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Abstract

Many mathematical models of population dynamics are formulated as Volterra
integral equations coupled with integro-differential equations. They can be in-
terpreted as delay equations, where the value of a function, or its derivative,
is prescribed in terms of the past values. Because delay equations generate
infinite-dimensional dynamical systems, it often proves impossible to get ana-
lytical results about their dynamical behavior, including equilibria and periodic
solutions, their stability properties, and their bifurcations with respect to pa-
rameters. This thesis proposes and investigates a new method for numerical
bifurcation analysis: first, the nonlinear delay equation is formulated equiva-
lently as an abstract differential equation in a space of infinite dimension; then,
the pseudospectral discretization technique returns an approximating system of
ordinary differential equations. The latter system can be conveniently written
from the original delay equation, and can be efficiently studied with established
software packages for ordinary differential equations. The proposed numerical
method allows to investigate important dynamical properties that are currently
out of reach of the established software for delay equations: the thesis explores
the applicability of the technique to several different cases of differential and
integral equations including distributed, infinite or state-dependent delays. A
broad numerical investigation provides evidence of the spectral accuracy in the
approximation of the bifurcation properties of both equilibria and periodic so-
lutions.
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Chapter 1

A short excursion around
delay models

In everyday life, delays are inescapable. And this is not about being prompt or
lazy, nor about being a punctual Finn or an easy-going Italian. Rather, delays
constitute an intrinsic property of our space-time reality. By delay, we mean
the amount of time that may pass between a cause and its effect: the money
invested in assets will produce profit; the seeds we plant now will produce fruit
or vegetables; the flapping of a butterfly’s wings in Brazil may set off a tornado
in Texas;. . . but how long after?

1.1 The biological background

Biological phenomena are not immune to the influence of the past and, de-
pending on the mechanism underlying the phenomenon, delayed effects give
rise to a variety of mathematical models. As an example, consider the process
of haematopoiesis: stem cells in the bone marrow produce progenitor cells that
are released in the blood as specialized cells (including white cells, red cells, and
platelets) after a maturation phase. The maturation process involves several
stages, see Figure 1.1. Assuming that an individual cell remains in each stage
for an exponentially distributed amount of time (possibly dependent on the
amout of cells in the different stages), then the model can be written as a mul-
ticompartment model and described by ordinary differential equations (ODE),
see for instance [50, 69]. More realistically, we may instead assume that the
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2 CHAPTER 1. A SHORT EXCURSION AROUND DELAY MODELS
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Figure 1.1: Cell cycle: a stem cell produces a progenitor cell that undergoes matu-
ration and reaches full maturity after time τ .

transitions between stages do not occur randomly, but are rather determined
by the type of individual cell or by the environment (for instance, the current
amount of cells circulating in the blood).

The assumption that a fixed amount of time τ > 0 elapses between the
initiation of the maturation process and the release of specialized cells in the
blood motivated one of the first biological models including a delayed term,
formulated as the Mackey–Glass equation [56]. Denoting by v(t) the density of
mature blood cells at time t, the equation reads

v′(t) = β
v(t− τ)

1 + v(t− τ)n
− µvv(t), t ≥ 0, (1.1)

where µv is the per capita mortality rate of mature cells, and β, n are positive
parameters linked to the maturation process. The first term at the right-hand
side describes the input of new mature cells that started the maturation process
at time t − τ . The Mackey–Glass equation (1.1) shows a sequence of period
doubling bifurcations as well as a chaotic regime for certain parameter values,
see Figure 1.2, which makes this example interesting for at least two reasons.
From the perspective of applications, it represents the first attempt to explain
the oscillatory behavior of the blood cell density which is observed in some
diseases. From a mathematical point of view, it is one of the first observations
of chaotic behavior in a continuous-time scalar equation (see also Article II
and [49] for other examples of interesting dynamics in scalar delay equations).
For further examples of models with discrete time delay see [55].

Since it may be difficult to identify a clear separation between maturity
stages, we could instead assume that progenitor cells are characterized by a
continuous variable which describes their maturity level, and they undergo a
continuous maturation process until they reach full maturity. A model of this
type is presented in [43, 44] and can be formulated either as a partial differential
equation of transport type, see also [38], or as a system where a scalar ODE is
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coupled with an equation with discrete- and distributed-delay terms. The latter
formulation is also studied in Article IV. Denoting by w(t) and v(t) the density
at time t of stem and mature cells, respectively, a special instance of the model
reads

w′(t) = q(v(t))w(t)

v′(t) =
γ(v(t− τ(vt)))g(v(t))w(t− τ(vt))

g(v(t− τ(vt)))
e
∫ τ(tt)
0 d(v(t−s)) ds − µvv(t).

(1.2)

Here, q(v) is the per capita net production rate of stem cells (which incorpo-
rates all the stem cell processes), while γ(v) is the rate of inflow from the stem
cell compartment into the progenitor compartment (note that q and γ are not
independent of each other). The functions g(v) and d(v) are, respectively, the
maturation rate and the net production rate of progenitor cells (which here we
assume dependent on v only). The function τ represents the time after commit-
ment that a cell needs to become fully mature. When the maturation speed g(v)
of a cell is regulated by the amount v of mature cells in the blood, the maximal
delay τ depends on the history vt of v at time t (the subscript notation will be
precisely defined later on in (1.8)) by means of the condition∫ τ

0

g(v(t− a)) da = xf − x0, (1.3)

where x0 denotes the initial level of maturity of cells that have just committed to
the progenitor phase, and xf denotes the level of full maturity. Condition (1.3)
describes the fact that individual cells enter the following maturity stage exactly
when their maturity passes a certain threshold value xf . For this reason, a delay
satisfying a condition of the type (1.3) is also called threshold-type delay [66,
67, 68].

Threshold-type delays arise often in physiologically structured population
models (PSPM) [27, 58, 73]. These models assume that the vital properties
of an individual (including the rates of birth, death, development, consump-
tion) are determined by a structuring variable x ∈ Rd (representing for instance
length, weight, size, or maturity) that satisfies two assumptions: (i) x evolves
continuously with age according to a deterministic growth rate, and (ii) the
individual enters a new stage when x passes a certain threshold value. Models
of this kind are increasingly used in applications, see for instance [5, 26, 57, 60].
A classic example of PSPM describes the planktonic species of Daphnia: since
individuals feed by filtering the water and produce eggs only when they reach
a certain size, keeping track of their growth is fundamental [34, 52].
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τ

Figure 1.2: Bifurcation diagram (maximum and minimum of periodic solutions) of
Mackey–Glass equation (1.1): Hopf bifurcation (◦) and period doubling cascade (•).

