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Abstract

The present neutrino oscillation data including the LSND result can be
explained by four-neutrino mixing schemes, which have a sterile neutrino
species in addition to the three Standard Model neutrinos. A sterile neutrino
present during the standard big bang nucleosynthesis could cause a conflict
between the primordial nucleosynthesis predictions and the observations of
the primordial light element abundances. In particular, this would be the
case for the sterile neutrino required in the four-neutrino mixing schemes.

The conflict could be reconciled by the existence of a large neutrino asym-
metry. It has been suggested that such an asymmetry could be generated by
the active-sterile mixing. The objective of this thesis is to study whether the
asymmetry generated by active-sterile neutrino oscillations is able to recon-
cile the big bang nucleosynthesis and the neutrino oscillation data.

In this thesis the asymmetry created by neutrino oscillations is shown
to have oscillating solutions for certain parameters. It is shown that in the
parameter region where the asymmetry oscillates, the final sign of the neu-
trino asymmetry is sensitive to small changes in the mixing parameters or
baryon asymmetry. This implies that spatial domains with different values of
neutrino asymmetry could exist in the early universe. The creation of these
domains, and the effects they would have are considered.

The oscillations of the asymmetry and the formation of domains together
with the recent results from the neutrino oscillation experiments make at-
tempts to reconcile the neutrino oscillation data and the big bang nucleosyn-
thesis by a neutrino asymmetry created by active-sterile neutrino oscillations
inadequate.
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Chapter 1

Introduction

The Standard Model has been very successfully employed in particle physics
for decades. During the 90’s one of the assumptions in the Standard Model
was confronted – namely the assumption that neutrinos are massless. There
are no symmetries or other theoretical arguments requiring the massless-
ness of neutrinos in the Standard Model. The masses of neutrinos just are
too small to be detected, and the ultra-relativistic approximation has been
thought to be a proper one. Nevertheless, it has been known for a long time
that if neutrinos had masses one could expect leptons to have a similar mix-
ing mechanism as quarks have. Mixing means that eigenstates of neutrino
propagation (mass eigenstates, νi) are not equal to the eigenstates of interac-
tion (flavor eigenstates, να) [1]. Hence the mass eigenstates would be related
to the flavor eigenstates by a unitary mixing matrix

να =
∑

i

Uαiνi. (1.1)

The concept of flavor eigenstates arises from the nature of neutrino in-
teractions in the Standard Model: particles can be observed through inter-
actions, and particles are also created through their interactions. But if the
mass eigenstates and flavor eigenstates are not the same, once the states have
been created, they will evolve to a mixture of different flavor states. In effect,
the neutrino flavor states that are created at some distance from where they
are observed, are converted to other flavors with the probabilities1

P (α → β; t) =
∑

i

|U ∗
αi|2|Uβi|2 + 2Re

[
∑

j 6=i

U∗
αiUβiUαjU

∗
βje

−i
δm2

ij
2p

t

]

, (1.2)

where δm2 ≡ m2
i −m2

j is the mass squared difference of the mass eigenstates.

1This formula is valid when the neutrinos are assumed to be relativistic.
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For mixing between two neutrino flavors, Eqs. (1.1,1.2) have much simpler
form. Ignoring the CP-violating phases, the mixing matrix in Eq. (1.1) can
then be parameterized by using a single parameter, the mixing angle θ:

(
να1

να2

)

=

(
cos θ sin θ
− sin θ cos θ

)(
ν1

ν2

)

. (1.3)

The transition probability for two flavor mixing turns out to be

P (α → β; L) = sin2 2θ sin2

(
δm2L

4E

)

, (1.4)

where δm2 = δm2
21 = m2

2−m2
1 and instead of time the distance L between the

particle creation and observation has been used. This equation also defines
a useful length scale

Losc =
4πE

δm2
, (1.5)

which is the wave length of the neutrino oscillation.
The conversion of neutrinos from one flavor to another has been a key

for studying neutrino masses experimentally. Though the direct searches for
neutrino masses have had only negative results so far, the flavor conversion
due to neutrino mixing is another matter, and recently the experimental
status has evolved rapidly. Indeed, during the writing of this thesis, the
experimental situation has changed drastically: When the work begun, there
were hints of something strange happening with neutrinos, especially there
seemed to be too few neutrinos coming from the Sun. Now there is solid
evidence for the existence of neutrino mixing [2]. The problem is that now
there are too many detected anomalies to be explained in terms of the three
Standard Model neutrino flavors [2]. Naturally some of the results might
be flawed or due to a statistical fluctuation, but if one is determined not to
discard any experimental data based on purely theoretical arguments, masses
and mixing of the three Standard Model neutrinos are not enough to solve
all the puzzles.

Many grand unified theories have, in addition to the three weakly inter-
acting neutrinos, right-handed neutrino states, often called sterile neutrinos
because right-handed neutrinos lack weak interactions. Actually, even adding
a Dirac mass term to a model requires the existence of right-handed neutri-
nos. The favored model for explaining the large mass difference between
neutrinos and other leptons, the see-saw mechanism [1, 2], requires a sterile
neutrino. The existence of a sterile neutrino might be theoretically favored,
but there is no reason to believe that the mass of a sterile neutrino would
be small, which is the main argument against the sterile neutrino as an ex-
planation of the observed anomalies. Nevertheless, it is possible to construct
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additional symmetries protecting the sterile neutrino from a large mass, for
example mirror matter is a possibility [3]. On the other hand, the sterile neu-
trino could solve also other problems than combining the neutrino oscillation
results. A sterile neutrino mixing would enable r-process in supernova heavy
element nucleosynthesis [4], or explain the results of the NuTeV anomalous
measurement of the electroweak angle [5,6]. Also problems with too abundant
globular cluster formation in galaxy formation models might be explained in
terms of sterile neutrinos created through active-sterile mixing [7].

Neutrino mixing could also modify Big Bang cosmology. In particular,
the existence of sterile neutrinos might have important consequences for the
physics of the early universe [7–19]. The situation is complicated because the
mixing between active and sterile states can have several different effects: νs

excitation, νe depletion and neutrino asymmetry creation, which might ei-
ther enhance or cancel each other. Sterile neutrino mixing could increase
the expansion rate of the universe or modify the neutrino momentum distri-
butions, in particular the creation of a lepton asymmetry is possible. The
purpose of this thesis is to examine in detail the effects the lepton asymmetry
generation through the active-sterile neutrino oscillation would have in the
early universe.

In chapter 2 we review briefly the experimental status of neutrino oscil-
lations. Chapter 3 introduces the mathematical formalism for mixed rela-
tivistic particles in the early universe. In chapter 4 we discuss the effects of
neutrino oscillation and lepton asymmetry in the early universe. Finally, in
chapter 5 we summarize the situation and give the conclusions.
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Chapter 2

Neutrino Oscillation

Experiments

Neutrinos are elusive particles, and at the moment their properties are rather
poorly known. Neutrinos interact only through weak interactions, which
makes detecting them a challenging task. There is no direct detection of the
neutrino mass, but the negative results of neutrino searches for the electron
neutrino mass from the β decay of tritium can be converted to an upper
limit [20]

mνe
< 2.2 eV. (2.1)

Similarly for the masses of the other neutrino flavors there are upper limits
from direct mass searches [21]:

mνµ
< 0.19 MeV, (2.2)

mντ
< 18.2 MeV. (2.3)

Neutrino oscillation experiments provide indirect evidence for the exis-
tence of neutrino masses. In this chapter the status of solar, atmospheric,
and laboratory (i.e. reactor and accelerator) neutrino experiments is briefly
reviewed.

2.1 Solar Neutrinos

The most abundant nearby source of neutrinos is the Sun. The idea of
detecting the neutrinos coming from the Sun dates back to 50’s. The initial
goal was to confirm that the energy source of the Sun is nuclear fusion [22]. If
the energy is produced by fusion reactions, then neutrinos should be produced
in large quantities as a byproduct. The problem has two sides: we have to
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understand and model how the energy is produced in the Sun to estimate the
generated neutrino flux, and we have to actually measure the flux of neutrinos
coming from the Sun. The results are anomalous – the neutrino flux is smaller
than expected [23–28], which makes studying and understanding the solar
neutrino problem exciting, as it provides a way to study the properties of
the neutrinos. At the moment, there are several solar neutrino experiments
taking data [29], and the field is going forward rapidly. Nevertheless, one has
not been able to restrict the mixing parameters to an unique solution to the
solar neutrino problem.

2.1.1 Standard Solar Model

The Sun is an overwhelmingly complex object to model. There are complex
chains of nuclear reactions going on in the solar interior, and even the cross
sections of these reactions are not easy to measure. Moreover, the Sun is not
homogeneous, nor is it a static system. A good solar model should be able
to explain the helioseismological measurements and the internal structure of
the Sun.

The most important nuclear reaction chains in the Sun are the pp chain
and the CNO cycle [1, 30]. The pp chain, which is responsible for 98.5% of
the energy production, converts protons to 4He through boron, beryllium
and lithium. It includes several reactions, which produce neutrinos:

p + p → 2H + e+ + νe (pp),
p + e− + p → 2H + νe (pep),
7Be + e− → 7Li + νe (7Be),
3He + p → 4He + e+ + νe (hep),
8B → 8Be + e+ + νe (8B).

CNO cycle produces only 1.5%1 of the energy, but has important neutrino-
producing reactions:

13N → 13C + e+ + νe (13N),
15O → 15N + e+ + νe (15O),
17F → 17O + e+ + νe (17F).

The standard solar model (SSM) has passed thorough examinations as
the physics of the Sun was once thought to be the cause for the solar neutrino
puzzle. However, it is now generally accepted that the predictions of SSM are
robust for the neutrino flux, and the largest errors to the prediction come from

1Note that these proportions are valid only for SSM.
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uncertainties in the nuclear and neutrino cross sections [31]. There is even
an independent check for the validity of the SSM from the helioseismological
measurements of the sound speed inside the Sun [31]. The prediction of
the standard solar model for the solar neutrino flux is summarized in the
Fig. (2.1).

Figure 2.1: Standard solar model prediction for the neutrino flux from the
Sun [32]. Shown are also the sensitivity areas of the gallium, chlorine and
Super-Kamiokande experiments.

2.1.2 Solar Neutrino Experiments

Three separate methods of detecting solar neutrinos have been employed:
chlorine, gallium and water Čerenkov detectors. All these methods are
sensitive to different ranges of neutrino energy spectrum, as illustrated in
Fig. (2.1).

