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Chapter 1

INTRODUCTION

1.1 Background and overview

This thesis studies quantile residuals and uses different methodologies to develop test statistics

that are applicable in evaluating linear and nonlinear time series models based on continuous

distributions. Models based on mixtures of distributions are of special interest because for

them traditional residuals, often referred to as Pearson’s residuals, are not appropriate. As

such models have become more and more popular in practice, especially with financial time

series data, there is a need for reliable diagnostic tools that can be used to evaluate them.

The aim of the thesis is to show how such diagnostic tools can be obtained.

The general testing principles developed in the thesis are applicable to a wide range of

models, including conventional ARMA-GARCH models and their mixture versions proposed

by Le, Martin and Raftery (1996), Wong and Li (2000), Wong and Li (2001a), Wong and

Li (2001b), Zeevi, Meir and Adler (2001), Rahbek and Shephard (2002), Bec, Rahbek and

Shephard (2008), Lanne and Saikkonen (2003a), Haas, Mittnik and Paolella (2004), and Lanne

(2006). Although not studied in this thesis, our approach may also be useful for Markov

switching models of Hamilton (1989) and other regime switching models such as threshold

autoregressive models of Tong (1990) and smooth transition autoregressive models of Chan

and Tong (1986) and Luukkonen, Saikkonen and Teräsvirta (1988).

Previously Pearson’s residuals have also been used to evaluate models based on mixtures

1



2 CHAPTER 1. INTRODUCTION

of distributions. We show in the following chapters that in these models the use of Pear-

son’s residuals and tests based on them can lead to erroneous inference, whereas our testing

approach based on quantile residuals is capable of evaluating models of this type. Thus, as

quantile residuals can be seen as generalizations of Pearson’s residuals, the class of models for

which traditional residual diagnostics can be applied is enlarged. This is useful because in ad-

dition to formal tests related graphical tools based on residuals can also be used to assess the

performance of fitted models and, potentially, provide the analyst with hints of the reasons of

misspecification. The approach developed is also flexible in the sense that competing models

based on different structural or distributional assumptions can be compared in a way similar

to that used when information criteria such as AIC Akaike (1973) and BIC Schwarz (1978)

are employed.

Quantile residuals can be defined for any model based on a continuous distribution. The

idea of quantile residuals originates from Rosenblatt (1952) and Cox and Snell (1968), and

was developed, among others, by Smith (1985), Dunn and Smyth (1996), and Palm and Vlaar

(1997). The term quantile residuals is due to Dunn and Smyth (1996), whereas Palm and

Vlaar (1997) speak of normalized residuals. Smith (1985) calls them normal forecast trans-

formed residuals. Quantile residuals are defined by two transformations. First, the estimated

cumulative density function implied by the model is used to transform the observations into

approximately independent uniformly distributed random variables. Second, the inverse of

the cumulative density function of the standard normal distribution is used to get variables

that are approximately independent with standard normal distribution. These results assume

that the model is correctly specified and its parameters are consistently estimated. If not, it

is expected that departures from normality and independence become detectable.

Univariate quantile residuals have been considered in many papers. Most of them concen-

trate on out-of-sample forecast evaluation of the model and, unlike we, do not give a proper

theoretical justification for the employed test procedures. By this we mean that the uncer-

tainty caused by parameter estimation is not taken into account and, consequently, the validity

of the employed asymptotic distribution is not guaranteed.

Quantile residuals are examined and used as a diagnostic tool, for example, in Dunn and
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Smyth (1996), Palm and Vlaar (1997), Diebold, Gunther and Tay (1998), Diebold, Hahn and

Tay (1999), Clements and Smith (2000), Clements and Smith (2002), Rahbek and Shephard

(2002), Bai (2003), Duan (2003), Lanne and Saikkonen (2003b), Hong (2003), Haas et al.

(2004), Hong, Li and Zhao (2004), Hong and Li (2005), Bai and Chen (2008), and Haywood

and Khmaladze (2008). Most of these papers analyze them without the normalizing transfor-

mation, i.e., use uniformly distributed variables. Smith (1985), Diebold et al. (1998), Diebold

et al. (1999), Clements and Smith (2000), Berkowitz (2001), Clements and Smith (2002), and

Haas et al. (2004) have proposed tests and graphical methods based mainly on the first trans-

formation and used them to evaluate density forecasts, i.e. out-of-sample fit of the estimated

model.1 Of the previous papers only Bai (2003), Duan (2003), Hong and Li (2005), Bai and

Chen (2008), and Haywood and Khmaladze (2008) have taken the estimation uncertainty into

account in deriving specification tests based on uniformly distributed quantile residuals.

As already mentioned, the second transformation leading to asymptotic normality of quan-

tile residuals has not been used in most of the earlier literature. We advocate the use of the

normalizing transformation for the following reasons. First, the hypothesis of correct speci-

fication can be written in terms of independence and normality of quantile residuals. Thus,

one can use previous results on testing independence and normality, and obtain tests that are

very simple to compute. Further, it turns out that the considered tests can be interpreted

as Lagrange Multiplier (LM) or score test so that they are asymptotically optimal against

local alternatives. In contrast, to the best of our knowledge, similar results are not available

and appear difficult to obtain when testing jointly for independence and uniform distribution.

Further, testing of the independence hypothesis in the case of uniformly distributed quantile

residuals has been ignored in the literature except in the nonparametric approach of Hong and

Li (2005). Second, practitioners are typically more familiar with looking at graphs based on

normally distributed residuals. Third, the use of the normalizing transformation implies that

quantile residuals are identical to conventional residuals, i.e., Pearson’s residuals, in several

standard models with Gaussian likelihood. Normally distributed quantile residuals and tests

1Normally distributed quantile residuals have been considered by Smith (1985), Dunn and Smyth (1996),
Palm and Vlaar (1997), Berkowitz (2001), Rahbek and Shephard (2002), Lanne and Saikkonen (2003b), and
Haas et al. (2004).
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based on them are therefore generalizations of their counterparts based on Pearson’s residuals.

Thus, comparisons between, for example, standard models and models based on mixtures of

distributions are straightforward in practice.

Misspecification tests based on multivariate uniformly distributed quantile residuals have

been considered in Hong and Li (2005) and Bai and Chen (2008). In Chapter 3 we generalize

the idea suggested in Diebold et al. (1999), Clements and Smith (2000) and Clements and

Smith (2002) in the context of multivariate density forecasts evaluation, and analyze two

different types of multivariate quantile residuals. One type is derived by using marginal and

conditional distribution functions at each time point, and it can be seen as a generalization

of multivariate Pearson’s residual. The other type, henceforth referred to as joint quantile

residuals, is based on a univariate transformation of the product of marginal and conditional

distributions.

We provide a general likelihood based framework which can be used to obtain misspec-

ification tests for various purposes. The obtained tests are theoretically sound in that they

properly take the uncertainty caused by parameter estimation into account. Further, under

correct specification, the conventional asymptotic χ2-distribution applies. All the quantile

residual based tests derived in the thesis are pure significance type tests of Cox and Hinkley

(1974) in that they do not require the specification of an alternative hypothesis. However, as

already indicated, the specific tests based on moments of univariate and multivariate normally

distributed quantile residuals developed in Chapters 2 and 3 can also be interpreted as LM

tests against particular alternatives. The tests of Chapter 4 are based on the empirical distri-

bution function of uniformly distributed quantile residuals and do not have such a theoretical

advantage. Therefore, local power analysis is provided to justify these tests.

The test statistics used in the specific tests of Chapters 2 and 3 are based on continuously

differentiable functions of quantile residuals. Therefore, the uncertainty caused by parameter

estimation can straightforwardly be taken into account via a standard Taylor expansion. This

approach cannot be applied to allow for the effect of parameter estimation in the tests consid-

ered in Chapter 4, where Khmaladze’s martingale transformation (developed in Khmaladze

(1981), Khmaladze (1988) and Khmaladze (1993)) is used to remove the effect of parameter
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estimation from the empirical distribution function. This approach has previously been em-

ployed by Bai (2003), Bai and Chen (2008), and Haywood and Khmaladze (2008) to generalize

the Kolmogorov-Smirnov test. It is also worth noting that Khmaladze’s transformation is sim-

ilar in spirit to the conditional approach of Wooldridge (1990), but in an infinite dimensional

space.

Previous literature also considers alternative approaches to handle the problem of estima-

tion uncertainty in the empirical distribution function. For instance, Corradi and Swanson

(2006) apply bootstrap methods to approximate the distribution of the Kolmogorov-Smirnov

test statistics and Hong and Li (2005) use a nonparametric approach in the case of a Cramér-

von Mises type test. However, when bootstrap or nonparametric methods are applied to more

complicated models based on mixtures of distributions they can become computationally very

burdensome or even infeasible in practice.

The following chapters contain simulations and empirical examples which illustrate the

finite sample size and power properties of the derived tests and also how the tests and related

graphical tools are applied in practice.

1.2 Summaries of the chapters

This section provides brief summaries of the following three chapters in the order of their

appearance.

1.2.1 Chapter 2: Misspecification Tests Based on Quantile Resid-

uals

Chapter 2 develops misspecification tests based on univariate quantile residuals and applies

them to nonlinear time series models for which conventional residuals are not suited. Mixtures

of AR-GARCHmodels, that are examples of this type of models, are employed in the empirical

section and in the simulations of the chapter.

A general framework based on the likelihood function and smooth functions of quantile

residuals is formulated and used to obtain three easy-to-use tests aimed at detecting non-
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normality, autocorrelation, and conditional heteroscedasticity in quantile residuals. The nor-

mality test builds on ideas suggested by Jarque and Bera (1987), whereas the autocorrelation

test makes use of the work of McLeod (1978) and Hosking (1981a). The conditional het-

eroscedasticity test is obtained by modifying the approach in McLeod and Li (1983). Tests for

other potential departures from the characteristic properties of quantile residuals are not con-

sidered but can easily be obtained by using the theory derived in this chapter. This includes

tests for which moments higher than used in the above mentioned tests appear relevant, for

example.

Although the application of the framework generates pure significance type tests, the above

mentioned three tests can be viewed as generalizations of similar previous tests based on

conventional residuals and the LM principle. This follows from the fact that, due to the

normalizing transformation, the considered quantile residuals can be handled much is the

same way as conventional Pearson’s residuals in standard models with Gaussian likelihood. In

addition, unlike in some similar previous tests no calibration or analytic results are needed to

modify the tests to get the limiting χ2 -distributions and as already noted, similar results are

not available if uniformly distributed quantile residuals are employed.

According to simulations on mixtures of AR-GARCH models, the proposed tests have

reasonable size properties once a simulation method is used to estimate a covariance matrix

needed in the test statistics. The power of the tests is also satisfactory even in rather com-

plicated mixture models where the traditional approach based on conventional residuals does

not work or may require modifications which can be difficult to implement or even infeasible

in practice.

An empirical example on German interest rate series, considered also in Lanne and Saikko-

nen (2003b), illustrates the application and usefulness of both mixtures of AR-GARCHmodels

and the test procedures and related graphical tools developed in this chapter.

1.2.2 Chapter 3: Quantile Residuals for Multivariate Models

Motivated by the fact that multivariate time series models based on mixtures of distributions

have recently been applied (cf. Bec et al. (2008), Haas et al. (2004), and Lanne and Saikkonen
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(2007)) Chapter 3 extends the concept of quantile residuals to multivariate models. It is

shown that, under mild regularity conditions, the multivariate and joint quantile residuals are

approximately independent with standard normal distribution.

As in Chapter 2, a general framework based on smooth functions of multivariate quantile

residuals and the likelihood function is formulated and used to obtain misspecification tests

which take the uncertainty caused by parameter estimation properly into account, and under

correct specification, are asymptotically χ2 -distributed. To illustrate the usefulness of our

general multivariate framework we extend the three tests developed in Chapter 2 and obtain

tests aimed at detecting non-normality, serial correlation, and conditional heteroscedasticity

in multivariate and joint quantile residuals. The normality and autocorrelation tests use

ideas of Doornik and Hansen (2008) and Chitturi (1974), respectively, whereas the conditional

heteroscedasticity test modifies the approach used by McLeod and Li (1983) and Ling and Li

(1997). Again, tests against other potential departures from the characteristic properties of

multivariate or joint quantile residuals can readily be obtained by using the theory provided.

When based on multivariate quantile residuals, the above mentioned three tests can be

viewed as generalizations of similar previous tests based on conventional multivariate residuals.

As the corresponding tests of Chapter 2, these tests are initially derived as pure significance

type tests. However, in this case LM interpretations are only straightforward to obtain for the

tests for serial correlation and conditional heteroscedasticity. For the normality test an LM

interpretation is obtained in a rather restricted special case. Moreover, it seems unlikely that

LM interpretations are available for corresponding tests based on joint quantile residuals.

Chapter 3 also provides an empirical example based on 4 weekly exchange rate series of

French Franc, Dutch Guilder, German Mark and Swiss Franc against the U.S. Dollar for the

years 1984-1997 considered in Lanne and Saikkonen (2007). The aim of the example is to

illustrate the application of Multivariate Generalized Orthogonal Factor GARCH models and

the tests developed in the chapter. According to the analysis based on multivariate and joint

quantile residuals and related tests, neither the models used by Lanne and Saikkonen (2007)

nor the considered new models are adequate.

As in Chapter 2, observed size distortions are corrected by using a simulation method to
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estimate a covariance matrix needed in the tests. According to simulations based on rather

simple models the proposed tests have satisfactory size and power properties.

1.2.3 Chapter 4: Misspecification Tests Based on the Empirical

Distribution Function of Quantile Residuals

In Chapter 4 the empirical distribution function of uniformly distributed quantile residuals is

used to construct misspecification tests for nonlinear time series models. As in Bai (2003),

Khmaladze’s martingale transformation is applied to the empirical process in order to eliminate

the uncertainty caused by parameter estimation. This approach is adopted, because the

standard methods used for this purpose in Chapters 2 and 3 are not applicable here.

The aim of the chapter is to provide theory needed for the interpretation of graphical

methods such as histograms or Quantile-Quantile and Probability-Probability plots of quantile

residuals. Due to the use of Khmaladze’s transformation it is reasonable to consider slightly

modified versions of these graphs. Theoretical background of critical bounds for histogram

type plots is obtained by generalizing the well-known Pearson’s χ2 -goodness-of-fit test based

on the transformed empirical process. The Cramér-von Mises and Anderson-Darling tests are

also generalized to obtain critical bounds for Quantile-Quantile and Probability-Probability

type plots of quantile residuals. These results complement the earlier work of Bai (2003) who

studied the Kolmogorov-Smirnov test.

Under regularity conditions that include the independence of the quantile residuals, the

considered test statistics are asymptotically distribution-free. The asymptotic critical values

of our version of Pearson’s test are obtained from the χ2 -distribution. The other test statis-

tics considered converge in distribution to well-known functionals of the standard Brownian

motion. Thus, the critical values for these test statistics are obtained by simulation.

A simulation study investigates the size performance of the developed tests. Because the

normality test derived in Chapter 2 is a natural alternative, it is also considered in the simula-

tions. It turns out that the tests based on Khmaladze’s transformation perform rather poorly,

especially when more complicated mixture models are considered, whereas the performance

of the normality test of Chapter 2 is acceptable. Because the considered tests are pure signif-
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icance type tests and cannot be motivated by the LM principle, their local power properties

are considered in the chapter. However, due to the rather serious size problems no simulations

on the finite sample power is provided.

To illustrate the practical use of the tests and related plots developed in this chapter,

an empirical example on weekly three-month U.S. Treasury bill rate from January 1954 to

September 1999 is provided. Various non-nested AR-GARCH models and their mixtures are

analyzed. The data set and some of the models have also been considered by Lanne and

Saikkonen (2003a). The analysis based on quantile residuals is in favour of the mixtures of

AR-GARCH models, although none of the considered models is accepted by the diagnostics.
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Chapter 2

MISSPECIFICATION TESTS

BASED ON QUANTILE RESIDUALS

Abstract

We develop misspecification tests based on quantile residuals and apply them to nonlinear

time series models for which conventional residuals are not suited. We formulate a general

framework and use it to obtain computationally simple tests aimed at detecting non-normality,

autocorrelation, and conditional heteroscedasticity in quantile residuals. These tests can be

viewed as generalizations of similar previous tests based on conventional residuals and the

Lagrange Multiplier principle. According to simulations on mixture models the proposed

tests have reasonable size properties and power in cases when the traditional approach does

not work. An empirical example illustrates the usefulness of these methods.

2.1 Introduction

Checking the specification of a statistical model usually involves both statistical tests and

graphical methods based on residuals. However, in some recent models based on mixtures

of distributions conventional residuals, often called Pearson’s residuals, are not convenient or

ideal. Examples of such models include various regime-switching models. The approach taken

in this chapter makes use of residuals sometimes referred to as quantile residuals. These residu-

15
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als can be defined for any fully specified parametric model by using the cumulative distribution

function of the observations. The idea of quantile residuals originates from Rosenblatt (1952)

and Cox and Snell (1968), and was developed, among others, by Smith (1985), Dunn and

Smyth (1996), and Palm and Vlaar (1997). The term quantile residual is due to Dunn and

Smyth (1996), whereas Palm and Vlaar (1997) speak of normalized residuals. Smith (1985)

calls them normal forecast transformed residuals.

Quantile residuals are defined by two transformations. First, the estimated cumulative

distribution function implied by the model is used to transform the observations into approx-

imately independent uniformly distributed random variables. This is the so-called probability

integral transformation. Second, the inverse of the cumulative distribution function of the

standard normal distribution is used to get variables which are approximately independent

with a standard normal distribution. These results assume that the model is correctly speci-

fied and parameters are consistently estimated. If this is not the case, quantile residuals are

expected to exhibit detectable departures from the characteristic properties described above.

In this chapter, we study asymptotic properties of quantile residuals in a general likelihood

framework. We give regularity conditions under which a central limit theorem holds for smooth

functions of quantile residuals. This result can be used to obtain misspecification tests which,

under correct specification, have limiting χ2−distributions. Our approach is theoretically

sound in that it takes the uncertainty caused by parameter estimation into account. Unlike in

some similar previous tests no calibration or analytic results are needed to modify the tests to

get the standard asymptotic distribution. We illustrate our approach by deriving easy-to-use

tests aimed at detecting non-normality, autocorrelation, and conditional heteroscedasticity in

quantile residuals. The obtained tests can be interpreted as Lagrange Multiplier (LM) or

score tests, thus they are asymptotically optimal against local alternatives. Tests for other

departures from the characteristic properties of quantile residuals can be obtained similarly

by using the theory proposed.

Previously, quantile residuals have been examined and used as a diagnostic tool, for exam-

ple, in Smith (1985), Dunn and Smyth (1996), Palm and Vlaar (1997), Diebold et al. (1998),

Diebold et al. (1999), Clements and Smith (2000), Clements and Smith (2002), Rahbek and
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Shephard (2002), Bai (2003), Duan (2003), Lanne and Saikkonen (2003b), Hong (2003), Haas

et al. (2004), Hong et al. (2004), and Hong and Li (2005). Many of these papers analyze

them without the normalizing transformation, i.e., use uniformly distributed variables. Most

of them concentrate on out-of-sample forecast evaluation of the model and, unlike we, do

not give proper theoretical justification for the employed procedures. Of the previous papers

only Bai (2003), Duan (2003), and Hong and Li (2005) take the estimation uncertainty into

account in deriving their tests. Each of these three papers is based on a different approach.

Bai (2003) generalizes the Kolmogorov-Smirnov test, whereas Hong and Li (2005) obtain a

general test procedure that uses nonparametric methods. A general test procedure is also de-

veloped by Duan (2003), but his approach to allow for estimation uncertainty differs from ours.

These three papers base their analysis on uniformly distributed residuals. We use normally

distributed quantile residuals due to their convenient properties to be discussed later.

The general testing principle derived in this chapter is applicable to a wide range of models,

including conventional ARMA-GARCH models and their mixture versions proposed by Le

et al. (1996), Wong and Li (2000), Wong and Li (2001a), Wong and Li (2001b), Zeevi et al.

(2001), Rahbek and Shephard (2002), Bec et al. (2008), Lanne and Saikkonen (2003a), Haas

et al. (2004), and Lanne (2006). Although not studied in this chapter, our tests may also be

useful for Markov switching models of Hamilton (1989) and other regime switching models

such as threshold autoregressive models of Tong (1990) and smooth transition autoregressive

models of Chan and Tong (1986) and Luukkonen et al. (1988). Our testing approach based

on quantile residuals can be used to evaluate all these models and they can also be used to

compare competing models based on different structural or distributional assumptions. In

addition to formal tests we also demonstrate how related graphical tools can be used to assess

the performance of fitted models (in section 2.5).

Finite sample properties of the proposed tests are studied by simulation. In order to better

control the size of the tests a simulation method is used to estimate a covariance matrix needed

in the test statistics. The simulations show that the tests have reasonable size properties and

ability to reveal misspecification in finite samples even in complicated mixture autoregressive

models. Our simulations also demonstrate that the effect of parameter estimation should
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not be neglected even in conventional models where Pearson’s residuals are available. In a

comparison with other similar tests introduced in the literature our tests perform well. When

the parameters of the model are estimated from the simulated data and Pearson’s residuals

are appropriate, our tests have similar size properties to the other tests considered. When a

mixture model is estimated the use of (unmodified) tests based on Pearson’s residuals leads

to considerable size distortions. The usefulness of the obtained tests and related graphical

methods is illustrated by an example on a monthly German interest rate series.

The remainder of this chapter is organized as follows. Section 2.2 defines the quantile

residuals and examines their theoretical properties, which are used in Section 2.3 to derive

misspecification tests. Section 2.4 presents simulation results on mixture models, Section 2.5

gives an empirical example, and Section 2.6 contains concluding remarks.

2.2 Quantile residuals

In this section, we first motivate the use of quantile residuals and define them in a general

likelihood framework. Based on the theoretical properties of quantile residuals a general

approach of obtaining misspecification test is then described.

2.2.1 Motivation

We shall first give a simple example to illustrate the difficulty with the definition of residuals in

mixture models, such as Mixture Autoregressive (MAR) models (see e.g. Lanne and Saikko-

nen (2003a) and the references therein). Let {Yt}∞t=−∞ be an observable stochastic process

generated by the conventional nonlinear autoregression

Yt = f(Yt−1,θ)+σεt

for parameters θ and σ, known function f, and an unobservable error process {εt}∞t=−∞ that

is assumed to be normally and independently distributed (n.i.d.) with zero mean and unit

variance. In this case Pearson’s residuals ε̂t = (yt − f(yt−1, θ̂)) /σ̂ , where f(yt−1, θ̂) is the

model prediction with parameter estimates θ̂ and σ̂, can be straightforwardly defined and
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analyzed in the traditional way.

Now consider a simple MAR model with two regimes given by

Yt =




φ1Yt−1 + σεt, if c ≤ ηt,

φ2Yt−1 + σεt, if c > ηt,

where φ1, φ2 and c are parameters, {εt}∞t=−∞ and σ are as above, and {ηt}∞t=−∞ is an unob-

servable independent identically distributed (i.i.d.) process with zero mean, unit variance and

independent of {εt}∞t=−∞. If the value of ηt were known, the model would be a special case

of the threshold autoregressive models considered in Tong (1990). Then Pearson’s residuals

could be computed as (yt−φ̂1yt−1)/σ̂, if ηt ≤ c, and
(
yt − φ̂2yt−1

)
/σ̂, if ηt > c. However, when

ηt is unknown, Pearson’s residuals are obtained by subtracting an estimate of the conditional

mean from yt, to obtain yt − π̂tφ̂1yt−1 − (1 − π̂t)φ̂2yt−1, where π̂t equals P(c ≤ ηt) evaluated

at c = ĉ, and dividing the difference by an estimate of the conditional standard deviation of

yt (for a definition, see e.g. Lanne and Saikkonen (2003a)). Thus, when ηt is unobservable,

the resulting residuals will not be empirical counterparts of εt. Apart from estimation errors,

they are (uncorrelated) martingale differences with zero mean and unit variance, but even

asymptotically, their distribution differs from that of εt and they are not independent in time.

Therefore, their theoretical properties are not well suited for traditional residual analysis. This

fact is also illustrated in our simulations based on mixture distributions, where convention-

ally applied tests based on Pearson’s residuals perform very poorly. Thus, Pearson’s residuals

are not optimal for MAR models and the same applies to other models based on mixture

distributions.

Unlike our tests, those based on Pearson’s residuals need modifications or correction terms

when applied to mixture models. As will be discussed later, this can be inconvenient or even

impossible. Furthermore, these tests lack the LM interpretation and, thus, the optimality due

to it.
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2.2.2 Definition and theoretical properties

For convenience, we shall first present notation and assumptions employed. The observed data

and the needed initial values are denoted by y = [y1 · · · yT ]′ and y0, whereas the corresponding

random variables are Y1, ..., YT , and Y0. We assume that the set of all potential models for

Y1, ..., YT is defined by a family of density functions f(θ,y) indexed by a parameter θ that

belongs to the set Θ ⊂ Rk. We abbreviate this as P =
{
f(θ,y) : θ ∈ Θ, y ∈RT

}
. For each

f : Θ×RT → R+ we write

f(θ,y) =
T∏

t=1

ft−1(θ,yt), (2.1)

where ft−1(θ,yt) = f(θ,yt|Gt−1), t ∈ {1, ..., T} is the conditional density function given Gt−1 =

σ(Y0, Y1, ..., Yt−1), the sigma-algebra generated by the random variables {Y0, Y1, ..., Yt−1} . The

true parameter value is denoted θ0.

According to Dunn and Smyth (1996), the theoretical quantile residual is defined by

Rt,θ = Φ−1(Ft−1(θ, Yt)), (2.2)

and the observed quantile residual is rt,θ̂T = Φ−1(Ft−1(θ̂T , yt)), where Φ−1(·) is the inverse

of the cumulative distribution function of the standard normal distribution, Ft−1(θ, yt) =
∫ yt
−∞ ft−1(θ,u)du is the conditional cumulative distribution function of yt, and θ̂T is an es-

timate of θ0. If the data are independently and identically distributed, the formula (2.2)

is a special case of the “crude” residual of Cox and Snell (1968). Note also that quantile

residuals reduce to Pearson’s residuals when ft−1(θ, yt) = φ((yt − µt−1(θ̂T ))/σt−1(θ̂T )), where

φ(y) = 1√
2π

exp{−1
2
y2}, and µt−1(θ̂T ) and σt−1(θ̂T ) are the estimated conditional mean and

standard deviation of yt, respectively. This implies that quantile residuals and Pearson’s resid-

uals are identical in several conventional models with Gaussian likelihood. Examples include

the standard linear model as well as linear and nonlinear autoregressive models with normal

errors. Thus, in this sense quantile residuals are a natural generalization of Pearson’s residuals.

The following Lemma 2.2 shows that observed quantile residuals are asymptotically inde-

pendently and normally distributed, if the estimated model is correctly specified. This implies

that the hypothesis of a correct specification and properties of quantile residuals are conve-
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niently connected, which makes quantile residuals a useful tool in model evaluation. Unless

otherwise stated all limit statements assume that T → ∞. The symbols
W→ and

P→ signify

weak convergence and convergence in probability, respectively.

Condition 2.1 Let the following assumptions hold.

(1) The collection P is correctly specified, i.e., f(θ0,y) ∈ P.

(2) ft−1 : Θ × R → R+ is a continuous conditional density function for all θ ∈ Θ and

t = 1, ..., T.

(3) θ̂T is an estimator of θ0 such that θ̂T
P→ θ0.

This condition is both necessary and sufficient for the following Lemma 2.2. Note also

that θ̂T can be any consistent estimator, not necessarily the Maximum Likelihood Estimator

(MLE).

Lemma 2.2 Under Condition 2.1,

a) the distribution of the vector of quantile residuals

[
R1,θ0 · · · RT,θ0

]′
is multivariate

standard normal, where Rt,θ0 is as in (2.2) with θ = θ0,

b) for any H fixed

[
R1,θ̂T · · · RH,θ̂T

]′
is asymptotically multivariate standard normal,

where Rt,θ̂T
is as in (2.2) with θ =θ̂T , and

c) for any k ≥ 1, Rt+k,θ0 is independent of {Y1, ..., Yt} .

The proof is given in Appendix 2.A. Part a) has previously been proved by Rosenblatt

(1952) and Diebold et al. (1998) for the probability integral transformation. In the former

paper the joint distribution function is assumed to be absolutely continuous whereas the latter

paper assumes existence of strictly positive continuous conditional density functions. A proof

for independence is also given by Bai (2003) again in the case of the probability integral

transformation. Parts a) and b) are used to obtain the tests and part c) is used in some of

the subsequent derivations.
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Based on Lemma 2.2 we use asymptotically normally distributed quantile residuals to de-

rive misspecification tests. As mentioned earlier, most of the previous literature on quantile

residuals analyzes them without the normalizing transformation. We advocate the use of the

normalizing transformation for the following reasons. First, the hypothesis of correct specifi-

cation can be written in terms of the independence and normality of quantile residuals. Thus,

one can use previous results on testing independence and normality, and obtain tests, which

due to their LM interpretation, are both very simple to compute and asymptotically optimal

against local alternatives. In contrast, to the best of our knowledge, similar parametric results

are not available when testing jointly for independence and uniform distribution, where the

independence hypothesis is ignored in the literature (for an exception, see Hong and Li (2005)

for a nonparametric approach) and optimality results are not available. Second, practitioners

are typically more familiar with looking at graphs based on normally distributed residuals.

Graphical analysis of residuals is an important part of model specification, because it may

give useful hints of the reasons of potential misspecification. Third, as already noted, the use

of the normalizing transformation implies that quantile residuals are identical to conventional

residuals, i.e., Pearson’s residuals, in several standard models with Gaussian likelihood. Nor-

mally distributed quantile residuals and tests based on them are therefore generalizations of

their counterparts based on Pearson’s residuals.

2.2.3 Preliminaries on Maximum Likelihood estimation

In what follows we assume that conditional density functions exist in which case the model

can be written as in (2.1) and, conditional on initial values, the log-likelihood function takes

the form

lT (θ,y) =
∑T

t=1
lt(θ,yt) =

∑T

t=1
log ft−1(θ,yt).

The following Condition 2.3 is sufficient for the consistency and asymptotic normality of a

local maximizer of the conditional likelihood function. These results are needed to derive the

limiting distribution of a general statistic from which tests based on quantile residuals can be

obtained. We use ‖·‖ to signify the Euclidean norm.
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Condition 2.3 Let the following assumptions hold.

(1) Θ ⊂ Rk is an open set.

(2) The model is correctly specified, i.e., F (θ0,y) ∈ P.

(3) For every (θ,x) ∈ Θ × D, where D ⊂ R, and every t = 1, ..., T, ft−1(θ,x) > 0 and the

second partial derivatives ∂2

∂θi∂θj
ft−1(θ,x), i, j = 1, ..., k, exist and are continuous.

(4) Denote NT,c =
{
θ ∈ Θ :

√
T ‖θ − θ0‖ ≤ c

}
and

BT (θ) = − ∂2

∂θ∂θ′
lT (θ,Y) = −

[∑T

t=1

∂2lt(θ,Yt)

∂θi∂θj

]k

i,j=1

.

There exists a nonrandom positive definite matrix I(θ0), such that for all c > 0,

sup
θ∈NT,c

∥∥∥∥
1

T
BT (θ)− I(θ0)

∥∥∥∥
P→ 0.

(5) The score function ST (θ) = ∂
∂θ
lT (θ,Y) =

∑T
t=1

∂
∂θ
lt(θ,Yt) satisfies

1√
T
ST (θ0)

W→ I(θ0)
1
2Z, Z ∼ N(0, Ik).

Condition 2.3(3) imposes fairly standard regularity conditions on the conditional density

functions. Combined with Condition 2.3(1) it implies the applicability of the Mean-Value

Theorem for the score function in any convex set A ⊂ Θ. Note that Condition 2.3(1) guaran-

tees the standard assumption that the MLE is an inner point. The correct model specification

is necessary for Theorem 2.4 below and for testing purposes. Condition 2.3(4) is technical

and gives a uniform convergence in probability of the Hessian of the log-likelihood on special

compact sets that contain the true parameter value θ0. Condition 2.3(5) is a high level as-

sumption needed to obtain asymptotic normality of the MLE. In particular cases Condition

2.3(4) can be verified by using an appropriate uniform law of large numbers whereas Condition

2.3(5) can be verified by using a martingale central limit theorem, as in general {ST (θ0)} is

a martingale.
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We define the MLE θ̂T to be any local maximizer of lT (θ;y) when such a maximizer exists,

and +∞ otherwise.

Theorem 2.4 Under Condition 2.3,
√
T (θ̂T − θ0) W→ N(0, I(θ0)

−1).

The proof is given in Appendix 2.A by using the approach in Aitchison and Silvey (1958),

Sweeting (1980), and Basawa and Scott (1983).

2.2.4 Central Limit Theorem for transformed quantile residuals

Now we can develop our general framework for obtaining tests based on quantile residuals. The

function g to be introduced below is used to transform the quantile residuals. With different

choices of this function one can construct test statistics for different potential departures from

the characteristic properties of quantile residuals.

Condition 2.3 and the following Condition 2.5 together yield the theorems needed to es-

tablish asymptotic distributions for our test statistics. As in Condition 2.3, NT,c =
{
θ ∈ Θ :

√
T ‖θ − θ0‖ ≤ c

}
.

Condition 2.5 Let the following assumptions hold.

(1) g : Rm → Rn is a continuously differentiable function such that E(g(Rt,θ0)) = 0, where

Rt,θ0 =

[
Rt,θ0 · · · Rt−m+1,θ0

]′
is a vector of quantile residuals defined in (2.2).

(2) Ft−1 : Θ× R→ (0, 1) is continuously differentiable in (θ,x) ∈ Θ×D, where D ⊂ R, for

all t = 1, ..., T.

