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Theoretical and computational approaches on heterogeneous nucleation

Antti Johannes Lauri

University of Helsinki, 2006

Abstract

Nucleation is the first step of a first order phase transition. A new phase is always sprung up

in nucleation phenomena. The two main categories of nucleation are homogeneous nucleation,

where the new phase is formed in a uniform substance, and heterogeneous nucleation, when

nucleation occurs on a pre-existing surface. In this thesis the main attention is paid on

heterogeneous nucleation.

This thesis wields the nucleation phenomena from two theoretical perspectives: the classical

nucleation theory and the statistical mechanical approach. The formulation of the classical

nucleation theory relies on equilibrium thermodynamics and use of macroscopically deter-

mined quantities to describe the properties of small nuclei, sometimes consisting of just a

few molecules. The statistical mechanical approach is based on interactions between single

molecules, and does not bear the same assumptions as the classical theory.

This work gathers up the present theoretical knowledge of heterogeneous nucleation and

utilizes it in computational model studies. A new exact molecular approach on heterogeneous

nucleation was introduced and tested by Monte Carlo simulations. The results obtained from

the molecular simulations were interpreted by means of the concepts of the classical nucleation

theory.

Numerical calculations were carried out for a variety of substances nucleating on different

substances. The classical theory of heterogeneous nucleation was employed in calculations of

one-component nucleation of water on newsprint paper, Teflon and cellulose film, and binary

nucleation of water–n-propanol and water–sulphuric acid mixtures on silver nanoparticles.

The results were compared with experimental results. The molecular simulation studies

involved homogeneous nucleation of argon and heterogeneous nucleation of argon on a planar

platinum surface.

It was found out that the use of a microscopical contact angle as a fitting parameter in

calculations based on the classical theory of heterogeneous nucleation leads to a fair agreement

between the theoretical predictions and experimental results. In the presented cases the

microscopical angle was found to be always smaller than the contact angle obtained from

macroscopical measurements. Furthermore, molecular Monte Carlo simulations revealed that

the concept of the geometrical contact parameter in heterogeneous nucleation calculations can

work surprisingly well even for very small clusters.

Keywords: heterogeneous nucleation, particle formation and growth, numerical modelling



Nomenclature

A surface area
A activity

α (36π)1/3ρ
−2/3
l σlg

β impinging rate of molecules per unit area (condensation
coefficient)

Chyd hydrate correction factor
d distance
δ a term accounting for molecular configurations fulfilling

the conditions in one ensemble but not in another
E latent heat
f(m), f(m, z) contact parameter
F Helmholtz free energy
φ angle
ϕ interaction energy in a pair potential
∆G free energy of formation
h Planck’s constant
I integral
J nucleation rate
k Boltzmann constant
K kinetic prefactor in nucleation rate
λ factor of the interaction potential effectivity
Λ de Broglie wavelength
m cosine of the contact angle
m mass
M molecular mass
Mµ reduced mass
µ chemical potential
∆µ difference of chemical potential between liquid and

vapour phase in the ambient vapour pressure
ǫ energy parameter of the Lennard-Jones pair potential
n number of molecules
N number of cluster configurations
N number concentration or number of molecules
N ads number of molecules adsorbed on a surface
Npar number concentration of aerosol particles acting as con-

densation nuclei
ν characteristic frequency of vibration
p pressure
P nucleation probability
P probability distribution



ψ angle
q configurational integral
r radius of nucleating cluster
R position vector of a molecule
Rav condensation rate
Rij distance between molecules i and j
Rp radius of a pre-existing aerosol particle
ρ number density
s slope of a linear fit
σ surface tension
σt line tension
σLJ distance parameter of the Lennard-Jones pair potential
S saturation ratio
t nucleation time
τ residence time
τ0 characteristic vibration time of a molecule
T temperature
θ contact angle
U potential energy
v molecular volume
v volume of a subsystem
V volume of the system
V volume of a cluster/droplet
ω angular frequency
x mole fraction
X mass fraction
χ the most favourable direction of cluster growth
z ratio of the seed particle radius and the critical cluster

radius
Z Zeldovich non-equilibrium factor
Z canonical partition function



Subscripts and superscripts:

free free (non-interacting) molecule
hom homogeneous
het heterogeneous
hyd hydrate
non-act non-activated
sol solution
1 monomer
cm centre of mass
g vapour
i compound i or molecule i
j molecule j
l liquid
s solid (substrate)
∞ saturation value
∗ critical value
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1 Introduction

Nucleation as a concept covers a wide variety of phenomena. The common factor for
these events is that they all represent the initial step in a first order phase transition. A
new phase is always sprung up in nucleation. The new phase can be either gas, liquid,
or solid. Formation of dew, fog or cloud droplets are just a few common examples where
vapour–liquid nucleation is involved. Freezing of a liquid as well as bubble formation in
a freshly opened lemonade bottle represent liquid–solid and liquid–vapour nucleation,
respectively.

The two main types of nucleation are homogeneous nucleation, where the new phase is
formed in a uniform substance, and heterogeneous nucleation, when nucleation occurs
on a pre-existing surface. Further on, nucleation phenomena can be separated into
homomolecular and heteromolecular cases, depending on whether there are one or
multiple chemical compounds taking part in the nucleation process.

In this thesis vapour–liquid nucleation is the focus of attention. Hereafter, referring to
nucleation always considers only vapour–liquid nucleation unless otherwise specified.
The thesis wields nucleation from two perspectives: the classical nucleation theory and
statistical mechanics approach. Heterogeneous nucleation is the particular target of
interest.

From the thermodynamical point of view, vapour–liquid phase coexistence is taking
place when the vapour pressure exceeds the saturated value. However, there exists an
energy barrier the nucleating compounds have to pass before the phase transition takes
place. Nucleation often gives way for further first order phase transition, condensation
of vapour onto droplets formed by nucleation.

The role of heterogeneous nucleation in atmospheric aerosol processes has been a mat-
ter of discussion during the past decades. Hidy et al. (1978) suggested homogeneous
nucleation of water and sulphuric acid as the main mechanism of stratospheric aerosol
particles. Later on, according to the calculations of Hamill et al. (1982), homogeneous
nucleation was considered irrelevant in atmospheric aerosol formation processes as it
is energetically less favourable than heterogeneous nucleation. The development of
measurement devices in the 1990’s and the observation of formation bursts of 3 nm
aerosol particles around the world again raised homogeneous nucleation to the position
of being the most important nucleation mechanism in the atmosphere (see e.g. Raes
et al., 1997; Mäkelä et al., 1997; Birmili et al., 2000; for a recent overview see Kulmala
et al., 2004). The only possible mechanisms for the formation of particles below 3 nm
in diameter are homogeneous nucleation or activation of smallest thermodynamically
stable clusters (TSC’s). According to the current view heterogeneous nucleation is,
however, significant in atmospheric activation processes, for example
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• organic vapours nucleating on newly formed nucleation mode aerosol particles and
thermodynamically stable molecular clusters in the lower troposphere (Kulmala
et al., 2006);

• water, sulphuric acid and ammonia nucleating on insoluble dust particles in the
free troposphere (Korhonen et al., 2003);

• water and nitric acid vapours nucleating on insoluble particles (e.g. mineral dust)
in cloud droplet formation (Laaksonen et al., 1997; Hienola et al., 2003).

• activation of charged particles through ion-induced nucleation (Yu and Turco,
2000; Laakso et al., 2003);

Ion-induced nucleation mentioned above is sometimes considered as a special case of
heterogeneous nucleation.

Apart from atmospheric research, nucleation is a point of interest at least in mate-
rials research, biochemistry, molecular biology, and physical chemistry. Furthermore,
nucleation is the key to understanding the thermal processing of polymers and alloys.

Nucleation phenomena have been under theoretical investigation since late 19th cen-
tury, when the first thermodynamical theories were implemented. Since then, the
thermodynamical approach has been updated in many ways. The first molecular ap-
proaches were developed in 1930’s. The development of computer technology during
the past decades has enabled nucleation studies using molecular simulations. Metropo-
lis et al. (1953) introduced a method to evaluate thermodynamic quantities statistically
from molecular ensembles. These methods are called Monte Carlo (MC) techniques.
The other main branch of molecular techniques is the Molecular Dynamics (MD). The
common factor in MD methods is to solve the trajectories of particles from Newton’s
second law and study the dynamic behaviour of the systems under consideration.

Recent MC simulations (Merikanto et al., 2004; Hale and DiMattio, 2004) have been
successful in reproducing the experimental temperature dependence of the nucleation
rate (Wölk and Strey, 2001), whereas the classical nucleation theory fails to describe
this temperature dependence correctly. This is promising for the future or Monte Carlo
methods, as the constantly developing computer technology will enable treatment of
more complex systems.

Despite of heterogeneous nucleation being such a common phenomenon, it is not very
widely studied neither theoretically nor experimentally, when compared to the number
of studies of homogeneous nucleation, for example. Furthermore, from the theoretical
point of view, no major breakthroughs have been reported during the past decades.
Thus, it can reasonably be said that the heterogeneous nucleation mechanism is not
yet fully understood.
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The main objectives of this thesis are to

• gather up the existing theoretical knowledge of heterogeneous nucleation appli-
cable for model studies;

• gain more precise information about heterogeneous nucleation on the microscopic
level;

• offer the modelling community better tools to describe the nucleation phenomena,
for example in parameterisations for atmospheric models;

• present an exact molecular approach to study heterogeneous nucleation;

• compare the strengths and weaknesses of different approaches for nucleation.
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2 Theories on nucleation

The first to have a deeper theoretical understanding in nucleation was J. W. Gibbs
(1906). During 1876-1878 he developed a thermodynamic theory of curved surfaces.
Further on, Volmer and Weber (1925) moved on to the kinetic approach, followed by
Farkas (1927), Becker and Döring (1935), Zeldovich (1942), and Frenkel (1946).