As an illustration, consider a population of individuals structured by their
size x ∈ [0, x], x > 0. Let x(α) = x(α; t, a) denote the size at age α of an
individual born at time t−a. We assume that individuals are born with a fixed
size x0 and their size evolves deterministically with age according to the law

x′(α) = g(x(α), E(t− a+ α)), α ∈ [0, a],

x(0) = x0,
(1.4)

where E(t) denotes the external environment at time t, that we assume for
now to be given, and g(x,E) is the growth rate at size x under environment
E. Moreover, we assume that the survival probability F(α) = F(α; t, a) of the
same individual up to age α is determined by the equations

F ′(α) = −µ(α,E(t− a+ α))F(α), α ∈ [0, a],

F(0) = 1,
(1.5)

where µ(α,E) denotes the mortality rate at age α under environment E. From
(1.4) and (1.5) it is evident that the size and the survival probability depend on
t only through the history Et of the environment.

Let n(t, x) be the density of individuals that have size x at time t. Denote
by β(x,E) the per capita birth rate of individuals of size x under environment
E, and let

b(t) :=

∫ x

0

β(x,E(t))n(t, x) dx

be the total population birth rate at time t. Denote by a the (possibly infinite)
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maximal age of individuals. Then b(t) satisfies the equation

b(t) =

∫ a

0

β(x(a), E(t))b(t− a)F(a) da. (1.6)

Equation (1.6) is a linear Volterra integral equation. The linearity stems from
the fact that individuals are assumed to behave independently of each other if
the environment is assumed to be given.

In most cases, for instance when the environment is represented by a preda-
tor, a prey, or a resource population, the individuals themselves have a feedback
on the environment. To incorporate this feedback into the model, we can de-
scribe the derivative of E(t) by

E′(t) = f(E(t))−
∫ a

0

γ(x(a), E(t))b(t− a)F(a) da, (1.7)

where γ(x,E) is the per capita rate at which individuals of size x affect the envi-
ronment (e.g., consumption or predation rate), and f(E) describes the evolution
of the environment in absence of the population.

Systems of type (1.6–1.7) are considered in Articles I and II when a finite
maximal life span a < +∞ is assumed. Article III focuses instead on the case of
an unbounded maximal age a = +∞. But surely we do not expect biological in-
dividuals to live for an infinite amount of time, so why bother about unbounded
delays? One reason is that often it is not convenient to define the maximal
age of individuals a priori, but rather to prescribe a survival probability density
function. And the most important probability distributions, including the expo-
nential, Gamma and Gaussian distributions, all have unbounded support. Such
densities give rise to integrals over unbounded intervals, see for instance [3, 31].
In addition to that, sometimes models do not describe biological individuals but
other entities for which it is impossible to define a maximal “life span”. One
example is the metapopulation model in [29], where the variable is the density
of occupied patches. Other examples are represented by structured models in
the context of epidemiology and immunology, see for instance [1, 2, 7, 54].

Although short, the above introduction is already indicative of the many
different and peculiar forms in which delays can enter mathematical equations.
If the system (or its change) at time t depends on a discrete set of time points
in the past, as in equation (1.1), we talk about discrete delays. Otherwise, if the
equation involves an integral over a continuum time interval, as in equation (1.2),
we talk about distributed delay. In the example (1.6–1.7), the maximal delay a
may be bounded, and we talk about finite delay, or it may instead be infinite and
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give rise to an unbounded, or infinite, delay. Finally, note that in equation (1.2)
only a finite interval of the past history affects the evolution at time t, but the
length of the interval depends itself on the history of the system through (1.3):
in this case we talk about state-dependent delay.

1.2 The mathematical background

Given x : R → Rd, we define its history, or segment, at time t ∈ R, as the
function xt : I ⊆ (−∞, 0]→ Rd such that

xt(θ) := x(t+ θ), θ ∈ I. (1.8)

The set I is the delay interval and can be either bounded, I = [−τ, 0] for
some τ > 0, or unbounded, I = (−∞, 0]. For the sake of exposition, in this
introduction we restrict to the case of finite delay τ < ∞ and only briefly
comment about the extension of the theory to the infinite-delay case.

In this thesis, we adopt the terminology introduced in [29]. The term renewal
equation (RE) indicates a (linear or nonlinear) Volterra integral equation that
we write as

x(t) = F (xt), t ≥ 0.

With delay differential equation (DDE) we indicate any equation where the
derivative at time t is expressed as a function of the history, as in

y′(t) = G(yt), t ≥ 0.

We refer in general to both types of equations as delay equations (DE), which
therefore include discrete and distributed, bounded or unbounded, fixed or state-
dependent delays (but note that we do not include neutral equations). Espe-
cially, in the following we consider systems where equations of the type RE and
DDE are coupled together as in{

x(t) = F (xt, yt)
y′(t) = G(xt, yt),

t ≥ 0, (1.9)

with F : X × Y → RdX , G : X × Y → RdY , for X := L1(I,RdX ) and Y :=
C(I,RdY ). System (1.9) is supplemented with the initial condition

x0 = ϕ, y0 = ψ, (1.10)
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for given ϕ ∈ X and ψ ∈ Y . The choice of the space X is motivated not only
by the fact that, for a general initial function ϕ, x may be discontinuous in
t = 0, but also because in biological applications (see, e.g., equation (1.6)) x
often describes a rate and is therefore only required to be locally integrable.

Definition 1.2.1. A solution of (1.9–1.10) is a pair (x, y) defined on [−τ, tf )
with values in RdX × RdY , 0 < tf ≤ ∞, such that x ∈ L1

loc((−τ, tf ),RdX ),
y ∈ C([−τ, tf ),RdY ), y is differentiable on (0, tf ), and (x, y) satisfies (1.10) and
(1.9) for all t ∈ [0, tf ).

We will always assume that F and G are at least Lipschitz continuous.
Under this assumption, the initial value problem (1.9–1.10) is well posed, in
the sense that existence and uniqueness of solutions hold in [−τ,+∞), see for
instance [29, 36, 48].

The existence and uniqueness of solutions allows us to define for every t ≥ 0
the solution operator S(t) : X × Y → X × Y through

S(t)(ϕ,ψ) = (xt, yt).

The family {S(t)}t≥0 is a strongly continuous semigroup of nonlinear opera-
tors [14, 61]. Its infinitesimal generator is the nonlinear operator AFG such
that

AFG : D (AFG) (⊂ X × Y )→ X × Y
(ϕ,ψ) 7→ (ϕ′, ψ′),

with

D (AFG) :=
{

(ϕ,ψ) ∈ X × Y
∣∣ ϕ is absolutely continuous, ψ ∈ C1(I,RdY ),

and (ϕ,ψ′)(0) = (F (ϕ,ψ), G(ϕ,ψ))
}
, (1.11)

see [20, 21]. Note that AFG is a differentiation operator: its action is linear,
while the nonlinearity affects the domain via F and G.