(3) For all c > 0

sup
θ∈NT,c

∥∥∥∥
1

T

∑T

t=1

∂

∂θ′
g(Rt,θ)−G

∥∥∥∥
P→ 0, sup

θ∈NT,c

∥∥∥∥
1

T

∑T

t=1
g(Rt,θ)g(Rt,θ)

′ −H

∥∥∥∥
P→ 0,

and

sup
θ∈NT,c

∥∥∥∥
1

T

∑T

t=1
g(Rt,θ)

[
∂

∂θ
lt(θ,Yt)

]′
−Ψ

∥∥∥∥
P→ 0,

where G =E( ∂
∂θ′
g(Rt,θ0)) and H = E(g(Rt,θ0)g(Rt,θ0)

′) exist and are finite, and Ψ is a

constant matrix. Moreover, the matrix H is positive definite.
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(4)

[
1√
T
ST (θ0)

′ 1√
T

∑T
t=1 g(Rt,θ0)

′
]′

W→ Nk+n(0,Σ), where ST (θ) is the score and

Σ =



I(θ0) Ψ′

Ψ H


 is positive definite.

Condition 2.5(1) allows test statistics to be defined by any continuously differentiable

transformation of the quantile residuals with zero expectation. A large number of different

hypotheses can therefore be tested within this framework. Condition 2.5(2) complements

Condition 2.3(3). Condition 2.5(3) imposes uniform convergence in probability on special

compact sets similar to that in Condition 2.3(4). Together these two conditions define the

(constant) covariance matrix Σ in Condition 2.5(4). The joint weak convergence assumption

in Condition 2.5(4) can be verified by using an appropriate central limit theorem. As a special

case it contains Condition 2.3(5).

Now we can state a CLT from which the limiting distributions of our tests are obtained.

Theorem 2.6 Under Conditions 2.3 and 2.5,

1√
T

∑T

t=1
g(Rt,θ̂T

)
W→ N(0,Ω), (2.3)

where the covariance matrix Ω is positive definite and given by

Ω = GI(θ0)
−1
G′ + ΨI(θ0)

−1
G′ + GI(θ0)

−1
Ψ′ + H. (2.4)

The proof is given in Appendix 2.A. As seen from Condition 2.5(4), the first three terms

in the asymptotic covariance matrix Ω take the uncertainty caused by parameter estimation

into account.

The following lemma provides a consistent estimator for the covariance matrix Ω needed

when a test based on a chosen function g is derived. This lemma is very convenient in practice,

because in many cases the components of Ω are difficult or impossible to obtain analytically.

Lemma 2.7 Let Conditions 2.3 and 2.5 hold and IT (θ̂T ) be a consistent estimator for I(θ0).
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Then a consistent estimator for Ω is

Ω̂T =
1

T

∑T

t=1

∂

∂θ′
g(rt,θ̂T ) · IT (θ̂T )−1 · 1

T

∑T

t=1

∂

∂θ
g(rt,θ̂T )

+
1

T

∑T

t=1
g(rt,θ̂T )

∂

∂θ′
lt(θ̂T ,yt) · IT (θ̂T )−1 · 1

T

∑T

t=1

∂

∂θ′
g(rt,θ̂T )

+
1

T

∑T

t=1

∂

∂θ′
g(rt,θ̂T ) · IT (θ̂T )−1 · 1

T

∑T

t=1

∂

∂θ
lt(θ̂T ,yt)g(rt,θ̂T )′

+
1

T

∑T

t=1
g(rt,θ̂T )g(rt,θ̂T )′.

Proof. Consistency follows from an application of both the Continuous Mapping Theorem

and Slutsky’s Lemma.

The numerical value of Ω̂T is easily obtained as a by-product of the employed estimation al-

goritm; only knowledge of the estimates θ̂T and IT (θ̂T )−1, the log-likelihood function lt(θ̂T ,yt),

and the derivatives ∂
∂θ′
g(rt,θ̂T ) and ∂

∂θ
lt(θ̂T ,yt) are needed. In the simulations and empirical

examples of the chapter, the estimator IT (θ̂T ) is chosen to be 1
T

∑T
t=1

∂
∂θ
lt(θ̂T ,yt)

∂
∂θ
lt(θ̂T ,yt)

′.

An advantage of this estimator is that it is always positive semi-definite. Another consistent

estimator is 1
T
BT (θ̂T ). The needed derivatives are easy to compute numerically if their analytic

values are difficult to obtain or not known. Lemma 2.9 in Appendix 2.B provides an explicit

expression for the derivatives ∂
∂θ′

Rt,θ .

Theorem 2.6 gives a general test statistic defined by

S = (T −m+ 1) · 1

T −m+ 1

∑T−m+1

t=1
g(rt,θ̂T )′ · Ω̂−1

T · 1

T −m+ 1

∑T−m+1

t=1
g(rt,θ̂T )

H0≈ χ2(n),

where m and n are the dimensions of the domain and range of the function g : Rm → Rn,

respectively. If the matrix G = 0 there is (asymptotically) no need to take the estimation

uncertainty into account in the test statistic. Then the covariance matrix estimate Ω̂T can be

simplified in an obvious way because only the matrix H needs to be estimated. In particular

cases the matrix H may even be known, as seen in the next section. However, in simulations

test statistics based on the sample estimate Ĥ = 1
T

∑T
t=1 g(rt,θ̂T )g(rt,θ̂T )′ turned out to have

preferable size properties. Even then the size properties were not always satisfactory, thus,

the covariance matrix estimate Ω̂T was obtained using simulation methods (see Section 2.4.2).
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In some cases the estimation of parameters has no effect on the asymptotic distribution of

the test statistic (see McLeod and Li (1983) and Escanciano and Olmo (2007) for an example).

However, this is not true in general and considerable size distortions can result if the estimation

uncertainty is incorrectly ignored in the test (see Section 2.4). This has often been done in

models where Pearson’s residuals are appropriate. Because Pearson’s residuals are a special

case of quantile residuals our approach can be used to obtain asymptotically valid tests in

these cases too.

A test based on Theorem 2.6 uses a strategy that does not require specification of an

alternative hypothesis. Tests of this type were introduced by Cox and Hinkley (1974) who

called them pure significance tests. Such tests are robust, but generally not optimal against

particular alternatives. However, it turns out that the specific tests to be derived in the next

section can also be interpreted as LM tests against particular alternatives. This can be seen in

the same way as in the corresponding previous tests based on Pearson’s residuals. A suitable

auxiliary model is chosen for quantile residuals and incorporated into the model of interest to

obtain an extended likelihood function. The test is then obtained by using the LM principle

to an appropriate null hypothesis in the auxiliary model. This idea can also be used in other

cases (for more details, see Appendix 2.C). Note, however, that the above-mentioned auxiliary

model is only used as a device to obtain a test and understand its properties. We are not

suggesting that it would be used in practice.

One convenience of the LM interpretation is that the estimation of the covariance ma-

trix Ω needed in the test statistic can be simplified, for the standard regularity of the score

function yields Ψ = −G and, consequently, Ω = H−ΨI(θ0)
−1
Ψ′ (see Appendix 2.C.1 for

more details). Another convenience is that LM tests are asymptotically optimal against local

alternatives (see e.g. Basawa and Scott (1983)). Note that similar results are not available

for uniformly distributed quantile residuals. In particular, because the likelihood function of

the resulting auxiliary model is not regular enough a LM interpretation is not available for

analogous tests based on uniformly distributed quantile residuals (see Appendix 2.C.4). This

is an advantage of our approach.
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2.3 Tests based on quantile residuals

In this section we derive separate tests for non-normality, serial correlation, and conditional

heteroscedasticity of quantile residuals. Instead of these separate tests we could have chosen

to employ the approach, e.g., in Jarque and Bera (1980), and use our framework to derive

a joint test for these three features. However, as our simulations demonstrate, using the

separate tests jointly has its advantages. Because the sensitiveness of the individual tests

against different misspecifications varies, outcomes of separate tests may give useful hints of the

reasons of a potential misspecification. Moreover, separate tests can be used to complement the

information provided by graphical methods such as histograms, QQ-plots, and autocorrelation

functions of quantile residuals and squared quantile residuals.

Our general framework can be used to derive tests based on any function g of quantile

residuals for which Condition 2.5(1) holds. This includes, but is not limited to, higher moments

of quantile residuals. A correct model specification will be assumed below so that Rt,θ0 ∼

n.i.d.(0, 1) holds.

2.3.1 Normality tests

The normality test to be developed in this section builds on ideas suggested by Lomnicki

(1961), Kiefer and Salmon (1983), and Jarque and Bera (1987). The null hypothesis employed

is based on three moments of quantile residuals, namely

H0 : E

[
R2t,θ0−1 R3t,θ0 R4t,θ0 − 3

]′
= 0 for all t.

The idea is to check whether the corresponding sample moments associated with the N(0, 1)

distribution are sufficiently close to their theoretical values.

Thus, we choose the function g : R→ R3 (see Theorem 2.6) as

g(rt,θ) =

[
r2t,θ − 1 r3t,θ r4t,θ − 3

]′
.

Compared to normality tests based on Pearson’s residuals we have included the term r2t,θ − 1.
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According to our simulations the addition of this term improves the small sample properties of

the test in nonlinear mixture models. It has to be removed in cases where the sample variance

of quantile residuals is automatically one, because then the matrix H (see (2.5) below) is not

positive definite and the derived asymptotic result does not hold. This happens e.g. when

models are estimated by ordinary least squares (OLS).

It is easy to show that, with the preceding choice of the function g, E(g(Rt,θ0)) = 0 with

the matrix G =E( ∂
∂θ′
g(Rt,θ0)) given in Appendix 2.B, and

H = E(g(Rt,θ0)g(Rt,θ0)
′) =




2 0 12

0 15 0

12 0 96



. (2.5)

Thus, assuming the conditions of Theorem 2.6 we get the asymptotic result

√
T







1
T

∑T
t=1R

2
t,θ̂T

1
T

∑T
t=1R

3
t,θ̂T

1
T

∑T
t=1R

4
t,θ̂T



−




1

0

3







W→ N(0,Ω). (2.6)

Define Ω̂T , an estimator ofΩ, as described after Lemma 2.7 so that the last term in Lemma 2.7

is replaced with the sample estimate Ĥ = 1
T

∑T
t=1 g(rt,θ̂T )g(rt,θ̂T )′ of matrix H given in (2.5).

Using this estimator and the preceding asymptotic result we now obtain the test statistic

N = T · 1

T

∑T

t=1
g(rt,θ̂T )′ · Ω̂−1

T · 1

T

∑T

t=1
g(rt,θ̂T )

H0≈ χ2(3).

Arguments similar to those in Jarque and Bera (1987) can be applied to show that test statistic

N can be motivated by the LM principle when the density of the quantile residuals is assumed

to belong to the Pearson family of distributions (see Appendix 2.C.1).

The preceding test can be seen as a generalization of the normality test proposed by Chen

and Kuan (2003). Their test is based on Pearson’s residuals and, among other things, it does

not allow for the effect of parameter estimation. The idea of test statistic N is to test how well

the chosen conditional distribution fits the data. This differs from the testing arrangement in
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Bontemps and Meddahi (2005), where the marginal distribution is of interest. Their test is

also based on Pearson’s residuals, but the formulation is similar to ours. They derive moment

conditions such that the counterpart of the expectation matrix G (see Condition 2.5(3) for

the definition) in their test statistic is equal to zero. This derivation has to be done separately

and analytically for each model, which for complicated models such as mixture models is

generally impossible to achieve. Hence, in certain cases their test is robust against estimation

uncertainty, but not directly applicable to more complicated models such as mixture models.

In Section 2.4 we present simulation results on this approach.

2.3.2 Test for Autocorrelation

To test for potential autocorrelation in quantile residuals we consider the general null hypoth-

esis

H0 : Corr(Rt,θ0, Rt−k,θ0) = 0 for all t and k > 0. (2.7)

Our test is based on the statistics

ĉk =
1

T − k
∑T

t=1+k
rt,θ̂T rt−k,θ̂T k = 1, ..., K1, K1 << T,

i.e., uncentered sample autocovariances of quantile residuals. These are reasonable estimators

because theoretically we have E(Rt,θ0) = 0, even though in general 1
T

∑T
t=1 rt,θ̂T �= 0. The

potential inadequacy in the model is assumed to be reflected by the first K1 autocovariances.

Thus, in this case we define the function g : RK1+1 → RK1 as

g(rt,θ) =

[
rt,θrt−1,θ · · · rt,θrt−K1,θ

]′
.

Then clearly E(g(Rt,θ0)) = 0 with the matrix G =E( ∂
∂θ′
g(Rt,θ0)) given in Appendix 2.B,

and, by independence, H = E(g(Rt,θ0)g(Rt,θ0)
′) = IK1 . Using Theorem 2.6 and the es-

timator for Ω given in Lemma 2.7 with the last term replaced with the sample estimate
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Ĥ = 1
T

∑T
t=1 g(rt,θ̂T )g(rt,θ̂T )′, gives the test statistic

AK1 = (T −K1) ·
1

T −K1
∑T

t=1+K1

g(rt,θ̂T )′ · Ω̂−1
T · 1

T −K1
∑T

t=1+K1

g(rt,θ̂T )
H0≈ χ2(K1).

It is seen in Appendix 2.C.2 that test statistic AK1 can be interpreted as a LM test statistic

when a K1th order autoregressive model is specified for quantile residuals. Previously similar

tests have been discussed by McLeod (1978) and Hosking (1981a) in the context of ARMA

models. McLeod (1978) formulated his test in terms of autocorrelations of Pearson’s residuals

but it can also be motivated as a LM test (see Hosking (1981a)). Our test can be seen as a

quantile residual based generalization of McLeod’s (1978) test.

In addition to the overall test statistic AK1 it is also useful to consider individual autoco-

variance estimates ĉk. A large value of ĉk compared to its approximate standard error obtained

from the relevant diagonal element of the matrix T−1Ω̂T suggests model inadequacy. There-

fore, a useful model criticism procedure is to plot ĉ1, ..., ĉs divided by their standard errors for

a chosen value of s and compare them with their approximate 95% critical bounds, as already

recommended in McLeod (1978). This procedure corresponds to performing s individual tests

and, therefore, the resulting joint significance level lies between the maximum p-value of the

individual tests and their sum.

2.3.3 Test for Conditional Heteroscedasticity

We consider the null hypothesis

H0 : Corr(R2t,θ0 , R
2
t−k,θ0) = 0 for all t and k > 0

to test potential conditional heteroscedasticity in quantile residuals. As in the previous sec-

tion, a relatively small number of autocovariances will be assumed to sufficiently reflect the

potential inadequacy in the model. Clearly, it would be natural to base the test on sam-

ple autocovariances of squared quantile residuals and thereby generalize the test proposed

by McLeod and Li (1983) in the context of ARMA models. However, in order to get a LM
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interpretation we instead use the related autocovariance type statistics

d̂k =
1

T − k
∑T

t=1+k

(
r2
t,θ̂T

− 1
)
r2
t−k,θ̂T

k = 1, ..., K2, K2 << T.

It is demonstrated in Appendix 2.C.3 that the resulting test can be motivated as a LM test

when a K2th order ARCH model is specified for quantile residuals. Thus, our test can be seen

as a generalization of the LM test derived by Engle (1982).

According to the preceding discussion we now define the function g : RK2+1 → RK2 as

g(rt,θ) =

[(
r2t,θ − 1

)
r2t−1,θ · · ·

(
r2t,θ − 1

)
r2t−K2,θ

]′
. Then E(g(Rt,θ0)) = 0 with matrix G =

E( ∂
∂θ′
g(Rt,θ0)) given in Appendix 2.B, and using independence it is straightforward to see that

H = E(g(Rt,θ0)g(Rt,θ0)
′) = 4IK2 + 2M, where M is a K2×K2 matrix with all elements equal

to 1. Using the estimator for Ω given in Lemma 2.7 with the last term replaced with the

sample estimate Ĥ = 1
T

∑T
t=1 g(rt,θ̂T )g(rt,θ̂T )′ yields the test statistic

HK2 = (T−K2) ·
1

T −K2
∑T

t=1+K2

g(rt,θ̂T )′ ·Ω̂−1
T · 1

T −K2
∑T

t=1+K2

g(rt,θ̂T )
H0≈ χ2(K2). (2.8)

In addition to using the overall test statistic HK2 it is also useful to plot the individual

statistics d̂k. Again, approximate standard errors can be obtained from the square roots of the

diagonal elements of matrix T−1Ω̂T .

2.4 Simulation study

In this section we simulate MAR-GARCH models in order to study the behavior of the tests

obtained in the previous section. We also simulate a simple AR model to point out differences

in performance between our tests and some tests proposed in previous literature.

2.4.1 Models

The definition of a general MAR-GARCH process can be found in Lanne and Saikkonen

(2003a). For our purposes it suffices to consider a simpler example, namely, the MAR(3,1,0)-
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GARCH(1,1) model

Yt =
∑3

i=1
(νi + φi1Yt−1 + σitεt) · I (ci−1 ≤ ηt < ci) , (2.9)

where the unobservable processes εt ∼ i.i.d.(0, 1) and ηt ∼ i.i.d.(0, σ2η) are independent, and

σ2it = σ2i + βi1σ
2
i,t−1 + αi1U

2
i,t−1.

Here Ui,t = Yt −
∑3

i=1 πit(νi + φi1Yt−1) with

πi = P{ci−1 ≤ ηt < ci} = Fηt(
ci
ση

)− Fηt(
ci−1
ση

),

where Fηt(·) is the cumulative distribution function of ηt. The intervals [ci−1, ci), (c0 =

−∞, c3 = ∞) define 3 regimes in the sample space of Yt, and the generation mechanism

of Yt changes with the value of ηt.We assume that εt and ηt have density functions fηt(·) and

fεt(·) so that, by their independence, the conditional density function of Yt given its own past

is

ft−1(yt) =
∑3

i=1

1

σit
fεt

(
yt − νi − φi1yt−1

σit

)
πi. (2.10)

Clearly the conditional distribution of the MAR-GARCH model (2.10) is a mixture of 3 dis-

tributions defined by the distribution of εt. The probabilities πi are called mixing proportions.

In the simulations we assume that εt ∼ n.i.d.(0, 1) and ηt ∼ n.i.d.(0, 1) so that fεt(y) =

φ(y) = 1√
2π

exp{−1
2
y2} in (2.10). This assumption ensures that the model is identifiable if it

has 3 separate regimes (see, e.g., Yakowitz and Spragins (1968)). Theoretical properties of

MAR models have been examined e.g. in Le et al. (1996), Wong and Li (2000, 2001a, 2001b),

Zeevi et al. (2001), Bec et al. (2008), and Saikkonen (2008).

2.4.2 Simulations based on mixture models

We report simulation results on the test statistics N,A1, and H1 for various mixture models.

In the simulations, we consider the sample sizes 250, 500, 1000, 1500, 2000, and 10000, de-
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pending on the model to be estimated. The sample size 10000 is supposed to represent the

asymptotic distribution. All results are based on 2000 replications. We report empirical rejec-

tion frequencies when one considers tests at 10%, 5% and 1% significance levels. To avoid the

initial value problem 200 extra observations were simulated and removed from the beginning of

every sample. MLE’s of the parameters of the considered models were obtained by the BHHH

optimization algorithm with BHHHSTEP for step length calculation implemented via the cml

library in GAUSS Windows Version 5.0. The optimization tolerance level was set such that

the gradients of the parameters were less than or equal to 10−5. The number of iterations per

estimation was limited to 1000 and some restrictions were imposed on parameters to guarantee

successful estimation. The approximate covariance matrix of estimators was computed using

the inverse of the cross-product of the first derivatives, which guarantees positive semidefinite

covariance matrix estimates.

As already mentioned, the size properties of the tests were not always satisfactory when

the covariance matrix estimator Ω̂T given in Lemma 7 was used. The following simulation

method was therefore employed. After estimating the parameters of the model, the estimated

values were used to simulate a data set of 20000 observations from the model. Based on this

large sample, quantile residuals and numerical derivatives for both the log-likelihood function

and quantile residuals were computed and used to obtain an estimate of the covariance matrix

Ω as described after Lemma 2.7. In what follows, we denote this estimate by Ω̃T . The quantile

residuals of the original data and the estimate Ω̃T were then used to compute values of the

test statistics.

Starting values for the estimation algoritm were chosen to be the actual parameter values.

This choice was made because, in most cases, the optimization of the likelihood function was

difficult. One reason for this is that the considered models contained several parameters, the

most complicated model (MAR(3,1,0)σ-GARCH(1,1)) as many as 9 parameters. Complications

could also occur because, in finite samples, there may be too few observations in one of the

regimes and, therefore, identifiability is lost. Thus, in some cases the number of replications

needed to get 2000 proper estimates was considerably larger than 2000. This may reduce the

reliability of the simulation study. However, we preferred to use rather complicated models to
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make our simulation study conform to actual testing situations. Also, to obtain empirically

relevant models the parameter values used in the simulations of the mixture models were

adopted from estimates obtained with actual interest rate data (see Lanne and Saikkonen

(2003a) and Lanne and Saikkonen (2003b)).

We study the ability of the considered tests to reveal misspecification with some relevant

alternatives. We do not adjust the tests for size distortions, because that cannot be done in

empirical applications anyway.

Size properties

When the covariance matrix estimate Ω̂T based on Lemma 2.7 was used the normality test

and the conditional heteroscedasticity test tended to be oversized (not reported), but the per-

formance of the autocorrelation test was reasonable even then. Using the simulated estimate

Ω̃T made the size of all tests satisfactory.

Table 1 presents rejection frequencies for the simplest dynamic mixture model considered,

the MAR(2,2,0)σ model. (In models with a subscript σ the conditional standard deviation

σit in (2.9) is the same for all i.) As the top panel of the table shows, the simulated sizes

are mostly close to their nominal values. Results of the size obtained for the MAR(3,1,1,1,0)σ

and MAR(3,1,0)σ-GARCH(1,1) models can be found in Tables 2, and 3, respectively. For

the former, the normality test is undersized when the significance level is 5 and 10 percent

and somewhat oversized when the significance level is 1 percent (Table 2). However, for the

latter, and most complicated model considered, both the normality test and the other tests

behave well (Table 3). This is quite encouraging from the viewpoint of our empirical example.

Altogether the size simulations state that our tests perform reasonably well.

For MAR(3,1,1,1,0)σ model the normality test N is undersized. For the most complicated

model, i.e. the MAR(3,1,0)σ-GARCH(1,1) model, the normality test N along with the other

tests behave nicely. This is quite encouraging from the viewpoint of the empirical example.

Like normality test N in our simulations, other normality tests of a similar structure have

been found undersized in small samples e.g. in Bai and Ng (2005). The nonnormality of

kurtosis in small samples was already noted in Bowman and Shenton (1975), which explains
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Table 1: Rejection frequencies of tests when the data are generated from the MAR(2,2,0)σ
model.

N A1 H1
MAR(2,2,0)σ model estimated

T
250
500
1000
2000

10 5 1

9.2 5.1 2.2
9.8 5.4 2.0
9.1 4.9 2.0
8.9 5.1 1.6

10 5 1

9.6 5.1 1.0
9.4 4.9 1.3
11.3 5.5 0.8
10.5 5.6 1.0

10 5 1

8.7 4.0 1.3
9.7 5.4 1.4
9.4 4.5 1.0
10.1 4.4 0.9

MAR(2,1,0)σ model estimated
T

250
500
1000
2000

10 5 1

32.2 20.4 6.1
61.6 48.0 23.3
92.3 85.8 63.0
99.8 99.5 96.7

10 5 1

19.6 11.4 2.1
33.8 22.9 8.2
57.1 43.4 20.4
83.8 74.6 50.5

10 5 1

5.6 1.8 0.2
13.8 5.5 0.2
38.1 18.7 2.4
77.3 57.4 16.4

AR(2) model estimated
T

250
500
1000
2000

10 5 1

95.2 93.2 88.7
97.9 96.7 93.5
98.8 98.5 97.7
99.6 99.6 98.9

10 5 1

0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

10 5 1

98.2 95.7 81.0
100 100 99.7
100 100 100
100 100 100

AR(1) model estimated
T

250
500
1000
2000

10 5 1

96.2 95.1 91.2
98.3 97.6 95.2
99.2 98.9 98.2
100 100 100

10 5 1

20.7 10.3 1.8
33.5 20.2 5.3
48.7 34.1 12.2
76.6 64.6 34.8

10 5 1

98.5 96.4 84.2
100 100 99.9
100 100 100
100 100 100

NOTE: The MAR(2,2,0)σ model used is

Yt = (0.50 + 0.50Yt−1 − 0.3Yt−2) · I(ηt > 0) + (2.75 + 0.80Yt−1 + 0.15Yt−2) · I(ηt ≤ 0) + εt,

where εt ∼ n.i.d.(0, 1), ηt ∼ n.i.d.(0, 1). The number of estimated parameters is 8.

Results are based on 2000 replications. For each sample size the percentage of rejection at

10%, 5%, and 1% levels are provided.

partly the undersizeness of the normality tests.

Properties under misspecification

The normality test reveals the misspecification well when normal linear AR(1) and AR(2) mod-

els are fitted to data generated by a MAR(2,2,0)σ process, and fairly well when a MAR(2,1,0)σ

model is fitted to that data (Table 1). The conditional heteroscedasticity test behaves quite

well in all cases and so does the autocorrelation test in the case of the MAR(2,1,0)σ and AR(1)
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Table 2: Rejection frequencies of tests when the data are generated from
the MAR(3,1,1,1,0)σ model.

N A1 H1
MAR(3,1,1,1,0)σ model estimated

T
250
500
1000
2000

10 5 1

6.3 3.2 1.1
6.9 3.9 1.9
6.6 3.9 1.4
8.1 4.2 1.4

10 5 1

8.9 4.6 0.8
9.0 4.8 1.0
9.5 5.0 0.9
9.5 4.5 0.9

10 5 1

10.2 5.0 0.7
9.9 4.3 0.5
9.2 4.5 1.0
9.3 4.9 1.3

MAR(2,1,0)σ model estimated
T

250
500
1000
2000

10 5 1

46.0 36.4 22.1
71.5 61.3 42.9
95.5 91.0 78.9
99.9 99.7 99.1

10 5 1

14.7 8.3 2.1
18.8 11.1 3.3
25.9 17.3 5.8
37.4 27.1 11.2

10 5 1

14.1 8.6 3.5
13.5 8.7 2.8
12.6 7.5 2.3
11.9 6.6 1.9

AR(1) model estimated
T

250
500
1000
2000

10 5 1

100 100 100
100 100 100
100 100 100
100 100 100

10 5 1

0.1 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

10 5 1

99.7 99.7 99.3
100 100 100
100 100 100
100 100 100

NOTE: the MAR(3,1,1,1,0)σ model used is Yt = (0.50 + 0.30Yt−1) · I(ηt > 0)

+(1.75 + 0.60Yt−1) · I(−1 < ηt ≤ 0) + (3.0 + 0.85Yt−1) · I(ηt ≤ −1) + εt,

where εt ∼ n.i.d.(0, 1), ηt ∼ n.i.d.(0, 1). The number of estimated parameters is 9.

Results are based on 2000 replications. For each sample size the percentage of rejection at

10%, 5%, and 1% levels are provided.

models. This is expected because these models cannot adequately describe the autocorrelation

structure of the simulated MAR(2,2,0)σ series. The autocorrelation test does not react when

the AR(2) model is fitted. This is not surprising, because in this case the misspecification is

not in the autocorrelation structure.

The normality test has power when a MAR(2,1,0)σ model is fitted to data generated by a

MAR(3,1,1,1,0)σ process and for larger samples also the autocorrelation test reacts (Table 2).

The normality test and the conditional heteroscedasticity test have power against the AR(1)

model, but, as expected, the autocorrelation test does not.

When data from a MAR(3,1,0)σ-GARCH(1,1) process are generated, the tests are studied

by estimating MAR(3,1,0)σ, AR(1)-GARCH(1,1) and GARCH(1,1) models that have misspec-

ifications in the conditional variance, employed distribution, and autocorrelation structure,
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Table 3: Rejection frequencies of tests when the data are generated from the MAR(3,1,0)σ-
GARCH(1,1) model.

N A1 H1
MAR(3,1,0)σ− GARCH(1,1) model estimated

T
500
1000
2000

10 5 1

8.8 4.7 1.4
8.3 4.1 1.1
10.2 5.2 1.5

10 5 1

9.6 5.3 1.1
9.8 5.5 0.9
9.3 4.8 1.0

10 5 1

9.2 4.2 0.7
10.1 5.3 1.3
10.3 4.8 1.5

MAR(3,1,0)σ model estimated
T

250
500
1000
2000

10 5 1

3.0 1.4 0.4
8.5 5.0 2.3
25.1 18.5 10.7
56.4 47.3 31.8

10 5 1

11.1 6.5 1.4
10.1 4.8 0.8
9.5 4.4 1.0
9.2 4.9 1.0

10 5 1

68.3 56.0 32.0
95.5 91.3 79.4
99.7 99.5 98.0
99.8 99.8 99.5

AR(1)-GARCH(1,1) model estimated
T

250
500
1000
2000

10 5 1

26.9 19.8 8.2
22.7 15.4 6.1
23.6 15.4 6.5
24.0 16.4 7.2

10 5 1

10.5 6.5 0.9
11.9 6.6 1.0
10.6 5.8 1.3
11.2 5.2 1.1

10 5 1

11.3 5.9 1.2
11.7 6.6 1.5
13.2 6.7 1.6
11.9 6.9 1.8

GARCH(1,1) model estimated
T

250
500
1000
2000

10 5 1

58.1 51.7 41.0
53.4 47.7 37.2
46.6 40.2 30.5
43.7 36.5 26.7

10 5 1

100 100 100
100 100 100
100 100 100
100 100 100

10 5 1

10.7 6.0 1.8
25.8 17.0 5.5
55.6 42.7 19.7
86.6 78.0 57.4

NOTE: The MAR(3,1,0)σ-GARCH(1,1) model used is

Yt = 0.23 · I(ηt < −0.50) + 1.57 · I(−0.50 < ηt ≤ 0.75) + 3.14 · I(ηt > 0.75) + 0.83Yt−1 + σtεt,

σ2t = 0.06 + 0.82σ2t−1 + 0.16(Yt−1 − (0.23 · π1 + 1.57 · π2 + 3.14 · π3)− 0.83Yt−2)
2,

π1 = P(ηt < −0.50), π2 = P(−0.50 < ηt ≤ 0.75), π3 = P(ηt > 0.75), εt ∼ n.i.d.(0, 1),

ηt ∼ n.i.d.(0, 1). The number of estimated parameters is 9.

Results are based on 2000 replications. For each sample size the percentage of rejection at

10%, 5%, and 1% levels are provided. For almost all sample sizes and models we had to

simulate extra series in order to have 2000 replications:

Estimated model: (sample size T) number of simulations:

MAR(3,1,0)σ-GARCH(1,1): (500)11336, (1000)7943, (2000)5577

MAR(3,1,0)σ: (250)3402, (500)2920, (1000)2594, (2000)2430

AR(1)-GARCH(1,1): (250)2021, (500)2000, (1000)2000, (2000)2000

GARCH(1,1): (250)2338, (500)2100, (1000)2017, (2000)2000
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respectively (Table 3). The conditional heteroscedasticity and normality tests have some

power, when a MAR(3,1,0)σ model is employed, but the autocorrelation test does not.

The tests do not seem to notice the misspecification well, when the fitted model is AR(1)-

GARCH(1,1). Not surprisingly, the autocorrelation test reacts strongly when a GARCH(1,1)

is employed and also the normality test and the conditional heteroscedasticity test have some

power in the case of the GARCH(1,1) model.

As a whole the simulations show that the tests have reasonable size properties and ability

to show misspecification of the type they are designed for. Therefore, the tests can be expected

to behave well.

2.4.3 Comparisons to other tests

Bontemps and Meddahi (2005) and Bontemps and Meddahi (2006) have shown that their

(moment based) normality test that is very similar to our normality test has better size and

power properties to that of Bai (2003). Furthermore, Thadewald and Büning (2007) have

shown that, in many cases, the Jarque-Bera normality test (based on moments) has power

superior to its competitors such as Kolmogorov-Smirnov, Cramér-von Mises, and Shapiro-Wilk

type tests. Therefore, we restrict our comparisons to moment based normality tests. We also

compare autocorrelation and conditional heteroscedasticity tests employed with and without

computed with and without taking estimation uncertainty into account, i.e., we compute the

test statistics with the matrix G estimated as described in Lemma 2.7 or we set G ≡ 0. The

comparisons are first done with a linear model for which Pearson’s residuals and quantile

residuals are identical. Then the performance of the tests is compared with a simple mixture

model for which Pearson’s residuals and quantile residuals are different.

Table 4 gives simulation results based on a linear AR(1) model with normal errors and an

autoregressive coefficient equal to 0.9. For this model quantile residuals are exactly Pearson’s

residuals, and the model can be estimated by using OLS. The three normality tests JB of

Jarque and Bera (1987), BM of Bontemps and Meddahi (2005), and our NOLS are identical

and the size properties are good. (In NOLS the first term r2t,θ − 1 has been removed in N as

described in Section 2.3.1.) The test statistic denoted by N∗
OLS is computed by using the
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Table 4: Rejection frequencies of tests when the data are generated from the AR(1) model.