A vast majority of the existing nucleation theories lie on two assumptions. First, the
imperfect gas where phase transition occurs, is characterized by equilibrium cluster
distribution, given by

Nn = N1 exp

(

−
∆G(n)

kT

)

, (1)

where Nn represents the number or concentration of n-clusters (clusters consisting of n
molecules), ∆G(n) is the free energy of formation of an n-cluster, k is the Boltzmann
constant, and T is temperature. Usually the imperfect gas is treated as a mixture
of ideal gases, each of them consisting of clusters of a certain size (Bijl, 1938; Band,
1939a,b; Frenkel, 1939b,a). Second, the system is considered to be in a pseudo-steady
state. The concentration of each cluster size remains constant, but there is a steady
current through the system, clusters over the critical size n∗ being constantly removed
from the system.

2.1 The classical nucleation theory

The formulation of the classical nucleation theory relies on equilibrium thermodynamics
and use of macroscopically determined properties. Although there have been attempts
to formulate new theories (see e.g. Laaksonen et al., 1995), the classical nucleation the-
ory has remained the only one practical for atmospheric applications, and particularly
in parameterisations for atmospheric models.

The energetical description of the classical nucleation theory for homogeneous nucle-
ation is given in section 2.1.1, and for heterogeneous nucleation in section 2.1.2. The
kinetics of nucleation in both homogeneous and heterogeneous cases are considered in
section 2.1.3. The measurable quantity in heterogeneous nucleation, the nucleation
probability, is formulated in section 2.1.4. The differential form of the free energy of
formation in homogeneous nucleation, needed in the comparison between the classical
and molecular approaches, is introduced in section 2.1.5. Finally, some considerations
on the additional features involved in nucleation calculations are discussed in sections
2.1.6 (effect of sulphates and hydrates) and 2.1.7 (modifications on the classical theory).
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2.1.1 Homogeneous nucleation

The simplest form of homogeneous nucleation is the one where just one species of
vapour molecules condense to form a new droplet. This case is called one-component
or homomolecular nucleation. The description of the homogeneous nucleation phe-
nomenon begins by a review of the one-component case. Later on, the approach is
generalized for the simplest case of heteromolecular nucleation, the two-component
(binary) case.

Let us first consider a cluster, consisting of n molecules, suspended in supersaturated
vapour. The vapour temperature is T , and pressure is pg. The cluster is treated as
an incompressible, uniform spherical liquid droplet. Let ρl be the molecular number
density in the liquid. The total number of molecules in a cluster is then n = ρlVhom,
where Vhom is the volume of the cluster. The free energy of formation in homogeneous
nucleation for the cluster is given by (see e.g. Yue and Hamill, 1979)

∆Ghom = n∆µ + Aσlg, (2)

where ∆µ = µl(pg) − µg(pg) is the difference of the chemical potentials in the vapour
and liquid, both taken in the ambient vapour pressure. A = 4πr2 is the surface area
of the droplet of radius r, and σlg is the interfacial free energy per unit area, usually
interpreted as the surface tension of the droplet against the vapour. Eq. (2) can be
understood as a competition between two forces: in the case of vapour supersatura-
tion the chemical potential difference ∆µ is releasing energy, i.e. the liquid phase is
energetically more favourable for the molecules than the vapour phase. The energy
released in the phase transition from vapour to liquid is bound to forming the surface
interface between the droplet and the vapour.

Using the ideal gas law the free energy of formation can be presented in a more con-
ventional form

∆Ghom = Aσlg − ρlVhomkT lnS = 4πr2σlg −
4

3
πr3ρlkT lnS, (3)

where S = pg/p∞ is the saturation ratio; p∞ is the saturation vapour pressure over
planar liquid surface. The radius of the droplet is r. The free energy of formation can
be plotted as a function of radius or number of molecules in the cluster. The shape of
the curve is such that there exists a maximum point when S > 1, as shown by Fig. 1.

Definition of the critical radius r∗ as the maximum point of the formation free energy
(

∂∆G∗

hom

∂r∗
|S = 0) enables the calculation of the critical radius by

r∗ =
2σlg

ρlkT lnS
. (4)
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Figure 1: A schematic picture of the shape of the formation free energy curve of a
one-component system as a function of (a) number of molecules in the cluster, and (b)
cluster radius.

Now, inserting Eq. (4) in Eq. (3) leads to the classical theory definition of the critical
free energy of formation, which is often called the height of the nucleation barrier

∆G∗

hom =
4

3
πr∗2σlg. (5)

The classical theory of binary homogeneous nucleation was first treated in the 1930s by
Flood (1934), but it was not until almost 20 years later that Reiss (1950) published a
complete treatment of binary nucleation. The primary equations in binary nucleation
are very similar to the one-component case. The free energy of formation of two
compounds, a and b, is just an extension of Eq. (2):

∆Ghom = na∆µa + nb∆µb + Aσlg, (6)

where σlg is now the surface tension of the binary solution.

In the binary case the saturation ratio is defined separately for each compound as the
ratio of the vapour pressure of the homomolecular gas pig and the partial pressure of
the compound over a planar liquid mixture surface pi,sol:

Si =
pig

pi,sol
. (7)

Using the gas- and liquid-phase activities, Aig = pig/pi∞ and Ail = pi,sol/pi∞, the
saturation ratio can be given as

S =
Aig

Ail
, (8)

13



where subindexes g and l correspond to vapour and liquid phases, respectively.

Just as in the one-component case, the free energy of formation can be plotted as a
function of either the droplet radius or number of molecules. However, this leads to
a free energy surface rather than a curve, since na and nb (or r and mole fraction x)
are treated separately. If a surface of that kind is plotted, the free energy has to be
calculated also for non-equilibrium clusters. This requires the use of a correction term,
namely the number of excess surface molecules (see Vehkamäki, 2006). The procedure
is not described here. Instead only binary equilibrium clusters are treated in this thesis.
In the binary case the equilibrium point corresponds to the saddle point of the free
energy surface. The generalized Kelvin equations can be applied to determine the
saddle point location:

(

∂∆G

∂nb

)

na

=

(

∂∆G

∂na

)

nb

= 0. (9)

Assuming incompressibility of the liquid phase Eq. (9) yields

∆µi =
2σlgvi

r
= 0, (10)

where vi is the molecular volume of compound i in the liquid phase. In the binary case
solving Eq. (10) leads to

∆µavb = ∆µbva (11)

that determines the composition of a critical cluster.

Now the value of the critical formation free energy can be calculated exactly the same
way as in the one-component case using Eq. (5), but the critical radius of the solution
droplet is given by

r∗ =
−2σlg[(1 − x)va + xvb]

(1 − x)∆µa + x∆µb

, (12)

where x is the mole fraction of compound b in the solution droplet.

2.1.2 Heterogeneous nucleation

The main difference between the treatment of homogeneous and heterogeneous nucle-
ation is the geometry of the system. The classical theory of homogeneous nucleation
treats the forming droplet as a spherical object. In the heterogeneous case the forming
embryo is considered to be part of a sphere attached to the substrate surface. As in the
homogeneous case, the cluster is thought to consist of incompressible, uniform liquid.
The shape of the cluster is a part of a sphere with the base attached to the insoluble
surface. The angle θ between the embryo surface and the substrate surface is called
the contact angle. The critical radius in heterogeneous nucleation is the same as in
homogeneous nucleation, as it only depends on the vapour supersaturation.

14



The substrate surface is usually considered homogeneous, although there exist some
studies on non-uniform surfaces (Edwards et al., 1962; Fletcher, 1969; Lazaridis et al.,
1992). In this thesis two different substrate surface geometries are treated: planar and
spherical surface. Possible inhomogeneities of the surface are not considered. Figs. 2
(a) and (b) show the schematic picture of the embryos on these surfaces.

(a)

θ

r

(b)

θ
ψ

φ
d

R

r

vapour (g)liquid (l)

seed particle (s)

Figure 2: The classical theory picture of the geometry of the embryo on (a) planar and
(b) spherical substrate surface. The symbols are explained in the text.

In the case of a planar substrate surface the liquid embryo forms a segment of a sphere.
The volume (Vhet), base area (Asl), and cap area (Alg) of the segment are expressed as
functions of the embryo radius and contact angle as

Vhet =
π

3
r3(2 + cos θ)(1 − cos θ)2, (13)

Alg = 2πr2(1 − cos θ), and (14)

Asl = πr2(1 − cos2 θ). (15)

The ratio of the volumes of the droplet on the substrate and a spherical droplet is

Vhet

Vhom

= f(m) =
nhet

nhom

, (16)

where f(m) = (2 +m)(1 −m)2/4 is called the contact parameter, and m = cos θ.

In the classical theory the energy barrier for heterogeneous nucleation is given by
(Fletcher, 1962)

∆Ghet = ρl∆µVhet + σlgAlg + (σsl − σsg)Asl, (17)

where µ is the chemical potential, σ is the interfacial free energy per unit area, Vhet is
the volume of the cluster, and A is the surface area of the cluster. Subscripts l, g and
s correspond to the liquid and vapor phases and the substrate surface, respectively.
Insertion of Eqs. (13)-(15) for volume and areas into Eqs. (3) and (17) leads to

∆Ghet = ∆Ghomf(m). (18)
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It can be seen that the factor representing the ratio between the energy barriers in
heterogeneous and homogeneous nucleation is the same as the contact parameter (ratio
of the volumes) in Eq. (16).

