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Abstract

Light scattering, or scattering and absorption of electromagnetic waves, is an im-
portant tool in all remote-sensing observations. In astronomy, the light scattered
or absorbed by a distant object can be the only source of information. In Solar-
system studies, the light-scatteringmethods are employedwhen interpreting ob-
servations of atmosphereless bodies such as asteroids, atmospheres of planets,
and cometary or interplanetary dust. Our Earth is constantly monitored from
artificial satellites at different wavelengths. With remote sensing of Earth the
light-scattering methods are not the only source of information: there is always
the possibility to make in situ measurements. The satellite-based remote sens-
ing is, however, superior in the sense of speed and coverage if only the scattered
signal can be reliably interpreted.

The optical properties of many industrial products play a key role in their qua-
lity. Especially for products such as paint and paper, the ability to obscure the
background and to reflect light is of utmost importance. High-grade papers are
evaluated based on their brightness, opacity, color, and gloss. In product de-
velopment, there is a need for computer-based simulation methods that could
predict the optical properties and, therefore, could be used in optimizing the
quality while reducing the material costs. With paper, for instance, pilot experi-
ments with an actual paper machine can be very time- and resource-consuming.

The light-scattering methods presented in this thesis solve rigorously the inter-
action of light andmaterialwithwavelength-scale structures. Thesemethods are
computationally demanding, thus the speed and accuracy of the methods play
a key role. Different implementations of the discrete-dipole approximation are
compared in the thesis and the results provide practical guidelines in choosing
a suitable code. In addition, a novel method is presented for the numerical com-
putations of orientation-averaged light-scattering properties of a particle, and
the method is compared against existing techniques.

i



Simulation of light scattering for various targets and the possible problems ari-
sing from the finite size of the model target are discussed in the thesis. Scatter-
ing by single particles and small clusters is considered, as well as scattering in
particulate media, and scattering in continuous media with porosity or surface
roughness. Various techniques for modeling the scattering media are presented
and the results are applied to optimizing the structure of paper. However, the
samemethods can be applied in light-scattering studies of Solar-system regoliths
or cometary dust, or in any remote-sensing problem involving light scattering in
random media with wavelength-scale structures.
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1 Introduction

Prologue

1 Introduction

Light scattering, or more generally, scattering and absorption of electromagnetic
waves, is a phenomenon that is present in our everyday life. Most of our visual
perceptions of the world around us result from the scattering and absorption of
light by the objects that we see. Colors are due to the different absorption of
the material at different wavelengths. Differing scattering properties make the
objects bright, dark, glossy, matte, and so forth.

On the other hand, scattering and absorption of electromagnetic waves is an ac-
tive discipline of physics. The Maxwell equations that describe the nature of the
electromagnetic waves date back to 1860’s and they are the basis of the electro-
magnetic theory. Even today, topical research is carried out in many subfields of
the electromagnetic theory and light scattering is one of them.

The study of light scattering offers tools to predict and interpret the observed or
measured results in various fields. Astronomy might have the longest history
of applying light-scattering methods since for most of the astronomical objects,
the light scattered or absorbed by the object is the only source of information
we have. Other fields of remote sensing depend on the interpretation of the
scattered light as well. On the other hand, a part of the quality of many indus-
trial products is the visual appearance and then the scattering properties of the
surface are important. Paper and paint are among the products where the opti-
cal properties – for instance, how well the paint obscures the background, how
bright a sheet of paper is – are key factors in quality assessment. Thewavelengths
of the electromagnetic radiation apart from the visual can also be treated with
the same scattering methods, for instance the scattering of radio or radar waves.

There are areas in light scattering that are more or less ’solved’ in the sense that
there are theories and approximations that can be used to solve the problem
more or less rigorously, and then there are areas that are under active develop-
ment. If elastic light scattering is considered (see Sect. 2.1) the resonance do-
main, as it is sometimes called, is among the areas under interest. The resonance
domain means sizes of the particles or, in a broader sense, of the structural vari-
ations inside the material that are comparable to the wavelength. This size range
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Prologue

is not absolute since the light scattering behavior scales with the wavelength –
with visual wavelengths the resonance domain is roughly around half a micron
whereas with radar wavelengths it can be from a few centimeters up to meters.
In the resonance domain, light scattering needs to be solved more or less exactly
starting from the Maxwell equations and there is no single analytical or numer-
ical method developed that would be generally applicable. The current numer-
ical methods can already face the challenge well, thanks to both the improved
methods and the ever-growing computing resources, but all of them have some
limitations regarding either the size or the shape of the scatterer or the optical
properties of the material. For sizes below the resonance domain the Rayleigh
approximation is quite valid and for sizes above the domain the geometric optics
methods can be used.
The motivation behind the study of the light scattering in the resonance domain
is simply that the wavelength-sized particles scatter light very efficiently, and
secondly, that multiple scattering falls into that domain. Whenever there is a
number of particles that are close enough to each other, the field scattered by one
particle will influence the field induced to other particles and this effect must be
handled collectively.
The subject of this thesis is light scattering in the resonance domain applied to
astronomical objects and industrial products. In the vast field of astronomy Iwill
deal with light scattering by Solar-system objects, namely the regolith on the sur-
face of atmosphereless bodies such as themoons and asteroids, and the cometary
dust. With industrial applications I will consider light scattering in paper, and
especially, light scattering by pigments. The link between the regolith and the
pigments in paper is more obvious than it might appear at the first glance. The
regolith is a collection of small, often mineral∗, particles packed together as a
layer on top of the surface of atmosphereless bodies. The coating layer of paper
is a collection of small, oftenmineral∗, particles called pigments packed together
as a dense layer on top of the base paper. The problem of solving the light scat-
tering properties of the two targets is essentially the same.
There are, of course, some distinctive differences when considering either re-
golith or pigments. We can usually make only observations of the light scattered
by the regolith. Furthermore, in most cases the observations are disk-integrated
meaning that the target is so far and so small that it is seen as a point-like source
and the observed signal is the collective result of the scattering over thewhole ob-
ject. The chemical and morphological composition of the regolith is unknown.
With the pigments we can make controlled laboratory measurements. Even the
single-scattering properties of the individual pigments can be measured and the
shapes, sizes, packing properties, and the chemical compositions are known to
some extent. Therefore, light scattering in the astronomical applications is often
an inverse problem, and in the industrial applications, a direct problem.
∗The regolith consists mostly of rock fragments together with mineral and glassy particles, and

possibly ices. Pigments in paper industry are mostly mineral particles, such as calcium carbonate
and clay.
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1 Introduction

The structure of this thesis is such that the light scattering theory and concepts
are introduced in Sect. 2 together with an introduction to the modeling of the
scattering media. The methods to solve light scattering in the resonance domain
are discussed in Sect. 3. Some results concerning the simulation of light scat-
tering in media with wavelength-scale structures are presented in Sect. 4. The
original publications are summarized together with conclusions in Sect. 5, fol-
lowed by the attached original publications.

3



Prologue

2 Scattering in random media

2.1 Basic definitions in light scattering

The state of a light beam in time-averaged sense without absolute phase infor-
mation can be described with the Stokes vector I, a collection of four Stokes pa-
rameters

I =


I

Q

U

V

 . (2.1)

The parameter I describes the intensity of light, parameters Q and U the linear
polarization state, and V the circular polarization state [1]. Natural (unpolar-
ized) light hasQ = U = V = 0, otherwise the light is either partially polarized if
I2 > Q2+U2+V 2 > 0, or fully polarized if I2 = Q2+U2+V 2. The degree of lin-
ear polarization is

√
Q2 + U2/I and the degree of circular polarization similarly,

V/I .
The scattering event can change the state of light, i.e., incident light with Stokes
vector Iinc will be transformed into scattered light with Stokes vector Isca. This
transformation can be fully described with the 4×4 Mueller matrixM, i.e.,

Isca = MIinc (2.2)

If we have a setup presented in Fig. 2.1 and we imagine a perfect detector in
the direction of scattered light in the figure at distance R from the particles, the
scattered light in direction θ can be described with the help of the scattering
matrix S(θ) which is a scaled Mueller matrix so that Isca = 1/(k2R2)S(θ) Iinc,
where k is the so-called wave number 2π/λ and λ is the wavelength of light.

incident

scattered

α

θ

Figure 2.1: Sketch of the scattering event and definitions for the commonly used
scattering angle θ and phase angle α.

The scattering matrix as a function of the scattering angle θ (or, alternatively the
phase angle α = π − θ) provides the complete information about the scattering
event. If for instance we would have natural (unpolarized) incident light, then
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2 Scattering in random media

the scattered intensity would be given by the (1,1) component of the scattering
matrix, Isca ∝ S11(θ) Iinc. Because I ammainly dealing with natural light in this
thesis the component S11 is often referred to as ’intensity’.

The scattering angle and the phase angle were already defined in Fig. 2.1 but
other angleswill be neededwhenwe are speaking about scattering by surfaces or
by media above a surface. In Fig. 2.2 there is a sketch of a scattering event from a
cylindrical slab. The scattering plane is defined by the incident and the scattered
directions and the scattering angle θ (and the phase angle α) is measured in the
scattering plane. The surface normal is the zenith direction and the incident
light together with the zenith defines the so-called principal plane. The angle
between the normal and the propagation direction of incident light is the angle
of incidence θi and the angle between the normal and the propagation direction
of scattered light is the angle of emergence θe. If both the incident and scattered
directions are projected on the surface the angle between the projected directions
is the azimuth angle ϕ. We can agree that if the incident and scattered directions
are both in the principle plane but on the other sides of the surface normal the
azimuth angle ϕ = π and ϕ = 0 if on the same side.

Figure 2.2: Sketch of the geometry in scattering by a target on a surface. The
incidence angle θi and the emergence angle θe are shown. The azimuth angle ϕ
is not shown in the figure but it is the angle between the incident and scattered
direction if they are projected on the surface. In this example the scattering plane
is the same as the principal plane and the scattered direction is on the opposite
side of the normal from the incident direction, so ϕ = π.