System (1.9–1.10) is equivalent to the abstract differential equation

d

dt
(u(t), v(t)) = AFG((u(t), v(t))), t ≥ 0, (1.12)

provided with the initial condition

u(0) = ϕ, v(0) = ψ. (1.13)
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In particular, if (ϕ,ψ) ∈ D (AFG) and (x(t), y(t)) ∈ RdX × RdY , t ≥ −τ , is a
solution of (1.9–1.10), then (u(t), v(t)) ∈ X × Y with u(t) := xt, v(t) := yt,
t ≥ 0, is a solution of (1.12–1.13), and vice versa, see [20, 61].

Note that in the infinite-delay case τ = +∞, I = (−∞, 0], existence and
uniqueness of solutions of (1.9–1.10) are proved in [31] for F, G defined on
X × Y , where

X := L1
ρ(I,RdX ) =

{
ϕ : I → RdX |

∫
I
| eρθϕ(θ)| dθ <∞

}
Y := C0,ρ(I,RdY ) =

{
ψ : I → RdY | sup

θ∈I
| eρθψ(θ)| <∞, lim

θ→−∞
eρθψ(θ) = 0

}
,

and ρ > 0 is a suitable parameter. The family of solution operators {S(t)}t≥0
and its infinitesimal generator AFG are defined analogously as before.

In conclusion, (1.9–1.10) generates a dynamical system on the space X ×Y ,
where the family of evolution operators is exactly {S(t)}t≥0. Despite the many
complications connected to the infinite dimension of the state space, a strong
theoretical background has been recently developed for dynamical systems gen-
erated by DE. In particular, the principle of linearized (in)stability for equilibria
has been proved in the framework of sun-star calculus for DE with finite de-
lay [17, 18, 29, 31, 36] and infinite delay [31]. See also [30, 34] for applications
to special PSPM. About the stability of periodic solutions, the Floquet theory
has been developed for DDE with finite delay in [36], but it is still incomplete
for RE and equations with infinite delay.

In biological applications, the long-term behavior and the stability of a sys-
tem are particularly important. Typical research questions concern for instance
the persistence or extinction of an epidemic, the constant or periodic behavior
of a population, the stable or chaotic tendency of blood cells in an individual.
Particularly important are the bifurcation properties of the system: namely, how
the dynamical behavior changes under the change of some parameter values in
the model [16, 46, 53].

But in practice, even with the principle of linearized stability at hand, the
analysis of the linearization of models of type (1.9) is often challenging, see
for instance [8, 24, 25, 34, 35, 51, 63]. Because of this complexity, numerical
methods and software are needed in applications; and yet, as explained below,
the software tools for DE are far from being exhaustive.
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1.3 The software background

The longstanding interest in dynamical systems has stimulated the development
of many numerical packages for bifurcation analysis. Well-established software is
today available for ODE, and most of the interesting dynamical and bifurcation
properties can be studied numerically. Among many, we recall the matlab
package matcont [28, 45] and the software auto [37].

Regarding DE, the panorama of software for numerical bifurcation analysis is
still unsatisfactory: only a restricted class of equations with particular structure
can be studied with dedicated software. The following is a short summary of the
types of equations for which some software packages and codes are available.

(i) Systems of nonlinear DDE with a finite number of discrete delays, or dis-
crete state-dependent delays of the form τ = τ(y(t)). For these equa-
tions, several well-established software packages are available on different
platforms and in different languages: the package dde-biftool for mat-
lab [40]; auto [37]; knut [70]; PyDSTool [19]; xpp [41].

(ii) PSPM of the form (1.6–1.7). Models of this specific form can be numeri-
cally studied with the software packages EBTtool and PSPManalysis
available at [23]. They allow the user to perform, respectively, the simu-
lations of the IVP and the demographic and evolutionary analysis of the
model restricted to equilibria, see also [22, 32, 51].

(iii) Autonomous or periodic linear DE (including both DDE and RE) with
discrete and distributed delays. The corresponding characteristic roots
and multipliers for fixed parameter values can be approximated with the
matlab codes eigAM and eigTMN. The package trace-dde allows to plot
stability charts in two parameters. The codes are available at [10]. For
the theoretical background, see [13].

The above overview reveals that none of the mentioned packages is able to
treat comprehensively all the different types of DE described in Section 1.1.
And even though many biological models can be recast in the form (1.6–1.7),
the specialized software does not allow to investigate important properties like
Hopf bifurcations and periodic solutions. These properties could be extensively
investigated after linearization by the codes for class (ii), but this involves at
least two complications. On the one hand, the solution of interest must be
available either analytically or numerically. On the other hand, as mentioned
earlier, linearizing realistic biological models is often extremely complex and
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involves mathematical tools that may be beyond the knowledge of researchers
working in applications. The challenge is indeed to provide modelers with an
easy-to-use tool for bifurcation analysis that can be applied to a wide variety of
models.

This thesis addresses the lack of numerical tools for the bifurcation analysis
of general nonlinear DE. However, the broad variety of forms in which delays
enter the models (see Section 1.1) makes it hard to design a unique and complete
software devoted to their bifurcation analysis. Furthermore, it is reasonable to
expect that such a software, if developed, would be extremely demanding to
update and maintain. We therefore embrace a more “pragmatic” approach:
we apply a particular discretization technique to approximate the DE with a
system of ODE, whose properties can in turn be studied numerically with well-
established software.



Chapter 2

The pseudospectral
approximation technique

This section summarizes the discretization technique that has been developed
and applied in Articles I–IV. The method is inspired by the reformulation of
(1.9) as the abstract differential equation (1.12), which acts in an infinite-
dimensional space of functions. The goal is then to approximate (1.12) with a
differential equation in a finite-dimensional subspace. In particular, we approach
this goal by applying the pseudospectral (or spectral-collocation) technique, see
[6, 64].

We note that the idea of approximating a nonlinear DDE with an ODE
system for studying Hopf bifurcations appears already in [42], where a finite
difference approximation is applied on an equispaced grid. While this kind of
approximation exhibits a finite and fixed order of convergence, pseudospectral
methods allows us to reach an infinite order of convergence, as observed al-
ready in the approximation of eigenvalues of multipliers of linear autonomous
or periodic DE, see for instance [9, 13, 63]. We will comment further on the con-
vergence properties of the method in Section 2.2 below. More recently, Galerkin
projections are applied in [59] to approximate a nonlinear abstract differential
equation with an ODE, and a similar idea is applied in [15] for DDE in a
particular Hilbert space. Our choice of collocation rather than Galerkin pro-
jection is mainly motivated by the interest in working with the Banach space
X ×Y rather than a Hilbert space. A further important advantage of the pseu-
dospectral approximation compared to the techniques mentioned above is the

11
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convenient representation of the final approximating system, which makes the
method suitable for an automatic and general implementation for a wide variety
of equations.