In the case of a spherical substrate surface the volume, base area, and cap area are
given by (Fletcher, 1958)

Vhet =
1

3
πr3(2 − 3 cosψ + cos3 ψ) −

1

3
πR3

p(2 − 3 cosφ+ cos3 φ), (19)

Alg = 2πr2(1 − cosψ), and (20)

Asl = 2πR2
p(1 − cosφ), (21)

where Rp is the radius of the pre-existing seed particle, and the cosines of the angles φ
and ψ, shown in Fig. 2 (b) are given by

cosφ = (Rp − r cos θ)/d = (Rp − rm)/d, and (22)

cosψ = −(r −Rp cos θ)/d = −(r − Rpm)/d, (23)

where
d = (R2

p + r2 − 2rRpm)1/2, (24)

where m is again the cosine of the contact angle θ. The same procedure as in the
planar substrate case, insertion of Eqs. (19)-(21) into Eqs. (3) and (17) leads in the
spherical substrate surface case to

∆Ghet =
1

2
∆Ghomf(m, z). (25)

It should be noted that in the case of spherical substrate surface the contact parameter
does not equal the ratio of the volumes of the embryo and a full sphere of the same
radius (f(m, z) 6= Vhet/Vhom). The critical free energy of formation obviously follows
from Eq. (25):

∆G∗

het =
1

2
∆G∗

homf(m, z) =
2

3
πr∗2σlgf(m, z), (26)

where f(m, z), the contact parameter, is different compared to the planar substrate
case, depending on the ratio of the seed particle and embryo radii:

f(m, z) = 1+

(

1 −mz

g

)3

+ z3

[

2 − 3

(

z −m

g

)

+

(

z −m

g

)3
]

+3mz2

(

z −m

g
− 1

)

,

(27)
with

g = (1 + z2 − 2mz)
1

2 , (28)

and

z =
Rp

r∗
. (29)

Thus, according to the classical nucleation theory the free energy of formation in ho-
mogeneous and heterogeneous nucleation differs by the factor of the contact parameter.
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2.1.3 Nucleation kinetics

The generic expression for the nucleation rate J in all nucleation phenomena is

J = KZN ∗, (30)

where K is a kinetic prefactor, Z is the Zeldovich non-equilibrium factor, and N ∗ is the
equilibrium concentration of critical clusters. Usually the calculation of the equilibrium
concentration of critical clusters employs the equilibrium cluster distribution [Eq. (1)],
resulting in an expression of the nucleation rate in terms of the critical free energy of
formation:

J = KZN1 exp

(

−
∆G∗

kT

)

. (31)

In the case of homogeneous nucleation the kinetic prefactor is simply the average
condensation rate Rav

1. In heterogeneous nucleation the kinetic prefactor expression
depends on the definition of the growth model used. There are two widely used ap-
proaches of the growth model in the classical theory of heterogeneous nucleation. The
molecules are thought to adsorb on an embryo on the substrate surface either by di-
rect vapor deposition or surface diffusion (see e.g. Pruppacher and Klett, 1997). In
the following description the direct vapor deposition model is assumed as the growth
mechanism.

Hamill et al. (1982) have formulated an expression for the nucleation rate when very
small solid particles act as condensation nuclei. Then the seed particles are treated as
monomers, resulting in

JHamill
het = RavNparZ exp

(

−
∆G∗

het

kT

)

, (32)

where Npar is the number concentration of the seed particles.

Another approach includes the adsorption mechanism through the total number of
molecules adsorbed per unit area on the solid nuclei (N ads), which can be calculated
by

N ads =
∑

i

(βiτi). (33)

Here βi is the impinging rate of molecules of species i on the surface of the solid particle,
and τi is the residence time, i.e. the time a molecule of species i spends on the surface.
The impinging rate can be interpreted as the condensation coefficient of species i, given
by

βi = Ni

√

kT

2πMi

, (34)

1It should be noted that in the literature the term kinetic prefactor often includes both the average

condensation rate and the Zeldovich non-equilibrium factor.
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where Mi is the molecular mass of species i.

The minimum nucleation rate is obtained by assuming that heterogeneous nucleation
takes place only as the entire particle is covered by critical nuclei:

Jmin
het = πr∗2N adsRavZNpar exp

(

−
∆G∗

het

kT

)

. (35)

On the other hand, the maximum nucleation rate corresponds to the rate of formation
of a single critical cluster on the particle:

Jmax
het = 4πR2

pN
adsRavZNpar exp

(

−
∆G∗

het

kT

)

. (36)

In binary heterogeneous nucleation of compounds a and b the average condensation
rate Rav is given by

Rav =
Algβaβb

βa sin2 χ + βb cos2 χ
, (37)

where Alg is the surface area of the embryo lying on the surface of a pre-existing particle,
χ ≈ arctan

(

x
1−x

)

, and x is the mole fraction of species b in the nucleus (Kulmala and
Laaksonen, 1990). The angle χ corresponds to the most favourable direction of cluster
growth in the (na, nb) coordinate system.

The definition of the third term in Eq. (30), namely the Zeldovich non-equilibrium
factor is (Pruppacher and Klett, 1997)

Z =

[

−
1

2πkT

(

∂2∆G∗

∂n∗2

)]1/2

(38)

where n∗ is the number of molecules in the critical cluster.

In the kinetic prefactor of the homogeneous nucleation rate the Zeldovich factor can
be written as

Zhom =

(

∆G∗

3πkTn∗2

)1/2

=
v1l

2πr∗2

(σlg

kT

)1/2

, (39)

where v1l is the molecular volume of a monomer in the liquid phase.

The exact formulation of Z in heterogeneous nucleation involves the geometry of the
system. At a spherical substrate surface the Zeldovich factor reads as (Vehkamäki
et al., 2006)

Zhet =
v1l

πr∗2

(σlg

kT

)1/2





1

2 + (1−mz)[2−4mz−(m2
−3)z2]

(1−2mz+z2)3/2





1/2

= Zhom





4

2 + (1−mz)[2−4mz−(m2
−3)z2]

(1−2mz+z2)3/2





1/2

. (40)
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In atmospheric models it is not computationally sensible to use the classical theory
as such for calculating nucleation rates. Instead, several parameterisations have been
constructed to obtain the approximate nucleation rates for the selected compounds (see
e.g. Vehkamäki et al., 2002; Napari et al., 2002; Kerminen et al., 2004; Sorokin et al.,
2005; Modgil et al., 2005; Yu, 2006). Using the parameterised models it is possible
calculate the nucleation rate as a function of temperature and concentrations of the
compounds taking part in the nucleation process.

2.1.4 Nucleation probability in heterogeneous nucleation

Unlike in homogeneous nucleation, the nucleation rate in heterogeneous nucleation is
in many cases either very difficult or even impossible to measure experimentally. In the
case of heterogeneous nucleation occurring on aerosol particles the measurable quantity
is nucleation probability – the proportion of the activated particles in the total aerosol
population.

As noted earlier, an aerosol particle with an embryo formed by heterogeneous nucleation
is able to grow via further condensation. Let us thus call that kind of particle an
activated aerosol particle. Assuming that the surface of the particle is homogeneous,
i.e. all the locations on the particle are equally favourable for embryo formation,
the time evolution of the number of non-activated particles Nnon−act is given by the
differential equation

dNnon−act

dt
= −

Nnon−act

Npar
Jmax

het . (41)

The equation can be separated, resulting in

dNnon−act

Nnon−act
= −

Jmax
het

Npar
dt. (42)

Solving the equation leads to

Nnon−act(t) = Nnon−act(0) exp

(

−
Jmax

het t

Npar

)

, (43)

and the proportion of the particles that have activated in time t when all the particles
are initially (t = 0) non-activated is the nucleation probability (Lazaridis et al., 1992):

P = 1 − exp

(

−
Jmax

het t

Npar

)

. (44)

Nucleation probability P = 0.5 is often called the onset of nucleation.
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2.1.5 The differential form of the free energy of formation in homogeneous
nucleation

The Monte Carlo simulation method, which will be presented in section 3.2, produces
the derivative of the free energy of formation with respect to cluster size. To be able
to compare the results of the classical approach with the statistical mechanical results
the differential form of the free energy of formation in the classical nucleation theory
is presented here.

To find the relation between the difference in the work of formation between an n- and
an (n−1)-cluster we will need to express the work of formation in terms of the number
of molecules n. Use of Eq. (3) and V = n/ρl leads to

∆Ghom = −nkT lnS + αn2/3, (45)

where
α = (36π)1/3ρ

−2/3
l σlg. (46)

Differentiation of the work of formation over the number of molecules leads to

∂∆Ghom

∂n
= −kT lnS +

2

3
αn−1/3. (47)

The approximated difference between the work of formation of an n- and an (n − 1)-
cluster is now given by

∆Ghom(n) − ∆Ghom(n− 1) ≈
∂∆Ghom

∂n
∆n, (48)

where ∆n = 1. However, the discrete approach requires rather the work of bringing
one molecule from the vapour to the cluster than the derivative. The discrete approach
utilizes the concept of the increment of the work of formation:

∆Ghom(n) − ∆Ghom(n− 1) =
3

2
shom[n2/3 − (n− 1)2/3] − kT lnS, (n ≥ 2) (49)

where shom is the slope of the linear derivative function.

2.1.6 Stable atmospheric clusters: hydrates, sulphates, and ion clusters

Many of the potential atmospheric chemical compounds are bound to form thermody-
namically stable clusters (TSC’s) (Kulmala et al., 2000). Stable atmospheric clusters
may act as condensation nuclei, and be activated for condensational growth when con-
densing vapours reach concentrations high enough. The most potential candidates are
the hydrates of sulphuric acid as well as ammonium bi-sulphate.
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In any case, there is evidence of sulphuric acid participation in the formation or early
growth of atmospheric new particles. A recent study (Kulmala et al., 2006) shows a
power-law dependence of smallest detectable particles on the sulphuric acid concentra-
tion, the exponent being between 1 and 2.

Doyle (1961) was the first to publish predicted nucleation rates for the sulphuric acid –
water system. A free sulphuric acid molecule tends to gather water molecules around
it to form hydrates, so the classical theory has been improved to take into account the
effect of sulphuric acid hydration.