When the incident light interacts with the target (i.e., particle, collection of par-
ticles, or any volume with material that has different optical properties than the
surroundingmaterial) part of the light can be absorbed and part can be scattered.
Together the scattering and absorption are called extinction. The morphology
of the target (i.e., the size and shape), the wavelength of the incident light and
the optical properties of the scatterer will dictate the amount of absorption and
scattering, and the angular distribution of scattering. The physical size of the
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target will be entangled with the wavelength of light through the so-called size
parameter x = kr = 2πr/λ where r is the radius of the target. If the optical
properties of the target would remain the same with all wavelengths then also
the scattering event would have the same results with all the size-wavelength
combinations that have constant value of x. For nonspherical particles, the ra-
dius is often replaced with the equal-volume-sphere radius. I will be using the
term ’size parameter unit’ (spu) in appropriate places in this thesis, meaning the
dimensionless size unit which is the physical size times the wave number k. The
optical properties of the material mentioned above can be described with the
complex refractive indexm = mr + imi. Throughout this thesis I will be speak-
ing solely of elastic scattering which means that the wavelength of light will not
change on the scattering event. Inelastic scattering such as Raman scatteringwill
not be dealt with here.

2.2 Quantities derived from the scattering matrix

There are altogether 16 elements in the scatteringmatrixS that describes the scat-
tered light. For symmetry reasons, however, there are usually much less inde-
pendent components. Following [2] and [3] we can conclude that for very small
single particles where Rayleigh scattering† is applicable the scatteringmatrix SR
has only three independent components, for individual spheres of any size SS
has four, and for macroscopically isotropic and symmetric media SM has six in-
dependent components. The structure of these matrices is

SR =


S11 S12 0 0

S12 S11 0 0

0 0 S33 0

0 0 0 S33

 , SS =


S11 S12 0 0

S12 S11 0 0

0 0 S33 S34

0 0 −S34 S33

 , and (2.3)

SM =


S11 S12 0 0

S12 S22 0 0

0 0 S33 S34

0 0 −S34 S44

 .

Often in our applications, eithermimicking astronomical observations or labora-
tory measurements, we are dealing with natural light. In that case the observed
signal is always dependent only on the first column of S: (S11, S21, S31, S41).
It should be noted that the concepts of single scattering and multiple scattering
were already fluently mixed together in Eq. (2.3). The scattering matrices SR
and SS clearly describe light scattering by a single, homogeneous particle. The
scattering matrix SM , on the other hand, is a collective result of the multiple
light scattering events inside the medium. The morphology of the scattering
medium can be used to divide the scattering problem into four distinctive cases
that require different approaches:
†Rayleigh scattering refers to a scattering named after Lord Rayleigh, applicable to single particles

much smaller than the wavelength.
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2 Scattering in random media

1. Single scattering: Scattering by a single homogeneous particle.

2. Multiple independent scattering in optically thin media: If the number of
particles (or inhomogeneities in the medium, in general) is small, the dis-
tances between the particles are sufficiently large, and the medium has fi-
nite thickness, the so-called single-scattering approximation is valid [4].
This implies that the incident field on each particle is due to the incident
light, and the contribution from the fields scattered by the other particles
is small and can be neglected. Light scattering from such a medium can be
solved simply by adding together the scattering contributions of the indi-
vidual particles. This approach requires that the particle positions in the
medium are uncorrelated. If this is not true, the phases of the waves scat-
tered by the particles must be taken into account because they can be in
constructive or destructive interference with each other.

3. Multiple scattering in sparse but optically thick media: The particle posi-
tions are random and the volume fraction is sufficiently small, which im-
plies that the particles are (statistically speaking) in the far-field zone of
the other particles. The difference to case 2 is that the medium is optically
thick. The contribution from the fields scattered by the other particles to
the incident field for a particle is significant. In this case the radiative trans-
fer theory can be used to combine the single-scattering properties of a par-
ticle and the contributions of the scattered fields of all the particles [4].

4. Multiple scattering in densemedia: The distances between the particles, or
inhomogeneities in the medium, are in the wavelength-scale. This implies
that the field induced at any point inside the medium is a combined result
of the incident field and the field scattered by the material in the vicinity
of the point. One cannot separate distinct scattering events that are in the
far-field zone of each other and the rigorous wave-optical treatment of the
medium as a whole is a must.

Cases 1 and 4 are considered in this thesis. Case 2 does not need a special treat-
ment since it is only a sum of singe-scattering events. Case 3 with the radiative
transfer theory is an important case when considering light scattering in an at-
mosphere or by cosmic dust but is not dealt with here.
The same scatteringmatrix S is used throughout this thesis to describe light scat-
tering, whether it is a result of scattering by a small single particle or a collective
results of an inestimable number of scattering events by a macroscopic target, an
asteroid for example.

2.2.1 Solar-system objects

In practice, the astronomical observations of Solar-system targets are mainly car-
ried out for intensity or phase function S11(α) as it is often called, and for the
degree of linear polarization −S12(α)/S11(α) for unpolarized incident light. In
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paper industry, the optical properties of paper are all based on intensity, i.e.,
brightness, gloss, and opacity of paper [5]. Linear polarization is used only in
some applications such as the detection of fiber orientation in the base paper.

One typical Solar-system application of light scattering concerns the intensity
and polarization phase curves of atmosphereless bodies such as asteroids. In
Fig. 2.3 an example with a compilation of S-type asteroids‡ is shown. The prop-
erties of the scattered light from an asteroid or another body without an atmo-
sphere originate in its surface, i.e., the regolith layer. That layer consist of rela-
tively small particles packed into a layer that more or less covers the whole body.
In that sense the study of regolith scattering is actually very close to the study
of scattering by paper surface which also consists of packed small particles, nor-
mally called as pigments.
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Figure 2.3: Observed disk-integrated brightness (left) and degree of linear polar-
ization (right) for a collection of S-type asteroids. There are 79 brightness obser-
vations of 6 asteroids and 279 polarization observations of 29 asteroids belonging
to the S taxonomic group.

We candirectly recognize interesting aspects of asteroid light scattering in Fig. 2.3.
First of all, the intensity seems to increase more than linearly when we approach
exact backscattering, i.e., phase angle 0◦. This phenomenon is the so-called bright-
ness opposition effect (BOE). The explanation for this behavior in the past has
been the shadow-hiding mechanism where the shadowing in particulate and
rough media will decrease when approaching backscattering [7]. Nowadays
it is recognized that shadow hiding can, at best, explain some part of the BOE
and that the coherent backscattering (CB) is the dominatingmechanism (see e.g.,
[4, 8] and [9, 10] for recent developments). In CB the waves from the multiple
scattered path from the light source to the observer and from the reversed path
are in the same phase, due to the backscattering geometry, and thus amplify each
other through constructive interference.

The degree of linear polarization has also features which are widely recognized
but not yet fully understood and explained [11]. First, there is a negative surge in
‡Asteroids are divided into taxonomic types based on their reflectance spectra [6]. The taxonomic

type (S, C, E, M, etc.) correlates with the surface material of the asteroid.
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2 Scattering in random media

the polarization curve with small phase angles, turning into positive at around
20◦. This is typical behavior for almost all the asteroids and for some comets,
too. Second, the polarization opposition effect (POE) can be seen on some ob-
jects, although it is not clearly seen with the S-type asteroids in Fig. 2.3. The
POE is the asymmetry of the polarization curve so that the minimum is reached
rather quickly after the opposition and after the minimum the increase is more
linear [12]. This effect can be seen on some bright, high-albedo objects such as the
Jovian moon Europa [13] and the E-type asteroid 64 Angelina [14] and in labora-
tory measurements [15]. With asteroid and comet polarization the wavelength
dependence of the polarization curve is being studied [16, 17, 18, 19, 20].

In addition to the quantities that are functions of the phase angle there are in-
tegrated quantities that are used in Solar-system applications. The most impor-
tant is the albedo of the object – the ability to reflect light. The Bond albedo A is
simply the ratio of the scattered power to the incident power for a body and is
always between 0 and 1. Another albedo, although not an integrated quantity, is
the geometric albedo p which is the ratio of fluxes from the object and from the
equal-sized Lambertian disk at the same distance when observed with a phase
angle of 0◦. The relation between these albedos is A = pq, where q is the phase
integral

q =
2

S11(0)

∫ π

0

S11(α) sin(α) dα. (2.4)

The Bond albedo is difficult to observe since it requires the knowledge of the
phase integral. The geometric albedo on the other hand can be derived from the
apparent magnitude of the object at α = 0◦ if the size of the object is known.

The sentence above, from the apparent magnitude at α = 0◦, is one motivation to
study the scattered intensity from a regolith near the exact backscattering direc-
tion. The apparent magnitudes can often be observed at angles near opposition,
but not in the exact backscattering direction. The model that we use to predict
the value at exact opposition will have an effect on the estimates of magnitude
or size and geometric albedo [21].

2.2.2 Small particles

For small particles (i.e., wavelength-scale) and collections of such, the complete
information about their light scattering is, again, in the scattering matrix. The
intensity and the degree of linear polarization are important, as well as other
polarization ratios. For example, the non-zero values of circular polarization
ratio S41/S11 can be used as a biomarker in cometary dust observations, i.e., as
a hint of complex organic molecules [22].

Important integrated quantities include the scattering cross sectionCsca together
with the efficiency factorQsca, the scattering coefficient ksca and the asymmetry
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parameter g. Csca and g are defined as

Csca =
1

k2

∫ 2π

0

∫ π

0

S11(θ, φ) sin(θ) dθdφ, and (2.5)

g =
1

k2 Csca

∫ 2π

0

∫ π

0

S11(θ, φ) sin(θ) cos(θ) dθdφ.

For targets in a fixed orientation with no rotational symmetry, S11 is actually a
function of both θ and φ, but for rotationally symmetric or randomly oriented
particles, S11 is constant over φ. The scattering cross section describes the total
scattered intensity to all directions and the asymmetry parameterwill weight the
scattered intensity by cosine. The asymmetry parameter will be positive if the
particle ismore forward scattering andnegative ifmore backward scattering. For
efficiency the scattering cross section is divided by the geometric cross sectionG
of the particle, Qsca = Csca/G and for the scattering coefficient by the volume
V , ksca = Csca/V .

Similar cross sections, efficiencies, and coefficients exist also for absorption and
extinction where extinction = absorption + scattering. The single-scattering al-
bedo for a particle is$ = Csca/Cext. Interestingly, the extinction efficiency Qext
can easily be over one, meaning that the particle can interact with the light beam
beyond its cross-sectional area. This can be partly explainedwith diffraction that
will happen due to the boundary of the particle and its surrounding medium.
In fact, Qext will approach a value of 2 when the particle size increases. With
wavelength-scale particles the value ofQext will oscillate having also values> 2.
It can be said that the optical cross section of a particle is larger than its geometric
cross section [2].

