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Abstract

Holography is an umbrella term covering conjectures relating strongly coupled quantum field
theories and classical gravity theories. While originally intended to provide information about
quantum gravity and string theories, the AdS/CFT correspondence has been applied to study
many difficult problems in quantum field theories by considering suitable gravity duals.

There are many long-standing problems in theoretical physics that have been hard to tackle.
These include the confining nature of QCD and gluons, and the strange behaviour of some
phases of high-temperature superconductors. These problems are not expected to have a valid
quasiparticle description so a new paradigm might be needed to study these systems. A strong
coupling approach via holography might be able to provide insight into these problems.

Another new paradigm is provided by quantum information theory. Entanglement is impor-
tant not only in quantum computing but also in describing fundamental properties of quantum
field theories and states of systems. Our tools of choice are Rényi entropy, entanglement entropy
and capacity of entanglement.

This thesis provides a brief introduction to the methods of holography. We introduce impor-
tant quantum information concepts and relate these to holographic quantities. We also provide
evidence, why new physics is needed in condensed matter theory and provide two holographic
approaches, the Einstein-Maxwell dilaton theory and the probe brane approximation. The latter
saw extensive use in our research.
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Chapter 1

Introduction

The goal of physics research is to obtain an understanding of the events that surround us.
Currently, the state of the art theory describing the most fundamental physics (sans gravity)
is the standard model of particle physics. It describes the world using fermionic quarks and
leptons which make up all the known matter, gauge bosons, which account for the fundamental
interactions between all the elementary particles, and the Higgs boson. While it does not explain
the origin of neutrino masses, include dark matter or couple to gravity, it is still considered to
be a correct theory although not a final one.

Even though we know the fundamental theory, it is another challenge to use it to calculate
the expected outcome of measurements. Some experiments, such as weakly interacting par-
ticle scatterings, can be analyzed to a high accuracy by hand using the fundamental model
with perturbation theory. However, many interesting problems must be attacked through the
use of effective theories or toy models, the latter meaning theories that have been simplified
considerably to make them analytically solvable while still exhibiting interesting properties.

For the usefulness of effective theories, consider the following case. Analyzing thermodynamic
and electronic properties of ordinary solid metals by analyzing the dynamics of individual elec-
trons and nuclei (which are already composite particles of composite particles) would be an
insurmountable task. The Fermi liquid theory only analyzes the system near its ground state
through excitations and interactions of fermionic quasiparticles. These quasiparticles emerge as
collective motion of electrons whose mass and couplings have been affected by the surrounding
system. This approach, although not derived straight from the fundamental theory, has given an
excellent description of ordinary metals with a wide range of temperatures. In general, effective
theories only aim to keep track of the relevant degrees of freedom, often those at low energies.

While many physical problems have a known tractable perturbative approach, there are still
many theories with only a strong coupling approach available, such as low-energy quantum
chromodynamics (QCD). While low-energy phenomena of QCD such as hadronization and mas-
sive glue balls can be studied using lattice methods, finite fermion particle density on a lattice
leads to the dreaded sign problem, making the applicability of lattice methods limited [4]. Other
strongly coupled systems that are still ill-understood include early rapid thermalization in heavy
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ion collisions [5] and the strange metal phase of high-temperature superconductors [6].
Clearly there is a call for a new tool or even a new paradigm to solve these problems. One

direction is provided by studies of dualities. Two seemingly different theories might describe the
very same physics using a different language. Some well-known examples of dualities include
the self-duality between strongly and weakly coupled classical two-dimensional Ising model [7],
bosonization of the fermionic massive Thirring model to two bosonic sine-Gordon theories [8],
and the particle-vortex duality in 2 + 1 dimensions [9, 10]. A duality of interest to us is the
holographic principle or, more specifically, the AdS/CFT correspondence. The best known ver-
sion of the conjecture states that the N = 4 supersymmetric Yang-Mills (SYM) theory in 3 + 1
dimensions is dual to type IIb string theory in AdS5 × S5 [11]. In certain limits, the dual theory
is reduced to classical supergravity while keeping the SYM theory strongly coupled. While the
SYM theory is not QCD, for instance the former is conformal and hence not confining, it can
still be used to study some properties of strongly coupled gauge theories, like the quark gluon
plasma. Famously, the AdS/CFT correspondence led to the prediction of a lower bound for the
ratio of shear viscocity and entropy density of a liquid, η

s ≥ 1
4π [12].

The use of AdS/CFT correspondence (or gauge/gravity duality more generally) has been ex-
tended to study many strongly coupled problems. The basic idea is that a conformal strongly
coupled gauge field theory in a d-dimensional spacetime is dual to a classical supergravity sys-
tem in an asymptotically AdSd+1 spacetime, where the dual theory is situated at the spacetime
boundary. Some studies extend to non-conformal theories and to spacetimes that are not asymp-
totically AdS. Most of the time, the exact duals of either the supergravity theory or the gauge
field theory are unknown. Moreover, it is not known, what are the requirements for the field
theory to have a gravity dual. The conjecture has found applications in numerous fields. Most
prominent examples are early heavy ion collision thermalization [13], quantum information the-
ory [14], condensed matter theory in the critical coupling regime [15], and conformal field theories
with a large central charge [16].

In addition to holography, another novel aspect to study new phases of matter has emerged.
Quantum entanglement quantities have been used to keep track of the state of quantum sys-
tems in many situations such as thermalization and phase transitions, making them good order
parameters. Quantities with these properties include entanglement entropy and entanglement
Rényi entropy. For generic field theories, these are very difficult to compute but holography can
reduce the computation to that of a minimal bulk surface [17, 18]. In addition to providing an
order parameter, entanglement has emerged in gravity and black hole research.

This thesis studies quantum information and condensed matter theory from a holographic
perspective. In quantum information theory, the focus is on entanglement entropy and especially
on the capacity of entanglement, i.e. CE = 〈log2 ρA〉 − 〈log ρA〉2, computed with the reduced
density matrix ρA [2]. On the condensed matter theory side, the focus is on applying the probe
brane approximation to study low-energy physics of quantum matter in several backgrounds
such as Lifshitz scaling, hyperscaling violation, with anyonic matter [1] and in an anisotropic
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setting [3].
We start with a general discussion of holography in chapter 2, which includes a review of the

original Maldacena duality and some computational applications of a generic AdS/CFT duality.
In chapter 3 we review the basic definition of entanglement and how to quantify it using en-
tanglement Rényi entropy. The chapter also includes discussion on importance of entanglement
studies and how it relates to holography. In chapter 4, we start by reviewing a few examples of
well-understood quantum matter models with quasiparticle description and some experimental
evidence indicating the limits of their use. We also review the standard theory of quantum Hall
effect and anyonic physics. We then review two cases of holographic condensed matter theory.
We end with concluding remarks.
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Chapter 2

The holographic principle and the
AdS/CFT correspondence

Holography is an umbrella term that relates quantum field theories to systems of quantum
gravity in a spacetime with an additional spatial dimension. The original idea is based on the
fact that black holes have maximal entropy given by the area of the horizon and therefore the
entropy of any quantum gravity system should have an upper bound set by the area of its
boundary, i.e. for system A,

SA ≤ Area(∂A)
4GN

, (2.1)

where GN is Newton’s constant. This is known as the Bekenstein bound [19]. With the real-
ization that also the information of any quantum gravity system is bounded by the same law,
it can be concluded that the number of degrees of freedom scales with the size of the boundary
not with the volume. Thus, the dynamics of a quantum gravity system should be captured by
a quantum field theory on its boundary [20, 21].

One of the first discovered cases of such equivalence was in [22], which was studied long before
the idea of holography. There, it was shown that the three dimensional Anti-de Sitter (AdS3)
spacetime has an asymptotic symmetry group given by an infinite dimensional Virasoro algebra,
the symmetry group of a two-dimensional conformal field theory (CFT), which can be found
at the asymptotic infinity. The most studied example of holography, however, is the special
correspondence between N = 4 Super Yang-Mills (SYM) theories in 4-dimensional Minkowski
space and type IIB string theory on AdS5 ×S5 [11]. While the extent of equivalence between the
two theories is still unknown, it is known that in a certain limit they are equivalent, meaning
that there is a one-to-one mapping between the states and the components of the two theories.
Since the quantum field theory is a gauge theory with conformal invariance, the field of study
uses the name AdS/CFT correspondence but the term gauge/gravity duality is also in great use.

Many other cases of AdS/CFT duality are also known and studies have also been extended to
cases where the spacetime is not even asymptotically AdS and the dual boundary field theory is
also non-conformal. A common feature in the field of study is that the boundary field theory is

5
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strongly coupled and that the bulk theory is a classical gravity system with scaling invariance in
the asymptotic infinity. Traditionally, strongly coupled quantum field theories have been difficult
to tackle due to the absence of perturbative tools but this duality would allow us to map the
problems to a classical gravitational system that can be studied at least numerically. This
simplification has caused a myriad of AdS/CFT related papers to be published and which have
made the original Maldacena paper [11] the most cited high energy physics publication. Despite
the vast amount of study, both sides of the dualities have rarely been exactly identified and it
is generally unknown, which theories allow dual descriptions. For this reason, it is important to
show how the original duality emerges and how it is used.

In this chapter, we first discuss the duality between the N = 4 SYM and type IIb string theory
in AdS5 × S5 starting with a review of low-energy string theory and the Maldacena conjecture,
and then discussing the properties of the two theories and how the duality relates the building
blocks of the two theories. We then extend the scope to more general spacetimes and theories
discuss their implications.

2.1 From type IIb string theory to N = 4 SYM

We start by reviewing the low-energy physics type II string theories using two different ap-
proaches, extracting the N = 4 SYM theory, and reviewing argument for the duality.

String theories, simply put, are theories describing propagation and interaction of 1-dimensional
objects, strings. Super string theories assert that strings propagate in 10-dimensional spacetime
and they have both bosonic and fermionic exciations. In addition to strings, string theories also
support non-perturbative objects that span p spatial dimensions that are known as p-branes.
Strings are either closed or open. Closed strings form loops and can be anywhere in space but
open strings must have endpoints on a special class of branes, D-branes1. Not all branes are
D-branes and some theories have no D-branes but we are only interested in theories with D-
branes. Closed strings can attach themselves to D-branes to form open strings and open strings
can be joined at their two ends to form a closed string and leave the D-brane [23]. See Figure
2.1 for a reference.

Dynamics of individual strings is captured by the Regge slope, α′ = l2s , which is equal to the
string length squared. The string length determines the tension of the strings and D-branes
and, by extension, the string mass spectra. The smaller the string length, the more massive
the spectrum. Thus, the α′ → 0 limit is equivalent to the low-energy limit of the string theory.
The bosonic low-energy modes of closed strings include a scalar (dilaton), φ, graviton, g and
anti-symmetric Kalb-Ramond field, B. On the other hand, the open string spectrum includes
photons along the D-branes, A, and scalars (fluctuations) perpendicular to the D-branes, X [23].

It is also possible to consider strings and D-branes in a background of these low-energy modes.
It turns out that the dilaton field sets the effective string coupling for elementary string interac-

1D for Dirichlet boundary condition as opposed to Neumann boundary conditions
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Figure 2.1: Open and closed strings in the vicinity of a flat D-brane.

tions, gs ∼ eφ. Thus, the string coupling is usually not a constant. The power of gs increases with
increasing genus, which implies that the limit gs → 0 corresponds to supressing string quan-
tum loop corrections. When combined with the low-energy limit, the limit is a supergravity
theory [23].

Let us now focus exclusively on type II super string theories. These consist of type IIa and
type IIb theories. For our needs, the most important difference between these two is that type IIa
and type IIb theories have p-even and p-odd D-branes, respectively. Dp-branes are electrically
coupled to (p + 1)-forms. They both have N = 2 supersymmetries and are thus maximally
supersymmetric with 32 supercharges in 10-dimensional spacetime [23].

Our goal is to consider a stack of N coincident parallel Dp-branes in the supergravity limit in
a flat background. The dynamics of the system will be covered by the action S = Sopen + Sint. +
Sclosed, where the terms refer to open strings on D-branes, attachment and detachment process
of strings on D-branes, and closed strings in the bulk space, respectively [24]. The open strings
dynamics correspond to fluctuations of the D-brane and photons on it and the closed strings to
the graviton and dilaton backgrounds. We ignore the B field. While a full analysis would include
both bosonic and fermionic degrees freedom, the inclusion of fermions in the discussion would
make it needlessly complicated. Therefore, we only focus on the low-energy bosonic degrees of
freedom.

Open string perspective

We begin our discussion by focusing on the physics of the open strings attached to Dp-branes,
a so-called “open string perspective”. The degrees of freedom on the brane consist of p + 1
massless gauge field and 9 − p massless scalar field fluctuations and they are described by the
Dirac-Born-Infeld (DBI) action. For a single D-brane, the DBI action is

SDBI = −TDp

∫
dp+1x

√
− det(P[g]αβ + 2πl2sFαβ) + fermions, TDp = 1

lp+1
s (2π)pgs

, (2.2)

where P[g]αβ = ηαβ +(2πl2s)2∂αXi∂βXi is the pullback of the background metric on the D-brane.
Here, Xi are the transverse fluctuations and Fαβ is the field strength tensor of the U(1) gauge
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fields Aα. Note that the D-brane tension includes the dilatonic field gs ∼ eφ. When we expand
the square root and determinant to the order l4s , we get

S(2) = −(2πl2s)2TDp

∫
dp+1x

(
∂μXi∂μXi

2 + 1
4FαβF αβ

)
+ fermions . (2.3)

We see that the bosonic part corresponds to a free Maxwell theory of U(1) gauge field and 9 − p

massless scalars in p + 1-dimensional Minkowski spacetime [25].
When we add more Dp-branes that are parallel to each other, open strings can have end

points on different branes. The spectrum of a string with end points on different branes has the
minimum mass m2

ab = (δxab)2

(2πl2s) , where δx is the distance between the two branes, labeled a and b.
We can naturally generalize the fields on the D-branes to have N × N matrix values, signalling
the originating and ending branes, (X i)ab, (Aμ)ab, where a, b = 1, . . . , N . However, only the
diagonal elements of the gauge fields are massless and we enhance our gauge symmetry group
only to U(1)N [25].