The first results came from the chlorine based experiment at Homestake
mine [33]. The idea of chlorine based experiments is to put a tank of per-
chloroethylene (C2Cl4) deep underground, where the background is small,
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and after a while radiochemically separate 37Ar from the detector. The 37Cl
transforms to 37Ar through reaction

νe +37 Cl →37 Ar + e−,

and thus the rate of 37Ar formation measures the amount of electron neutrinos
going through the tank. The final result of the 20 year experiment is that
the neutrino flux from the Sun is only a third of the expected value, the ratio
of the result and SSM prediction being 0.34 ± 0.06 [23,31].

The gallium experiments GALLEX [34], GNO [27] (an updated version
of GALLEX) and SAGE [28] are in principle similar to the Homestake ex-
periment, but instead of chlorine they use gallium as the detector material.
The reaction used for neutrino detection is

νe +71 Ga →71 Ge + e−,

and germanium can be detected through the decay properties of 71Ge. This
method has a much lower threshold energy for neutrino detection. The results
of these experiments agree well: for SAGE the ratio of the observation and
SSM is 0.59 ± 0.07 [28] and for GALLEX + GNO 0.58 ± 0.07 [27]. Again,
there is a deficit of solar neutrinos.

The third type of experiment is water Čerenkov detectors. This method
has been used in Kamiokande, in its upgraded version Super-Kamiokande
(SK) [24] and in Solar Neutrino Observatory (SNO) in Sudbury [25, 26].
These experiments consist of a tank of water, which is monitored by photo-
multipliers. The photo-multipliers detect Čerenkov radiation created by re-
coiled electrons that are produced by neutrino scattering. Though an ex-
periment of this kind has a higher threshold energy than the other ones, it
has two advantages. First, the detector can determine the direction of elec-
trons, and hence can confirm that the detected neutrinos are indeed coming
from the Sun. Second, the muon and tau neutrinos can (in principle) also
be detected through the neutral current reactions, which improves the pos-
sibilities of the experiment. SNO can differentiate between charged current
reactions, neutral current reactions and elastic scattering, which is extremely
useful when studying the possibility of neutrino mixing as the explanation
of the anomaly. The results obtained with Čerenkov detectors, too, show
an inconsistency with the SSM predictions: the ratio of prediction and the
result of Kamiokande is 0.55 ± 0.13 and of SK 0.48 ± 0.09.
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2.1.3 Neutrino Oscillations as a Solution to the Solar

Neutrino Problem

At the moment it seems that there are no major problems in understanding
the physics of the Sun, so one is forced to seek for the explanation of the solar
neutrino puzzle from other directions, the most likely candidate being the
neutrinos themselves. The most popular explanation is neutrino oscillations,
which would be a natural consequence of neutrino mass. And since there is no
theoretical reason why neutrinos should not have a mass, neutrino oscillation
is a quite straightforward, and theoretically simple way to explain the solar
neutrino puzzle.

Neutrino oscillations could convert electron neutrinos coming from the
Sun to some other neutrino state with the probability given in Eq. (1.4),
referred to as the vacuum oscillation solution (VAC). There are also another
type of oscillation solutions for the solar neutrino problem, because the scat-
tering with the dense matter inside the Sun can change the corresponding
effective potentials. This would change the relation between mass and flavor
eigenstates. Thus, Eq. (1.4) is valid only in the vacuum, not for example in-
side the Sun. Most of the distance between the Earth and the Sun is vacuum,
so how could the possible changes in the oscillation for the short while when
the neutrino travels inside the Sun have any effect? The reason is that if
the mixing neutrino flavors do not have identical interactions with the mat-
ter, the conversion probability can be modified due to a phenomenon called
MSW-resonance [35]. The electron neutrino and other neutrino flavors νµ,
ντ or νs have different interactions with the electrons present in the Sun. If
the squared mass difference δm2 has a suitable sign (for νe’s inside the Sun
δm2 > 0) the mass eigenstates can change radically, from a dominantly νe

state to a dominantly νX state (νX is the mixing partner). So, if the mass
eigenstate νi is almost equal to νe, when νe is created inside the Sun and ends
up being almost equivalent to νX in the vacuum, the time evolution of the
created neutrino state would follow the mass eigenstate νi, and the majority
of νe’s would be converted to νX . The conversion probability of course de-
pends on the mixing angle, i.e. how close the mass eigenstates and the flavor
eigenstates are in the vacuum and in the matter when νe is created. The rate
of change of the effective potentials also affects the conversion probability,
since if the effective potentials and thus the mass eigenstates vary rapidly
compared to the oscillation frequency, the states cannot follow the evolution
of the mass eigenstate νa and instead the transition from νa to another mass
eigenstate νb takes place with the so-called Landau-Zener probability

PLZ = exp(−π2

2

δr

LR

), (2.4)
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where δr is the width of the resonance layer, where the mass eigenstates
transform from one flavor state to another, and LR is the oscillation length
during the resonance.

In principle, all the experiments observing the solar neutrino deficit are
disappearance experiments, which means that they compare the detected νe

flux from the Sun with the theoretical prediction. This makes it difficult to
determine what is the mixing partner, the neutrino state to which electron
neutrinos are converted. The mixing partner of νe is one of the the other two
active neutrinos νµ and ντ or a sterile neutrino. The two possibilities can
be distinguished in the water Čerenkov experiments via a missing neutral
current contribution of the mixing partner.

The results of SK fit the active-active solution better, and the result is
that a pure active-sterile oscillation solution is disfavored at 95% probabil-
ity [24]. The results from the SNO disfavor sterile neutrinos even more, since
the SNO finds a clear neutral current contribution from the mixing part-
ner in their results. The total flux of the electron neutrinos and the active
component is perfectly consistent with SSM predictions for the solar neu-
trino flux [25, 26]. However, there are uncertainties in the prediction for the
8B flux [36], meaning that results do allow a significant sterile component.
However, including also the smallness in the differences of the day-night spec-
tra measured by Super-Kamiokande [26,37], large sterile neutrino fluxes are
disfavored. SNO confirms the SK result that oscillations should convert elec-
tron neutrinos at least partly to an active neutrino state [25, 26, 36, 38, 39],
and gives a solid indication that the solution of the solar neutrino anomaly
is indeed neutrino oscillation, since the neutral current contribution of the
mixing partner has been found.

In Fig. (2.2) the data from all the current solar neutrino experiments
excluding the recent SNO results [26] is analyzed in the neutrino oscillation
parameter space for two-neutrino mixing [38]. As one can see, there were
several parameter ranges which could explain the solar neutrino deficit: In the
left panel of Fig. (2.2) are shown the active-active neutrino mixing solutions.
There are two vacuum oscillation regions: VAC in the mass squared region
δm2 ∼ 10−10 eV2 with a large mixing angle tan2 2θ0 ∼ 1 and the so called Just
So2 -solution with δm2 ∼ 10−12 eV2. The MSW solutions for active neutrino
oscillation are large mixing angle (LMA) solution with δm2 ∼ 10−4 eV2, small
mixing angle solution (SMA) with δm2 ∼ 10−5 eV2, and low mass solution
(LOW) with δm2 ∼ 10−7 − 10−9 eV2. However, after the latest results from
the SNO collaboration only active to active neutrino oscillations in LMA and
LOW solutions survive at 3σ confidence level [26, 36, 39]. At 2σ level only
LMA solutions are allowed and LMA solutions are now strongly favored.
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Figure 2.2: A global analysis of Solar neutrinos [38] before the recent SNO
results [26]. Shown are the 90%, 95%, 99% and 99.73% (3σ) confidence level
contours.

2.2 Atmospheric Neutrinos

The upper layers of the atmosphere of the Earth is another abundant source
of neutrinos. Cosmic rays collide with particles in the atmosphere producing
hadronic showers. Hadrons in these showers decay and produce high energy
neutrinos, which are called atmospheric neutrinos. Atmospheric neutrinos
were an important background for proton decay searches – hence they had
to be carefully studied, and also here anomalous results were obtained [40,
41]. Calculating the flux of atmospheric neutrinos (and anti-neutrinos) is
a complicated task, but the ratio of incoming electron (anti) neutrinos and
muon (anti) neutrinos is known to be approximately 1:2, because the main
decay channels of cosmic ray secondaries are known. One detects electrons,
positrons, muons and anti-muons created by the charged current reactions
of neutrinos, and determine from their numbers the flux ratio of incoming
electron and muon neutrinos.

2.2.1 Atmospheric Neutrino Deficit

The first measurement of the atmospheric neutrino flux dates back to the
80’s. The Kamiokande water Čerenkov detector reported in 1988 that the µ/e
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ratio is smaller than expected, the ratio of detected µ/e-ratio and theoretical
prediction (ratio of ratios) was 0.65 ± 0.08 ± 0.06 [40]. The existence of the
atmospheric anomaly remained somewhat unclear, as contradicting results
from the calorimeter experiments Frejus and Nusex were published. Frejus
and Nusex did not see any deviation from the standard physics prediction [42,
43]. On the other hand, another water Čerenkov detector IMB-3 published
results, which supported the results of Kamiokande [41] and the results of
the liquid scintillator experiment BUST which found the ratio of ratios to be
0.85 ± 0.03 ± 0.05 [44].

During the later part of 90’s the situation was finally clarified. The
Super-Kamiokande, the new calorimeter experiment Soudan 2 [45], and the
MACRO [46,47], which uses liquid scintillator to detect muons, reported that
there is indeed a deficit of the muon neutrinos, and the results now agree with
each other quite well. Fig. (2.3) summarizes the ratios of ratios detected in
atmospheric neutrino experiments.

Atmospheric neutrino experiments
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Figure 2.3: A summary of the results of the atmospheric neutrino experi-
ments [40–45, 48]. The ratios of the measured values and the prediction for
the ratio νe/νµ are shown with 1σ error estimates.
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2.2.2 Zenith-Angle Distribution of Muons

The atmospheric neutrino deficit is now well established, but besides neu-
trino oscillations such a deficit could be caused by some other mechanism that
changes the amount of neutrinos reaching the ground. However, in 1994 the
Kamiokande experiment reported an asymmetric zenith-angle distribution
of high energy muons. Though the result was preliminary, it hinted at that
neutrino oscillations might indeed be the right solution. Neutrinos coming
in from different directions have travelled different distances; Atmospheric
neutrinos going directly down have been created in the upper atmosphere
about 10 km from the detector, but the neutrinos going upward have tra-
versed the Earth and travelled about 13 000 km. If the oscillation length
is of the order O(104km) the difference of distances would mean that there
should be a difference in the conversion probabilities (cf. Eq. (1.4)), and
thus in the observed zenith-angle distribution. Indeed, in 1998 the Super-
Kamiokande collaboration claimed to have observed oscillations through the
zenith-angle distribution [48], and consistent results were soon published by
the MACRO [46] and Soudan 2 [45] experiments. The suitable range of
mixing parameters, which could explain the results, is shown in Fig. (2.4).