NOLS = JB = BM N∗
OLS

T
250
500
1000
1500

10 5 1

8.3 4.8 2.0
8.9 4.8 1.5
9.7 5.0 1.5
9.7 5.3 1.3

10 5 1

10.9 4.4 0.4
10.4 6.0 2.2
9.5 5.5 1.7
10.2 5.3 1.4

A1 A1,G=0 H1 H1,G=0
T

250
500
1000
1500

10 5 1

10.1 5.2 1.1
10.0 4.8 1.0
10.0 5.0 1.0
10.2 5.3 1.0

10 5 1

6.5 2.9 0.3
6.2 2.6 0.4
6.6 2.9 0.4
7.0 2.9 0.4

10 5 1

12.9 7.5 2.3
11.3 6.3 2.0
11.2 5.8 1.7
11.1 5.7 1.5

10 5 1

8.9 4.4 1.2
8.8 4.4 1.0
10.1 4.9 1.0
9.6 4.7 1.0

NOTE: The AR(1) model used is Yt = 0 + 0.90Yt−1 + εt, εt ∼ n.i.d.(0, 1). The number of

estimated parameters is 3: mean, variance and an AR coefficient.

Results are based on 2000 replications. The tests are computed using Pearson’s residuals that

are equal to quantile residuals for this model. For each sample size the percentage of rejection

at 10%, 5%, and 1% levels are provided. JB and BM are the Jarque and Bera (1987) and

Bontemps and Meddahi (2005) tests, respectively. Our NOLS test is an OLS modified version

of N and it is equal to JB and BM tests. N∗
OLS is an OLS modified version of N computed

using simulated large sample based covariance matrix Ω̂T , thus, ignoring the known fact that

matrix G ≡ 0 in this case. A and H are our autocovariance and heteroscedasticity tests

computed using estimated covariance matrix Ω̂T , where matrix G is estimated from the data.

A1,G=0 and H1,G=0 are our autocovariance and heteroscedasticity tests computed with matrix

G ≡ 0.

simulated covariance matrix estimate Ω̃T so that the known factG ≡ 0 is ignored. Estimation

of the matrixG causes the test statistic N∗
OLS to be slightly oversized in small samples, but the

difference between the sizes of NOLS and N∗
OLS is not large. Asymptotically the estimation of

the matrixG has no effect. The autocorrelation (conditional heteroscedasticity) test statistics

A1 and A1,G=0 (H1 and H1,G=0) are computed by using an estimated matrix G and G = 0,

respectively. Table 4 indicates that the estimation of the matrix G (�= 0) improves the size

properties of the autocorrelation test in all sample sizes. This is not surprising because the

size of the test statistic A1,G=0 is incorrect even asymptotically. Thus, one should always use
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AK1 instead of AK1,G=0. Regarding the conditional heteroscedasticity tests H1 and H1,G=0,

there is no difference asymptotically (cf. McLeod and Li (1983)), but in small samples H1,G=0

has slightly better size properties (Table 4).

Tables 5 and 6 give simulation results based on a mixture of two normal distributions, i.e.,

MAR(2,0,0) model, where both regimes have probability π1 = π2 = 0.5. All the test statistics

in Table 5 are computed by using quantile residuals. The normality tests, denoted BM ′ and

JB′, are modified versions of the tests of Bontemps and Meddahi (2005) and Jarque and Bera

(1987), respectively. In the papers the tests are based on Pearson’s residuals. Bontemps and

Meddahi (2005) and Bontemps and Meddahi (2006) suggest corrections for different distrib-

utions, but they do not provide correction terms suitable for mixture distributions. In fact,

obtaining such correction terms in the case of mixture distributions seems to be very difficult

if not impossible. Therefore, we adopt here the usual approach of practitioners and employ

the test BM ′ in its original form. As seen from Table 5, the tests BM ′ and JB′ are very badly

undersized, whereas the size properties of our tests N, A1, and H1 are good in all sample sizes.

Clearly, the effect of matrix G �= 0 should not be ignored.

All the tests in Table 6 are based on Pearson’s residuals. Thus, the normality tests BM

and JB are in their original form and identical. The autocorrelation test A1,G=0 and het-

eroscedasticity test H1,G=0 are based on the assumption G = 0 so that they are the tests

of McLeod (1978) and Engle (1982), respectively. The size properties of the autocorrelation

test and conditional heteroscedasticity test are totally misleading. Even though the data are

simulated from an independent process the conditional heteroscedasticity test rejects the null

hypothesis with 100% certainty for sample sizes 500 or larger and the autocorrelation test is

not much better. The normality tests also reject with 100% certainty the true model for sam-

ple size 500 or larger. Given the definition of Pearson’s residuals and the bimodal nature of the

simulated model this may not be surprising. However, one should note that the fitted model

is a MAR(2,0,0) model, which constitutes the null hypothesis. Therefore, even though theo-

retical Pearson’s residuals are martingale differences their application without modifications

in mixture models can lead to severe size distortions even in the normality tests. Although

the simulated model is very simple it is expected that the same problem will occur in more
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Table 5: Rejection frequencies of tests when the data are generated from the MAR(2,0,0)
model.

JB′ = BM ′ N A1 H1
T

500
1000
1500
10000

10 5 1

0.5 0.2 0.1
0.2 0.1 0
0.4 0.1 0
0.1 0 0

10 5 1

11.2 6.9 2.7
10.4 5.8 1.9
10.0 5.7 1.8
10.8 5.5 1.3

10 5 1

9.8 5.0 1.1
10.7 5.6 1.2
10.5 5.4 1.1
9.9 5.2 1.0

10 5 1

11.6 6.5 2.0
11.5 6.2 1.8
10.7 5.7 1.5
10.1 5.2 1.2

NOTE: The MAR(2,0,0) model used is

Yt = (0.50 + 0.75εt) · I(ηt > 0) + (2.75 + 1.5εt) · I(ηt < 0), εt ∼ n.i.d.(0, 1), ηt ∼ n.i.d.(0, 1).

The number of estimated parameters is 5: 2 means, 2 variances and a regime shift point.

Results are based on 10000 replications. The tests are computed using quantile residuals. For

each sample size the percentage of rejection at 10%, 5%, and 1% levels are provided. JB′ and

BM ′ are modified Jarque and Bera (1987) and Bontemps and Meddahi (2005) tests, respec-

tively. They are equal. N, A1 andH1 are our normality, autocorrelation and heteroscedasticity

tests, respectively. They are computed with estimated covariance matrix Ω̂T .

Table 6: Rejection frequencies of tests when the data are generated from the MAR(2,0,0)
model.

BM = JB A1,G=0 H1,G=0
T

500
1000
1500

10 5 1

100 100 100
100 100 100
100 100 100

10 5 1

72.2 70.0 57.3
82.9 79.4 71.6
89.2 86.3 81.1

10 5 1

100 100 100
100 100 100
100 100 100

NOTE: The MAR(2,0,0) model used is

Yt = (0.50 + 0.75εt) · I(ηt > 0) + (2.75 + 1.5εt) · I(ηt < 0), εt ∼ n.i.d.(0, 1), ηt ∼ n.i.d.(0, 1).

The number of estimated parameters is 5: 2 means, 2 variances and a regime shift point.

Results are based on 10000 replications. The tests are computed using Pearson’s residuals. For

each sample size the percentage of rejection at 10%, 5%, and 1% levels are provided. JB and

BM are the Jarque and Bera (1987) and Bontemps and Meddahi (2005) tests, respectively.

They are equal. A1,G=0 and H1,G=0 are autocorrelation and heteroscedasticity tests computed

with matrix G ≡ 0, i.e., McLeod (1978) and Engle (1982) tests, respectively.

complicated mixture models including Markov switching models for which Pearson’s residuals

have been used.

The results of Tables 5 and 6 indicate that in mixture models one should use quantile
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Figure 1: The monthly one-month German interest rate series.

residuals instead of Pearson’s residuals and apply tests which properly take the estimation

uncertainty into account.

2.5 Empirical example

To illustrate the use of our tests, we apply them to a monthly one-month German interest

rate series 1972:9-2001:7 (T=342) examined in Lanne and Saikkonen (2003b). We refer to

that paper for the description of the data set and a discussion of the properties of the MAR-

GARCH models estimated therein. The estimates obtained in this chapter are given in Table

7 along with a figure of the series (Figure 1). The estimates were computed as described in the

previous section with the assumption εt ∼ n.i.d.(0, 1) and ηt ∼ n.i.d.(0, σ2η). The employed

model is more general than given in (2.9) in that mixing proportions are dependent on yt−1.

Specifically, in place of I (ci−1 ≤ ηt < ci) we have I (ci−1 − yt−1 ≤ ηt < ci − yt−1) .

Table 8 gives the p-values of test statistics derived in Section 2.3 for three models, along
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Table 7: Parameter estimates for the monthly one-month German interest rate.

ν1 c1 ν2 c2 ν3 σ1 σ2 σ3 ση

AR(5)-

GARCH(1,1)
0.127
(0.035)

0.148
(0.016)

MAR(3,2,1)-

GARCH(1,1)
0.006
(0.020)

3.049
(1.374)

−0.010
(0.040)

13.865
(2.608)

0.180
(0.151)

0.016
(0.011)

0.212
(0.030)

0.886
(0.188)

5.858
(2.048)

MAR(3,4,1)-

GARCH(1,1)
0.205
(0.037)

6.929
(0.525)

0.570
(0.070)

12.158
(1.085)

0.628
(0.328)

0.010
(0.003)

0.004
(0.003)

0.950
(0.485)

6.957
(2.945)

φ1 φ2 φ3 φ4 φ5 α1 β1
AR(5)-

GARCH(1,1)
0.979
(0.056)

0.101
(0.077)

0.171
(0.085)

−0.151
(0.080)

−0.126
(0.045)

0.737
(0.100)

0.333
(0.064)

MAR(3,2,1)-

GARCH(1,1)
1.059
(0.058)

−0.060
(0.058)

0.539
(0.108)

0.102
(0.058)

MAR(3,4,1)-

GARCH(1,1)
1.005
(0.059)

−0.080
(0.075)

0.188
(0.070)

−0.171
(0.046)

0.451
(0.091)

0.299
(0.077)

NOTE: We denote the parameters as in equation (2.9). The estimated standard errors are

given in the parenthesis.

Table 8: P-values of test statistics for the German interest rate series in percentages.

model N A1 A3 H1 H3 H10 −l AIC BIC
AR(5)-
GARCH(1,1)

0.6 84 93 27 7.9 95 134 286 321

MAR(3,2,1)-
GARCH(1,1)

13 11 0 51 70 0 116 259 308

MAR(3,4,1)-
GARCH(1,1)

52 62 83 76 76 62 103 236 293

NOTE: P-value 0 means a value < 0.05.

with the value of the log-likelihood function and values of two information criteria AIC and

BIC. The latter are computed as AIC = 2 · k − 2 · lT and BIC = k · log(T − n) − 2 · lT ,

where lT is the value of the maximized log-likelihood of the sample, k is the dimension of the

parameter vector, T is the sample size, and n is the number of needed initial values. As before,

only tests based on the covariance matrix Ω̃T are considered.

The tests support the MAR(3,4,1)-GARCH(1,1) model, which is also favoured by the

information criteria. Note that, as in the previous section, when a unimodal distribution, i.e.,

the AR(5)-GARCH(1,1) model, is used only the normality test rejects at 0.6% significance

level. Figure 2 gives the histograms and normal probability plots of the quantile residuals of

the estimated three models. These diagrams indicate that the quantile residuals of the
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Figure 2: Histograms and Q-Q plots of the quantile residuals of the estimated models.
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QUANTILE RESIDUALS
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Figure 3: Autocovariance function of the quantile residuals and autocovariance type

function of squared quantile residuals of the estimated models divided by their approximate

standard errors. The standard errors are obtained from the estimated covariance matrix

T−1Ω̃T as described in Section 2.3. Approximate 95% critical bounds are denoted with plus

signs for each lag.

mixture models are closer to being N(0,1)-distributed than the quantile residuals of AR(5)-

GARCH(1,1) model.

The autocorrelation test A3 indicates that the MAR(3,2,1)-GARCH(1,1) model is not

adequate. Figure 3 depicts the standardized autocovariance function of quantile residuals

and the similar autocovariance type function of squared quantile residuals of the two mixture

models. Approximate 95% critical bounds based on the estimated covariance matrix T−1Ω̃T
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Figure 4: Estimated mixing proportions: lower, middle and upper regimes are marked with

black, grey and white, respectively.

are denoted with plus signs for each lag. The autocovariance function obtained from the

MAR(3,2,1)-GARCH(1,1) model indicates a misspecification at several lags, especially at lag

3. This is in accordance with the outcome of the test. The addition of two lags has taken

care of this problem, as can be seen from the autocovariance function obtained from the

MAR(3,4,1)-GARCH(1,1) model.

In the MAR(3,2,1)-GARCH(1,1) model the value of the autocovariance type function of

squared quantile residuals at lag 10 is outside the 95% critical bound, which is in accordance

with the small p-value of test statistic H10. The autocovariance type functions show that
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the conditional heteroscedasticity is adequately described by the MAR(3,4,1)-GARCH(1,1)

model. Note that the sum of the GARCH parameters in the mixture models (0.641 and 0.750)

is much smaller than in the AR(5)-GARCH(1,1) model (1.070) (for more details see Table 7).

We also studied graphs of the quantile residuals of the three models (not reported). They

looked quite similar and did not show any marked inadequacies in the models.

Our diagnostic tests and related graphical methods clearly indicate that the mixture models

provide better descriptions for the German interest rate series than the standard AR(5)-

GARCH(1,1) model. Therefore, the information given by the tests and figures supplements

the information previously available by AIC and BIC.

The choice between the two mixture models might be based on the results of the auto-

correlation and conditional heteroscedasticity tests that favour the MAR(3,4,1)-GARCH(1,1)

model. In addition, one can also use Figure 4 that depicts the mixing proportions of these

models. The figure shows that the regimes are better identified (at each time point one regime

clearly dominant) by the MAR(3,4,1)-GARCH(1,1) model, which has been considered as a

desirable property (for more discussion, see Lanne and Saikkonen (2003a)).

2.6 Conclusion

Residual diagnostics are very useful in model evaluation in general. Excellent graphical tools

are available as soon as appropriate residuals can be obtained, that is, as soon as the residuals

reflect the theoretical properties of the assumed model. As pointed out in this chapter, this is

not the case if Pearson’s residuals are used in models based on mixture distributions. Because

mixture models are already being used in practice, there is a need for residuals that can be

properly used with them.

In this chapter, we make use of the so called quantile residuals that can be seen as general-

izations of traditional residuals. Under regularity conditions, we stated theoretical properties

of quantile residuals, and developed a general framework that can be used to obtain tests based

on them. Unlike in previous papers, our framework properly takes the uncertainty caused by

parameter estimation into account. This was implemented via a standard Taylor expansion
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of the likelihood function and a continuously differentiable function of quantile residuals.

To illustrate how our framework can be used to obtain misspecification tests, we derived

tests for non-normality, autocorrelation, and conditional heteroscedasticity in quantile resid-

uals. We showed that these tests can be interpreted as LM tests. The test statistics are

simple to compute once the parameters of the model are estimated, and their application

only requires the use of a conventional χ2 criterion. These tests are applicable for all models

for which quantile residuals are suited. This also includes models for which traditional, i.e.

Pearson’s residuals work. In this chapter, we focused on mixtures of AR-GARCH models that

are examples of models for which traditional residuals are not well suited. According to the

simulation results and empirical example of the chapter, this approach provides useful tools

in model diagnostics for a wide class of models.

A useful aspect of the theory provided in here is that it enables the use of traditional graph-

ical diagnostics. Normal probability plots and χ2 goodness—of—fit tests are not theoretically

studied in this chapter, and form a topic for future research (studied in Chapter 4). Improving

further the small sample properties of the developed tests and extending the approach of the

chapter to multivariate models (studied in Chapter 3) are further topics to be addressed in

future.
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Appendix 2.A Proofs

Proof of Lemma 2.2. Following the proof of Rosenblatt (1952) and the notation in the

main text, we write Zt = Ft−1(θ0, Yt) for each t = 1, ..., T.We fix the point (z1, ..., zT ) ∈ (0, 1)T .

Then for each zt there exists unique yt such that zt = Ft−1(θ0, yt) for all t. This follows from

the fact that the distributions Ft−1 are absolutely continuous w.r.t. Lebesgue measure. We

denote

A =

{
T∏

t=1

(
−∞, F−1t−1(θ0, zt)

]
; t = 1, ..., T

}
⊂ RT

and

B =

{
T∏

t=1

(0, zt] ; t = 1, ..., T

}
⊂ (0, 1)T .

Now,

F(Z1,...,ZT |Y0)(z1, ..., zT |G0) = P(Z1 ≤ z1, ..., ZT ≤ zT |G0)

= P(Yt ≤ F−1t−1(θ0, zt) for all t|G0)

=
∫
A

T∏
t=1

ft−1(θ0, ut)dut

=
∫
B

T∏
t=1

dvt =
T∏
t=1

zt.

The second equality follows from absolute continuity of Ft−1. The third equality uses equation

(2.1) to rewrite the joint density. The fourth equality follows by change of variable vt =

Ft−1(θ0, ut), and the fifth by integration. This proves that each Zt ∼ Uniform(0, 1), and

that Z1, ..., ZT are independent conditional on Y0. (This remark holds for every independence

proven in this paper and is hereafter omitted.) Since Φ−1 is continuous, it is measurable.

Then R1,θ0 , ..., RT,θ0 , where Rt,θ0 = Φ−1(Zt), are independent as measurable mappings of

independent random variables. Clearly, Rt,θ0 ∼ N(0, 1) for each t, and therefore,

[
R1,θ0 · · · RT,θ0

]′
∼ N(0, IT ).

Since the mapping Ft−1 : Θ×R→ (0, 1) is continuous with respect to θ, the Continuous Map-

ping Theorem (see for example van der Vaart (1998), page 7) and Condition 2.1(3) together
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imply that Ft−1(θ̂T , yt)
P→ Ft−1(θ0, yt) whereas the continuity of Φ−1 : (0, 1) → R yields

Φ−1
(
Ft−1(θ̂T , yt)

)
P→ Φ−1 (Ft−1(θ0, yt))

for each yt ∈ R and t. Since

Rt,θ̂T
= Φ−1

(
Ft−1(θ̂T , Yt)

)
P→ Φ−1 (Ft−1(θ0, Yt))

for each t fixed,

[
R1,θ̂T · · · RH,θ̂T

]′
W→ N(0, IH) for H < T fixed.

The independence of Rt+k,θ0 and {Y1, ..., Yt} (again conditional on Y0) for k ≥ 1 follows

easily using the results above: Rt+k,θ0 is independent of {R1,θ0, ..., Rt,θ0} , and {Y1, ..., Yt} is a

measurable mapping of {R1,θ0, ..., Rt,θ0} , since Yt = F−1t−1(θ0,Φ(Rt,θ0)).

The proof of Theorem 2.4 is based on the following Lemma. Note that from Conditions

2.3(4) and 2.3(5) it follows that for all θ̃T∈NT,c

(
1√
T
ST (θ0) ,

1

T
BT (θ̃T )

)
W→

(
I(θ0)

1
2Z, I(θ0)

)
. (A.1)

Lemma 2.8 Under Condition 2.3 there exists a sequence of local maximizers θ̂T such that
{√
T (θ̂T − θ0)

}
T∈N

is bounded in probability and
√
T (θ̂T−θ0)−

[
1
T
BT (θ0)

]−1 1√
T
ST (θ0)

P→ 0.

Proof of Lemma 2.8. The proof follows from Theorem 1 and Theorem 2 in Basawa and

Scott (1983), pages 56-59, with obvious simplifications for the ergodic case of this paper.

Proof of Theorem 2.4. Follows from equation (A.1) and Lemma 2.8 using Slutsky’s

Lemma.

Proof of Theorem 2.6. Since lim
T→∞

P(θ̂T �= ∞) = 1, it is assumed that θ̂T �= ∞.

According to Lemma 2.8, for every ε > 0 there exist c0 and T0 such that P(θ̂T∈NT,c0) > 1− ε

for all T > T0. By Condition 2.5(3) 1
T

∑T
t=1

∂
∂θ′
g(Rt,θ̃T

)
P→ G for all θ̃T∈NT,c and c > 0, and

therefore 1
T

∑T
t=1

∂
∂θ′
g(Rt,θ̂T

)
P→ G.

Conditions 2.5(1), 2.5(2) and the Mean-Value Theorem imply

1√
T

∑T

t=1
g(Rt,θ̂T

) =
1√
T

∑T

t=1

∂

∂θ′
g(Rt,θ̃)(θ̂T − θ0) +

1√
T

∑T

t=1
g(Rt,θ0), (A.2)
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where ∂
∂θ′
g(Rt,θ̃) =

[
∂
∂θ
g1(Rt,θ̃

(1)) · · · ∂
∂θ
gn(R

t,θ̃
(n))

]′
is a (n× k) Jacobian-matrix with

R
t,θ̃

(j) =

[
R
t,θ̃

(j) · · · R
t−m+1,θ̃(j)

]′
, θ̃ = (θ̃

(1)
, . . . , θ̃

(n)
), and

∥∥∥θ̃(j) − θ0
∥∥∥ <

∥∥∥θ̂T − θ0
∥∥∥ for

each j = 1, ..., n.

Since

1

T

∑T

t=1

∂

∂θ′
g(Rt,θ̃) · oP (1) = oP (1),

equation (A.2) and Lemma 2.8 give

1√
T

∑T

t=1
g(Rt,θ̂T

) =

[
1
T

∑T
t=1

∂
∂θ′
g(Rt,θ̃)

[
1
T
B(θ0)

]−1
In

]



1√
T
ST (θ0)

1√
T

∑T
t=1 g(Rt,θ0)


 + oP (1).

Conditions 2.3(4) and 2.5(3) ensure that

[
1
T

∑T
t=1

∂
∂θ′
g(Rt,θ̃)

[
1
T
B(θ0)

]−1
In

]
P→

[
GI(θ0)

−1
In

]
.

Finally, using Condition 2.5(4), Slutsky’s Lemma, and the fact that normality persists in affine

transformations,

1√
T

∑T

t=1
g(Rt,θ̂T

)
W→

[
GI(θ0)

−1
In

]
· Z, Z ∼ N(0,Σ).

This implies the stated result with

Ω =

[
GI(θ0)

−1
In

]
Σ



I(θ0)

−1
G′

In


 ,

= GI(θ0)
−1
G′ + ΨI(θ0)

−1
G′ + GI(θ0)

−1
Ψ′ + H.
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Appendix 2.B Derivatives

Lemma 2.9

∂

∂θ
Rt,θ = [φ (Rt,θ)]

−1 ∂

∂θ
(Ft−1(θ, Yt)),

where φ is the density of the standard normal distribution.

Proof. Let rt,θ = Φ−1(Ft−1(θ, yt)). The fact that φ(x) > 0 for all x ∈ R ensures that

d
dy

Φ−1(y) = 1
( d
dx
Φ)(x)

= 1
φ(x)
, where x = Φ−1(y), exists for each y ∈ (0, 1). This and Condition

2.5(2) give

∂

∂θi
rt,θ =

∂

∂θi
Φ−1(Ft−1(θ, yt))

=
[(

Φ−1)′ (Ft−1(θ, yt))
] ∂
∂θi

(Ft−1(θ, yt))

=
[
Φ′ [Φ−1(Ft−1(θ, yt))

]]−1 ∂
∂θi

(Ft−1(θ, yt))

= [φ (rt,θ)]
−1 · ∂

∂θi
(Ft−1(θ, yt)).

Since ∂
∂θi
rt,θ is continuous,

∂
∂θi
Rt,θ is a well defined random variable.

In the normality tests we have

G=E

[
2Rt,θ0

∂
∂θ
Rt,θ0 3R2t,θ0

∂
∂θ
Rt,θ0 4R3t,θ0

∂
∂θ
Rt,θ0

]′
,

where ∂
∂θ
Rt,θ0 is given in Lemma 2.9.

Remark 2.10 Random variables Rt,θ0 and
∂
∂θ′
Rt−k,θ0 are independent for all k ≥ 1.

Proof. According to Lemma 2.9

∂

∂θ
Rt−k,θ0 = [φ (Rt−k,θ0)]

−1 ∂

∂θ
(Ft−k−1(θ0, Yt−k))

is measurable, and especially a measurable function of random variables {Y0, Y1, ..., Yt−k}.

Lemma 2.2 c) gives the independence of Rt,θ0 and {Y0, Y1, ..., Yt−k} for all k ≥ 1, which

implies the stated result.
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We have assumed E( ∂
∂θ′
Rt−k,θ0) < ∞, so E(Rt,θ0

∂
∂θ′
Rt−k,θ0) = E(Rt,θ0)E( ∂

∂θ′
Rt−k,θ0) = 0

for each k. Lemma 2.9 and Remark 2.10 yield

G =E(
∂

∂θ′
g(Rt,θ0))=




E(Rt−1,θ0
∂
∂θ′
Rt,θ0)

...

E(Rt−K1,θ0
∂
∂θ′
Rt,θ0)




in the autocorrelation test.

Remark 2.11 Random variables R2t,θ0 and Rt−k,θ0
∂
∂θ′
Rt−k,θ0 are independent for all k ≥ 1.

Proof. R2t,θ0 is a measurable function of Rt,θ0 and ∂
∂θ

(Ft−1(θ0, Yt−k)), [φ (Rt−k,θ0)]
−1 and

Rt−k,θ0 are measurable functions of {Y0, Y1, ..., Yt−k} . The independence follows using Lemma

2.2 c).

We assume E(Rt−k,θ0
∂
∂θ′
Rt−k,θ0) <∞, so E

[(
R2t,θ0 − 1

)
Rt−k,θ0

∂
∂θ′
Rt−k,θ0

]

= E
(
R2t,θ0 − 1

)
E(Rt−k,θ0

∂
∂θ′
Rt−k,θ0) = 0 for each k, since R2t,θ0 and Rt−k,θ0

∂
∂θ′
Rt−k,θ0

= Rt−k,θ0 [φ (Rt−k,θ0)]
−1 ∂

∂θ
(Ft−k−1(θ0, Yt−k)) are independent by Remark 2.11. Thus, the

derivative matrix in the heteroscedasticity test

G=E(
∂

∂θ′
g(Rt,θ0)) = 2




E
[
R2t−1,θ0Rt,θ0

∂
∂θ′
Rt,θ0

]

...

E
[
R2t−K2,θ0

Rt,θ0
∂
∂θ′
Rt,θ0

]



,

where ∂
∂θ
Rt−k,θ0 is given in Lemma 2.9.

Appendix 2.C LM interpretations

This appendix derives the LM interpretations for the tests obtained in Section 2.3 in the main

text. The auxiliary models used for quantile residuals and the appropriate null hypothesis are

presented. A justification of the result Ψ = −G mentioned at the end of Section 2.2 is given

in the case of the normality test. In the two other cases the arguments are similar.
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2.C.1 Normality test

The LM interpretation of the normality test is obtained as in Jarque and Bera (1987). Thus,

consider the Pearson family of distributions characterized by the differential equation

d log(f(u))

du
= − u

b0 + b1u+ b2u2
, −∞ < u <∞, (C.1)

where f(u) is the density of the random variable U and β = [b0, b1, b2]
′ is a parameter vector.

When β =

[
1 0 0

]′
≡ β0, f(u) is the density of a standard normal distribution. Denote

q(t) = −
∫

t
b0+b1t+b2t2

dt, so that log f(t) = q(t) +C, where C is such that
∞∫
−∞
f(u)du = 1. Then

(C.1) has a solution

f(u) =
exp{q(u)}

∞∫
−∞

exp{q(t)}dt
.

Now assume that the quantile residuals Rt,θ = Φ−1(Ft−1(θ, Yt)) have density f(u). It is

straightforward to see that the joint density function of the observations is

f(θ,β,y) =
T∏

t=1

f (rt,θ) [φ (rt,θ)]
−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,β,y) = −
T∑

t=1

∫
rt,θ

b0 + b1rt,θ + b2r2t,θ
drt,θ − T log

∞∫

−∞

exp{−
∫

u

b0 + b1u+ b2u2
du}du

−
T∑

t=1

log [φ(rt,θ)] +
T∑

t=1

log ft−1(θ,Yt).

Thus, under the null hypothesis (i.e. β = β0)

∂l̃(θ,β0,y)

∂β
= −

T∑

t=1

[
1
2

(
r2t,θ − 1

)
1
3
r3t,θ

1
4

(
r4t,θ − 3

)]′
.

Here the summand are, apart from constants, equal to the function g(rt.θ) of our normality

test. Under the null hypothesis, ∂l̃(θ,β0,y)
∂θ

is equal to the score in the main text. Therefore, the
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score s̃(θ,β0) =

[
∂l̃(θ,β0,y)

∂θ′
∂l̃(θ,β0,y)

∂β′

]′
contains the variables of Condition 2.5(4), and the LM

test based on the component ∂l̃(θ,β0,y)
∂β

is equal to our normality test. The covariance matrix

Ω̂T is given in Lemma 2.7.

The well-known regularity of the score function yields

E



∂l̃(θ0,β0,y)

∂θ
∂l̃(θ0,β0,y)

∂θ′
∂l̃(θ0,β0,y)

∂θ
∂l̃(θ0,β0,y)

∂β′

∂l̃(θ0,β0,y)
∂β

∂l̃(θ0,β0,y)
∂θ′

∂l̃(θ0,β0,y)
∂β

∂l̃(θ0,β0,y)
∂β′


 = −E



∂2 l̃(θ0,β0,y)

∂θ∂θ′
∂2 l̃(θ0,β0,y)

∂θ∂β′

∂2 l̃(θ0,β0,y)
∂β∂θ′

∂2 l̃(θ0,β0,y)
∂β∂β′


 .

Because E
[
∂l̃(θ0,β0,y)

∂θ
∂l̃(θ0,β0,y)

∂β′

]
= Ψ′ and E

[
∂2 l̃(θ0,β0,y)

∂θ∂β′

]
= G′, we have Ψ = −G. In finite

samples the estimates of the corresponding expectations are naturally different, however. Thus,

we estimated both statistics separately from the data in Sections 2.4 and 2.5.

2.C.2 Autocorrelation test

The LM interpretation of the autocorrelation test is obtained as in Hosking (1981a), where the

test is based on an autoregressive model for Pearson’s residuals. It is known that an ARMA

model leads to the same test due to the invariance property of the LM test.

Consider an auxiliary AR(p) model for quantile residuals Rt,θ = ρ′Rt−1,θ + εt, where

εt ∼ n.i.d.(0, 1), Rt,θ = Φ−1(Ft−1(θ, Yt)), and Rt−1,θ =

[
Rt−1,θ · · · Rt−p,θ

]′
, t = 1, ..., T,

with Rt,θ = 0 for t ≤ 0. It is straightforward to see that the joint density function of the

observations is

f(θ,ρ,y) =
T∏

t=1

φ (rt,θ − ρ′rt−1,θ) [φ (rt,θ)]
−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,ρ,y) = −1

2

T∑

t=1

[rt,θ − ρ′rt−1,θ ]2 +
1

2

T∑

t=1

r2t,θ +
T∑

t=1

log ft−1(θ,yt).

Thus, for each i = 1, ..., p, ∂l̃(θ,ρ,y)
∂ρi

=
T∑
t=1

[rt,θ − ρirt−i,θ ] rt−i,θ. The quantile residuals are inde-
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pendent when ρ = 0, and the summands in the derivative

∂l̃(θ,0,y)

∂ρ
=

T∑

t=1




rt,θrt−1,θ
...

rt,θrt−p,θ




are equal to the function g(rt,θ) of our autocorrelation test. Thus, ∂l̃(θ,0,y)
∂θ

is equal to the

score in the main text and the score s̃(θ,0) =

[
∂l̃(θ,0,y)

∂θ′
∂l̃(θ,0,y)

∂ρ′

]′
contains the variables of

Condition 2.5(4). The LM test based on ∂l̃(θ,0,y)
∂ρ

is therefore identical to our autocorrelation

test. The covariance matrix Ω̂T is given in Lemma 2.7.

2.C.3 Heteroscedasticity test

The LM interpretation of the heteroscedasticity test is obtained as in Engle (1982), where the

test is based on an ARCH model specified for Pearson’s residuals. Again, due to the invariance

property, a GARCH model would yield the same LM test.

Consider an auxiliary ARCH(q) model for quantile residuals

Rt,θ = h
1/2
t εt,

where εt ∼ n.i.d.(0, 1), Rt,θ = Φ−1(Ft−1(θ, Yt)), ht = 1 +α′R2
t−1,θ, and R2

t−1,θ =[
R2t−1,θ · · · R2t−q,θ

]′
, t = 1, ..., T, with Rt,θ = 0 for t ≤ 0. Straightforward computations

yield the joint density function of the observations

f(θ,α,y) =
T∏

t=1

h
−1/2
t · φ

(
h
−1/2
t rt,θ

)
[φ (rt,θ)]

−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,α,y) = −1

2

T∑

t=1

log ht −
1

2

T∑

t=1

h−1t r
2
t,θ +

1

2

T∑

t=1

r2t,θ +
T∑

t=1

log ft−1(θ,yt).

Thus, for each i = 1, ..., q, ∂l̃(θ,α,y)
∂αi

= 1
2

T∑
t=1

[
r2t−i,θ
ht

(
r2t,θ
ht
− 1)

]
. Quantile residuals are homoscedas-
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tic when α = 0, and the summands of the derivative

∂l̃(θ,0,y)

∂α
=

1

2

T∑

t=1




(
r2t,θ − 1

)
r2t−1,θ

...
(
r2t,θ − 1

)
r2t−q,θ




are equal to the function g(rt,θ) of our heteroscedasticity test. Under the null hypothesis,

∂l̃(θ,0,y)
∂θ

is equal to the score in the main text. Therefore, the score s̃(θ,0) =

[
∂l̃(θ,0,y)

∂θ′
∂l̃(θ,0,y)

∂α′

]′

contains the variables of Condition 2.5(4). This shows that the LM test based on ∂l̃(θ,0,y)
∂α

is

identical to our heteroscedasticity test. The covariance matrix Ω̂T is given in Lemma 2.7.