If we make the parallel branes coincident, the string modes become massless2. The gauge
symmetry group is enhanced to U(N), where there is a dynamically irrelevant U(1) factor
corresponding to the overall position of the D-brane stack. The relevant symmetry group is
therefore SU(N). The fields on the Dp-brane still have matrix values but we set the basis matrices
to be N × N traceless Hermitian matrices, Xi =

∑
a Xi

aT a, Aμ = Aμ
aT a, where the generator

matrices have the normalization Tr(T aT b) = δabN , i.e. we are considering the generators of the
Lie algebra su(N). To preserve the gauge symmetry, covariant derivatives of Xi fields should
be used. As Xi are in the adjoint representation, the correct choice of coupling between the
parallel and transverse fluctuations is [25]

DαXi = ∂αXi + i[Aα, Xi] . (2.4)

Additionally, the gauge field strength has to take into account the non-abelian nature of the
symmetry group,

Fαβ = ∂αAβ − ∂βAα + i[Aα, Aβ] . (2.5)

There is yet another obstacle. It is difficult to see how the covariant derivatives of the scalar
fields would arise starting from the single brane DBI action. It is easier to start from the D9-
brane, where there are no scalar fields. The proposed generalization of the action to a stack of
D9-branes is [25]

SN = −TD9

∫
d10xTr

√
− det(gαβ + 2πl2sFαβ) . (2.6)

This requires some explanation. The expression inside the determinant is both a 10 × 10 matrix
and a N × N matrix. The order of computation is to take the determinant and the square root
for each entry of the N × N matrix and then take trace over the resulting matrix.

In order to determine the correct action for general Dp-branes, we need to apply a series of T-
duality transformations [26]. For compactified coordinates with period R, T-duality transforms

2Note the analogy to the Higgs mechanism.
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the period to α′/R. In the case of open strings, T-dualities transform Neumann boundary
conditions to Dirichlet boundary conditions along the chosen coordinate and vice versa, which
effectively means that Dp-branes are transformed into either Dp + 1-branes or Dp − 1-branes,
depending on the boundary condition in the given direction. Thus, in the case of fields on the
D-brane, we have either

Ap+1 → Xp+1, or Xp+1 → Ap+1 , (2.7)

corresponding to transforming a D(p+1)-brane to a Dp-brane and a Dp-brane to a D(p+1)-brane,
respectively. We now see a way to transform the DBI action in equation (2.6) to one of any p.
Since our background has a flat metric with no B-field, there are no further complications, we just
make the natural assumption that none of the fields depend on the transverse coordinates [25].

The correct DBI action for a stack of coincident Dp-branes is therefore [26]

SDBI = −TDp

∫
dp+1xTr

√√√√− det
(

ηαβ + 2πl2sFαβ 2πl2sDαXi

−2πl2sDβXj ηij + i2πl2s [Xi, Xj ]

)
, (2.8)

where we have integrated over the compactified T-dualized 9 − p directions and absorbed them
into the brane tension, yielding the correct form. The matrix is in the block matrix representa-
tion. In the low-energy limit of this expansion, we get the non-trivial terms

S
(2)
DBI = −TDp

∫
dp+1x(2πl2s)2Tr

⎛
⎝1

2DμXiDμXi + 1
4FμνF μν − 1

4
∑
i,j

[Xi, Xj ]2
⎞
⎠ + fermions.

(2.9)
We recognize an interacting Yang-Mills theory. The appearance of the [Xi, Xj ]2 interactions is
not too surprising, given the connection between gauge field and scalar field fluctuations [25].

The above expansion term is the low-energy equivalent of Sopen. In the supergravity limit, the
Einstein constant is given by 2κ2 = 16πG10 = (2π)7g2

s l8s . Thus, the effect of the brane on the
rest of the system is set by 2κ2TDp ∼ Ngsl7−p

s . When p < 7, this is vanishing in the low-energy
limit. Thus, the bulk physics is dominated by free closed strings in 10-dimensional Minkowski
space. In the special case of p = 3 in type IIb theory, the dilaton field is constant and we can
do the rescalings T a → 1√

2N
T a, Xi

a → 2
√

2πgsNX i
a, Aμ,a →

√
2NAμ,a and the identification

4πgs = g2
Y M to obtain the action of the bosonic part of the whole system

S = Tr
∫

d4x

⎛
⎝− 1

2g2
Y M

FμνF μν − DμXiDμXi + g2
Y M

2
∑
i,j

[Xi, Xj ]2
⎞
⎠+ Sclosed, Mink10 . (2.10)

The first term is the action of the bosonic part of N = 4 SYM theory with an SU(N) gauge
symmetry, an intensively studied superconformal field theory. In addition to the bosonic fields,
there are 4(N2 − 1) left and right Weyl fermions [25].

Before reaching for the AdS side of the duality, we conclude that from the perspective of the
open strings on the brane, a stack of N parallel D3-branes in the classical low-energy limit reduce
to a system that is equivalent to free closed strings in 10-dimensional Minkowski spacetime and
the N = 4 SYM theory. We will leave further analysis of the SYM theory to later.
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Closed string perspective

We now leave the stringy effects behind us and focus on a stack of Dp-branes from the perspective
of supergravity, i.e. “closed string perspective”. The brane electrically couples to a RR (p + 1)-
form potential, Cp. We ignore all other gauge couplings and write down the relevant part of the
supergravity action

SSUGRA = 1
2κ2

10

∫
d10x

√
−ge−2φ

[
R + 4∇M φ∇M φ − 1

2(p + 2)!F
α1···αp+2Fα1···αp+2

]
. (2.11)

For p = 3, there is an additional factor 1
2 for the F 2

5 term due to the self-duality condition,
dCp = F5 = �F5 [27].

There is an extremal black Dp-brane solution of the form [27]

ds2 = H−1/2
p ημνdxμdxν + H1/2

p (dr2 + r2Ω8−p), Hp = 1 + L7−p

r7−p
(2.12)

e2φ = g2
sH

3−p
2

p (2.13)

Cp+1 =
(H−1

p − 1)
gs

dt ∧ dx1 ∧ · · · ∧ dxp, Fp+2 = −
H ′

p

gsH2
p

dr ∧ dt ∧ dx1 ∧ · · · ∧ dxp .(2.14)

The coordinates xμ, where μ = 0, . . . , p, are the brane coordinates, and r and the angular
coordinates are the transverse coordinates in the bulk. The case of p = 3 is special and the
gauge fields must be replaced with F5 = − H′

p

gsH2
p
(1 + �)dr ∧ dt ∧ dx1 ∧ dx2 ∧ dx3 to preserve the

self-duality condition. Parameter L in the harmonic function Hp is not an arbitrary parameter
and is fixed by flux quantization. The electric flux by the branes through a closed surface in the
transverse coordinates is

Φ = g2
s

2κ2

∫
S8−p

�Fp+2 = L7−p

32π
p+5

2 l8sΓ
(

7−p
2

) ≡ μpN, (2.15)

where the last equality is the quantization condition and there μp = gsTDp is the charge density
of the Dp-brane 3. (It is no coincidence that the charge density is almost equal to the brane
tension, it is a sign that Dp-branes are BPS-states and preserve some of the supersymmetries of
the original system.) From these, we can determine that

(
L

ls

)7−p

= (2
√

π)5−pgsNΓ
(7 − p

2

)
. (2.16)

We note that the dilaton field is a constant for the D3-brane. This fact allowed us to extract
the conformal N = 4 SYM theory in the open string perspective and it also justifies many other
approximations as well. Let us take a closer look at the D3-brane case. In the r → ∞ limit,

3These can be computed via a closed string/graviton amplitude between two parallel Dp-branes in the low-
energy limit. It turns out that two parallel Dp-branes do not attract each other due to the equality of charge
and mass. This fact enables the supergravity solution with disjoint stacks of parallel Dp-branes, for which

Hp(r) = 1 +
∑

f

L
7−p
f

(�y−�yf )7−p , where yf is the position of stack f and Lf is given by (2.16) but N is replaced with
Nf , the number of branes in stack f [27].
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the harmonic function H3 tends to 1 and the metric becomes the usual Minkowski space, where
the closed strings are free. In the opposite limit, Hp → L4

r4 and with the change of coordinates,
u = L2

r , the metric deep in the throat is

ds2 = L2

u2

[
du2 + ημνdxμdxν

]
+ L2dΩ2

5 . (2.17)

The first part of the metric is the Poincaré patch of AdS5 while the latter part is just the metric
of a 5-sphere with radius L. Thus, deep in the throat, the metric is that of AdS5 × S5 [11].

We’re almost done, we only need to study the coupling between the low-energy closed strings
in Minkowski and throat regions using the Maldacena limit, where we take ls → 0 while keeping
r
l2s

fixed. This is effectively the near-throat limit. Consider the energy of a closed string at
range r from the D3-brane. Observers at range r and at the asymptotic infinity would measure
two different energies, related by E∞ =

√−gttEr = H−1/4(r)Er. However, with the Maldacena
limit, E∞ ∼ Er

r
L . Thus, high energy modes in the throat region are low-energy modes when

measured by the distant observer. On the other hand, low-energy strings do not interact with
the throat region do to their large wavelength. Since we only consider low-energy modes as
measured by the distant observer, we draw the conclusion that the closed strings in the throat
region are interacting and decouple from the free closed strings of the Minkowski region [11, 24].

Thus, we conclude that in the closed string perspective, the supergravity limit of a stack of
D3-branes is dynamically equivalent to the uncoupled system of supergravity in AdS5 × S5 and
free closed strings in 10-dimensional Minkowski spacetime.

Matching the two perspectives

We shall take a closer look at the validity of the two perspectives. When (L/ls)4 = 4πgsN  1,
the supergravity description is trustworhy as the physics close to the brane happens deep in the
throat. In this limit, the open string perspective loses validity as there is a backreaction to the
metric. However, in the limit 4πgsN � 1, the brane region becomes gravitationally negligible
and the open string perspective is the natural perspective. The throat region shrinks below
string length scale and the closed string perspective with the interacting strings in the throat
region is not valid anymore.

We have found two description for the physics of a stack of D3-branes in a supergravity limit in
a flat background. The choice of description depends on the order of the parameter λ ≡ 4πgsN .
However, it is conjectured that both descriptions should be valid for any λ as long as we have the
limit ls, gs → 0 [11]. It would be sensible to choose the perspective that is easier for the regime
of λ. Both descriptions contain a decoupled component of free closed strings in 10-dimensional
Minkowski space. It is then natural to make equate the remaining components which gives us a
powerful result: Type IIb supergravity in AdS5×S5 is dual to N = 4 SYM theory in Mink4. Our
conclusion comes with a few caveats. We assume that 4πgs = g2

Y M � 1 and λ = g2
Y M N  1,

which implies N  1. In the context of Yang-Mills theories, λ is known as the ’t Hooft coupling
and the limit N → ∞, while keeping λ fixed, is known as the ’t Hooft limit [28].
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λ = g2
Y M N , 4πgs = g2

Y M , L4 = 4πgsNl4s

N = 4 SU(N) SYM IIb theory on AdS5 × S5 with flux N

Strongest form any N and λ Quantum string theory, all gs and L/ls

Strong form N → ∞, any λ Classical string theory, gs → 0, any L/ls

Weak form N → ∞, λ  1 Classical supergravity, gs → 0, L  ls

Table 2.1: A list of different forms of the AdS/CFT correspondence for the N = 4 Super
Yang-Mills theory and type IIb theories on AdS5 × S5.

From the perspective of the SYM theory, the ’t Hooft limit is very non-trivial. It causes
the so-called planar Feynman diagrams to dominate over the ’non-planar’ one. We will not go
to the details, but diagrams can be ordered in terms of the powers of λ and N . Non-planar
diagrams are supressed with an extra factor of N−2. For each interaction vertex, the power
of λ increases. We see that λ becomes the coupling constant in the ’t Hooft limit and, in our
derivation we had λ  1, i.e. the strong coupling regime. Thus, we have evidence for the fact
that a strongly coupled conformal gauge theory in 4d Minkowski spacetime is dual to a classical
theory of supergravity in AdS5 × S5. The interpretation for the extra spatial dimension is the
renormalization group flow or the energy scale. As we saw earlier, the observed energy deep in
the throat became negligible corresponding to IR limit. Thus we identify the u → 0 limit as the
UV limit and u → ∞ as the IR limit [24].

We note that there is no complete proof of the duality nor is there one for wider range
of parameters. We have shown evidence for the weakest form of the duality. It is an open
question, whether the duality applies in stronger forms, some of which are listed in table 2.1.
It is tempting to dismiss the possibility of the stronger forms, after all, one would expect that
the higher energy corrections would introduce new kinds of corrections to the string theory
side of the duality. However, there is evidence that supersymmetries might forbid (quantum)
corrections from higher energy terms [25].

We make one more non-trivial check of the duality by comparing the symmetries of both
theories. The gauge theory is conformal which means that it is invariant under the conformal
symmetry group Conf(1,3)∼=SO(2,4)∼=SU(2,2)/Z2. In addition to this, it has 4 supersymme-
try generations totaling 16 conserved Poincaré supercharges and also 16 superconformal su-
percharges. These are combined in the supergroup PSU(2,2|4). The R-symmetry subgroup
corresponding to the transformation of supercharges is SU(4)∼=SO(6)/Z2. In the Lagrangian,
these can be seen as rotations of the six Xi (and 4 left and right Weyl fermions). The AdS5

spacetime is clearly invariant under the 4-dimensional Poincaré group and also a isomorphic
scaling xμ → Λxμ, u → Λu. This can be extended to the full conformal group SO(2,4). The
amount of conserved Poincaré and superconformal supercharges is 16 each and the supersym-
metries can be combined to give the full symmetry supergroup PSU(2,2|4). The R-symmetry
subgroup SO(6) is the symmetry group of the sphere S5 [25].
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A brief refresher on conformal field theories

We briefly review some of the powerful properties of CFTs [29]. Conformal field theories are a
class of field theories that are invariant under conformal transformations. A spacetime trans-
formation is conformal if and only if it preserves the angles between vectors, or if the metric is
transformed as

gμν(x) → Ω(x′)2g′
μν(x′), Ω(x′) > 0 . (2.18)

In d-dimensional Euclidean space, the transformations form a (d+2)(d+1)
2 -dimensional Lie group

when d > 2. Some of them are easy to guess. Translations and rotations do not scale the
metric at all. The simplest example of a scaling transformation is x′μ = λxμ, the dilatation,
for which Ω = λ. The final class of transformations are the special conformal transformations,
parametrized with a vector b,

x′μ = xμ − bμx2

1 − 2bμxμ + b2x2 , Ω = 1 − 2bμxμ + b2x2 . (2.19)

For Minkowski space, the group is SO(2,d). When d = 2, the group is infinite-dimensional.
The most interesting set of operators in conformal field theories are the quasi-primary opera-

tors. They are transformed in a special way. A spinless field φ transforms as

φ′(x′) =
∣∣∣∣∂x′

∂x

∣∣∣∣
−Δ/d

φ(x) = ΩΔ(x)φ(x), (2.20)

where we evaluated the Jacobian of the coordinate transformation. The parameter Δ is known
as the conformal dimension of the field. This unique way of transforming fixes many properties
of the correlation functions in quantum field theories. In fact, two- and three-point functions are
fixed upto a multiplicative constant if we demand that the correlation functions should transform
according to 2.20,

〈Oa(x)Ob(y)〉 = δab

|x − y|2Δa
(2.21)

〈Oa(x)Ob(y)Oc(z)〉 = Cabc

|x − y|Δa+Δb−Δc |y − z|Δb+Δc−Δa |z − x|Δc+Δa−Δb
, (2.22)

where δab implies that quasi-primary fields with different conformal dimensions have vanishing
two-point functions; here the operators have also been orthonormalized. Other n-point functions
are also greatly constrained but there is no such universal scaling for all CFTs.