In the hydration of sulphuric acid the acid molecule captures either one or more water
molecules in the vapour phase. Hydration is a thermodynamically favourable process,
i.e. hydrates are more stable than pure sulphuric acid molecules – and thus much more
common in the atmosphere.

The formation of hydrates slows down the nucleation phenomena compared to the case
where acid molecules would be unbound, since the hydrates stabilize the vapour by
decreasing the number of the strongly reacting free sulphuric acid molecules. Hydration
reduces the nucleation rate by a factor 103-108. Theoretically the effect of hydrates can
be taken into account e.g. using the classical hydrate interaction model (Jaecker-Voirol
et al., 1987; Kulmala et al., 1991; Lazaridis et al., 1991). Later, Noppel et al. (2002)
have constructed a more developed model based on ab initio calculations, the most
rigorous nucleation kinetics, and the thermodynamically consistent classical nucleation
theory.

Here, the classical hydrate interaction model is shown for the case of binary nucleation
of water and sulphuric acid. The model involves a correction factor that is used in
the classical form of the free energy of formation equation [Eq. (5) for homogeneous
nucleation, Eq. (26) for heterogeneous nucleation]:

∆G∗

hyd = ∆G∗ − kT lnChyd, (50)

where Chyd is the hydrate correction term

Chyd =

(

1

1 +K1pw + · · ·+K1K2 × · · · ×Khph
w

)na

, (51)

where Ki is the equilibrium constant of hydrate formation, which is calculated in terms
of the law of mass action (Noppel, 1998); pw is the partial pressure of pure water, h is
the number of water molecules per hydrate, and na is the number of acid molecules in
the cluster. The formulation of Eq. (51) is based on the assumption that the measured
sulphuric acid concentration corresponds to the concentration of free acid molecules.

Other possible candidates for thermodynamically stable clusters acting as condensation
nuclei in the atmosphere are ammonium bi-sulphate clusters (Vehkamäki et al., 2004).
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Just like the hydrates of sulphuric acid, these clusters are energetically favoured. So far
there has been no direct empirical evidence of stable ammonium bi-sulphate clusters in
the atmosphere, since the size of these clusters is 1-2 nm, which is below the current de-
tection limit of experimental devices. A very recent empirical study, however, suggests
that there exists a pool of neutral clusters around 1 nm in size (Riipinen et al., 2006).
In the case of charged particles the experimental detection limit is below 1 nm. Em-
pirical studies have shown already a long ago that there exists a pool of stable charged
particles of sizes between 0.5 and 1.5 nm in the atmosphere (Israel, 1971; Hõrrak et al.,
1995; Laakso et al., 2004; Hirsikko et al., 2005).

2.1.7 Modifications to the classical theory

During the past decades, the classical nucleation theory in its original form has been
the target of different kinds of criticism. This has lead to some largely accepted modifi-
cations to the classical theory. The most important modifications are briefly discussed
in this section.

A major inconsistency of the classical theory is its nonzero prediction of the free energy
of formation of a monomer. A self-consistent theory involving a simple correction factor
has been introduced to overcome this problem (Girshick and Chiu, 1990; Girshick,
1991):

∆Ghom = (4πr2 −A1)σlg + (n− 1)∆µ, (52)

where A1 is the surface area of a monomer.

Furthermore, there have been several attempts to improve the classical droplet model
used in the classical nucleation theory. The most widely used modified liquid drop
models are suggested by Lothe and Pound (1962), Fisher (1967), and Dillmann and
Meier (1989). According to Lothe and Pound (1962) the classical theory formulation of
the nucleation rate requires a correction factor to describe correctly the translational
and rotational motions of the cluster. They calculated these contributions from the
Boltzmann distribution. The formulation of Fisher (1967) also accounts for the trans-
lational and rotational degrees of freedom of the cluster. He suggested an additional
term for the free energy of formation expression [Eq. (5)]. The magnitude of the
term would be normalized to experimental values. The droplet model of Dillmann and
Meier (1989) was simply an addition of another factor to the free energy of formation
equation, accounting for the difference between the surface energy of a small cluster
and a macroscopic droplet.

Although the modifications listed above have improved the performance of the classical
theory for certain systems (species), they have not improved the performance in general
– in fact the improvements have even worsened the discrepancy. Thus, despite of the
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more sophisticated models the classical nucleation theory in its original form is still
used very widely.

Considering heterogeneous nucleation, the idea of line tension has been the most im-
portant suggested improvement to the classical theory. Gretz (1966) realized first the
importance of line tension. Later on, line tension has been under discussion and fur-
ther development in heterogeneous nucleation studies (Navascues and Mederos, 1982;
Lazaridis, 1993; Hienola et al., 2006). The main idea behind the line tension model
is that the three-phase interface along the contact line between the nucleating embryo
and the substrate surface contributes to the cluster energy. The inclusion of the line
tension effect produces an additional term in the free energy of formation expression
for heterogeneous nucleation [Eq. (17)]:

∆Gt
het = ∆Ghet + 2πRpσt sinφ, (53)

where Rp is the radius of the seed particle, σt is line tension, and the angle φ is shown
in Fig. 2 (b).

The line tension concept has been applied in a few computational heterogeneous nucle-
ation studies. Scheludko et al. (1981), Lazaridis (1993), and Hienola et al. (2006) have
found that at least for some systems use of a negative line tension value is successful in
explaining experimental heterogeneous nucleation results. A major problem in using
the line tension in calculations is, however, the lack of experimental data.
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2.2 The statistical mechanics approach to nucleation

The problems related to the classical nucleation theory have been known for a long time.
The special concern has been the use of macroscopically measured thermodynamic
properties to describe the properties of microscopic clusters sometimes consisting of
just a few molecules. Therefore new, better justifiable approaches have been – and still
are – under exploration. Molecular theories offer a well-motivated tool for studying
nanoclusters, since they do not bear the problematic concept of using macroscopic
properties.

The molecular approach is presented in section 2.2.1 for homogeneous nucleation, and
in section 2.2.2 for heterogeneous nucleation.

2.2.1 Homogeneous nucleation

The starting point of the formulation of homogeneous nucleation is the equilibrium
cluster distribution given in Eq. (1). The law of mass action reads (Abraham, 1974;
Bijl, 1938; Band, 1939a,b; Frenkel, 1939a,b):

Nn

Z(n)
=

(

N1

Z(1)

)n

, (54)

where Nn is the number of clusters of size n in the vapour, and Z(n) is the canonical
partition function

Z(n) =
Λ−3nq(n)

n!
, (55)

where Λ = (h/2πMkT )1/2 is the de Broglie wavelength, where h is the Planck constant,
M is the mass of a molecule, k is the Boltzmann constant, and T is the temperature.
Furthermore, q(n) is the configurational integral, given in the laboratory coordinates
by

q(n) =
∫

· · ·
∫

cluster

exp

(

−
Un (R1, . . . ,Ri, . . . ,Rn)

kT

)

dR1 × · · · × dRn , (56)

where Ri is the position vector of the ith molecule, and Un is the potential energy of
the cluster.

Now comparing Eq. (1) with Eq. (54) and using Eq. (55) the free energy of formation
can be written as

∆Ghom(n) = −kT

[

ln

(

q(n)

n!

)

− n ln q(1) − (n− 1) lnN1

]

. (57)

Next the free energy of formation will be transformed to a more convenient form for
the purpose of molecular simulations.
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The configurational integral of an n-cluster can be obtained by multiplying q(i)
q(i−1)

over
all the cluster sizes smaller than n:

q(n) =
q(n)

q(n− 1)
×
q(n− 1)

q(n− 2)
× · · · ×

q(2)

q(1)
× q(1). (58)

The logarithm of this product can further be transformed to the form

ln q(n) =
n

∑

i=2

ln

(

q(i)

q(i− 1)

)

+ ln q(1). (59)

Since a monomer can be found anywhere in the system, q(1) = V , where V is the
volume of the whole system. Thus, the work of formation can be written as

∆Ghom(n) = kT
n

∑

i=2

(

− ln
q(i)

q(i− 1)V
+ ln i− lnN1

)

. (60)

To move towards the simulation purposes let us consider two systems, A and B. System
A consists of n molecules in a cluster. The centre of mass of system A is fixed. System
B is otherwise exactly the same as system A, but there is one free molecule, which does
not interact with the other molecules in the cluster.

The next step is to transform the configurational integrals in Eq. (60) to the correct
coordinate systems. Integrals q(i) and q(i− 1) must be written in the center of mass
coordinates of an n- and (n−1)-cluster, respectively. The simulation method, however,
involves both systems A and B in the center of mass coordinates of system A. The
coordinate transformation procedure is shown in detail in Paper IV. The coordinate
transformation of n- and (n− 1)-clusters leads to

q(n) = n3qcm(n)(n)V, and (61)

q(n− 1) = (n− 1)3qcm(n−1)(n− 1)V, (62)

where the subindex cm(n) refers to the center of mass of an n-cluster. System A is
defined exactly similarly as the n-cluster in its center of mass coordinates, so

qA(n) = qcm(n)(n). (63)

The expression of the configurational integral of system B in the center of mass co-
ordinates of an n-cluster is not so straightforward, since the boundary conditions of
the cluster definition may have an effect on the calculations. Whereas the cluster of n
molecules can be adjusted to follow strictly the cluster definition, the cluster of n − 1
interacting molecules and one free molecule does not necessarily fulfil the conditions
required by the cluster definition for the (n−1)-cluster. To overcome this problem the
configurational integral is split into two parts denoted by I1 and I2:

qB(n) = (I1 + I2)
(n− 1)3

n3
. (64)

25



Integral I1 includes only those configurations of the cluster, where n − 1 interacting
molecules form an (n−1)-cluster, and together with the free molecule form an n-cluster,
which follows the n-cluster definition. Integral I2 includes only configurations where
n molecules belong to the same cluster, but n − 1 interacting molecules can not be
considered as an (n− 1)-cluster.