2.C.4 Uniformly distributed quantile residuals

Using the autocorrelation test as an example we illustrate why the LM interpretation is not

obtainable for the uniformly distributed quantile residuals. Consider an auxiliary AR(1) model

for the uniformly distributed quantile residuals Ft−1(θ, Yt) = ρFt−2(θ, Yt−1) + εt, where εt ∼

Uniform(0, 1). Note that the restriction [Ft−1(θ; yt)− ρFt−2(θ; yt−1)] ∈ (0, 1) has to be fulfilled

by the model. The joint density function of the observations is

f(θ, ρ;y) = 1 ·
T∏

t=1

ft−1(θ; yt),

when [Ft−1(θ; yt)− ρFt−2(θ; yt−1)] ∈ (0, 1) for each t = 1, ..., T, and f(θ, ρ;Y ) = 0 other-

wise. Clearly the joint density function and the corresponding log-likelihood function are not

differentiable with respect to ρ.

The same problem occurs in the heteroscedasticity test. The test of uniformity cannot be

based on the Pearson family of distributions, because the uniform distribution is only a limit

of the Pearson Type I distribution and, therefore, cannot be obtained by fixing parameter

values. To our knowledge there exists no other general family of distributions that could be

used to solve the problem.
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Chapter 3

QUANTILE RESIDUALS FOR

MULTIVARIATE MODELS

Abstract

The concept of quantile residuals is extended to multivariate models and it is shown that,

under mild regularity conditions, multivariate quantile residuals are approximately indepen-

dent with standard normal distribution. These residuals are, for example, applicable to non-

linear time series models based on mixture distributions for which conventional residuals are

not reliable. A general framework of obtaining misspecification tests based on smooth func-

tions of quantile residuals and the likelihood function is formulated. The tests based on the

framework take the uncertainty caused by parameter estimation properly into account, and

under regularity conditions they are asymptotically chi-square distributed. The usefullness of

our framework is illustrated by developing computationally simple misspecification tests aimed

at detecting non-normality, serial correlation, and conditional heteroscedasticity in quantile

residuals. These tests can be viewed as generalizations of previous moment based tests based

on conventional residuals and the Lagrange Multiplier principle. An empirical example on

exchange rate series illustrates the application of Multivariate Generalized Orthogonal Factor

GARCH models and the tests of the chapter. Accoding to simulations the proposed tests have

good size and power properties.

65
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3.1 Introduction

In this chapter, we study multivariate quantile residuals and their asymptotic properties in

a general likelihood framework. These residuals can be defined for any parametric model by

using the cumulative distribution function of the observations. Thus, they are, for example,

applicable to various regime-switching models and models based on mixtures of distributions

for which the use of traditional residuals, often referred to as Pearson’s residuals, may lead

to erroneous inference. In the univariate case this point was discussed in Chapter 2 that

develops statistical tests based on quantile residuals and demonstrates their usefulness. This

previous work and the recent interest in multivariate models based on mixtures of distributions

motivate the generalization of this chapter.

The idea of quantile residuals originates from Rosenblatt (1952) and Cox and Snell (1968),

and was developed, among others, by Smith (1985), Dunn and Smyth (1996), and Palm and

Vlaar (1997). The term quantile residual is due to Dunn and Smyth (1996). The following

two transformations define quantile residuals. First, the estimated cumulative distribution

function implied by the model is used to transform the observations into approximately in-

dependent uniformly distributed random variables. This is the so-called probability integral

transformation. Second, the inverse of the cumulative distribution function of the standard

normal distribution is used to get variables which are approximately independent with stan-

dard normal distribution. These results assume that the model is correctly specified and

parameters are consistently estimated. If not, quantile residuals are expected to exhibit de-

tectable departures from the characteristic properties described above.

We give regularity conditions under which a central limit theorem holds for smooth func-

tions of quantile residuals. This result can be used to obtain misspecification tests which, under

correct specification, have limiting χ2−distributions. Our approach is theoretically sound in

that it takes the uncertainty caused by parameter estimation into account. Unlike in some

similar previous tests no calibration or analytic results are needed to modify the tests to get

the standard asymptotic distribution. The approach is illustrated by deriving tests aimed at

detecting non-normality, serial correlation, and conditional heteroscedasticity in multivariate

quantile residuals. Tests designed to detect other departures from the characteristic properties
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of quantile residuals can be obtained similarly. The tests for serial correlation and conditional

heteroscedasticity can be interpreted as Lagrange Multiplier (LM) or score tests. For the

normality test a similar result is also obtained albeit only in a special case.

Quantile residuals have previously been considered in several papers (see Chapter 2 and

the references therein). Most of them concentrate on out-of-sample forecast evaluation of a

univariate model and, unlike we, do not give proper theoretical justification for the employed

procedures. This chapter generalizes this work by showing how misspecification tests based on

multivariate quantile residuals can be obtained in a general likelihood framework. We use the

idea suggested in Diebold et al. (1999), Clements and Smith (2000), and Clements and Smith

(2002) in the context of multivariate density forecast evaluation, and base our analysis on two

different types of multivariate quantile residuals. One type is derived by using marginal and

conditional distribution functions at each time point, and the other, henceforth referred to

as joint quantile residuals, is based on the product of marginal and conditional distribution

functions.

The general testing principle derived in this chapter is applicable to a wide range of models,

including Markov switching models of Hamilton (1989) and other models based on mixture

distributions. The diagnostic methods developed are applied to the Multivariate Generalized

Orthogonal Factor GARCH model of Lanne and Saikkonen (2007). A mixture version of

their model is analyzed to illustrate how our approach supports graphical analysis and can be

used to formally compare the goodness of fit between models based on different structural or

distributional assumptions.

Finite sample properties of the proposed tests are illustrated in a small simulation study.

The size properties of the tests are satisfactory once a simulation method is used to compute

a covariance matrix needed in the test statistics. Using a previous normality test as an

example we also demonstrate by simulation that ignoring the uncertainty caused by parameter

estimation can have an adverse effect on the size properties of a test.

The remainder of this chapter is organized as follows. Section 3.2 defines both the multi-

variate and joint quantile residuals, and examines their theoretical properties, which are used

in Section 3.3 to derive misspecification tests. The empirical example and simulation results
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are presented in Sections 3.4 and 3.5, respectively. Section 3.6 concludes.

3.2 Quantile residuals

In this section, we first recall the definition of univariate quantile residuals. After that, mul-

tivariate and joint quantile residuals will be defined in a general likelihood framework. Based

on their theoretical properties a general approach of obtaining misspecification tests is then

described.

3.2.1 Definition in univariate data

The definition in the univariate case is as follows. Let y = (y1, ..., yT ) be a vector of obser-

vations with density function f(θ0,y), where θ0 ∈ Θ is the unknown true parameter value.

Denote with P =
{
f(θ,y) : θ ∈ Θ⊂ Rk, y ∈RT

}
the collection of potential models for y. For

each f : Θ×RT → R+ we can write

f(θ,y) =
T∏

t=1

ft−1(θ,yt), (3.1)

where ft−1(θ,yt) = f(θ,yt|Gt−1), t ∈ {1, ..., T} , yt ∈ R, is the conditional density func-

tion given Gt−1 = σ(Y0, Y1, ..., Yt−1), the sigma-algebra generated by the random variables

{Y0, Y1, ..., Yt−1} . The random vector Y0 represents the needed initial values. The theoretical

quantile residual is defined by

Rt,θ = Φ−1(Ft−1(θ, Yt)), (3.2)

and the observed quantile residual is rt,θ̂T = Φ−1(Ft−1(θ̂T , yt)), where Φ−1(·) is the inversed cu-

mulative distribution function of the standard normal distribution, Ft−1(θ, yt) =
∫ yt
−∞ ft−1(θ,u)du

is the conditional cumulative distribution function of yt, and θ̂T is an estimate of θ0.

The previous literature mostly considers quantile residuals without the second transforma-

tion that leads to the normal distribution. The second transformation is recommended, inter

alia, by Dunn and Smyth (1996) and Berkowitz (2001). Chapter 2 also provides a discussion

about the theoretical advantages of the normalizing transformation. We shall say more about
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this in subsequent sections.

3.2.2 Definition in multivariate data

Let y1, ...,yT be vector valued observations, and let the conditional density function ft−1(θ,yt)

be defined for every value yt =

(
y1t, · · · , ynt

)
. The collection of potential models is denoted

by P =
{
f(θ,y) : θ ∈ Θ⊂ Rk, y ∈RnT

}
.

If the components of yt are independent, the quantile residuals are straightforwardly ex-

tended to the vector case. Since the conditional cumulative distribution function of yt has the

product form Ft−1(θ,yt) =
n∏
j=1

Fj,t−1(θ, yjt), where Fj,t−1(θ, yjt) is the marginal distribution

function of the jth component, the transformation (3.2) can be done component-wise.

If the components of yt are dependent, the quantile residuals are defined as follows. Write

the conditional density function of yt in the product form

ft−1(θ,yt) =
n∏

j=1

fij ,j−1,t−1(θ, yij ,t) (3.3)

by conditioning with respect to any chosen order of the components. The index j − 1 in

the formula denotes conditioning with respect to the sigma-algebra Aj−1 = σ
{
Yi1,t, ..., Yij−1,t

}

generated by the component variables. We interpret fi1,0,t−1(θ, yi1,t) = fi1,t−1(θ, yi1,t), and

Fij ,j−1,t−1(θ, yij ,t) =
∫ yij ,t
−∞ fij ,j−1,t−1(θ,u)du. Thus, the vector of theoretical quantile residuals

at time point t takes the form

Rt,θ =




R1t,θ

R2t,θ
...

Rnt,θ




=




Φ−1(Fi1,t−1(θ, Yi1,t))

Φ−1(Fi2,1,t−1(θ, Yi2,t))

...

Φ−1(Fin,n−1,t−1(θ, Yin,t))




. (3.4)

This vector is not unique, but can be formed in n! different ways. The results presented in this

chapter do not depend on the chosen order of conditioning, however. The vector of observed

quantile residuals at time point t is obtained by replacing θ with θ̂T , an estimate of θ0, in

(3.4).
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Model evaluation can also be based on univariate statistics. Congruent with Clements and

Smith (2000), we define theoretical joint quantile residuals as

Qt,θ = Φ−1(Zt,θ), (3.5)

where

Zt,θ = Xt,θ

∑n−1

k=0

(−1)k

k!
(lnXt,θ)

k with Xt,θ =
n∏

j=1

Fij ,j−1,t−1(θ, Yij ,t).

Clements and Smith (2000) and Clements and Smith (2002) have studied this transformation

in a bivariate case and applied it to evaluate forecast densities. The general form of joint

quantile residuals has not been suggested previously. The observed joint quantile residuals at

time point t is obtained by replacing θ with θ̂T , an estimate of θ0, in (3.5).

3.2.3 Theoretical properties

It is now shown that, under mild regularity conditions, quantile residuals have properties that

make them useful in model evaluation: Lemma 3.2 shows that observed multivariate quantile

residuals are asymptotically independently multinormally distributed, if the estimated model is

correctly specified. Lemma 3.3 yields the same result for the observed joint quantile residuals.

The following Condition 3.1 is both necessary and sufficient for Lemmas 3.2 and 3.3 to hold.

Unless otherwise stated all limit statements assume that T → ∞. The symbols
W→ and

P→

signify weak convergence and convergence in probability, respectively.

Condition 3.1 Let the following assumptions hold.

(1) The collection P is correctly specified, i.e., f(θ0,y) ∈ P.

(2) ft−1 : Θ × Rn → R is a continuous conditional density function for all θ ∈ Θ and

t = 1, ..., T.

(3) θ̂T is an estimator of θ0 such that θ̂T
P→ θ0.

Lemma 3.2 Under Condition 3.1,
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a) the distribution of the vector of quantile residuals

[
R′
1,θ0

· · · R′
T,θ0

]′
is multivariate

standard normal, where Rt,θ0 is as in (3.4) with θ = θ0,

b) for any H fixed, the distribution of

[
R′
1,θ̂T

· · · R′
H,θ̂T

]′
is asymptotically multivariate

standard normal, where Rt,θ̂T
is as in (3.4) with θ =θ̂T , and

c) for any s ≥ 1, Rt+s,θ0 is independent of {Y1, ...,Yt} .

The proof is given in Appendix 3.A. Parts a) and b) are used to obtain the tests and part

c) is used in some subsequent derivations.

Lemma 3.3 Under Condition 3.1,

a) the distribution of the vector

[
Q1,θ0 · · · QT,θ0

]′
is multivariate standard normal, where

Qt,θ0 is as in (3.5) with θ = θ0,

b) for any H fixed the distribution of

[
Q1,θ̂T · · · QH,θ̂T

]′
is asymptotically multivariate

standard normal, where Qt,θ̂T
is as in (3.5) with θ =θ̂T , and

c) for any s ≥ 1, Qt+s,θ0 is independent of {Y1, ...,Yt} .

The proof is given in Appendix 3.A. Again, parts a) and b) are used to obtain the tests

and part c) is used in some subsequent derivations.

Thus, a correct model specification can be checked by testing whether the observed quantile

residuals are normally and independently distributed. This holds for both joint and multivari-

ate versions of quantile residuals. Note that the joint quantile residuals are always univariate

irrespective of the dimension of the data. This can be useful when the dimension is large.

As mentioned earlier, most of the previous literature on quantile residuals analyzes them

in the univariate setting without the normalizing transformation. This means that uniformly

distributed variables are employed. We advocate the use of the normalizing transformation,

because previous results in the univariate case on testing independence and normality together

yield tests that are very simple to compute and have a LM interpretation, implying asymp-

totic optimality against local alternatives (see Chapter 2 and Section 3.2.5). To the best of
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our knowledge, similar optimality results are not available when independence and uniform

distribution are tested. Thus, the second transformation makes it easy to test the indepen-

dence using correlations of quantile residuals whereas in the previous literature testing of the

independence hypothesis has mostly been ignored. Another motivation for the normalizing

transformation is that practitioners are typically more familiar with looking at graphs based

on normally distributed residuals (cf. Dunn and Smyth (1996)). The tests developed in the

following sections provide critical bounds for some of the typical graphs employed in model

specification. Finally, as discussed already in Chapter 2, the normalizing transformation im-

plies that quantile residuals simplify to conventional residuals in several standard models with

Gaussian likelihood, which is not the case for uniformly distributed quantile residuals.

3.2.4 Preliminaries on Maximum Likelihood estimation

In this and the following section we develop the framework on which our misspecification tests

are based.

Conditional on initial values, the log-likelihood function of the sample takes the form

lT (θ,y) =
T∑

t=1

lt(θ,yt) =
T∑

t=1

log ft−1(θ,yt).

The following Condition 3.4 is sufficient for the consistency and asymptotic normality of a

local maximizer of the conditional likelihood function. These results are needed to derive the

limiting distribution of a general statistic which can be used to obtain tests based on quantile

residuals. We use ‖·‖ to signify the Euclidean norm.

Condition 3.4 Let the following assumptions hold.

(1) Θ ⊂ Rk is an open set.

(2) The model is correctly specified, i.e., f(θ0,y) ∈ P.

(3) For every (θ,x) ∈ Θ ×D, where D ⊂ Rn, and every t = 1, ..., T, ft−1(θ,x) > 0 and the

second partial derivatives ∂2

∂θi∂θj
ft−1(θ,x), i, j = 1, ..., k, exist and are continuous.
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(4) There exist a nonrandom positive definite matrix I(θ0), such that for all c > 0,

sup
θ∈MT,c

∥∥∥∥
1

T
BT (θ)− I(θ0)

∥∥∥∥
P→ 0,

where MT,c =
{
θ ∈ Θ :

∥∥∥
√
T (θ − θ0)

∥∥∥ ≤ c
}
and BT (θ) = −

[∑T
t=1

∂2lt(θ,Yt)
∂θi∂θj

]k
i,j=1

.

(5) The score function ST (θ) = ∂
∂θ
lT (θ,Y) =

∑T
t=1

∂
∂θ
lt(θ,Yt) satisfies

1√
T
ST (θ0)

W→ I(θ0)
1/2

Z,

where Z ∼ Nk(0, Ik).

Condition 3.4(3) imposes fairly standard regularity conditions on the conditional density

functions. Combined with Condition 3.4(1) it implies the applicability of the Mean-Value The-

orem for the score function in any convex set A ⊂ Θ. Condition 3.4(4) is technical and gives a

uniform convergence in probability of the Hessian of the log-likelihood on special compact sets

that contain the true parameter value θ0. Condition 3.4(5) is a high level assumption needed to

obtain asymptotic normality of the maximum likelihood estimator (MLE). Conditions 3.4(4)

and 3.4(5) can typically be verified by using an appropriate uniform law of large numbers

and a martingale central limit theorem, respectively. Note that Condition 3.4(1) guarantees

the standard assumption that the MLE is an inner point. The correct model specification is

necessary for Theorem 3.5 below and for testing purposes.

We define the MLE θ̂T to be any local maximizer of lT (θ;y) when such a maximum exists,

and +∞ otherwise.

Theorem 3.5 Under Condition 3.4 there exists a sequence of local maximizers θ̂T such that
{√
T (θ̂T − θ0)

}
T∈N

is bounded in probability and

[
1

T
BT (θ0)

]−1
1√
T
ST (θ0)−

√
T (θ̂T−θ0) P→ 0.

The proof is given in Sweeting (1980).

Condition 3.4 and Theorem 3.5 easily yield that
√
T (θ̂T−θ0) is asymptotically normal.
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3.2.5 Central limit theorem for transformed quantile residuals

Now we can develop the general framework for obtaining tests based on multivariate and

joint quantile residuals. The function g below is used to transform the quantile residuals.

With different choices of this function one can construct test statistics for different potential

departures from the characteristic properties of quantile residuals.

Condition 3.4 and the following Conditions 3.6 and 3.7 together yield the theorems needed

to establish asymptotic distributions for our test statistics. As in Condition 3.4, we denote

MT,c =
{
θ ∈ Θ :

∥∥∥
√
T (θ − θ0)

∥∥∥ ≤ c
}
.

Condition 3.6 Let one of the following assumptions hold.

(1a) g : Rnm → Rl is a continuously differentiable function such that E(g(Ut,θ0)) = 0, where

Ut,θ0 =

[
R′

t,θ0
· · · R′

t−m+1,θ0

]′
∈ Rnm is a vector of quantile residuals defined in (3.4).

(1b) g : Rm → Rl is a continuously differentiable function such that E(g(Ut,θ0)) = 0, where

Ut,θ0 =

[
Qt,θ0 · · · Qt−m+1,θ0

]′
∈ Rm is a vector of joint quantile residuals defined in

(3.5).

Condition 3.7 Let the vector Ut,θ0 and the function g be as in Condition 3.6 and let the

following assumptions hold.

(1) For all c > 0

sup
θ∈MT,c

∥∥∥∥∥
1

T

T∑

t=1

∂

∂θ′
g(Ut,θ)−G

∥∥∥∥∥
P→ 0,

sup
θ∈MT,c

∥∥∥∥∥
1

T

T∑

t=1

g(Ut,θ)g(Ut,θ)
′ −H

∥∥∥∥∥
P→ 0,

and

sup
θ∈MT,c

∥∥∥∥
1

T

∑T

t=1
g(Ut,θ)

[
∂

∂θ
lt(θ,Yt)

]′
−Ψ

∥∥∥∥
P→ 0,

where G =E( ∂
∂θ′
g(Ut,θ0)) and H = E(g(Ut,θ0)g(Ut,θ0)

′) exist and are finite and Ψ is a

constant matrix. Moreover, the matrix H is positive definite.
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(2) 


1√
T
ST (θ0)

1√
T

T∑
t=1

g(Ut,θ0)


 W→ Σ1/2Z,

where Z ∼ Nk+l(0, Ik+l) and Σ =



I(θ0) Ψ′

Ψ H


 , a positive definite matrix with elements

defined in (1) above and Condition 3.4(5).

(3) The cumulative distribution function Ft−1 : Θ× Rn → (0, 1) is continuously differentiable

in (θ,x) ∈ Θ× Rn for all t = 1, ..., T.

Condition 3.6 allows test statistics to be defined by any continuously differentiable trans-

formation of the multivariate or joint quantile residuals with zero expectation. A large number

of different hypotheses can therefore be tested within this framework. Condition 3.7(1) im-

poses uniform convergence in probability on special compact sets similar to that in Condition

3.4(4). Together these two conditions define the matrix Σ in Condition 3.7(2). The joint weak

convergence assumption in Condition 3.7(2) can be verified by using an appropriate central

limit theorem. It contains Condition 3.4(5) as a special case. Condition 3.7(3) complements

Condition 3.4(3).

Now we can state a central limit theorem from which the limiting distributions of our test

statistics are obtained.

Theorem 3.8 Under Conditions 3.4, 3.6, and 3.7

1√
T

T∑

t=1

g(Ut,θ̂T
)
W→ Ω1/2U , (3.6)

where U ∼ N(0, Il) and

Ω =

[
GI(θ0)

−1 : Il

]
·Σ·



I(θ0)

−1
G′

Il


 (3.7)

= GI(θ0)
−1
G′ + ΨI(θ0)

−1
G′ + GI(θ0)

−1
Ψ′ + H.

The proof is given in Appendix 3.A.
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The first three terms in the asymptotic covariance matrix Ω take the uncertainty caused

by parameter estimation into account. Note that Condition 3.7(2) implies that the matrix Ω

is positive definite. If G = 0 there is (asymptotically) no need to take the uncertainty caused

by parameter estimation into account in the test statistics. Then the estimate of matrix Ω

can be simplified in an obvious way because only the matrix H needs to be estimated. In

particular cases the matrix H may even be known, as seen in the next section. However, in

simulations test statistics based on the sample estimate Ĥ = 1
T

T∑
t=1

g(ut,θ̂T
)g(ut,θ̂T )′ turned out

to have preferable size properties. Even then the size properties were not always satisfactory,

and, therefore, an estimate of the matrix Ω (to be denoted by Ω̃T ) was obtained by using

simulation methods (see Section 3.5).

The following lemma provides a consistent estimator for the covariance matrix Ω needed

when a test based on a chosen function g is derived. This lemma is convenient for most non-

linear models for which the components of Ω are difficult or impossible to obtain analytically.

Lemma 3.9 Let Conditions 3.4, 3.6, and 3.7 hold and I(θ̂T ) be a consistent estimator for

I(θ0). Then a consistent estimator for Ω is

Ω̂T =

[
ĜT · I(θ̂T )−1 : Il

]
· Σ̂T ·



I(θ̂T )−1 · Ĝ′

T

Il


 ,

where ĜT = 1
T

T∑
t=1

∂
∂θ′
g(ut,θ̂T ) and Σ̂T=



I(θ̂T ) Ψ̂′

T

Ψ̂T ĤT


 with Ψ̂T = 1

T

T∑
t=1

g(ut,θ̂T
)
[
∂
∂θ
lt(θ̂T ,yt)

]′

and ĤT = 1
T

T∑
t=1

g(ut,θ̂T )g(ut,θ̂T )′.

Proof. Consistency follows from an application of both the Continuous Mapping Theorem

and Slutsky’s Lemma.

The numerical value of Ω̂T is easily obtained by the employed estimation algoritm, only

knowledge of the estimate θ̂T , the matrix I(θ̂T ), the log-likelihood function lt(θ̂T ,yt), and

the derivatives ∂
∂θ′
g(ut,θ̂T ) and ∂

∂θ
lt(θ̂T ,yt) are needed. In the empirical examples and sim-

ulations of the chapter, the estimator I(θ̂T ) is chosen to be 1
T

∑T
t=1

∂
∂θ
lt(θ̂T ,yt)

∂
∂θ
lt(θ̂T ,yt)

′,

which is always positive semi-definite. Another consistent estimator is 1
T
BT (θ̂T ). The needed
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derivatives are easy to compute numerically if their analytic values are difficult to obtain or

not known. Explicit expressions for the derivatives ∂
∂θ′

Rt,θ and
∂
∂θ′
Qt,θ are provided in Lemma

3.11 in Appendix 3.A.

Based on the results of Theorem 3.8 and Lemma 3.9 we can deduce that

1√
T

T∑

t=1

g(Ut,θ̂T
)′ · Ω̂−1

T · 1√
T

T∑

t=1

g(Ut,θ̂T
)
W→ U ′Ω1/2Ω−1Ω1/2U = U ′U .

This yields a general test statistic

S =
1

T −m+ 1

T∑

t=m

g(ut,θ̂T )′ · Ω̂−1
T ·

T∑

t=m

g(ut,θ̂T )
H0≈ χ2(l),

where m and l are the dimensions defined in Condition 3.6.

A test based on Theorem 3.5 uses a strategy that does not require specification of an

alternative hypothesis. Tests of this type were introduced by Cox and Hinkley (1974) who

called them pure significance tests. Such tests are robust, but generally not optimal against

particular alternatives. However, it turns out that the multivariate quantile residual based

tests of autocorrelation and conditional heteroscedasticity to be derived in the next section can

also be interpreted as LM tests against particular alternatives. For the normality test based on

multivariate quantile residuals a similar result is also obtained albeit only in a special case. We

do not provide LM interpretations for the tests based on joint quantile residuals. It actually

seems unlikely that such interpretations exist.

The LM interpretations can be seen in the same way as in the univariate case considered

in Chapter 2 (details are given in Appendix 3.B). A suitable auxiliary model is chosen for

quantile residuals and incorporated into the model of interest to obtain an extended likelihood

function. The test is then obtained by using the LM principle to an appropriate null hypothesis

in the auxiliary model. This idea can also be used in other cases. We note, however, that

the above-mentioned auxiliary model is not suggested for use in practice. It is only used as a

device to obtain a test and understand its properties.

As already mentioned, a convenience of the LM interpretation is that the obtained test is

asymptotically optimal against local alternatives (see e.g. Basawa and Scott (1983)) whereas
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similar results are not available for uniformly distributed quantile residuals. The reason is that

in the case of uniformly distributed quantile residuals the likelihood function of the resulting

auxiliary model is not regular enough. Thus, a LM interpretation is not available for analogous

tests based on uniformly distributed quantile residuals (see Chapter 2 for more details). This

is a theoretical advantage of normalized quantile residuals.

3.3 Tests based on Quantile Residuals

In this section, we derive separate misspecification tests for non-normality, serial correlation,

and conditional heteroscedasticity of multivariate and joint quantile residuals. Instead of

these separate tests we could have chosen to generalize the approach, e.g., in Jarque and

Bera (1980), and use our framework to derive a joint test for these three features. Because

the sensitiveness of the individual tests against different misspecifications varies, outcomes of

separate tests may give useful hints of the reasons of a potential misspecification. Moreover,

separate tests can be used to complement the information provided by graphical methods such

as histograms, QQ-plots, autocorrelation and cross correlation functions of quantile residuals

and squared quantile residuals. The tests derived here provide confidence bounds for graphs

of autocorrelation functions, and thereby justify their use.

Our general framework can be used to derive tests based on any function g of multivariate or

joint quantile residuals for which Condition 3.6(1a) or Condition 3.6(1b) holds. This includes,

but is not limited to, higher moments of multivariate or joint quantile residuals. A correct

model specification is assumed below so that Rt,θ0 ∼ n.i.d.(0, In) and Qt,θ0 ∼ n.i.d.(0, 1) hold.

3.3.1 Normality tests

Our multinormality tests make use of ideas e.g. in Lomnicki (1961), Bowman and Shenton

(1975), Kiefer and Salmon (1983), Jarque and Bera (1987), and Doornik and Hansen (2008).

A multinormality test is first developed for multivariate quantile residuals, that is, Ut,θ = Rt,θ

in Condition 3.6. The null hypothesis employed is based on three moments of multivariate
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quantile residuals, i.e.,

H0 : E

[
R2jt,θ0−1 R3jt,θ0 R4jt,θ0 − 3

]
= 0 for all j ∈ {1, ..., n} and t,

which holds if Rjt,θ0 ∼ n.i.d.(0, 1). The independence structure of theoretical quantile residuals

within and between observations allows us to test multinormality in a similar manner as in

Doornik and Hansen (2008).

Our normality test is based on the continuously differentiable function g : Rn → R3n (see

Theorem 3.8) with

g(ut,θ) =

[
g1(r1t,θ)

′ · · · gn(rnt,θ)
′
]′
,

where gj(rjt,θ) =

[
r2jt,θ − 1 r3jt,θ r4jt,θ − 3

]′
.1 Using properties of the standard multinormal

distribution it is seen that E(g(Ut,θ0)) = 0 with the matrixG =E( ∂
∂θ′
g(Ut,θ0)) given in Deriv-

atives section in Appendix 3.A, and

H = E(g(Ut,θ0)g(Ut,θ0)
′) = In ⊗




2 0 12

0 15 0

12 0 96



, (3.8)

where ⊗ denotes the Kronecker product. Thus, assuming the conditions of Theorem 3.8 we

get the asymptotic result

1√
T

∑T

t=1
g(Ut,θ̂T

)
W→ N(0,Ω). (3.9)

Define Ω̂T , an estimator of Ω, so that the last term in Lemma 3.9 is replaced with the sample

estimate ĤT= 1
T

∑T
t=1 g(ut,θ̂T )g(ut,θ̂T )′ of the matrix H given in (3.8). Using this estimator

and the preceding asymptotic result we then obtain the test statistic

N =
1

T
·
∑T

t=1
g(ut,θ̂T

)′ · Ω̂−1
T ·

∑T

t=1
g(ut,θ̂T )

H0≈ χ2(3n).

1Compared to earlier normality tests based on Pearson’s residuals we have included the term r2t,θ − 1. The
addition of this term has improved small sample properties of the test for nonlinear models. It has to be
removed, if the variance of quantile residuals of the estimated model is automatically one. In that case the
matrix defined in (2.5) is not positive definite and the asymptotic result does not hold. This happens e.g.
when models can be estimated using ordinary least squares (OLS).
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Arguments similar to those in Jarque and Bera (1987) can be applied to show that test

statistic N can be motivated by the LM principle under the restriction that the components of

the observations are independent (see Appendix 3.B for more details). In more general cases

the technique used to obtain the LM interpretation is not straightforwardly applicable. This

is because convenient families of multivariate distributions are not available in the literature.

The normality of the joint quantile residuals can be tested by choosing the null hypothesis

H0 : E

[
Q2t,θ0−1 Q3t,θ0 Q4t,θ0 − 3

]
= 0 for all t.

The hypothesis is true if Qt,θ0 ∼ n.i.d.(0, 1). Therefore, assuming Condition 3.6(1b) we con-

struct a univariate form of the normality test obtained above. Thus, we set Ut,θ = Qt,θ in

g(ut,θ̂T ) and define accordingly the matricesG =E( ∂
∂θ′
g(Qt,θ0)),Ψ, andH = E(g(Qt,θ)g(Qt,θ)

′)

as well as in their empirical counterparts, ĜT = 1
T

T∑
t=1

∂
∂θ′
g(qt,θ̂T ), Ψ̂T = 1

T

T∑
t=1

g(qt,θ̂T )
[
∂
∂θ
lt(θ̂T ,yt)

]′
,

and ĤT = 1
T

T∑
t=1

g(qt,θ̂T )g(qt,θ̂T )′. These estimators and the asymptotic result of Theorem 3.8

yield the test statistic

NJ =
1

T
·
∑T

t=1
g(qt,θ̂T )′ · Ω̂−1

T ·
∑T

t=1
g(qt,θ̂T )

H0≈ χ2(3).

3.3.2 Test for Autocorrelation

The autocorrelation test is first developed for multivariate quantile residuals. Thus, under

Condition 3.6(1a), we test for potential serial correlation in multivariate quantile residuals.

Denote Ut,θ =

[
R′

t,θ · · · R′
t−K1,θ

]′
for some K1, and introduce the general null hypothesis

H0 : E(Rt,θ0R
′
t−s,θ0) = 0 for all t and s > 0.

The test is based on the statistics

Ĉs =
1

T − s
∑T

t=1+s
rt,θ̂T r

′
t−s,θ̂T

s = 1, ...,K1, K1 << T,
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i.e., uncentered sample autocovariance matrices of multivariate quantile residuals. These

are reasonable estimators because theoretically E(Rt,θ0) = 0, even though in general r̄
θ̂T

=

1
T

∑T
t=1 rt,θ̂T �= 0. The potential inadequacy of the model is assumed to be reflected by the

first K1 autocovariance matrices. A similar test statistic formulated in terms of autocorrela-

tions of Pearson’s residuals has been used e.g. in Chitturi (1974).

The continuously differentiable function g : Rn(K1+1) → Rn2K1 is defined as

g(ut,θ) = vec

[
rt,θr

′
t−1,θ · · · rt,θr

′
t−K1,θ

]
,

where vec denotes the columnwise vectorization of a matrix. Then clearly E(g(Ut,θ0)) = 0

with the matrix G =E( ∂
∂θ′
g(Ut,θ0)) given in Derivatives section in Appendix 3.A. Properties

of the standard multinormal distribution yield

H = E(g(Ut,θ0)g(Ut,θ0)
′) = In2K1

.

Using Theorem 3.8 and the estimator for Ω given in Lemma 3.9 with the last term replaced

with the sample estimate ĤT = 1
T

∑T
t=1 g(ut,θ̂T )g(ut,θ̂T )′, gives the test statistic

AK1 =
1

T −K1
∑T

t=1+K1

g(ut,θ̂T )′ · Ω̂−1
T ·

∑T

t=1+K1

g(ut,θ̂T
)
H0≈ χ2(n2K1).

The test statistic AK1 can be interpreted as a LM test statistic when a K1th order autoregres-

sive model is specified for quantile residuals. The details are given in Appendix 3.B.

