

1 + ∂αT̃ ∂αT̃ , (3.21)

after the field redefinition

T√
2

= sinh
T̃√
2
. (3.22)

This procedure was generalized to the bosonic string theory [100], and the
inhomogeneous tachyon profiles for superstrings in [101]. It is however not
clear that this latter method (3.19) is equivalent to the one discussed above
(discussion around equations (3.17)-(3.18)) given the ad hoc non-analytic
field redefinition (3.22) needed to produce (3.21). From the tachyon effective
action for bosonic half S-brane, analogous to (3.21), one can then reproduce
the properties of the spacetime energy-momentum tensor given in (3.13)-
(3.15).4

3.3 Selberg integrals

Let us now return to the path integral calculation of the deformed disk par-
tition function. Furthermore, let us again restrict to the profile (3.2). We
need to calculate the path integral (3.7),

Zdisk(x
0) = 〈e−δSbdry〉′ =

∫

DX ′µe−
1
2π

R

d2z∂X0∂̄X0−λ
R

dteX0

, (3.23)

where the prime again indicates that we leave the zero mode x0 unintegrated.
Using perturbative expansion we write

Zdisk(x
0) = 〈e−λex0 R

dteX′0
〉′ (3.24)

=
∞
∑

N=0

(−2πλex0

)N

N !

∫ π

−π

N
∏

i=1

dti
2π

〈

∏

i

eX′0(ti)

〉

. (3.25)

Using Wick theorem and the Green’s function on the unit disk with Neumann
boundary condition we get

〈

∏

i

eX′0(ti)

〉

=
∏

1≤i<j≤N

|eiti − eitj |2 (3.26)

4In the bosonic case the story is quite subtle, since the effective tachyon potential is
unbounded from below.
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which then renders the disk partition function to form

Zdisk(x
0) =

∞
∑

N=0

(−2πλex0

)N

N !

∫ π

−π

N
∏

i=1

dti
2π

∏

1≤i<j≤N

|eiti − eitj |2 . (3.27)

In general, one would expect multiple integrals such as those appearing in
(3.27) to be quite cumbersome. However, in this case the result of the inte-
gration is easily achieved, by observing that the integrand of (3.27) can be
identified as the absolute value squared of the Vandermonde determinant:

|∆(z1, . . . , zN )|2 =
∏

i<j

(zi − zj)(zi − zj)
∗ =

∣

∣

∣

∣

∣

∑

Π

(−1)Π

N
∏

i=1

zΠ−1
i

∣

∣

∣

∣

∣

2

, (3.28)

where Π denotes the permutations of {1, 2, . . . , N} and (−1)Π is the sign of
the permutation. With entries zi = eiti lying on the unit circle, one can easily
perform the integrations, since only the terms with zero power of zi will give
a non-vanishing contribution. This yields

Zdisk(x
0) =

∞
∑

N=0

(−2πλex0

)N

N !
·N ! =

1

1 + 2πλex0 = f(x0) , (3.29)

corresponding (without the overall coefficient) to the pressure component of
the energy-momentum tensor (3.14) discussed in the earlier section.

Let us next consider the simplest imaginable correlation function in the
rolling tachyon background. Consider the insertion of an open string tachyon
vertex operator on the boundary of the disk, the amplitude thus correspond-
ing to the creation of a single open string tachyon by the decaying brane,

A1(x
0) =

〈

eiωX0(τ)e−λ
R

dteX0
〉′

. (3.30)

In this case, the integral we face takes the form [I, 29],

Iω =
1

N !