2.2.3 Paper and related products

In the field of paper science, the measurements of the optical properties of the
end product play a key role when comparing different products. Some paper
grades need to have high gloss, for example, while others are used in environ-
ments where low gloss but high brightness or opacity is important. In principle,
all the measured quantities can be traced back to the scattering matrix of the tar-
get. In practice, only the intensity element S11 of the scattering matrix is used.

The device that measures scattered light as a function of the angles θi, θe, and ϕ
is called a goniophotometer. Usually the measurement is carried out only on the
upper hemisphere of the target. In Fig. 2.4, there is an example of the result of
goniophotometric reflectance measurement for a paper sample. The measure-
ment is along the principal plane and the measured curve has certain interesting
features. The overall angular profile of the scattered light is rather featureless
and the target seems to scatter uniformly in all directions. This type of scattered
light is often described as being ’diffuse’ or ’incoherent’ in paper optics. On top
of the smooth profile there is a strong peak in the specular direction. This is
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2 Scattering in random media

called the gloss peak and also described as ’specular’ or ’coherent’ scattering.
Paper is dense but particulate material, so it is a bit unconventional to speak
about specular reflection, and there is no way to distinguish between incoherent
and coherent scattering with a goniophotometer, but still these terms describe
well the behavior of the scattered intensity. Interestingly, there seems to be even
backscattering enhancement in the direction of the incident light. Unfortunately,
the figure is used merely as an example in [23] and no further information about
the sample or the goniophotometric device can be found.

Figure 2.4: Polar plot for the angular reflectance (i.e., intensity, S11 ) of a paper
sample measured with a goniophotometer (Leskelä, M. "Optical properties", in
[23]).

Whereas the angular upper hemisphere intensity is sometimesmeasured, all the
commonly used quantities are either integrated ormeasured at fixed angles. The
reflectance factor is the most important ’integrated’ measure in paper optics. I
use the word ’integrated’ in a loose way, because the reflectance is actually mea-
sured with the integrating sphere, diffuse lighting and with the detector at a
fixed angle [24]. In the light scattering computer codes, the situation is the oppo-
site (see Sect. 3) – one simulation can provide the scattered light in any direction
for a fixed incident direction. Fortunately, the reciprocity principle of light al-
lows us to reverse the path and change the incident and scattered directions. In
that sense the reflectance of the paper is the integrated intensity over the upper
hemisphere. By using the same notation as above and referring to angles defined
in Fig. 2.2, I introduce the ’upper hemisphere scattering cross section’ Cup as

Cup =
1

k2

∫ 2π

0

∫ π/2

0

S11(θe, ϕ) sin(θe) dθedϕ. (2.6)

Roughly speaking, this is the reflectance that is measured in paper optics, only
without normalization to the reflectance standard, an ’ideal diffuser’, which can
be, e.g., Spectralon (see, e.g., [25]). In different definitions of brightness Cup is
measured with some particular light source using some pre-defined angle or
with diffuse light, and receivedwith a detectorwith defined sensitivity to certain
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wavelengths, etc. [26]. The gloss ismeasuredwith a glossmeterwhich has a fixed
incident angle and small-aperture detector at the specular angle. In that sense,
gloss can also be integrated from S11 of the target by delimiting the integration
boundaries to contain an area matching the detector aperture.

Controversially, the opacity of paper, or its ability to obstruct light, is usually not
measured from the transmission through the target but also from Cup. This is
carried out by comparing the Cup values between the target with and without a
black backing or with backing with a pre-defined Cup value.

2.3 Modeling the scattering media

The scattering simulation codes mentioned in Sect. 3 can provide the exact scat-
tering behavior of the target geometry but the target must be explicitly given. In
some cases we are interested in purely theoretical targets but often we want to
simulate scattering by some real target, for example, planetary regolith or pig-
ments in paper. In some rare cases we can say that we actually know the geo-
metry of the target. This can happen if we can measure the geometry using a to-
mographic device, such as an X-ray microtomograph, which yields the complete
3D description of the target. Usually, however, we need to develop a geometric
model for the scattering target.

Selecting a proper model can be quite cumbersome, especially since the possible
conclusions of the study can depend heavily on the choice. Especially in the past,
the solution methods available for a scattering problem dictated the modeling –
if the Mie solution§ for the scattering by a sphere was the only available code
then everything had to be modeled with single spheres. Nowadays the situation
is better because volume integral codes such as DDA (see Sect. 3.1) can handle
any (discretized) shape. However, despite the ever-growing computing power
the DDAmethod has limitations concerning the size of the scatterer. That is why
modeling aggregates or particulate material with a collection of spheres can be
favorable since it enables us to use the superposition T -matrix code (Sect. 3.2) for
scattering simulations.

2.3.1 Single particles

For cometary or interplanetary dust, particles in an atmosphere or in liquid so-
lutions, for example, the volume fraction of the particles (called packing density,
pD) is usually low and the distances between particles are large. In these cases
the most demanding part of solving the scattering properties is to derive the
single scattering, i.e., the scattering by a single particle. In this kind of approach
we need to model the shapes of the particles together with the size distribution
§Mie theory is a rigorous solution for the scattering and absorption by a sphere of arbitrary radius

and refractive index. Independently from Mie, also Lorenz and Debye considered this problem and
the name Lorenz-Mie-Debye theory is therefore equally justified.
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and perhaps the orientation distribution and then average over these distribu-
tions.

With Earth-based targets we can usually examine the single particles by taking,
e.g., scanning electron microscope (SEM) images. If we are lucky the shape of
the particle can be modeled with reasonable accuracy by some nice and well-
behaving analytical shape such as a sphere, ellipsoid, cylinder etc. There is a
practical reason for choosing this kind of a particlemodel even if the real particles
do not follow the analytical shape exactly. The scattering simulations for a sphere
are extremely fast using the Mie solution. For rotationally symmetric shapes,
spheroids, cylinders, and the so-called Chebyshev particles, one can use the T -
matrix method and its efficient implementation, the T -matrix code (TMM) [27].
More complicated shapes include, e.g., the model for red blood cell [28, 29].

Some particles do not fall nicely into any of the aforementioned shape classes.
The reason may be that the shapes are somewhat random and differ from one
particle to another. There are some random particle models that are used in light
scattering studies. The Gaussian random sphere [30, 31] is a sphere where the
radius function is disturbed with a Gaussian field and there is now even an el-
lipsoid version available [32]. A random convex polyhedron is a shape model
developed by me and consists of random vertex points around the origin which
will form a convex hull with polygonal plane facets [33]. The so-called agglomer-
ated debris particles are created with an iterative random process starting from
a sphere and ending up with debrii of the original sphere that may or may not
be in contact with each other. This particle shape is used in many theoretical
studies or to model cometary dust particles [34, 35, 36].

The estimation of the parameters for a random shape from data (images of par-
ticles) can be complicated and often these models are just fine-tuned so that they
will be visually similar enough to the actual particles. However, sophisticated
shape parameter estimation techniques are available for these shapes based on
the maximum likelihood estimation for a Gaussian random sphere [37] or on the
empirical maximum likelihood estimation for random convex polyhedra [33].
All the aforementioned particle shapes are shown in Fig. 2.5.

2.3.2 Packing of particles

If we are dealing with particulate material we have several aspects to consider
with the modeling. These include the shape of the particle, the size distribution,
the optical properties (i.e., refractive index) of thematerial and the packing of the
particles. The two targets of particulate material in this thesis, planetary regolith
and pigments in paper (particles used in paper industry are called ’pigments’)
are cases opposite to each other in terms of our possibilities to characterize the
aforementioned properties. With the regolith, even the material of the scatterer
can easily be unknown, not tomention the shapes, size distribution, etc. With the
industrial-made pigments, however, almost everything can be measured. This
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Figure 2.5: Examples of single particle model shapes. From top left: (i) sphere,
(ii) spheroid, (iii) cylinder, (iv) Chebyshev particle, (v) red blood cell model, (vi)
Gaussian sphere, (vii) Gaussian ellipsoid, (viii) convex polyhedron, and (ix) de-
bris particle. The visualization of (vii) is from T. Pieniluoma. The figure for (v) is
taken from [28] and the figure for (ix) from [34].

is, in principle, an ideal case but it has its downsides. It can actually be quite dif-
ficult to produce a model shape for complex pigment shapes, a rosette-shaped
PCC particle (precipitated calcium carbonate) for instance (see Fig. 2.6). The var-
ious geometric properties of the material consisting of these pigments can be
measured, e.g., the porosity (or, equivalently, the packing density) and surface
roughness. The surface of paper is intentionally densely packed and usually
calendered. A calender is a device with a series of hard pressure rollers and is
used in the paper machine. It will smoothen the surface and pack especially the
surface layer. This will increase the gloss of the material.

After all the processes in paper making, the end product is so smooth and dense
that it is actually quite demanding to simulate a particle packing that will reach
the same level of density and smoothness. For this purpose I have written a code
that can be used to simulate all kinds of layers of particulate material. It is based
on random displacements of the particles together with a simulated annealing
optimization scheme. The quantity to be minimized, the ’system energy’, can be
somemeasure of the close-packing of the particles. Suitable choices include, e.g.,
a joint particle-particle potential (a Lennard-Jones type potential, a model that
approximates the interaction force between a pair of neutral atoms ormolecules)
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Figure 2.6: A scanning electron microscope image of the surface of paper con-
sisting of PCC filler pigments (Albacar, a product of SpecialtyMinerals Inc.) and
nano-fibrillar cellulose (left) and a model for a single rosette-shaped PCC pig-
ment (right).

or a ’gravity’ potential, a joint potential energy of the particles in some arbitrary
coordinate frame. For layered particulate media the obvious choice for the co-
ordinate frame is such that the elevation of the particle from the plane we are
packing on is directly proportional to its potential. If the code were used to sim-
ulate, e.g., cometary dust aggregates or other clusters that are freely composed
in low-gravity conditions then the ’gravity’ potential would operate in the sphe-
rical coordinate framewith the center of the cluster as the origin and the distance
between the origin and the particle would be proportional to its potential.

The so-called ’simulated annealing packing’ (SAP) code that I have used in sim-
ulating the structure of both paper pigment layers and regolith can be shortly
summarized as being composed of the following steps:

• Create a starting setup where all the particles are placed in the desired
volume and are not overlapping.

• Make a random displacement of one particle.

• Compute the change in the overall system energy and check if the displace-
ment causes collision with other particles.