In addition to the overall test statistic AK1 it is also useful to consider individual autoco-

variance and cross covariance estimates ĉijs. A large value of ĉijs compared to its approximate

standard error obtained from the relevant diagonal element of the matrix T−1Ω̂T suggests

model inadequacy. Therefore, a useful model criticism procedure is to plot ĉij1, ..., ĉijr divided

by their standard errors for each j and some r, and compare them with their approximate

95% critical bounds, as already suggested in McLeod (1978). For each j this procedure cor-

responds to performing r individual tests and, therefore, the resulting joint significance level

lies between the maximum p-value of the individual tests and their sum.
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The autocorrelation test can also be based on joint quantile residuals, i.e., we assume

Condition 3.6(1b). Choose

Ut,θ =

[
Qt,θ · · · Qt−K1,θ

]′

and test the null hypothesis

H0 : E(Qt,θ0Qt−s,θ0) = 0 for all t and s > 0,

by applying the preceding autocorrelation test in univariate form. Thus, rt,θ, ..., rt−K1,θ are re-

placed with qt,θ, ..., qt−K1,θ in the function g(·) and appropriate changes are made in the matri-

cesG,Ψ, andH, as well as their empirical counterparts, which become ĜT = 1
T

T∑
t=1

∂
∂θ′
g(qt,θ̂T ),

Ψ̂T = 1
T

T∑
t=1

g(qt,θ̂T )
[
∂
∂θ
lt(θ̂T ,yt)

]′
, and ĤT = 1

T

T∑
t=1

g(qt,θ̂T )g(qt,θ̂T )′. Application of Theorem

3.8 yields the test statistic

AJ
K1

=
1

T
·
∑T

t=1
g(qt,θ̂T )′ · Ω̂−1

T ·
∑T

t=1
g(qt,θ̂T )

H0≈ χ2(K1).

3.3.3 Test for Conditional Heteroscedasticity

Again, we first obtain a test of potential conditional heteroscedasticity by using multivariate

quantile residuals, i.e., under Condition 3.6(1a). We consider the general null hypothesis

H0 : E(R2it,θ0, R
2
j,t−s,θ0) = 0 for i, j ∈ {1, ..., n}, all t, and s > 0,

which is a natural generalization of the hypothesis used in the corresponding univariate test

of Chapter 2. As in that chapter, we modify the ideas suggested in McLeod and Li (1983) and

Ling and Li (1997) and base the test on the autocovariance type statistics

d̂ijs =
1

T − s
∑T

t=1+s

(
r2
it,θ̂T

− 1
)
r2
j,t−s,θ̂T

i, j ∈ {1, ..., n}, s = 1, ...,K2, K2 << T.

A relatively small number of these statistics is again assumed to sufficiently reflect the potential

inadequacy of the model. It is demonstrated in Appendix 3.B that the resulting test can
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be motivated as a LM test when a K2th order multivariate ARCH model is specified for

multivariate quantile residuals.

Denote Ut,θ =

[
R′

t,θ · · · R′
t−K2,θ

]′
, and, according to the preceding discussion, define

the continuously differentiable function g : Rn(K2+1) → Rn2K2 as

g(ut,θ) = vec

[
wt,θv

′
t−1,θ · · · wt,θv

′
t−K2,θ

]

with wt,θ =

[
r21,t,θ − 1 · · · r2n,t,θ − 1

]′
and vt−s,θ =

[
r21,t−s,θ · · · r2n,t−s,θ

]′
, s = 1, ..., K2.

Then E(g(Ut,θ0)) = 0 with the matrix G =E( ∂
∂θ′
g(Ut,θ0)) given in Derivatives section in

Appendix 3.A. Properties of the standard multinormal distribution give

H = E(g(Ut,θ0)g(Ut,θ0)
′) = In ⊗ (4IK2 + M),

where M is a K2 ×K2 matrix with all elements equal to 1. Using the estimator Ω̂T given in

Lemma 3.9 with the last term replaced with the sample estimate ĤT = 1
T

∑T
t=1 g(ut,θ̂T )g(ut,θ̂T )′

yields the test statistic

HK2 =
1

T −K2
∑T

t=1+K2

g(ut,θ̂T )′ · Ω̂−1
T ·

∑T

t=1+K2

g(ut,θ̂T )
H0≈ χ2(n2K2). (3.10)

Again, it is also useful to supplement the overall test statistic HK2 by plotting individual

estimates d̂ijs divided by their approximate standard errors which can be obtained from the

diagonal elements of the matrix T−1Ω̂T .

A heteroscedasticity test can also be based on joint quantile residuals. Under Condition

3.6(1b) the null hypothesis

H0 : E(Q2t,θ0 , Q
2
t−s,θ0) = 0 for all t and s > 0,

can be tested by modifying the preceding test statistic as follows. Choose Ut,θ =[
Qt,θ · · · Qt−K2,θ

]′
so that rt,θ , ..., rt−K2,θ are replaced with qt,θ , ..., qt−K2,θ in the function

g(·), and make appropriate changes in the matrices G, Ψ, and H as well as in their empirical
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counterparts, which now read as ĜT = 1
T

T∑
t=1

∂
∂θ′
g(qt,θ̂T ), Ψ̂T = 1

T

T∑
t=1

g(qt,θ̂T )
[
∂
∂θ
lt(θ̂T ,yt)

]′
,

and ĤT = 1
T

T∑
t=1

g(qt,θ̂T )g(qt,θ̂T )′. The test statistic is denoted by HJ
K2

and an application of

Theorem 3.8 yields

HJ
K2

=
1

T −K2
∑T

t=1+K2

g(qt,θ̂T )′ · Ω̂−1
T ·

∑T

t=1+K2

g(qt,θ̂T )
H0≈ χ2(K2).

3.4 Empirical example on Multivariate Generalized

Orthogonal Factor GARCH model

In this section, properties of exchange rate series based multivariate GARCH models are ana-

lyzed using multivariate and joint quantile residuals and tests based on them. The considered

models are based on a mixture distribution, and are therefore such that the interpretation of

traditional residuals is difficult.

3.4.1 The Model

The Multivariate Generalized Orthogonal Factor GARCH model uses generalized orthogonal

factors to solve some typical problems encountered in multivariate GARCH models. The aim

is to find a relatively small number of factors that can describe the multivariate conditional

variance structure of the data adequately. We consider a slightly generalized form of the model

proposed by Lanne and Saikkonen (2007).

Let yt be a n dimensional process that has a conditional density function of the form

ft−1(yt) = p(2π)−
n
2 det(WH1tΨ

−1
1 W′)−

1
2 exp{−1

2
y′t

(
WH1tΨ

−1
1 W′)−1 yt} (3.11)

+(1− p)(2π)−
n
2 det(WH2tΨ

−1
2 W′)−

1
2 exp{−1

2
y′t

(
WH2tΨ

−1
2 W′)−1 yt},

where p ∈ (0, 1), W (n × n), Ψ1 = pIn + (1 − p)Ψ, Ψ2 = Ψ1Ψ
−1, and Ψ = diag [ψ1 · · ·ψn]

are parameter matrices with W nonsingular, and H1t and H2t (n×n) are stochastic diagonal

matrices to be defined below. The matrix Ψ is assumed to have positive diagonal elements, so
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ψi > 0 for all i ∈ {1, ..., n}. The stochastic diagonal matrices H1t and H2t are used to describe

conditional heteroscedasticity in the process yt. They are supposed to be of the form

Hjt = diag[Vjt : In−r] with Vjt = diag
[
v
(j)
1t · · · v

(j)
rt

]
,

where

v
(j)
it = (1− αji − βji) + βjiv

(j)
i,t−1 + αji(b

′
iyt−1)

2, i = 1, ..., r, and j = 1, 2, (3.12)

and b′i is the ith row of the parameter matrix B′ = W−1. Thus, each of the processes v
(j)
it has

the form of a conventional (univariate) GARCH(1,1) process except that the intercept terms

are normalized in such a way that the components of B′yt have unit unconditional variance.

As in GARCH(1,1) models, the parameters α1i, α2i, β1i, β2i in (3.12) are assumed to satisfy

αji > 0, βji ≥ 0, and αji + βji < 1 for all i and j. Thus, the conditional distribution of yt is

a mixture of two normal distributions with Et−1(yt) = 0 and covt−1(yt) = pWH1tΨ
−1
1 W′ +

(1− p)WH2tΨ
−1
2 W′. It is not difficult to show that the model is identified up to multiplying

the columns of B by minus one.

The model has an alternative representation as a function of parameters and two unob-

servable random variables

yt = W
(
I(st = 0) ·H1/2

1t Ψ
−1/2
1 + I(st = 1) ·H1/2

2t Ψ
−1/2
2

)
εt, (3.13)

where I(·) is the indicator function, εt ∼ n.i.d.(0, In) and st is an i.i.d. random variable with

Pr(st = 0) = p and Pr(st = 1) = 1−p.Moreover, the processes {εt} and {st} are independent.

From (3.13) one clearly obtains the conditional density (3.11) for yt. The representation (3.13)

is easily compared with the model in Lanne and Saikkonen (2007), where

yt = WH
1/2
t

(
I(st = 0) + I(st = 1) ·Ψ1/2

)
Ψ
−1/2
1 εt. (3.14)

This model can be obtained from (3.13) by imposing the parameter restrictions α1i = α2i
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and β1i = β2i for all i = 1, ..., r. Thus, in our model the mixture structure is not limited to

the distribution of the error term εt but also affects parameters in the conditional covariance

matrix.

The restrictions imposed on the parameters in (3.12) with some further assumptions imply

that the process yt defined by (3.14) is strictly stationary and ergodic and also second order

stationary (see Lanne and Saikkonen (2007) and the references therein). To the best of our

knowledge, conditions that guarantee similar results in the case of the more general model

(3.13) are not known. Therefore, we here assume that the model is stationary and ergodic

under the assumptions made on the parameters. Then standard limit theorems apply and

verification of the high level conditions imposed in Section 3.2 becomes possible. Due to space

constraints, no attempt is made to provide details, however.

The data employed here is also analyzed in Lanne and Saikkonen (2007): 4 weekly exchange

rate series of the French Franc (FRF), Dutch Guilder (NLG), German Mark (DEM) and

Swiss Franc (CHF) against the U.S. Dollar (USD) for the years 1984—1997. That makes 782

observations. Maximum likelihood estimation of the parameters was carried out by using

Gauss 5.0 and the algorithm library cml-package. The initial values of Ĥ11 and Ĥ21 were

calculated using the sample variances of b̂′jyt, so that the initial values are different for each

iteration. Before estimation the series are centered for the mean to be zero.

3.4.2 Comparison of the estimated models

Four different Multivariate Generalized Orthogonal Factor GARCHmodels are compared with

each other using quantile residuals. The estimation results of the two models of Lanne and

Saikkonen (2007) can be found in their paper. These models are a two factor model under

normality (Model 1) and a one factor mixture-normal model (Model 2), both based on equation

(3.14). The estimation results of a one factor mixture-normal model (Model 3) and a two factor

mixture-normal model (Model 4) based on equation (3.13) are given in Tables 1 and 2. These

new models were estimated in order to find out whether the inadequacies in the previous

models (1 and 2) to be detected by our analysis could be removed. Two factors were used in

Model 4 because, according to the tests derived in Lanne and Saikkonen (2007), the null
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Table 1: Estimation results of a one-factor mixture-normal model (Model 3) based on

equation (3.13).

Parameter
α1 0.011 α2 0.311

(0.007) (0.083)

β1 0.986 β2 0.616
(0.007) (0.082)

B 0.025 3.271 0.436 -0.090
(0.205) (0.210) (0.353) (0.286)

-9.322 -1.329 1.047 -1.602
(3.809) (0.405) (2.268) (0.655)

9.294 -1.867 -0.102 0.437
(3.797) (0.423) (2.149) (0.619)

-0.072 0.010 -0.776 1.509
(0.105) (0.056) (0.574) (0.317)

Ψ 0.266 0.050 0.307 0.471
(0.059) (0.008) (0.057) (0.102)

p 0.130
(0.021)

NOTE: The estimated standard errors, computed by using the cross-product of the first deriv-

atives of the log-likelihood function, are in the parentheses.

hypothesis of two conditionally heteroscedastic factors was not rejected at the 5% significance

level.

The quantile residuals are computed as proposed in equations (3.4) and (3.5). We have

chosen to use the conditioning order (i1, i2, i3, i4) = (1, 2, 3, 4) in equation (3.4), so our
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Table 2: Estimation results of a two-factor mixture-normal model (Model 4) based on equa-

tion (3.13).

Parameter
α11 0.020 α21 0.273

(0.012) (0.061)

β11 0.979 β21 0.644
(0.014) (0.055)

α22 0.168
(0.022)

β22 0.824
(0.022)

B 0.190 2.738 0.719 0.053
(0.123) (0.308) (0.185) (0.251)

-8.914 -1.120 1.196 -1.827
(2.915) (0.252) (0.850) (0.800)

8.748 -1.604 -0.504 0.553
(2.856) (0.293) (0.692) (0.718)

-0.092 0.007 -0.806 1.490
(0.061) (0.035) (0.373) (0.220)

Ψ 0.111 0.139 0.201 0.388
(0.037) (0.037) (0.047) (0.095)

p 0.059
(0.012)

NOTE: The estimated standard errors, computed by using the cross-product of the first deriv-

atives of the log-likelihood function, are in the parentheses.
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Table 3: P-values of test statistics in percentages and values of the information

criteria computed for Models 1-4.

NJ AJ
3 HJ

3 N A3 H3 AIC BIC

Model 1 0 10 4.7·10−32 0 3.4·10−4 0 2789 2882

Model 2 6.2·10−3 58 0.2 3.3·10−20 7.9·10−3 5.6·10−38 2495 2602

Model 3 8.9·10−4 56 0.3 9.6·10−15 5.6·10−3 3.0·10−47 2483 2599

Model 4 1·10−2 52 1.1 1.3·10−7 5.3·10−4 9.0·10−12 2328 2453

NOTE: The tests statistics are computed with the simulated covariance matrix estimate Ω̃T .

N, A3 and H3 refer to the normality test, autocorrelation test based on three lags and con-

ditional heteroscedasticity test based on three lags, respectively. The superscript J indicates

tests computed using joint quantile residuals. P-value 0 means a value < 1·10−50.

observed multivariate quantile residuals are

rt,θ̂T =




r1t,θ̂T

r2t,θ̂T

r3t,θ̂T

r4t,θ̂T




=




Φ−1(F1,t−1(θ̂T , y1t))

Φ−1(F2,1,t−1(θ̂T , y2t))

Φ−1(F3,2,t−1(θ̂T , y3t))

Φ−1(F4,3,t−1(θ̂T , y4t))




.

The factorization of the joint density into a product of one marginal and three conditional

densities was eased by the fact that for the family of mixtures of multinormal distributions

the marginal and conditional distributions belong to the same family of distributions. Thus,

the residuals for each observation could be solved iteratively by solving the parameters of one

marginal and one conditional distribution at a time. For more details on this, see Appendix

3.C.

Table 3 shows the values of the test statistics developed in Section 3.3 for each model
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along with the values of two information criteria, AIC and BIC. They are computed as AIC =

2 · k − 2 · lT and BIC = k · log(T − u) − 2 · lT , where lT is the value of the maximized

log-likelihood of the sample, k is the dimension of the parameter vector, T is the sample size,

and u is the number of needed initial values. Values of the tests statistics in Table 3 are

computed with a simulated covariance matrix Ω̃T (for definition, see Section 3.5) because,

according to simulations both in the univariate case (see Chapter 2) and in the multivariate

case (see Section 3.5 of this chapter), they provide more reliable versions of the tests.

As can be seen from Table 3, the autocorrelation test AJ
3 based on three lags of joint

quantile residuals is not critical on any of the models. The same is observed by looking at

autocorrelation functions based on the joint quantile residuals (reported only for Model 4 in

Figure 1). The normality test based on joint quantile residuals NJ rejects all models at 1%

significance level. This is also the case for the conditional heteroscedasticity test HJ
3 based

on three lags of joint quantile residuals with the exception of Model 4, and even for this

model the p−value is as small as 1.1%. Further illustration on this is provided in Figure 1

that depicts both the autocorrelation graphs of the joint quantile residuals and squared joint

quantile residuals of the Model 4 along with 99% critical bounds2. Tests based on multivariate

quantile residuals do not accept any of the models at conventional critical levels, but overall

they are least critical towards Model 4 that is also favoured by the information criteria.

In each one of the four models the third multivariate quantile residual r3t,θ̂T is negatively

autocorrelated at lag one with the absolute value around 0.20. Figure 1 depicts this for Model

4 along with the 99% critical bounds. This explains why the autocorrelation test A3 rejects

all the models. This indicates that the mean might not be constant in time. We ignore this

problem but acknowledge that it can cause bias in our analysis. The squared multivariate

quantile residuals are autocorrelated especially in Model 1. The autocorrelation is smaller

when mixture distributions are used. But even for Model 4 there is some autocorrelation left

in the series of r2
4t,θ̂T

and, therefore, H3 rejects (see Figure 1).

2These 99% critical bounds are derived in the way explained in the Section 2.3. Since we actually test several
tests at the same time, the Bonferroni correction should be made. If we use 99% confindence bounds for 5
tests at the same time, we are, according to the correction, actually basing our inference on 95% confidence
bounds.
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Figure 1: Autocovariance functions of joint or multivariate quantile residuals and squared

joint or multivariate quantile residuals of Model 4 divided by their approximate standard

errors. The standard errors are obtained from the simulated covariance matrix estimate

T−1Ω̃T . Approximate 99% critical bounds are denoted with plus signs for each lag.
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Figure 2: Residual series for two factor model under normality (Model 1).

The multivariate quantile residual series of Models 1 and 4 in Figures 2 and 3 show that

Model 4 has been able to capture the fluctuations of the data much better than Model 1. The

same is true when Model 4 is compared with Models 2 and 3 (the graphs not shown). An

inspection of the distributional fit by other methods like histograms and normal probability

plots based on the multivariate quantile residuals (not reported) favour Models 3 and 4.

Clearly, the information given by the tests and figures supplement the information previ-

ously available by AIC and BIC. The graphs based on multivariate quantile residuals indicate

that the mixture models provide better descriptions for the exchange rate series than Model

1 based on the normal distribution. A further advantage of the graphs is that they suggest

possible reasons of misspecification. We wish to emphasize, however, that our aim has been to

illustrate how different models with non-nested structures can be analyzed with the methods

proposed in this chapter. Therefore, it is beyond the scope of this work to consider new
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Figure 3: Quantile residual series for two factor mixture normal model (Model 4)

specifications even though none of the examined models was found acceptable by the diagnos-

tics.

3.5 Simulations

In this section the size and power properties of the proposed tests based on joint and multi-

variate quantile residuals (NJ , AJ
K1
, HJ

K2
, N, AK1 and HK2) are studied by simulation. In the

simulations, we consider the sample sizes 250, 500, 750, and 1000, depending on the model

to be estimated. All results are based on 2000 replications. We report empirical rejection

frequencies when one considers tests at 5% and 1% significance levels. To avoid the initial

value problem 200 extra observations were simulated and removed from the beginning of every

sample. MLE’s of the parameters of the considered models were obtained by the BHHH op-
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timization algorithm with BHHHSTEP for step length calculation implemented via the cml

library in GAUSS Windows Version 5.0. The optimization tolerance level was set such that

the gradients of the parameters were less than or equal to 10−5. Some restrictions were im-

posed on parameters to guarantee successful estimation. The approximate covariance matrix

of estimators was computed using the inverse of the cross-product of the first derivatives,

which guarantees positive semidefinite covariance matrix estimates. Starting values for the

estimation algoritm were chosen to be the actual parameter values. This choice was made

because, in most cases, the optimization of the likelihood function was difficult.

As already mentioned, the size properties of the tests were not always satisfactory when

the covariance matrix estimator Ω̂T given in Lemma 3.9 was used. The following simulation

method was therefore employed. After estimating the parameters of the model, the estimated

values were used to simulate a data set of 20000 observations from the model. Based on this

large sample, quantile residuals and numerical derivatives for both the log-likelihood function

and quantile residuals were computed and used to obtain an estimate of the covariance matrix

Ω as described after Lemma 3.9. This estimate is denoted by Ω̃T . The quantile residuals of

the original data and the estimate Ω̃T were then used to compute values of the test statistics.

3.5.1 Models

We study the size properties and the ability of the considered tests to reveal misspecification

with the following simple bivariate models. In power comparisons we do not adjust the tests

for size distortions, because the sizes are quite accurate and the adjustment cannot be done

in empirical applications. Thus, our simulation study conforms to actual testing situation.

Models S.1, S.3, and S.5 are used to examine the size properties whereas power properties

are studied with Models S.1, S.2, and S.4. Simulation results are reported in Tables 4, 5, 6,

and 7.

Model S.1

yt = µ+ εt,

where εt ∼ n.i.d.(0,Σ), and Σ > 0.
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Model S.2:

yt = (µ1 + εt) · I(ηt ≤ c) + (µ2 + ǫt) · I(ηt > c),

where ηt ∼ N(0, 1), εt ∼ N2(0,Σ1), and ǫt ∼ N2(0,Σ2) are unobservable i.i.d. random

variables with Σ1 > 0 and Σ2 > 0. The random variables ηt, εt, and ǫt are independent for

all t.

Model S.3:

yt = µ+ Ayt−1 + εt,

where εt ∼ n.i.d.(0,Σ) and Σ > 0.

Model S.4:

yt = µ+ I(ηt ≤ c) ·A1yt−1 + I(ηt > c) ·A2yt−1 + εt,

where with ηt ∼ n.i.d.(0, 1), εt ∼ n.i.d.(0,Σ), and Σ > 0. The random variables ηt and εt are

independent for all t.

Model S.5:

yt = Σ
1
2
t εt,

where εt ∼ n.i.d.(0,Σt) with Σt= WHtW
′ > 0 for all t, Ht = diag

[
vt 1

]
, and vt =

(1− α) + α(b′1yt−1)
2 with b1being the first row of matrix (W′)−1.

3.5.2 Size and power properties

The size properties of the tests are satisfactory, though the conditional heteroscedasticity test

based on multivariate quantile residuals (H3) is somewhat oversized (Tables 4, 5, and 6).

However, for sample sizes larger than 1000 the size properties are quite accurate even for

this test (not reported). In the univariate case studied in Chapter 2, previous tests with a

similar structure were found to suffer from size distortions when employed without taking the

uncertainty caused by parameter estimation into account. Table 7 illustrates this in the
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Table 4: Rejection frequencies of tests when data are generated from Models S.1, S.2, and

S.5. In all cases Model S.1 is estimated.

NJ AJ
3 HJ

3 N A3 H3
Model S.1 simulated

T
250
500
750
1000

5 1

5.4 1.9
4.5 1.4
4.7 1.0
5.3 1.8

5 1

6.1 1.0
4.9 0.7
4.7 0.9
4.2 0.6

5 1

5.5 1.7
5.5 1.6
4.7 0.9
5.5 1.6

5 1

6.0 2.4
5.6 2.0
4.4 1.2
5.9 1.7

5 1

5.2 1.5
5.2 1.0
4.6 1.1
5.2 1.1

5 1

7.3 3.0
7.2 2.4
5.9 1.7
6.1 1.8

Model S.2 simulated
T

250
500
750
1000

5 1

6.4 2.4
7.2 2.6
8.7 2.3
9.5 2.9

5 1

4.9 1.0
4.8 1.1
3.9 0.5
4.2 0.8

5 1

4.3 2.1
5.4 1.7
5.0 1.5
5.8 1.8

5 1

10.2 4.9
13.8 6.9
16.4 7.4
19.8 9.5

5 1

4.6 0.7
4.9 0.7
5.8 1.2
5.7 0.9

5 1

9.1 3.3
8.8 3.6
9.3 2.8
9.4 3.6

Model S.5 simulated
T

250
500
750
1000

5 1

6.4 3.3
9.3 4.2
10.5 4.6
11.0 5.0

5 1

5.9 1.7
6.2 2.0
7.1 1.9
7.2 1.9

5 1

7.7 3.6
10.8 5.1
11.1 5.4
12.6 6.0

5 1

16.2 9.7
24.3 16.5
29.7 19.1
36.2 25.7

5 1

7.4 2.1
7.2 1.9
7.7 1.8
8.5 2.4

5 1

47.5 35.6
73.7 61.0
89.9 81.1
95.4 90.7

NOTE: Results are based on 2000 replications. For each sample size the percentage of re-

jections at 5% and 1% levels are provided. The test statistics are computed by using the

simulated covariance matrix estimate Ω̃T . The estimates for model S.1 are computed with

OLS, so that the normality test statistics NJ and N are computed without the term r2t,θ − 1.

In Model S.1 the parameter values are

µ = (0, 0), and Σ =




1 0.8

0.8 3


 ,

in Model S.2

µ1= (0, 0), µ2 = (1, 1), Σ1=




1 0.8

0.8 3


 , Σ2=




1 0.5

0.5 4


 , and c = Φ−1(0.15),

and in Model S.5

α = 0.25 and (W′)−1 =




0.49 −1.32

2.27 0.5


 .
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Table 5: Rejection frequencies of tests when data are generated from Models S.3 and S.4,

and Model S.3 is estimated.

NJ AJ
3 HJ

3 N A3 H3

Model S.3 simulated

T

250

500

750

1000

5 1

3.8 1.3

4.1 1.4

4.8 1.5

5.0 1.0

5 1

3.9 0.8

4.1 1.2

4.9 1.3

4.4 1.0

5 1

4.6 1.4

5.1 1.2

5.8 2.0

5.3 1.5

5 1

5.5 2.1

5.6 2.3

5.4 1.9

5.7 1.6

5 1

6.5 1.8

4.9 1.2

5.3 1.2

5.8 1.4

5 1

7.3 2.6

6.2 2.2

7.7 2.2

7.0 1.8

Model S.4 simulated

T

250

500

750

1000

5 1

5.1 1.9

7.2 2.3

8.0 2.9

7.9 2.6

5 1

7.3 1.7

7.8 2.3

9.1 2.4

9.4 2.9

5 1

25.3 15.1

46.3 29.3

60.7 44.0

74.0 58.2

5 1

6.9 3.1

10.4 4.3

10.3 4.9

11.4 5.5

5 1

49.6 39.4

31.5 22.8

25.1 16.9

19.5 11.8

5 1

46.0 32.9

77.9 64.5

92.3 84.7

98.2 94.8

NOTE: Results are based on 2000 replications. For each sample size the percentage of re-

jections at 5% and 1% levels are provided. The test statistics are computed by using the

simulated covariance matrix estimate Ω̃T . The parameters of model S.1 are computed with

OLS, so that the normality test statistics NJ and N are computed without the term r2t,θ − 1.

In Model S.3 the parameter values are

µ = (0, 0), A =




0.9 0.2

0 0.6


 , and Σ =




1 0.5

0.5 1


 ,

and in Model S.4

µ = (0, 0), A1= 0, A2=




0.9 0

0 0.6


 , Σ =




1 0.5

0.5 1


 , and c = Φ−1(0.35).
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Table 6: Rejection frequencies of tests when data are generated and estimated from Model

S.5.

NJ AJ
3 HJ

3 N A3 H3

Model S.5 simulated

T

250

500

750

1000

5 1

4.8 1.7

5.6 1.6

4.9 1.6

5.1 1.5

5 1

5.3 1.3

5.7 1.5

4.6 1.3

5.3 0.9

5 1

5.3 2.0

6.6 2.2

6.1 1.7

5.4 1.4

5 1

6.7 2.3

6.3 2.2

5.6 1.2

5.8 1.2

5 1

6.3 1.9

5.6 1.4

5.6 1.1

5.0 1.4

5 1

9.9 4.9

11.0 3.7

8.8 3.0

9.8 3.2

NOTE: Results are based on 2000 replications. For each sample size the percentage of rejec-

tions at 5% and 1% levels are provided. The test statistics are computed by using the simulated

covariance matrix estimate Ω̃T . In Model S.5 the parameter values are α = 0.25 and (W′)−1 =


0.49 −1.32

2.27 0.5


 .

multivariate case by using the normality test of Doornik and Hansen (2008) (DH) which,

compared to our normality test based on multivariate quantile residuals (N), performs poorly

being heavily undersized. This demonstrates that it is important to use tests that properly

take the effect of parameter estimation into account. In the univariate case in Chapter 2 it was

also found that when a mixture model is simulated and estimated tests based on the Pearson’s

residuals are unreliable. It is expected, though not shown here, that the same also happens in

the multivariate case.

Power properties of the tests are studied by simulating Models S.2 and S.5, and then

estimating Model S.1 (Table 4). Model S.2 is a mixture of two normal distributions with small

differences in the means and covariance structures based on i.i.d. innovations. Therefore, it

is not surprising that the tests do not show much power. One expects the normality tests to

react, and indeed the multivariate quantile residual based version N begins to have power in

larger samples. When the difference in means is increased the tests become powerful in small

samples as well (not reported). When data are generated by Model S.5, it is expected that

especially the conditional heteroscedasticity tests H3 and H
J
3 will have power. This is
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Table 7: Rejection frequencies of the Doornik and Hansen (2008) test when data are generated

and estimated from Model S.1.

DH

Model S.1 simulated

T

250

500

750

1000

5 1

0.7 0.1

0.2 0.1

0.2 0

0.2 0

NOTE: Results are based on 2000 replications. For each sample size the percentage of rejec-

tions at 5% and 1% levels are provided. See Table 4 for parameter values of Model S.1.

indeed the case for the multivariate quantile residual based test (H3) even though the value of

the parameter α is relatively small (Table 4). However, the corresponding test based on joint

quantile residuals (HJ
3 ) shows only little power and is even less powerful than the normality

test based on multivariate quantile residuals (N). When larger values of α are used both of the

two conditional heteroscedasticity tests are very powerful, as expected. The autocorrelation

tests A3 and A
J
3 are at their nominal levels, which is not surprising because Models S.2 and

S.5 do not contain any dependence structure (Table 4).

The conditional heteroscedasticity test based on multivariate quantile residuals (H3) shows

power when Model S.4 is simulated and Model S.3 is estimated (Table 5). The corresponding

test based on joint quantile residuals (HJ
3 ) also has fairly good power compared with the other

joint quantile residual based tests. Regarding the other tests, their power is low except for the

autocorrelation test based on multivariate quantile residuals (A3). However, even the power

of this test is rather modest and, surprisingly, decreases when then sample size increases.

As a whole the power properties are as expected. Due to their LM interpretations the

tests based on multivariate quantile residuals are more powerful than their counterparts based

on joint quantile residuals. Despite their relatively low power tests based on joint quantile

residuals may nevertheless be useful especially when the dimension of the observations is large.
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3.6 Conclusion

In this chapter, we study multivariate and joint quantile residuals that can be seen as gen-

eralizations of traditional residuals. Under regularity conditions, we state the theoretical

properties of quantile residuals, and develop a general framework that can be used to obtain

misspecification tests based on quantile residuals. Our tests are theoretically sound in that

they take the uncertainty caused by parameter estimation into account. This was implemented

via a standard Taylor expansion of the likelihood function and a continuously differentiable

function of quantile residuals. To illustrate how our framework can be applied, we derived tests

for non-normality, serial correlation, and conditional heteroscedasticity in quantile residuals.

The test statistics are simple to compute once the parameters of the model are estimated, and

their application only requires the use of the conventional χ2 criterion.

Thus, we enlarge the set of models for which traditional graphical diagnostics and related

statistical tests can be applied to include e.g. models based on mixture distributions that

are becoming more and more popular in practice. For these models diagnostics based on

traditional residuals, i.e., Pearson’s residuals is not reliable. Our misspecification tests are

applicable for all models for which quantile residuals are suited. This also includes models

for which also traditional residuals work. Because our testing approach properly takes the

uncertainty caused by parameter estimation into account it can even improve size properties

of previous tests which ignore the estimation uncertainty. We demonstrated this by using a

normality test and simulation. The practical usefulness of our approach was illustrated by an

empirical example in which mixtures of Multivariate Generalized Orthogonal Factor GARCH

models were applied to 4 weekly exchange rate series.
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Appendix 3.A Proofs

For the sake of completeness, the usual framework of a parametric model is stated and assumed

hereafter. Let (Ω,A,P) be a fixed probability space with a complete measure P and Yθ : Ω →

RnT a family of random variables indexed by the parameter θ belonging to the setΘ ⊂ Rk. Let

(RnT ,BnT ,Pθ) be the probability space induced by Yθ . Then P = {Pθ : θ ∈ Θ} is a collection

of probability measures defined on BnT , the Borel sigma-algebra of RnT . The collection P

can equally well be defined by the density functions f(θ,y), P =
{
f(θ,y) : θ ∈ Θ, y ∈RnT

}
,

which is the definition in the main text.

Proof of Lemma 3.2. Following the proof of Rosenblatt (1952) and the notation in the

main text, we write Zjt = Fij ,j−1,t−1(θ0, Yij ,t) for each j = 1, ..., n and t = 1, ..., T. We fix

the point (z1, ..., zT ) ∈ (0, 1)nT , with zt = (z1t, ..., znt). Then for each zjt there exists unique

yij ,t such that zjt = Fij ,j−1,t−1(θ0, yij ,t) for all j and t. This follows from the fact that the

distributions Fij ,j−1,t−1 are absolutely continuous w.r.t. Lebesgue measure. We denote

A =

{
T∏

t=1

n∏

j=1

(
−∞, F−1ij ,j−1,t−1(θ0, zjt)

]
; j = 1, ..., n and t = 1, ..., T

}
⊂ RnT

and

B =

{
T∏

t=1

n∏

j=1

(0, zjt] ; j = 1, ..., n and t = 1, ..., T

}
⊂ (0, 1)nT .

Now,

F(Z1,...,ZT |Y0)(z1, ..., zT |G0) = P(Z1 ≤ z1, ...,ZT ≤ zT |G0)

= P(Yij ,t ≤ F−1ij ,j−1,t−1(θ0, zjt) for all j and t|G0)

=
∫
A

T∏
t=1

n∏
j=1

fij ,j−1,t−1(θ0, uij ,t)duij ,t

=
∫
B

T∏
t=1

n∏
j=1

dvjt =
T∏
t=1

n∏
j=1

zjt.