Conformal field theories are characterized by the fact that they have no scale. Some field
theories may be scaleless classically, but may acquire a scale with quantum corrections, such as
massless QCD. For conformal quantum field theories, the beta functions of coupling constants
and the trace of stress-energy tensor vanishes,

〈T μ
μ〉 = 0, β(g) = 0 ∀g . (2.23)
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When conformal field theories are placed in curved spacetime, the conformal symmetry is bro-
ken and the trace of the stress-energy tensor acquires a Weyl anomaly in even dimensional
spacetimes,

〈T μ
μ〉 = c R

24π , d = 2 (2.24)

〈T μ
μ〉 = c

16π2 CμνσρCμνσρ − a
16π2

(
RμνσρRμνσρ − 4RμνRμν + R2) , d = 4 . (2.25)

On the first line, c is the central charge of the conformal field theory in two dimensions. On the
second line, there are two central charges. The Ricci scalar is the two-dimensional Euler density
while the four-dimensional Euler density is given by the latter geometric quantity on the second
line. Tensor Cμνσρ is known as the Weyl tensor.

Other known AdS/CFT dualities and properties of AdSd+1

We wish to explore the possibility of other similar gauge/gravity dualities. The way we arrived
at the SYM theory from the type II string theory side did not seem to rely on any special
properties of either side. However, the restriction to p = 3 was a crucial one. Without it, the
throat geometry would not have the scaling symmetry of an AdS spacetime and the dilaton field
would not be a constant. This is reflected on the gauge theory side. While some supersymmetry
is retained, the conformal invariance is lost and the dual field theory behaves differently at low
and high energy scales and many of our arguments break down.

Instead of string theories, considering the related 11-dimensional M-theory leads to additional
dualities even though its proper formulation is poorly understood. Its supergravity limit has
only one gauge field, the 3-form A3, and therefore only two kinds of branes are allowed, M2-brane
and its magnetic dual M5-brane. However, the supergravity solutions of both kinds of stacks
exhibit an AdS-metric in the near-horizon limit. The analysis of a stack of M2-branes leads to
the duality between supergravity in AdS4 × S7 and a 3-dimensional conformal field theory with
maximal supersymmetry [25]. The exact nature of the conformal field theories is unknown but
there have been proposals for actions that satisfy the symmetry requirements, such as the ABJM
model, a strongly coupled gauge theory in the ’t Hooft limit [30]. The M5-brane analysis leads
to a duality between AdS7 × S4 and a 6-dimensional strongly coupled conformal field theory
with supersymmetry of type (2,0) [31]. There is no known action to describe the physics and is
thus poorly understood.

We can also consider a mixture of D-branes. By considering intersecting stacks of N1 D1-
and N5 D5-branes of a type IIb string theory in R

4,1 × S1 × T 4, we find a duality between
supergravity in AdS3 × S3 × T 4 and a U(N1)×U(N5) superconformal gauge theory [32].

We see an emerging pattern. Supergravity in AdSd+1 × Mn with some n ≤ 10 − d is dual
to a strongly coupled CFT in d-dimensional Minkowski space. Here, Mn is some compact
manifold. It turns out that performing a Kaluza-Klein reduction on the Mn degrees of freedom
of supergravity fields reproduces an infinite amount of operators in the dual field theory [24].
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Hence, we focus solely on the AdS part of the spacetime with arbitrary dimensions. We take a
closer look at it.

The global AdSd+1 spacetime is most easily defined via an embedding in R
2,d as a set of points

satisfying

− T 2
1 − T 2

2 +
d∑

i=1
X2

i = −L2 . (2.26)

With this definition, it is clear that it has a symmetry group SO(2, d). The Poincaré patch is
given with the parametrization

T1 = u

2

(
1 + L2

u2 (L2 + xμxνημν)
)

, T2 = L

u
t (2.27)

Xi = L

u
t, i ∈ 1, . . . , d − 1, Xd = u

2

(
1 − L2

u2

(
L2 − xμxνημν

))
. (2.28)

Note that T1 − Xd = u > 0 as u = 0 is the location of the AdS boundary. This implies that the
Poincaré patch covers only half of the AdS spacetime. By using global coordinates

T1 = L cosh ρ cos τ, T2 = L cosh ρ sin τ, Xi = L sinh ρx̂i , (2.29)

where x̂i are the coordinates of Sd−1, we cover the whole AdS spacetime with the metric

ds2 = L2(− cosh2 ρdτ2 + dρ2 + sinh2 ρdΩd−1) , (2.30)

where the AdS boundary is now in the asymptotic infinity ρ → ∞ .
Physically, the AdSd+1 spacetime is the maximally symmetric solution to Einstein equations

with a negative cosmological constant, Λ = −d(d−1)
2L2 ,

RMN − R

2 gMN + ΛgMN = 0 . (2.31)

The curvature is R = −d(d+1)
L2 . This is not the only spherically symmetric solution as there is

also a finite temperature solution

ds2 = L2

u2

(
−f(u)dt2 + d�x2

u2 + du2

f(u)u2

)
, f(u) = 1 −

(
u

uH

)d

, (2.32)

for which the Hawking temperature can be found by the usual Wick rotation of the time coor-
dinate and requiring that there is no conical singularity,

TH = |f ′(uH)|
4π

= d

4πuH
. (2.33)

The finite temperature metric is related to the non-extremal black brane solutions that break
some of the supersymmetry [25]. In the AdS/CFT correspondence, the Hawking temperature is
realized as the temperature on the boundary.
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Another important class of metrics is those that are only asymptotically equivalent to AdS in
the UV limit. A useful choice of coordinates is the Fefferman-Graham (FG) gauge [33],

ds2 = L2

u2

[
du2 + ĝμν(u, x)dxμdxν

]
, (2.34)

ĝμν(u, x) = g(0)
μν (x) + · · · + g(d)

μν ud + g̃(d)
μν ud log u + · · · . (2.35)

The logarithmic term only appears when d is even.

2.2 Simple applications of the AdS/CFT duality

The gauge/gravity duality implies that the partition functions of the two are equal

Zgauge[φ] = Tr
[
eiSgauge+i

∫
φO
]

= Zstrings[Φ] N→∞≈
λ�1

eiSSUGRA, AdS[Φ] , (2.36)

where the last equality makes the assumption of a strongly coupled field theory which reduced
the string theory to a classical supergravity where the system is described by the saddle point
action [34, 35]. Also, φ and Φ are related sources in the two dual theories, we return to them
shortly. This approximate equality is the most important feature of all holographic theories:
strongly coupled quantum field theories can be solved using classical gravity with an additional
dimension4. The compact dimensions are Kaluza-Klein reduced to produce a supergravity prob-
lem in AdS background with a negative cosmological constant.

Thermodynamic applications

Let us use this equality to compute some thermodynamic quantities of N = 4 SYM in the ’t
Hooft limit. The Euclidean supergravity action becomes

SSUGRA,E = − 1
16πG5

∫
M

d4x du
√

det g(R − 2Λ) + SGH , Λ = − 6
L2 , G5 = G10/L5 , (2.37)

where the latter term is the Gibbons-Hawking bounary term, the inclusion of which is necessary
for a consistent variation of a gravitational system with a boundary [36]. It is

SGH = − 1
8πG5

∫
∂M

d4y
√

det γK, K = ∇g,μnμ , (2.38)

where K is the trace of extrinsic curvature, γ is the induced metric on the boundary and n is
the outward-pointing unit vector normal to the boundary and y the boundary coordinates. We

4The duality should also work the other way, namely that weakly coupled gauge theories can describe quantum
string theory and quantum gravity, the original implication of the holographic principle. However, given the
difficulties with string theories, results are difficult to verify and this direction has not been a popular choice
among publications. We, too, choose to extract useful information about strongly coupled systems using classical
gravity.



17

set the boundary at u = ε. We already know the finite temperature AdS solution. Plugging in
the Wick rotated metric of (2.32) to the action, we obtain

SSUGRA,E = − L3

8πG5

(
3
ε4 − 1

u4
H

+ O(ε8)
)

V

T
, (2.39)

where T and V are the temperature and the system volume, respectively. We need additional
counterterms on the boundary to cancel the divergences. The counterterms should be con-
structed from the boundary data, which, in our case, means the induced metric, h, and they
should be formulated such that they respect the same symmetries as the full theory [37]. Coun-
terterms become increasingly complicated in higher dimensions. However, due to the flatness of
the induced metric, we only need the most simple counter term,

Sct = 1
8πG5

∫
∂M

d4x
√

det γ
d − 1

L
. (2.40)

Taking the ε → 0 limit, we get

SSUGRA,E + Sct
ε→0= − L3

16πG5u4
H

V

T
= −N2T 3

8π
V . (2.41)

Using equation (2.36) with a Wick rotation, we can can obtain the free energy, energy density
and entropy [24],

F = −T log Z = N2T 4

8π
V, E = −T 2

(
∂ log Z

∂T

)
V

= 3N2T 4

8π
V, S =

(
∂F

∂T

)
V

= N2T 3

2π
V .

We see that the entropy agrees with the Bekenstein formula for black hole entropy [19],

SBH = Ahor.

4G5
= L3

4G5u3
H

V = N2T 3

2π
V . (2.42)

In general, conformal field theories have free energy of the form

FCF T = cT d, (2.43)

where c is a number proportional to number of degrees of freedom a kind of central charge, which
is supposed to be huge for any theory with a gravity dual. In this case c ∼ N2.

Duals of operators

The standard way to probe physics of any system is to turn on a source coupled to a suitable
operator and then measure how the system behaves under changes of the source. In quantum
field theories, as we already implied in equation (2.36), the action is modified by adding a
suitable field. A few standard examples are

SQFT → SQFT +

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫
ddx φO for spin-0 operators∫
ddx AμJμ(x) for currents∫
ddx g

(0)
μν T μν for stress-energy tensor

(2.44)
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Here, we use g(0), instead of g, for the metric on the boundary. Note that the two last mod-
ifications are gauge-invariant since ∇μ〈Jμ〉 = ∇μ〈T μν〉 = 0; the charges are conserved5. The
connected n-point functions are then given by functional derivatives

〈O(x1) · · · O(xn)〉c = (−i)n δ

δφ(x1) · · · δ

δφ(xn) log ZQFT[φ] . (2.45)

We now go through the case of spin-0 operator and briefly comment on current and stress-energy
tensor operators afterwards.

Spin-0 operators

The holographic method of computing correlators is to determine the correct dual field of the
supergravity, vary the supergravity action to some suitable order (first order variation vanishing)
and study the resulting equation of motion. For spin-0 primary operators, the correct dual field
in the bulk is a massive scalar field described by the 2nd order action [34, 35]

SSUGRA = −C

∫
ddxdu

√
− det g

(
∂M Φ∂M Φ + m2Φ2

)
. (2.46)

Here C is a constant proportional to N2. For simplicity, we assume an AdSd+1 background
although only an asymptotically AdS background would suffice. The equation of motion is

∂M

(√−ggMN ∂N Φ
)

√
− det g

− m2Φ = 1
L2

(
u2∂2

u − (d − 1)u∂u + u2ημν∂μ∂ν
)

Φ − m2Φ = 0 . (2.47)

We Fourier transform along the boundary coordinates, xμ, writing k = (ω,�k),

Φ(x, u) =
∫

ddk

(2π)d
Φ(k, u)ei(kixi−ωt) . (2.48)

We also focus on the asymptotic form of the solution in the UV limit, u → 0, using Φ(k, u) ∼
ΦΔ(k)uΔ,

Δ(Δ−1)uΔ−(d−1)ΔuΔ−(m2L2+k2u2)uΔ = 0 → (Δ(Δ−1)−(d−1)Δ−m2L2)uΔ = 0 . (2.49)

The remaining algebraic equation has two solutions

Δ± = d

2 ±

√
d2

4 + L2m2 , (2.50)

which correspond to two linearly independent terms until we fix a boundary condition. We can
write the solution as a power series

Φ(k, u) = Φ−(k)uΔ− + · · · + Φ+(k)uΔ+ + Φ̃+uΔ+ log u + · · · , (2.51)
5In holographic context this is related to the fact that global symmetries on the boundary become gauge

symmetries in the bulk due to the restriction on global symmetries in gravitaitonal theories.
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where Φ̃+ appears only if
√

d2
4 + L2m2 ∈ N to have two independent constants in the solution.

Like the metric, the bulk scalar field must be invariant under the scaling transformation,
u → λu, x → λx. This implies that the terms in the coefficients scale as Φ±(λk) → λ−Δ±Φ±(k),
similar to primary fields in conformal field theories. When we plug our expansion solution back
to the action, the integral reduces to a boundary integral. Assuming Φ is regular enough at the
horizon, the boundary term is

S[Φ] = C

∫
u=ε

ddx

(
L

ε

)d−1
Φ∂uΦ (2.52)

= C

∫
u=ε

ddxLd−1
(
Δ−Φ2

−ε−√
d2+4m2L2 + dΦ−Φ+ + · · ·

)
. (2.53)

It seems that the first term is a potential source of trouble, maybe divergent. Indeed, not all
values of m2 are allowed. The obvious condition, Breitenlohner-Freedman (BF) bound, ensures
the reality of Δ and the stability of the vacuum [38],

m2 ≥ m2
BF ≡ − d2

4L2 . (2.54)

In addition, the unitarity of CFTs implies that the norm of states is positive which requires that
Δ ≥ d−2

2 [39]. This is equivalent to the stricter condition

m2 ≥ m2
unit ≡ −d2 + 4

4L2 = m2
BF + 1

L2 . (2.55)

With these conditions, Φ− and Φ+ are the non-normalizable and normalizable modes, re-
spectively. We set Φ− as the source of the operator in the boundary theory. If we ignore the
divergent term, the expectation value of the dual operator in the presence of the source is

〈O(x)〉Φ− = −i
δS[Φ]

δΦ−(x) ∼ CLd−1Φ+(x) . (2.56)

Thus, we see that Φ+ is proportional to the operator expectation value of an operator with
scaling dimension Δ ≡ Δ+. A proper treatment of the divergence is done with a counterterm
that respects the symmetries of the system. In this case [37],

Sct[Φ] = −CΔ−Ld−1
∫

u=ε
ddxΦ2 . (2.57)

With the counterterm, the expectation value of the operator is

〈O(x)〉Φ− = CLd−1(2Δ − d)Φ+(x) . (2.58)

For two-point functions, we need to know the complete metric and set a regularity condition
at the horizon and solve Φ in terms of Φ−. In Fourier space, the solution is

ud/2KΔ− d
2
(u|k|)

εd/2KΔ− d
2
(ε|k|) Φ−(k)εd−Δ . (2.59)
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Plugging this into the on-shell action (with the counterterm included), we can get the two-point
function both in momentum and position space

〈O(k)O(q)〉 = − (2π)2d δ

δΦ−(k)
δ

δΦ−(q)Son−shell[Φ]
∣∣∣∣
Φ−→0

= (2π)dδ(k + q)CLd−1 (−1)Δ−d/2

22Δ−dΓ
(
Δ − d

2

)k2Δ−d log(εk) (2.60)

〈O(x)O(y)〉 = CLd−1 Γ(Δ)
Γ
(
Δ − d

2

) 2Δ − d

πd/2|x − y|2Δ . (2.61)

These are the expected forms for primary operators in a conformal field theory [34, 35].
For higher n-point function, we need to include higher order terms in the action. These can be

solved perturbatively and their computations often involve Witten diagrams, bulk generalization
of Feynman diagrams [35]. These are beyond the scope of this thesis.