∫ π

−π

dτ

2π

N
∏

i=1

dti
2π

∏

i<j

|eiti − eitj |2
∏

i

|eiti − eiτ |2iω . (3.31)

We can perform the integrals of this form by making use of a variation of a
Selberg integral [102] (for notations see Mehta [103]):

J(a, b, α, β, γ, n) (3.32)

=

∫ ∞

−∞
· · ·
∫ ∞

−∞

∣

∣

∣

∣

∣

∏

1≤i<j≤n

(xi − xj)

∣

∣

∣

∣

∣

2γ n
∏

l=1

(a + ixl)
−α(b− ixl)

−βdxl

=
(2π)n

(a+ b)(α+β)n−γn(n−1)−n

n−1
∏

j=0

Γ(1 + γ + jγ)Γ(α + β − (n + j − 1)γ − 1)

Γ(1 + γ)Γ(α− jγ)Γ(β − jγ)
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where a, b, α, β, γ ∈ C are restricted to ranges

ℜa,ℜb,ℜα,ℜβ > 0 , ℜ(α + β) > 1

−1

n
< ℜγ < min

( ℜα
n− 1

,
ℜβ
n− 1

,
ℜ(α + β − 1)

2(n− 1)

)

, (3.33)

to make the integral convergent.5 By change of variables xn = cot tn and
noting that the integrand in (3.31) does not depend on τ , one can straight-
forwardly cast (3.31) to

Iω =
2N2+2iωN

N !(2π)N

∫ ∞

−∞
dx1 · · · dxN

∏

i<j

|xi − xj |2
N
∏

i=1

((1 + ixi)(1 − ixi))
−N−iω

=
2N2+2iωN

N !(2π)N
J(1, 1, N + iω,N + iω, 1, N) =

N
∏

j=1

Γ(j)Γ(2iω + j)

(Γ(j + iω))2
. (3.34)

Considering the conditions listed in (3.33), equation (3.34) makes sense if
ℜ(iω) > −1, which is also the threshold for the first pole to occur on the
right hand side of (3.34).

3.4 Random matrix structure

As we noticed, computations get more involved immediately after we start
considering higher point amplitudes. We need to manipulate multiple inte-
grals of the type (3.31). Imagine then that we need an expression for the
emission amplitude for n open string tachyons in the rolling tachyon back-
ground. One might expect the level of difficulty to exponentiate, making
it hard to draw lessons of physics interest. Surprisingly, this expectation
turns out to be too premature. Even in these cases we are able to do the ti-
integrals by making use of some known results in random matrix theory. The
breadth of the field is such that even a modest account would be completely
beyond the scope of this thesis. We therefore refer to the authoritative book
of Mehta [103] and to the excellent review [112] containing more recent ad-
vances (see also [113]). In the following we will restrict to a lightning review
on basics of circular unitary ensembles (CUE) in RMT and their relation to
scattering amplitudes.

5Anderson gave a different derivation of the result (3.32) [104], based on the classical
work by Dixon [105]. This procedure was further developed by Evans [106]. Another
derivation is by Luque-Thibon [107]. Selberg’s integral formula is generalized by Aomoto
[108] and by Dotsenko-Fateev [109]. A further extension was considered by Kaneko [110].
For a detailed description, see [111].
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The CUE ensemble of RMT is defined as the space of N × N unitary
matrices U(N) endowed with a probability measure dµ(U) invariant under
any inner automorphism

U 7→ V UW ; U, V,W ∈ U(N) . (3.35)

In other words, dµ(U) is such that it should be invariant under left and right
multiplication by elements of U(N). There exists a unique measure on the
unitary group U(N) with this property, the Haar measure. The infinitesi-
mal volume element of the CUE ensemble occupied by those matrices whose
eigenvalues have phases lying between (t1, . . . , tN) and (t1+dt1, . . . , tN +dtN)
is given by [114]

dµ(U) =
dt1 · · · dtN
(2π)NN !

|∆(eit1 , . . . , eitN )|2 , (3.36)

where ∆(eit1 , . . . , eitN ) is a Vandermonde determinant as in (3.28). The goal
in RMT is to calculate expectation values of various quantities. With the
probability distribution (3.36), the average over the ensemble of random ma-
trices is performed as follows,

〈f〉CUE =

∫

U(N)

dµ(U)f(U) =
1

(2π)NN !