The details of the method have been introduced in Article I and III for the
case of finite and infinite delay, respectively, while Article II and IV contain
further applications of the method. Here we summarize the main steps of the
approach for the case τ <∞, I := [−τ, 0], with a particular focus on the explicit
representation of the final approximating ODE system. The reader is referred
to the research articles for the technical details.

2.1 Method

Given a discretization index M ∈ N, let Πd
M denote the space of d-valued

polynomials of degree M . The general idea of the pseudospectral technique
consists in projecting a function taking values in Rd in the finite-dimensional
space Πd

M by imposing M + 1 collocation conditions on a finite set of nodes.
To this aim, we introduce a mesh ΘM := {θ0, . . . , θM} ⊂ I of collocation nodes,
such that

−τ =: θM < θM−1 < · · · < θ0 := 0. (2.1)

In particular, we choose the mesh of Chebyshev extremal nodes

θj =
τ

2

(
cos

(
jπ

M

)
− 1

)
, j = 0, 1, . . . ,M. (2.2)

This choice ensures that the polynomial interpolation converges for Lipschitz
continuous functions, see for instance [71, 72] and [64, Chapter 3].

Given M + 1 values z0, . . . , zM , their interpolating polynomial pM (θ) =
pM (θ; z0, . . . , zM ) on ΘM is uniquely determined, but it can be represented in
many ways. Particularly convenient in our context is the Lagrange representa-
tion, where pM is written as a linear combination of the values zj as

pM (θ) :=

M∑
j=0

`j(θ)zj , θ ∈ [−τ, 0], (2.3)

where the coefficients

`j(θ) :=
∏
k 6=j

θ − θk
θj − θk

, j = 0, 1, . . . ,M,
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form the basis of Lagrange polynomials. Note also that, by linearity, the deriva-
tive of pM at the nodes can be expressed as

p′M (θk) :=
M∑
j=0

`′j(θk)zj =
M∑
j=0

dkjzj , k = 0, 1, . . . ,M, (2.4)

where
dkj := `′j(θk), j, k = 0, 1, . . .M, (2.5)

are the elements of the differentiation matrix corresponding to the Lagrange
polynomial basis, see for instance [62, Chapter 10.10].

We now apply the pseudospectral technique by projecting equation (1.12) in
the space ΠdX

M × ΠdY
M ⊂ X × Y . For all t ≥ 0 we introduce the variables uj(t),

vj(t), j = 0, . . . ,M , and we define the interpolating polynomials

UM (θ; t) := pM (θ;u0(t), . . . , uM (t)),

VM (θ; t) := pM (θ; v0(t), . . . , vM (t)),

for θ ∈ [−τ, 0]. The polynomials UM (·; t) ∈ ΠdX
M and VM (·; t) ∈ ΠdY

M are the
pseudospectral projections of u(t) and v(t), respectively. We then impose M+1
collocation conditions on the nodes θ0, . . . , θM for each polynomial UM (·; t) and
VM (·; t). In particular, equation (1.12) is applied on the nodes θ1, . . . , θM and,
thanks to (2.4), gives the following (dX + dY )M linear differential equations

u′1(t) = d10u0(t) + d11u1(t) + · · ·+ d1MuM (t)

v′1(t) = d10v0(t) + d11v1(t) + · · ·+ d1MvM (t)

...

u′M (t) = dM0u0(t) + dM1u1(t) + · · ·+ dMMuM (t)

v′M (t) = dM0v0(t) + dM1v1(t) + · · ·+ dMMvM (t).

(2.6)

Since two additional equations are necessary to define uniquely the interpo-
lating polynomials, we approximate the domain condition (1.11) with the two
equations

u0(t) = F (UM (·; t),VM (·; t)) (2.7)

v′0(t) = G(UM (·; t),VM (·; t)). (2.8)

At this point we underline that including θ0 = 0 in the mesh (2.1) is particularly
important for allocating the domain condition (1.11).
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Figure 2.1: Comparison between finite-order (•) and spectral accuracy (◦) in the
log-log scale.

Finally, we assume that F is regular enough to ensure that, for all t ≥ 0,
equation (2.7) admits a unique solution u0(t) that can be expressed locally in
terms of the other variables as

u0(t) = KM (v0(t), u1(t), v1(t), . . . , uM (t), vM (t)). (2.9)

In many examples of models for structured populations where the function F is
linear in the first argument, it is possible to expressKM explicitly, see Section 2.4
for more details. In the other cases, when KM is not available analytically,
u0(t) can be approximated numerically as the solution of the nonlinear algebraic
equation (2.7). By substituting (2.9) in equations (2.6) and (2.8) we obtain a
closed system of dXM + dY (M + 1) ODE that can be studied with available
software for bifurcation analysis of ODE.

The case of infinite delay τ =∞ is studied in Article III. The details are not
included here, but for completeness note that in this case the collocation nodes
in I = (−∞, 0] are chosen as the extremal nodes of the family of Laguerre
polynomials that are orthogonal with respect to the exponential weight eρθ,
θ ≤ 0, see for instance [6, Chapter 17]. The final approximating ODE system
has a similar structure as in the finite-delay case, where most of the system is
defined only by the differentiation matrix associated with the nodes, and two
additional equations involve the right-hand sides F and G.
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2.2 Convergence

A characteristic feature of pseudospectral methods is that their order of con-
vergence is not fixed: the more regular the function to approximate, the higher
the convergence order. Approximations of smooth functions, especially, nor-
mally exhibit spectral accuracy : the error decays faster than O(M−k) for any
integer k, see [64, 71, 72] and Figure 2.1 for an illustration. The pseudospec-
tral approximation therefore takes advantage of the smoothing properties of DE
and proves particularly effective on smooth globally defined solutions, including
steady-states, periodic solutions, and solutions corresponding to eigenfunctions.

The one-to-one correspondence between the equilibria of (2.6–2.8) and the
equilibria of (1.12) was proved in Article I (Theorem 2.4 and 3.4) in the finite-
delay case, and in Article III (Theorem 4) in the infinite-delay case. When
interested in the stability and bifurcation properties of equilibria, it is moreover
important to approximate the eigenvalues of the infinitesimal generator of the
linearized equation. In the finite-delay case, the eigenvalues coincide with the
roots of the characteristic equation and their approximations converge spectrally
to the exact ones [11, 13]. This follows from the smoothness of the eigenfunc-
tions associated with a linear infinitesimal generator, which are exponential in θ.
In turn, the convergence of eigenvalues implies that the stability and bifurcation
properties of the equilibria of (2.6–2.8) approximate the corresponding proper-
ties of the equilibria of (1.12), see Article I, Corollary 2.7. In the infinite-delay
case, we can restrict to a subset of the complex plane {λ ∈ C : Re (λ) > −ρ}
that only contains eigenvalues of the linearized infinitesimal generator, and no
other elements of the spectrum. In this region the eigenvalues coincide with the
characteristic roots. The numerical investigation in Article III strongly supports
the conjecture that the characteristic roots are approximated with spectral ac-
curacy also in the infinite-delay case, but the theoretical proof is still ongoing
work.