The zenith-angle distribution might be able to answer also another impor-
tant question: what is the oscillation partner of the muon neutrino? Matter
affects the neutrino oscillation, as discussed in section 2.1.3, and by separat-
ing the matter effects from the zenith-angle distribution it is possible to get
more information on neutrino oscillations. In particular, one can distinguish
whether the neutrinos are sterile or active, because sterile neutrino do not
interact with ordinary matter and hence the effects from passing through the
Earth are different for the active-sterile and active-active oscillations. The
Super-Kamiokande, MACRO and Soudan 2 results all fit well to νµ ↔ ντ os-
cillation, and Super-Kamiokande and MACRO disfavor νµ ↔ νs oscillations
at 99% confidence level [47, 49].

2.3 Reactor and Accelerator Neutrino Expe-

riments

Apart from astrophysical environments, neutrinos can be produced also in
nuclear reactors and particle accelerators. An advantage of studying the
properties of these man-made neutrinos is that the uncertainties of neutrino
flux that are crucial in the case of solar and atmospheric neutrinos are con-
trolled better.

There are two kinds of methods for observing neutrino oscillations using
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Figure 2.4: The atmospheric neutrino oscillation results results of SK [49].
The light (dark) grey region is excluded at 90(99)% confidence level.

man-made neutrinos. First, one can produce neutrinos, and try to observe
if there are neutrinos missing. This is called a disappearance experiment.
Second, one can shoot a neutrino beam to a detector and try to detect a
possible excess of neutrinos of some other flavor. This is called an appearance
experiment.

2.3.1 Disappearance Experiments

Most of the disappearance experiments use nuclear reactors as their neutrino
source, and they try to determine the electron neutrino energy spectrum.
The main limitation of disappearance experiments is that through them it is
impossible to gain any information on the oscillation partner, even if oscil-
lations are observed. It is also difficult to differentiate oscillation from other
possible mechanisms that reduce the neutrino flux (for example, neutrino
decay). In order to successfully detect neutrino oscillations, one would like
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to see distortions in the neutrino energy spectrum – detecting that some neu-
trinos are missing is not enough. Disappearance experiments also require an
accurate knowledge of the initial neutrino flux.

There has been several reactor experiments that have tried to detect
ν̄e ↔ ν̄X oscillations: Bugey [50], Gösgen [51], CHOOZ [52], Palo Verde [53]
and Krasnoyarsk [54]. All the results so far have been negative, and no
evidence implying that the electron anti-neutrino oscillates to some other
neutrino flavor has been found. These results put severe bounds on the
oscillation parameters of the electron anti-neutrino (see Fig. (2.5)). These
experiments are not sensitive to small mixing angles, and since nuclear re-
actors are undirectional neutrino sources, the flux of neutrinos diminishes
rapidly and the detectors have to be located near the reactors. Because the
oscillation length Losc is inversely correlated with the mass squared difference
δm2, the reactor experiments are not sensitive to small δm2 either.

The disappearance experiments can also be done by utilizing a neutrino
beam produced in a particle accelerator. Muon neutrino disappearance has
been studied by the CCFR [55] and CDHS [56] collaborations. The first
working long baseline experiment, K2K [57], was taking data for a while, but
is currently on hold due to an accident that destroyed most of the light tubes
of the Kamiokande detector. This experiment uses a particle accelerator
generated muon neutrino beam, which is directed to the Kamiokande detec-
tor, 250 km away from the accelerator. The K2K collaboration has published
preliminary results, which are consistent with the atmospheric neutrino oscil-
lations observed at Super-Kamiokande, the probability of the non-oscillation
hypothesis being 3%.

2.3.2 Appearance Experiments

Appearance experiments have an advantage over the other oscillation ex-
periments in that they detect an excess of the oscillation partner, and a
positive signal would be a clear evidence for the neutrino oscillation. Since
the incoming beam can be turned off, there should not be any calibration
problems.

Most appearance experiments have studied the νµ ↔ νe oscillation. A
typical setup is a neutrino beam from a particle accelerator, consisting of
muon and electron neutrinos, which are then measured at some relatively
short distance. This has been tried by the E776 [58], BEBC [59], Karmen
[60], LSND [61] and Nomad [62], NuTeV [63] experiments. All but LSND
have been negative – the LSND collaboration reports an excess of electron
anti-neutrinos from a muon anti-neutrino beam [61]. The LSND results are
currently unconfirmed, except that the NuTeV anomalous measurement of
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Figure 2.5: Exclusion limits at 90% confidence for νµ ↔ νe oscillations from
Bugey [50], CHOOZ [52], CCFR [55], E776 [58] and KARMEN [60] (the
excluded region is on the right side of the bounds). The light (dark) gray
area is the reported oscillation solution of the LSND results at 99 (90)%
confidence level [61].

weak mixing angle [5] seems to be compatible with LSND results [6]. In
the near future they will be independently checked by the MiniBooNE [64]
experiment. The results of the most important accelerator experiments are
shown in Fig. (2.5).

Tau neutrino appearance from νµ ↔ ντ has been studied in the E531 [65],
Chorus [66] and Nomad [62] experiments. All their results have been negative
so far.

2.4 Combined Analysis

As explained above, there are three observations that seem to indicate the ex-
istence of neutrino oscillations. The solar and atmospheric neutrino anoma-
lies are on a solid basis, with several experiments having observed the phe-
nomenon, but the results of LSND are at the moment unconfirmed. Ex-
plaining all these three results by neutrino oscillations is problematic, since
with three neutrino species one can have only two mass gaps, while three
different mass gaps are needed: LSND of order |δm2| ∼ 1 eV2, atmospheric
neutrino anomaly |δm2| ∼ 3×10−3 eV2 and solar neutrino anomaly for which
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several different solutions (and mass gaps) still exist. All still possible so-
lutions of the solar neutrino anomaly require, however, a smaller mass gap
(|δm2| . 10−4 eV2) than the other two mass gaps. Moreover, there is a limit
for the number of light, weakly interacting neutrino species from the LEP
measurements of the invisible decay width of the Z boson [21]:

Nν = 2.994 ± 0.012, (2.5)

where light means mν < 45 GeV.

The simplest way out of the problem is to neglect one of the observed
anomalies, the most likely candidate being the uncorroborated LSND result.
On the other hand, the LSND collaboration does claim that the statistical
significance of their results is rather convincing, 1.1× 10−4 [61], which is not
poor compared with the combined solar neutrino data significance 7 × 10−5

[67]. Moreover, the LSND is an appearance experiment. If one feels reluctant
to ignore the LSND result completely, there are only two ways to explain all
the results: either one should combine neutrino oscillation with some other
phenomenon [68] or invoke a new neutrino flavor [69], which should be sterile
to circumvent the bound (2.5) for weakly interacting light neutrino species
from the LEP experiment.

The results of the SK and MACRO experiments indicate that the solu-
tion for atmospheric neutrino anomaly would be a νµ ↔ ντ mixing. After
the results of the SNO collaboration, it seems that also the solar neutrino
anomaly should be explained by active-active neutrino mixing. The LSND
collaboration sees an excess of ν̄e, which would be naturally explained by a
νe ↔ νµ mixing. So how could a sterile neutrino resolve this issue? The re-
sults disfavoring sterile neutrino solutions are based on two-neutrino mixing
analyses. The four neutrino analysis is a totally different matter, because
in the four-neutrino case the mixing partners can be mixtures of different
flavor states. The atmospheric and solar neutrino experiments disfavor a
pure active-sterile neutrino oscillation explanation, but in both cases size-
able sterile components can still be present. An additional sterile neutrino
is still a viable solution of the problem [70,71]. The possible schemes for the
neutrino mixing can be divided into two classes: one having three neutrinos
with similar masses, and the remaining neutrino separated by a larger mass
gap needed to resolve the LSND result (3+1 models), and a second class
consisting of two pairs of almost degenerate masses separated by the large
LSND mass gap (2+2 models).
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Figure 2.6: An illustration of the six types of 4ν mass spectra from [72]. The
vertical distances between the masses symbolize differences of δm2 required
to explain solar, atmospheric and LSND anomalies with neutrino oscillations.

2.4.1 The 3+1 models

In the 3+1 models there are four choices of arranging the mass gaps to explain
all the observed neutrino anomalies. First, they can be divided to normal
(m4 � mi) and inverted hierarchies (m4 � mi), where m4 is the neutrino
mass needed to explain the LSND result, with the largest separation from
the other neutrinos. Both normal and inverted mass hierarchies have two
choices for arranging the mass gaps needed for the solar and atmospheric
anomalies; Fig. (2.6) illustrates the classification of the mass hierarchies.

The flavor content of the mass eigenstates in the 3+1 models is such
that the m4 state, which is separated from the others, is mainly sterile, and
the nearly degenerate states explaining the atmospheric and solar neutrino
anomalies are mainly active states. In order to explain the excess of ν̄e

observed in the LSND experiment, ν4 has to have a considerable mixing also
with the active states, so that an oscillation from ν̄µ to ν̄s and then from ν̄s

to ν̄e is possible with the required efficiency. Actually, the main argument
against the 3+1 models is the difficulty of converting enough ν̄µ to ν̄e, as
it has to happen via ν̄s. However, after the LSND collaboration published
the results of their latest analysis [61], and the compatible region shifted
slightly down from the previous results, the 3+1 models are now allowed [71].
The 3+1 models are attractive since they explain the solar and atmospheric
neutrino anomalies by νe → νµ/ντ and νµ → ντ oscillations respectively,
which means that recent results disfavoring sterile neutrino solutions in the
atmospheric and solar neutrino problems have no effect on these models.

Moreover, only a small region in mixing parameter space is allowed, if
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short baseline reactor experiments, CHOOZ and tritium β decay results are
included in the analysis [72]. The smallness of the allowed region of course
does not imply that the models are disfavored, but there is a debate going
on about the validity of the 3+1 schemes (see e.g. [72]).

2.4.2 The 2+2 models

The 2+2 models arrange mass eigenstates so that there are two pairs of mass
eigenstates, which are separated by a large mass gap needed to explain the
LSND result. The two pairs are separated by smaller mass gaps needed for
explaining the atmospheric and solar neutrino anomalies. Again, one can
divide the 2+2 models into two classes depending on whether the solar or
atmospheric mass gap is in the higher mass range.