∫ π

−π

N
∏

i=1

dtif(t1, . . . , tN)|∆|2 , (3.37)

where f(U) was assumed to depend only on the eigenphases of a random
N × N unitary matrix U belonging to CUE. Note that f must be periodic
in all variables ti. From the expression (3.37) we see that the integrals in the
disk partition function (3.27) correspond to taking an average 〈1〉CUE = 1,
making the normalization in (3.36) consistent with our earlier method giving
(3.29).

Let us then turn our attention to calculating the average of the charac-
teristic polynomial [115],

Z(U, τ) =
N
∏

i=1

(1 − ei(ti−τ)) , (3.38)

where again, the ti are the eigenphases of U . The sth moment of |Z(U, τ)|
reads

〈|Z(U, τ)|s〉CUE =
1

(2π)NN !

∫ π

−π

N
∏

i=1

dti
∏

i<j

|eiti − eitj |2
∣

∣

∣

N
∏

i=1

(1 − ei(ti−τ))
∣

∣

∣

s

.

(3.39)
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This corresponds exactly to (3.31) (again, τ drops out) with s = 2iω. What
we are seeing here is that the open string amplitude calculations have one-
to-one mapping to prototype calculations in the random matrix theory.

To evaluate (3.39) one can use an identity that expresses Toeplitz deter-
minants in terms of integrals over unitary group. For

f =
∞
∑

k=−∞
f̂ke

ikt , (3.40)

a complex function on the unit circle, we denote by DN−1[f ] the determinant
of the Toeplitz matrix

TN−1[f ] =











f̂0 f̂1 · · · f̂N−1

f̂−1 f̂0 · · · f̂N−2
...

. . .
...

f̂N−1 f̂N−2 · · · f̂0











, (3.41)

where the Fourier coefficients are given by f̂k = 1
2π

∫ π

−π
dtf(t)e−ikt. Consider

then a complex function on U(N) (called a class function) that satisfies the
property,

F (V UV −1) = F (U) ; for all U, V ∈ U(N) (3.42)

so that we can diagonalize U and F becomes a function of the eigenphases
ti of U . Suppose that it factorizes,

F (t) = f(t1)f(t2) · · ·f(tN ) . (3.43)

Then the Heine-Szegö identity [116, 117] states that

DN−1[f ] =

∫

U(N)

dµ(U)F (U)

=
1

(2π)NN !

∫ π

−π

∏

i

dti|∆(eit1 , . . . , eitN )|2
(

N
∏

i=1

f(ti)

)

.(3.44)

We can thus write the one-point amplitude in a form

A1(x
0) =

∞
∑

N=0

(−2πλex0

)NDN−1[f ] , (3.45)

which straightforwardly generalizes to n-point amplitudes [I]. The full am-
plitude then, of course, involves the summation over N , and the Fourier
transforms to momentum space in the end,

Ā(ω) =

∫

dx0eiωx0

A1(x
0) . (3.46)
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These calculations are not always tractable. In principle the Toeplitz form
is better suited to computer calculations than N -dimensional integrals. Fur-
thermore, in the case of bulk two-point amplitudes, the Fourier components
can even be calculated in a closed form, and they are given by well-known
hypergeometric functions [29].

Let us now summarize what we have achieved. We started calculating
open string amplitudes in the rolling tachyon background. We found that the
general structure of these amplitudes can be written as a Fourier transform
of an infinite power series in the target space coordinate x0, where the series
coefficients can be expressed as Toeplitz determinants of a periodic function
in circular unitary ensemble. This periodic function essentially encodes all
the relevant physics of the decay process. So to draw lessons of physics
interest in amplitude calculations depends on progress in solving problems
in RMT. So far, the calculations have been carried out all the way to the
end only in some special cases, e.g., for bulk-boundary amplitude in bosonic
case [29], and in Type II [I].