Beyond equilibria, we conjecture that spectral accuracy holds also in the
approximation of periodic solutions (possibly under certain regularity assump-
tions) and of the corresponding multipliers of the linearized equation. This
property has been proved, for instance, in the solution operator approach pro-
posed in [9, 12, 13], where the pseudospectral discretization is applied to the
solution operators of linear equations: it is reasonable to expect that this result
can be translated also to the nonlinear case treated in this thesis. The proof
of convergence of periodic solutions and their stability indicators is currently
under investigation.
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2.3 Validation

In the absence of convergence proofs for the approximation of periodic solu-
tions in the finite-delay case and for the stability properties of equilibria in the
infinite-delay case, the research articles present several test problems to vali-
date numerically the approximation technique and to support the conjecture
of spectral accuracy. But, in order to test numerically the convergence of the
approximation, reference values are needed. And unfortunately, because of the
complexity of delay models, analytical formulas for the bifurcation points are
rarely available, especially after the emergence of a nontrivial equilibrium: a
fortunate exception is the Hopf bifurcation point of the delayed logistic equa-
tion considered in Article I. In all the other examples, when analytical values
were not available, case by case we resorted to alternative strategies.

In many cases, the model was reformulated analytically in an equivalent but
simpler form that could be independently analyzed with existing software. Two
important examples of such reformulation are the finite-dimensional state rep-
resentation of infinite-delay equations and the time transformation of DE with
threshold-type delay. On the one side, the finite-dimensional state representa-
tion [33, 47] can be applied to infinite-delay equations with kernel defined by a
Gamma distribution. By introducing suitable auxiliary variables, the infinite-
delay equation can be reformulated as a system of ODE which is independent
of the pseudospectral approximation but can still be studied numerically with
software for ODE. This representation was widely used in the numerical tests
of Article III. On the other side, for equations where the delay is defined by a
threshold condition of the type (1.3), it is possible to define a transformation
of the time variable such that every solution is mapped to a solution of a fixed-
delay system. The latter can be numerically studied either with dde-biftool
or by pseudospectral approximation. This type of time transformation, first
introduced in [66, 67, 68], has been exploited to study the model in Article IV.
Beside these two techniques, which are applicable to a wide class of models, it
is worth mentioning that the special RE considered in Article II could be recast
as an equivalent Hamiltonian system by introducing two new ad hoc variables.

When an equivalent formulation was not available, the output of the ap-
proximation was validated by using more sophisticated numerical methods. In
Article II, for instance, first the periodic solutions were approximated by adapt-
ing to RE the collocation technique [39], then the corresponding multipliers
were approximated with an alternative application of the pseudospectral tech-
nique, see [9]. Finally, when no alternative strategy was possible, the same
pseudospectral approach was applied with a considerably larger discretization
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index M and then used to visualize the convergence behavior for increasing
discretization indexes, as done for instance in some of the examples in Article I.

2.4 Implementation

We conclude this section with some remarks on the implementation of the
method. In this thesis, the bifurcation analysis of ODE is performed with the nu-
merical package matcont for matlab, see the documentation at [28, 45]. The
choice of matlab as working environment is first motivated by its widespread
use in applications. In our context, even more important is the role of matlab
as MAtrix LABoratory, which allows the user to easily manipulate vectors and
matrices. In this way, the right-hand side of the ODE can be easily and conve-
niently defined with input and output represented by vectors, without specifying
a priori their size (i.e., the number of variables). As for the discretization, this
means that the index M does not need to be fixed in advance, but can be cho-
sen from time to time by the user according to the needs and to the desired
accuracy.

Some more general comments on the implementation of the approximating
system follow.

(i) When (1.9) involves integrals, the latter can be efficiently approximated
by quadrature formulas, such that

∫ 0

−τ
f(θ) dθ =

M∑
j=0

f(θj)qj + εM (f)

where the quadrature weights are defined by

qj :=

∫ 0

−τ
`j(θ) dθ, j = 0, 1, . . . ,M (2.10)

and εM (f) → 0 as M → ∞ if the integral is bounded, see [62, Chap-
ters 10.3 and 10.5]. In particular, integrals over bounded intervals were
approximated by Clenshaw–Curtis quadrature formula. Given the mesh
ΘM in [−τ, 0], efficient numerical routines are available to compute the ele-
ments of the differentiation matrix (2.5) and the quadrature weights (2.10),
see [71, 75, 76].
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(ii) Because of the essence of pseudospectral methods, an efficient formula to
compute the interpolating polynomial (2.3) is fundamental. The barycen-
tric Lagrange interpolation formula [4] allows to compute interpolating
polynomials with a stable and efficient algorithm. The core idea is to
preliminary compute the barycentric weights

wj :=
∏
k 6=j

1

θj − θk
, j = 0, 1, . . . ,M,

which are independent of θ and can be computed in O(M2) operations.
Then, after defining

`(θ) :=
M∏
k=0

(θ − θk),

equation (2.3) can be rewritten as

pM (θ) = `(θ)

M∑
j=0

wj
θ − θj

zj ,

and can be computed in O(M) operations once θ and the values zj , j =
0, . . . ,M , are given.

(iii) Since polynomials diverge at ±∞, interpolation on the unbounded domain
(−∞, 0] may be numerically unstable. Therefore, when working with in-
finite delay and nodes related to Laguerre polynomials, we exploited the
weighted interpolation formula

p̂M (θ) =
M∑
j=0

eρθ`j(θ)
ẑj

eρθj
,

for given ẑj , j = 0, . . . ,M . Integrals over unbounded domains were approx-
imated by Gauss–Laguerre quadrature formulas. Weighted interpolants,
together with nodes, quadrature weights and differentiation matrices cor-
responding to Laguerre polynomials, can be computed efficiently via avail-
able routines, see [65, 74, 75, 76].

(iv) In ecological models where the RE describes the evolution of the population
birth rate, as in (1.6), the function F in (1.9) is often linear in the first
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argument, see for instance (1.6) and the PSPM examples in Articles I and
III. In these cases, we can exploit the linearity in (2.7) and write

F (UM (·; t),VM (·; t)) = F (
M∑
j=0

`j(·)uj(t),VM (·; t))

=
M∑
j=0

uj(t)F (`j(·),VM (·; t)).