The only difference between the configurational integral of an (n− 1)-cluster and inte-
gral I1 is that the position vector of the free molecule is included in integral I1, while
in integral qcm(n−1)(n− 1) it is not.

Integration over the position of the free molecule involves all the positions that are
allowed for the free molecule so that it forms an n-cluster together with the (n − 1)-
cluster. Thus, the integration gives the canonically averaged volume available for the
free molecule 〈Vfree〉:

I1 = 〈Vfree〉qcm(n−1)(n− 1). (65)

Using a factor δ(n), which accounts for those configurations in system B, which do
not fulfil the conditions required by the cluster definition for the (n − 1)-cluster, and
denoting I2 = δ(n)I1, the configurational integral of system B becomes

qB(n) = I1[1 + δ(n)]
(n− 1)3

n3
. (66)

The practical way to calculate the factor [1 + δ(n)] is given in section 3.2.1. Finally,
inserting Eqs. (65) and (66) into Eq. (64) the configurational integral can be written
as

qB(n) =
〈Vfree〉qcm(n−1)(n− 1)(n− 1)3

n3
[1 + δ(n)]. (67)

Using Eqs. (63) and (67) the ratio between the configurational integrals of clusters of
sizes n and n− 1 in terms of the configurational integrals of systems A and B is

qcm(n)(n)

qcm(n−1)(n− 1)
=
qA〈Vfree〉(n− 1)3[1 + δ(n)]

qBn3
. (68)

Using the conventional relation between the Helmholtz free energy Fhom(n) and the
configurational integral the ratio of configurational integrals can be given as the differ-
ence between Helmholtz free energies:

Fhom(n) − Fhom(n− 1) = −kT ln
qcm(n)(n)

qcm(n−1)(n− 1)
. (69)

Insertion of Eqs. (61), (62), and (68) into Eq. (60), and use of Eq. (69) and the
ideal gas law (N1/V = ρ∞S) leads to a practical formulation of the expression for the
reversible work of formation of an n-cluster:

∆Ghom(n) =
n

∑

i=2

(

FA − FB − kT ln[1 + δ(i)] + kT ln
i

ρ∞〈Vfree〉
− kT lnS

)

, (70)
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Eq. (70) contains three unknown values, namely the Helmholtz free energy difference
between systems A and B (FA − FB), the δ-term [ln(1 + δ(n))], and the canonically
averaged volume available for the free molecule (〈Vfree〉). All these quantities can be
evaluated by means of MC simulations, as will be shown in section 3.2.1.

2.2.2 Heterogeneous nucleation

In the case of homogeneous nucleation the formulation of the work of formation was
based on a comparison of two systems. A similar approach is now utilized to obtain the
work of formation in heterogeneous nucleation. The presence of the surface is taken
into account as an additional external potential for the gas.

The two systems are again labelled A and B. System A contains the vapour and a
substrate surface, which interacts with the vapour. This interaction is absent in system
B. Otherwise the systems are identical with each other: they have the same volume V ,
same number of molecules N , and their temperature is the same. System A includes a
subsystem A′, where the interaction between the clusters and the substrate is effective.
Outside the subsystem the substrate is assumed to have no interaction with the clusters.
A similar subsystem B′ is included in system B. Subsystem B′ is identical in size with A′.
The volume of the systems V is very large compared to the volume of the subsystems,
v. Fig. 3 shows the schematic picture of systems A and B and their subsystems.

ns = 0 hlim Uns = 0U
v

V >> v

substrate

B

B´

substrate

A´

A V V

v

Figure 3: A schematic picture of the systems A and B. The large boxes represent the
total system volumes. Molecules are shown as circles. System A (on the left) includes
the vapour and a substrate surface that interact with each other. The interaction is
effective in subsystem A′ below the dashed line, confined by a limiting height hlim.
In system B the vapour molecules do not interact with the substrate surface, but a
subsystem of the same size as the size of A′ is marked also in system B, and denoted
by B′.

27



Next, an equilibrium cluster distribution in subsystem A′ is written in a similar manner
as earlier [Eq. (1)]:

Nns = N1s exp

(

−
∆GI

het(n)

kT

)

. (71)

Index s denotes that the corresponding values belong to the system with the interacting
surface. This formulation corresponds to equilibrium cluster distribution in the classical
approach (Pruppacher and Klett, 1997). Again, similarly as in the homogeneous case,
the work of formation of an n-cluster ∆GI

het in Eq. (71) is defined by

∆GI
het(n) = −kT

[

ln

(

qs(n)

n!

)

− n ln qs(1) + (n− 1) lnN1s

]

(72)

as the reversible work of formation of an n-molecule cluster in the heterogeneous case.
As shown later, there is an alternative way to define ∆Ghet. Thus, ∆Ghet is supplied
with superscript I.

In the homogeneous case the the total potential energy is defined by the interaction
energy between the cluster molecules Un alone. However, in the heterogeneous case
the potential energy includes an additional term Uns, corresponding to the interaction
between the cluster and the substrate. Thus, the cluster configurational integral in the
heterogeneous case is

qs(n) =
∫

· · ·
∫

cluster

exp

(

−
Un (R1, . . . ,Rn) + Uns (R1, . . . ,Rn)

kT

)

dR1×· · ·×dRn. (73)

In order to relate ∆Ghom(n) and ∆GI
het(n), Eq. (72) needs to be rearranged. The

probability to find a monomer of the system A in the volume v is

N1s

Ntot
=

qs(1)

qs(1) + (V − v)
, (74)

where Ntot is the total number of molecules in each system. As noted earlier, q(1) = V .
Choosing V ≫ v and V ≫ qs(1),

N1s ≃ Ntot
qs(1)

V
= N1

qs(1)

v
. (75)

Substituting N1s in Eq. (72) with the righthand part of Eq. (75), the reversible work
of formation becomes

∆GI
het(n) = [Fhet(n) − Fhom(n)] − [Fhet(1) − Fhom(1)] + ∆Ghom(n), (76)

where ∆Ghom is given by Eq. (57), and the Helmholtz free energy differences are

Fhet(n) − Fhom(n) = −kT ln
qs(n)

q(n)
(77)
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and

Fhet(1) − Fhom(1) = −kT ln
qs(1)

v
. (78)

Inserting Eq. (75) into Eq. (71) the heterogeneous equilibrium cluster distribution
becomes

Nns = N1 exp

(

−
∆GII

het(n)

kT

)

, (79)

where
∆GII

het(n) = [Fhet(n) − Fhom(n)] + ∆Ghom(n). (80)

Thus, the difference between the two definitions of ∆Ghet [Eqs. (71) and (79)] depends
on the way of the normalization of the heterogeneous cluster distribution. If it is
normalized on the monomer number in the subsystem A′, ∆GI

het must be used. If it is
normalized on the monomer number in the subsystem B′, ∆GII

het is the one to be used.

The quantitative choice of the subsystem volume v or limiting height hlim needs some
further consideration. A practical criterion on the value of hlim is established in section
3.2.1. The dependence of the Helmholtz free energy difference Fhet(n) − Fhom(n) on
the selection of the limiting height value is discussed in detail in Paper V for the case
of a periodical substrate structure. The relation

Fhet(n, z) − Fhom(n, z) = −kT ln

[

1 +
(wn − 1)z0

z

]

(81)

is derived. In Eq. (81) z is the perpendicular distance between the center of mass
coordinate of the cluster and the substrate surface, z0 is the value of z above which the
interaction between the cluster and the substrate is no longer effective, and

wn =
qs(n, z0)

q(n, z0)
. (82)

There is a linear dependence between z0 and hlim. Thus, knowing the ratio of the
heterogeneous and homogeneous cluster configurational integrals for the volume limited
by the substrate and the plane z = z0 it is possible to calculate the Helmholtz free
energy difference for the heterogeneous and homogeneous cluster for any volume limited
by the substrate and arbitrary z > z0.
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3 Calculations

3.1 Modelling the classical nucleation theory

The computational model of heterogeneous nucleation, based on the classical theory
of heterogeneous nucleation, was used in the calculations presented in Papers I-III.
Calculations for binary heterogeneous nucleation of water and n-propanol are presented
in Papers I and II, and Paper I includes also calculations of water–sulphuric acid
heterogeneous nucleation. One-component heterogeneous nucleation of water is studied
in Paper III.

The input parameters of the computational model were temperature and vapour phase
activities. In the model where the substrate surface was spherical, the properties of
the seed particle population were also given as an input parameter. The contact angle
was fitted to experimental results as will be described in connection with Fig. 5. The
thermodynamical parameters, namely the density and surface tension of the embryo
as well as saturation vapour pressures are given in the Appendix of Paper I.

In the free energy calculations of binary heterogeneous nucleation (Papers I-II) the
composition of the critical cluster was first calculated using the solution of the gener-
alized Kelvin equations in the binary case [Eq. (11)]. The critical cluster radius was
calculated by Eq. (4) in the one-component case presented in Paper III, and by Eq.
(12) in the binary case Papers I-II. Then, the residence time needed in Eq. (33) was
calculated by τ = τ0 exp(E/RT ), where τ0 is a characteristic time, and E is the heat
of adsorption. The characteristic time was calculated using the approach of Lazaridis
et al. (1991): τ0 corresponds to 1/ν0 (Adamson, 1982), where ν0 is the characteristic
frequency of vibration. The vibration between two molecules was calculated using the
nearest-neighbour harmonic oscillator approximation. The angular frequency ω of the
oscillator is

ω = 2πν =

√

d2ϕ

dr2
·

1

Mµ
, (83)

where Mµ is the reduced mass of the two molecules. For ϕ the modified Lennard-
Jones potential of polar molecules was used, resulting in τ0 = 2.55 · 10−13 s, which
corresponds to water – water interaction. For n-propanol – n-propanol interaction
needed in Papers I-II the calculated value is τ0 = 1.13 · 10−12 s. The free energy of
formation was finally calculated by multiplying the result of Eq. (5) with the contact
parameter.