3.5 Closed string radiation

So far, we have only considered the brane decay process at the classical level
or coupled the system only to massless modes of a closed string. Let us
now couple the system to the whole tower of closed string modes. Recall
that a D-brane is treated as a source for closed string modes. With a rolling
tachyon, the D-brane becomes a time-dependent source. We should expect
to see closed string creation. Indeed, even at the lowest perturbation level of
the coupling constant gs, one will find that the initial energy of the unstable
D-brane will be lost to transverse dimensions in the form of heavy closed
string modes [24,118] (see also [83,119]). Let us consider the bulk one-point
amplitude with a closed string vertex operator placed at the origin of the
disk,

〈V(0, 0)e−δSbdry〉 , (3.47)

where we again focus on the profile (3.2). For a generic closed string operator,
with non-zero spacetime energy, one can adopt a gauge where the temporal
part simplifies as follows [24, 120,121] (see also [122, 123]),

V = eiEX0Vsp , (3.48)

and the latter piece Vsp contains all the spatial dependence as well as the
ghost contribution. This gauge is convenient, since, as we will see, we can
focus on the non-trivial temporal part of the calculation. Recall that the

27



boundary deformation only involves timelike coordinates, so the closed string
one-point amplitude factorizes,

A(E) =

∫

dx0eiEx0 〈V ′e−δSbdry
〉′

= 〈Vsp〉′
∫

dx0eiEx0
〈

eiEX′0
e−δSbdry

〉′
.

(3.49)
It can be further shown that 〈Vsp〉′ only contributes a (possibly energy-
dependent) phase factor [24, 124, 125]. Since in the following we are only
interested in |A(E)|2, the explicit calculation of 〈Vsp〉′ would be irrelevant
for our purposes.

As mentioned, assuming weak coupling, gs ≪ 1, the unstable Dp-brane
acts as a classical time-dependent source for closed string fields. This approx-
imation means that we are neglecting the interactions between the emitted
closed strings. So we are really focusing on lowest order amplitude in the
closed string tree-level, i.e., that of (3.49). The produced closed string state
is hence a coherent state,

|ψ〉 ∼: e−i
P

s

R

dp+1xAs(x)φs(x) : |0〉 , (3.50)

where As(x) are the source terms (basically the inverse Fourier transforma-
tion of (3.49)) for closed string fields φs(x) and the sum in s runs over all
such possible fields [24]. After a straightforward calculation, the source in
the exponent of (3.50) reads in momentum space,

As(Es) = e−iEs log(2πλ) π

sinh πEs
. (3.51)

In (3.51) Es is the energy of the on-shell closed string state,

Es = Es(N, |~k⊥|) =

√

4(N − 1) + ~k2
⊥ . (3.52)

The equation (3.52) only involves the transverse part of the spatial momen-
tum due to momentum conservation along the directions parallel to brane
worldvolume. The total number of closed strings and energy emitted carried
by the closed string radiation is calculated in [24] and is given by

N̄

Vp
= N 2

p

∞
∑

N=0

d(N)

∫

d25−pk⊥
(2π)25−p

n̄(N, |~k⊥|) (3.53)

Ē

Vp
=

∑

N

EN = N 2
p

∞
∑

N=0

d(N)

∫

d25−pk⊥
(2π)25−p

Ēs(N, |~k⊥|)n̄(N, |~k⊥|) ,(3.54)

where

n̄(N, |~k⊥|) =
|As(Es)

2|
2Es

, (3.55)
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and N 2
p = π11(2π)2(6−p) [126]. The sum over N is over all closed string

oscillator excitations which are left-right symmetric and d(N) is the density
of such states at level N . In other words, the N th term EN in the sum (3.54)
gives the total energy carried by all closed string modes at level (N,N). To
find the expression for d(N), one realizes that d(N) simply counts the number
of closed string states created by identical combination of X i oscillators in
the left and right moving sector. Alternatively, 1