Therefore we can generically solve explicitly for u0(t) and write (2.9) as

u0(t) = [IdX − F (`0(·),VM (·; t))]−1 F (
M∑
j=1

`j(·)uj(t),VM (·; t)),

where IdX denotes the identity in RdX .

(v) Finally, in many structured models where individuals evolve through dif-
ferent stages, the time spent in a compartment is defined by τ such that

x(τ ; t, τ) = xf , (2.11)

where x(α; t, a) is defined by (1.4) and xf is a given threshold value. Con-
dition (2.11) is often conveniently implemented in matlab with the event
locator of built-in ODE solvers like, for instance, ode23 or ode45.
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Chapter 3

Conclusions

This thesis proposes a new approach for the numerical bifurcation analysis of
general nonlinear DE of the form (1.9). Much of the attention is devoted to
applications: the aim is at providing a tool that is widely applicable, easy to
use, and straightforward to apply without the need of an advanced mathematical
analysis of the models. In short, we aim at a tool suitable for modelers that do
not necessarily have a strong computational background.

The pseudospectral discretization technique proposed in this thesis appears
to be suitable for achieving this goal thanks to several interesting features. First,
the discretization is very flexible and applicable in fair generality, since it does
not require special assumptions on F and G apart from the regularity ensuring
existence of solutions of (1.9). In particular, the same method is applicable to
equations with discrete, distributed and infinite delays. A second important
advantage for applications is that the equations in (2.6), which form most of
the approximating system, are completely determined by the discretization in-
dex M (plus, in the case of infinite delay, the scaling parameter ρ) and by the
choice of the collocation nodes. Most importantly, they are independent of the
particular instance of DE under study. The specific functions F and G defining
the equation are involved only in (2.7–2.8) and they are applied to interpolating
polynomials, without requiring any further mathematical treatment. This as-
pect is extremely important in the prospect of an implementation of the method
that automatically provides the approximating system once F and G are given.
As a further important aspect for the user-friendliness of the approach, it is
worth noticing that the approximating system can be analyzed with any soft-
ware for ODE, without the need of developing, and therefore learning, new

21
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software specific for DE.
Finally, notice that the spectral accuracy of the approximation of the sta-

bility properties is proved only for equilibria of finite-delay equations. For equi-
libria of infinite-delay equations and for periodic solutions of general nonlinear
equations, spectral accuracy is only conjectured. In anticipation of the theoreti-
cal convergence analysis, which is ongoing research of the author and collabora-
tors, the numerical tests included in the research articles of this thesis provide
numerical evidence in support of the conjecture. From the point of view of
applications, the spectral accuracy would play a central role in the implemen-
tation of the method, allowing the user to obtain satisfactory results with low
discretization indexes: in most of the test examples considered in the thesis,
an index M of the order of 10–20 is enough to ensure sufficient accuracy for
visualization.
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[2] Barbarossa, M. V., and Röst, G. Immuno-epidemiology of a population structured by
immune status: a mathematical study of waning immunity and immune system boosting.
J. Math. Biol. 71, 6–7 (2015), 1737–1770.

[3] Beretta, E., and Breda, D. Discrete or distributed delay? Effects on stability of
population growth. Math. Biosci. Eng. 13, 1 (2016), 19–41.

[4] Berrut, J.-P., and Trefethen, L. N. Barycentric Lagrange interpolation. SIAM Rev.
46, 3 (2004), 501–517.

[5] Bjørnstad, O. N., Nelson, W. A., and Tobin, P. C. Developmental synchrony in
multivoltine insects: generation separation versus smearing. Population Ecology 58, 4
(2016), 479–491.

[6] Boyd, J. P. Chebyshev and Fourier Spectral Methods: Second Revised Edition, sec-
ond ed. Dover Books in Mathematics. Dover Publications, Inc., Mineola, New York,
2001.

[7] Breda, D., Diekmann, O., de Graaf, W. F., Pugliese, A., and Vermiglio, R. On
the formulation of epidemic models (an appraisal of Kermack and McKendrick). J. Biol.
Dyn. 6, 2 (2012), 103–117.

[8] Breda, D., Getto, P., Sánchez Sanz, J., and Vermiglio, R. Computing the eigen-
values of realistic Daphnia models by pseudospectral methods. SIAM J. Sci. Comput.
37, 6 (2015), 2607–2629.

[9] Breda, D., and Liessi, D. Approximation of eigenvalues of evolution operators for linear
renewal equations. SIAM J. Numer. Anal. 56, 3 (2018), 1456–1481.

[10] Breda, D., Maset, S., and Vermiglio, R. TRACE-DDE. http://cdlab.uniud.it/

software. Accessed: 21.05.2018.
[11] Breda, D., Maset, S., and Vermiglio, R. Pseudospectral differencing methods for

characteristic roots of delay differential equations. SIAM J. Sci. Comp. 27, 2 (2005),
482–495.

[12] Breda, D., Maset, S., and Vermiglio, R. Approximation of eigenvalues of evolution
operators for linear retarded functional differential equations. SIAM J. Numer. Anal.
50, 3 (2012), 1456–1483.

[13] Breda, D., Maset, S., and Vermiglio, R. Stability of Linear Delay Differential Equa-
tions. A Numerical Approach with MATLAB. SpringerBriefs in Control, Automation
and Robotics. Springer, New York, 2015.

23

http://cdlab.uniud.it/software
http://cdlab.uniud.it/software


24 BIBLIOGRAPHY

[14] Butzer, P. L., and Berens, H. Semi-Groups of Operators and Approximation, vol. 145
of Grundlehren der mathematischen Wissenschaften. Springer, Berlin, Heidelberg, 1967.

[15] Chekroun, M. D., Ghil, M., Liu, H., and Wang, S. Low-dimensional Galerkin ap-
proximations of nonlinear delay differential equations. Discret. Contin. Dyn. Syst. 36, 8
(2016), 4133–4177.

[16] Chow, S. N., and Hale, J. K. Methods of Bifurcation Theory, vol. 251 of Grundlehren
der mathematischen Wissenschaften. Springer, New York, 1982.

[17] Clément, P., Diekmann, O., Gyllenberg, M., Heijmans, H. J. A. M., and Thieme,
H. R. Perturbation theory for dual semigroups. I. The sun-reflexive case. Math. Ann.
277, 4 (1987), 709–725.

[18] Clément, P., Diekmann, O., Gyllenberg, M., Heijmans, H. J. A. M., and Thieme,
H. R. Perturbation theory for dual semigroups. III. Nonlinear Lipschitz continuous per-
turbations in the sun-reflexive case. In Volterra integrodifferential equations in Banach
spaces and applications (Trento, 1987), vol. 190 of Pitman Res. Notes Math. Ser. Long-
man Sci. Tech., Harlow, 1989, pp. 67–89.