In the 2+2 schemes the LSND result is resolved directly by oscillations
between the electron neutrino and the muon neutrino. The electron neutrino
is predominantly a superposition of two mass eigenstates separated by the so-
lar mass gap, while its projection into the other mass eigenstates is by virtue
of the reactor experiments known to be small, though not exactly vanishing,
as the LSND result requires a small mixing for the electron neutrino over
the large mass gap. On the other hand, one of the mass eigenstates in the
atmospheric pair should be almost purely νµ in order to be able to solve the
atmospheric neutrino anomaly [70]. Then, if νe mixes in the solar pair with
the combination

ν̃ = cos ανs + sin αντ , (2.6)

it is easy to show that νµ mixes in the atmospheric pair with the combination2

ν ′ = cos αντ − sin ανs. (2.7)

So in the 2+2 schemes either the atmospheric or the solar neutrino anomaly
has to be dominantly caused by an oscillation between active and sterile
neutrino species – or they both have a large sterile component.

Both the atmospheric and solar neutrino results disfavor pure active-
sterile solutions, but allow the existence of large sterile components in the
mass eigenstates. Therefore, one could expect the best fit to be near the
maximal active-sterile admixture, in which case neither of the anomalies
is explained by a close-to-pure active-sterile mixing. However, this is not
the case. Near maximal admixtures are actually disfavored, whereas close-
to-pure active-sterile oscillation for either solar or atmospheric neutrinos are
favored [70]. In [70] fits have been done for the LMA and SMA solar neutrino

2For detailed explanation, see [71]
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solutions, and in the LMA scheme the best fit was found when atmospheric
oscillations were near-to-sterile, and solar oscillations near-to-active. For the
SMA solution the situation was reversed. This is because the recent SNO
results were not available when the analysis was done and a pure sterile
SMA solution was still allowed at the 99% confidence level. The best fit was
found when solar oscillations were near-to-sterile and atmospheric oscillation
near-to-active.

There are no analysis of the 2+2 schemes including the latest SNO data
available at the moment, but the 2+2 models fit well to all the neutrino
observations [70], and could explain all the neutrino anomalies before the
recent results. There is no reason to expect that LMA solution with atmo-
spheric neutrino oscillations being near-to-sterile would be disfavored now.
The problem with short baseline reactor experiments which the 3+1 schemes
have, do not affect the 2+2 schemes. Nevertheless, a sterile neutrino involved
in the four neutrino scheme of the solar or atmospheric anomaly should be
discovered soon.
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Chapter 3

Quantum Kinetic Equations

In this chapter we derive the evolution equations for describing a neutrino en-
semble in the early universe, with the presence of primordial plasma as back-
ground matter. The frequent scattering of neutrinos with the background in
the early universe requires that the density operator formalism should be uti-
lized. Moreover, neutrino oscillations somewhat complicate things, because
oscillation is a purely quantum mechanical phenomenon and depend on the
evolution of amplitudes instead of probabilities; thus the straightforward ap-
plication of classical Boltzmann equations is not adequate. After deriving
the quantum kinetic equations (for more details see [73–75]), we introduce
the two most common approximations employed in studying the neutrino
mixing in the early universe: the momentum averaged approximation and
the static approximation.

3.1 Neutrino Mixing and Quantum Kinetic

Equations

A plasma consisting of several species of elementary particles can be described
by the N -particle density operator ρ̂, which is evolved forward in time by the
interaction matrix Ŝ,

ρ̂(f) = Ŝρ̂(i)Ŝ†, (3.1)

where ρ̂(i) and ρ̂(f) are pre- and post-collision density operators written in
the interaction picture. Using the transfer matrix T̂ , defined by

Ŝ = I + iT̂ , (3.2)

we can write Eq. (3.1) as

ρ̂(f) = (I + iT̂ )ρ̂(i)(I − iT̂ †)
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= ρ̂(i) − iρ̂(i)T̂ † + iT̂ ρ̂(i) + T̂ ρ̂(i)T̂ †

By using the optical theorem i(T̂ − T̂ †) = −T̂ T̂ † we find

ρ̂(f) − ρ̂(i) = T̂ ρ̂(i)T̂ † − iρ̂(i)T̂ † + iT̂ ρ̂(i)

+i
1

2
ρ̂(i)(T̂ − T̂ ) + i

1

2
(T̂ † − T̂ †)ρ̂(i)

= T̂ ρ̂(i)T̂ † − 1

2
ρ̂(i)T̂ T̂ † − 1

2
T̂ T̂ †ρ̂(i)

−i
1

2
ρ̂(i)(T̂ + T̂ †) + i

1

2
(T̂ + T̂ †)ρ̂(i). (3.3)

The terms which are first order in T̂ correspond to forward scattering from
the background, and can be interpreted as effective potentials. The second
order terms correspond to scattering depleting and refilling the states by
collisions.

We are interested in studying the neutrino oscillations during the time
between the QCD phase transition (T ∼ 150 MeV) and the neutrino decou-
pling. During this period the plasma is relatively dilute, and one-particle
reduced density operators describe ρ̂ well. In this limit the N -body density
operator is a product of one-particle density operators

ρ̂ =
N∏

⊗ρ̂
(1)
i , (3.4)

and the one-particle density operator can be written as the matrix

ρ̂(1) =
∑

ij

ρij|i〉〈j|, (3.5)

where boldface letters i and j label the momentum and particle species of
the state. The sum should be understood as a general notation

∑

i

= Ω
∑

i

∫

d3p, (3.6)

where Ω is the normalization constant.

In order to find the evolution equation for the neutrino ensemble, we need
to find an approximation for the operators T̂ . At the two-body interaction
limit T̂ = T (i, j|i′, j′), and partially tracing over all but one particle degree
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of freedom we get from Eqs. (3.4,3.3)

ρ
(f)
ij − ρ

(i)
ij = 1

2
N

∑

kli′j′k′l′

[

2T (i,k|i′,k′)T †(j,k|j′, l′)ρ(i)
i′j′ρ

(i)
k′l′

−T (i′,k′|j′, l′)T †(i′,k′|j, l)ρ(i)
ij′ρ

(i)
ll′

−T (j′, l′|i,k)T †(j′, l′|i′,k′)ρ
(i)
i′jρ

(i)
k′k

−2iT (i,k|i′,k′)ρ
(i)
i′jρ

(i)
k′k

+2iT †(j′,k′|j,k)ρ
(i)
ij′ρ

(i)
kl′

]

(3.7)

For weak interaction in the temperature range O(100 MeV)−O(1 MeV) the
T (i, j|i′, j′) operators can be expanded in the lowest order of interaction. The
transfer operators can be expressed as

T (i, j|i′, j′) = −i(2π)4δ(4)(p′i + p′j − pi − pj)M, (3.8)

where M is a Standard Model invariant amplitude.
The left-hand side of Eq. (3.3) can be written in the Schrödinger picture

as1

ρ̂(f) − ρ̂(i) = [
d

dt
ρij + i(ωi − ωj)]e

−i(ωi−ωj)t, (3.9)

where ωi is the energy eigenvalue of the state |i〉, given by

ωi =
√

p2
i + m2

i . (3.10)

The exponential will cancel, when the right hand side of the equations are
also written in the Schrödinger picture, and the ω corresponds clearly to the
vacuum oscillations.

We assume that the one-particle reduced density operator is diagonal
except for the mixing neutrino sector, so that the one-particle density matrix
becomes

ρ(k) =
∑

i6=να,νs

⊕ni ⊕ nī ⊕ ρν ⊕ ρν̄ , (3.11)

where να is the active neutrino flavor participating in neutrino oscillations.
Though we could now write Boltzmann equations for non-mixing particle
species, we assume instead that all other neutrino species except those who

1Transforming the equations into a set of differential equations actually requires coarse-
graining, for details see [75]. The coarse-graining can be done, if there is a time scale
which is much larger than time spent in interactions, and much smaller than time between
collisions. In the case of weakly interacting particles in the early universe, such a scale
can be found if T � 100 GeV.
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mix have thermal distributions. This will simplify the set of equations con-
siderably, and it should be a valid assumption as long as neutrinos are not
decoupled.

We will now study the three different types of terms in Eq. (3.7): the terms
first order in T which can be interpreted as effective potentials, the terms
second order in T affecting diagonal elements, which we will call repopulation
term, and the terms second order in T affecting off-diagonal elements, which
we will call damping terms.

3.1.1 Effective Potentials of Mixed Neutrinos

The first order terms in Eq. (3.7) arise from forward scattering, and appear
as effective potentials (or refractive indices). Since we will use the kinetic
equations for studying mixing between active and sterile neutrino species,
and since the interactions of sterile neutrinos are expected to be smaller
than the weak interactions, we can drop all terms involving scattering of
sterile states.

The effective potentials for the case of the early universe, where the back-
ground consist of photons, e−, e+, νe,µ,τ , n and p, have been computed
in [11, 75, 76]. As it was noted there, for the early universe the effective
potentials have to be calculated in the second order, because the first order
term is proportional to the difference of number densities, which is usually
small. The second order terms are proportional to the number densities
themselves.

Vee(p) =
√

2GF

[

NγL
(e) − 4Nγ

ωνe
(p)

M2
W

− 8ωνe
(p)

3M2
Z

(〈ωνe
〉Nνe

+ 〈ων̄e
〉Nν̄e

)

]

,

Vµµ(p) =
√

2GF

[

NγL
(µ) − 8ωνµ

(p)

3M2
Z

(〈ωνµ
〉Nνµ

+ 〈ων̄µ
〉Nν̄µ

)

]

,

Vττ (p) =
√

2GF

[

NγL
(τ) − 8ωντ

(p)

3M2
Z

(〈ωντ
〉Nντ

+ 〈ων̄τ
〉Nν̄τ

)

]

. (3.12)

Here Nγ is the photon number density and the effective asymmetry L(α) in
the potential VL is now given by

L(e) =
(

1
2

+ xW

)
Le +

(
1
2
− xW

)
Lp − 1

2
Ln + 2Lνe

+ Lνµ
+ Lντ

,(3.13)

L(µ) = L(e) − Le − Lνe
+ Lνµ

, (3.14)

L(τ) = L(e) − Le − Lνe
+ Lντ

, (3.15)

where xW results from the weak mixing of the Standard Model, xW =
2 sin2 θW . For anti-neutrinos the effective potentials are identical except for
relabelling and a change of sign of the effective asymmetry L(α).
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In the general case the effective potentials would also have off-diagonal
components, but as the sterile neutrino was assumed not have interactions,
the off-diagonal components and Vss(p) are set to zero.