2
d(N) stands for the number

of states at oscillator level N created by 24 right moving oscillators αi
n acting

on the Fock vacuum [24]. For large N ,

d(N) ∼ N−27/4e4π
√

N . (3.56)

Since Np is a numerical constant and d(N) is a dimensionless number
we see from (3.54) that for fixed N , EN is of order 1. The total energy
per unit p-volume at given level is therefore of order unity. For small gs

this is much smaller than the tension of the Dp-brane, Tp ∼ g−1
s . The total

energy density stored at a given level is hence much smaller than the tension
of the brane. However, a more important question is to ask whether the
total energy density stored in all closed string states is small compared to
the tension of the brane. Due to exponential growth of density (3.56) with
N , the largest contribution to (3.54) comes from the highest energies, so

by using Es ∼ 2
√
N + |~k⊥|2

2
√

N
the integrals over ~k⊥ become Gaussian, and we

can evaluate the large energy behavior of (3.54). One finds that the overall
energy carried by all the emitted closed string modes (per unit p-volume) is
infinite for p ≤ 2 and finite for p > 2.

The divergence signals the breakdown of perturbation series: the gravi-
tational backreaction become of order 1 once the brane tries to emit a closed
string mode of mass ∼ g−1

s . Since the initial Dp-brane has a finite tension, the
emitted energy density cannot really be infinite, so higher order corrections
must cut it off to render the result finite. However, for p > 2 the finite result
suggests that the single closed string channel may not carry away all the ini-
tial tension of the brane. Recall that the multi-string channel is suppressed by
string coupling, so it seems that it is not the dominant decay channel either.
Instead, we expect higher dimensional branes to decay inhomogeneously, thus
leaving a lower-dimensional brane as a remnant. Unfortunately, the inhomo-
geneous decay is still poorly understood (see [13,31,77–79] for studies in this
direction).

In a future publication we will analyze the open string emission channel
and compare it to the single closed string channel. It shall be interesting to
see which one dominates.
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Chapter 4

Thermodynamic dual picture

In this Chapter we discuss aspects of two-dimensional Coulomb gas and its
relation to brane decay. We will start by introducing the reader to a elec-
trostatic system with electric charges on the boundary of the disk sitting at
thermal equilibrium. We will then relate the classical Coulomb gas to the de-
caying brane, which is obviously “out of equilibrium”. We will discuss what
happens to time dependence in the Coulomb gas interpretation. We continue
to discuss how the open string amplitude computation discussed in Chapter
3 translates into the thermal side. We end by making a remark that the
structure is quite general, even the n-point amplitude can be encoded with
Coulomb gas data quite naturally, which then gives hope to make further
progress.

4.1 The Dyson gas

Let us consider the classical two-dimensional Coulomb gas which is confined
to a unit circle, the boundary of a disk. Two charges, with strengths qi and
qj , interact via two-dimensional Coulomb potential,

V (ti, tj) = −qiqj log |eiti − eitj | , (4.1)

where eiti , eitj are the positions of the charges, respectively. The Hamiltonian
of the system of N charges then reads

H =

N
∑

i=1

p2
i

2mi
−

∑

1≤i<j≤N

qiqj log |eiti − eitj | , (4.2)

30



where in the interaction term we summed over all pairs.1 For calculational
control and to relate the thermodynamical system to the unstable brane
configuration, we need to make further assumptions, thus simplifying the
system. In particular, we will focus on the simplest case and make contact
with the half S-brane in bosonic string theory, as we specifically focused in
Chapter 3.