[19] Clewley, R. H., Sherwood, W. E., LaMar, M. D., and M., G. J. PyDSTool, a
software environment for dynamical systems modeling. http://pydstool.sourceforge.

net, 2007. Accessed: 21.05.2018.
[20] Crandall, M. G., and Liggett, T. M. Generation of semi-groups of nonlinear trans-

formations on general Banach spaces. Amer. J. Math. 93 (1971), 265–298.
[21] Crandall, M. G., and Pazy, A. Semi-groups of nonlinear contractions and dissipative

sets. J. Funct. Anal. 3 (1969), 376–418.
[22] de Roos, A. Demographic analysis of continuous-time life-history models. Ecol. Lett.

11, 1 (2008), 1–15.
[23] de Roos, A. M. PSPM analysis. https://bitbucket.org/amderoos/pspmanalysis. Ac-

cessed: 21.05.2018.
[24] de Roos, A. M., Diekmann, O., Getto, P., and Kirkilionis, M. A. Numerical equi-

librium analysis for structured consumer resource models. Bull. Math. Biol. 72, 2 (2010),
259–297.

[25] de Roos, A. M., Diekmann, O., Getto, P., and Kirkilionis, M. A. Erratum to:
Numerical equilibrium analysis for structured consumer resource models. Bull. Math.
Biol. 78, 2 (2016), 350–351.

[26] de Roos, A. M., Metz, J. A. J., Evers, E., and Leipoldt, A. A size dependent
predator-prey interaction: who pursues whom? J. Math. Biol. 28, 6 (1990), 609–643.

[27] de Roos, A. M., and Persson, L. Population and Community Ecology of Ontogenetic
Development. Monographs in Population Biology. Princeton University Press, 2013.

[28] Dhooge, A., Govaerts, W., and Kuznetsov, Y. A. MATCONT: a MATLAB package
for numerical bifurcation analysis of ODEs. ACM T. Math. Software 29, 2 (2003), 141–
164.

[29] Diekmann, O., Getto, P., and Gyllenberg, M. Stability and bifurcation analysis of
volterra functional equations in the light of suns and stars. SIAM J. Math. Anal. 39, 4
(2007), 1023–1069.

[30] Diekmann, O., and Gyllenberg, M. The second half—with a quarter of a century
delay. Math. Model. Nat. Pheno. 3, 7 (2008), 36–48.

[31] Diekmann, O., and Gyllenberg, M. Equations with infinite delay: Blending the ab-
stract and the concrete. J. Differ. Equations 252, 2 (2012), 819–851.

[32] Diekmann, O., Gyllenberg, M., and Metz, J. A. J. Steady-state analysis of structured
population models. Theor. Popul. Biol. 63, 4 (2003), 309–338.

[33] Diekmann, O., Gyllenberg, M., and Metz, J. A. J. Finite dimensional state

http://pydstool.sourceforge.net
http://pydstool.sourceforge.net
https://bitbucket.org/amderoos/pspmanalysis


BIBLIOGRAPHY 25

representation of linear and nonlinear delay systems. J. Dyn. Diff. Equat. (2017),
https://doi.org/10.1007/s10884--017--9611--5.

[34] Diekmann, O., Gyllenberg, M., Metz, J. A. J., Nakaoka, S., and de Roos, A. M.
Daphnia revisited: local stability and bifurcation theory for physiologically structured
population models explained by way of an example. J. Math. Biol. 61, 2 (2010), 277–318.

[35] Diekmann, O., Gyllenberg, M., Metz, J. A. J., Nakaoka, S., and de Roos, A. M.
Erratum to: Daphnia revisited: local stability and bifurcation theory for physiologically
structured population models explained by way of an example. J. Math. Biol. 75, 1
(2017), 259–261.

[36] Diekmann, O., van Gils, S. A., Verduyn Lunel, S. M., and Walther, H.-O. Delay
Equations. Functional-, Complex-, and Nonlinear Analysis, vol. 110 of Applied Mathe-
matical Sciences. Springer, New York, 1995.

[37] Doedel, E. AUTO. Software for continuation and bifurcation problems in ordinary
differential equations. http://indy.cs.concordia.ca/auto/. Accessed: 21.05.2018.

[38] Doumic, M., Marciniak-Czochra, A., Perthame, B., and Zubelli, J. P. A structured
population model of cell differentiation. SIAM J. Appl. Math. 71, 6 (2011), 1918–1940.

[39] Engelborghs, K., Luzyanina, T., In ’t Hout, K. J., and Roose, D. Collocation
methods for the computation of periodic solutions of delay differential equations. SIAM
J. Sci. Comput. 22, 5 (2000), 1593–1609.

[40] Engelborghs, K., Luzyanina, T., Samaey, G., Roose, D., and Verheyden, K. DDE-
BIFTOOL: a MATLAB package for bifurcation analysis of delay differential equations.
http://twr.cs.kuleuven.be/research/software/delay/ddebiftool.shtml. Accessed:
21.05.2018.

[41] Ermentrout, B. XPP-Aut. http://www.math.pitt.edu/~bard/xpp/xpp.html. Ac-
cessed: 21.05.2018.

[42] Ford, N. J., and Wulf, V. How do numerical methods perform for delay differential
equations undergoing a Hopf bifurcation? J. Comput. Appl. Math. 125, 1–2 (2000),
277–285.

[43] Getto, P., and Marciniak-Czochra, A. Mathematical modelling as a tool to under-
stand cell self-renewal and differentiation. In Mammary Stem Cells, vol. 1293 of Methods
In Molecular Biology. Springer, 2015, pp. 247–266.

[44] Getto, P., and Waurick, M. A differential equation with state-dependent delay from
cell population biology. J. Differ. Equations 260, 7 (2016), 6176–6200.

[45] Govaerts, W., Kuznetsov, Y. A., and Meijer, H. G. MATCONT. Numerical bi-
furcation analysis toolbox in MATLAB. https://sourceforge.net/projects/matcont/.
Accessed: 21.05.2018.

[46] Guo, S., and Wu, J. Bifurcation Theory of Functional Differential Equations, vol. 184
of Applied Mathematical Sciences. Springer, New York, 2013.

[47] Gyllenberg, M. Mathematical aspects of physiologically structured populations: the
contributions of J. A. J. Metz. J. Biol. Dyn. 1, 1 (2007), 3–44.

[48] Hale, J. K., and Verduyn Lunel, S. M. Introduction to Functional Differential Equa-
tions, vol. 99 of Applied Mathematical Sciences. Springer, New York, 1993.

[49] Humphries, A., DeMasi, O., Magpantay, F., and Upham, F. Dynamics of a delay
differential equation with multiple state-dependent delays. Discret. Contin. Dyn. Syst.
Ser. A 32 (2012), 2701–2727.