• If there are no collisions accept the displacement if the system energy de-
creases. If the energy increases, then accept with probability exp(∆e/T ),
where ∆e is the (negative) change in the energy, and T is the ’temperature’
of the system. This is the simulated annealing step of the algorithm.

• Continue until predefined system energy or number of turns is reached.
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The ’annealing’ part in the algorithm means that the system temperature T is
high at first, thus giving larger acceptance probability for the particle to move
towards higher energy positions. As the temperature decreases also the proba-
bility for ’bad’ moves decreases. The rate of the accepted moves per one simula-
tion round over all the particles should be kept high or otherwise the structure
will pack very slowly. This can be executed by varying the amount of random
displacements. At first, largemovementsmust be possible but after the structure
is already densely packed only small displacements will be possible without a
collision with other particles.

This algorithm is general and can be applied to any kinds of particles. The only
conditions are that the possible collision between two particles can be checked
and that the system energy can be computed. These are also the most time-
consuming parts of the algorithm. If the ’cooling’ of the system, i.e., the lowering
of temperature T during simulation, is carried out slowly enough, the algorithm
will converge to a dense random close packed state.

If the Lennard-Jones or other particle-particle potentials are used in computing
the system energy that computation can also take some significant portion of the
simulation time. If only the ’gravity’ potential is used the step requires typically
much less time. In any case, the most important part of the algorithm is the col-
lision check between two particles. If that can be computed relatively fast then
one can quite easily pack thousands of particles with a standard personal com-
puter. Currently, the collision check is implemented in the code for (i) spheres,
(ii) ellipsoids, and (iii) arbitrary convex polyhedra.

The collision check for a sphere is obvious – it must be checked if the distance
between the sphere origins is smaller than the sum of their radii. The check for
ellipsoids is based on the algorithmpresented in [38]. Let us define the ellipsoids
A and B with an intercenter distance vectorR and matrices

A =
3∑
k

a−2k uku
T
k , (2.7)

B =
3∑
k

b−2k vkv
T
k , (2.8)

where ai and bi are the semiaxes of A and B, and ui and vi orthonormal unit
vectors along the ellipsoid principle axes. Then the so-called objective function
S(λ) for A and B is

S(λ) = λ(1− λ)RT [(1− λ)A−1 + λB−1]−1R. (2.9)

The contact of the ellipsoids can be checked by maximizing the objective func-
tion in λ ∈ [0, 1]. It can be shown that S(λ) is a concave, non-negative single-
maximum function in that range, thus maximization can be quite fast. If the
maximum is less than unity, the ellipsoids A and B are overlapping.
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The contact function of two convex polyhedra is based on the Gilbert-Johnson-
Keerthi distance algorithm and on its Fortran implementation [39]. Convex poly-
hedron is a convenient shape class, because it can be used to model all kinds of
materials that have smooth planar facets. These include different rocks and sand
and some industrial pigments such as Kaolin which has plate-like structure, a
hexagonal plate in some cases. An example of modeled Kaolin particles packed
with the SAP algorithm are shown in Fig. 2.7.

Figure 2.7: An example of 2248 regular hexagonal platelets (model for Imersys
Intramax Kaolin) packed in a 50 µm× 100 µm periodic vessel.

2.3.3 Cometary dust

If we return to the essential difference between modeling industrial products
(pigments and paper) and astronomical objects in the Solar system, we can con-
clude that significant efforts can be made to fine-tune the model of industrial
products to match the measured properties. With astronomical objects, how-
ever, their light scattering characteristics might be the only information we have.
This is why modeling regolith or other dust in the Solar system is usually an
inverse problem where the target properties are searched by fitting the scatter-
ing behavior of the model to the observations and optimizing the model until a
reasonable fit is produced.

The difficult part in the aforementioned inversion is that the light scattering
problem is complex and ill-posed. Different shape-size-packing-refractive in-
dex combinations can produce predictions that are close to each other. This is
the reason why there exist a variety of scattering studies that suggest different
possible models for cometary dust, for example.

With comets the (linear) polarization is a useful tool in scattering studies. The
apparent magnitude of a comet is changing together with its distance to the Sun
but the degree of (linear) polarization is a ratio and therefore the observations do
not need to be normalized. The positive side of the observations of comets and
their dust coma is that due to the geometry of the Sun-comet-Earth systemawide
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range of phase angles can be covered. To my knowledge the largest phase angle
for which there are polarization observations is α = 122.1◦ for comet C/1999 S4
LINEAR [40]. Asteroids, for example, cannot usually be observed with phase
angles larger than, say, 30◦ and distant objects, such as transneptunian objects,
with significantly smaller phase angles. The one downside with the comets is
that it requires efforts to separate the signal from the comet’s nucleus from that
of the comawhen observing. Furthermore, when conducting aperture-averaged
observations one combines the signal from the jets and the circumnuclear haloes
and there is a possibility that their polarization properties might differ [41, 42].
This can be avoided by the use of imaging polarimetry but requires more from
the observing instrument. In any case, observations of cometary dust polariza-
tion can be used to narrow down the possible physical and morphological prop-
erties of cometary dust particles.

The shapes that are used to model cometary dust include, to mention a few,
models with spheroids [43, 44], Gaussian spheres [43], aggregates of spheres
[45, 46, 47, 48, 11], aggregates of spheroids [48], aggregates of Gaussian spheres
[11], core-mantle aggregates [48] and agglomerated debris particles [49]. In these
studies at least the degree of linear polarization, possibly also the intensity of
cometary dust is considered, but in some studies also the effect of the wave-
length filter is included (e.g., [47, 48, 11, 49]). The models with aggregates use
different aggregation processes such as ballistic particle-cluster or cluster-cluster
aggregation where the aggregate is formed by attaching either particles or small
clusters one by one to the aggregate from random directions. The fact that the
light scattering behavior predicted by all these models can be fitted (to some ex-
tent) to observational data tells that the inversion problem is ill-posed.

2.3.4 Size distributions

Whenever a model for either a collection of well-separated single particles or for
a close-packed media of particles is considered there is a question of the size
distribution of the particles. This question is sometimes not that important and
it is sufficient to make an educated guess for a suitable size distribution.

In studies of Solar-systemdust, a power-law distribution (P) is often favored, i.e.,
n(r;α) ∝ r−α in some range [rmin, rmax], where r is the size of the particle, α the
power-law index and n(·) the number density function. The power law seems
to fit quite well to many targets, although the part that will make its parame-
ter estimation awkward is that the lower and upper limits have to be somehow
estimated, too. In all reasonable cases the lower limit rmin is larger than zero be-
cause otherwise limr→rmin

n(r;α) → ∞. The upper limit rmax does not have to
be finite, but it can be shown that if rmax → ∞ then the power-law distribution
does not have finite moments of order m for m ≥ α − 1. In other words, if the
power-law index α < 2 even the expected value of the distribution is not finite.
If 2 < α < 3 the expected value exists but the variance or other higher moments
do not.
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An interesting feature in the power-law size distribution is that if it is used in
modeling the sizes of particles in light-scattering simulations with rmin → 0 and
rmax →∞, and the refractive index of the particle is assumed to be constant over
the wavelengths, then there cannot be any differences in scattering at different
wavelengths. This should especially be noted if studying the wavelength effect
in, e.g., cometary dust and modeling the size distribution with the power-law.
This is due to the fact that light scattering is a function of the size parameter of
the target, i.e., the wave number k times the physical size. If the wavelength is
changed the size parameter will be multiplied by a constant factor. However,
the power-law distribution is scale-invariant so the resulting size distribution (in
size parameters) will be just the same as the original. If the particle size range is
limited to rmin > 0 and to a finite rmax this is not a problem because the limits
in size parameter units will change with the changing wavelength.
Other popular distributions, used both in Solar-system applications and for in-
dustrial pigments, include, e.g., lognormal (LN ), gamma (G), inverse gamma
(IG), andWeibull distributions (W). Whendealingwith particles fromwhich the
size distribution can be measured there is one practical issue, nicely explained
in [50] that I will discuss a bit further. The devices that are used in measuring
the particle size distributions are usually based on Fraunhofer diffraction or Mie
theory and both assume a spherical shape for the particles [51]. For irregularly
shaped particles, this will obviously introduce systematic errors. If this is put
aside and we choose to trust the data it should be noted that these devices will
produce volume (or projected-surface-area) based distributions. The cumula-
tive density function for volume-based distribution FV (r) will give the fraction
of the unit volume that is occupied by particles with radii ≤ r and fV (r) is the
volume-based probability density function.
If wewant to simulate light scattering by themeasured particles we need to have
a number-based distribution, i.e., cumulative distribution FN (r) which tells us
the (relative) number of particles with radii≤ r and the corresponding probabil-
ity density fN (r). The link between these distributions is the factor c = 4π r3/3

so that
fV (r) ∝ c fN (r) and fN (r) ∝ c−1 fV (r). (2.10)

The normalization factors so that
∫∞
0
fV (r)dr = 1 and

∫∞
0
fN (r)dr = 1 can be

found numerically. For certain distributions, however, the form of the distribu-
tion does not change between fV and fN , only the parameters. These include, to
my knowledge, at least the lognormal, gamma, inverse gamma, and power-law
distributions. The change in parameters is:

fV ∼ LN (µ, σ) ⇔ fN ∼ LN (µ− 3σ2, σ) , (2.11)
fV ∼ G(α, β) ⇔ fN ∼ G(α− 3, β) ,

fV ∼ IG(α, β) ⇔ fN ∼ IG(α+ 3, β) , and
fV ∼ P(α) ⇔ fN ∼ P(α+ 3) .