First, since we are mainly interested in the non-trivial interaction part we
will neglect the kinetic energy. Formally, we demand that the particles carry
infinite masses, mi → ∞.2 Second, we will demand that all the particles carry
equal charges, qi ≡ q. Without any loss of generality, we can choose q > 0.
Particles having equal but also opposite charges leads to two-component
Coulomb gas [IV]. The Hamiltonian then reduces to

HD = −q2
∑

i<j

log |eiti − eitj | (4.3)

and hence the canonical partition function of this system reads as follows,

ZN(β) =
1

N !

∫ π

−π

N
∏

i=1

dti
2π
e−βHD (4.4)

=
1

(2π)NN !

∫ π

−π

N
∏

i=1

dti
∏

1≤i<j≤N

|eiti − eitj |βq2

, (4.5)

where β = 1/T is the inverse temperature and N ! is there to account for
identical charges. We can now normalize charges to unity, q → 1, leaving
temperature as the only free parameter.

The canonical partition function (4.4) has been studied in the random
matrix literature and is known as the circular β-ensemble. It was Dyson who
conjectured that the canonical partition function takes the form [114]

ZN(β) =
Γ(1 + βN

2
)

(

Γ(1 + β
2
)
)N

, (4.6)

for which many proofs have been presented [127, 128] (see also [103]). The
parameter β distinguishes between the ensembles (it is sometimes called the

1One can imagine preparing the system in 3d by laying long wires on a cylinder, and
focusing on a cross-section thus making the problem effectively two-dimensional. However,
we resist making contact with 3d language.

2A more elegant way is given in [103]. If one studies a Brownian motion model of
Coulomb interacting particles starting with any initial positions on the circle, one can
show that the system will eventually settle to an equilibrium whose distribution is given
by the Boltzmann factor e−βH with the latter term of (4.2).
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degree of level repulsion): β = 0 represents the Poissonian ensemble for which
the eigenphases of the random matrices are distributed uniformly and inde-
pendently over the circle. Similarly, β = 1, 2, 4 encode orthogonal, unitary,
and symplectic ensembles, respectively.3 Let us specialize to the case β = 2,
corresponding to the circular unitary ensemble. Notice that the ensemble is
exactly the one we already faced in Section 3.4.

Consider then the grand canonical ensemble of this system, that is in-
troduce the chemical reservoir with fugacity z = eβµ = e2µ, where µ is the
chemical potential. The grand canonical partition function then takes the
form

ZG(β = 2) =
∞
∑

N=0

zNZN =
∞
∑

N=0

zN

N !

∫

∏

i

dti
2π

∏

i<j

|eiti − eitj |2 (4.7)

=
1

1 − z
. (4.8)

It is now clear that making the identification4 z = −2πλex0

, we have a
one-to-one correspondence of the grand canonical partition function of the
Dyson gas (4.7) and the disk partition function (3.29) of a decaying D-brane
of bosonic string theory,

ZG =
1

1 + 2πλex0 = Zdisk . (4.9)

4.2 Time and the chemical potential

By identifying the grand canonical partition function with the disk partition
function, we noticed that the target space time of string theory basically
mapped to the chemical potential. Notice that the Dyson gas we started
with already sat on equilibrium, hence there was no time to start with.

Consider again the disk partition function (keeping in mind the also the
geometric series (4.7)),

Zdisk =
∞
∑

N=0

(−2πλex0

)N =
1

1 + 2πλex0 . (4.10)

3It is interesting to notice that it was a longstanding problem in RMT to find the
generalization of β to real values, and the corresponding ensemble was found only recently
[129].

4This correspond to a complex chemical potential and hence lies outside the range
of thermodynamical stability. However, in this special case of β = 2 one can readily
analytically continue the series to the whole complex fugacity plane [II].

32



At early times x0 → −∞, the series (4.10) is well approximated by trun-
cation to first few terms. At late times higher order (large N) terms be-
come important, which in turn correspond to the rank of the U(N) matrices.
Heuristically, for decaying branes the closed string background at late times
“emerge” from the dynamics of high rank matrices of the U(N) ensemble.