The terms of the kinetic prefactor, namely the number of molecules adsorbed per
unit area and the average condensation rate were obtained using Eqs. (33) and (37),
respectively. The Zeldovich non-equilibrium factor was approximated to be the same as
in the homogeneous case, not accounting for the geometry of the system. Furthermore,
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Figure 4: The activity plot of heterogeneous nucleation of water and n-propanol on Ag
particles. The circles and curves correspond to P = 0.5. The upper curve is calculated
using the macroscopically determined contact angle. The lower curve corresponds to
the microscopical contact angle obtained by using the fitting procedure. The angles
are given in Paper II.

in the binary case the one-component Zeldovich factor was used and the concept of a
virtual monomer was utilized to obtain the molecular volume in the liquid phase:

v1l = xv1b + (1 − x)v1a, (84)

where x is the mole fraction in the liquid solution, and v1i is the molecular volume of
compound i in the liquid. A recent comparison between the approximate and exact
formulations of Z (Vehkamäki, 2006) shows the approximate form results in about 50%
underestimation of the Zeldovich factor. However, if the target of interest is the onset
of nucleation (as in this study), the error in the estimate does not change the results
practically at all.

The final output parameter, nucleation probability, was calculated using Eq. (44).
Heterogeneous nucleation activity plots can be prepared by defining the onset of nu-
cleation. As an example, the required water and n-propanol vapour phase activities to
produce nucleation probability P = 0.5 are shown in Fig. 4. In this example (see Pa-
per II) two variable contact angles were used: a macroscopically determined contact
angle θ = (92.56736 + 388.2953x)/(1 + 24.12755x)◦, and a microscopical fit contact
angle θ = [35.82(1 − x)/(1 + 61.62x)]◦, where x is the mole fraction of n-propanol in
the critical cluster. The results were compared with the experimental onset activities.

Use of the macroscopical contact angle produces obviously unphysical results: a hump
in the activity curve, whereas a fitting procedure to obtain the microscopic contact
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Figure 5: Nucleation probabilities of heterogeneous nucleation of water on silver parti-
cles. Temperature is 285 K, the geometric mean diameter of the seed particles is 8 nm,
and the standard deviation of the distribution is 1.07. The experimental nucleation
probabilities are denoted by circles, and the experimental onset activity of water. The
solid lines correspond to nucleation probabilities calculated by using the classical the-
ory of heterogeneous nucleation. The contact angle was treated as a free parameter,
and the curves correspond to contact angle values 0◦, 10◦, 20◦, 30◦, 40◦, and 50◦ from
left to right. The angle corresponding exactly to the onset activity is 35.8◦ (Paper
II).

angle resulted in a success in reproducing the experimental results. The angle fitting
procedure is demonstrated in Fig. 5, where nucleation probabilities of pure water on 8
nm Ag particles are calculated by the model using different constant contact angles.

As Fig. 5 shows, the change of the contact angle does not change the shape of the
nucleation probability curve substantially, but the onset activity of nucleation varies.
Thus it is possible to find the experimental onset probability by adjusting the angle
properly. The concept of the microscopical contact angle is related to the concept of
line tension, discussed in section 2.1.7. However, the use of the microscopical contact
angle as a fitting parameter is a much simplified approach for the line tension effect.

3.2 Simulations by the statistical mechanical model

The computational model based on the statistical mechanical approach, wielded in
section 2.2, and used in Papers IV-VI, utilizes two separate methods. First, the
difference between two closely related systems are calculated using the overlapping
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distribution method (Bennett, 1976). Second, the obtained differences are summed
using the Monte Carlo discrete summation method (Hale and Ward, 1982; Hale, 1996;
Hale and DiMattio, 2004). The brief summary of the methods is given in sections 3.2.1
and 3.2.2. The computational details and the main results of the numerical calculations
are presented in section 3.2.3.

3.2.1 Overlapping distribution method

The overlapping distribution method (Bennett, 1976) provides an accurate way to
determine the free energy difference between two closely related systems (Frenkel and
Smit, 2002). The general idea is to obtain the free energy difference by producing
histograms of total potential energy differences. Each cluster size involves a separate
simulation. The method is employed to obtain the free energy difference between two
types of systems:

(a) homogeneous n- and (n− 1)-cluster;

(b) heterogeneous and homogeneous n-cluster.

In simulations of type (a) the two compared systems correspond to ensembles A and B
described in section 2.2.1, whereas in simulations of type (b) the two simulated systems
correspond to subsystems A′ and B′ in section 2.2.2.

An example of the histograms produced in the simulations is shown in Fig. 6. Wherever
the histograms overlap, the Helmholtz free energy difference between the systems is
obtained by

∆F = ∆U + kT ln

(

PA(∆U)

PB(∆U)

)

, (85)

where ∆F = FA−FB corresponds to the free energy difference between systems A and
B, and ∆U = UA − UB is the total potential energy difference between systems A and
B.

The cluster definition of Stillinger (1963) was applied in all the simulations. The
definition states that each molecule in a cluster must have another cluster molecule
within a given connectivity distance, and that no molecules that do not belong to
the cluster can be within the connectivity distance. The connectivity distance was
set to 1.5σ, which is the standard connectivity distance for Lennard-Jones particles,
corresponding to the first minimum in the radial distribution function of the liquid
(Khan, 1964).

When using Stillinger’s definition, the boundary condition discussed in context of the
second integral in Eq. (64) consists of such exceptional configurations, where the free
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Figure 6: An example of probability distributions produced in the computer simulation
of heterogeneous nucleation. The solid curve corresponds to system A (λ = 1), the
dashed curve to system B (λ = 0.5). The cluster size is 20 molecules, T = 60 K. The
factor λ is used to control the strength of the interaction potential between the cluster
molecules and the substrate. Its use is reasoned in section 3.2.3.

molecule in an n-cluster forms the only link between otherwise separate parts of the
cluster. The exclusion of the free molecule would break the (n − 1)-cluster in two (or
possibly even more) parts, as demonstrated by Fig. 7. These exceptional configurations
are represented by the δ-term in Eq. (70). The idea of the overlapping distribution
method can be used for calculation of the δ-term as well. When simulating system B the
exceptional configurations are not forbidden, but instead they are counted. Applying
an “imaginary overlapping distribution method” (see Paper IV) it is possible then
to formulate the additional term. By means of the term 1 + δ(n) in Eq. (66) this
difference is now given by

1 + δ(n) =
N(n)

N(n) −Ne(n)
, (86)

where N(n) is the total number of sampled configurations of an n-cluster, and Ne(n)
is the number of the exceptional configurations described above. In practice Ne is
calculated while simulating system B.

The way of calculating of the volume 〈Vfree〉 depends on the cluster definition. The
cluster definition of Lee et al. (1973) (LBA) already includes an explicitly defined
simulation volume. In the LBA definition the available volume 〈Vfree〉 would be simply
the volume of an n-cluster. For Stillinger’s cluster definition, which was used in this
study, the interpretation of this volume is not so obvious, but requires additional
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Figure 7: Left: A schematic picture of an exceptional configuration, where the free
molecule (shown as grey) forms the only link between two parts of a cluster. The large
circles represent the connectivity distance around each molecule. Right: The removal
of the free molecule would break the cluster.

calculations during the simulations. The volume available for the free molecule in
an (n−1)-cluster was defined as the total volume, where addition of an extra molecule
would result in an n-cluster. The practical implementation of the volume calculation
is described in section 3.2.3.

As shown in section 2.2.2, the calculation of the free energy of formation in hetero-
geneous nucleation is based on the equilibrium cluster distribution near a substrate
surface [Eq. (71)]. Thus, the volume where the interaction between the cluster and the
substrate is significant has to be defined for the heterogeneous nucleation simulations.
This volume is characterized by a limiting height hlim. During the simulations the
cluster molecules were not allowed to exceed this height. The limiting height was set
to the level, where the potential energy between the cluster and the substrate equals
10−4 times the maximum mean interaction.

3.2.2 Monte Carlo discrete summation method

The use of the Monte Carlo discrete summation (MCDS) method (Hale and Ward,
1982; Hale, 1996; Hale and DiMattio, 2004) simply involves use of Eqs. (70) and either
(76) or (80) to collect the data from single simulation runs to obtain the nucleation
barriers in homogeneous and heterogeneous nucleation. The procedure is illustrated in
Fig. 8.

3.2.3 Monte Carlo calculations

A Monte Carlo computing model, which is able to sample molecular clusters in a canon-
ical ensemble, was built to evaluate the Helmholtz free energies in homogeneous and

35



G∆
hom
*G∆

het
*G∆

n het
* n hom

* n

Figure 8: A schematic picture of the idea of the MCDS method to obtain the energy
barriers in homogeneous and heterogeneous nucleation. The upper curve corresponds
to the homogeneous nucleation barrier, and the lower one to the heterogeneous barrier.

heterogeneous nucleation [Eqs. (70) and (80)]. The model utilizes the overlapping dis-
tribution method described in section 3.2.1. The free energy differences produced by
the model were linked to each other using the MCDS method described in section 3.2.2,
producing continuous nucleation barriers in both homogeneous and heterogeneous nu-
cleation.