The second equality follows from absolute continuity of Ft−1. The third equality uses equa-

tions (3.1) and (3.3) to rewrite the joint density. The fourth equality follows by change of

variable vjt = Fij ,j−1,t−1(θ0, uij ,t), and the fifth by integration. This proves that Z11, ..., ZnT
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are independent (conditional on Y0)
3 and each Zjt ∼ Uniform(0, 1). Since Φ−1 is continuous,

it is measurable. Then R1,θ0, ...,RT,θ0 , where Rt,θ0 =

[
Φ−1(Z1t) · · · Φ−1(Znt)

]′
, are inde-

pendent as measurable mappings of independent random variables. Clearly, Rjt,θ0 ∼ N(0, 1)

for each j and t, and therefore,

[
R′
1,θ0

· · · R′
T,θ0

]′
=

[
R11,θ0 · · · RnT,θ0

]′
∼ N(0, InT ).

Since the mapping Fij ,j−1,t−1 : Θ × R → (0, 1) is continuous with respect to θ, the Con-

tinuous Mapping Theorem (see for example van der Vaart (1998), page 7) and Condition

3.1(3) together imply that Fij ,j−1,t−1(θ̂T , yij ,t)
P→ Fij ,j−1,t−1(θ0, yij ,t) whereas the continuity of

Φ−1 : (0, 1) → R yields

Rjt,θ̂T
= Φ−1

(
Fij ,j−1,t−1(θ̂T , yij ,t)

)
P→ Φ−1 (Fij ,j−1,t−1(θ0, yij ,t)

)
= Rjt,θ0

for each j and t. Then

[
R′
1,θ̂T

· · · R′
H,θ̂T

]′
W→ N(0, InH) for H fixed.

The independence of Rt+s,θ0 and {Y1, ...,Yt} (again conditional on Y0) for s ≥ 1 follows

easily using the results above: Rt+s,θ0 is independent of {R1,θ0 , ...,Rt,θ0} , and {Y1, ...,Yt} is

a measurable mapping of {R1,θ0 , ...,Rt,θ0} , since Yij ,t = F−1ij ,j−1,t−1(θ0,Φ(Rjt,θ0)).

3.A.1 Proof of Lemma 3.3

The proof of Lemma 3.3 is given as follows. First Lemma 3.10 is stated and proven, then it is

used to prove Lemma 3.3.

Lemma 3.10 Let X1, ..., Xn be independently uniformly distributed random variables on (0, 1)

and X=
∏n

i=1Xi, then fn(X) ∼ Uniform(0, 1), where fn(x) = x
∑n−1

i=0
(−1)i
i!

(ln x)i.

Proof. Let n = 2, and denote Z1 = X1X2 and Z2 = X2. The Jacobian determinant of the in-

verse transformation is 1
z2
, and hence we get the joint density function fZ1,Z2(z1, z2) = 1

z2
, when

0 < z1 < z2 < 1, and fZ1,Z2(z1, z2) = 0 otherwise. Integrating with respect to z2 over the range

(z1, 1) yields the marginal density function fZ1(z1) = − ln z1, and the cumulative distribution

3This remark holds for every independence proven in this paper and is hereafter omitted.
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function FZ1(z1) = z1 − z1 ln z1. From the proof of Lemma 3.2, FZ1(Z1) ∼ Uniform(0, 1), as

required.

We make an induction assumption that the result holds for n = k − 1, and show that it

holds for n = k.

Denote Z =
∏k−1

i=1 Xi. The induction assumption gives FZ(z) = z
∑k−2

i=0
(−1)i
i!

(ln z)i. There-

fore, derivation with respect to z yields the density function of the variable Z

fZ(z) =
(−1)k−2

(k − 2)!
(ln z)k−2. (3.15)

Denote V1 = ZXk and V2 = Xk. Since Z and Xk are independent, the joint density function of

V1 and V2 is obtained by calculating the Jacobian determinant for the inverse transformation

and applying the standard formula to obtain

fV1,V2(v1, v2) = fZ(
v1
v2

)fXk
(v2)

1

v2
=

(−1)k−2

(k − 2)!
(ln
v1
v2

)k−2
1

v2
,

when 0 < v1 < v2 < 1, and fV1,V2(v1, v2) = 0 otherwise. Since

d

dv2
(ln
v1
v2

)k−1 = (−1)(k − 1)(ln
v1
v2

)k−2
1

v2

and ln 1 = 0, the density function of V1 is

fV1(v1) =
(−1)k−2

(k − 2)!

1∫

v1

(ln
v1
v2

)k−2
1

v2
dv2 =

(−1)k−1

(k − 1)!
(ln v1)

k−1.

Integrating by parts we get the distribution function of V1

FV1(v1) =

v1∫

0

(−1)k−1

(k − 1)!
(ln x)k−1dx

= v1
(−1)k−1

(k − 1)!
(ln v1)

k−1 − lim
x→0
x

(−1)k−1

(k − 1)!
(ln x)k−1 +

v1∫

0

(−1)k−2

(k − 2)!
(ln x)k−2dx
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for 0 < v1 < 1.

Using (3.15) it is seen that
v1∫
0

(−1)k−2
(k−2)! (ln x)k−2dx = FZ(v1) = v1

∑k−2
i=0

(−1)i
i!

(ln v1)
i. An applica-

tion of L’Hospital’s Rule (k − 1) times yields lim
x→0

(−1)k−1
(k−1)!

(lnx)k−1

x−1
= lim

x→0
x = 0. Therefore,

FV1(v1) = v1
∑k−1

i=0

(−1)i

i!
(ln v1)

i,

and, from the proof of Lemma 3.2, FV1(v1) ∼ Uniform(0, 1). Since V1 =
∏k

i=1Xi, the induction

principle completes the proof.

Proof of Lemma 3.3. Write Xt,θ =
n∏
j=1

Fij ,j−1,t−1(θ, yij ,t) using (3.3). Lemma 3.2 shows

that Fij ,j−1,t−1(θ0, Yij ,t) are independently uniformly distributed, so that by Lemma 3.10,

Zt,θ0 ∼ Uniform(0, 1),

where Zt,θ0 = Xt,θ

∑n−1
i=0

(−1)i
i!

(lnXt,θ)
i . Clearly, Qt,θ0 = Φ−1(Zt,θ0) ∼ N(0, 1). Since

{X1,θ0 , ..., XT,θ0} are independent by the proof of Lemma 3.2, Zt,θ0’s as well as Qt,θ0 ’s are

independent as measurable transformations of independent variables. Therefore, part a) of

the Lemma follows.

The random variables Qt,θ are continuous in θ for all t. Then, Condition 3.1(3), the Con-

tinuous Mapping Theorem, and part a) together yield part b).

Lemma 3.2 c) shows that Xt+s,θ0 =
n∏
j=1

Fij ,j−1,t+s−1(θ0, Yij ,t) and {Y1, ...,Yt} are indepen-

dent for s ≥ 1. Hence, Qt,θ0 and {Y1, ...,Yt} (again conditional on Y0) are independent for

s ≥ 1.

Proof of Theorem 3.8. We can assumed that θ̂T �= ∞, because lim
T→∞

Pθ0(θ̂T �= ∞) = 1 by

Theorem 3.5.

Again by Theorem 3.5, for every ε > 0 there exists c0 and T0 such that P(θ̂T∈MT,c0) > 1− ε

for all T > T0. By Condition 3.7(1), 1
T

T∑
t=1

∂
∂θ′
g(Ut,θ̃T

)
P→ G for all θ̃T∈MT,c and c > 0, so that

especially 1
T

T∑
t=1

∂
∂θ′
g(Ut,θ̂T

)
P→ G.
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The Mean-Value Theorem and Conditions 3.6 and 3.7(3) together imply that

1√
T

T∑

t=1

g(Ut,θ̂T
) =

1√
T

T∑

t=1

∂

∂θ′
g(Ut,θ̃)(θ̂T − θ0) +

1√
T

T∑

t=1

g(Ut,θ0), (3.16)

where

∂

∂θ′
g(Ut,θ̃) =

[
∂
∂θ
g1(Ut,θ̃

(1)) · · · ∂
∂θ
gn(U

t,θ̃
(n))

]′

is a (n× k) Jacobian-matrix with U
t,θ̃

(j) =

[
R′

t,θ̃
(j) · · · R′

t−m+1,θ̃(j)

]′

(or U
t,θ̃

(j) =

[
Q
t,θ̃

(j) · · · Q
t−m+1,θ̃(j)

]′
depending on the choice in Condition 3.6),

θ̃ = (θ̃
(1)
, . . . , θ̃

(n)
), and

∥∥∥θ̃(j) − θ0
∥∥∥ <

∥∥∥θ̂T − θ0
∥∥∥ for each j = 1, ..., n.

Theorem 3.5 gives

√
T (θ̂T−θ0) =

[
1

T
BT (θ0)

]−1
1√
T
ST (θ0) + oP (1). (3.17)

Since (see Condition 3.7(1))

1

T

T∑

t=1

∂

∂θ′
g(Ut,θ̃) · oP (1) = oP (1)

equations (3.16) and (3.17) yield

1√
T

T∑

t=1

g(Ut,θ̂T
)

=

[
1
T

T∑
t=1

∂
∂θ′
g(Ut,θ̃) ·

[
1
T
BT (θ0)

]−1
: Il

]



1√
T
ST (θ0)

1√
T

T∑
t=1

g(Ut,θ0)


 + oP (1).

Conditions 3.7(1), 3.7(2), and Slutsky’s Lemma ensure that

[
1
T

T∑
t=1

∂
∂θ′
g(Ut,θ̃) ·

[
1
T
BT (θ0)

]−1
: Il

]
P→

[
GI(θ0)

−1 : Il

]
. (3.18)
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Finally, using (3.18), Condition 3.7(2), and the Continuous Mapping Theorem

1√
T

T∑

t=1

g(Ut,θ̂T
)
W→

[
GI(θ0)

−1 : Il

]
·Σ1/2Z,

where Z ∼ Nk+l(0, Ik+l) and

Ω =

[
GI(θ0)

−1 : Il

]
Σ



I(θ0)

−1
G′

Il




= GI(θ0)
−1
G′ + ΨI(θ0)

−1
G′ + GI(θ0)

−1
Ψ′ + H.

Thus, we can write

1√
T

T∑

t=1

g(Ut,θ̂T
)
W→ Ω1/2U ,

where U ∼ Nl(0, Il).

Derivatives

Lemma 3.11

∂

∂θ
Rjt,θ = [φ (Rjt,θ)]

−1 ∂

∂θ
(Fij ,j−1,t−1(θ, Yij ,t)),

and

∂

∂θ
Qt,θ = [φ (Qt,θ)]

−1 ∂

∂θ
Zt,θ ,

where

∂

∂θ
Zt,θ =

(−1)n−1

(n− 1)!
(logXt,θ)

n−1 · ∂
∂θ
Xt,θ

and

∂

∂θ
Xt,θ =

∂

∂θ

(
n∏

j=1

Fij ,j−1,t−1(θ, Yij ,t)

)
.

Here φ is the density of the standard normal distribution.

Proof. Let rjt,θ = Φ−1(Fij ,j−1,t−1(θ, yij ,t)). The fact that φ(x) > 0 for all x ∈ R ensures that

d
dy

Φ−1(y) = 1
( d
dx
Φ)(x)

= 1
φ(x)
, where x = Φ−1(y), exists for each y ∈ (0, 1). This and Condition
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3.7(3) give

∂

∂θs
rjt,θ =

∂

∂θs
Φ−1(Fij ,j−1,t−1(θ, yij ,t))

=
[(

Φ−1)′ (Fij ,j−1,t−1(θ, yij ,t))
] ∂

∂θs
(Fij ,j−1,t−1(θ, yij ,t))

=
[
Φ′ [Φ−1(Fij ,j−1,t−1(θ, yij ,t))

]]−1 ∂
∂θs

(Fij ,j−1,t−1(θ, yij ,t))

= [φ (rjt,θ)]
−1 · ∂

∂θs
(Fij ,j−1,t−1(θ, yij ,t))

for all s = 1, ..., k. Since ∂
∂θs
rjt,θ is continuous,

∂
∂θs
Rjt,θ is a well defined random variable.

Similarly, Condition 3.7(3) implies ∂
∂θ
qt,θ = [φ (qt,θ)]

−1 ∂
∂θ
zt,θ . Since

d

dx
fn(x) =

d

dx

(
x
∑n−1

i=0

(−1)i

i!
(log x)i

)
=

(−1)n−1

(n− 1)!
(log x)n−1,

then

∂

∂θ
zt,θ =

(−1)n−1

(n− 1)!
(log xt,θ)

n−1 · ∂
∂θ
xt,θ,

and

∂

∂θ
xt,θ =

∂

∂θ

(
n∏

j=1

Fij ,j−1,t−1(θ, yij ,t)

)

Because ∂
∂θ
qt,θ is continuous,

∂
∂θ
Qt,θ is a well defined random variable.

In the multinormality test with Ut,θ = Rt,θ we have

G =E(
∂

∂θ′
g(Ut,θ0)) =

[
E( ∂

∂θ
g1(R1t,θ0)) · · · E( ∂

∂θ
gn(Rnt,θ0))

]′
,

where

E(
∂

∂θ
gj(Rjt,θ0)) = E

[
2Rjt,θ0

∂
∂θ
Rjt,θ0 3R2jt,θ0

∂
∂θ
Rjt,θ0 4R3jt,θ0

∂
∂θ
Rjt,θ0

]

and ∂
∂θ
Rjt,θ0 is given in Lemma 3.11. If Ut,θ = Qt,θ , then

G =E(
∂

∂θ′
g(Qt,θ0)) = E

[
2Qt,θ0

∂
∂θ′
Qt,θ0 3Q2t,θ0

∂
∂θ′
Qt,θ0 4Q3t,θ0

∂
∂θ′
Qt,θ0

]

with ∂
∂θ
Qt,θ given in Lemma 3.11.
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Remark 3.12 The random variables

(1) ∂
∂θ′
Ri,t−s,θ0 and Rjt,θ0 are independent for all i, j ∈ {1, ..., n} and s ≥ 1,

and

(2) ∂
∂θ′
Qt−s,θ0 and Qt,θ0 are independent for all s ≥ 1.

Proof. According to Lemma 3.11

∂

∂θ
Ri,t−s,θ0 = [φ (Ri,t−s,θ0)]

−1 ∂

∂θ
(Fmi,i−1,t−s−1(θ0, Ymi,t−s))

is a measurable function of the random variables {Y0,Y1, ...,Yt−s}. Lemma 3.2 c) shows the

independence of Rjt,θ0 and {Y0,Y1, ...,Yt−s} for all s ≥ 1, which implies the stated result (1).

Likewise, Lemma 3.3 c) yields the independence of Qt,θ0 and
∂
∂θ′
Qt−s,θ0 for all s ≥ 1.

Using Remark 3.12(1) it is seen that a typical row of the matrix G =E( ∂
∂θ′
g(Ut,θ0)) in the

autocorrelation test with Ut,θ =

[
R′

t,θ · · · R′
t−K1,θ

]′
is

E(
∂

∂θ′
(Ri,t−s,θ0Rjt,θ0)) = E(Ri,t−s,θ0

∂

∂θ′
Rjt,θ0) + E(Rjt,θ0

∂

∂θ′
Ri,t−s,θ0)

= E(Ri,t−s,θ0
∂

∂θ′
Rjt,θ0),

where ∂
∂θ′
Rjt,θ0 is the vector of derivatives given in Lemma 3.11, i, j ∈ {1, ..., n} , and s =

1, ...,K1.

If Ut,θ =

[
Qt,θ · · · Qt−K1,θ

]′
in the autocorrelation test, then using Remark 3.12(2) it

is seen that the sth row of the matrix G =E( ∂
∂θ′
g(Ut,θ0)) is

E(
∂

∂θ′
(Qt−s,θ0Qt,θ0)) = E(Qt−s,θ0

∂

∂θ′
Qt,θ0) + E(Qt,θ0

∂

∂θ′
Qt−s,θ0)

= E(Qt−s,θ0
∂

∂θ′
Qt,θ0),

where ∂
∂θ
Qt,θ is given in Lemma 3.11.

Remark 3.13 The random variables

(1) R2it,θ0 and Rj,t−s,θ0
∂
∂θ′
Rj,t−s,θ0 are independent for all s ≥ 1,
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and

(2) Q2t,θ0 and Qt−s,θ0
∂
∂θ′
Qt−s,θ0 are independent for all s ≥ 1.

Proof. R2it,θ0 is a measurable function of Rit,θ0 , and
∂
∂θ

(Fmj ,j−1,t−s−1(θ0, Ymj ,t−s)),

[φ (Rj,t−s,θ0)]
−1 and Rj,t−s,θ0 are measurable functions of {Y0, Y1, ..., Yt−s} . The independence

follows using Lemma 3.2 c).

Similarly, Lemma 3.3 c) yields the independence of Q2t,θ0 and Qt−s,θ0
∂
∂θ′
Qt−s,θ0 for all s ≥ 1.

Using Remark 3.13(1) a typical row of the matrix G =E( ∂
∂θ′
g(Ut,θ0)) in the conditional

heteroscedasticity test based on Ut,θ =

[
R′

t,θ · · · R′
t−K2,θ

]′
is

E

[
∂

∂θ′
R2i,t−s,θ0

(
R2jt,θ0 − 1

)]

= 2E

[
R2i,t−s,θ0Rjt,θ0

∂

∂θ′
Rjt,θ0 +

(
R2jt,θ0 − 1

)
Ri,t−s,θ0

∂

∂θ′
Ri,t−s,θ0

]

= 2E

[
R2i,t−s,θ0Rjt,θ0

∂

∂θ′
Rjt,θ0

]
,

where ∂
∂θ′
Rjt,θ0 is the vector of derivatives given in Lemma 3.11, i, j ∈ {1, ..., n} , and s =

1, ..., K2.

If Ut,θ =

[
Qt,θ · · · Qt−K2,θ

]′
in the conditional heteroscedasticity test, then Remark

3.13(2) yields

E(
∂

∂θ′
Q2t−s,θ0

(
Q2t,θ0 − 1

)
)

= 2E(Q2t−s,θ0Qt,θ0

∂

∂θ′
Qt,θ0) + E(

(
Q2t,θ0 − 1

)
Qt−s,θ0

∂

∂θ′
Qt−s,θ0)

= 2E(Q2t−s,θ0Qt,θ0

∂

∂θ′
Qt,θ0),

as a sth row of matrix G =E( ∂
∂θ′
g(Ut,θ0)) and

∂
∂θ
Qt,θ is given in Lemma 3.11.
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Appendix 3.B LM interpretations

3.B.1 Normality test

The LM interpretation of the normality test is obtained as in Kalliovirta (2006). Thus, consider

the Pearson family of univariate distributions characterized by the differential equation

d log(f(u))

du
= − u

b0 + b1u+ b2u2
, −∞ < u <∞, (B.1)

where f(u) is the density of the random variable U and β = (b0, b1, b2) is a parameter vector.

When β = (1, 0, 0) ≡ β0, f(u) is the density of a standard normal distribution. Denote

q(t) = −
∫

a+t
b0+b1t+b2t2

dt, so that log f(t) = q(t) +C, where C is such that
∞∫
−∞
f(u)du = 1. Then

(B.1) has a solution

f(u) =
exp{q(u)}

∞∫
−∞

exp{q(t)}dt
.

Now assume that the components of multivariate quantile residuals Rjt,θ =

Φ−1(Fij ,j−1,t−1(θ, Yij ,t)) are independent and have densities fj(u) with parameters βj =

[bj0, bj1, bj2]
′ for each j = 1, ..., n. The Jacobian is triangular, because

∂rlt,θ
∂yij

= 0 for all

l < j. Therefore, the Jacobian determinant is

∣∣∣∣∣

n∏

l=1

∂rlt,θ
∂yil

∣∣∣∣∣ =
n∏

l=1

[φ (rlt,θ)]
−1 fil,l−1,t−1(θ,yil,t) =

[φ (Rt,θ)]
−1 ft−1(θ,yt). Thus, the joint density function of the observations is

f(θ,β1, ...,βn,y) =
T∏

t=1

n∏

j=1

fj (rjt,θ) [φ (Rt,θ)]
−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,β1, ...,βn,y) = −
T∑

t=1

n∑

j=1

∫
rjt,θ

bj0 + bj1rjt,θ + bj2r2jt,θ
drjt,θ

−T
n∑

j=1

log

∞∫

−∞

exp{−
∫

u

bj0 + bj1u+ bj2u2
du}du

+
1

2

T∑

t=1

n∑

i=1

R2it,θ +
T∑

t=1

log ft−1(θ,Yt).
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Thus, under the null hypothesis (i.e. βj = β0 for all j = 1, ..., n)

∂l̃(θ,β0, ...,β0,y)

∂βj

= −
T∑

t=1

[
1
2

(
r2jt,θ − 1

)
1
3
r3jt,θ

1
4

(
r4jt,θ − 3

)]′

for each j = 1, ..., n. Here the summands are, apart from constants, equal to the function

g(ut.θ) of our normality test. Under the null hypothesis, ∂l̃(θ,β0,...,β0,y)
∂θ

is equal to the score in

the main text. Therefore, the score s̃(θ,β0, ...,β0) =

[
∂l̃(θ,β0,...,β0,y)

∂θ′
∂l̃(θ,β0,...,β0,y)

∂(β′1,...,β
′

n)
′

]′
contains

the variables of Condition 3.7(2), and the LM test based on the component ∂l̃(θ,β0,...,β0,y)

∂(β′1,...,β
′

n)
′ is

equal to our normality test. The covariance matrix Ω̂T is given in Lemma 3.9.

The well-known regularity of the score function yields

E



∂l̃(θ0,β0,...,β0,y)

∂θ
∂l̃(θ0,β0,...,β0,y)

∂θ′
∂l̃(θ0,β0,...,β0,y)

∂θ
∂l̃(θ0,β0,...,β0,y)

∂(β′1,...,β
′

n)

∂l̃(θ0,β0,...,β0,y)
∂(β1,...,βn)

∂l̃(θ0,β0,...,β0,y)
∂θ′

∂l̃(θ0,β0,...,β0,y)
∂(β1,...,βn)

∂l̃(θ0,β0,...,β0,y)
∂(β′1,...,β

′

n)




= −E



∂2 l̃(θ0,β0,...,β0,y)

∂θ∂θ′
∂2 l̃(θ0,β0,...,β0,y)
∂θ∂(β′1,...,β

′

n)

∂2 l̃(θ0,β0,...,β0,y)
∂(β1,...,βn)∂θ

′

∂2 l̃(θ0,β0,...,β0,y)
∂(β1,...,βn)∂(β

′

1,...,β
′

n)


 .

Because E
[
∂l̃(θ0,β0,...,β0,y)

∂θ
∂l̃(θ0,β0,...,β0,y)

∂(β′1,...,β
′

n)

]
= Ψ′ and E

[
∂2 l̃(θ0,β0,...,β0,y)
∂θ∂(β′1,...,β

′

n)

]
= G′, we haveΨ = −G.

In finite samples the estimates of the corresponding expectations are naturally different, how-

ever. Thus, we estimated both statistics separately from the data.

3.B.2 Autocorrelation test

The LM interpretation of the multivariate autocorrelation test is obtained as in Hosking

(1981b), where the test is based on an vector autoregressive model for Pearson’s residuals.

Consider an auxiliary VAR(p) model for quantile residuals Rt,θ =
p∑

s=1

ΓsRt−s,θ + εt, where

εt ∼ n.i.d.(0, In), Γs =




γ11,s · · · γ1n,s
...

. . .
...

γn1,s · · · γnn,s



, and Rt−s,θ =

[
R1,t−s,θ · · · Rn,t−s,θ

]′
, for s =

1, ..., p, and t = 1, ..., T, with Rt,θ = 0 for t ≤ 0. The Jacobian is triangular, because
∂rlt,θ
∂yij

= 0

for all l < j. Therefore, the Jacobian determinant is

∣∣∣∣∣

n∏

l=1

∂rlt,θ
∂yil

∣∣∣∣∣ =
n∏

l=1

[φ (rlt,θ)]
−1 fil,l−1,t−1(θ,yil,t)
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= [φ (Rt,θ)]
−1 ft−1(θ,yt). Thus, the joint density function of the observations is

f(θ,Γ1, ...,Γp,y) =
T∏

t=1

φ

(
Rt,θ −

p∑
s=1

ΓsRt−s,θ

)
[φ (Rt,θ)]

−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,Γ1, ...,Γp,y) = −1

2

T∑

t=1

(Rt,θ −
p∑

s=1

ΓsRt−s,θ)
′(Rt,θ −

p∑
s=1

ΓsRt−s,θ)

+
1

2

T∑

t=1

n∑

i=1

R2it,θ +
T∑

t=1

log ft−1(θ,yt).

Thus, for each u, v = 1, ..., n, s = 1, ..., p,

∂l̃(θ,Γ1, ...,Γp,y)

∂γuv,s
=

T∑

t=1

Rut,θRv,t−s,θ −Rv,t−s,θ

p∑

s=1

n∑

l=1

γul,sRl,t−s,θ

The quantile residuals are independent when Γs = 0 for all s = 1, ..., p, and the summands in

∂l̃(θ,0, ...,0,y)

∂γuv,s
=

T∑

t=1

Rut,θRv,t−s,θ

are equal to the function g(ut,θ) of our autocorrelation test. Thus, ∂l̃(θ,0,y)
∂θ

is equal to the

score in the main text and the score s̃(θ,0) =

[
∂l̃(θ,0,y)

∂θ′
∂l̃(θ,0,y)

∂ρ′

]′
contains the variables of

Condition 3.7(2). The LM test based on ∂l̃(θ,0,y)
∂ρ

is therefore identical to our autocorrelation

test. The covariance matrix Ω̂T is given in Lemma 3.9.

3.B.3 Conditional heteroscedasticity test

The LM interpretation of the conditional heteroscedasticity test is based on an multivariate

ARCH model.

Consider an auxiliary multivariate ARCH(q) model for quantile residuals

Rt,θ = H
1/2
t εt,
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where εt ∼ n.i.d.(0, 1), Ht = diag

[
1 +

q∑

s=1

ρ1t,s · · · 1 +

q∑

s=1

ρnt,s

]
, ρit,s =

n∑

j=1

αij,sR
2
j,t−s,θ

for i = 1, ..., n, s = 1, ..., q, and t = 1, ..., T, with Rt,θ= 0 for t ≤ 0. Denote with A the n2q

-vector of parameters αij,s, i, j = 1, ..., n and s = 1, ..., q.

The Jacobian of the transformation is triangular, because
∂rlt,θ
∂yij

= 0 for all l < j. Therefore,

the Jacobian determinant is

∣∣∣∣∣

n∏

l=1

∂rlt,θ
∂yil

∣∣∣∣∣ =
n∏

l=1

[φ (rlt,θ)]
−1 fil,l−1,t−1(θ,yil,t)

= [φ (Rt,θ)]
−1 ft−1(θ,yt). Thus, the joint density function of the observations

f(θ,A,y) =
T∏

t=1

H
−1/2
t · φ

(
H
−1/2
t rt,θ

)
[φ (rt,θ)]

−1 ft−1(θ,yt),

and the log-likelihood function

l̃(θ,A,y) = −1

2

T∑

t=1

n∑

i=1

log(1 +

q∑

s=1

ρit,s)−
1

2

T∑

t=1

n∑

i=1

r2it,θ
1 +

∑q
s=1 ρit,s

+
1

2

T∑

t=1

n∑

i=1

r2it,θ +
T∑

t=1

log ft−1(θ,yt).

Thus, for each i, j = 1, ..., n and s = 1, ..., q, ∂l̃(θ,A,y)
∂αij,s

= 1
2

T∑
t=1

[
r2j,t−s,θ

1+
∑q

s=1
ρit,s

(
r2it,θ

1+
∑q

s=1
ρit,s

− 1

)]
.

Quantile residuals are homoscedastic when A = 0, and the summands in

∂l̃(θ,0,y)

∂αij,s
=

1

2

T∑

t=1

r2j,t−s,θ
(
r2it,θ − 1

)

are equal to the components of function g(ut,θ) of our conditional heteroscedasticity test.

Under the null hypothesis, ∂l̃(θ,0,y)
∂θ

is equal to the score in the main text. Therefore, the score

function s̃(θ,0) =

[
∂l̃(θ,0,y)

∂θ′
∂l̃(θ,0,y)
∂A′

]′
contains the variables of Condition 3.7(2). This shows

that the LM test based on ∂l̃(θ,0,y)
∂α

is identical to our conditional heteroscedasticity test. The

covariance matrix Ω̂T is given in Lemma 3.9.
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Appendix 3.C Multivariate quantile residuals

It is shown below that for the family of mixtures of multinormal distributions the marginal

and conditional distributions belong to the same family of distributions.

Denote with X (n× 1) a random vector that follows a mixture of two multinormal distri-

butions. The density of X is

fX (x) = p (2π)−n/2 det(Σ)−1/2 exp

{
−1

2
(x−µ)′Σ−1 (x−µ)

}

+ (1− p) (2π)−n/2 det(Ω)−1/2 exp

{
−1

2
(x− ν)′Ω−1 (x− ν)

}

= p ·MNn (µ,Σ) + (1− p) ·MNn (ν,Ω) ,

where MNn (µ,Σ) and MNn (ν,Ω) denote the densities of multinormal distribution with

expectations µ and ν, and covariance matrices Σ and Ω, respectively. Make a partition on

X =

[
X(1)′ X(2)′

]′
and conformable partitions on the expectations µ =

[
µ′1 µ′2

]′
,

ν =

[
ν ′1 ν ′2

]′
and covariance matrices

Σ =




Σ11 Σ12

Σ21 Σ22


 and Ω =




Ω11 Ω12

Ω21 Ω22


 .

If the dimensions of the random vectors X(1) and X(2) are k and n− k, respectively, then the

marginal distribution of X(2) is a mixture of two normal distributions with density

fX(2)

(
x(2)

)
= p (2π)−(n−k)/2 det(Σ22)

−1/2 exp

{
−1

2

(
x(2)−µ2

)′
Σ−1
22

(
x(2)−µ2

)}

+ (1− p) (2π)−(n−k)/2 det(Ω22)
−1/2 exp

{
−1

2

(
x(2)−ν2

)′
Ω−1
22

(
x(2)−ν2

)}

= p ·MNn−k (µ2,Σ22) + (1− p) ·MNn−k (ν2,Ω22) .

This can be seen by integrating the joint density with respect to x(1) and using well-known

properties of the normal distribution.

In order to obtain the conditional distribution of X(1) given X(2) = x(2) we define Σ11·2 =
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Σ11 −Σ12Σ
−1
22Σ21, the Schur complement of Σ22. From the identity




Ik −Σ12Σ
−1
22

0 Il







Σ11 Σ12

Σ21 Σ22







Ik 0

−Σ−1
22Σ21 Il


 =




Σ11·2 0

0 Σ22


 ,

it follows that

Σ−1 =




Ik 0

−Σ−1
22Σ21 Il







Σ−1
11·2 0

0 Σ−1
22







Ik −Σ12Σ
−1
22

0 Il


 .

Thus, det (Σ) = det (Σ11·2) det (Σ22) . This and the notation x(1)−µ1−Σ12Σ
−1
22

(
x(2) −µ2

)
=

x(1) − a
(
x(2)

)
together give

(x− µ)′Σ−1 (x−µ) =
(
x(1) − a

(
x(2)

))′
Σ−1
11·2

(
x(1) − a

(
x(2)

))

+
(
x(2) − µ2

)′
Σ−1
22

(
x(2) −µ2

)
.

The same holds when Σ and
(
x(1) − a

(
x(2)

))
are replaced by Ω and x(1) − b

(
x(2)

)
= x(1) −

ν1 −Ω12Ω
−1
22

(
x(2) − ν2

)
. The joint density function of X can therefore be written as

fX (x) = p ·MNk

(
x(1) − a

(
x(2)

)
,Σ11·2

)
·MNn−k (µ2,Σ22)

+ (1− p) ·MNk

(
x(1) − b

(
x(2)

)
,Ω11·2

)
·MNn−k (ν2,Ω22) .

The conditional distribution of X(1) given X(2) = x(2) is

fX(1)|X(2)(x(1)|X(2) = x(2)) =
fX (x)

fX(2) (x(2))
= p

(
x(2)

)
·MNk

(
x(1) − a

(
x(2)

)
,Σ11·2

)

+
(
1− p

(
x(2)

))
·MNk

(
x(1) − b

(
x(2)

)
,Ω11·2

)
,

where

p
(
x(2)

)
=

p ·MNn−k (µ2,Σ22)

p ·MNn−k (µ2,Σ22) + (1− p) ·MNn−k (ν2,Ω22)

is a function of x(2) and the parameters p,µ2,ν2,Σ22, and Ω22.
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Thus, the quantile residuals for each observation can be solved iteratively by solving the

parameters of one marginal and one conditional distribution at a time. Each iteration involves

the computation of the new expectation vectors a
(
x(2)

)
and b

(
x(2)

)
, covariance matrices Σ11·2

and Ω11·2 and the mixing proportion p
(
x(2)

)
that form the set of parameters for the new

conditional distribution. At the same time one marginal distribution is solved, which is then

integrated in order to solve a desired component of the multivariate quantile residual vector

at a fixed time point. This procedure can be used for the models in our empirical example

whatever the order of conditioning is chosen for the multivariate quantile residuals.

In general, multivariate quantile residuals can always be computed with numerical in-

tegration. This task becomes very burdensome as the dimension of the time series grows.

