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Abstract We investigate the mechanisms of transfer of kinetic and potential energy in stably strati�ed turbulent �ows. By means of
high-resolution direct numerical simulations and theoretical analysis of the Karman-Howarth-Monin relations we show that increasing
the strati�cation the transfer of energy in the vertical direction is suppressed and a joint forward cascade of kinetic and potential energy
develops.

Stably strati�ed �ows are common in many instances ranging from geophysical �ows to astrophysical applications (for a
review see, e.g., [1, 2]). From a fundamental point of view, the consequences of stable strati�cation on turbulence and its
effect on the energy cascade in two and three dimensional �ows have been investigated by means of numerical simulations
(see, e.g., [3, 4, 5, 6, 7]). In particular it has been found that strati�cation can induce a reduction of dimensionality and
the emergence of large-scale quasi-two-dimensional structures (see, e.g., [8, 9]).
We investigate the mechanisms of transfer of kinetic and potential energy in a stably strati�ed turbulent �ow with a mean
vertical gradient�� (z) = � 0 � z . Within the Boussinesq approximation the equations for the velocity �eldu and the
density �uctuations� = N

 (� � �� ) reads:

@t u + u � r u = �r p + � � u � N� êz + f (1)

@t � + u � r � = � � � + Nuz (2)

whereN is the Brunt-Väisälä frequencyN = ( g=� 0)1=2, � and� represent molecular viscosity and diffusivity respec-
tively andf is an external mechanical force. In the inviscid, unforced limit (1-2) conserve the total energy (kinetic plus
potential)E = EK + EP = hu2i + h� 2i .
We performed a series of direct numerical simulation of Eqs.1,2 at resolutionNx � Ny � Nz = 1024 � 1024� 128
in a triply periodic domain of sizeL x = L y = 2 � , L z = L x =8. The �ow is sustained by a Gaussian white-in-time
stochastic forcing localized in a narrow wave-number shelljk j ' kf = 16 with an energy input rate" . At increasing the
strati�cation, i.e. reducing the Froude numberF r = ( "k 2

f )1=3=N, we observe a strong depletion of the transfer of kinetic
energy in the vertical direction, and the formation of quasi-two-dimensional structures in the velocity �eld (see Fig. 1).
Remarkably, the spectral �uxes measured in our simulations indicates that such reduction of dimensionality of the �ow is
not suf�cient to induce a transfer of turbulent kinetic energy toward large scales (as in the ideal case of two-dimensional
turbulence) (see Fig. 2). The �uxes of kinetic and potential energy vanishes atk < k f even in the case of strong
strati�cation.

Figure 1. Vertical sections of the horizontal componentux of the velocity �eld atF r = 0 :14 (top) andF r = 0 :07 (bottom).

In order to understand this phenomenon we perform a theoretical analysis of the Karman-Howarth-Monin relations gen-
eralized to the Boussinesq equations. The comparison between the theoretical predictions and the numerical �ndings
indicates that the dynamics of stably strati�ed turbulent �ows is characterized by a joint forward cascade of kinetic and
potential energy toward small scales.



Figure 2. Left panel: Rms vertical velocityuz for F r = 0 :57; 0:28; 0:14; 0:07. Right panel: Spectral �uxes of kinetic (red) and
potential (blue) energy, normalized with the energy input" . For comparison we show also the �ux of kinetic energy in the case without
strati�cation (black). No mean transfer of energy toward small wave-numberk < k f is observed.
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