3.1.2 Quantum Decoherence

The off-diagonal kinetic terms for the neutrino sector in Eq. (3.7) are

D(p) =
(2π)4

2

∫
dk′dp′dk

2p2k2k′2p′
δ(4)(k + p − k′ − p′)

∑

j

[

|M(να(p), j(k)|να(p′), j(k′))|2feq(k)

+|M(να(p), νᾱ(k)|j(p′), j̄(k′))|2ραα(k)
]

, (3.16)

where the sum over i includes all the weakly interacting particles present in
the background. This term includes both elastic and inelastic scattering, but
neglects Pauli blocking factors, which usually are irrelevant, although they
could be an issue of concern if the neutrino chemical potential grows large.

We approximate all particle distributions feq involved by a thermal equi-
librium which have a zero chemical potential, i.e.

feq =
1

1 + e
p
T

.

The matrix element M can be evaluated using the Standard Model. Inte-
grating Eq. (3.16) over the momenta k, p′ and k′ gives [12,75]

D(p) = Cα
90ζ(3)

7π4
G2

F T 4p (3.17)

where Ce ' 4.0 and Cµ,τ ' 2.9. One should keep in mind that if µ/T ∼ O(1),
the approximations made here break down.

3.1.3 Repopulation Term

By the repopulation term we mean the diagonal Boltzmann-like kinetic terms
in Eq. (3.7), which are given by

Rνα
=

(2π)4

2

∫
dk′dp′dk

2p2k2k′2p′
δ(4)(k + p − k′ − p′)

∑

j

[

|M(να(p), j(k)|να(p′), j(k′))|2[fνα
(p′)fj(k

′) − fνα
(p)fj(k)]

+ |M(να(p), νᾱ(k)|j(p′), j̄(k′))|2[fj(p
′)fj̄(k

′) − fνα
(p)fν̄α

(k)]
]

(3.18)
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Unfortunately, the integrals given above cannot be done analytically, and
using the repopulation term (3.18) makes also the numerical evaluation an
extremely challenging task. It is therefore desirable to find some reasonable
approximation for the repopulation term.

We will again utilize the fact that particles are in thermal equilibrium, and
replace all distributions with the thermal Fermi-Dirac distribution, except
the neutrino state that is refilled (fνα

) by the repopulation term. Now we
use thermal distributions including a chemical potential:

f eq =
1

1 + e
p
T
− µ

T

. (3.19)

Then we may replace fj(p
′)fj̄(k

′) in Eq. (3.18) by the expression f eq
να

(p)f eq
ν̄α

(k),
which gives

Rνα
(p) ≈ (2π)4[f eq

να
(p) − fνα

(p)]

∫
dk′dp′dk

2p2k2k′2p′
δ(4)(k + p − k′ − p′)

∑

j

[

|M(να(p), j(k)|να(p′), j(k′))|2f eq
j (k)

+|M(να(p), νᾱ(k)|j(p′), j̄(k′))|2fν̄α
(k)

]

. (3.20)

Now the integral is exactly the same that was computed for damping terms.
We find out that then

Rνα
(p) ≈ 2D(p)[f eq

να
(p) − fνα

(p)] = Γνα
(p)[f eq

να
(p) − fνα

(p)] (3.21)

Phenomenologically this makes sense, since now the repopulation term pushes
the neutrino distribution towards the thermal distribution, with a rate pro-
portional to the reaction rate of neutrinos.

The form (3.21) of the repopulation term is almost universally used in
the literature in the context of neutrino mixing in the early universe. It sim-
plifies the numerical computation dramatically; however, it is not a perfect
way of dealing with the repopulation. The term breaks the lepton number
conservation, which has to be dealt with separately. Moreover, many of the
approximations we made are not valid if the chemical potential of the leptons
grows large.

3.1.4 Quantum Kinetic Equations

Now we can put everything together and write down the evolution equations
for ρν and ρν̄ . For convenience, we parameterize the the density matrix ρν
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by using the Bloch vector presentation [1]:

ρν =
1

2
(P0 + P · σ̂), (3.22)

where σ̂ are the Pauli spin matrices σ̂ = σxx̂ + σyŷ + σzẑ. The evolution
equations for the density matrix then read

d

dt
P0 = Rνα

,

d

dt
Px = −VzPy − DPx ,

d

dt
Py = VzPx − VxPz − DPy ,

d

dt
Pz = VxPy + Rνα

. (3.23)

For the anti-neutrino sector, the equations are similar, except for relabelling
να ↔ νᾱ and replacing L(α) → −L(α).

We have labelled potentials so that the vacuum oscillation part is included
in the potential terms Vi. The potential in the x-direction is

Vx =
δm2

2p
sin 2θ0 (3.24)

and in the z-direction
Vz = V0 + V1 + VL, (3.25)

where V0 is the vacuum contribution

V0 = −δm2

2p
cos 2θ0, (3.26)

V1 is the contribution of the second order terms (O(G2
F )) from Eq. (3.12), and

VL is the first order contribution (O(GF )), which depends on the effective
symmetry (3.15). They read as

V e
1 = −14

√
2
ζ(4)

ζ(3)

GF

M2
W

Nγp T
(
1 + 1

4
cos2 θW [nνe

+ nν̄e
]
)

(3.27)

V µ,τ
1 = −7

√
2

2

ζ(4)

ζ(3)

GF

M2
Z

Nγp T
[
nνµ,τ

+ nν̄µ,τ

]
(3.28)

VL =
√

2GF NγL
(α). (3.29)

Note that the form of the potentials enables the MSW-resonance for both
neutrinos and anti-neutrinos if δm2 < 0, and VL � V0, V1. If VL is large the
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MSW-resonance is possible independent of the sign of δm2 for either ν or ν̄,
depending on the sign of VL.

The expansion of the universe enters into the equations through the time
derivative, so that

d

dt
≡ ∂t − Hp. (3.30)

The equations (3.23) are the master equations that have been employed
to study the active-sterile neutrino mixing in the early universe [16, 77–79],
and that can be used as a starting point for finding other approaches.

3.2 Momentum Averaged Approach

The momentum dependent quantum kinetic equations are difficult to solve
in the resonant δm2 < 0 case. One way of simplifying them is to use the
evolution of the average momentum state to describe the evolution of the
system. Formally this can be achieved by separating momentum dependence
from the density matrix by using the ansatz

ρij(p) = f(p)ρij (〈p〉) (3.31)

and then integrating over the momenta. The function f(p) is the thermal
equilibrium momentum distribution

f(p) =
1

1 + ep/T
. (3.32)

For the diagonal elements of the neutrino density matrix we adopt a short-
hand notation ρii(p) = f(p)ni.

When the repopulation term Eq. (3.18) is integrated over the momentum,
the problems inherent in that term of the momentum dependent equations
simply vanish. The integral of elastic interactions disappear because the
effect of scattering from one momentum state to another vanishes when the
equations are integrated over the momentum. Only the inelastic interactions
remain, and the resulting repopulation term is

Rνα
= Γinel

α

(
n2

eq − nνα
nν̄α

)
, (3.33)

where
Γinel

α ≡ 〈Γinel
α 〉 = CαG2

F T 5, (3.34)

and the constants Ci have numerical values Ce ' 0.30 and Cµ,τ = 0.06 [12].
The elastic interactions do not disappear in the damping terms, however.

Physically this is easy to understand – the collapse of the wave function
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associated with elastic interactions is independent of whether the momentum
average is taken or not. Thus the damping rate is [12]

D̄ ' D =
1

2
Γel

α , (3.35)

and the numerical value is for νe D ' 2.0G2
F T 5 and D ' 1.4G2

F T 5 for νµ,τ .
For the rest of the terms the integration over momentum is straightfor-

ward, and using the Bloch presentation the evolution of P0 and P is

Ṗ0 = Rνα
, (3.36)

˙̄P0 = R̄να
,

Ṗ = V × P − DPT + Rνα
ẑ ,

˙̄P = V̄ × P̄ − D̄P̄T + R̄να
ẑ ,

where PT = Pxx̂ + Pyŷ. The rotation vector V for particles is

V = Vx x̂ + (V0 + VL) ẑ, (3.37)

with the components

Vx =
δm2

2〈p〉 sin 2θ , (3.38)

V0 = −δm2

2〈p〉 cos 2θ − 17.8GF Nγ
〈p〉T
2M2

Z

, (3.39)

VL =
√

2GF Nγ L(α), (3.40)

where L(α)’s are defined in Eq. (3.15). The rotation vector for anti-neutrinos
is obtained by simply changing the sign of the asymmetry: V̄(L) = V(−L).

The terms Lνα
introduce the coupling between the particle and antipar-

ticle sectors:

Lνα
=

3

8

[
1

2
(P0 + Pz) −

1

2
(P̄0 + P̄z)

]

. (3.41)

Though the momentum averaged equations (3.37) are simple to solve
numerically, the problem of this approach is that the ansatz (3.31) is not
valid, if the evolution of the system depends on momenta, or in other words,
the evolution of different momentum states are not similar.

3.3 Static Approximation

The second approximation, which is often employed in the literature, is the
so-called static approximation. This approximation can be derived in many
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ways (see for example [15,80–84]), but the approximation is always basically
the same. One assumes that the evolution of asymmetry is slow compared
to the evolution of the effective potentials.

The basic idea of the static approximation can be realized by considering
the quantum kinetic equations (3.23) in the case where the repopulation term
is neglected. One can then diagonalize the evolution equations

∂tP = KP (3.42)

in an instantaneous basis by defining a new set of variables

Q = UP (3.43)

where U is a rotation matrix that diagonalizes Eq. (3.42) and is defined by
the equation

Kd =





k1 0 0
0 k2 0
0 0 k3



 = UKU−1, (3.44)

where ki are the eigenvalues of K. Now the evolution equations (3.42) become

∂Q

∂t
= KdQ − U ∂U−1

∂t
Q. (3.45)

From the above form of the equations, one can derive the static approxima-
tion by assuming that

∂U−1

∂t
' 0. (3.46)

This is similar to the adiabatic approximation of the MSW-resonance in
the general case of neutrino propagation in matter, with the exception of
including the damping terms that arise from quantum decoherence.

The effects of the repopulation term are considered in detail e.g. in [83,
85]. Though Dolgov [83] emphasizes the differences in the treatment of the
repopulation term, it is not a likely source for the differences in the results
of different groups. Actually, the results of the static approximation seem to
agree very well.