The statement of larger N corresponding to a later time values can be
put on more concrete footing as follows. Consider the average number of
point charges in the ensemble,

N̄ = z∂z logZG =
z

1 − z
↔ 2πλex0

1 − 2πλex0 . (4.11)

The average number of particles (4.11) is a monotonically increasing function
of the target space time x0, so indeed larger N̄ means later times x0. So
one could think of N̄ as the counterpart of time. Furthermore, the relative
fluctuations

δN =

√

N2 − N̄2

N̄
=

1√
z
↔ e−x0/2

√
2πλ

(4.12)

declines as N̄ increases, hence N̄ gets more sharply defined.
One can even go further and form the Helmholtz free energy by taking the

Legendre transform of the grand potential. The free energy then is found to
be a monotonically decreasing function of the N̄ variable, hence it naturally
defines a thermodynamic arrow of time [II]. But in order to interpret N̄
as “time” one needs to find the interpretation for time evolution, that is
we need to define a clock. This can indeed be achieved but the derivation is
quite lengthy and detailed, hence we refer to [II] and discuss the outcome here
instead. Recall that usually the time evolution of some observable is given by
its equations of motion. There is a (partial) differential equation, the solution
of which then tells us how the observable evolves once its initial data is given
at some instant (x0)0. Since we already noticed that x0 maps to the chemical
potential µ, we would get a differential equation with derivative with respect
to µ of some thermal observable and the initial condition maps to some initial
chemical potential µ0. Indeed, this expectation turns out to be correct. One
can actually derive sourced spacetime Einstein equations by starting from
the Dyson gas, with some additional external probe charge insertions in the
bulk of the disk, and then focusing on the thermal expectation values of the
forces acting on the probe charges [II].
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4.3 External charges on the circle

We have reproduced the open string disk partition function by computing
the grand canonical partition function of a Dyson gas at special inverse tem-
perature β = 2 and identifying the fugacity of the gas with the parameters
in the string theory side. Now we could ask if the dual picture helps in cal-
culating some other interesting observables on the string theory side, or is
this just a cute observation. The answer to this question is positive. Let us
consider the following string theory calculation. Recall, that one of the basic
questions in the string theory side is to compute the production probability
of closed (and open) strings as the decay of the unstable brane is going on.
These are basically given by the n-point scattering amplitudes we discussed
in Chapter 3.

As we mentioned in the earlier section, to derive the sourced Einstein
equations one needs to insert external charges in the disk. The dictionary of
how does the operation of inserting vertex operators in the disk, correspond-
ing to open/closed string emission amplitudes, translates into the thermal
system and what thermal observables we are supposed to focus on is given
in [II]. As an example, consider the open string tachyon one-point amplitude
in the simplest imaginable case. That is, we insert an open string tachyon
vertex operator

VT (X0) = eiωX0(τ) (4.13)

on the boundary of the disk, with the tachyon profile (3.2) corresponding to
the bosonic half S-brane turned on. Here ω is the energy of the open string,
and we have omitted the trivial spatial part of the computation and just
focus on the temporal part. The main steps of this calculation were given in
Sections 3.3 and 3.4, so we do not aim to redo it but instead interpret the
procedure in Dyson gas language.

Let us hence consider the dual picture and insert an external charge of
strength iω at an angle τ of the circle. This renders the Dyson gas Hamilto-
nian (4.3) (recall that we normalized q = 1 and fixed β = 2) as follows,

HD → H = −
∑

i<j

log |eiti − eitj | − iω
∑

i

log |eiti − eiτ | , (4.14)

where the latter term comes from the interaction between the Dyson gas
charges and the external charge. The canonical partition function reads,

ZC(N, iω) =
1

N !

∫

dτ

2π

∏

i

dti
2π
e−2H (4.15)

=
1

N !