For some other distributions, e.g., for the Weibull distribution, the transforma-
tion can be carried out analytically but the resulting fN does not obey W any
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more. If one would like to use the links between the distributions in Eq. (2.11)
it should be noted that, for the gamma distribution, the parameter α should be
larger than four, otherwise fN will not be defined.
The formulae for the distributions together with an example of the link between
fV (r) and fN (r) are given in the Appendix.
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3 Light-scattering codes

3 Light-scattering codes

The exact formulation of the absorption and scattering of light by material is
given by the macroscopic Maxwell equations (MEs) together with the bound-
ary conditions at the interface of the material and the surrounding media. The
rigorous treatment of these partial differential equations is beyond the scope of
this thesis and the interested reader can find introductions to the subject in, e.g.,
[2, 4].
A more relevant subject regarding this thesis is the practical solution of these
equations. All the wave-optical computation methods must be based on the
MEs. Themethods can be divided into analytical and numerical techniques. The
fully analytical treatment of the MEs has succeeded for only a limited number
of particle shapes. These include the Mie solution for the sphere together with
the extended versions for core-mantle, multilayered, radially inhomogeneous or
optically active spheres, the solutions for the infinite circular and elliptical cylin-
ders, and for the spheroid (see references in [4]).
The difficulties of solving the MEs analytically for other particle shapes have
motivated researches to find numerical techniques to obtain the solution. These
techniques can be divided into differential-equation methods solving the vec-
tor wave equation and to integral-equation methods solving the volume or sur-
face integral form of the MEs [4]. The excellent overview in [4] presents a lists
of such a methods: separation of variables (SVM), finite element (FEM), finite
difference time domain (FDTDM), point matching (PMM), integral equation,
T -matrix (TMM) and superposition methods. In addition there are, at least,
discrete sources and null field with discrete sources methods [28, 52] and the
Sh-matrix method [53], in which the null field and the Sh-matrix are related
to TMM. The integral-equation methods include the volume-integral-equation
(VIEM) and the discrete-dipole approximation methods (DDA) [43, 54, 55] and
the superposition methods the superposition T -matrix (STMM) method [56].
All of the aforementioned methods have their own strengths and weaknesses.
Usually, methods are designed for certain particle types and/or they have limi-
tations regarding the accuracy or the computational demands. Themethods that
I have used in this thesis include TMM, STMM, and DDA which are covered in
more detail in this section.

3.1 Discrete-dipole approximation

The discrete-dipole approximation is a flexible wave-optical method for compu-
ting light scattering by an arbitrarily shaped, possibly inhomogeneous object.
The shape of the object is divided into small computational cells (i.e., dipoles)
with a regular rectangular lattice surrounding the object, and theMEs are solved
for the discrete set of dipoles. The refractive index can be set for every dipole in-
dependently and any shape can be approximately describedwith errors only due
to the finite size of the lattice cell.
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The cubic lattice has dimensionless interdipole distances k d. The electric field
values Ej (j = 1, 2, . . . , N) are to be derived from a group of linear equations
(see, e.g., Eq. (2.4) of [57] and Eq. (1) of [58]).

Ej = γE0,j + β
N∑

l=1,l 6=j

Tjl ·El, j = 1, 2, . . . , N, (3.1)

where E0,j is the incident field value at dipole j, γ and β are complex-valued
coefficients, and Tjl is the transformation dyadic. The incident field is usually a
plane wave with wave vector k,

E0,j = E0 exp(ik · rj). (3.2)

A complete description for the aforementioned formulae can be found in Article
IV, where also the practical issues such as the efficiency and precision of different
DDA implementations are discussed.

The resulting interaction matrix from Eq. (3.1) is a dense complex-valued matrix
of size 3N and themain computational task in DDA is to solve that system of lin-
ear equations. In practical applications, the size of the matrix is rather large and
direct methods for solving the equations are not applicable but iterative meth-
ods such as the conjugate gradient and other Krylov-space methods need to be
used. Because the interaction matrix is formed by dipoles in a cubic lattice the
fast Fourier transform (FFT) technique can be used for the matrix-vector prod-
ucts which will make the computations considerably faster.

The DDA method is generally considered applicable to particles with refractive
index m such that |m − 1| . 2 when the particle is discretized to cubic lattice
with the cell size b < λ/(10 |m|) [59]. This condition to the cell size is known
as the ’rule of thumb’ in the DDA simulations. Other, similar recommendations
include |m| k b < 1 or |m| k b < 0.5 where the former can be used if computing
only the integrated quantities such as Csca [60]. These limits are not absolute
and the DDA can be applied to higher refractive indices but the required com-
putational resources will increase and the convergence of the solution cannot be
guaranteed.

There exist at least two excellent open-source implementations of the DDA me-
thod, namely the DDSCAT [60] and the ADDA [59] codes. Another, novel im-
plementation is the OpenDDA code [61] but unfortunately I have not yet had the
chance to study it in detail.

Both the DDSCAT and the ADDA codes are popular among the light-scattering
community and are being constantly developed. Both codes can construct some
particle shapes by themselves or read user supplied geometry from a file, av-
erage over orientations, use high-performance FFT libraries¶ etc. The DDSCAT
¶ADDA can be linked with the FFTW 3 library and DDSCAT with the Intel MLK library. Both

libraries are designed for optimum performance and are specially tuned for various hardware plat-
forms.
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code has the ability to compute scattering by a semi-infinite target with periodic
boundaries and theADDAcode can use the finite sizeGaussian beam in addition
to the plane wave.

If the light scattering characteristics need to be simulated for a large target ADDA
has a clear advantage over DDSCAT. ADDA has been designed for parallel exe-
cution and the FFT of the interaction matrix can be distributed among the com-
puting cores. The communication between the cores is handled using MPI‖,
available in any large computing cluster or supercomputer. The parallel exe-
cution will both increase the size of the computing memory available, and thus
the possible size of the scatterer, and decrease the computing time (in terms of
the ’wall clock time’, the actual time to carry out the computations – the com-
bined central processing unit (CPU) time is likely to increase). ADDA has been
reported to solve light scattering for a sphere with the size parameter x = 320

using 512 cores on a supercomputer, although the refractive index has been quite
low,m = 1.05 [62].

3.2 T -matrix and superposition T -matrix

The T -matrix method (TMM) uses the vector spherical wave functions (VSWFs)
and expands the incident field with VSWFs regular at the origin and the scat-
tered field outside with VSWFs regular at infinity. The transition T matrix is the
transformation from the expansion coefficients of the incident field to the expan-
sion coefficients of the scattered field (see, e.g., [63]). The T -matrix formalism can
be used to solve light scattering by an arbitrarily shaped particle, but the com-
putations are considerably simpler for particles with symmetries, especially for
particles which are rotationally symmetric over some arbitrary axis. The TMM
implementations can have problems in convergence and in numerical accuracy
if the scatterer is highly elongated, but otherwise the method is fast and pro-
duces accurate results. An important feature in the T -matrix is that it does not
depend on the incident and scattered fields. Thus, once computed for some par-
ticle shape, size, and refractive index it can be used to compute the light scatter-
ing with any combination of the incident and scattered directions. Furthermore,
averaging over random particle orientations can be carried out analytically. This
is a distinct advantage of TMM over volume integral methods, such as DDA.

The superpositionT -matrixmethod (STMM) for a collection of particles is closely
related to the TMM for single particles. The approach involves a superposition
solution using the translation addition theorem for VSWFs to the MEs for the
multiple spherical boundary domain [64]. The solution is then transformed into
a single T -matrix presentation, which transforms the clusters’ incident field co-
efficients to scattered field coefficients. As with TMM, the T matrix needs to be

‖Message passing interface (MPI) is a library used in parallel programming. With MPI the pro-
gram can distribute data and communicate between the cores in a distributed memory computing
cluster.
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computed only once for all the incident and scattered directions, so computing
the orientation-averaged scattering matrix is relatively fast.
The TMM implementation that I have used in Articles IV and VII is developed
by Mishchenko [27] and dates back to 1990’s, although the last update is from
2005. The code is popular, probably due to the fact that when it converges it is
fast and can also integrate over a distribution of particle sizes. Therefore it can
be used in large surveys that compute the light scattering by a range of sizes,
shapes, and refractive indices.
The STMM implementation that I have used in Articles I, IV and VII is devel-
oped by Mackowski (see [56] for the old version and [65] for the new version).
The code is applicable to a collection of spheres that can have varying sizes and
refractive indices. The code was recently completely rewritten and the new ver-
sion removes certain problems in the former version. One of the most important
features that is improved is that the code now allows dynamical memory alloca-
tion. This is of practical importance since the former version required to set the
maximum number of spheres and the maximum order of the sphere and clus-
ter expansions beforehand which often meant that multiple versions of the code
needed to be compiled. This was especially tedious if one wanted to find the
maximum geometries allowed for given the memory limitations of a particular
computer and/or compiler. The latest version of the STMM code also supports
a finite-sized Gaussian beam, calculation of the near field inside the material,
and parallel execution using MPI. The fact that the code can now, for example,
compute light scattering by a collection of 3000 sphereswith the sphere size para-
meter x = 4 and withm = 1.6 + i 0.01 makes the STMM quite appealing in cases
where it is reasonable tomodel the constituents of thematerial with spheres [65].
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4 Results

4.1 Phenomena due to finite geometry

The wave-optical light scattering methods and their efficient implementations
mentioned in Sect. 3 together with extensive computing clusters available for re-
search enables us to study light scattering in an exact way for targets with ever
increasing size. In many cases, it will be appealing to forsake the older approxi-
matemethods. However, despite the improved feasibility the target size possible
to be computed with either DDA or MSTM is finite. There are aspects that need
to be considered if we want to generalize the results from finite sample simula-
tion in layered media to practically infinite targets (as compared to λ) – a sheet
of paper or a surface of any macroscopic Solar-system object, for instance.

For a large sample of particulate material that consists of densely packed par-
ticles with sizes comparable to wavelength, there is no perfect solution for light
scattering. If (and when for dense particulate material) multiple scattering ef-
fects play a role in scattering, wave-optical methods are obligatory and the clas-
sical radiative transfer methods are not applicable. One possible plan of action
would be to use exact methods to as large a subsample as possible and claim that
the effects seen there can be generalized to the practically semi-infinite sample.

There are some possible risks in the aforementioned approach. These include,
at least, i) scattering effects by the edges of the finite sample, ii) scattering effects
due to the finite depth of the sample, and iii) coherence effects due to limited size
of morphological variation inside the sample. In what follows I will give exam-
ples of these risks when simulating the intensity for finite particulate samples.

4.1.1 Scattering by edges

Scattering by the boundary of the surrounding material (usually vacuum or air)
and the target itself will generate diffraction to the forward-scattering direction
as mentioned in Sect. 2.2.2. In this section, I will not discuss diffraction and for-
ward scattering but the effects from the edges of the finite slab to backward scat-
tering. Backward scattering is usuallymore interestingwhenmodeling a layer of
amedium since we are oftenmodeling a sample where the depth of themodeled
medium is only a small fraction of the depth of the real target and therefore the
forward scattered intensity will again be scattered many times from the material
below our modeled sample.