Therefore, any theory that yields analytical results on the solution of the marginal and con-

ditional distributions is very useful. Results similar to those presented here can be obtained

within the families of elliptical and spherical distributions. See Fang, Kotz and Ng (1990) and

the references therein for general treatments on these families.
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Chapter 4

MISSPECIFICATION TESTS

BASED ON THE EMPIRICAL

DISTRIBUTION FUNCTION OF

QUANTILE RESIDUALS

Abstract

The empirical distribution function of quantile residuals is used to construct misspecifica-

tion tests for nonlinear time series models. Khmaladze’s martingale transformation is applied

to the empirical process in order to correct the effect of parameter estimation. The well-

known Pearson’s chi-square goodness-of-fit test based on the transformed empirical process

is generalized. Various other test statistics, such as Kolmogorov-Smirnov, Cramér-von Mises,

and Anderson-Darling type tests, are also considered in order to obtain critical bounds for

histogram type plots as well as Quantile-Quantile and Probability-Probability type plots of

quantile residuals. Under regularity conditions, the considered test statistics are asymptot-

ically distribution-free. The asymptotic critical values of our version of Pearson’s test are

obtained from the chi-square-distribution. For the other tests considered, the critical values

are obtained from non-standard distributions. A local power analysis for the tests is provided,

121
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as well as a simulation study that compares their performance to other misspecification tests

based on quantile residuals. The methods developed are applied to a USD interest rate series.

4.1 Introduction

Checking the specification of a statistical model usually involves both statistical tests and

graphical methods based on residuals. Chapters 2 and 3 show that the analysis based on

traditional residuals, often called Pearson’s residuals, is unreliable in some recent models

based on mixtures of distributions. Examples of such models include various regime-switching

models. The approach taken here makes use of residuals sometimes referred to as quantile

residuals that are applicable for a wide class of time series models including nonlinear time

series models based on mixtures of distributions. Quantile residuals can be defined for any fully

specified parametric model by using the cumulative distribution function of the observations.

Chapters 2 and 3 consider misspecification tests based on moments of quantile residuals in

univariate and multivariate settings, respectively. However, these tests do not provide theory

needed for the interpretation of some frequently applied graphical methods such as histograms

or Quantile-Quantile (Q-Q) plots and Probability-Probability (P-P) plots. In this chapter, the

process generated by the empirical distribution function of quantile residuals is used to obtain

misspecification tests that yield the needed theory to interpret these graphs.

Under certain regularity conditions the empirical process can be conveniently decomposed

with one of the components corresponding to a trend that is due to parameter estimation.

The trend component can be removed by using the results of Khmaladze (1981), Khmaladze

(1988) and Khmaladze (1993). Thus, this so-called Khmaladze’s martingale transformation

detrends the empirical process of interest. Recently, Bai (2003) and Bai and Chen (2008) used

this approach to generalize the Kolmogorov-Smirnov test. We use the detrended empirical

process to generalize Pearson’s goodness-of-fit test and Anderson-Darling and Cramér-von

Mises tests. Thus, the effect of parameter estimation is removed from the tests. Generalized

Pearson’s test is asymptotically distribution-free, and the critical values are obtained from the

χ2−distribution. Therefore, no simulation or bootstrap will be required to perform the test.
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Anderson-Darling and Cramér-von Mises test statistics converge in distribution to well-known

functionals of the standard Brownian motion. This chapter provides critical values for these

test statistics obtained by simulation.

Asymptotic critical bounds for Q-Q plots and P-P plots of quantile residuals can be com-

puted by using the Kolmogorov-Smirnov, Anderson-Darling, and Cramér-von Mises type tests

based on the detrended empirical process. However, we consider slightly different graphs,

henceforth referred to as Q-Q type plots and P-P type plots of quantile residuals, that study

properties of the residuals similarly to original Q-Q and P-P plots, but are easier to construct

and interpret in practice. Further, asymptotic critical bounds for histograms of quantile resid-

uals can be computed by using generalized Pearson’s tests. Due to the use of Khmaladze’s

martingale transformation it is again easier to construct slightly different graphs. These his-

togram type plots and plots based on the original histogram lead to the same conclusions.

We consider the local power properties of our tests and in a simulation study compare their

size properties to the moment based misspecification tests of Chapters 2 and 3. The methods

developed are applied to a USD interest rate series.

The remainder of the chapter is organized as follows. Section 4.2 re-introduces quantile

residuals and their theoretical properties. The empirical process based on quantile residuals

and its martingale transformation are studied in Section 4.3. In Section 4.4 Pearson’s test

and Anderson-Darling and Cramér-von Mises tests are generalized and their local power is

considered. Section 4.5 describes the critical bounds for the Q-Q type plots and P-P type plots

and histogram type plots. Sections 4.6 and 4.7 present simulation results and the empirical

example, respectively. Section 4.8 contains concluding remarks.

4.2 Quantile residuals

4.2.1 Definition

For convenience, we shall first present notation and assumptions employed. The observed data

and the needed initial values are denoted by y = [y1 · · · yT ]′ and y0, whereas the corresponding

random variables are Y1, ..., YT , and Y0. We assume that the set of all potential models for
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Y1, ..., YT is defined by a family of density functions f(θ,y) indexed by a parameter θ that

belongs to the set Θ ⊂ Rk. We abbreviate this as P = {f(θ,y) : θ ∈ Θ, y ∈RT}. For any

f : Θ×RT → R+ we can write

f(θ,y) =
T∏

t=1

ft−1(θ,yt), (4.1)

where ft−1(θ,yt) = f(θ,yt|Gt−1), t ∈ {1, ..., T} is the conditional density function given Gt−1 =

σ(Y0, Y1, ..., Yt−1), the sigma-algebra generated by the random variables {Y0, Y1, ..., Yt−1} . The

true parameter value is denoted θ0.

According to Dunn and Smyth (1996), the theoretical quantile residual is defined by

Rt,θ = Φ−1(Ft−1(θ, Yt)), (4.2)

and the observed quantile residual is rt,θ̂T = Φ−1(Ft−1(θ̂T , yt)), where Φ−1(·) is the inversed cu-

mulative distribution function of the standard normal distribution, Ft−1(θ, yt) =
∫ yt
−∞ ft−1(θ,u)du

is the corresponding conditional cumulative distribution function, and θ̂T is an estimate of θ0.

The advantages of the second transformation leading to normal distribution are discussed in

Chapters 2 and 3. 1

However, in this chapter we study uniformly distributed quantile residuals, i.e.,

Ut,θ0 = Ft−1(θ0, Yt) = Φ(Rt,θ0). (4.3)

This is convenient for the subsequent analysis, because then the generalization of Pearson’s

test is obtained by simple modifications, and P-P plots of the original observations and Q-Q

plots based on quantile residuals are exactly the same.

1Among other things, the second transformation yields that quantile residuals and Pearson’s residuals are
identical in several conventional models with Gaussian likelihood. Examples include the standard linear model
as well as linear and nonlinear autoregressive models with normal errors. Thus, in this sense quantile residuals
are a natural generalization of Pearson’s residuals. For the definition of Pearson’s residuals and for more
discussion on previous literature on quantile residuals see Chapters 2 and 3 .
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4.2.2 Theoretical properties

The following Lemma 4.2 shows that observed quantile residuals are asymptotically indepen-

dently and uniformly distributed, if the estimated model is correctly specified. This implies

that the hypothesis of a correct specification and properties of quantile residuals are conve-

niently connected, which makes quantile residuals a useful tool in model evaluation. Unless

otherwise stated all limit statements assume that T →∞.

Condition 4.1 Let the following assumptions hold.

(1) The collection P is correctly specified, i.e., f(θ0,y) ∈ P.

(2) ft−1 : Θ × Rn → R+ is a continuous conditional density function for all θ ∈ Θ and

t = 1, ..., T.

(3) θ̂T is an estimator of θ0 such that
√
T (θ̂T − θ0) = Op(1).

Note that θ̂T can be any
√
T -consistent estimator, not necessarily the Maximum Likeli-

hood Estimator (MLE). Condition 4.1(3) is not necessary for the following Lemma 4.2 where

consistency would suffice, but as the stronger assumption is needed later, we use it already

here.

Lemma 4.2 Under Condition 4.1

a) (U1,θ0, ..., UT,θ0) are i.i.d. with uniform distribution on the interval [0, 1], where Ut,θ0 is

as in (4.3) with θ = θ0,

b) for any H fixed, (U1,θ̂T , ..., UH,θ̂T ) are asymptotically i.i.d. with uniform distribution on

the interval [0, 1] , where Ut,θ̂T is as in (4.3) with θ =θ̂T .

The proof for a) can be found in Rosenblatt (1952), and for b) e.g. by modifying the proof

of Lemma 2.2 in Chapter 2. It is worth noting that Condition 4.1 is very general. Therefore,

quantile residuals are applicable for a wide class of models, e.g., models based on mixture

distributions or regime-switching models.
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4.3 The empirical process of quantile residuals

This section shows how the Khmaladze’s transformation derived in Khmaladze (1981), Khmal-

adze (1988), and Khmaladze (1993) removes the effect of parameter estimation from the

empirical process. This transformed process is used in subsequent sections to derive the gen-

eralization of Pearson’s test as well as the Anderson-Darling and Cramér-von Mises type tests

from which critical bounds for Q-Q- and P-P type plots are obtained.

4.3.1 Khmaladze’s martingale transformation

The hypothesis of interest is that the parametric model is correctly specified, i.e. that the

conditional cumulative distribution function of the data generating process is Ft−1(θ, Yt) ≡

F (θ, Yt|Gt−1) with θ = θ0 (Gt−1 is the sigma-algebra introduced in Section 4.2). Under correct

specification, Ut,θ0 = Ft−1(θ0, Yt) is a sequence of i.i.d. random variables with a uniform

distribution on [0, 1], as shown in Lemma 4.2.

Let θ̂T be an estimator of θ0, so that Ut,θ̂T = Ft−1(θ̂T , Yt) is the observed quantile residual

and VT,θ̂T (r) is the empirical process based on U1,θ̂T , ..., UT,θ̂T , i.e.,

VT,θ̂T (r) =
1√
T

T∑

t=1

[
I
{
Ut,θ̂T ≤ r

}
− r

]
, (4.4)

where the indicator function I{·} is equal to 1, when Ut,θ̂T ≤ r, and 0 otherwise. An alter-

native formulation for (4.4) is VT,θ̂T (r) =
√
T (F̂T − F ), where F̂T is the empirical cumulative

distribution function and F is the theoretical cumulative distribution function of uniformly

distributed variables on [0, 1].

The following Theorem 4.5 shows that if we base our analysis on VT,θ̂T (r), our tests and

confidence bounds will even asymptotically depend to the model Ft−1 and the true parameter

value θ0. When we apply Khmaladze’s martingale transformation to VT,θ̂T (r), we obtain a

new process that asymptotically does not depend on the model Ft−1 or the parameter value

θ0. Corollary 4.6 below yields that the transformed process converges weakly to a standard

Brownian motion. All the tests derived in this chapter are based on this convenient result.

The limiting process of VT,θ̂T (r) is obtained by using the following assumptions of Khmal-
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adze (1981), Khmaladze (1988) and Khmaladze (1993). We use the same denotation as Bai

(2003). Let c > 0 and NT,c =
{
θ ∈ Θ : ‖θ − θ0‖ ≤ c√

T

}
be compact sets in Θ.

Condition 4.3 The conditional cumulative distribution function Ft−1(θ, yt) and its density

function ft−1(θ,yt) are continuously differentiable with respect to θ. Ft−1(θ, y) is continuous

and strictly increasing in y, so that the inverse F−1t−1 is well defined. Furthermore,

E sup
y

sup
θ∈NT,c

ft−1(θ,y) ≤M

and

E sup
y

sup
θ∈NT,c

∥∥∥∥
∂

∂θ
Ft−1(θ,y)

∥∥∥∥
2

≤M

for all t and some M <∞.

It is worth pointing out that the Condition 4.3 rules out several distributions that are not

uniformly bounded, certain Gamma distributions for example. As mentioned, this assumption

is made in Khmaladze’s papers and we will not try to relax it.

Condition 4.4 There exists a continuously differentiable function ḡ(r) such that, for every

c > 0 and uniformly in r ∈ [0, 1],

sup
θ1,θ2∈NT,c

∥∥∥∥∥
1

T

T∑

t=1

∂

∂θ
Ft−1(θ1,x)|x=F−1t−1(θ2,r)

)− ḡ(r)
∥∥∥∥∥ = oP (1).

In addition, the function ġ ∈ L2[0, 1] (or

1∫

0

‖ġ(r)‖2 dr < ∞), and C(s) =

1∫

s

ġ(r)ġ(r)′dr is

invertible for every s ∈ [0, 1), where ġ is the derivative of g = (r, ḡ′)′.

Theorem 4.5 Under Conditions 4.1(3), 4.3, and 4.4 the empirical process VT,θ̂T (r), defined

in (4.4), has the asymptotic representation

VT,θ̂T (r) = VT,θ0(r)− ḡ(r)′
√
T (θ̂T − θ0) + op(1), (4.5)

where

VT,θ0(r) =
1√
T

T∑

t=1

[I {Ut,θ0 ≤ r} − r] ,
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and

ḡ(r)− 1

T

T∑

t=1

[
∂

∂θ
Ft−1(θ0, x)|x=F−1t−1(θ0,r)

]
= op(1).

The terms op(1) are uniform in r ∈ [0, 1].

The proof can be found e.g. in Bai (2003) as the proof of Theorem 1. (See Lemma

2.1 in Khmaladze (1993) for a more general result.) Theorem 4.5 provides the basis for

Khmaladze’s martingale transformation (in the special case of uniformly bounded family of

functions I {· ≤ r}) given by

WT,θ̂T
(r) = VT,θ̂T (r)−

r∫

0


ġ(s)′C−1(s)

1∫

s

ġ(τ)dVT,θ̂T (τ)


 ds, (4.6)

where ġ(·) and C(·) are as in Condition 4.4.

Let the symbol ⇒ signify the weak convergence of probability measures in D[0, 1].2

Corollary 4.6 Under the Conditions of Theorem 4.5, WT,θ̂T
(r) ⇒ W (r), where W (r) is a

standard Brownian motion.

The proof of Corollary 4.6 can be found e.g. in Bai (2003) as the proof of Corollary 1.

(See Lemma 3.5 and Theorem 3.9 in Khmaladze (1993) for a more general result.)

The tests considered in the next section are based on the transformed empirical process

WT,θ̂T
(r). This is, because, firstly, the effect of term

√
T (θ̂T − θ0) is removed by the transfor-

mation and, secondly, we will obtain the same limiting process W (r) irrespective of whether

Khmaladze’s martingale transformation is applied to VT,θ0(r) or VT,θ̂T (r).

4.3.2 Computing the transformation in practice

To be able to compute Khmaladze’s transformation in practice the function g(r) = (r, ḡ(r)′)′

and especially its derivative ġ(r) has to be known in order to obtain the transformed empirical

process WT,θ̂T
(r). For several time series models the function g(r) is explicitly known. Exam-

ples are (non-)linear regression, GARCH(p,q), and location-scale models (see Bai (2003) for

more details).

2D[0, 1] is the space of Cadlag functions on the set [0, 1].
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If the functions g and ġ are not known the transformation can be computed by using an

estimator for the function ġT (r) = (1,
·
ḡT (r)′). Bai (2003) considers a general case, where ġT

can be a parametric or nonparametric estimator of ġ. The transformed empirical process based

on the estimated function ġT is defined as

W̃T,θ̂T
(r) = VT,θ̂T (r)−

r∫

0


ġT (s)′C−1T (s)

1∫

s

ġT (τ )dVT,θ̂T (τ )


 ds,

where CT (s) =

1∫

s

ġT (r)ġT (r)′dr. Following Bai (2003) we assume that the estimator ġT (r)

satisfies the following condition.

Condition 4.7 Let ġT (r) be an estimator of ġ(r) such that

1∫

0

‖ġT (r)− ġ(r)‖2 dr = oP (1) (4.7)

and
1∫

s

[ġT (r)− ġ(r)] dVT,θ0(r) = oP (1) (4.8)

uniformly in s ∈ [0, 1].

If Condition 4.7 and also Conditions 4.1(3), 4.3, and 4.4 hold, then

W̃T,θ̂T
(r) ⇒ W (r) (4.9)

in the space D[0, 1 − ε] for every ε > 0 (ε < 1). A proof of this result is obtained from Bai

(2003) (proof of Theorem 4) where the technical requirement of excluding the point r = 1 is

also discussed. In the following section we explain how our tests should be modified when the

function g is estimated.

We consider the case, where θ̂T is the MLE and ġT (r) = (1,
·
ḡT (r)′) is parametrically
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estimated by

·
ḡT (r) =

·
ḡT (r, θ̂T ) =

1

T

T∑

t=1

∂

∂θ
log ft−1(θ̂T ,x) =

1

T

T∑

t=1

∂
∂θ
ft−1(θ̂T ,x)

ft−1(θ̂T ,x)
(4.10)

with x = F−1t−1(θ̂T , r).
3 Note that

·
ḡT (r, θ̂T ) is the score function evaluated at x = F−1t−1(θ̂T , r).

Some additional regularity conditions has to be imposed for the estimator
·
ḡT (r, θ̂T ) to

fulfill Condition 4.7. However, it is difficult to present these conditions in a way that is

straightforward to use in particular cases. In more detail, the verification of Condition 4.7 is

discussed in Bai (2003): it is generally a consequence of uniform strong law of large numbers

and central limit theorems.

4.4 Test statistics based on the empirical process

In this section Pearson’s classical test is revised and generalized using the transformed em-

pirical process WT,θ̂T
(r) (or W̃T,θ̂T

(r)) of the previous section. Also the Anderson-Darling

and Cramér-von Mises type tests are derived and the local power properties of the tests are

considered.

4.4.1 Pearson’s classical test

In Pearson’s classical test, the T observations in a random sample (X1, ..., XT ) from a popu-

lation are classified into l mutually exclusive classes. The null hypothesis of the probability

distribution of interest yields the probability pi that an observation falls into the ith class

(i = 1, ..., l). These pi’s are completely specified by the null hypothesis. (If the test is applied

to a model with parameters, then these probabilities are functions of these parameters.) The

quantities ei = Tpi are called the expected frequencies, where

l∑

i=1

pi = 1 and
l∑

i=1

ei = T.

3This estimator is also suggested in Bai (2003).
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From the observed sample one can determine how the observed frequencies oi fall in the

respective classes. Under the null hypothesis, and because the observations are i.i.d., these

observed frequencies follow a multinomial distribution with the pi’s as probabilities. The

criterion for the null hypothesis, proposed by Pearson (1900), is the quantity

l∑

i=1

(oi − ei)2
ei

, (4.11)

which for fixed pi’s is asymptotically χ
2
l−1−distributed. The linear restriction

∑l
i=1 pi = 1

causes the degrees of freedom to be (l − 1) , see e.g. Cochran (1952) for more details.

The test is not designed against any particular alternative, therefore, it belongs to the class

of pure significance type tests. Thus, it may have inferior power compared to tests designed

against particular alternatives (if those alternatives happen to be true). On the other hand it

is robust in the way that it can be expected to have power against all alternatives, which is

not true for tests designed against particular alternatives.

4.4.2 Generalization of Pearson’s test

Consider the null hypothesis

H0 : Ut,θ0 = Ft−1(θ0, Yt) ∼ Uniform [0, 1] for all t, (4.12)

which is one part of the hypothesis that the parametric model f(θ,y) is correctly specified.

The other part, which assumes independence of quantile residuals, is not included, but it

is supposed to hold. In practice independence should also be tested using, for example, the

autocorrelation and conditional heteroscedasticity tests of Chapters 2 and 3. It is worth noting,

however, that these tests check the independence hypothesis only partly.

Pearson’s classical test does not apply when observations are dependent or when the pa-

rameters of the model have to be estimated in order to compute the residuals. If we could

observe the theoretical process VT,θ0(r), we would use Pearson’s classical theory to obtain a

distribution-free test with oi − ei = VT,θ0(ri) − VT,θ0(ri−1) and ei =
√
T (ri − ri−1) for some
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appropriate classification ri, i = 1, ..., l of the interval [0, 1]. Because we only observe VT,θ̂T (r),

we have to make Khmaladze’s martingale transformation to remove the effect of estimation,

i.e. the term ḡ(r)′
√
T (θ̂T − θ0) in (4.5), and base our analysis on the transformed process

WT,θ̂T
(r). Under the null hypothesis (4.12) and regularity conditions given in Section 4.3, the

transformed empirical process WT,θ̂T
(r) will have a standard Brownian motion W (r) as its

limit (Corollary 4.6). Therefore, our generalized Pearson’s test statistic is computed by re-

placing the differences between the observed and expected frequencies, oi−ei, with differences

of the empirical process WT,θ̂T
(r), WT,θ̂T

(ri) −WT,θ̂T
(ri−1), for an appropriate classification

(r0, r1, ..., rl) of the unit interval with r0 ≡ 0, rl ≡ 1, and ri−1 < ri for all i. The classification

can, for example, be ri = i
l
, i = 0, ..., l.

Thus, the generalized Pearson’s test statistic is defined as

Sl =
√
T

l∑

i=1

[
WT,θ̂T

(ri)−WT,θ̂T
(ri−1)

]2

√
T (ri − ri−1)

. (4.13)

Lemma 4.8 Under the null hypothesis (4.12) and the conditions of Theorem 4.5,

Sl
d→ χ2l .

Proof. The test statistic can be written as w′R−1w, where w = (w1, ..., wi, ..., wl) with

wi =WT,θ̂T
(ri)−WT,θ̂T

(ri−1) and R =diag(r1, ..., ri − ri−1, ..., 1− rl−1). Theorem 4.5 and the

Continuous Mapping Theorem (cf. Billingsley (1968) Theorem 5.1) together yield (l <∞)

(
w1, · · · , wl

)
d→

(
W (r1), · · · , W (rl)−W (rl−1)

)
, (4.14)

where W (ri) −W (ri−1) ∼ N(0, ri − ri−1) for each i. Further, W (ri) −W (ri−1), i = 1, ..., l,

are independent. Thus, {w1, ..., wl} are asymptotically independent. The rank of the matrix

R is l, because ri−1 < ri for all i. Therefore, w
′R−1w

d→ S, where S is χ2-distributed with l

degrees of freedom.

If the estimator of the function ġ discussed in Section 4.3 is used, and thus WT,θ̂T
(r) is
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replaced by W̃T,θ̂T
(r), then the convergence result (4.9) yields

S̃l =
l∑

i=1

[
W̃T,θ̂T

(ri)− W̃T,θ̂T
(ri−1)

]2

ri − ri−1
d→ χ2l

with rl < 1.4 The quadratic form w′R−1w of the test statistics gives an intuitive justification

for the test: large values of the test statistic are critical for the null hypothesis. However, due

to the martigale transformation the connection of our test to Pearson’s original test may not

be quite clear.

The outcome of the generalized Pearson’s test (as well as the original version) depends on

the subjective choice of the classification ri, i = 1, ..., l, of the interval [0, 1]. More generally,

this is known as the bandwidth selection problem also encountered in nonparametric estima-

tion. So far, literature does not provide an optimal choice for the bandwidth or class sizes,

although several candidates have been proposed. In our simulations we follow Scott (1979)

and choose the bandwidth as 3.49 · s · T−1/3, where s is the standard deviation of the quantile

residuals and T is the sample size.

4.4.3 Anderson-Darling and Cramér-von Mises type tests

In this section we again consider the null hypothesis (4.12) and assume that the quantile

residuals are independent. We generalize several test statistics that are based on different

distance measures between the theoretical and observed conditional distribution functions

implied by the parametric model.

The Kolmogorov-Smirnov (KS) type test has already been proposed by Bai (2003). Engler

and Nielsen (2007) point out that the Kolmogorov-Smirnov test has most power in detecting

deviations in the middle of the distribution. Therefore, it is useful to consider similar test

statistics that in this respect differ from the KS test.

A test suggested in Anderson and Darling (1952) (henceforth denoted AD) is a modification

of the KS test. Our Anderson-Darling (AD) type test statistic based on quantile residuals is

4In practise, one can choose rl to be between the largest observed quantile residual and 1.
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defined by 5

ADc,d = sup
c≤r≤d

∣∣∣WT,θ̂T
(r)

∣∣∣ for some c < d ∈ [0, 1]. (4.15)

Under the null hypothesis (4.12), Corollary 4.6 and the Continuous Mapping Theorem (cf.

Billingsley (1968) Theorem 5.1) together give

ADc,d
d→ sup

c≤r≤d
|W (r)| .

Critical values for the AD type test are obtained by simulation for different values of c and d.

When c = 0 and d = 1, the KS type test of Bai (2003) is obtained as a special case.

Similarly, we generalize the two well-known Cramér-von Mises tests, the L1−version and

the L2− version, to be applicable with quantile residuals. Our Cramér-von Mises type test

statistics are given by

CM1 =

∫ 1

0

∣∣∣WT,θ̂T
(r)

∣∣∣ dr and CM2 =

∫ 1

0

∣∣∣WT,θ̂T
(r)

∣∣∣
2

dr.

Under the null hypothesis (4.12), Corollary 4.6 and the Continuous Mapping Theorem (cf.

Billingsley (1968) Theorem 5.1) together yield

CM1
d→

∫ 1

0

|W (r)| dr and CM2
d→

∫ 1

0

∣∣∣WT,θ̂T
(r)

∣∣∣
2

dr.

In practice, the preceding test statistics are computed as

ADc,d = max
cT≤j≤dT

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣ ,

CM1 =
∑T

j=1

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣ (u(j),θ̂T − u(j−1),θ̂T ),

and

CM2 =
∑T

j=1

(
WT,θ̂T

(u(j),θ̂T )
)2

(u(j),θ̂T − u(j−1),θ̂T ),

where u(j),θ̂T are the ordered observed quantile residuals.

5One could consider several other forms of test statistics that would also be in the spirit of Anderson and
Darling (1952).
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Table 1: Critical values for the KS, AD0.2,0.8, CM1, and CM2 type tests.

10% 5% 1% 0.1%

KS 1.96 2.24 2.80 3.45

AD0.2,0.8 1.75 2.00 2.50 3.13

CM1 0.96 1.14 1.49 1.90

CM2 1.20 1.67 2.76 4.50

NOTE: The critical values are based on simulations of Brownian motion with a fine grid over r ∈ [0, 1]

with 105 points and 105 repetitions.

If the process W̃T,θ̂T
(r) is used instead ofWT,θ̂T

(r), then the above test statistics need to be

adjusted as follows. The adjusted Kolmogorov-Smirnov type test statistic with the same as-

ymptotic distribution as KS is defined as ÃD0,1 = K̃S = 1√
1−ε sup0≤r≤1−ε

∣∣∣W̃T,θ̂T
(r)

∣∣∣ for some

small ε > 0 (see Bai (2003) for more details). When d is such that [c, 1−d] ⊂ [0, 1), no adjust-

ment is needed in the Anderson-Darling type test statistics ADc,d. The adjusted Cramér-von

Mises type tests are C̃M1 = 1
(1−ε)3/2

∫ 1−ε
0

∣∣∣W̃T,θ̂T
(r)

∣∣∣ dr and C̃M2 = 1
(1−ε)2

∫ 1−ε
0

∣∣∣W̃T,θ̂T
(r)

∣∣∣
2

dr

for some small ε > 0, and the critical values are obtained from the asymptotic distributions

of CM1 and CM2, respectively.

Table 1 provides asymptotic critical values for the test statistics KS, AD0.2,0.8, CM1, and

CM2 at the significance levels 10%, 5%, 1%, and 0.1%. The values are computed from 105

replications with 105 observations for each sample path.

4.4.4 Local power analysis

The power properties of the derived test statistics Sl, ADc,d, CM1, and CM2 follow from the

properties of Khmaladze’s martingale transformation. Local power analysis is provided in Bai

(2003) for the KS test. Thus, as in Bai (2003) we consider the following local alternatives:

For δ > 0 and 1 > δ√
T
,

GT,t−1(θ0, y) =

(
1− δ√

T

)
Ft−1(θ0, y) +

δ√
T
Ht−1(θ0, y), (4.16)
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where Ft−1(·) and Ht−1(·) are different conditional cumulative distribution functions. The null

hypothesis states that the conditional distribution of Yt is given by Ft−1(θ0, y), whereas under

the alternative the conditional distribution is GT,t−1(θ0, y). Then,

k(r) = plim
T→∞

1

T

T∑

t=1

Ht−1(θ0, F
−1
t−1(θ0, r))− r �≡ 0, (4.17)

where the existence of the limit is assumed. If Ft−1(·) = Ht−1(·), then GT,t−1(·) is identical

to Ft−1(·), and moreover, Ht−1(F
−1
t−1(r)) = r and k(r) = 0. Under the alternative hypothesis,

the quantile residuals Ut,θ0 = Ft−1(θ0, Yt) are not uniformly distributed or not necessarily

independent. Rather, U∗t,θ0 = GT,t−1(θ0, Yt) are i.i.d. uniform.

Denote Ut,θ̂T = Ft−1(θ̂T , Yt), and VT,θ̂T (r) as in (4.5). Under the local alternatives, it is

reasonable to assume Condition 4.1(3), i.e.,
√
T (θ̂T − θ0) = OP (1).

Theorem 4.9 Under the local alternatives (4.16),

VT,θ̂T (r) = V ∗T,θ0(r)− ḡ(r)′
√
T (θ̂T − θ0) + δk(r) + op(1),

where k(r) is defined in (4.17),

V ∗T,θ0(r) =
1√
T

T∑

t=1

[
I
{
U∗t,θ0 ≤ r

}
− r

]
,

and, uniformly in r ∈ [0, 1],

ḡ(r)− 1

T

T∑

t=1

[
∂

∂θ
Ft−1(θ0, x)|x=F−1t−1(θ0,r)

]
= op(1)

In addition,

WT,θ̂T
(r) ⇒ W (r) + δk(r)− δφg(k)(r),

where φg(k)(r) =
r∫
0

(
ġ(s)′C−1(s)

1∫
s

ġ(τ )dh(τ)

)
ds.

A proof can be found in Bai (2003). Khmaladze (1993) considers a more general case.

It is clear from Theorem 4.9 that there exist local alternatives against which a test based
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on Khmaladze’s martingale transformation has no power. These alternatives satisfy k(r) ≡

φg(k)(r). However, it is shown in Bai (2003) that the equality holds only if k(r) = a′g(r) for

some constant vector a. Thus, there may exists one but at most one direction against which

a test based on WT,θ̂T
(r) lacks power. Further, the direction is model dependent so that any

test based on WT,θ̂T
(r) is powerless against these alternatives.

Against alternatives k(r) �= a′g(r) the local power properties of the tests considered in this

chapter can be very different. Using alternative models or different choices of the function

k(r)−φg(k)(r) it is analytically difficult to show that any of the tests is more powerful than the

others. This is because the probabilities needed in the comparisons are complicated functionals

of a Brownian motion. Therefore, we cannot give specific guidelines or recommendations in

this respect.

A power comparison between the Cramér-von Mises tests, Anderson-Darling test and

Kolmogorov-Smirnov test based on simulations is provided by Schmid and Trede (1996). Their

results indicate that the power properties of the tests depend on the considered alternative

and that the tests cannot be globally ordered in terms of power. One would expect that this

is also the case for our Cramér-von Mises, Anderson-Darling and Kolmogorov-Smirnov type

tests. Moreover, it is expected that, in terms of power, generalized Pearson’s test is different

from the other tests.

4.5 Critical bounds for P-P and Q-Q type plots and

histogram type plot

P-P and Q-Q plots are used to graphically evaluate the fit of an estimated model. The

P-P plot of the original observations is obtained by plotting on a [0, 1] × [0, 1]-square the

empirical distribution function against the theoretical distribution function, i.e. increasingly

ordered observed quantile residuals Ft−1(θ̂T , yt) = ut,θ̂T against Ft−1(θ0, yt) = ut,θ0 . If the

model is correctly specified, Ft−1(θ0, Yt) = Ut,θ0 is uniformly distributed on interval [0, 1] , and

ut,θ0 = (t)
T
with (t) denoting the position number of the order statistics u(t),θ̂T , t = 1, ..., T. The

deviations in the graph from 45◦-line indicate potential misspecification. Correspondingly, the
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Q-Q plot of the original observations are plots of ascendingly ordered observations yt against

F−1t−1(θ0,
(t)
T

) on a R×R-square.

The P-P type plot of the original observations is obtained by plotting on a [0, 1]×R-square

the increasingly ordered observed quantile residuals Ft−1(θ̂T , yt) = ut,θ̂T against WT,θ̂T
( (t)
T

)

with (t) as above. Note that this plot is also the Q-Q type plot of the uniformly distrib-

uted quantile residuals. Because the process WT,θ̂T
(r) is Khmaladze’s martingale transformed

version from the difference
√
T (F̂T (r) − F (r)) = VT,θ̂T (r), deviations in the graph from the

0◦-line now indicate potential misspecification. This kind of graph was also considered in Bai

(2003). The test statistics KS, ADcd, CM1, and CM2 of the previous section yield two-sided

simultaneous critical bounds for the Q-Q type plots of quantile residuals (P-P type plots of the

original observations). The critical bounds based on the KS and ADcd test statistics at the

chosen significance level α, are parallel to the 0◦-line. A crossing of the process WT,θ̂T
( (t)
T

) and

the critical bound based on the KS or ADcd test indicates a rejection. The critical bounds

at the chosen significance level α based on the CM1 and CM2 test statistics vary over the

values of the process WT,θ̂T
( (t)
T

). The CM1 or CM2 test rejects, if the critical bound based on

it eventually coincides with the 0◦-line at the given significance level α. This is because the

critical bounds for the CM1 test, for example, are computed for each (t) as

∣∣∣WT,θ̂T
(u(t),θ̂T )

∣∣∣ ≤
cα −

∑(t−1)
j=1

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣ (u(j),θ̂T − u(j−1),θ̂T )

(u(t),θ̂T − u(t−1),θ̂T )

when cα−
∑(t−1)

j=1

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣ (u(j),θ̂T − u(j−1),θ̂T ) is positive, and 0 otherwise. The critical

value cα is obtained from the asymptotic distribution of the test statistic CM1 at the given

significance level α. The critical bounds for the CM2 test are obtained similarly.6

Further, from Corollary 4.6 two-sided pointwise critical bounds can be obtained for the

6Compute the critical bounds for the CM2 test for each (t) as

∣∣∣WT,θ̂T
(u(t),θ̂T )

∣∣∣ ≤

√√√√√cα −
∑(t−1)
j=1

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣
2

(u(j),θ̂T − u(j−1),θ̂T )
(u(t),θ̂T − u(t−1),θ̂T )

when cα −
∑(t−1)
j=1

∣∣∣WT,θ̂T
(u(j),θ̂T )

∣∣∣
2

(u(j),θ̂T − u(j−1),θ̂T ) is positive, and 0 otherwise. The critical value cα is

obtained from the asymptotic distribution of the test statistic CM2 at the chosen significance level α.
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Figure 1: Q-Q type plot of quantile residuals from a simulated AR(1) model, yt = 0.75yt−1+

εt, with εt ∼ N(0, 1) and 95% simultaneous critical bounds based on the tests statistics KS,

AD0.2,0.8, CM1, CM2, and 95% pointwise critical bounds.

graph. These bounds are computed as ±cα · σW (r), where the critical value cα is the 1− α/2

quantile of the standard normal distribution and σW (r) equals
√
V ar(W (r)) =

√
r at each

point r. The pointwise bounds correspond to performing T individual tests, thus a single

crossing of the process WT,θ̂T
( (t)
T

) and the pointwise critical bounds indicates a rejection.