[50] Jacquez, J. A. Compartmental Analysis in Biology and Medicine: Second Edition. The
University of Michigan Press, 1972.

[51] Kirkilionis, M. A., Diekmann, O., Lisser, B., Nool, M., Sommeijer, B., and
de Roos, A. M. Numerical continuation of equilibria of physiologically structured pop-

https://doi.org/10.1007/s10884--017--9611--5
http://indy.cs.concordia.ca/auto/
http://twr.cs.kuleuven.be/research/software/delay/ddebiftool.shtml
http://www.math.pitt.edu/~bard/xpp/xpp.html
https://sourceforge.net/projects/matcont/


26 BIBLIOGRAPHY

ulation models. i. theory. Math. Mod. Meth. Appl. S. 11, 06 (2001), 1101–1127.
[52] Kooijman, S. A. L. M., and Metz, J. A. J. On the dynamics of chemically stressed pop-

ulations: The deduction of population consequences from effects on individuals. Ecotox.
Environ. Safe. 8, 3 (1984), 254–274.

[53] Kuznetsov, Y. Elements of Applied Bifurcation Theory, vol. 112 of Applied Mathemat-
ical Sciences. Springer, New York, 2004.

[54] Leung, K. Y., and Diekmann, O. Dangerous connections: on binding site models of
infectious disease dynamics. J. Math. Biol. 74, 3 (2017), 619–671.

[55] MacDonald, N. Time lags in biological models, vol. 27 of Lecture Notes in Biomathe-
matics. Springer, Berlin, Heidelberg, 1978.

[56] Mackey, M. C., and Glass, L. Oscillation and chaos in physiological control systems.
Science 197, 4300 (1977), 287–289.

[57] McCauley, E., Nelson, W. A., and Nisbet, R. M. Small-amplitude cycles emerge
from stage-structured interactions in daphnia–algal systems. Nature 455, 7217 (2008),
1240–1243.

[58] Metz, J. A. J., and Diekmann, O. The Dynamics of Physiologically Structured Popu-
lations, vol. 68 of Lecture Notes in Biomathematics. Springer, Berlin, Heidelberg, 1986.

[59] Mirzaev, I., and Bortz, D. M. A numerical framework for computing steady states
of structured population models and their stability. Math. Biosci. Eng. 14, 4 (2017),
933–952.

[60] Nelson, W. A., Bjørnstad, O. N., and Yamanaka, T. Recurrent insect outbreaks
caused by temperature-driven changes in system stability. Science 341, 6147 (2013),
796–799.

[61] Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions, vol. 44 of Applied Mathematical Sciences. Springer, New York, 1983.

[62] Quarteroni, A., Sacco, R., and Saleri, F. Numerical Mathematics, vol. 37 of Texts
in Applied Mathematics. Springer, New York, 2007.

[63] Sánchez Sanz, J., and Getto, P. Numerical bifurcation analysis of physiologically
structured populations: Consumer–resource, cannibalistic and trophic models. Bull.
Math. Biol. 78, 7 (2016), 1546–1584.

[64] Shen, J., Tang, T., and Wang, L.-L. Spectral Methods. Algorithms, Analysis and
Applications, vol. 41 of Springer Series in Computational Mathematics. Springer, Berlin,
Heidelberg, 2011.

[65] Shen, J., and Wang, L.-L. Some recent advances on spectral methods for unbounded
domains. Commun. Comput. Phys. 5, 2-4 (2009), 195–241.

[66] Smith, H. L. Structured population models, threshold-type delay equations and func-
tionaldifferential equations. Delay And Differential Equations-Proceedings In Honor Of
George Seifert On His Retirement (1992), 57.

[67] Smith, H. L. Reduction of structured population models to threshold-type delay equa-
tions and functional differential equations: a case study. Math. Biosci. 113, 1 (1993),
1–23.

[68] Smith, H. L. Existence and uniqueness of global solutions for a size-structured model
of an insect population with variable instar duration. Rocky Mt. J. Math. 24, 1 (1994),
311–334.

[69] Stiehl, T., Ho, A., and Marciniak-Czochra, A. The impact of CD34+ cell dose on
engraftment after SCTs: personalized estimates based on mathematical modeling. Bone
Marrow Transpl. 49, 1 (2014), 30–37.

[70] Szalai, R. KNUT. http://rs1909.github.io/knut/. Accessed: 21.05.2018.
[71] Trefethen, L. N. Spectral Methods in MATLAB. Softw. Environm. Tools. SIAM,

http://rs1909.github.io/knut/


BIBLIOGRAPHY 27

Philadelphia, 2000.
[72] Trefethen, L. N. Approximation Theory and Approximation Practice. SIAM, Philadel-

phia, 2013.
[73] Tuljapurkar, S., and Caswell, H. Structured-Population Models in Marine, Terres-

trial, and Freshwater Systems, vol. 18 of Population and Community Biology Series.
Springer US, 1997.

[74] Wang, L.-L. Spectral Methods. Algorithms, Analysis and Applications. http://www.

ntu.edu.sg/home/lilian/book.htm, 2011. Accessed: 21.05.2018.
[75] Weideman, J. A. C., and Reddy, S. C. A MATLAB differentiation matrix suite. ACM

T. Math. Software 26, 4 (2000), 465–519.
[76] Welfert, B. D. Generation of pseudospectral differentiation matrices. I. SIAM J.

Numer. Anal. 34, 4 (1997), 1640–1657.

http://www.ntu.edu.sg/home/lilian/book.htm
http://www.ntu.edu.sg/home/lilian/book.htm


28



Summary of the research
articles

Article I. The pseudospectral discretization approach is proposed for the bi-
furcation analysis of equilibria of nonlinear equations with finite maximal delay.
The equilibria of the approximating ODE system are proved to be in one-to-one
correspondence with the equilibria of the DE, and, moreover, the stability and
bifurcation properties of the equilibria are approximated with spectral accuracy.
Several numerical examples are given.

Article II. The pseudospectral discretization approach is applied to a spe-
cial RE which shows a sequence of period doubling bifurcations. The output
is compared with a more advanced discretization approach for the linearized
equation.

Article III. The pseudospectral discretization approach is extended and ap-
plied to equations with infinite delay. The one-to-one correspondence between
equilibria of the approximating system and the original DE is proved. The
convergence of the stability and bifurcation properties is supported by some
numerical examples.

Article IV. A model for the maturation process of stem cells is considered.
The pseudospectral discretization approach is applied to a state-dependent DDE
in order to investigate the stability properties of the positive equilibrium. As
shown by some numerical examples, different assumptions on the maturation
speed of progenitor cells implies qualitative different stability behaviors of the
positive equilibrium.
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