Current and stress-energy tensor operators

For conserved spin-1 current operators, as already implied, the dual field is a 1-form gauge field.
The action controlling the dual field in the bulk is

Sgauge = −C

4

∫
ddx du

√
− det g FMN F MN , (2.62)

and the extremum action is given by the solution to the equation.

∇M F MN = 0. (2.63)

There is no natural interpretation for Au at the boundary so we should choose a gauge where
it is vanishing. In the radial gauge, Au = 0, and the expansion in an asymptotically AdSd+1

background near the UV boundary is

Aμ = Aμ
0 + J̃μud−2 + O(ud−1) . (2.64)

Once again, the first term is the source field and the second term has the corresponding re-
sponse, i.e. the current. For μ = 0, these would be the chemical potential and charge density,
respectively [24]. We will return to these later in the context of condensed matter physics in
section 4.4.

For the stress-energy tensor, T μν , the source field must be a symmetric spin-2 field, the
graviton. After all, variation of any field theory action with respect to the metric is [29]

δSQF T = −
∫

ddx

√
− det g

2 Tμνδgμν . (2.65)

The bulk graviton field is determined by the Einstein equations. Once again, there is no natural
interpretation for the guμ terms near the boundary so we pick a gauge where they vanish, the
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Fefferman-Graham gauge (2.34). The expectation value of the stress-energy tensor is propor-
tional to g(d) [37, 40]. As an example, the thermal AdSd+1 in (2.32) is transformed to the FG
gauge with the radial coordinate ũ,

ũ = uH

41/d
e−2

√
1−(u/uH)d/d = u + ud+1

2dud
H

+ (2 + 3d)u2d+1

16d2u2d
H

(2.66)

g(0)
μν = ημν , g

(d)
ij = δij

dud
H

, g
(d)
tt = d − 1

dud
H

. (2.67)

We see that there is no conformal anomaly as 〈T μ
μ〉 ∝ g

(d)
μν ημν = 0.

2.3 Extensions beyond AdS/CFT

Everytime we look around, it is painfully obvious that our world is not conformal. The world
is full of different scales: the mass of an electron, the average length of a human, the length
of a Martian year just to name a few. While it is true that some physical systems do exhibit
conformal behaviour and studying conformal field theories can teach us a lot of valuable lessons,
it would be desirable to extend the powerful tools of holography to non-conformal strongly
coupled systems.

We have already played a little with a non-conformal system. The AdS black hole sets a
definite scale for the system both in the bulk and the boundary, the temperature. In the UV
limit, u → 0, the thermal systems differ very little from pure AdS systems. On the boundary,
this should be reflected in the small distances and high energies limits. At lower energies, the
differences should be drastic as the conformal field theory correlators should exhibit a finite
correlation length, ξ−1 ∝ mL/uH .

Some scaling invariance can be retained while breaking Poincare invariance. Consider the
metric [41]

ds2 = L2
(

− dt2

u2z
+ d�x2 + du2

u2

)
. (2.68)

The metric is invariant under rotations of �x and the scaling (t, �x, u) → (λzt, λ�x, λu). We notice
that when z �= 1, the scaling of the boundary coordinates is anisotropic and the Poincaré
invariance is broken. Such scaling can arise e.g. as a bulk solution of a massive Einstein-Maxwell
theory or in a boundary theory dictated by

S =
∫

dtd2x((∂tφ)2 − κ(∂2φ)2) , (2.69)

which is known as the Lifshitz theory with z = 2. If we were to redo our analysis of scalar fields

in this background, we would see that Δ = deff
2 +

√(
deff
2

)2
+ m2L2, where deff = d + z − 1 [15].

The two-point functions in Fourier space would be of the form

ω(2Δ−deff)/zF

(
ω

kz

)
. (2.70)
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Another important generalization we can do is to add hyperscaling violating parameters [42].
A metric with such a parameter θ is

ds2 = L2
(

u

R

)2θ/(d−1)
(

− dt2

u2z
+ d�x2 + du2

u2

)
. (2.71)

We see that by doing a rescaling with λ, the metric is scaled globally ds2 → λ2θ/(d−1)ds2.
Hyperscaling violation is a sign that the free energy of the system does not scale as it naively
should. This violation arises e.g. in bulk theories with dilatons and in Fermi liquid theories for
which θ = d − 2. Both Lifshitz scaling and hyperscaling violating solutions admit black holes
but analytic results are hard to come by. However, the entropy is known to scale as

S ∼ T (d−1−θ)/z . (2.72)

Some other generalizations have also been considered. One of great interest to us is solutions
with spatial anisotropy [43–45], which we will discuss later. Another example which goes be-
yond the scope of this work is the AdS/Schrödinger spacetime which respects the Schrödinger
symmetries e.g. conserved particle number [46].

2.4 A short conclusion

Before we move on to applications, a few concluding remarks are in order. In very broad terms,
holography is a one-to-one equivalence between a gravitational theory and a strongly coupled
field theory living on the boundary of this gravitational system. Precise dualities, where both
the gravitational theory and the field theory on the boundary have been identified are scarce.
All known cases involve a great number of degrees of freedom and symmetries on both sides of
the theories and often there is some scaling invariance.

The one-to-one correspondence means that values computed in one theory can be mapped to
the values of the other theory. We saw examples of these in the thermodynamic computations
and also in the operator expectation value computations, where we learned that each operator
on the boundary has a corresponding source field in the bulk. Finding the relations between
the operators and the bulk fields consists of constructing the holographic dictionary. When
computing values on the bulk side, the quantities often require some regularization with counter
terms.

Even without the exact dualities, holography can still provide a good starting point and a
qualitative tool to study strongly coupled dynamics.



Chapter 3

Quantum information theory

Quantum information theory studies quantum information stored in quantum systems. Classical
information theory is often studied using a binary representation, i.e. individual strings of 0’s and
1’s while quantum mechanics allows quantum states to be superpositioned arbitrarily. There is
much hope for quantum computers that could process information quantum mechanically. There
are various applications and quantum algorithms that are not possible on classical computers,
such as quantum encryption, fast integer factorization and quantum simulations. While nearly
of these applications are still at a proof-of-concept state, it is only a matter of time until some
of these applications are used on a daily basis [47].

Quantum entanglement is the key property behind the power of quantum algorithms. While
much of public attention is focused on the practical applications of quantum information theory,
entanglement also has an important role in understanding fundamental properties of quantum
field theories and quantum gravity.

A textbook case of bipartite entanglement is a Bell state. It consists of two qubits, represented
here by spin-1

2 particles,

|ψ〉 = 1√
2

(| ↑↓〉 + | ↓↑〉) .

When we measure the spin of one particle, the result is either 1
2 or −1

2 . This measurement
necessarily affects the spin of the other particle, it will have the opposite spin.

More generally, consider a system with a bipartition into A and its complement, B. Each has
their own degrees of freedom. The Hilbert space of AB can be expressed as a tensor product
H = HA ⊗ HB. The state of AB is separable if it can be written as a product state

|ψ〉AB = |φ〉A|ϕ〉B, |φ〉A ∈ HA, |ϕ〉B ∈ HB . (3.1)

If a state is not separable, it is entangled [47]. Furthermore, a mixed state is separable if it can
be written as

ρ =
∑

i

λiρA,i ⊗ ρB,i,
∑

i

λi = 1, λi > 0 , (3.2)

with any set of subsystem density matrices, {ρ·,i} [48]. While separability depends on the choice
of partition, it is independent of the choice of basis. Entanglement can be studied with many

23



24

choices of partitions, such as low and high momenta states, but in this thesis, we focus on spatial
bipartition.

Quantum information became an important concept in quantum gravity after the mechanism
of Hawking radiation was discovered [49]. Information in a pure state would fall into a black
hole and eventually come out as thermal radiation. Thermal radiation has inherent entropy
while a pure state is without entropy. Therefore, Hawking radiation would increase the total
amount of entropy in the universe, i.e. erase quantum information, in contradiction to unitary
time evolution in quantum mechanics. Whether quantum information is truly lost when falling
into a black hole or whether the radiation is entangled with the degrees of freedom in the black
hole, is still without a resolution and the debate is on-going [50]. Nevertheless, this served as
the starting point to study quantum information in quantum field theories.

3.1 Entanglement Rényi entropy in quantum field theories

Until now, our discussion has been very qualitative; either there is entanglement or not. We
need to construct tools to quantify entanglement. For bipartite entanglement, we use Schmidt
decomposition. Consider a system with two complement subsystems, A and B. A generic pure
state can be expressed as |ψ〉 =

∑
i,j aij |i〉A|j〉B, where |i〉A and |j〉B are orthonormal bases for A

and B respectively and aij are complex numbers. With Schmidt decomposition, we can express
the state as

|ψ〉 =
min(dA,dB)∑

k=i

√
λk|k̃〉A|k̃〉B , (3.3)

where |k̃〉◦ are orthonormal states of H◦ and λk are non-negative numbers and, due to normal-
ization, they sum to one. We have at most min(dA, dB) non-zero λ’s, where d is the dimension
of the Hilbert space of the subsystem1. This decomposition is not unique but the λ’s are, which
makes them most interesting. Clearly, if there are more than one non-zero λ’s, the state is not
separable and the subsystems are entangled [47].

The entanglement spectrum is given entirely by the distribution of λ’s. In general, they
are difficult to compute so we need to look for alternative quantities to compute. We introduce
reduced density matrices [52]. The reduced density matrix describes the results of measurements,
when we only have access to a subsystem. For A, we need to trace out the degrees of freedom of
B, i.e ρA = TrBρ =

∑
k λk|k̃〉〈k̃|, where the last equality employed the Schmidt decomposition.

For the Bell state, the reduced density matrix would be

ρA = 1
2 (| ↑〉〈↑ | + | ↓〉〈↓ |) . (3.4)

When the reduced density matrix has more than one non-zero eigenvalue, the subsystem is effec-
tively in a mixed state. The concept of reduced density matrices is straightforwardly applicable
to mixed states, too.

1These properties have their roots in the singular value decomposition of matrices.
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There are numerous tools for describing properties of the entanglement spectrum. One well-
established choice is the entanglement Rényi entropies

S(α)(A) = 1
1 − α

log Tr(ρα
A) . (3.5)

In the limit2 α → 1, this reduces to a popular quantity known as entanglement entropy, which
is just the von Neumann entropy of the reduced density matrix,

SE(A) ≡ lim
α→1

S(α)(A) = −Tr(ρA log(ρA)) . (3.6)

Another quantity of interest is the first derivative of Rényi entropy at α = 1. This has been
dubbed the capacity of entanglement or, alternatively, the variance of entanglement, [2, 51]

CE(A) ≡ −2 lim
α→1

∂αSα(A) = Tr(ρA log2 ρA) − Tr(ρA log ρA)2 . (3.7)

As an example, these quantities for the Bell state are

S(α)(A) = 1
1 − α

log(21−α) = log 2, SE = log 2, CE = 0 . (3.8)

It is evident from the Schmidt decomposition that starting from pure states, S(α)(A) =
S(α)(B) due to the shared eigenvalues of the reduced density matrices. While the entropy
quantities can also be computed for mixed states, the resulting quantities would include contri-
butions from thermal entropy and the entanglement contribution would be hard to extract. In
addition, the equality of Rényi entropies of complement subsystems is violated when starting
from mixed states.

Entanglement entropy has been studied for a long time, some early papers include [52–54]. One
interpretation for it is to quantify, how much information outside the systems can be obtained by
studying the degrees of freedom in the system. The larger the entanglement entropy is, the more
entanglement there is and more information can be obtained. For N degrees of freedom in the
subsystem, maximally entangled systems have SE = log N , and unentangled systems, SE = 0.
We will see later in section 3.2 that it has many properties similar to those of thermodynamical
entropy.

Entanglement entropy contains only part of the information available in the entanglement
spectrum. Capacity of entanglement is a higher order cumulant of the spectrum and measures
its width. For both pure and maximal systems, CE = 0, while it can obtain the maximal value
CE ∼ 1

4 log2 N [2], where N is the number of degrees of freedom in the subsystem. It can also be
related to the thermodynamical heat capacity. In section 3.2, we will see that it is surprisingly
similar to entanglement entropy in the context of quantum field theories.

A number of inequalities can be proven for these entanglement quantities. Most importantly,
they are non-negative

S(α) ≥ 0, CE ≥ 0 . (3.9)
2Often, we can only compute S(α)(A) for integer α > 1 after which we have to analytically continue to

non-integer values [65].
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These become obvious when considering the entanglement spectrum and the fact that CE is a
type of variance of entanglement entropy. There are also less trivial inequalities relating the
entanglement entropy in tri-partitioned systems, with separate subsystems A, B and C. The
two most important ones are the strong subadditivity and Araki-Lieb inequality [55, 56],

SE(A) + SE(B) ≤ SE(AC) + SE(BC) (3.10)

SE(AB) ≥ |SE(A) − SE(B)| . (3.11)

The equality of Rényi entropies in pure systems has important consequences for entanglement
in quantum field theories. In classical thermodynamics, entropy increases with the system
volume. Entanglement entropies of pure states, on the other hand, must depend on the spatial
area common for both A and its complement, i.e. their shared surface area. A much studied
conjecture, the area law, states that the Rényi entropies are bounded by their area

S(α)(A) ≤ cαArea(A) , (3.12)

where cα is some theory-dependent constant [57]. The formula bears a significant resemlance to
the Bekenstein bound (2.1). Entanglement in QFTs emerge due to correlations between fields
inside and outside A and the correlations are strongest near the surface. This naturally leads one
to consider a linear dependence on A. While the area law is fairly well established for gapped
theories, some gapless theories, namely 1 + 1 dimensional conformal field theories and critical
theories with a finite Fermi surface, are known to violate the area law with a multiplicative
logarithmic scaling.