A cylindrical vessel having a random rough surface with a 2D Gaussian random
height field is shown in Fig. 4.1. The material inside the vessel is porous (po-
rosity 11 %) having spherical voids and the refractive index of the material is
1.5 + i 0.01. If a standard plane wave is used as incident light from the zenith di-
rection the interaction with the incident light and the vertical cylinder edge will
create enhanced scattering in the side directions. This can be avoided by using
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a Gaussian beam as incident light with such a beam width that the incident in-
tensity is nearly zero before the edges. In Fig. 4.2 I show the scattered intensity
as a function of the scattering angle for both incident field types. The intensity
is plotted both in all scattering directions in a regular log-scale plot and for up-
per hemisphere in a polar plot. In both cases it can be seen that scattering for
the Gaussian beam is featureless in the side direction whereas the plane wave
produces enhanced side scattering. Also the diffraction pattern from the vessel
is more strongly present for the plane wave. If we are again interested in a prac-
tically semi-infinite target and our modeled sample is just a small portion of it,
such diffraction will not be present.

Figure 4.1: Example of a finite sample inside a cylindrical vessel. The diameter of
the cylinder is 17.6 spu and the mean height is 10 spu. The top layer of the target
has been cut with a random 2D Gaussian field and the material has spherical
pores with diameters of 1.26 spu in random locations. Visualization using the
dipole presentation of the target is carried out using Litebil (freeware program
developed in the Laboratory of Paper Coating and Converting at Åbo Akademi
University by J. Kniivilä).

There are small changes in the integrated scattering quantities between the plane-
wave and the Gaussian-beam solutions. For example, the ratio of Cup to total
scattering cross section Csca is 2.1 % for the plane-wave and only 0.8 % for the
Gaussian beam and the asymmetry parameter g is 0.917 against 0.950, respec-
tively. As a conclusion it can be said that the finite diameter of the vessel together
with the scattering by the edges overestimate the backward scattering, scattering
to side directions, and introduce diffraction effects. All of these can be avoided
by using a Gaussian beam.
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Figure 4.2: Intensity as a function of the scattering angle for the sample in the
cylindrical vessel shown in Fig. 4.1. Left, the whole angular range with inten-
sity in a logarithmic scale. Both curves are normalized so that their Csca is unity.
Right, a polar plot of intensity scattered into the upper hemisphere. These curves
are normalized so that their integrated upper-hemisphere cross section Cup is
unity. In both figures, the solid grey line is for the plane-wave solution and the
dashed black line for the Gaussian-beam solution. The scattering simulation is
computedwithADDAusing the discretization resolution of 15 dipoles perwave-
length and averaging over eight scattering planes.

4.1.2 Finite depth effects

It was shown above that the edges and the finite width of the sample can cause
unwanted effects in the scattering simulations. A finite, and due to the compu-
ting resources at hand, also a relatively small depth of the sample can produce
surprising features. If we are using DDA, andwant to compute as large a sample
as possible, we are limited both by the amount of memory per one computing
core, and also by the number of cores. If we want to maximize the width of the
sample we can choose so that a single horizontal layer of dipoles will fit into the
operatingmemory of a single computing core. Because of theway at least ADDA
distributes the Fourier transform of the dipole interaction matrix by dividing it
in the vertical direction, this will be optimal in the sense of computations [59].
Thus the maximum number of dipole layers in the vertical direction is given by
the number of cores available for us. Let us imagine that we can use 512 cores in
a computing cluster, our material has a refractive index of m = 1.313 + i 0, and
that the number of dipoles per wavelength is given by ’the rule of thumb’ [60],
being at least 10 |m|. In this example the depth of the sample can be about 245

spu, or about 39 wavelengths. This is already quite a large depth for a sample
in a wave-optical light-scattering simulation but there are several reasons why
this depth could perhaps not be reached in practice. First, the simulation will be
very time- and resource-consuming and could be difficult to carry through espe-
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cially as part of a larger simulation series. Second, there is no guarantee that the
iterative solver in the simulation will converge in a reasonable time. Therefore,
smaller depths are usually used.

Before continuing to exact light-scattering simulations (especially to DDA in this
case) we need to take a side step and look at the exact and approximate theories
about the scattering by a slab or by surface. In [2], Sect. 2.8 the authors present
the exact solution for the transmittance of a semi-infinite slab with an incident
plane wave at zenith. Because of the normal incidence the reflection and the
transmission are independent of the polarization state. Following the authors,
there is a good approximation of the transmittance (called T1 here) in a realistic
measurement setup (i.e., surrounding medium is air or vacuum, the extinction
coefficient of the material is� 1) which is formulated as

T1 =
(1−R)2

R2 exp(−αh) + exp(αh)− 2R cos(ξ)
, where (4.1)

R =

∣∣∣∣1−m1 +m

∣∣∣∣2 , α =
4πmi

λ
, and ξ =

4πmr h

λ
.

Them = mr+imi is the refractive index of the material, λ is the wavelength and
h is the thickness of the slab. The equation above is valid for purely monochro-
matic light, which is used in scattering simulations but rarely seen in practice.

When the incident beam has a spread of wavelengths, even a relatively small
spread, the transmittance is averaged over wavelength and can be approximated
with T2 as

T2 =
(1−R)2 exp(−αh)

1−R2 exp(−2αh)
. (4.2)

Although I am aiming at the backward scattering and reflection in this section,
studying these two transmittance approximations will prove to be fruitful. After
all, what is not transmitted is either absorbed or reflected. So, T1 representsmore
or less what is simulated (monochromatic light) and T2 what is observed ormea-
sured (beam with a spread of wavelengths). Plotting these two (see Fig. 4.3) will
show how T1 is oscillating as the thickness of the slab changes while T2 behaves
monotonically. Imagine nowwhat will happen if one simulates the reflectance’s
of two cylindrical slabs with slightly different thicknesses h − h′ and h + h′. If
the behavior of T2 is seen also in reflectance the order of the two reflectances can
be anything, depending on the value of h.

Next I will consider two approximations for the reflectance from rough semi-
infinite slab, the so-called Beckmann-Kirchhoff (B-K)[66, 67, 68] and the Bennet-
Porteus approximations (B-P)[69]. Without going to details it can be noticed that
both approximations divide the reflectance to coherent (specular) and incoherent
parts (diffuse). Furthermore, the coherent part is a product of the corresponding
flat surface reflectance and a factor modeling the effect of the roughness. The flat
surface reflectance, in turn, is given by the Fresnel reflection coefficient f . So it
seems that studying f could be useful when considering gloss from a slab.
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Figure 4.3: Two transmittances T1 (grey solid line) and T2 (dashed black line) for
a semi-infinite slab as a function of slab thickness h in spu units. The refractive
index of the material ism = 1.5 + i 0.01.

There are different types of Fresnel formulations depending on the object. The
simplest form, f1, is valid for an infinitely wide and thick surface that is illu-
minated from zenith, f1 = ((mr − 1)2 + m2

i )/((mr + 1)2 + m2
i ). The version

for an arbitrary incident angle, f2, is also quite simple, but the version for sur-
faces with finite and arbitrary thickness h, f3, is quite cumbersome[70] and is not
shown here.

Now if we consider the Fresnel reflection coefficient from a flat cylindrical slab
consisting ofmaterial with small-scale (compared to λ) porosity the effectiveme-
dium theory (EMT) is valid. The differences between different effective medium
theories are not that large so I choose to use the Maxwell-Garnett mixing rule
(see, e.g., [71]) here, where the effective refractive index meff of the material is
given by

εeff = ε
(

1− 3p(ε− 1)

1 + p(ε− 1) + 2ε

)
, and (4.3)

meff =
√
εeff ,

where ε is the square of the original m, and p is the porosity of the material.
The finite thickness Fresnel coefficients (f3) together with the infinite thickness
version for zenith incident light (f1) are plotted in Fig. 4.4. The figure showsmore
or less the same effect as Fig. 4.3: with finite thickness, the reflection coefficient
can oscillate (as a function of porosity) and, with infinite thickness, the behavior
is monotonic.

Now we can return to the case of exact light-scattering simulations for a finite
cylindrical slab. I have used DDA to simulate brightness and gloss from porous
and/or rough media for paper science applications in Articles II and III. In that
context the term ’brightness’ refers to the integrated (from the upper hemisphere)
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Figure 4.4: Fresnel reflection coefficients for a slab with infinite thickness (black
solid line) and for three finite thicknesses (grey dashed lines) as a function of the
porosity of the material. The effect of the porosity on the reflection coefficients
is modeled via EMT where the solid material has n = 1.5 + i 0.01. The finite
thicknesses are 3.77, 4.19 and 4.61 spu.

incoherent scattering and ’gloss’ to the coherent component that is reflected to
the specular direction. Of course the clear division into coherent and incoher-
ent scattering is problematic in the simulations since we cannot separate them
in the results. The term ’specular reflection’ is usually not used with particulate
and/or porous media. The concepts are, however, of practical significance. For
example, the gloss is a key factor in optimizing the appearance of high-end paper
grades and the gloss peak is easily seen in the measurements (see Fig. 2.4). The
reason behind the fact that there can be a strong gloss peak is that the high-end
paper grades are calendered with very high pressures which results in a very
dense and flat surface of the paper.

In the example present here I choose the same cylindrical vessel and the same
rough surface as in Fig. 4.1 and a Gaussian beam to avoid the edge scattering
effects. In the simulations, a cylindrical slab is a good choice, especiallywhen the
incoming light is at zenith because the averaging over different rotations of the
target is computationally fast. Now, instead of filling the material with spherical
voids as before I will remove material at the dipole level to reach the desired
porosity. This is consistent with the porosity and EMT example above because
the sizes of the pores are small and EMT is more likely valid. Examples of the
vertical cross sections of the medium are shown in Fig. 4.5.

The gloss is seen in the exact backscattering direction in the intensity of the sam-
ple whenwe are using incident light at zenith. The intensity value at the opposi-
tion can be taken as a measure of gloss – in this way the values can be compared
to each other while not being absolutely calibrated. The results of the simula-
tions with three samples having a slightly different thicknesses h are presented
in Fig. 4.6. The quantity that has been computed is the ratio of the gloss when
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Figure 4.5: Two cross sections from the middle of the cylinder in Fig. 4.1 in
the y, z-plane. The larger spherical voids have been replaced by porosity at the
dipole level. Case a) has a flat bottom layer before the random dipoles are re-
moved. In case b), the depth of the bottom layer has been randomly chosen for
each x, y column of dipoles before removing the dipoles. The surface roughness
is the same for both cases.

the porosity of the material is 30 % and the gloss of solid material. The (mean)
thicknesses of the samples are 9, 10, and 11 dipoles or 3.77, 4.19, and 4.61 spu.
We can see that the results (’flat bottom’ in Fig. 4.6) vary a lot, from about 0.8

to 3.1. Furthermore, they do not show any trend, instead the middle value of
h has the largest ratio. If we think from the theoretical viewpoint and recall the
aforementioned behavior of transmittance for a thin slab and a singlewavelength
together with the behavior of the finite thickness Fresnel coefficient, this is not a
surprise. There are bound to be some very oscillating processes in the coherent
component with small and finite thickness slabs.