It is easy to include momentum dependence in the static approximation,
which is its major advantage when compared to the momentum averaged
approximation. Moreover, the static approximation reduces to a single dif-
ferential equation:

dLνα

dt
=

3

8

sin2 2θΓνα
a(cos 2θ − b)

[x + (cos 2θ − b + a)2][x + (cos 2θ − b − a)2]

−1

2

Lνα
sin2 2θΓνα

[x + (cos 2θ − b)2 + a2]

[x + (cos 2θ − b + a)2][x + (cos 2θ − b − a)2]
, (3.47)
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where

a =
2p

δm2
VL , (3.48)

b =
2p

δm2
Vαα . (3.49)

Dealing with a single differential equation is then a rather easy task. How-
ever, the problem with this approximation is that the effective potentials tend
to change quickly due to their strong dependence on the neutrino asymmetry.
When the asymmetry changes rapidly this approximation is no longer valid.
There is still some confusion in the literature regarding this issue, as this fact
is not always appreciated.
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Chapter 4

Neutrino Oscillations in the

Early Universe

It has been known for a while that adding a particle species into the pri-
mordial plasma increases the 4He production in the big bang nucleosynthesis
(BBN) [86, 87]. Neutrino mixing can transform neutrinos from one flavor to
another, and this can affect the neutrino number densities (Nν) present in
the early universe. If there is a significant conversion from an active state
to a sterile state, and it occurs while the active neutrinos are still in ther-
mal equilibrium, the active states are repopulated by interactions with the
background. This would change the energy density of the universe, which
would alter the expansion rate. Several phenomena in the evolution of the
universe are sensitive to the expansion rate, so the effects can be measured.
For example, cosmic microwave background radiation (CMBR), large scale
structure formation (LSS) and BBN are affected, though only the BBN is
sensitive enough, and constrained enough at the moment, to be relevant for
the active-sterile neutrino oscillation. The BBN is also sensitive to the flavor
content of the neutrino and anti-neutrino energy densities, because nuclear
reaction rates depend on the presence of the electron (anti-)neutrinos, so that
BBN would be modified also in the case when νe are converted after neu-
trinos leave thermal equilibrium at neutrino decoupling. However, neutrino
mixing cannot modify the evolution of the universe, unless there is some
kind of imbalance in the ensembles of the mixing flavors. If the distributions
of different neutrino flavors are equal, nothing happens as the symmetry of
the equations means that for all neutrinos converted to other flavor, there is
equal amount of other flavor neutrinos converted to first flavor.

For sterile neutrinos the imbalance between oscillation partners is easy
to achieve. Sterile neutrinos do not have weak interactions with background
matter, thus it is reasonable to assume that they decouple at much higher
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temperatures. Therefore, they do not receive additional heating from the
annihilations and decays of other particle species after they have decoupled.
So one would expect sterile neutrinos to have much lower number and energy
densities as compared to ordinary ones, giving a possibility to have large
effects from the neutrino mixing [11].

The active flavors have roughly the same energy and number densities, so
one would expect that the mixing between active neutrinos is less important.
However, there may be also effects arising from the active-active oscillations;
after neutrino decoupling there is a contribution of entropy to electron neutri-
nos due to electron-positron annihilation that creates an imbalance between
νe and the other active flavors. These effects have been studied in [88], and
the electron neutrino energy density can be modified by 2-3%, which would
change the 4He abundance prediction of the BBN.

4.1 Active-Sterile Neutrino Oscillations and

the Big Bang Nucleosynthesis

At present the most stringent bounds for the energy density of the universe
come from the BBN. The standard way to express the energy density of light
particles is in units of imaginary neutrino species

Nν =
εi

ε0
ν

, (4.1)

where εi is the excess energy density, when the contribution of all the other
Standard Model particles except the neutrinos is removed, and ε0

ν is the en-
ergy density of one standard neutrino species in thermal equilibrium and zero
chemical potential. This is not a perfect way of parameterizing the effects
of neutrino oscillations for the BBN, because the BBN depends also on the
flavor content of the neutrinos. This problem can, however, be circumvented
by converting the effect of the electron neutrino density depletion to 4He
production to a contribution in N eff

ν [12]

N eff
ν = Nν − 4.6δnνe

, (4.2)

where δnνe
= nνe

/n0
ν − 1, and neutrino and anti-neutrino number densities

have been assumed to be equal1. The possible distortion of the shape of the
electron neutrino spectrum cannot be taken into account this way, which can
have some consequences as will be discussed below. In terms of N eff

ν the limit

1The case where this assumption is relaxed will be discussed in the next section.
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for the energy density from the BBN transforms to the upper bound [89]

N eff
ν . 3.2. (4.3)

The other bounds are much weaker [90], though on the other hand they
are free of some of the limitations of the BBN constraint. Moreover, they
are independent measurements of this important quantity (and also probing
different temperatures.)

There are some concerns with the reliability of the BBN bound (4.3).
There is a debate about the correct value of the deuterium abundance as the
observations give two values for the deuterium abundance [91]. If the higher
of the two values is taken into analysis, the bounds would be weaker [92]

N eff
ν . 4.4. (4.4)

This bound can be improved by taking CMBR constraints on the baryon
asymmetry into account, which gives the bound [93]

N eff
ν . 3.9. (4.5)

Even the limit N eff
ν . 3.9 would rule out the preferred values realized in

the 4ν oscillation schemes. There is also a possible observation of metallicity
dependence of the deuterium abundance, indicating that there might be some
unknown mechanism depleting deuterium [94].

Neutrino mixing can convert active neutrinos to sterile neutrinos and
thereby increase the sterile neutrino content of the universe [8,12]. If conver-
sions to sterile neutrinos are effective before an active neutrino species has
decoupled from the thermal equilibrium, the active neutrino ensemble will
be filled again by inelastic interaction with the background. This way the ef-
fective degrees of freedom in the early universe and the expansion rate of the
universe increase, resulting in a larger 4He abundance from the BBN. This
effect can be large enough to contradict the bound (4.3), and therefore it
can be used to constrain the possible mixing parameters of the active-sterile
neutrino oscillation.

The electron neutrino mixing with a sterile neutrino has distinct features
compared to the muon and tau neutrino mixing when the BBN is considered.
First, there is a background of electrons and positrons which have different
interactions with the electron neutrino and the neutrinos of other flavors.
Second, the conversion of electron neutrinos to sterile neutrinos might happen
after the electron neutrino has decoupled from thermal equilibrium, leading
to a depletion of the electron neutrino energy density. This would then change
the nuclear reaction rates between the proton and the neutron, changing the

35



neutron-to-proton ratio and decreasing the final 4He abundance produced in
the BBN. This can be expressed according to Eq. (4.2) as a decrease in the
effective number of the neutrino species, counteracting the sterile neutrino
production.

There is also a qualitative difference in the system depending whether
the mainly active mass eigenstate is lighter or heavier than the mainly sterile
mass eigenstate. Namely, if the dominantly sterile mass eigenstate is lighter
than the dominantly active state, the effective potentials (3.12) allow for a
possibility of a MSW-resonance, which would hugely enhance the flavor con-
version of neutrinos, provided that the resonance is not totally unadiabatic.

The constraints for active-sterile neutrino mixing from the BBN were first
discussed in [8, 10]. The bounds were explicitly computed in [12], which re-
sults were later slightly improved in [95] by more carefully accounting for
the nuclear reactions during the BBN. Fig. (4.1) shows the constraints ob-
tained in [8,12]. The constraints are an order of magnitude stronger than the
current constraints from the Earth bound experiments, but as usual when
cosmological bounds are in question, there are some uncertainties due to the
theoretical priors.

The nuclear reaction rates of the p and n reactions, which are important
for the BBN, depend on the background of electron neutrinos. The depen-
dence is not only through the number density, but also through the spectrum
of the electron neutrino. This effect arises because neutrinos take part in the
reactions nνe ↔ pe− and e+n ↔ pν̄e, hence the n/p-ratio is sensitive to the
distortions of the electron neutrino momentum distribution. These effects
have been studied in [16], and the changes to the bounds for active-sterile
mixing parameters are shown in Fig. (4.1). The effects due to spectral dis-
tortions are minor corrections, though not negligible. There are also serious
numerical difficulties in the resonant case that are still unsettled2. This is
rather unfortunate, since in the resonant case the spectral distortions are
expected to be much larger than in the non-resonant case.

It is interesting to compare the bounds obtained from the BBN with the
oscillation schemes introduced for explaining the data from Earth bound ex-
periments (see section 2.4). The 3+1 schemes require a sterile neutrino to mix
with considerable mixing angles and δm2 to be of order δm2 ∼ 1 eV2. This
clearly violates the BBN bounds. The situation is even worse if one attempts
to enhance the conversion rates for explaining the LSND result by adding a
second sterile neutrino to the scheme. So the 3+1 models have a problem
with cosmology. The 2+2 models require either the solar or atmospheric neu-

2Though there is an article [77], which claims to have studied the resonant case, its
results are open to criticism.
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Figure 4.1: Bounds on active-sterile neutrino mixing from the BBN. The
solid lines show the analytical bounds by [8] for N eff

ν < 3.4, the dashed (long-
dashed) line is bound for N eff

ν < 3.4 (N eff
ν < 3.8) by [12], and the dotted

line shows corrections due to spectral effects [16]. The excluded region is the
upper middle part of the figure.

trino anomaly to be explained mainly by an active-sterile neutrino oscillation.
Mixing parameters which are able to solve the atmospheric anomaly lie in the
middle of the excluded area, and would lead to a complete thermalization of
sterile neutrinos. The solar neutrino anomaly could instead be explained by
VAC, LOW, or SMA solutions without violating the BBN bounds. However,
the solar neutrino data disfavors pure active-sterile oscillations at the 5.4σ
level [39], and after the recent SNO results only the LMA solution is allowed
at 99% confidence level [26], which implies that there should be a significant
sterile component present in the atmospheric neutrino oscillations. Hence, all
favored 4ν mixing schemes require a sterile neutrino in the forbidden region.

4.2 Lepton Asymmetry in the Early Universe

Among the most poorly known quantities in cosmology are the neutrino-
antineutrino asymmetries

Lν ≡ Nν − Nν̄

Nγ

. (4.6)
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The asymmetry of a massless particle is related to the chemical potential by

L =
1

12ζ(3)

[

π2 (ξ) + (ξ)3
]

(4.7)

assuming that the particle is in chemical equilibrium. Neutrinos are highly
relativistic before neutrino decoupling, so Eq. (4.7) is valid until neutrinos
decouple.