Therefore, when interpreting these bounds one should remember to apply the Bonferroni

correction for the significance level.

Figure 1 shows a Q-Q type plot of quantile residuals (P-P type plot of the original series)

computed from a simulated AR(1) model, yt = 0.75yt−1 + εt with εt ∼ N(0, 1) and sample

size 250. The 95% simultaneous critical bounds are based on the test statistics KS, AD0.2,0.8,

CM1, CM2, and 95% pointwise critical bounds are based on the asymptotic distribution of

WT,θ̂T
(r) for each r. The p-value of the test statistics AD0.2,0.8 is 9.6, and the other tests, KS,

CM1, and CM2, reject at the 5% significance level. The critical bounds based on the CM1

and CM2 tests take large values during most of the sample, and are therefore not included in

the graph until r > 0.9.
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Histograms are used to graphically evaluate the fit of estimated models by plotting the

tabulated class frequencies of the increasingly ordered residuals. If the model is correctly

specified, these frequencies should be close enough to the expected frequencies determined by

the model. Because theoretical quantile residuals are uniformly distributed on the interval

[0, 1] , the histogram of observed quantile residuals should resemble a histogram of uniform

distributed variables.

The histogram type plot of quantile residuals is obtained by plotting the classes (ri− ri−1)

against the differences WT,θ̂T
(r1) −WT,θ̂T

(ri−1). Again, deviations in the graph from the 0◦-

line indicate a potential misspecification. Generalized Pearson’s test of the previous section

yields two-sided simultaneous critical bounds for the histogram type plots of quantile residuals.

At the chosen significance level α the critical bounds vary over the values of the differences

WT,θ̂T
(r1)−WT,θ̂T

(ri−1) and a crossing of the critical bound indicates a rejection. The reason is

that the critical bounds for the test statistic Sl are computed for each class rs−rs−1, s = 1, ..., l

as

∣∣∣WT,θ̂T
(rs)−WT,θ̂T

(rs−1)
∣∣∣ ≤

√√√√√√


cα −

∑(s−1)

i=1

(
WT,θ̂T

(r1)−WT,θ̂T
(ri−1)

)2

ri − ri−1


 (rs − rs−1)

when cα −
∑(s−1)

i=1

(
W
T,θ̂T

(r1)−WT,θ̂T
(ri−1)

)2

ri−ri−1 is positive, and 0 otherwise. Critical value cα is the

1− α quantile of the χ2l -distribution.

Further, two-sided classwise critical bounds for the graph can be computed based on the

weak convergence (4.14). These bounds are computed as ±cα ·σW (ri)−W (ri−1), where the critical

value cα is the 1− α/2 quantile of the standard normal distribution and σW (ri)−W (ri−1) equals
√
V ar(σW (ri)−W (ri−1)) =

√
ri − ri−1 at each class i. The classwise bounds correspond to per-

forming l individual tests, so that a Bonferroni correction should be applied to the significance

level.

The critical bounds of P-P and Q-Q type plots and histogram type plots described above

can be converted into conservative critical bounds of the original P-P and Q-Q plots and

histograms by using the Khmaladze transformation backwards (see Appendix for details). We
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have chosen to consider the former P-P and Q-Q type plots and histogram type plots, because

computations involved are easier once the process WT,θ̂T
(r) has been obtained for each u(t),θ̂T ,

t = 1, ..., T. Further, the inference based on the modified versions leads to more accurate

results compared to inference based on the original versions.

4.6 Simulations

This section studies by simulation the size properties of the test statistic KS of Bai (2003),

the test statistics AD0.2,0.8, CM1, CM2, and Sl proposed in this chapter, and, for comparison,

the moment based tests of normality N proposed in Chapter 2. Especially, we concentrate on

comparing the size properties of the tests when applied to mixture models. In the simulations,

we consider the sample sizes 500 and 1000 and report empirical rejection frequencies of the

tests at 5% and 1% significance levels. All results are based on 2000 replications. To avoid the

initial value problem 200 extra observations were simulated and removed from the beginning

of every sample. MLE’s of the parameters of the considered models were obtained by the

BHHH optimization algorithm with BHHHSTEP for step length calculation implemented via

the constrained maximum likelihood code in GAUSS Windows Version 5.0. The optimization

tolerance level was set such that the gradients of the parameters are less than or equal to 10−5.

Starting values for the estimation algoritm were the actual parameter values. The number of

iterations per estimation was limited to 1000 and some restrictions were imposed on parameters

to guarantee successful estimation. Khmaladze’s transformation in mixture models was based

on numerical derivatives computed by the gradMT routine in GAUSS.

We study the size properties of the considered tests with four different data sets. The first

data set is generated by

Yt = εt ∼ n.i.d.(0, 1),

henceforth referred to as the N(0,1) model. This model was also considered in simulations in

Bai (2003). The second data set is generated by the GARCH(1,1) model

Yt = 0.52 + σtεt,
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where σ2t = 0.04 + 0.05 · (Yt−1 − 0.52)2 + 0.82σ2t−1 and εt ∼ n.i.d.(0, 1). The third data set is

generated from a mixture of three normal distributions with different means, i.e., a MAR(3,0,0)

model (see Section 4.7 for details on MAR models)

Yt = 0.50 · I(ηt > 0) + 1.75 · I(−1 < ηt ≤ 0) + 3.0 · I(ηt ≤ −1) + εt,

where εt ∼ n.i.d.(0, 1) and ηt ∼ n.i.d.(0, 1), and εt and ηt are independent. The fourth data

set is generated by the MAR(3,1,0)σ model

Yt = (0.50 + 0.30Yt−1) · I(ηt > 0) + (1.75 + 0.60Yt−1) · I(−1 < ηt ≤ 0)

+(3.0 + 0.85Yt−1) · I(ηt ≤ −1) + εt,

where εt and ηt are as in the preceding case.

The quantile residuals of the above models are independent. However, in finite sam-

ples some dependence may exist especially in the quantile residuals of the GARCH(1,1) and

MAR(3,1,0)σ models, which may cause size problems.

The simulation results given in Table 2 indicate that the generalized Pearson’s test Sl

is heavily oversized in all samples. The other empirical process based tests all are slightly

oversized in smaller samples and become undersized as sample sizes grow. The moment based

normality test N computed using normally distributed quantile residuals has acceptable size

properties. Note that the KS type test of Bai (2003) in Table 2 is computed using the

maximum of 90% smallest absolute values. This correction is mentioned by Bontemps and

Meddahi (2006), whose simulation results indicate that the size properties of the KS type test

of Bai (2003) are similar to those obtained here.

Table 3 shows the simulation results when the GARCH(1,1) model is employed and Khmal-

adze’s transformation is computed using both the theoretical function

ġ(r,θ̂T ) = (1,−Φ−1(r,θ̂T ), 1− Φ−2(r,θ̂T ))′
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Table 2: Rejection frequencies of tests when the data are generated and estimated from the

N(0,1) model at 5% and 1% significance levels.

KS AD0.2,0.8 CM1 CM2 Sl N

T

100

200

500

5 1

8.7 3.6

2.8 0.8

1.0 0.5

5 1

5.5 2.5

1.7 0.6

0.7 0.5

5 1

5.3 2.5

1.5 0.4

0.6 0.5

5 1

12.6 6.2

4.8 2.0

1.0 0.5

5 1

47.7 37.2

42.7 33.1

30.2 21.1

5 1

4.5 2.3

3.7 1.6

2.9 0.9

NOTE: Khmaladze’s martingale transformation is computed using the function

ġ(r,θ̂T ) = (1,−Φ−1(r,θ̂T ), 1−Φ−2(r,θ̂T ))′ as in the simulation experiment of Bai (2003). The

test statistics KS, AD0.2,0.8, CM1, CM2, Sl, and N are the Kolmogorov-Smirnov type test of

Bai (2003), the Anderson-Darling, Cramér-von Mises L1-version, Cramér-von Mises L2-version, and

generalized Pearson’s test proposed in this chapter, and the moment based normality test of Chapter

2, respectively. The KS type test is computed applying the corrections used in Bai (2003) and

Bontemps and Meddahi (2006).

(in block A) and the estimated function ġT (r, θ̂T ) = (1,
·
ḡT (r, θ̂T )′), where

·
ḡT (r, θ̂T ) is given

in (4.10) (in block B). When the theoretical function is applied in block A, the Kolmogorov-

Smirnov type test and Generalized Pearson’s test are oversized whereas the other tests based

on the empirical process are undersized. The Kolmogorov-Smirnov type test and Generalized

Pearson’s test are even more oversized when the estimated function ġT (r, θ̂T ) is employed in

block B. Also the other tests based on the empirical process are then somewhat oversized. By

contrast, the size properties of the moment based normality test N are again acceptable.

Table 4 shows the simulation results when the MAR(3,0,0) model is employed and Khmal-

adze’s martingale transformation is computed using the estimated function
·
ḡT (r, θ̂T ). All the

tests based on the empirical process are similarly oversized. Generalized Pearson’s test is least

oversized. The moment based normality test N has again acceptable size properties, though

being slightly undersized at the 5% level.
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Table 3: Rejection frequencies of tests when the data are generated and estimated from the

GARCH(1,1) model at 5% and 1% significance levels.

Block A KS AD0.2,0.8 CM1 CM2 Sl N

T

500

1000

5 1

15.4 8.5

9.5 4.5

5 1

0.5 0.3

0.3 0.1

5 1

0.4 0.2

0.1 0.1

5 1

0.8 0.4

0.4 0.2

5 1

26.4 18.8

21.3 13.7

5 1

5.4 1.6

5.5 1.2

Block B K̃S AD0.2,0.8 C̃M1 C̃M2 S̃l

T

500

1000

5 1

24.1 14.3

16.9 9.7

5 1

9.5 2.8

8.0 2.6

5 1

9.8 2.8

7.9 2.7

5 1

11.1 3.5

8.3 2.9

5 1

32.8 22.6

26.1 16.0

NOTE: In block A Khmaladze’s martingale transformation is computed using the function

ġ(r,θ̂T ) = (1,−Φ−1(r,θ̂T ), 1−Φ−2(r,θ̂T ))′ as in the simulation experiment of Bai (2003). The test

statistics KS, AD0.2,0.8, CM1, CM2, Sl, and N are as in Table 2. In block B, on average 4

last observations with both sample sizes were not included in the computation of the test statistics

based on the empirical process due to singularity of the estimated recursive covariance matrix in

Khmaladze’s martingale transformation. Thus, on average the quantity ε discussed in Section 4.4

was set as 0.008 and 0.004 for sample sizes 500 and 1000, respectively. The test statistics K̃S,

AD0.2,0.8, C̃M1, C̃M2, S̃l, and N are corrected versions of the Kolmogorov-Smirnov type test of

Bai (2003), the Anderson-Darling, Cramér-von Mises L1-version, Cramér-von Mises L2-version, and

generalized Pearson’s test proposed in this chapter.
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Table 4: Rejection frequencies of tests when the data are generated and estimated from the

MAR(3,0,0) model at 5% and 1% significance levels.

K̃S AD0.2,0.8 C̃M1 C̃M2 S̃l N

T

500

1000

5 1

12.4 6.6

13.6 8.3

5 1

8.7 4.3

10.8 5.3

5 1

10.2 4.9

12.1 5.6

5 1

10.8 5.5

12.5 6.4

5 1

8.2 3.6

7.8 3.6

5 1

3.2 1.4

3.1 1.3

NOTE: On average 32 and 45 last observations (in samples of 500 and 1000) were not included in the

computation of the test statistics based on the empirical process due to singularity of the estimated

recursive covariance matrix in Khmaladze’s martingale transformation. Thus, on average the quantity

ε discussed in Section 4.4 was set as 0.06 and 0.05 for sample sizes 500 and 1000, respectively. The

test statistics K̃S, AD0.2,0.8, C̃M1, C̃M2, S̃l, and N are corrected versions of the Kolmogorov-

Smirnov type test of Bai (2003), the Anderson-Darling, Cramér-von Mises L1-version, Cramér-von

Mises L2-version, and generalized Pearson’s test proposed in this chapter, and the moment based

normality test of Chapter 2, respectively.

The simulation results from the MAR(3,1,0)σ model are given in Table 5, where Khmal-

adze’s martingale transformation was computed using the estimated function
·
ḡT (r, θ̂T ). All

the tests based on the empirical process suffer from being heavily oversized, the Kolmogorov-

Smirnov type test K̃S and generalized Pearson’s test S̃l in particular. In comparison, the

moment based normality test N has good size properties.

Based on our simulations it seems that, in terms of size, the considered moment based

test is more reliable than the test of Bai (2003) or the test suggested in this chapter when

models based on mixtures of distributions are analyzed. One can speculate on the possible

reasons for this. For instance, the tests based on the empirical process may suffer from small

dependencies existing in observable quantile residuals or Khmaladze’s transformation based

on the estimated function
·
ḡT (r, θ̂T ) may perform poorly. Some indications of this is obtained

in Table 3. On the other hand, the sizes were not very reliable even when the function
·
ḡ(r, θ̂T )

was employed (Tables 2 and 3).
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Table 5: Rejection frequencies of tests when the data are generated and estimated from the

MAR(3,1,0)σ model at 5% and 1% significance levels.

K̃S AD0.2,0.8 C̃M1 C̃M2 S̃l N

T

500

1000

5 1

65.1 49.5

52.1 38.6

5 1

17.4 8.6

10.4 4.3

5 1

21.4 10.1

13.9 4.9

5 1

28.8 16.3

17.1 7.8

5 1

74.0 63.7

69.0 56.2

5 1

4.5 1.9

5.1 1.7

NOTE: On average 9 last observations with both sample sizes were not included in the computation

of the test statistics based on the empirical process due to singularity of the estimated recursive

covariance matrix in Khmaladze’s martingale transformation. Thus, on average the quantity ε dis-

cussed in Section 4.4 was set as 0.02 and 0.01 for sample sizes 500 and 1000, respectively. The test

statistics are as in Table 4.

Due to the observed size problems we do not study the power of the tests by simulation.

Such a power study would only make sense after the size problems have been corrected by

using, for example, simulation or Bootstrap methods. We consider this to be an issue outside

the scope of this work. Power of the moment based tests, similar to the one considered in

our simulations, and the KS type test of Bai (2003) can be found in Bontemps and Meddahi

(2006). The models they consider are rather simple and, in particular, do not involve mixture

distributions. Bontemps and Meddahi (2006) find the moment based tests to be more powerful

in general.

The size problems with the tests also imply that the related critical bounds obtained here

should be used with caution, at least when more complicated nonlinear models are considered.

This is worth noticing as histogram plots, for instance, are widely used to evaluate rather

complicated financial time series models

4.7 USD interest rate series

To illustrate the use of our tests and related plots in practice, we apply them to an interest rates

series: the weekly three-month U.S. Treasury bill rate (USD) from January 1954 to September

1999 (2385 observations) examined in Lanne and Saikkonen (2003a). We refer to that paper
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for the description of the data set and a discussion of the properties of the models estimated

therein. The models considered are AR(p)-GARCH(r,q)-models and their generalizations,

MAR(m,p,d)-GARCH(r,q) models, that are based on mixtures of normal distributions (see

Lanne and Saikkonen (2003a) and Chapter 2 for more details). For example, assuming that

εt ∼ n.i.d.(0, 1) and ηt ∼ n.i.d.(0, σ2η) are independent the MAR(3,4,1)-GARCH(1,1) model is

defined by

Yt = φ1Yt−1 + φ2Yt−2 + φ3Yt−3 + φ4Yt−4 +
3∑

i=1

(νi + σitεt) · I{ci−1 ≤ ηt + yt−1 < ci},

where

σ2it = σ2i + βσ2i,t−1 + α(Yt−1 − νi − φ1Yt−2 − φ2Yt−3 − φ3Yt−4 − φ4Yt−5)2.

It is assumed that the parameters, α and β are larger than or equal to 0, σ1, σ2, σ3, and ση are

strictly positive, and c1 < c2 < c3. Define the mixing proportions as πit = P{ci−1 ≤ ηt + yt <

ci} = Φ(ci−yt
ση

) − Φ( ci−1−yt
ση

), where Φ(·) is the cumulative distribution function of standard

normal distribution. The normality of εt yields that the conditional density function of Yt

with respect to its own past is

ft−1(yt) =
3∑

i=1

1

σit
φ

(
yt − νi − φ1yt−1 − · · · − φ4yt−4

σit

)
πit,

where φ(y) = 1√
2π

exp{−1
2
y2}. Thus, the MAR(3,4,1)-GARCH(1,1) model is based on mixtures

of three normal distributions. The maximum likelihood estimates obtained for the models are

given in Table 6. All the other MAR-GARCH models considered here are simplifications

of the MAR(3,4,1)-GARCH(1,1) model. For instance, the MAR(3,2,1)-GARCH(1,1) model

is obtained by imposing the restriction φ3 = φ4 = 0 and in the MAR(3,2,1)σ-GARCH(1,1)

model parameters σ1, σ2, and σ3 in the GARCH part are equal.
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Table 6: Parameter estimates for the weekly three-month U.S. Treasury bill rate (USD).

ν1 c1 ν2 c2 ν3 σ1 σ2 σ3 ση

AR(2)-
GARCH(1,1)

0.015
(0.005)

0.012
(0.001)

AR(4)-
GARCH(1,1)

0.015
(0.005)

0.012
(0.001)

MAR(2,2,1)-
GARCH(1,1)

0.012
(0.004)

15.215
(2.424)

−0.021
(0.059)

0.004
(0.001)

0.137
(0.017)

4.849
(1.196)

MAR(3,2,1) 0.012
(0.005)

5.266
(0.278)

0.019
(0.010)

11.549
(0.384)

0.004
(0.052)

0.060
(0.002)

0.162
(0.007)

0.631
(0.037)

2.897
(0.209)

MAR(3,2,1)σ-
GARCH(1,1)

0.016
(0.005)

14.049
(3.518)

−0.757
(0.304)

14.321
(3.674)

0.132
(0.018)

0.003
(0.001)

5.323
(1.930)

MAR(3,2,1)-
GARCH(1,1)

0.009
(0.004)

7.226
(0.878)

0.012
(0.013)

15.433
(1.586)

−0.095
(0.142)

0.004
(0.002)

0.040
(0.005)

0.282
(0.084)

3.597
(0.643)

MAR(3,4,1)-
GARCH(1,1)

0.009
(0.004)

7.384
(0.889)

0.013
(0.013)

15.486
(1.608)

−0.094
(0.144)

0.004
(0.001)

0.040
(0.005)

0.281
(0.084)

3.619
(0.653)

φ1 φ2 φ3 φ4 α β

AR(2)-
GARCH(1,1)

1.246
(0.021)

−0.250
(0.021)

0.173
(0.010)

0.842
(0.008)

AR(4)-
GARCH(1,1)

1.263
(0.023)

−0.339
(0.036)

0.095
(0.033)

−0.022
(0.022)

0.170
(0.010)

0.844
(0.008)

MAR(2,2,1)-
GARCH(1,1)

1.242
(0.020)

−0.244
(0.020)

0.112
(0.010)

0.882
(0.008)

MAR(3,2,1) 1.213
(0.014)

−0.215
(0.014)

MAR(3,2,1)σ-
GARCH(1,1)

1.240
(0.021)

−0.244
(0.020)

0.113
(0.010)

0.881
(0.009)

MAR(3,2,1)-
GARCH(1,1)

1.237
(0.021)

−0.239
(0.020)

0.115
(0.012)

0.848
(0.013)

MAR(3,4,1)-
GARCH(1,1)

1.252
(0.021)

−0.322
(0.033)

0.114
(0.034)

−0.046
(0.021)

0.112
(0.012)

0.851
(0.013)

NOTE: The estimated standard errors are given in the parenthesis. In the model indexed with σ the
standard deviation parameters are equal for all regimes.

The following Table 7 gives the p-values for the test statistics KS, AD0.2,0.8, CM1, CM2,

Sl, and the moment based tests of normality N, autocorrelation A1 and A4 (number of lags 1

and 4), and conditional heteroscedasticity H1 and H4 (number of lags 1 and 4) considered in

Chapter 2 for the estimated models, along with the value of the log-likelihood function and

values of the two information criteria AIC and BIC. The latter are computed as

AIC = 2 · k − 2 · lT and BIC = k · log(T − n)− 2 · lT ,

where lT is the value of the maximized log-likelihood of the sample, k is the dimension of the

parameter vector, T is the sample size, and n is the number of needed initial values.

Pearson’s goodness-of-fit test rejects all models. MAR(3,2,1), MAR(3,2,1)σ-GARCH(1,1),

andMAR(3,4,1)-GARCH(1,1) models are accepted at 5% significance level by theKS, AD0.2,0.8,
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Table 7: P-values of the test statistics for the USD series in percentages calculated using the asymptotic
distribution.
Model KS AD CM1 CM2 S15 N A1 A4 H1 H4 lT —AIC —BIC

AR(2)-
GARCH(1,1)

0.01 0.02 1.7 0.9 0 0 0.2 0 0.3 0.01 1635 3258 3223

AR(4)-
GARCH(1,1)

0.2 0.04 2.6 0.8 0 0 3.4 0 0.4 0 1638 3260 3213

MAR(2,2,1)-
GARCH(1,1)

0.2 7.0 25 19 0 0 0.03 0 2.6 22 1726 3432 3374

MAR(3,2,1) 10 58 61 55 0.09 30 3.7 0 0 0 1475 2928 2864
MAR(3,2,1)σ-
GARCH(1,1)

9.7 5.5 28 21 0 0 0.03 0 4.6 20 1732 3442 3378

MAR(3,2,1)-
GARCH(1,1)

1.0 30 59 57 0 0.7 0.01 0 2.2 8.0 1762 3499 3423

MAR(3,4,1)-
GARCH(1,1)

6.6 29 35 33 0 0.5 1.2 0.01 2.5 9.3 1766 3501 3415

NOTE: P-value 0 means a value < 0.5·10−5. In the model indexed with σ the standard deviation para-
meters are equal for all regimes.

CM1, and CM2 tests. The AR(2)-GARCH(1,1) and AR(4)-GARCH(1,1) models are rejected

by the moment based tests N, A1, A4, H1, and H4. The two-regime MAR(2,2,1)-GARCH(1,1)

model is rejected by the normality test N and the autocorrelation tests A1 and A4. The three-

regime MAR(3,2,1) model is not rejected by the normality tests, but is rejected by the auto-

correlation test A4 and the conditional heteroscedasticity tests H1 and H4. When constants

in the GARCH specification are set equal in different regimes (MAR(3,2,1)σ-GARCH(1,1))

the normality of the residuals is lost and also the autocorrelation test A1 rejects the model.

When constants in the GARCH part are allowed to vary (MAR(3,2,1)-GARCH(1,1) model),

the normality test N and autocorrelation tests still reject. Two additional lags in the AR

part does not remedy the autocorrelation structure (MAR(3,4,1)-GARCH(1,1) model), be-

cause even then the autocorrelation test A4 indicates that the model is inadequate. However,

overall the MAR(3,4,1)-GARCH(1,1) model fits the data best. The information criteria AIC

and BIC favour the MAR(3,4,1)-GARCH(1,1) model and MAR(3,2,1)-GARCH(1,1) model,

respectively.

Figures depicting properties of the fitted MAR(3,4,1)-GARCH(1,1) model are presented

below. Figure 2 shows the Q-Q type plot of quantile residuals along with 95% simultaneous

and pointwise critical bounds based on the tests statistics KS, AD0.2,0.8, CM1, and CM2. The

critical bounds based on CM1 and CM2 are too wide to fit into the graph. The empirical

transformed processWT,θ̂T
( (t)
T

) is outside the pointwise critical bounds for approximately 20%

of the sample, which is higher than the expected 5%.
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Figure 2: Q-Q type plot of quantile residuals from the MAR(3,4,1)-GARCH(1,1) model and

95% simultaneous and pointwise critical bounds based on the tests statistics KS, AD0.2,0.8,

CM1, and CM2.

Figure 3: Histogram type plot of quantile residuals from the MAR(3,4,1)-GARCH(1,1)

model. 95% simultaneous critical bounds based on generalized Pearson’s tests (blue) and

95% classwise critical bounds (green).

Histogram type plot of uniformly distributed quantile residuals along with 95% simultane-

ous critical bounds based on the generalized Pearson’s tests Sl and 95% classwise critical
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bounds are presented in Figure 3. The simultaneous bounds and the differences WT,θ̂T
(r1)−

WT,θ̂T
(ri−1) cross in the last class indicating a rejection. Classwise bounds reject three times,

once in the middle and twice on the right tail of the distribution. In the middle the rejection is

due to positive difference whereas on the right tail the differences are negative. This indicates

that, taken the uncertainty caused by parameter estimation into account, there are too many

observations in the middle and too few observations on right tail.

Autocovariance functions of the normally distributed quantile residuals and squared nor-

mally distributed quantile residuals from the MAR(3,4,1)-GARCH(1,1) model are given in

Figures 4 and 5. The 99% and 95% confidence bounds based on tests statistics A10 and H10 of

Chapter 2 are marked as parallel blue lines in the figures. The large autocovariance at lag 3 in

Figure 4 as well as the value of the test statistic A4 indicate that the autocorrelation structure

of the USD series is not adequately described by the MAR(3,4,1)-GARCH(1,1) model. The

conditional heteroscedasticity structure in the MAR(3,4,1)-GARCH(1,1) model is adequate

according to Figure 5 and values of the test statistics H1 and H4.

Figure 4: Autocovariance function of the normally distributed quantile residuals from the

MAR(3,4,1)-GARCH(1,1) model divided by their approximate standard errors obtained from

the covariance matrix used in the computation of the test statistic A10. Approximate 99%

pointwise critical bounds are denoted with blue lines for each lag.
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Figure 5: Autocovariance function of the squared normally distributed quantile residuals from

the MAR(3,4,1)-GARCH(1,1) model divided by their approximate standard errors obtained

from the covariance matrix used in the computation of the test statistic H10. Approximate

95% pointwise critical bounds are denoted with blue lines for each lag.

The preceding analysis suggests that none of the considered models is adequate. However,

as our aim has been to illustrate how different models with non-nested structures can be

analyzed with the methods proposed in this chapter, no attempt is made to find new and

potentially better model specifications. A point worth noting in this illustration is that the

employed autocorrelation tests indicate that the quantile residuals are not independent. This

affects the interpretation of the tests and related critical bounds developed here (and also in

Bai (2003)) because their derivation assumes independence. (This is, of course, a common

problem when several diagnostic tests are applied simultaneously.)

4.8 Conclusion

In this chapter, we studied quantile residuals that are applicable to a wide class of nonlinear

time series models including models based on mixtures of distributions. Therefore, our aim was

to enlarge the set of models for which traditional graphical diagnostics such as P-P plots, Q-Q

plots, and histograms can be applied. To this end, we showed how several widely used tests

can be based on the empirical process of uniformly distributed quantile residuals. In all the
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tests derived Khmaladze’s martingale transformation was employed to remove the uncertainty

caused by parameter estimation from the original empirical process.

We illustrated the use of the tests and related graphical tools developed by an empirical

example in which MAR-GARCH models were applied to a USD interest rate series. Unfor-

tunately, our simulations revealed that the tests based on the empirical process of uniformly

distributed quantile residuals and Khmaladze’s martingale transformation have problems with

their finite sample size, especially when more complicated models based on mixtures of dis-

tributions are considered. In this respect, the moment based tests developed in Chapters 2

and 3 perform considerably better. These tests may therefore be worth using in practice to

supplement the information provided by the tests and graphs based on the empirical process,

which should be interpreted with caution.

Finding corrections for the above mentioned size problems and possibly perfoming power

comparisons of the tests considered in this chapter remain topics for future research. A possible

remedy for the size problems might be based on simulation methods similar to those employed

in Chapters 2 and 3.
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Appendix 4.A

4.A.1 Critical bounds for P-P and Q-Q plots and histograms

Recall Khmaladze’s martingale transformed process given in (4.6) as

WT,θ̂T
(r) = VT,θ̂T (r)−

r∫

0


ġ(s)′C−1(s)

1∫

s

ġ(τ)dVT,θ̂T (τ)


 ds.

Denote MT,θ̂T
(r) =

r∫
0

(
ġ(s)′C−1(s)

1∫
s

ġ(τ)dVT,θ̂T (τ)

)
ds. Thus, WT,θ̂T

(r) + MT,θ̂T
(r) =

VT,θ̂T (r). An application of the triangular inequality yields for each r

∣∣∣VT,θ̂T (r)
∣∣∣ =

∣∣∣WT,θ̂T
(r) +MT,θ̂T

(r)
∣∣∣ ≤

∣∣∣WT,θ̂T
(r)

∣∣∣ +
∣∣∣MT,θ̂T

(r)
∣∣∣ .

The test statistics considered in the main text yield critical bounds of the form
∣∣∣WT,θ̂T

(r)
∣∣∣ ≤ cα.

Therefore, conservative critical bounds for the original empirical process based on the test

statistics are obtained for each r as

∣∣∣VT,θ̂T (r)
∣∣∣ ≤

∣∣∣WT,θ̂T
(r)

∣∣∣ +
∣∣∣MT,θ̂T

(r)
∣∣∣ ≤ βα +

∣∣∣MT,θ̂T
(r)

∣∣∣ .

4.A.2 Computation of Khmaladze’s martingale transformation

For convenience, we explain how Khmaladze’s transformation is computed, though it is also

explained in Bai (2003). We consider the case where gT (r) is estimated using the score function.

Due to the linearity of the transformation computations can be simplified, as can be seen from

the following.

Define

JT,θ̂T (r) =
1

T

T∑

t=1

I
{
Ut,θ̂T ≤ r

}
,

so that VT,θ̂T (r) =
√
T
[
JT,θ̂T (r)− gT,1(r)

]
, where gT,1(r) = r is the first component of gT .We

can write

WT,θ̂T
(r) = VT,θ̂T (r)− φgT (VT,θ̂T ),

where φgT (VT,θ̂T )(r) =
r∫
0

(
ġT (s)′C−1T (s)

1∫
s

ġT (τ)dVT,θ̂T (τ )

)
ds. Because the mapping φgT is

linear, φgT (VT,θ̂T ) =
√
TφgT (JT,θ̂T )−

√
TφgT (gT,1) and φgT (gT ) = gT , so φgT (gT,1) = gT,1, Thus,
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WT,θ̂T
(r) =

√
T
[
JT,θ̂T (r)− φgT (JT,θ̂T )

]
or

WT,θ̂T
(r) =

√
T


JT,θ̂T (r)−

r∫

0


ġT (s)′C−1T (s)

1∫

s

ġT (τ)dJT,θ̂T (τ)


 ds


 . (4.18)

In practice, the transformation is applied to a discrete-time process. Thus, we use sum-

mation to approximate the integrals in (4.18). Let
{
u(1),θ̂T , ..., u(T ),θ̂T

}
be the ordered set of

observed quantile residuals. In addition, define u(0),θ̂T = 0 and u(T+1),θ̂T = 1. Then the set{
u(0),θ̂T , u(1),θ̂T , ..., u(T ),θ̂T , u(T+1),θ̂T

}
forms a natural partition of [0, 1].We compute the vector

ġT (u(k),θ̂T ) analytically or numerically for each k ∈ {1, ..., T}, and to obtain the approximations

1∫

u
(k),θ̂T

ġT (τ)dJT,θ̂T (τ) =
1

T

T∑

i=k

ġT (u(i),θ̂T ) ≡ Ak

and
1∫

u
(k),θ̂T

ġT (τ)ġT (τ )′dτ =
T∑

i=k

ġT (u(i),θ̂T )ġT (u(i),θ̂T )′ ·
(
u(i+1),θ̂T − u(i),θ̂T )

)
≡ Bk.

Therefore, for each j = 1, ..., T ,

WT,θ̂T
(u(j),θ̂T ) =

√
T


JT,θ̂T (u(j),θ̂T )−

u
(j),θ̂T∫

0


ġT (s)′C−1T (s)

1∫

s

ġT (τ)dJT,θ̂T (τ)


 ds




=
√
T

[
j

T
−

j∑

k=1

ġT (u(k),θ̂T )′B−1
k Ak

(
u(k),θ̂T − u(k−1),θ̂T )

)]
.

Note that in practice the invertability of matrix Bk can be a problem for large values of k,

especially if ġT is computed numerically.
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