In continuum quantum field theories, the correlations can become arbitrarily strong which
causes the Rényi entropies to exhibit UV divergence [57]. In entanglement studies, a power
series expansion is often used

S(α)(A) = c
(α)
d−2

Rd−2

δd−2 + c
(α)
d−3

Rd−3

δd−3 + . . . + c̃
(α)
0 log

(
R

δ

)
+ c

(α)
0 + O(δ1) , (3.13)

where d is the dimension of the spacetime, R is a typical length scale of the system and δ is a
UV regulator. The logarithmic term is only present for even d. The coefficients depend on the
geometric shape and state of the system. Most of the coefficients in the expansion also depend
non-trivially on the choice of regularization scheme. Since there is no natural choice for the
regularization scheme for suitable for all purposes, the explicit values of most of the terms are
uninteresting. However, for even d, the coefficient of the logarithmic term and, for odd d, the
constant coefficient are universal and do not depend on the regularization scheme. In general,
the entanglement quantities tend to grow linearly with the number of degrees of freedom in the
system.

Entanglement quantities have been a hot topic for quite some time. For conformal field the-
ory ground states, entanglement entropy is proportional to the central charge, a most important
quantity in defining the theory. There is a c-theorem that states that every two-dimensional
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quantum field theory has a positive quantity c that is decreasing along the RG flow and that
will become equal to the central charge at RG fixed points [58]. There have been proposals of
generalizations of the c-theorem to higher dimensions, the F -theorem in 2 + 1 dimensions and
the a-theorem in 3 + 1 dimesions (c.f. (2.25)) [59, 60]. Both of these constructions involve en-
tanglement entropy. These attributes make entanglement quantities a natural order parameter
for the state of the system. Indeed, entanglement entropies have been studied in the context
of e.g. condensed matter phase transitions [61], heavy ion collisions [62] and in deriving Ein-
stein equations for AdS spacetime from entanglement [63, 64]. In particular, the area law of
Bekenstein-Hawking entropy has been linked to the area law of entanglement entropy [65].

3.2 Computing entanglement Rényi entropies in QFTs

Discussion of reduced density matrices in quantum field theories are usually non-existent in
quantum field theory text books. Indeed, they are often difficult if not almost impossible to cal-
culate even when using numerical methods due to the the huge dimensionality of the problem.
Equivalently, the same applies to its derivative quantities e.g. entanglement Rényi entropies.
Most of the successful analytical computations have involved conformal field theories, free the-
ories or integrable systems.

The most extensively studied cases are those in 1 + 1 dimensional CFTs using α-sheeted
manifolds [66]. The Rényi and entanglement entropies and the capacity of entanglement for a
single interval of length l in an infinite system are

S(α)(l) = c

6
(1 + α)

α
log
(

l

ε

)
+ log(cα)

1 − α
(3.14)

SE(l) = c

3 log
(

l

ε

)
− c′

1, CE = c

3 log
(

l

ε

)
+ c′′

1 − c′
1

2
. (3.15)

The coefficient cα is a nonuniversal parameter and ε is the short-scale cutoff. Notice that these
violate the area law with a logarithmic scaling. This computation has been extended to finite size
and finite temperature systems. Additionally, even some off-equilibrium systems, namely global
and local quenches, have been studied analytically. However, only few examples are available
for more than one interval since the result depends heavily on the topology of the α-sheeted
manifold and the specific field content of the theory [67, 68].

A c-quantity in the c-theorem is given by entanglement entropy of a single interval,

c(l) = 3l
∂

∂l
SE(l) CF T= c . (3.16)

For non-conformal theories, this has been shown to be a non-increasing function along the RG
flow [69].

In higher dimensions, the area law of Rényi entropies can be explicitly seen in free field
theories [70]. The quantities can be explicitly expressed using exactly known two-point functions.
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For free massive scalar fields with an arbitrary entangling surface Σ, we have

S(α) = −Area(∂A)α + 1
24α

∫
dd−2k⊥
(2π)d−2 log

(
k2

⊥ + m2

k2
⊥ + a−2

)
, (3.17)

where the integration is only over non-radial coordinates. The divergence structure emerges
when we take the limit a → 0.

Modular Hamiltonians and causal development

Powerful tools have been developed for computing entanglement Rényi entropies for quantum
field theories. One of the more successful ones has been the use of modular Hamiltonians.
For a reduced density matrix, the modular Hamiltonian is defined with KA = − log(ρA) or
equivalently, ρA = e−KA . With this, entanglement entropy becomes SE = 〈KA〉 and the capacity
of entanglement becomes CE = 〈K2

A〉c, where c indicates the use of connected correlators.
Unfortunately, for a generic quantum field theory and entangling surface, KA is a complicated

non-local operator and the above expressions are not of much use. Some local expressions are
known, however. For quantum field theories in R

d, where the entangling surface is a hyperplane
dividing the regions into, say, x1 > 0 and x1 < 0, or A and Ā, the modular Hamiltonian for a
vacuum state is [71]

KA = 2π

∫
Rd−1

dd−1x⊥

∞∫
0

dx1 x1Ttt(0, x) + c′ , (3.18)

where c′ is a normalization constant. From this expression, we can derive other cases as well.
However, we first wish to see, how the unexpected locality emerges.

We follow [72]. Starting from the fundamentals, the path integral representation for a time-
evolution by a time-independent Hamiltonian is

〈φ1|e−iHt|φ0〉 = N

∫ φ(t)=φ1

φ(0)=φ0
DφeiS[φ] , (3.19)

where N is a normalization factor. The corresponding Euclidean statement is achieved with the
Wick rotation t = −iβ

〈φ1|e−βH |φ0〉 = N

∫ φ(β)=φ1

φ(0)=φ0
Dφe−SE [φ] . (3.20)

The partition function is obtained by setting φ0 = φ1 and taking a path integral over the field
configuration φ1. This is equivalent to having a periodic spacetime with respect to Euclidean
time with period β, which we’re going to implicitly assume from now on. Likewise, a partial
trace over Ā is obtained by setting φ0 = φ1 only at points outside A, which yields us a path
integral representation for the reduced density matrix

〈φA
1 |ρβ,A|φA

0 〉 = 1
Z

∫ φA(0−=β−)=φA
1

φA(0+)=φA
0 ,φĀ(0)=φĀ(β)

Dφe−SE [φ] , (3.21)

where we use the partition function to ensure that the full trace is properly normalized. Since
we wish to study vacuum states, we must take the limit β → ∞.
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The above discussion was very general. We now consider the case of Euclidean half-space, i.e.
A = {x ∈ R

d|x1 > 0}. We do a change of coordinates, x1 = r cos θ, τ = r sin θ and write the
reduced density matrix

〈φA
1 |ρA|φA

0 〉 = 1
Z

∫ φA(θ=2π)=φA
1

φA(θ=0)=φA
0

Dφe−SE [φ] . (3.22)

This has a striking resemblance with the expression (3.20). Evolution of τ from 0 to β has
been replaced with angular evolution of θ from 0 to 2π. Therefore, expression (3.22) defines
the vacuum state reduced density matrix as ρA = e−2πHη , where η = iθ is the Wick rotated
coordinate whose generator is Hη. When using η, the metric is transformed to the Rindler
metric

ds2 = dr2 − r2dη2 + dx2
i≥2 . (3.23)

The Killing vector associated with the η evolution is ξ = ∂η = x1∂t + t∂x1 , which is just the
Lorentz boost. The associated generator is

Hη =
∫

Σ
nμTμνξν + c′

2π
, (3.24)

where Σ is some partial Cauchy surface with the end fixed at t = 0, x1 = 0, n is the future-
pointing normal vector. When we choose the Cauchy surface as t = 0, we recover the expression
(3.18).

Physically speaking, the causal development3, D = {x ∈ R|x1 > |t|}, of the half space is the
right Rindler wedge. The Rindler wedge is invariant under Lorentz boosts in the x1 direction
which is also a symmetry of the theory. As the corresponding Killing vector is future-pointing
timelike, due to the Bisognano-Wichmann theorem, the modular Hamiltonian is local [71]. It is
remarkable, that this applies for all relativistic quantum field theories.

There is little we can do to extend our results for general QFTs. However, there is a conformal
mapping of the right Rindler wedge to the causal development of a ball of radius R, r + |t| < R.
The special conformal mapping is

Xμ = 2R
2Rxμ − bμx2

4R2 − 4Rb · x + b2x2 + Rbμ , bμ = (0, −1,�0d−2) , (3.25)

where the left-hand side contains the causal development of the ball [73]. The Killing vector
∂η is mapped to a conformal Killing vector, ξ = π

R

[(
R2 − t2 − r2) ∂t − 2tr∂r

]
. Based on this

discussion, CFTs with spherical entangling surfaces allow local modular Hamiltonians. If we
choose the partial Cauchy surface as t = 0, we have

K = 2π

∫
Σ

nμTμνξν + c′ = 2π2
∫

r≤R
dd−1x

R2 − r2

2R
Ttt + c′ . (3.26)

Another important conformal mapping is that of the causal development of a ball to the
hyperbolic cylinder H = R × Hd−1 [73]. The inverse mapping is

r = R
sinh(u)

cosh(u) + cosh(tH/R) , t = R
sinh(tH/R)

cosh(u) + cosh(tH/R) , u ∈ [0, ∞[, tH ∈] − ∞, ∞[ , (3.27)

3The causal development of a region V includes the points p for which every causal curve intersects with V .
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and the metric of the hyperbolic cylinder is

ds2
H = −dt2

H + R2(du2 + sinh2 udΩ2
d−2) , (3.28)

An important feature of this spacetime is that the causal development was mapped to the whole
hyperbolic space and the metric is invariant under translations of tH. Hence, the modular
Hamiltonian is proportional to the generator of tH translations, and more precisely,

KH = 2πR

∫
Hd−1

dd−1x
√

−gTtHtH + c′
H . (3.29)

A careful analysis of conformal transformations of correlators and imposing the KMS periodicity
reveals that the time coordinate must also be periodic under imaginary time shifts, tH →
tH +i2πR [73]. This has an important consequence: the causal development of the vacuum state
inside a ball has been mapped to a thermal state in the hyperbolic cylinder with temperature
T = (2πR)−1. Even more, the entanglement entropy and capacity of entanglement of the ball in
the vacuum state equal the thermal entropy and heat capacity in H, respectively [2,51,73,74]. In
fact, all the entanglement Rényi entropies can be given a thermodynamical treatment. Consider
the partition function with temperature Tα = T

α = 1
2παR ,

Z(Tα) = Tr
[
e−αH/T

]
, (3.30)

where H corresponds to the Hamiltonian generating the translations along tH. The free energy
is given by F = −Tα log Z(Tα) and all the Rényi entropies are given by [74]

S(α) = 1
1 − α

1
Tα

[F (T ) − F (Tα)] = 1
1 − α

1
Tα

∫ T

Tα

dT̃Stherm(T̃ ) . (3.31)

In particular, the entanglement entropy and capacity of entanglement can be computed ex-
actly. It is evident that all Rényi entropies have to be proportional to the volume of the
hyperbolic space as a contrast to the area dependence in the Minkowski space [73]. The volume
is divergent but can be regulated,

Vol Hd−1 = Ωd−2Rd−1

log 2R
δ∫

0

du sinhd−2 u = Ωd−2
d − 2

(
Rd−2

δd−2 − O
(

Rd−4

δd−4

))
(3.32)

univ.= πd/2

Γ(d/2) ×

⎧⎨
⎩(−1)

d
2 −1 2

π log(2R/δ) even d

(−1)
d−1

2 odd d
. (3.33)

We see the emergence of the area law. On the last line, we extracted the universal parts of
the expansion, discarding all the non-universal terms. The values of entanglement entropy and
capacity of entanglement are [73, 75]

SE = a∗
d

2Γ(d/2)(d − 1)
πd/2−1 Vol Hd−1 (3.34)

CE = CT
πd/2+1Γ(d/2)(d − 1)

(d + 1)! Vol Hd−1 . (3.35)
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Figure 3.1: A sketch of a minimal bulk surface that has a mutual boundary with the system on
the boundary.

Here a∗
d is the central charge of the theory while CT is a coefficient appearing in the two-point

function of stress-energy tensors

〈Ttt(x)Ttt(0)〉 = CT
(1 − 1

d)
x2d

. (3.36)

When d = 4, the expressions reduce to

SE = 2a

π
Vol Hd−1, CE = 2c

π
Vol Hd−1 , (3.37)

where a and c are the coefficients in the 4-dimensional Weyl anomaly (2.25).
We see that the capacity of entanglement has the same kind of divergence structure as en-

tanglement entropy. While entanglement entropy tracks the central charge of the system, the
capacity of entanglement is proportional to the other central charge (which does not have a
c-theorem in 3 + 1 dimensions [76]).

3.3 Holographic entanglement

Holography renders the computation of entanglement entropy to a more tractable problem. For
Einstein gravities, the Ryu-Takayanagi formula states that for a system in thermal equilibrium,
the entanglement entropy of A is given by the minimal surface area of a wedge extended into
the bulk spacetime:

SE(A) = Area(γA)
4G

(d+1)
N

, (3.38)

where γA is the minimal equal-time surface which has a mutual boundary with A [17, 18]. The
conjecture is clearly inspired by the Bekenstein formula for the black hole entropy (2.42). See
figure 3.1.

For example, consider a pure AdSd+1 spacetime. The entanglement entropy of ball, Bd−1(0, R)
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Figure 3.2: A sketch of two possible minimal surfaces for disjoint intervals. The dashed lines
correspond to the disconnected surface while full lines correpond to connected surface.

in d dimensions is given by the area of a bulk half-sphere �x2 + u2 = R2. The result is

Sball(R) = 2π(d−1)/2Ld−1

4Gd+1Γ
(

d−1
2

) 1∫
δ/R

dy
(1 − y2)(d−3)/2

yd−1 (3.39)

= πd/2Ld−1

4Γ
(

d
2

)
Gd+1

[ 2
√

πΓ
(

d
2

)
Γ
(

d−1
2

)
(d − 2)

(
R

δ

)d−2
+ . . . +

⎧⎨
⎩

(−1)
d−2

2 2
π log

(
R
δ

)
+ O(1) d even

(−1)
d−1

2 + O(R/δ) d odd

]
,

where L is the AdS radius. The quantity is UV regulated by the minimum distance to the
boundary, δ. We see the area law in effect in the leading term. The last explicit terms in
the series are the universal terms. We can see that they agree with the CFT computations in
equation (3.34) with the identification

Ld−1

4Gd+1
≡ 2a∗

d

π
. (3.40)

The Ryu-Takayanagi formula can be applied to many shapes and backgrounds. While usual
CFT methods are difficult to apply to disjoint regions, the Ryu-Takayanagi formula gives a clear
interpretation for entanglement between disjoint regions. The minimal surface either arches over
the disjoint regions or is a combination of local minimal surfaces. See figure 3.2. At a large
enough separation, the minimal surface is disjoint. It should be remembered, that the RT formula
is only reliable for holographic theories i.e. when the central charge of the boundary theory is
large. Such non-analytic behaviour is not found for disjoint regions in general 2-dimensional
CFTs [77].