The chemical potential affects the thermal distributions of particles, in-
creasing the energy density and the expansion rate of the universe. Con-
straints for ξν come from LSS [96] and BBN which cannot allow a too large
expansion rate [97]:

−0.06 . ξνe
. 1.1 (4.8)

−6.9 . ξνµ,τ
. 6.9. (4.9)

The limits for νµ and ντ can actually be even stronger if neutrino mixing
is taken into account. In [98] the current neutrino oscillation results were
considered and it was shown that if the asymmetry for a neutrino flavor
is created well before neutrino decoupling, the oscillation will transfer it to
other flavors before the BBN. Thus one achieves the bounds

−0.06 . ξν < 0.22. (4.10)

Also CMBR [99] is sensitive to the expansion rate of the universe, and com-
bining the CMBR results with the bounds from the LSS and BBN gives to
non-electronic neutrino chemical potentials tighter bounds than Eq. (4.9):

|ξνe,µ,τ
| . 3.7 (2σ). (4.11)

Since the value of the lepton asymmetry is poorly known, it is from time to
time invoked to explain various cosmological phenomena, such as the missing
second peak in the CMBR data [100], which however was later found by the
DASI experiment [101] and in reanalysis of the balloon data [102].

When a large initial asymmetry was considered in the context of active-
sterile neutrino oscillation, it turned out that if there is an initial asymmetry
smaller than Lν ∼ 10−4 − 10−5, neutrino oscillations will destroy it [9, 11].
However, larger asymmetries can survive neutrino oscillations and actually
change the phenomenology of oscillations. In particular, a large initial asym-
metry can suppress the sterile neutrino production [80].

The fact that the baryon asymmetry has been created before neutrino
decoupling means that neutrinos and anti-neutrinos are converted to sterile
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neutrinos with slightly different rates. This difference might seem insignifi-
cant, but in [10] it was shown that if δm2 < 0, the nonlinearity of the evo-
lution equations can lead to a period of exponential growth of the neutrino
asymmetry even if the neutrino asymmetry is initially zero. The maximum
value of the asymmetry was always found to be too small to have any cos-
mological significance (Lν . 10−7). However, the magnitude of asymmetry
is large enough to make the asymmetry dependent part of the neutrino ef-
fective potential VL dominant. Instead of staying at the value reached at
the end of the exponential growth, the asymmetry keeps on growing as a
power law curve [13]. The idea was actually first introduced in [9], where
the asymmetry evolution was found to follow the neutrino or anti-neutrino
resonance curve. However, [9] did not conclude, that asymmetry would con-
tinue following the resonance curve after the exponential growth ends. If the
exponential growth of asymmetry occurs at reasonably high temperatures
T & 10 MeV, the asymmetry can reach values of order Lν ∼ O(1) before
neutrino decoupling. And this would certainly be a cosmologically significant
value!

The asymmetry created through active-sterile neutrino oscillations would
of course be a natural candidate to be used to reconcile the BBN and the
active-sterile neutrino mixing. This can be done in two different ways: either
by suppressing sterile neutrino production by lepton asymmetry or using the
fact that positive electron neutrino asymmetry reduces the amount of 4He
created in the BBN. Such scenarios were considered in [13, 15]. The prob-
lem for sterile neutrino suppression scenarios is that one would need lepton
asymmetry creation to occur at temperatures above T & 10 MeV, which is
difficult to combine with the ββ-decay limits for electron neutrino Eq. (2.1),
and observed mass gaps for neutrino mixing, because the suppression schemes
would need a squared mass difference of order O(102 eV2) [15]. The gener-
ation of electron neutrino asymmetry might however be possible, since it is
not needed before the BBN.

4.3 Is Asymmetry Generation Chaotic?

The question whether the final sign of neutrino asymmetry can be reliably
predicted is crucial for attempts to reconcile the BBN and active-sterile neu-
trino mixing with electron neutrino asymmetry, as the sign of Lνe

determines
the direction of the effect on 4He production in BBN. In [14] it was found
that the sign of asymmetry oscillates rapidly after the initial asymmetry
growth. These oscillations were found difficult to follow numerically, and it
was shown that the Lyapunov exponents of the system could be positive dur-
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ing the asymmetry oscillations. In contrast, [13] does not report oscillations
in the asymmetry growth. This contradiction was studied carefully in [17]
(paper I of this thesis). By showing the final sign of the neutrino asymmetry
generated in the scenario against the neutrino mixing parameters, we found
there that there are qualitatively different regions in the parameter space.
Our results are shown in Fig. (4.2). There is a large region where the final
sign of asymmetry is uniform, labelled as the static region. On the other
hand, there is a region (the one in the lower right hand corner) where the
final sign is sensitive to small changes in the mixing parameters, labelled as
the chaotic region3. It turns out that in the static region the asymmetry
growth occurs without any oscillation of the sign of the neutrino asymmetry,
but in the chaotic region the sign of neutrino asymmetry does oscillate for a
while after the resonance. There is also a chaotic looking region in the up-
per right hand corner of Fig. (4.2), which is due to complete thermalization
of sterile neutrinos before the resonance. The asymmetry tends to oscillate
also in that case, but the amplitude remains negligible, since any significant
conversions to sterile neutrinos are not possible while both neutrino flavors
are almost fully thermalized. Whether these oscillations seen in the upper
right-hand corner of the parameter space are real or just a numerical artefact
was left unresolved in [17] (paper I of this thesis).

In [103] (paper II of this thesis) it was also shown that the final sign
of the neutrino asymmetry depends also on the initial value of the baryon
asymmetry. Moreover, [17] (paper I of this thesis) was criticized for not using
the repopulation term in the analysis. The results were not modified, when
the repopulation term was included [103]. This is because in the momentum
dependent equation the repopulation is due to annihilations only, which have
an order of magnitude weaker reaction rate than the elastic interactions.

The issue of asymmetry oscillation was further stirred by the claims of
[84], according to which there are no asymmetry oscillations and the final
magnitude of lepton asymmetry is incorrectly computed in previous studies.
However, the system was studied in [84] by using a variant of the static
approximation, and no asymmetry oscillations were found because the static
approximation assumes slow evolution of asymmetry and does not allow for
the asymmetry oscillation [103, 104]. Moreover, in [84] the claim that the
magnitude of the final asymmetry is incorrect in previous studies turned out
to be wrong. The reason was pointed out in [82, 104]: there is a mistake in
the series expansion used in [84]. After the mistake was corrected the results

3The use of the word chaoticity was inspired by [14], but has been causing confusion
ever since. As stated in a footnote in [17] (paper I of this thesis), the result was not that
the system is chaotic in the mathematical sense, but it is rather sensitive to changes in
the initial values.
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Figure 4.2: The final sign of the neutrino asymmetry as a function of the
oscillation parameters [17] (paper I of this thesis). The ”chaotic” region is
shown in middle of the figure.

agreed with the previous results obtained by using the static approximation
[82].

Whether the oscillations are really chaotic in the mathematical sense can
be resolved by studying the Lyapunov exponents of the system. For the
momentum averaged approximation it turns out that the system really is
slightly chaotic in the ”chaotic” region, but not sufficiently so to completely
erase the information about the initial conditions [105]. In fact, this is what
one would have expected from the numerical results of [17, 103] (papers I
and II of this thesis), since the system was stable enough that the equations
could be numerically solved. If the system were severely chaotic numerical
stability could not be achieved. However, a high accuracy of computing was
required to obtain numerically stable solutions, indicating slightly positive
Lyapynov exponents. The results of [17, 103] (papers I and II of this thesis)
were numerically stable, except in the center of the chaotic region, where the
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asymmetry went through thousands of oscillations and numerical accuracy
was lost while trying to follow the oscillations.

Unfortunately, solving the full momentum dependent quantum kinetic
equations is extremely difficult. Therefore we used in [17] (paper I of this
thesis) momentum averaged equations as they require much less computer
power than the full kinetic equations. Even the momentum averaged equa-
tions are difficult to solve, because there are two vastly different time scales,
as neutrino oscillations usually occur rapidly compared to the evolution of
the universe.

The choice of integration method should be done carefully for a delicate
problem such as this. There are a number of studies that employ simple
Runge-Kutta algorithms, which is a particularly poor choice. The system
is stiff just before the asymmetry growth, and thus the Runge-Kutta meth-
ods perform poorly, and loose accuracy quickly. In fact, we were not able
to find stable solutions in the ”chaotic” region when the using Runge-Kutta
methods. Instead, one should consider using either the backward differen-
tial methods, the predictor-corrector methods, or the Adams methods [106].
The best performance was found by using the Adams methods, which were
fastest for most of the parameters studied. However, when the number of
asymmetry oscillations increases, the relative performance of the predictor-
corrector methods improve, because the Adams methods are inefficient for
oscillating solutions. Stiff equation solvers were found to be ten to twenty
percent slower when the whole integration interval was considered. They
lose their advantage outside the stiff phase, which is only a small part of the
whole integration interval.

There are also two important scales in the amplitudes of the components
of the density matrix. First, there is the scale where the evolution of the
neutrino ensembles themselves is considered (i.e. , the evolution of number
densities). Second, there is the scale at which asymmetries evolve (i.e. the
differences of the number densities). As one is trying to compute the asym-
metry, it is the differences of the components of the density matrix that have
to be computed accurately. It is convenient to separate the different scales
by using the sums and the differences as variables:

ρ±
ν = ρν ± ρν̄ . (4.12)

The evolution of the number densities does not cause any problems, as the
evolution is rather smooth and the magnitudes of the variables remain the
same for the whole time. However, for the differences there are three phases
in the evolution, and each phase has different demands for the handling of ρ−.
First, before the resonance, the variables ρ− have several orders of magnitude
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smaller values than ρ+. Second, during the asymmetry oscillation, the off-
diagonals of the density matrix are roughly of the same magnitude in both ρ+

and ρ−, but the diagonal components remain much smaller (and, of course,
the solutions are oscillating, which should be taken into account). Third, in
the stable growing solution after the asymmetry oscillation has finished, the
off-diagonal components of ρ− are small again, but the diagonal components
are growing towards the order of ρ+. It is impossible to satisfy the demands
of these phases by using only one scaling, so one should either decide which
phases are important or try to implement code which can adjust the scaling
of variables when necessary.

4.4 Full Quantum Kinetic Equations

The momentum dependent equations pose a very difficult problem, consisting
of integro-differential equations. There is again a new problem of separated
scales. In addition to the scaling problems discussed in the previous section,
there are now two new scales in the momentum variable. The resonance
occurs at a definite momentum state, and it affects also momenta near the
resonance. The width of this resonance is typically small compared to the
scale set by the thermal distribution of momenta.

One way to treat the momentum dependence is to add it into the static
approximation. The momentum spread was found to smooth out the behav-
ior of asymmetry, especially during the exponential growth of the asymme-
try [15]. However, the static approximation is not a satisfactory approxima-
tion.