What was a possible surprise, was to discover that the cure for this effect is very
simple. The rough upper layer and the porosity is not enough to remove the
effect of finite thickness, but if also the bottom layer has random depth the os-
cillating features in the scattering will be canceled. The bottom layer roughness
does not need to have any correlation in the plane direction. It is sufficient to set
the depth of every x, y dipole column randomly and independently. This can be
performed for example by just choosing a random integer in the range [−h′, h′]
and setting the depth of the column in dipoles to that value. In my experience,
h′ does not need to be large and h′ = 2, for example, seems to be enough. This
procedure will effectively average over thicknesses within one simulation and
the behavior of gloss will become monotonic. In Fig. 4.6 (’random bottom’), the
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Figure 4.6: Gloss ratio of solid and 30 % porous media. The three first bars (’flat
bottom’) are for media with a flat bottom layer (case a in Fig. 4.5) and the three
next for media with a random depth bottom layer (case b).

gloss ratios between solid and 30 % porous material are more or less constant
with different thicknesses having values around 0.75. This is reasonable because
it is impending that there is less gloss for porous than for solid material.

4.1.3 Effects from ordered internal structure

Above I have covered the cases concerning the finite size of the vessel holding the
material of interest. Here I will study the possible effects that can rise from the
fact that the finite size of the sample might not be enough to allow any decent
amount of structural variation inside the sample. This can be best illustrated
with the STMM code and two geometries of homogeneous spheres packed in a
cylindrical slab.
Let us have a slab of sphereswith a radius of 2 spu packedwith the SAP code (see
Sect. 2.3.2). The height of the slab is about 37 spu and I will extract a cylindrical
slab with a diameter of 100 spu from the packing. Furthermore, I will take two
subsamples – case (a) from height 10 spu and above and case (b) from bottom to
height 25 spu. This gives two cases of particulate material which are shown in
Fig. 4.7. With the naked eye, there seems to be no clear difference between the
cases.
There is, however, one significant difference between the cases which can be seen
in the packing density pD of the samples as a function of height. This is plotted
in Fig. 4.8. Case (b) is taken from the bottom of the larger packing on top of a flat
surface, and therefore the first layer of spheres are all at the same height. This is
seen as a sharp peak in pD when going upwards from the bottom. There is also
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Figure 4.7: Two cases of particulate material in a cylindrical slab. The diameter
of the cylinder is 100 spu, the height is about 25 spu, and the radii of the spheres
inside are 2 spu. Case (a) has about 2400 spheres and case (b) about 2800 spheres.

a smaller second and perhaps a third peak in pD before the structure becomes
uniform. With case (a) there are no such peaks and pD is uniform throughout
the height range, except for the start from the zero pD at the bottom and the end
to zero pD at the top, of course. One could argue that case (a) has quite a uni-
form and isotropic internal structure while case (b) has an ordered, anisotropic
structure in the height direction.
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Figure 4.8: Packing density inside the samples as a function of height. The grey
solid line is for case (a) and the black dashed line for case (b) shown in Fig. 4.7.

The ordered structure will have a large impact on the scattering by the slab. I
have run STMM simulations for both cases using a Gaussian beam, normal inci-
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dence, and averaged the results over 7 scattering planes over the azimuth angle.
The backward scattered intensity as a function of the angle of emergence θe is
shown in Fig. 4.9. Other parts of the scattered profile are more or less similar,
but the behavior at exact backscattering has a huge difference with S11(θe = 0)

about 100 for case (a) and about 2800 for case (b).
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Figure 4.9: S11 as a function of the angle of emergence θe for the two cylindrical
slabs of particulate material shown in Fig. 4.7. Incidence angle θi is 0◦. The grey
solid line is for case (a) and the black dashed line for case (b).

This enhancement in backscattering for case (b) is a coherence effect but not
coherent backscattering (CB). The enhancement is the same ’specular’ or gloss
peak seen in the other examples in this section. The coherence comes from the
spheres that are at the same height with each other and therefore the scattered
signal from them has the same phase and will be amplified. The fact that the
enhancement is ’specular’ can be validated quite easily. If the same simulation is
run with the angle of incidence θi having another value than zero, the enhanced
peak is seen in the specular direction, i.e., on the principal plane with θe = θi
and ϕ = 180◦.
The coherent enhancement is not necessarily an unwanted effect. In fact, in pa-
per applications it is just what we want to simulate, since in calendered paper
there is such anisotropy in the packing density and that causes the gloss of pa-
per. There have been some recent studies about a remarkable opposition surge
at small solar phase angles for some bright Solar system bodies such as Saturn’s
moons Titan andEnceladus, Neptune’smoonTriton, Jupiter’smoonEuropa, and
the Uranian satellites (see [72] and [73] and the references therein). The authors
of the aforementioned articles claim that the opposition surge cannot be entirely
explained by the effects of coherent backscattering or shadow-hiding. Janssen
et al.[72] even speculate that the radar scattering of Triton needs a "quasispec-
ular component" to explain the data and that the regolith in Triton "organized
structure on or in the surface is present that enhances the backscatter".
If, however, we do not speculate that such an organized structure should be pre-
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sent we need to make sure that the sample of the particulate or other porous
material that we are simulating is large enough to be considered to be isotropic.
The algorithm that is used to create the particulate material needs to be such that
it does not create anisotropy, e.g., in the packing density. If this fails there will
be some coherence effects in the results.

4.2 Orientation averaging

A common task in problems of scattering by single particles or aggregates in an
atmosphere or in the case of interplanetary or cometary dust, for example, is to
compute the orientation-averaged properties of the target. In these cases, we are
interested to interpret and compare the scattering simulation results against the
observational data for a large ensemble of particles or aggregates that are ran-
domly orientated. Therefore, we need to simulate particles with different sizes
and in different orientations. Often, the particle orientation can be considered to
be uniformly distributed over all the Euler angles (α, β, γ).

There are computational methods that can perform the orientation averaging
analytically, such as the T -matrix method for individual particles[27] or for a
cluster of spheres[56, 65]. However, even with the T -matrix method the fixed
orientation version of the code has some benefits [74]. The fixed orientation su-
perposition T -matrix code (F-STMM) consumes less memory and can, therefore,
be used for larger size parameters. Also, if accurate results can be achieved with
a modest number of orientation angles, F-STMM can be even faster than the an-
alytical orientation-averaged version (A-STMM) for large problems. Another set
of codeswhere combining the fixed orientation computations in averaged results
must be carried out are the volume integral codes, e.g., the popular DDA codes
(e.g., [75, 76]).

I have studied the question about the optimal procedure to carry out the numer-
ical orientation averaging (NOA) in Article I. The conclusions made there are of
practical use for anybody whomust use NOA in simulations and therefore I will
shortly introduce a collection of different NOA procedures here.

The task in NOA is, in short, to compute the scattering matrix for a given set
of Euler rotation angles (αi, βi, γi) of the scattering target, and then average the
result over the angles. In many methods (e.g., in DDA) the third angle γ can be
sampled efficiently when the other two angles are given by computing the result
in several scattering planes. Therefore, the choice of the orientation averaging
points reduces to the problemof selecting the (αi, βi)points on the sphere. I have
studied four schemes (i.e., cubatures) for selecting the angles (αi, βi), and pos-
sibly the weights wi, on the unit sphere. Generally speaking, the term cubature
is used for multidimensional numerical integration quadratures. The numerical
averaging can be considered as numerical integration and therefore cubatures
(on the sphere) are applicable for orientation averaging.
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4.2.1 Cubatures for numerical orientation averaging

The four NOA cubatures that I have considered are

• Lattice grid

• Maximumdeterminant extremal point system, or ’optimal cubature on the
sphere’

• Quasi-Monte Carlo method

• Lebedev-Laikov cubature

The lattice grid is the most commonly used scheme. It is simply the regular grid
over cos(α) and β. While the (unweighted) lattice grid method is very simple,
its theoretical error convergence is poor: the expected error in integration is of
magnitude O(n−1/2), where n is the number of the points in the cubature. The
performance of the regular lattice is sometimes improved by introducing weigh-
ted schemes. For instance, DDSCAT and ADDA use Newton-Cotes formulae
in NOA. It is known that these methods can decrease the integration error in
one-dimensional cases with suitable integrands. The difficulty in applying the
Newton-Cotes formulae here is that these are designed for a one-dimensional
Cartesian system while NOA will need two-dimensional integration in spheri-
cal coordinates.
Extremal point systems on the sphere have been studied, for instance, by Sloan
and Womersley [77]. They suggested a set of n points x1, . . . ,xn that maximize
the determinant of the interpolation matrix with respect to the basis of spherical
polynomials of degree ≤ p. On the sphere in three dimensions, the dependency
between n and the degree p is n = (p + 1)2. Sloan and Womersley found that
a cubature using extremal points with associated weights chosen so that it inte-
grates spherical polynomials to degree p exactly has good integration properties
for arbitrary functions on a spherical surface, and that the weights are all pos-
itive (at least up to very large p). The cubature proved to be quite efficient in
our study with NOA and was therefore renamed as ’Optimal Cubature on the
Sphere’ (OCoS), since there are also other closely related extremal point systems.
The quasi-Monte Carlo (QMC) method applied to scattering computations with
NOAwas quite recently introduced byOkada [78]. The idea of QMC is to replace
the uniformly distributed random numbers in traditional Monte Carlo integra-
tion with a low-discrepancy sequence (LDS). The points in LDS will have more
uniform nearest-neighbor distances than uniform random numbers. It can be
shown[79] that the expected error in integration using QMC can be of magni-
tude O(n−1). One of the most useful features in QMC and its implementation
using the so-called Halton sequence is that it is defined for any number of points
n, and that it can always be augmented with extra points by continuing the se-
quence. This makes it perfect for iterative problems where the final number of
points is not known beforehand.
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The Lebedev-Laikov (L-L) cubature is defined as a point set on the unit sphere
with octahedral rotation and inversion symmetry [80]. The weights in the cu-
bature formula are defined so that the L-L cubature integrates exactly spherical
harmonics up to a given order. In that sense the L-L cubature is optimal, together
with the OCoS.