The Ryu-Takayanagi formula has also been generalized to out-of-equilibrium systems. Instead
of an equal-time surface, the entanglement entropy is given by the minimum area of extremal bulk
surfaces that have the same spacetime boundary with A [78]. Computations have been performed
numerically in situations similar to global quenches and holographic heavy ion collisions [62,78].
A simple example of such a background is the AdS/Vaidya spacetime

ds2 = L2

u2

(
−F (v, u)dv2 − 2dvdu + d�x2

)
, F (v, u) = 1 − M(v)ud , (3.41)

where we have used the Eddington-Finkelstein-like coordinate

dv = dt − du

F (z, v) . (3.42)
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The metric describes a collapsing black hole. The function M is the mass function of the black
hole. A common choice is the thin shell approximation M(v) = Mθ(v). Thus when the observer
is inside the mass shell, the metric is AdS, but outside it is thermal. There are some universal
features for such collapsing black hole solutions. For example, linear increase of entanglement
entropy until thermal limit during equilibriation and overall a fast local equilibriation [79].

Entanglement entropy of critical systems with a Fermi surface receives an additional log-
arithmic scaling. Such features are achievable in holographic settings by using hyperscaling
violating metrics [42]. As an example, consider metric (2.71) with non-trivial θ and a stripe
[0, lx]d−2 × [0, l⊥], where lx  l⊥. In this limit, the entanglement entropy is

SE = Ld−2

4GN

⎧⎪⎪⎨
⎪⎪⎩

2ld−2
x

[
1

ε(d−θ−2) + 1
l
(d−θ−2)
⊥

(√
πΓ
(

1
2 + 1

2(d−θ−1)

)
Γ
(

1
2(d−θ−1)

) )d−θ−1]
d − θ �= 2

2ld−2
x log(l⊥/ε) d − θ = 2

. (3.43)

We see that when θ = d − 2, we get the additional logarithmic scaling.

Holographic Rényi entropy

There is a conjecture for the generalization of Ryu-Takayanagi prescription to another entropy
quantity [80]. Instead of a surface in the bulk space, we are considering a cosmic brane with
finite tension causing a backreaction to the metric. And instead of entanglement Rényi entropy,
the related information quantity is the so called modular entropy,

S̃(α) = α2∂α

(
α − 1

α
S(α)
)

conjecture= Area(Brane)
4GN

. (3.44)

The modular entropy reduces to the entanglement entropy, when α = 1. Its first derivative at
α = 1 is equal to −CE . The gravity dual of modular entropy would be the area of the minimal
co-dimension 1 brane with tension α−1

4GN α that shares the boundary. The tension of the brane
causes a backreaction to the metric via

Sbulk → Sbulk + α − 1
4αGN

∫
ddy

√
−γ , (3.45)

where γ is the induced metric on the brane.
Naturally, this quantity is difficult to compute analytically for a general α. However, to linear

order in α−1, the backreaction does not alter the shape of the brane, only the metric. This allows
us to compute the first order correction to the modular entropy, the capacity of entanglement.
Discussion of the computation is relegated to [2, 51]. The result is

CE = 1
64G2

N

∫
brane

dd−1σ
√

h(σ)
∫

brane
dd−1σ′

√
h(σ′)hijGij;kl(σ, σ′)hkl , (3.46)

where σ and σ′ are the coordinates on the brane, h is the induced metric on the brane and G

is the graviton propagator in the bulk space. This has the interpretation that the capacity of
entanglement measures gravity fluctuations on the bulk brane hinting at useful properties in
probing quantum gravity physics of the AdS bulk. However, the holographic quantity is tricky
to evaluate and no successful attempt has been made at it.
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3.4 Contributions of this thesis to quantum information theory

Article [2] was written as a part of this thesis. The article focuses on a multitude of aspects of the
capacity of entanglement in relation to other quantum information quantities such as entangle-
ment entropy, quantum Fisher information and fidelity susceptiblity. Particular highlights of the
paper include relating the entanglement quantities firmly to their thermodynamic counterparts,
constraining the quasiparticle picture of entanglement propagation during thermalization and
discussing the perturbative features of the capacity of entanglement in conformal field theories.

The quantity has not been considered as often as entanglement entropy. Some overlap with
our work can be found in [51]. The first use of capacity of entanglement was made in [81] to
keep track of topological states.



Chapter 4

Condensed matter theory

The goal of condensed matter theory is to understand collective bulk properties of matter and
the underlying microscopic theory from which these bulk properties emerge. On one hand, all
known condensed matter systems can be given a description in terms of the interactions between
the Standard Model particles, at least in principle. On the other hand, apart from some idealized
non-interacting models, condensed matter systems often exhibit bound states that interact and
can form even further bound states, making the perturbative approach from the Standard Model
ill-suited to describe collective phenomena.

A more fruitful approach is to identify the emerging relevant degrees of freedom and their
interacting properties with respect to their environment. Examples in classical thermodynamics
of such approaches include ideal gases and van der Waals gases where the degrees of freedoms
are the momenta and angular momenta of the constituent atoms and molecules, the latter
even describing self-interaction through finite size of the molecules and interparticle pressure.
Another illuminating example, although not in thermodynamic equilibrium, is viscous fluid flow
described by the Navier-Stokes equation. The relevant degrees of freedom are the velocity field
of the fluid and particle number density. All of these simplified models have been successful
in describing the relevant observed phenomena even though some of their parameters have not
been derived from first principles but have been measured via experiments.

In quantum statistical physics, many successful approaches have made use of models of weakly
coupled quasiparticles. These quasiparticles can have masses and couplings quite different from
the particles that make up the system. Examples of such systems include Fermi liquid theory
and BCS theory of superconductivity. Fermi liquid theories can describe e.g. electrons in an
ordinary metal by assuming that the quasiparticles are delocalized electrons that have had their
masses altered due to the non-zero coupling of other electrons and nuclei [82, 83]. BCS theories
assume an attractive potential between electrons via a coupling to phonons of the metal to form
a condensate of Cooper pairs [84, 85].

However, there is experimental evidence hinting at physical scenarios without a suitable quasi-
particle descripton. Theoretically, at T = 0, such situations arise at a quantum critical coupling
when the ground state of the systems undergoes a phase transition. At critical coupling, the

35
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correlation length diverges and the system can exhibit scale invariance. At finite temperature,
the quantum critical point is extended to a wedge-like quantum critical region. These quantum
critical regions have been the focus of holographic studies of condensed matter physics, that has
been dubbed AdS/CMT. Experimentally, such quantum critical regions have been observed e.g.
in high-Tc superconductors, where they are known as the strange metal phase [6].

In this chapter, we will first review some basic properties of some successful weakly-coupled
quasiparticle descriptions of condensed matter systems. Second, we will discuss some experi-
mental results that indicate the inapplicability of quasiparticle picture to some systems and the
existence of new phases of matter. We will also make a brief note on the interesting topic of
anyons and quantum Hall effect. Finally, we discuss the holographic applications to condensed
matter problems, starting from the most simple Einstein-Maxwell action in AdS background
and ending at dynamics of probe branes.

4.1 Condensed matter via quasiparticles

Fermi liquid theory

We follow the presentations of [82, 83, 86]. The most successful condendsed matter model is
without a doubt the Fermi liquid theory in three spatial dimensions. Their construction starts
from the Fermi gas model, a gas of weakly-interacting fermionic particles. In their ground state,
the N particles occupy the lowest energy states while obeying the Pauli exclusion principle.
Assuming spherical symmetry, the free Fermi gas fills a sphere in momentum space. The highest
occupied states set the Fermi surface with corresponding Fermi energy, EF , and momentum,
pF . All excitations at low temperatures involve exciting a state from below the Fermi energy
to above the Fermi energy. This can also be described as creating a negative energy hole inside
the sphere and a positive energy particle outside the sphere. The most important excited states
are the ones involving energies near the Fermi surface since their net energy is the lowest. At
its core, the Fermi gas theory is just non-interacting fermions and the Green’s functions have a
simple pole structure

GR(�p, ω) ∼ 1
ω − ε(p) + iδ�p

, (4.1)

where δp is some small number.
Some bulk properties predicted by a Fermi gas model include the particle density at the Fermi

energy, the heat capacity and spin susceptibility,

N(0) = mpF

π2�3 , CV = π2

3 k2
BN(0)T, χs = μ2

F N(0) , (4.2)

where m is the fermion mass, and μF is the Bohr magneton. The Fermi momentum sets a scale
for speed in the bulk, the Fermi velocity, vF = pF /m.

Fermi liquid theory takes into account the effect of interactions. When interactions are in-
cluded, it is not obvious that the Fermi surface structure would be a good description. The classic
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construction is to turn on the interactions adiabatically. This implies that, at least initially, the
Fermi surface is expected to survive. With interactions, the excited fermions are expected to
decay by scattering fermionic particles. However, the phase space which these scattered parti-
cles can occupy is limited as the states below the Fermi surface are almost fully occupied. This
greatly inhibits the particle-particle interactions near the Fermi surface and the lifetime of the
low-energy excited state is very long.

On the other hand, the effect of interactions cannot be completely ignored and the excited
states can no longer be adequately described by weakly interacting constituent particles. For
example electrons in a metal interact with each other and with the atomic nuclei electrically.
While keeping particle momentum, spin and charge unchanged, they can cause drastic changes to
the energies involved and the effective masses of the particles. Due to these alterations, the term
used for the microscopic constituents is quasiparticle. Roughly said, the bulk physics of Fermi
liquids could be described by a theory of fermionic quasiparticle gas, with renormalized mass
and couplings. Without interactions, these quasiparticles would be equivalent to the constituent
particles e.g. electrons. The stronger the interactions, the more their properties would differ
from those of ordinary electrons. The properties of the quasiparticles could be determined by
experiments. The resulting bulk properties for quasiparticle density at the Fermi energy, the
heat capacity and spin susceptibility are easily derived

N∗(0) = m∗pF

π2�3 , CV = π2

3 k2
BN∗(0)T, χs = μ2

F N∗(0) , (4.3)

where m∗ is the renormalized mass of the quasiparticle. The Fermi velocity is also renormalized,
vF = pF /m∗. We see that the modifications are almost trivial. Some examples of renormalized
masses are m∗ = 2.8mHe-3 for liquid Helium-3 and m∗ ∼ 1000me in heavy Fermion systems.

Fermi liquid exhibit a collective mode which is absent in non-interacting Fermi gases. Ordinary
sound, first sound, propagates at a speed below the Fermi velocity. Its frequency is below the
scattering rate of quasiparticle decay and it involves density fluctuations in the bulk. The other
mode, zero sound, propagates at speeds exceeding Fermi velocity, is typically of high frequency
and it involves fluctuations of the Fermi surface. The stronger the interactions, the higher the
speed of zero sound. At higher frequencies, the zero sound mode acquires an attenuation, where
the dispersion relation becomes

ω = csp − iΓk2, k = p/� . (4.4)

The discovery of zero sound was fundamental in establishing Fermi liquid theory as the “correct”
theory of interacting fermions.

It is also possible to compute the lifetime of excited quasiparticles via scattering. The lifetime
of a quasiparticle with energy EF + ε, behaves as

τ ∼ 1
ε2 + (πkBT )2 . (4.5)
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When ε � πkBT , τ ∼ T −2 which indicates that the low-energy excited quasiparticles have a
very long lifetime at low temperatures, which justifies the quasiparticle Fermi liquid construc-
tion. This behaviour can be applied to explain the behaviour of resistivity in metals at low
temperatures. Using the pinball approach to conductivity, the Drude model, which predicts
σ = ne2τ

m , the lifetime suggests that the electrical resistivity behaves as

ρ(T ) = ρ0 + AT 2 , (4.6)

where ρ0 is the resistivity at zero temperature. At higher temperatures, the electron coupling
to lattice phonons causes the lifetime to become inversely proportional to temperature and the
resistivity grows linearly with temperature. This growth continues until a limit is reached,
known as the Mott-Ioffe-Regel bound which we discuss more in section 4.2.

The pole structure of Green’s functions is modified. Instead of sharp peaks, the Green’s
function pole receives a spread corresponding to the finite lifetime.

Ginzburg-Landau theory

We follow [87] for this section. Before moving on to new exotic physics, a few words could be
said about another successful quasiparticle theory. As opposed to the fermionic nature of the
Fermi liquid theory, the Ginzburg-Landau (GL) theory is a bosonic theory of superconduci-
tivity, describing scalar field condensation in the presence of an external magnetic field. It is
phenomenological and can be derived from the fermionic Barden-Cooper-Schild (BCS) theory
of superconductivity. The free energy of the model is

F =
∫

d3x

(
Fs + �

2

2m

∣∣∣∣
(

�∇ + i
2e

�

�A

)
φ

∣∣∣∣2 + α|φ|2 + β

2 |φ|4 +
�B2

2μ0

)
, (4.7)

φ is a scalar field representing Cooper pairs, hence the charge −2e, and �B = ∇ × �A is an
external magnetic field. Constant Fs is the free energy in the normal phase while α ∝ (T − Tc),
β are external parameters, and m is an effective mass of the Cooper pairs. This theory has a
U(1) gauge symmetry. In the absence of an external gauge field, the system undergoes a phase
transition when α is taken to a negative value by lowering the temperature, and the systems
acquires a non-trivial, degenerate minimum. This second order phase transition spontaneously
breaks the U(1) symmetry and the Cooper pairs form a condensate

〈|φ|2〉 = −α

β
∼ Tc − T

β
, (4.8)

akin to the U(1) Higgs mechanism.
When considering the effects of the external gauge field, it can be shown that the ground state

becomes superconducting. In addition, the superconducting state is a perfect diamagnet, i.e. the
magnetic field does not penetrate superconductor but decays exponentially inside the bulk and
is repelled by the bulk. This is the Meissner effect, a fundamental property of superconductors.
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However, when the magnetic field grows strong enough, the system loses its superconducting
property and the magnetic field penetrates system. In addition, there are superconductors (type
II) that allow magnetic fields to penetrate through localized vortices at lower field strengths.

The Ginzburg-Landau model successfully reproduces many properties of superconductors even
though the model seems simple. However, it is not a microscopic model and does not explain the
microscopic origins of superconductivity nor does it help with physical understanding far away
from the superconducting regime. Similar models have been studied in holographic context and
we will be considering them later on.

4.2 Evidence of new physics and the quantum critical phase

While quasiparticle models have been successful, it has become evident that they most likely
do not explain all situations of condensed matter models. We will go through a few cases,
unexplained by well-established models.