∫ π

−π

dτ

2π

N
∏

i=1

dti
2π

∏

i<j

|eiti − eitj |2
∏

i

|eiti − eiτ |2iω ,(4.16)
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where we integrate also over the position of the external charge. This matches
exactly with (3.31). Notice also, that ω = −i (upto normalization) matches
with ZN+1(β = 2) as it should.

It comes as no surprise that higher order open string tachyon n-point
functions correspond exactly to adding n external charges on the circle. We
can hence make use of the duality and interpret difficult string theory calcu-
lations in terms of more tractable classical Coulomb gas questions. Indeed,
in a future publication we make use of the Coulomb gas analogy and are able
to derive an approximate solution to n-point amplitude. We then use this
result to deduce some physical properties of the brane decay. In particular,
we hope to compare the open string decay channel to that of the single closed
string one and see which one dominates.
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Chapter 5

Conclusions and outlook

The aim of this thesis was a better understanding of rolling tachyon back-
grounds, or decaying brane spacetimes in string theory, as well as to develop
new tools to study scattering amplitudes. The deformed boundary conformal
field theory is a theoretically appealing way to study time-dependent closed
string backgrounds as the CFT techniques developed in the Euclidean signa-
ture are quite powerful and easy to implement in the time-dependent case,
just by making a Wick rotation.

In the first article of this thesis [I] we calculated the bulk-boundary am-
plitude in the non-BPS half S-brane background. The calculation has been
done earlier in the bosonic case in [29] and in Type II we showed that the
results are closely analogous to [29]. In the second article [II] we established
the observation made in the appendix of [29] on more concrete basis, where
it was realized that the rolling tachyon background has a dual description as
a thermodynamic system with classical Coulomb charges confined on a circle
in two dimensions.

The third article [III] investigated the new oscillatory rolling tachyon
solutions which stemmed from the solutions found recently in open string
field theory. We calculated the disk partition function for this profile and
found that the result is quite close to the simple rolling case, giving more
belief that the two profiles might be related by some field redefinition.

The fourth [IV] and the fifth [V] article focused on bosonic full S-brane
and non-BPS half S-brane profiles, respectively. We showed that they also
have a dual description in terms of thermodynamic systems, two-component
two-dimensional plasma for the full S-brane and a paired Dyson gas for the
superstrings. This then makes one wonder whether all time-dependent back-
grounds (in string theory) would have a dual description as some thermo-
dynamic system at criticality, or even the other way around: given a ther-
modynamic system, would there exist a time-dependent (string) background
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which it is dual to?
In the sixth [VI] article we focused on the multi-component Coulomb gas

merely from the statistical perspective and calculated what is the canonical
and the grand canonical partition function. With the techniques developed
in [VI] (and [III]) we then realized that these can be applied to open string
theory calculations. Indeed, in the forthcoming publication we will show
that the combination of RMT and Coulomb gas techniques is a useful calcu-
lational tool. We are able to find an approximate solution to n-point open
string amplitude in the case of decaying bosonic D-brane. In Dyson gas
picture the n-point open string amplitude corresponds to adding n external
charges to the circle. Our method to find an approximate solution is based
on the observation that the largest contribution to the open string emission
amplitude comes from the large number of +1 charges limit in the Dyson
gas. To analyze this limit in detail, we need to study the large N limit of
the associated Toeplitz determinants (recall the 1-point case (3.45)). It turns
out that to calculate the n-point correlator in the Dyson gas reduces to a
multiplication of n independent 1-point correlators. This means that the cir-
cle becomes crowded in the N → ∞ limit and the mutual interactions with
the external charges become 1/N suppressed. This will then enable us to
contrast the open string production channel to that of the closed string and
see which is the dominant one.

Also, in continuing to investigate other amplitudes with Coulomb gas
techniques, e.g., closed string two-point amplitude in both bosonic and su-
perstrings would seem to be a fruitful direction to pursue. In particular, it
would be interesting to compare the result of the two-point amplitude with
the result obtained in [81].
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