The full momentum dependent quantum kinetic equations have been
studied by taking into account the fact that most of the action takes place
around the resonance. However, in [78] it was reported that the numerical
methods broke down in the region where the asymmetry oscillations occurred,
and they were not able to distinguish oscillation from the numerics.

In [79] (paper IV of this thesis) we studied the full momentum depen-
dent equation by using a novel numerical approach. A numerical stability of
the solutions in the ”chaotic” region was achieved, and thus the existence of
asymmetry oscillations was proved also for the momentum dependent equa-
tions. Some examples of the solutions in the ”chaotic” region are shown in
Fig. (4.3).

The contours of the chaotic region seems to agree well with the results
of [78], though the mapping of the boundaries was not attempted in [79]
(paper IV of this thesis).
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Figure 4.3: Examples of the oscillation of the effective lepton asymmetry L(µ)

when the momentum dependence is taken into account [79] (paper IV of this
thesis).

4.5 Leptonic Domains

Since the final sign of the lepton asymmetry generated by active-sterile neu-
trino oscillations is sensitive to small fluctuations of the background matter,
particularly to the fluctuations of the baryon asymmetry, it is a relevant
question to ask, whether domains with different lepton number were created
in the early universe. In these domains there were roughly the same absolute
value of neutrino asymmetry, the sign varying from one domain to another.

The idea of lepton number domains was first considered in [107]. The
asymmetry oscillations were argued to inevitably lead to creation of domains
with opposite signs of neutrino asymmetry. If there are such domains then
neutrinos would pass through a MSW-resonance region at the boundaries of
these domains as the potential Vz, defined in Eq. (3.25), turns almost 180◦

when the sign of the asymmetry changes. The MSW-resonance should then
convert active neutrinos to sterile neutrinos and, if the resonance is adiabatic,
one should expect the sterile neutrinos to be completely thermalized. A
rough analytic estimate for this can be found by assuming that the width
of the boundary is roughly equal to the mean free path of the neutrino.
Such an estimate was done in [107], and the MSW-resonance in the domain
boundaries was found to be non-adiabatic when

|δm2| sin2 2θ < 7 × 10−5 eV2 for |δm2| . 2.5 × 103 eV2;
|δm2| sin2 2θ < 3 × 10−8 eV2 for |δm2| & 2.5 × 103 eV2.

(4.13)

In effect, the bounds from BBN would actually become more stringent when
asymmetry generation and domain creation are included.
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Figure 4.4: The spatial variation of the neutrino asymmetry for five temper-
atures, indicated by the numbers to the left from the panels [19] (paper III
of this thesis). The mixing parameters are (sin2 2θ0, δm

2) = (10−5,−1 eV2).
The spatial units of the x-axis are `18(18MeV/T ), where `18 is the Hubble
radius at T = 18 MeV. The numbers on the right-hand side give the magni-
tude of the amplitude of spatial inhomogeneities in each subpanel, measured
from bottom to the dotted line that indicates Lντ

= 0.

Even more importantly, domain creation can occur also outside the chaotic
region [108]. The baryon asymmetry of the background affects the value of
the neutrino asymmetry Lν prior to the resonance, because it is the effec-
tive asymmetry L(α) which is driven to zero at that initial phase. If there
are spatial fluctuations in the size of the baryon asymmetry, that will create
spatial differences also in Lν . Diffusion then smooths out these differences
and disturbs the system, which was shown to change the initial direction of
asymmetry growth [108]. Even relatively small fluctuations of the baryon
asymmetry are enough for this mechanism.

There are always fluctuations in the background, but the realization of do-
main formation scenarios depend on the magnitude of these fluctuations. The
statistical fluctuations are so small that their effects are practically impossi-
ble to study. Moreover, it does not seem likely that such small fluctuations
would be enough to change the sign of the neutrino asymmetry, as the sys-
tem is not entirely chaotic. However, the baryon asymmetry is likely to have
fluctuations originating either from the baryogenesis (see for example [109])
or the QCD phase transition. It is thus essential to study the lepton number
domains if one considers lepton asymmetry induced by active-sterile neutrino
oscillations.

In [19] (paper III of this thesis) we developed a toy model for studying the
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lepton number domains qualitatively. In [107] only rough analytical estima-
tions of the effect was made, and [108] used the static approximation, which
does not take the MSW-resonances in the domain boundaries into account,
an essential phenomenon discussed in [107]. Solving the full momentum-
dependent equations in a spatially varying system is out of the capability of
current supercomputers, and the static approximation is unsatisfactory, so
one ends up using momentum averaged equations.

Momentum averaged equations are not ideal for describing the diffusion;
it would be more natural to use momentum dependent equations. However,
it is possible to write down the diffusion equations also for a momentum
averaged system by using the first moment approximation [19] (paper III of
this thesis), but one needs to add a small elastic interaction to the sterile
neutrino sector. One has to avoid inelastic interactions, if one is interested in
the amount of the sterile neutrino production, because inelastic interactions
could bring sterile neutrinos to thermal equilibrium by themselves. The effect
of the elastic interactions of the sterile neutrinos was found to vanish as long
as the strength of the interactions is small enough [19].

Even reducing the problem to the momentum averaged equations leaves
rather demanding equations to solve as the physical scales demand large
grids. So in practice, one has to settle for one spatial dimension or consume
a huge amount of supercomputer time.

We found the distribution of domains to evolve after the initial creation of
the domains, and the average width of domains was always roughly the mean
free path of the active neutrinos, which helps to get around the uncertainties
in the baryon asymmetry fluctuations. The initial baryon asymmetry spec-
trum affects the system only for a short while, before the neutrino diffusion
drives the lepton asymmetry distribution to the scales determined by neu-
trino interactions. The evolution of leptonic domains is shown in Fig. (4.4).

One important question is what will happen to the neutrino asymmetries
generated by the active-sterile neutrino oscillation if leptonic domains are
created. The toy model can not answer this question, since the momentum
dependent equations are not really valid after the neutrino decoupling, nor
can the spatial flow of neutrinos be described with the diffusion equations
after the mean free path grows larger than the horizon. But it seems likely
that the free flow of neutrinos would smooth out the spatial fluctuations in
the end and the final asymmetry would be a spatial average of the asymmetry.
In any case, if the size of the domains grows with the neutrino mean free path
and the final asymmetry is averaged over the domains of roughly equal size,
the magnitude of the final asymmetry is expected to be small, not large.
Moreover, it is difficult to see how any spatial fluctuation could survive in
the end when neutrinos are free streaming.
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Figure 4.5: Ratio of sterile and active neutrino number densities as a func-
tion of temperature [79] (paper IV of this thesis). The upper (lower) fig-
ure corresponds to the parameter values sin2 2θ0 = 10−8, δm2 = −102 eV2
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The most striking phenomenon found in studying the toy model was an
abundant excitation of sterile neutrino states in the boundaries of domains.
Sterile neutrinos are brought into thermal equilibrium also when the adia-
baticity condition was not satisfied. This hints at that there would always
be problems with the BBN, if there exist leptonic domains and a light sterile
neutrino species mixing with an active neutrino.

Although stating that the sterile neutrinos are always brought into ther-
mal equilibrium if the asymmetry creation is inhomogeneous would be too
bold, one would expect the sterile neutrino production to be significant also in
a more realistic case. The actual magnitude of the sterile neutrino excitation
should be examined more carefully in the future.

A mechanism for domain creation without asymmetry oscillations was
suggested in [108]. The mechanism works also in our toy-model, but it would
be pointless to examine in detail the condition when this would happen, since
the results of the toy model could hardly be considered reliable.
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Chapter 5

Conclusion

A sterile neutrino as a solution to the observed neutrino anomalies poses a
problem for the BBN. Favored solutions explaining all the observed anomalies
(see section 2.4) almost fully thermalize the sterile neutrino species, which is
difficult to reconcile with the BBN predictions. The problem can be avoided
by introducing a large lepton asymmetry, which would suppress neutrino
oscillations. Moreover, such a lepton asymmetry can be created by the active-
sterile neutrino oscillations themselves. In this work we have studied whether
the lepton asymmetries generated by the active-sterile neutrino oscillations
could be reconciled with the BBN and experimental data on neutrinos.

It is difficult to build a scenario, where a neutrino asymmetry created by
the active-sterile oscillations would suppress the sterile neutrino production
(e.g. [13,15]), since this would require the active neutrino to be much heavier
than the sterile neutrino. The generation of the electron neutrino asymme-
try could help in this, but it is difficult to create a large enough asymmetry
through the oscillation scenario, because experimental constraints allow the
negative δm2 to be at maximum of order 10 eV2 (and even this is a bit of
a stretch). Thus the creation of asymmetry should occur at rather low tem-
peratures, just above or below the neutrino decoupling, and the maximum
amount of electron neutrino asymmetry is limited. Moreover, the favored
four-neutrino mixing models do not allow a significant asymmetry creation,
so one would have to add a second sterile neutrino to the model. However,
the lepton asymmetry generation through neutrino oscillation implies that
there is a possibility of leptonic domain creation. As discussed in section 4.5,
leptonic domains would annihilate the final asymmetry and produce sterile
neutrinos abundantly, thus making it difficult to reconcile light sterile neu-
trinos with the BBN at all.

The required lepton asymmetry might, of course, be the result of some un-
known physics at temperatures above T = 10 MeV, for example the Affleck-
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Dine baryogenesis [110] can produce a large neutrino asymmetry as a byprod-
uct [111]. To suppress the sterile neutrino production, the initial value of the
neutrino asymmetry should be Lν ∼ 10−4−10−5 [11,80]. Such an asymmetry
would then be amplified by active-sterile neutrino oscillations up to Lν ∼ 1
in both resonant and non-resonant cases [9]. The asymmetry of order one
should be observable by Planck satellite CMBR measurements [112].

The conclusion is not as firm as one would like, since there are uncertain-
ties in the measurements of the primordial abundances of the light elements,
and since the effects of leptonic domains are not fully understood. Never-
theless, one might say that cosmology prefers other solutions than a sterile
neutrino, provided that the LSND results are confirmed by the MiniBooNE
experiment. In particular, enhancing the LSND conversion rates with a sec-
ond sterile neutrino in the 3+1 models does not fit well to cosmological ob-
servations. To evade this conclusion one can, at least until the Planck results
are at hand, entertain the possibility of a large lepton asymmetry created
at some earlier phase of the evolution of the universe or reconsider the BBN
limits. One might also begin searching for explanations of the LSND result
other than neutrino mixing.
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