Quasiparticles in charged systems transport simultaneously charge and heat. The Wiedemann-
Franz law states that thermal and electrical conductuvity, κ and σ, respectively, have a very
special relation that has been verified for all normal metals to satisfying accuracy [88],

κ

σT
= π2

3

(
kB

e

)2
. (4.9)

In hydrodynamic transport, heat and charge transport become independent and this ratio is
violated. Experimentally, this can be seen in e.g. graphenes [15].

Quasiparticle models with a Fermi surface require that the mean free path of the quasipar-
ticle, l = vF τ , is longer than a typical wavelength k−1

F = �p−1
F . Using the Drude model, the

quasiparticles should have some minimum conductivity

σ = n
e2τ

(m) = kd−1
F

e2τ

(�kF /vF ) = kF (vF τ)e2

�
kd−3

F = kF l
e2

�
kd−3

F ≥ e2

�
kd−3

F . (4.10)

This is known as the Mott-Ioffe-Regel limit. However, this limit is violated for some systems
that do not seem to have any bound on resistivity, indicating that not all materials can be
described by Fermi liquid theory [89]. Materials with this behaviour include the strange metal
phase of high-Tc superconductors for which resistivity increases linearly [15].

Quasiparticle models imply long excitation lifetimes. However, some systems exhibit ex-
tremely fast equilibriation. For systems with unbounded growth of resistivity, the equilibriation
lifetime is constitent with lifetime

τ ∼ �

kBT
, T → 0 , (4.11)

which is in stark contrast with the Fermi liquid lifetimes, τ ∼ 1/(kBT )2 [6, 15].
To understand these properties, a brief look at quantum phase transitions is in order. Con-

sider a quantum Hamiltonian with a coupling parameter, H(g). The coupling parameter can
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be various things, doping in a ceramic, particle density, external magnetic field etc. At zero
temperature, the energy of the ground state and the first excited states can cross at a quantum
critical point, g = gc. The ground state differs significantly on either side of this point and
perturbative approaches in one regime often cannot reliably probe the other regime, marking a
second order quantum phase transition [6, 15].

Consider the energy gap between the ground states and the first excited states, Δ, and the
correlation length in the ground state, ξ. When approaching the quantum critical point, the
energy gap is vanishing while the correlation length is diverging. They can both have a simple
scaling law in terms of g − gc,

Δ ∼ |g − gc|zv, ξ ∼ |g − gc|−v , (4.12)

which gives us a simple relation between the two, Δ ∼ ξ−z. The exponent z is the dynamical
scaling exponent, already familiar from the discussion with gravity solutions with Lifshitz scaling.

At finite temperature, the situation at hand becomes even more interesting. At low temper-
ature kBT � Δ, the thermal fluctuations have little effect on the dynamics of the system. At
a high enough temperature, when kBT > Δ, the first excited states become involved in the
dynamics and the system is described by the physics of the quantum critical point. The phase
transition is of cross-over type. This extended region is known as the quantum critical phase,
and on the (g, T ) phase diagram, the region looks like a wedge, T ∼ |g − gc|zv [6, 15].

In the wedge, the physics is described by a scale invariant field theory. Unless the field
theory is a free field theory, the quantum critical phase most likely does not have a quasiparticle
description. In Lorentz invariant theories, this is realized in the two-point functions of conformal
operators

〈O(k)O(q)〉 ∼ δ(k + q)
(�k2 − ω2)2vO

, vO < 1 , (4.13)

where the two-point function has no poles, but branch cuts1. In these quantum critical regimes,
the local equilibriation time is universal, τ ∼ �/(kBT ) [6, 15, 90].

In condensed matter physics context, the wedge is known as the strange metal phase. This
kind of phase diagram exists for high-Tc superconductors, where g is the doping parameter,
although the quantum critical point has been covered by a superconducting region. When the
sample2 has been doped too little or too much, there is no superconductivity while at some
intermediate value, the sample becomes superconducting. See figure 4.1.

4.3 Quantum Hall effect and anyons

We follow the presentations of [91, 92]. The quantum Hall effect is the quantization of trans-
verse conductivities in the presence of a perpendicular magnetic field in a 2-dimensional struc-

1However, structures like these do not guarantee the absence of a quasiparticle description. Integrable field
theories with these structures can admit quasiparticle description even though they might be hard to find.

2Such as the cuprate thallium barium calcium copper oxide, HgBa2Ca3Cu4O10+x [89].



41

A
n

ti
fe

rr
om

ag
n

et Strange metal

Pseudogap

Superconductor

Fermi liquid

Figure 4.1: A sketch of a phase diagram of a high-Tc superconductor where g is the doping.
The pseudogap is an underdoped phase with physics reminiscent those of gapped systems. The
antiferromagnetic phase is insulating.

ture. Materials where this effect can be observed include gallium-arsenide heterostructures and
graphene [93]. They are considered to be new phases of matter where the topological properties
of the field configurations become important. Experimentally, the quantized nature is due to
the small amount of impurities in the material samples. With pure samples, there would be no
observable quantization.

Traditionally the quantum Hall effect is separated to integer and fractional quantum Hall
effect. We give a brief heuristic introduction to the topic, glossing over many interesting and
important details. The purpose of this discussion is to relate the phenomenon to anyons through
Chern-Simons theory.

Classically, transverse conductivity can be understood by considering an electron in both an
electric and a perpendicular magnetic field, i.e. a form of Drude model of conductivity.

me
d�v

dt
= −e �E − e�v × �B − me�v

τ
, (4.14)

where τ is the scattering time or the inverse drag coefficient of the electron. The current density
is given by �J = −ne�v ≡ σ �E, where n is the number density of the electrons and σ is the
conductivity tensor. Solving the equation of motion for constant velocity gives us

σ = σDC

1 + ω2
Bτ2

(
1 −ωBτ

ωBτ 1

)
, σDC = ne2τ

me
, ωB = eB

me
. (4.15)

The diagonal components are longitudinal conductivity, while the off-diagonal components are
the transverse or Hall conductivity components. The inverse of the conductivity tensor gives
the resistivity tensor

ρ = 1
σDC

(
1 ωBτ

−ωBτ 1

)
, (4.16)

which has a nice form and we can see that the off-diagonal resistivity is linearly related to the
magnetic flux density, B,

ρxy = B

ne
. (4.17)
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We now move on to consider the integer quantum Hall effect. In experiments where the
magnetic flux density is gradually increased, the transverse resistivity lingers on plateaus until
jumping suddenly to the next plateau. On these plateaus, the values are

ρxy = 2π�

e2
1
ν

, ν ∈ Z+ . (4.18)

If we equate this with the expected classical result, we can interpret the magnetic field to be
quantized

B = n

e

2π�

ν
≡ n

e
Φ0 , (4.19)

where Φ0 is called the quantum flux.
We now construct an effective field theory description of integer quantum Hall effect. We

assume there is a non-degenerate gapped ground state. Given this assumption, we can ignore
any dynamic degrees of freedom of the system and consider the effects of fluctuating external
electro-magnetic field, A. In 2 + 1 dimensions, we can write down a new kind of local, Lorentz-
invariant effective action, a so-called Chern-Simons term,

SCS [A] = k

4π

∫
d3xεμνρAμ∂νAρ . (4.20)

Our goal is to show that k, the level of the Chern-Simons term, is quantized. This is desirable
for an obvious reason: the conductivity and resistivity provided by the Chern-Simons term is

Ji = −δSCS [A]
δAi

= k

2π
εijEj , σij = k

2π
εij , ρij = −2π

k
εij . (4.21)

If k = e2ν/�, where ν is an integer, we have an effective theory to describe the integer quantum
Hall effect.

Consider the effect of U(1) gauge transformations. With Aμ → Aμ + ∂μω, the Chern-Simons
term acquires a divergence term which can be transformed to a boundary integral,

SCS [A] → SCS [A] + k

4π

∫
d3x∂μ(ωεμνρ∂νAρ) . (4.22)

Usually, we would discard these boundary terms. However, if we Wick rotate to imaginary time,
τ , with period β, we can extract interesting physics with these extra terms. The wave functions
of charged particle systems acquire a phase shift under gauge transformations, ψ → ψeieω/�. If
τ is periodic, the phase shift must be periodic in translations of the imaginary time with period
β. As a consequence, ω(x, y, τ) must have the form

ω(x, y, τ) = ω0(x, y) + 2π�

eβ
τ . (4.23)

We ignore ω0 from now on. With this gauge transformation, A0 → A0 + 2π�
eβ .

We do another compactification. We consider the two spatial directions as an S2 instead of
an R

2 and place a magnetic monopole inside the sphere such that the magnetic flux through the
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sphere is 2π�/e, the minimum amount allowed by Dirac quantization condition [94]. Finally, we
evaluate the Chern-Simons term with constant A0,

SCS [A] = k

2π

∫
d3xA0F12 = βA0

�k

e
. (4.24)

Consistency now requires that eiSCS/� must remain invariant under the gauge transformations
which restricts k = e2

�
ν, where ν is an integer. This is exactly how we wanted to quantize k to

have a system with integer quantum Hall effect.
It is important to note, that the specific choices for the compact manifolds and temperature

did not play a crucial role. We could have also chosen a T 2 = S1 × S1 of any size or any other
temperature. The results would have been the same.

The fractional quantum Hall effect displays resistivity with rational v. Many different values
of v have been observed, but not all are understood. The most simple fractions are the Laugh-
lin states for which v = 1

m [95]. This conductivity can be constructed by using an effective
interacting theory involving more Chern-Simons terms. This time, we allow dynamic degrees of
freedom in the system. The gauge field Aμ couples directly to the current Jμ. We can express
the current in terms of an emergent U(1) gauge field,

Jμ = e2

2π�
εμνρ∂νaρ, ∂μJμ = 0 , (4.25)

where the current conservation appears as a built-in property. The field a is a dynamical,
emergent field of the system and it can be considered a dual field to A. Considering the same
compactifications as before, we also give a a magnetic flux 2π�/e. This ensures that the minimum
electric charge is e. Now, the most simple effective action that we can write down involving
Chern-Simons terms is

Seff [a, A] = e2

2π�

∫
d3x

(
εμνρAμ∂νaρ − m

2 εμνρaμ∂νaρ + . . .

)
, (4.26)

where the dots include terms such as the Maxwell action. The first terms is just the coupling
of Aμ to the current Jμ. The second term is the most simple gauge invariant term involving a
square of a. Based on the arguments we used before, m must be an integer. If we ignore all
other terms, the equations of motion lead to the effective on-shell action

fμν = 1
m

Fμν Seff = e2

�

∫
d3x

1
4πm

εμνρAμ∂νAρ , (4.27)

which provides the transverse conductivity

σxy = e2

2π�

1
m

, (4.28)

the Laughlin state. We note that we have swept a lot of important details under the rug. Other
fractions can be constructed by adding other emergent gauge fields but they are beyond the
scope of our discussion.
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The fractional quantum Hall effect can also be given a description in terms of anyons [96].
Anyons are particles that have fractional statistics. When considering identical bosons or
fermion, exchanging their positions would introduce a phase shift of +1 or −1, respectively.
When exchanging idential anyonic particles, the phase shift can be arbitrary, ei2πq, where q is a
rational number. Anyonic particles are only possible in 2 + 1 dimensions as it is the only dimen-
sion where the exchanges of the anyonic pairs can be described with a braiding group [97, 98].
There is still no definitive experimental proof of anyonic physics although applications for such
states have already been devised for topological quantum computations [99].

To see how anyons are related to fractional quantum Hall effect, we couple aμ to its own
current jμ and set Aμ = 0. Now with the effective action (4.26), the equations of motion for a
point particle, j0(x) = eδ(x), lead to

1
2π

f12 = �

em
δ2(x) , (4.29)

i.e. the magnetic flux attached to a charged particle is only 1
m of its usual value. Inspired by

the Aharanov-Bohm effect, we now take a charged particle around this flux and the state will
acquire a phase ei2π/m. Thus, whenever m �= 1, the state acquires an anomalous phase which
we identify as a signature of anyonic quasiparticles.

4.4 Holographic applications to condensed matter physics

The strongly coupled quasiparticle-free physics are a tempting test ground for the methods of
AdS/CFT. The applications to condensed matter physics are popular enough to have their own
monicker, AdS/CMT. The interesting ill-understood regimes in condensed matter physics often
involve finite chemical potential. As we discussed previously with equation (2.64), the dual
quantity of a chemical potential is the charge density meaning that we should include gauge
fields in the action.

It is reasonable to ask, why would holographic theories help in understanding condensed
matter physics problems. Holographic theories tend to have a large number of degrees of freedom
and symmetries, quite unlike typical condensed matter theory models. We do not expect to find
a one-to-one holographic description of condensed matter systems but are looking for systems
in the same universality class with correct scaling properties and neglect the microscopic details
as corrections.

We will discuss two cases of holographic condensed matter models. The first is the Einstein-
Maxwell dilaton system that is reminiscent of Ginzburg-Landau theory. This serves merely as
an easy-to-understand, much-studied parallel to the well-established original Ginzburg-Landau
theory and we will not go too much into details. The second model we consider are the probe
D-branes in a fixed metric background. This is the main tool of [1, 3] in this thesis and we will
consider it in more detail.
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Einstein-Maxwell dilaton theory

The start of our AdS/CMT discussion is the simplest generalization of the Ginzburg-Landau
model to AdS background, the Einstein-Maxwell dilaton theory. This time, we let the field
content backreact to the metric. The action is

SGL =
∫

dd+1x
√

−g

(
R − 2Λ
16πGN

− 1
4g2 FMN F MN − |DΦ|2 + m2|Φ|2

)
+ Sbdy, Λ = −d(d − 1)

2L2 ,

(4.30)
where DM Φ = ∂M Φ + iAM Φ and Sbdy is a boundary term including counterterms and the
Gibbons-Hawking term. The presence of a |Φ|4 term is not needed since the AdS spacetime
regulates the value of Φ enough without any additional non-linearities [100].

The action admits qualitatively different solutions. If we neglect the effect of gauge and scalar
fields, we can arrive at the AdSd+1 black hole solutions which we studied previously in section
2.2. We studied the behaviour of gauge fields and scalar fields in this fixed background.

When we no longer ignore the backreaction of gauge fields, we can find interesting new phases.
Choosing the simplest non-trivial gauge field, A = At(u)dt, we solve the equations of motion
found by differentiating with respect to the metric and gauge fields. We find a new kind of
solution

ds2 = L2

u2

(
−f(u)dt2 + du2

f(u) + d�x2
)

, f(u) = 1 −
(

u

uH

)d

+ Q2
(

u

uH

)2(d−1)

M = 1 + u2
Hμ2

γ2 , Q2 = u2
Hμ2

γ2 , γ2 = (d − 1)L2g2

(d − 2)κ2 , At(u) = μ

(
1 −
(

u

uH

)d−2
)

.