Calculations were performed for argon clusters. In the case of heterogeneous nucleation
the substrate surface was presented by a monolayer of rigid platinum molecules in the
shape of an FCC(111) lattice. The nearest neighbor distance was 2.77 Å. The substrate
size was 20×20 molecules. Both the argon–argon and argon–platinum interactions were
described by the Lennard-Jones potential

ϕij(Rij) = 4ε

{

(

σLJ

Rij

)12

−

(

σLJ

Rij

)6
}

, (87)

where Rij is the distance between molecules i and j, and ε and σLJ are the energy and
distance parameters of the selected potential, respectively. In the simulations both full
potential (Paper IV), and truncated and shifted potential (Papers V-VI) with the
cutoff radius of 2.5σLJ were used. In both cases the parameters were ε = 119.4 K
and σLJ = 3.4 Å for argon-argon interaction. For the argon-platinum interaction the
parameters were ε = 43.8 K and σLJ = 3.085 Å.

In the simulations the randomly generated initial cluster configurations containing n
argon atoms were equilibrated during 2n × 105 Monte Carlo steps in both methods.
A total of n× 106 configurations was always generated for the free energy calculation.
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The potential energy difference histograms were generated from all the sampled con-
figurations. The Helmholtz free energy difference was calculated using Eq. (85) as
the mean free energy value in the range of the potential energy differences for which
PA(∆U)/PB(∆U) ∈ [10−4, 104].

During the simulations a numerical value for the canonically averaged volume 〈Vfree〉
available for the free molecule was done by a set of simple brute force Monte Carlo
runs. For each randomly chosen configuration a sphere centered in the center of mass
position of the (n− 1)-cluster was placed around the cluster. The radius of the sphere
was the connectivity distance of the cluster definition added to the distance between
the center of mass and the molecule furthest away from the center of mass. Evenly
distributed random points inside this sphere were selected for the configuration during
the simulation of ensemble A, and the number of points belonging to the cluster ac-
cording to the cluster definition was counted. Then the available volume was obtained
by multiplying the volume of the sphere and the fraction of the points belonging to the
cluster. Averaging was always done over two thousand configurations.

In order to represent a seemingly infinite substrate in the heterogeneous nucleation
simulations the center of mass position of the cluster was restricted to lie on the normal
of the middle unit cell of the lattice. If the center of mass moved outside the middle
unit cell boundaries, periodical boundary conditions were applied.

In both simulations of homogeneous and heterogeneous nucleation a factor λ was used
to distinguish the two compared systems. In simulations of homogeneous clusters fac-
tor λ was used to control the interaction between the free molecule and other cluster
molecules. Value λ = 1 corresponds to system A with n interacting molecules, while
value λ = 0 is equivalent to system B with (n− 1) interacting molecules and one free
molecule. Following the same idea, in heterogeneous cluster simulations value λ = 1
corresponds to full interaction between the cluster and the substrate, and λ = 0 implies
that there is no interaction between the cluster and the substrate. When using λ = 0
in the simulations, some sampled configurations produce very high potential energy
differences between the systems. This is due to molecules getting very near each other.
These cases weaken the ensemble average by decreasing the number of configurations
in the overlapping part of the histograms and producing wider histograms. Thus,
simulation of system B in its original form is not a very feasible choice. Instead, in
the simulations the nearest allowed distance between two molecules was restricted to
the value 0.83σLJ , resulting in a repulsive interaction energy of 25ε in the Lennard-
Jones pair potential, and thus not spoiling the ensemble average. In order to have a
reasonable overlapping range of the probability distributions the heterogeneous nucle-
ation simulations were performed in several stages, using intermediate values λ = 0.05,
λ = 0.2, and λ = 0.5.

The simulations were made in the temperature T = 60 K (Papers IV-VI), Paper
IV involving calculations also at T = 80 K and T = 83.58 K. The energy barriers were
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calculated for a variety of saturation ratios.

The results of the simulation runs shown in Fig. 9 can be interpreted using the dif-
ferential form of the classical free energy of formation [Eq. (47)]. The slope of the
linear fit equals 2

3
α, which can be further utilized to obtain a numerical value for the

surface tension. A single linear fit is not the proper choice, but use of two separate
fits produces a fair agreement with the simulation results. Fig. 9 presents the surface
energy difference over a large range of cluster sizes. The results are shown for both
the full potential and the truncated and shifted potential. The saturation vapour den-
sity values are 9.66 · 10−7 Å−1 for the full potential (experimental value; Lide, 2002),
9.03 · 10−6 Å−1 for the truncated and shifted potential (Wagner, 1973).
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Figure 9: The surface free energy difference between n- and (n−1)-clusters in homoge-
neous nucleation of argon. The circles represent single MC simulation results; the data
calculated with a full potential (the dataset used in Paper IV) is denoted by open
circles, and the filled circles show the results of the truncated and shifted potential with
cutoff radius 2.5σ (the dataset used in Paper VI). The solid lines are linear fits to the
data. The slope of the line is different for small and large clusters in both potentials.
T = 60 K.

For both cases, the linear dependence changes at n = 16 (n−1/3 ≈ 0.4), producing
two different slopes for the linear fit to the data. As expected, in both cases the fits
approach zero for infinitely large cluster sizes. An example of a nucleation barrier in
homogeneous nucleation is shown in Fig. 10. For comparison, both the results based
on the formation free energy differences of single simulation runs and the linear fit on
the data are presented (see Fig. 9). As the figure shows, the interpolated fit produces
a barrier, which is in a very good agreement with the results of single simulations.

Fig. 11 shows the simulation results in heterogeneous nucleation of clusters of size 1-195
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Figure 10: The energy barrier in homogeneous nucleation calculated directly from
single simulation results (circles) and the linear interpolation in Fig. 9. The truncated
and shifted potential has been used. S = 4.3, T = 60 K.

molecules. The results are shown as a function of n2/3, since the difference between the
heterogeneous and homogeneous formation free energies of an n-cluster can be given
as (see Paper VI for details)

∆Ghet(n) − ∆Ghom(n) = α(f 1/3(m) − 1)n2/3. (88)

Fig. 11 shows that for the free energy difference between heterogeneous and homoge-
neous nucleation a single fit is a feasible solution – the slopes of the lines are almost
identical with and without the 15 smallest clusters. This results suggests that at least
in this case the problem of the classical nucleation theory to describe the properties of
the smallest clusters correctly is related to the homogeneous nucleation theory, whereas
the classical heterogeneous nucleation theory concept of the contact parameter works
well.

According to the classical theory of heterogeneous nucleation the contact parameter
can be obtained as the ratio of critical cluster sizes. Based on this result, a multipli-
cation procedure can be introduced. If the classical theory is valid, the curve obtained
by multiplying both n- and ∆G-axes of the homogeneous free energy of formation by
the contact parameter coincides with the curve calculated from the heterogeneous nu-
cleation simulation results. This is demonstrated in Fig. 12. As the figure shows, the
multiplication procedure results in about 7kT higher nucleation barrier height than the
heterogeneous nucleation simulation results.
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The unsuitability of a single linear fit in Fig. 9 results in the discrepancy in the ratio
of heterogeneous nucleation rates obtained by the multiplication procedure and from
the simulations. At each saturation ratio S the ratio of heterogeneous nucleation rates
is given by

Jmulti
het (S)

J sim
het (S)

= exp

(

∆Gsim∗

het (S) − ∆Gmulti∗
het (S)

kT

)

, (89)

where the superscript “multi” denotes the nucleation rate based on the formation free
energy calculation by the multiplication procedure, and the superscript “sim” refers to
values obtained from the simulations. The calculated ratio is shown as a function of the
critical cluster size in Fig. 13. Simulations over a large range of saturation ratios show
that the discrepancy shown in Fig. 12 does not disappear for larger critical cluster
sizes. In fact it even shows an increasing trend. The comparison suggests that in the
presented case the use of the classical theory concept leads to 2-3 orders of magnitude
underestimation of the heterogeneous nucleation rate, as shown in Fig. 13.

For comparison the contact angle was obtained also by visual analysis. For a single
cluster this was done by placing a circle going through three points: the two molecules
of the cluster lying furthest away from each other and the one having the furthest
perpendicular distance from the substrate surface level (see Fig. 14). The center of the
circle then defined the center of a sphere having the same radius as the circle, confining
practically all the cluster molecules. The density profiles of physical clusters were
utilized to get the same description of the cluster as in the classical droplet model (see
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Figure 11: The difference between heterogeneous and homogeneous formation free
energies of argon as a function of cluster size. The cluster-substrate interaction corre-
sponds to argon-platinum interaction. Results from single simulation runs are shown
by circles. The shifted and truncated Lennard-Jones pair potential with cutoff 2.5σLJ

is used. The solid line shows a linear fit to the data. T = 60 K.
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Figure 12: The nucleation barriers for both homogeneous and heterogeneous nucle-
ation. The simulated energy barrier of homogeneous nucleation is denoted by circles.
The crosses represent the simulated heterogeneous nucleation energy barrier. The het-
erogeneous formation energy obtained by multiplying both axes of the homogeneous
nucleation barrier by the ratio of critical cluster sizes is represented by diamonds. The
simulated values of the energy barriers in both homogeneous and heterogeneous nu-
cleation are calculated using the linear fits shown in Figs. 9 and 11. Truncated and
shifted potential has been used. T = 60 K, S = 4.3.
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Figure 13: Ratio of the heterogeneous nucleation rates obtained from the multiplication
procedure and Monte Carlo simulation data at different saturation ratios.
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Paper VI for details). The contact angle was then defined as the angle between the
plane 0.83σLJ over the substrate surface plane and the surface of the sphere having the
equimolar radius. The distance corresponds to the nearest allowed distance between
a cluster molecule and a substrate atom. The visual analysis was performed for a set
of 100 configurations of each cluster size, and the equimolar radius was determined for
the same set (see Paper VI for the details of the equimolar radius calculation). The
analysed configurations were taken at constant intervals during the simulation of the
ensemble with a full interaction between the cluster and the substrate (λ = 1).

LJ substrate
surface

0.83σ

θ

D/2

Figure 14: A two-dimensional illustration of the idea behind the visually determined
contact angle. A circle (dashed) is drawn through three points shown as filled small
circles (see text for details), the open small circles represent the other molecules in
the cluster. The substrate molecules are shown by grey circles. The radius of the
solid circle drawn inside the dashed curve corresponds to the equimolar radius in the
classical droplet model. The contact angle is determined as the angle between the level
0.83σLJ above the substrate surface and the circle having the equimolar radius.

The contact parameters for different critical cluster sizes obtained by the visual analysis
are shown in Fig. 15 together with the contact parameters calculated as the ratio
of the critical cluster sizes in heterogeneous and homogeneous nucleation. As the
figure shows, the contact parameters are in good agreement for clusters larger than 100
molecules in size. The average contact parameter for these clusters is f(m) = 0.511,
corresponding to contact angle θ = 91◦. For clusters of size 10–100 molecules the
contact parameter corresponding to the visually determined contact angle is somewhat
lower than the contact parameter obtained from the ratio of the critical cluster sizes.
For the smallest clusters, less than ten molecules in size, the critical cluster ratio method
gives substantially smaller contact angles than the visual analysis.

42



0 50 100 150 200 250 300
0.25

0.3

0.35

0.4

0.45

0.5

0.55

Critical cluster size (heterogeneous)

f(
m

)

Figure 15: The contact parameter as a function of the critical cluster sizes in hetero-
geneous nucleation. The data shown by circles represents the contact parameters that
have been obtained by dividing the critical cluster size in heterogeneous nucleation
by the critical cluster size in homogeneous nucleation. The diamonds represent the
visually determined contact angles.
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4 Review of the papers

This thesis consists of six articles published in peer reviewed journals. Two different
methods have been utilized in these studies of nucleation phenomena. The studies pre-
sented in the first three papers employ the classical theory of heterogeneous nucleation
in model calculations, whereas the last three papers deal with molecular Monte Carlo
calculations based on the statistical mechanical formulation of nucleation phenomena.
Papers I-III and V-VI concentrate on heterogeneous nucleation, while Paper IV
contains a description and a set of Monte Carlo simulations of homogeneous nucleation.

• Paper I deals with binary heterogeneous nucleation of water–n-propanol and
water–sulphuric acid mixtures using the classical theory of heterogeneous nucle-
ation. An unphysical behaviour is seen in heterogeneous nucleation of water and
n-propanol: negative molecular numbers of water in the critical clusters at water
gas phase activities above unity. For water–sulphuric acid mixtures this kind of
behaviour is not seen.

• Paper II is a study where heterogeneous nucleation experiments on water and
n-propanol are compared with classical theory predictions. A fitting procedure
is introduced to obtain a microscopic contact angle using the experimental nu-
cleation probability data. The use of the fit contact angle solves the problem
of unphysical behaviour described in Paper I, and results in a fair agreement
between the theoretical predictions and the results of the experiments.

• Paper III is another comparison between an experiment and a theoretical ap-
proach. In this case, heterogeneous nucleation of pure water as well as mass and
heat transfer between the vapour phase and droplets formed on the pre-existing
surface are studied on different substrate materials: newsprint paper, cellulose
film, and Teflon. The onset saturation ratio, contact angle of the droplets on the
surfaces as well as the growth of the droplets are determined from the measure-
ments, which were carried out using an environmental scanning electron micro-
scope (ESEM). Using the angle-fitting procedure given in Paper II, the micro-
scopical contact angles are calculated for the three substrate surfaces. Similarly
as in Paper II, the microscopical contact angles are smaller than the experimen-
tally determined contact angles for larger droplets. The modelling work includes
also the mass and heat transfer simulations, which are compared with the ex-
periment carried out with the newsprint paper as the substrate. The modelled
growth is much faster than the measured growth rate. The most probable rea-
son for this is that the paper fibres absorb water both from the vapour and the
droplet during the experiment.

• Paper IV is a comparison study between two different molecular approaches
on homogeneous nucleation, namely the overlapping distribution method to-
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gether with the discrete summation Monte Carlo method, and the growth/decay
method. The discrete summation method is updated from the formulation given
earlier in literature. An additional term originating from the boundary condition
of the cluster definition is reasoned and formulated. The two applied methods
give very similar results for the energy barriers of nucleating argon. The results
of the two models compare well also with previously reported results obtained by
a different simulation method, the aggregation volume bias method.

• Paper V introduces a new statistical mechanical formulation of heterogeneous
nucleation, based on the equilibrium cluster distribution in a subsystem near
a substrate surface. The concept of the subsystem volume is discussed, and a
set of simulations is run to validate the choice of the volume. Furthermore, an
expression for the heterogeneous nucleation rate is given.

• Paper VI employs the formulation and methods presented in Papers IV-V
in the calculation of the heterogeneous nucleation energy barriers on a range of
vapour pressures. The results are interpreted by means of the classical nucleation
theory concepts: the formation free energy difference between an n- and (n− 1)-
cluster should be a linear function with respect to n−1/3, and the formation
free energy difference between an n-cluster in heterogeneous and homogeneous
nucleation should be a linear function of n2/3. Linear fits are provided, enabling
also the calculation of the surface tension of small molecular clusters as well
as the microscopic contact angle. Furthermore, a computational method for
measuring the visual contact angle of a molecular cluster on a planar substrate
is presented and verified. The main conclusion of the paper is that the use of the
classical theory in predicting heterogeneous nucleation rates may fail, when the
homogeneous nucleation rate and the contact parameter are known. This error
originates from the failure of the classical theory of homogeneous nucleation to
correctly predict the energy involved in bringing one molecule from the vapour
to the cluster in the case of the smallest clusters.
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Author’s contribution

I am alone responsible for the summary of the thesis.

In Paper I I was responsible of all the numerical calculations. I enhanced the com-
putational model, originally developed in the Division of Atmospheric Sciences, by
improving the geometrical description of the nucleating system. I wrote the modelling
part of the results as well as part of the theoretical description. In Paper II I car-
ried out the numerical calculations based on the Fletcher theory. I wrote part of the
theory and results. For Paper III I built a model to calculate nucleation rates of
one-component heterogeneous nucleation of water on flat surfaces. With the model I
made all the numerical nucleation calculations. I also wrote completely the nucleation
part of the theory, results and conclusions.

I programmed the computational model based on the overlapping distribution method,
utilized in Papers IV-VI, from the beginning myself. I used the model to produce
the probability distributions, and built additional applications to automatically analyze
and visualize the results. In Paper IV I carried out all the calculations of the discrete
summation method, and participated in writing all sections except the description of
the growth/decay method. In Papers V and VI I made all the numerical calculations,
and participated in writing all the parts of the articles.
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5 Conclusions

The work presented in this thesis wields nucleation phenomena from the theoretical
and computational perspective. Special attention has been paid to heterogeneous nu-
cleation.

In most of the cases the use of the presently widely employed classical theory of hetero-
geneous nucleation is justified, mainly because it is the only theory capable of describing
more complex systems. However, the molecular approach described in this thesis shows
that in some cases the classical theory of heterogeneous nucleation works surprisingly
well even for comparably small molecular clusters.

Despite of the ability of the classical theory of heterogeneous nucleation to correctly
predict the behaviour of even the smallest clusters, the classical theory needs improve-
ment in many cases, including binary nucleation on surfaces and treatment of smallest
clusters in the homogeneous case. The possible improvements presented in this the-
sis include the use of microscopic contact angle instead of the angle obtained from
macroscopic measurements, and utilization of simulation results of smallest molecu-
lar clusters in the heterogeneous nucleation rate calculations. In the classical theory
part of this thesis the contact angle has been used as a fitting parameter, when the
theoretical predictions are compared with laboratory experiments.

The main results of this thesis were the following:

• This thesis gathers up the present theoretical knowledge of heterogeneous nucle-
ation and utilizes it in computational model studies.

• The methods and results, especially the molecular approach presented in this
thesis, offer more precise information about heterogeneous nucleation on the mi-
croscopic level.

• When applying the classical theory of heterogeneous nucleation in model cal-
culations (e.g. parameterisations for atmospheric models), the concept of the
microscopic contact angle can be successfully utilized.

• A new exact molecular approach on heterogeneous nucleation, based on statistical
mechanical treatment of the equilibrium cluster distribution near the substrate
surface, is introduced and tested.

• The results of molecular Monte Carlo simulations indicate that in the presented
case the geometrical contact parameter in the classical theory of heterogeneous
nucleation works surprisingly well, even for small molecular clusters.
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• The Monte Carlo simulation results also reveal the incapability of the classical
theory of homogeneous nucleation to produce the correct results for the free
energy of formation of the critical cluster. In the presented case this failure leads
to an error of several orders of magnitude in the estimation of the heterogeneous
nucleation rate, when the homogeneous nucleation rate and the contact parameter
are known. This error prevails in calculations related to bigger droplets.

The Monte Carlo simulation method for studying heterogeneous nucleation, presented
in this thesis, is readily available for calculation of formation free energies of differ-
ent substances. However, the limiting conditions are the computation time and the
reliability of available interaction potentials.
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E. J., Lauri, A., and Kulmala, M.: Heterogeneous nucleation as a potential sulphate
coating mechanism of atmospheric mineral dust particles and implications of coated
dust on new particle formation, J. Geophys. Res., 108, 10.1029/2003JD003 553, 2003.

Kulmala, M. and Laaksonen, A.: Binary nucleation of water-sulfuric acid system:
Comparison of classical theories with different H2SO4 saturation vapor pressures, J.
Chem. Phys., 93, 696–701, 1990.

Kulmala, M., Lazaridis, M., Laaksonen, A., and Vesala, T.: Extended hydrates interac-
tion model: Hydrate formation and the energetics of binary homogeneous nucleation,
J. Chem. Phys., 94, 7411–7413, 1991.
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