This is known as the AdS Reissner-Nordström black hole that has a horizon at u = uH [101].
The parameters M and Q are the mass and charge of the black hole, respectively. We explicitly
see that At has two kinds of terms, the source and response, corresponding to chemical potential
μ and charge density at the boundary, respectively.

The thermodynamics of this system can be studied as before. A Wick rotation to Euclidean
time yields the temperature, charge density and the free energy

T = 1
4πuH

(
d − (d − 2)u2

Hμ2

γ2

)
, ρ = − 1

Vd−1

∂F

∂μ
= Ld−1μ

8πG5ud−2
H γ2

(4.31)

F = −T log Z = − Ld−1

16πGN ud
H

(
1 + z2

Hμ2

γ2

)
Vd−1 = F

(
T

μ

)
Vd−1T d , (4.32)

where F is a function that we will not write down explicitly as it requires solving (4.31). Consid-
ering metric and gauge field fluctuations around the background fields allows the computations
of two-point functions such as conductivities [102].

A third possibility is to also add a non-trivial scalar field on top of the gauge field. There are
no analytical closed solutions but the solutions can still be studied numerically. The operator
dual to the scalar dilaton field acquires a non-zero expectation value and there is a condensation
of Φ in addition to a charged black hole. In addition, this phase has the signature infinite
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conductivity at ω = 0, Re σ(ω) ∼ δ(ω), and additional magnetic fields inhibit condensation.
While this seems much like a superconductor, this is not a superconducting phase. The gauge
U(1) symmetry of the bulk is only a global U(1) symmetry at the boundary which is a sign of
a superfluidity. It turns out that a delta peak of conductivity ω = 0 is a typical property of
holographic transport due to translation invariance at the boundary [100].

We discussed three different thermal phases. The phase that is realized must have the lowest
free energy. At high temperatures, the simple AdS black hole appears. At intermediate tem-
perature, the charged AdS-RN black hole with finite chemical potential is the preferred phase.
At the lowest temperatures, the scalar field condensates spontaneously. These phase transitions
are of second order [100].

Probe branes

When discussing our first case of AdS/CFT duality, we considered a stack of N D3-branes,
where N was taken to a large value such that the branes would backreact to the geometry
and form a black brane. D-branes are physically interesting objects as their low-energy physics
contain e.g. a non-linear Yang-Mills theory. If we only consider a stack of a few Dp-branes in
an interesting background (produced by a larger stack of D-branes), we do not have to worry
about the possibility of a backreaction. This is known as the probe brane approximation.

The probe brane approach is interesting for several reasons. The strings ending on different
branes correspond to quark-antiquark pairs, allowing for a chance to study the physics of finite
quark density [103]. Even without quarks, we can study other finite density sysmtems with
easy implementation of other interesting scenarios, such as a finite magnetic field or massive
quarks [104, 105]. They exhibit transport phenomena that cannot be seen in the Einstein-
Maxwell dilaton theories [15].

The placement of the probe branes is important. Probes may wrap around some of the
dimensions of the compact manifold e.g. S5 and then extend along the other dimensions.
Typically, the probe branes extend along the radial u coordinate to say something about the
boundary theory. Some choices are more physical than others as some choices may be unstable
non-supersymmetric solutions [15]. The degrees of freedom in embedding lead to bulk scalar
fields, which we mostly ignore in this thesis; we focus solely on the physics of the gauge fields.
In addition, we only consider the case of one probe brane.

As an example, we consider a probe Dp-brane in thermal AdS5 × S5 background. The brane
wraps around Sn of S5 and the rest extend along u and q ≡ p − n − 1 spatial dimensions. The
dynamics of the Dp-brane is captured by the DBI action

S = −TDp

∫
dp+1

√
− det(gab + 2πα′Fab) (4.33)

ds2
ind = L2

(
−f(u)

u2 dt2 +
( 1

u2f(u) + θ′(u)
)

du2 +
d�x2

q

u2 + cosn θ(u)dΩ2
n

)
, (4.34)

where we have written down the induced metric on the brane. Here, θ is the coordinate of
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the brane along one coordinate of S5. A stable massless solution is obtained by setting θ = 0.
Assuming that the gauge fields do not depend on the internal coordinates, we can write down
an effective action

S = −TDpLnΩSn

∫
dq+2

√
− det(gAB + 2πα′FAB) , (4.35)

where ΩSn is the volume of the internal Sn. From now on we set L = 1 and 2πα′ = 1. Many of
the computational details can be found in a more generic form in [1].

We consider the most simple setting. We use the gauge Au = 0 and set A = At(u)dt to obtain
finite particle density. However, the metric is fixed and finding the solution is easy. The action
depends only on A′

t(u) which means that the functional derivative of the action with respect to
A′

t(u) is a constant. Solving this relation gives us

A′
t(u) = duq−2

√
1 + d2u2q

, (4.36)

where d is a constant proportional to the charge density. Note that the blackening factor does
not affect the solution. Integrating this upto the horizon yields the chemical potential,

μ0 = −
∞∫

0

A′
t(u) =

d
1
q Γ
(
1 + 1

2q

)
Γ
(

q−1
2q

)
√

π
−

2F1

(
1
2 , 1

2q ; 1 + 1
2q ; −u−2q

H
d2

)
uH

, (4.37)

where the second quantity contains the finite temperature contribution [106].
Plugging in the solution to the action, we can compute the standard thermodynamic quanti-

ties [106]. We are only interested in large charge densities, so we regulate the grand potential
by subtracting the zero density potential. We integrate upto the horizon

Ωreg = −Son-shell
reg = −TDpΩSnV

⎛
⎜⎜⎝d

1
q

+1Γ
(
1 + 1

2q

)
Γ
(

q−1
2q

)
√

π(q + 1) +
2F1

(
1
2 , 1 + 1

2q ; 2 + 1
2q ; −u−2q

H
d2

)
du2q+1

H (2q + 1)

⎞
⎟⎟⎠ ,

(4.38)
where V is the volume of the q + 1 dimensional spacetime. The last term does not depend on
the particle density so we can neglect it. The particle density is indeed proportional to d as

ρ = − 1
V

(
∂Ωreg

∂μ

)
T,V

= TDpΩSnd . (4.39)

From the energy density and pressure at zero temperature, ε = Ωreg + μρ, P = −Ωreg, we can
also compute the speed of first sound

c2
s = ∂P

∂ε
= 1

q
. (4.40)

With finite small temperature, the heat capacity is

CV ∼ T 2q . (4.41)
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When we consider the low-energy fluctuation modes, things become more interesting. We can
expand the action to second order around the saddle point by adding fluctuations to the gauge
field FMN → FMN + ∂M aN − ∂N aM . Extremizing the action gives us a set of linear equations
of motion. Fixing the gauge au = 0, performing a Fourier transformation and considering only
gauge invariant quantities Ex = ωax + kxat, we have ordinary differential equations. In general,
these are difficult to solve but they can be solved at two limits, the near-horizon limit, at both
finite and zero temperature, and at the low-energy limit. Imposing both of these limits at
different orders and demanding commutativity while setting the boundary condition Ei(0) = 0,
we can find two kinds of low-energy modes analytically [106, 107]. At finite temperature with
the low-energy limit ω ∼ k2, we find the diffusion mode

ω = −ik2
x

uH

√
1 + d2u2q

H 2F1
(

3
2 , q−1

2q ; 3q+1
2q ; −d2u2q

H

)
q − 1 , (4.42)

and at zero temperature with the scaling ω ∼ k, the holographic zero sound mode,

ω = |kx|
√

q
− i

k2
x

μ0
. (4.43)

At finite temperature, both of these modes exist. It turns out that, at low momenta, the low-
energy modes are diffusive and at higher momenta, the mode transitions from the hydrodynamic
to collisionless regime and the sound mode starts to propagate [108].

Using these solutions, we can compute the current-current correlators and extract the con-
ductivity in both cases. We find

σ(ω) T =0= iρ

μ0

1
ω

(4.44)

σDC
T �=0= TDpΩku2−q

H

√
1 + d2u2q

H . (4.45)

The 1/ω pole of the imaginary component of the AC conductivity is the sign of a Drude con-
ductivity model for which there is a delta peak δ(ω) at ω = 0. At finite temperature, this pole
is damped by thermal fluctuations such that the conductivity does not exceed σDC [109].

The holographic zero sound mode carries its name mostly due to the structure of its dispersion
relation. Its presence is not indicative of Fermi liquid like physics or the presence of a Fermi
surface [106]. The behaviour of other thermodynamical quantities would have to match those
of the fermionic system, which it does not in the simple case above. However, there is no need
to abandon this approach since the probe brane approximation can be adapted to a multitude
of gravitational backgrounds to obtain analytic results. It provides a fruitful way to probe the
properties of strongly coupled dynamics. Possible additional properties to consider are non-
relativistic behaviour [110, 111], magnetic fields [104] and disjoint branes [105, 112], to name a
few.
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4.5 Contributions of this dissertation to holographic condensed
matter theory

This thesis contains two articles on holographic condensed matter theory [1, 3]. Both of them
study the low-energy properties of quantum matter via gauge field dynamics on probe D-branes.

The first paper considers a gravitational background with arbitrary Lifshitz scaling, hyperscal-
ing violation and dimensions of the background and the probe brane. The dynamics are studied
at finite chemical potential and in the presence of a constant magnetic field. The presence of a
magnetic field generates a mass gap in the zero sound mode and introduces a Hall conductivity.
The zero sound mode disappears whenever z > 2

(
1 − θ

d−1

)
where d + 1 is the dimension of the

embedding spacetime. When focusing on theories dual to quantum field theories in 2 + 1 di-
mensions, we can consider an alternative quantization condition. Instead of Dirichlet boundary
condition, we use the condition

lim
u→0

[
nuλfrμ − 1

2εμαβfαβ
]

= 0 (4.46)

with a suitable λ and an arbitrary n. Equivalently, we could introduce Chern-Simons boundary
terms

SCS = 1
2π

∫
bdry

[a1εμνρAμ∂νaρ + a2εμνρAμ∂νAρ + a3εμνρaμ∂νAρ] , (4.47)

where a is a vector such that Jμ = 1
2π εμνρ∂νaρ. As seen in section 4.3, this corresponds to

anyonizing the system3. This has been previously studied in [114]. The anyonic statistics
suggest strongly interacting systems. The effect on zero sound mode is equivalent to modifying
the magnetic field, B → B − dn and introducing a Hall conductivity. The motivation for this
work was to study universal properties of a wide range of strongly coupled systems.

The second paper considers low-energy properties at finite charge density in a spatially
anisotropic background where the bulk metric scales differently for the zz component [3]. In
general, holographic transport properties in anisotropic backgrounds have been mostly ignored
before this4. The backgrounds considered are those introduced in [43–45] but in a more gen-
eral fashion. In the resulting spectrum, the x and z components have different dependence on
temperature and charge density. We study extensively the background

ds2 = 12R2
s

11

(
r7/3(−f(r)dt2 + dx2 + dy2) + r5/3dz2 + dr2

r5/3

)
+R2

sr1/3dΩ5, f(r) = 1−
(

rH

r

)11/3
,

(4.48)
where we compare our numerical and analytical results. The transitions from the diffusive modes
to sound modes behave non-trivially for mixed angles.

3For studies of anyons in holography in a more general context, see [113].
4One contrary example is [115].
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Chapter 5

Summary and outlook

In this thesis, we considered quantum information and condensed matter theory from a holo-
graphic perspective.

The primary reason why the holographic principle has become so attractive is that it enables
us to study strongly coupled systems by relating it to a classical supergravity theory with one
extra spatial dimension. The best known case is the duality between type IIb supergravity in
AdS5 × S5 and strongly coupled N = 4 SYM theory with gauge group SU(N) in the ’t Hoof
limit in 4-dimensional Minkowski space [11]. The duality implies that for every operator in the
boundary theory, there is a corresponding classical bulk field to source it. Whether or not the
duality can be extended to include quantum gravity and weakly coupled boundary theory, is
still an open question.

The duality has been applied to a variety of asymptotically AdS backgrounds, ones with dif-
ferent kinds of scalings in UV and IR regimes and also to time-dependent backgrounds. The
boundary theories considered include CFTs, scale invariant theories, non-conformal and con-
fining theories. It is rare that both sides of the duality can be simultaneously identified but,
nevertheless, many different holographic computations have exhibited universal behaviour mak-
ing the study of holographic systems a good starting point to probe strongly coupled dynamics.

The usual application of holography to quantum information theory is to study entanglement
behaviour of quantum field theories. The quantities with probable holographic duals are entan-
glement entropy and its generalization, the entanglement Rényi (or modular) entropies. They
are both given by the area of a minimal brane in the bulk that has its boundary at the boundary
of the subsystem. For modular entropies, a backreaction to the metric has to be included with
a brane tension proportional to (α − 1)/α [80]. Entanglement entropy has been employed as
an order parameter of field theories undergoing e.g. thermalization or phase transition as the
quantity scales with the number of degrees of freedom in the boundary theory. Entanglement
Rényi entropies of ground states scale with the area of the boundary. In addition, they have
notorious UV divergences that have no obviously correct regularization scheme. Thus, the exact
numerical values of leading non-universal terms are uninteresting but their general behaviour
and differences between different states might still provide insight into the boundary theory [57].
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The work done alongside this thesis focused on the first derivative of Rényi entropy, the capacity
of entanglement, in qubit systems, quantum field theories and holography.

In condensed matter theory, the most interesting modern problems involve trying to un-
derstand the strongly coupled quantum critical phase of quantum matter that do not have a
quasiparticle description. Condensed matter systems with such properties include the strange
metal phase in high-Tc superconductors and graphene. Holography provides a tempting tool
to probe these new phases of matter. The main tool in the condensed matter studies done for
this thesis was the probe brane model with DBI action. In the first paper, it was applied to
study the low energy spectrum in a wide range of backgrounds with varying Lifshitz scaling and
hyperscaling violation and also with anyonic matter. In the second paper, it was applied to
study the effects of anisotropicity on low-energy modes.

Holographic theories can be used to cook up many different systems with different scalings.
However, a complicated bulk theory reproducing all the correct numerical results would be
useless unless it provides a better understanding of the microscopic mechanism responsible for
these physical properties.

A direction of quantum information studies not included in this thesis is the effects of long-
range entanglement on quantum matter. While most matter has only short-range entanglement
as indicated by the area law, some systems, such as fermionic systems with Pauli exclusion
principle, exhibit long-range entanglement. Studying this long-range entanglement probes the
topological order of systems [116].

Holography has been applied to many different scenarios, sometimes with impressive results.
So far, it has survived all verifications of the duality. However, it has not produced a new
prediction that could be experimentally verified. Time will tell, whether it will turn out to be a
tool with predictive power as well.
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