4.2.2 Properties of the cubatures

All the aforementioned four cubatures can be used in NOA, but they differ sig-
nificantly from each other on the way the cubature points are distributed. The
grid method ends up with a very regular point pattern while QMC is random,
although with smaller discrepancy than the regular Monte Carlo. In Fig. 4.10,
we can see that both the OCoS and Lebedev-Laikov points are nicely distributed
with uniform distances to each other, but without the obvious regular pattern of
the grid method.
There are differences in the possible cubature sizes (number of cubature points
n) between the cases. The QMC is flexible because any number of n is possible,
but the three other schemes have restrictions. Figure 4.11 shows the density of
possible cubature sizes between 1 and 2 000 points. We can see that especially
the Lebedev-Laikov cubature has a low density of possible cubature sizes while
the OCoS cubatures are best available after QMC.
The conclusion made from the comparison of the accuracy of the four cubatures
in scattering computations inArticle Iwas that theOCoS and the L-L outperform
the two other cubatures. The accuracy after NOA can be 2- to 13-fold with the
best cubatures against the lattice grid. The accuracy of QMCwas not among the
two best cubatures but it can be recommended in iterative procedures.
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grid OCoS

QMC Lebedev-Laikov

Figure 4.10: Examples of the points in the upper hemisphere for the four cuba-
tures using 144 points (for Lebedev-Laikov, 146 points). The upper hemisphere
contains 65, 70, 74, and 77 points for the lattice grid, the OCoS, the QMC and the
Lebedev-Laikov cubatures, respectively. The points are plotted in the Lambert
azimuthal equal-area projection.
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Figure 4.11: Possible cubature sizes between 1 and 2 000 points.
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5 Discussion

5.1 Summaries of the original publications

In the following, brief summaries of Articles I–VII are given. In addition, the
author’s contribution to each paper is described. All the articles are published
either in a peer-reviewed journal or in peer-reviewed conference proceedings.

5.1.1 Article I
Optimal cubature on the sphere and other orientation averaging schemes
A. Penttilä and K. Lumme, J Quant Spectrosc Radiat Transf, 112, 1741–1746 (2011)

Here we review the possibilities to improve NOA needed in several scattering
problems. There are a number of important numerical codes to solve the scat-
tering by small particles, including, e.g., implementations of the DDA method
and the (fixed orientation) superposition T -matrix method. The joint feature
for these codes is that they can produce a solution in a given orientation of the
scatterer, but orientation-averaged results have to be computed numerically by
running the code with several scatterer orientations. Because the computations
can be time-consuming it is advantageous to keep the number of different orien-
tations as small as possible.

Efficient cubature schemes on the sphere (i.e., multidimensional quadratures)
are introduced and compared. We find that a scheme that we call ’Optimal cuba-
ture on the sphere’ (OCoS), based on extremal point systems on the sphere, out-
performs the more conventional grid methods. The usability of a quasi-Monte
Carlo in iterative problems is also acknowledged. The accuracy is shown to be
2- to 13-fold for an advanced cubature method as compared to a naïve uniform
grid.

5.1.2 Article II
Specular gloss simulations of media with small-scale roughness
A. Penttilä and K. Lumme, in Electromagnetic and Light Scattering XII, Conference Proceedings,
K.Muinonen, A. Penttilä, H. Lindqvist, T. Nousiainen and G. Videen (editors), Helsinki, Finland,
230–233 (2010)

The subject here is the specular reflection (i.e., gloss) from a rough surface. The
numerical simulations have been computed with DDA and roughness has been
modeled with a Gaussian relief on a cylindrical slab. The Matérn covariance
function is utilized which allows for a smooth transition from an exponential
to a Gaussian covariance. The validity of the Bennet-Porteus approximation for
gloss (B-P) is compared against the DDA results.

We show that B-P is valid as a rough estimate of the effect of small-scale rough-
ness. If the type of the covariance function needs to be taken into account, DDA
provides a suitable method.
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5.1.3 Article III
The effect of the properties of porous media on light scattering
A. Penttilä and K. Lumme, J Quant Spectrosc Radiat Transf, 110, 1993–2001 (2009)

This article studies the effect of porosity and porosity distribution in particulate
media on light scattering. The application concerns the surface of paper, i.e., the
paper coating layer, but both the geometry of the scatteringmedia and the results
are general and can be used in other fields of light scattering. We describe the
light scattering properties with two quantities: the reflected brightness and the
specular reflection or gloss.

The geometries under study are cylindrical slabs of porous material. The poro-
sity is implemented in three different ways: (i) nanoporous material has small
volume-element cavities; (ii) microporous material has spherical, possibly over-
lapping particles in the size range of the wavelength; and (iii) the geometry is the
volume complement of the geometry in (ii) with spherical cavities inside con-
nected material. Furthermore, a two-layer geometry is generated with a thin top
layer and a bottom layer of nanoporous material with different porosity levels.
ADDA is used to compute the scattering properties.

The main conclusion is that, in order to obtain high reflectance microporous ma-
terial is preferred over nanoporous one and that the porosity value should be
close to 55%. For strong gloss, a porosity contrast is needed. This can be achieved
without compromising the brightnesswith a thin and non-porous top layer. This
is known empirically in paper manufacturing where the glossy paper grades are
always calendered which effectively compresses the top layer of the paper.

5.1.4 Article IV
Comparison between discrete-dipole implementations and exact techniques
A. Penttilä, E. Zubko, K. Lumme, K.Muinonen, M.A. Yurkin, B. Draine, J. Rahola, A.G. Hoekstra
and Y. Shkuratov, J Quant Spectrosc Radiat Transf, 106, 417–436 (2007)

In this comparison, we study four implementations of DDA in terms of their ac-
curacy, speed, and usability. I was fortunate enough to have the authors of four
DDA codes (Sirri[Rahola], DDSCAT[Draine], ZDD[Zubko & Shkuratov] and A-
DDA[Yurkin & Hoekstra]) to contribute to this article. The DDSCAT and the
ADDA codes are publicly available and widely used in the the scattering com-
munity.

The accuracy of the codes is compared against (numerically) exact results using
Mie[81], T -matrix[27] and superposition T -matrix[56] codes. It is found that the
relative accuracy for intensity is typically between 2 % and 6 % for refractive
indices typical for ices and silicates. The absolute accuracy for the degree of
linear polarization varies typically from 1 % to 3 %. When the computing speed
is considered, ADDA proves to be by far the most efficient.

At the time of this thesis, ADDA has been updated from version 0.7a to 1.0 and
DDSCAT from version 6.1 to 7.1, but the conclusions made are still valid. A new
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publicly available code, OpenDDA, has also been written since the publication
of the article.

5.1.5 Article V
Coherent backscattering effects with discrete-dipole approximation method
A. Penttilä and K. Lumme, in Proceedings of the 10th Conference on Electromagnetic & Light Scat-
tering, G. Videen, M. Mishchenko, M.P. Mengüç and N. Zakharova (editors), Bodrum, Turkey,
157–160 (2007)

The key point in this article, in short, is to validate the use of DDA in the case
where coherent backscattering (CB) effects are studied. At the time this article
was published,Mishchenko et al.[82, 83] published two articleswhere they claim
to see CB effects for the first time in numerical simulations. They used STMM to
compute scattering by a random cloud of spheres with k r = 4 inside a spherical
volume with k R = 40, where k is the wave number, r the radius of the sphere,
and R the radius of the enclosing spherical volume. At that point, Mishchenko
et al. could run computations using 160 spheres. They have continued the same
idea as the computing power growswith themost recent publication on the same
topic from 2009 using 800 spheres[9].

Our conclusion is that DDA can be used for similar computations and that the
CB effects can be seen in DDA simulations, too. This validates the use of DDA on
CB problems and therefore extends the possible geometries from a collection of
spheres to an arbitrary geometry. However, the number of orientation angles in
the orientation averaging for DDA needs to be large for producing results where
the shape of the CB effect is accurately seen [84].

5.1.6 Article VI
Light-scattering efficiency of starch acetate pigments as a function of size and
packing density
A. Penttilä, K. Lumme and L. Kuutti, Appl Opt, 45, 3501–3509 (2006)

This article studies the light-scattering efficiency of fourmodels for starch acetate
pigments in a paper coating layer. The possibility of using starch-based coating
material in paper was studied in a TEKES-funded project together with indus-
trial partners and this article is part of the project’s output. The main benefits
with starch as a coating material would be in the recycling process, where paper
without mineral coating components could be burnt without producingmineral
ash.

The coating morphology is modeled in four ways. First, a cylindrical slab is con-
sidered with close-packed uniform spheres as pigments. The second geometry
is the complement of the first one, a foam with uniform spherical inclusions.
The third and fourth geometries are the close-packed large spherical cluster and
the complement of that. The complement ’foam’ geometry is topical with starch
since starch foam can be produced in an chemical process.
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The close-packing of uniform spheres is carried out by using the so-called sim-
ulated annealing (SAP) algorithm. The light scattering properties are computed
using DDA. As a conclusion we find that the optimal size for starch acetate pig-
ments is in the size range of 0.25 – 0.4 µm.

5.1.7 Article VII
The effect of particle shape on scattering — A study with a collection of ax-
isymmetric particles and sphere clusters
A. Penttilä and K. Lumme, J Quant Spectrosc Radiat Transf, 89, 303–310 (2004)

The article deals with the scattering efficiency of a single particle, or a small clus-
ter of particles, as a function of size and refractive index. We define that by the
term ’efficient scatterer’ we refer to a particle with a high value of the scatter-
ing coefficient ksca = Csca/V , where Csca is the scattering cross section of the
particle and V is its volume. We justify this by the fact that our interest here is
in industrial applications using small particles (i.e., pigments) where the hiding
power or the amount of reflected light by particles is usually expressed as per
weight.
Another technique that has its justification in practical applications is the aver-
aging of ksca over size distribution, lognormal in this case. Strictly single-sized
wavelength-scale particles have strong fluctuations in their scattering efficiency
that is not seen in practice, because averaging over the size distribution will
smoothen the behavior, usually revealing a single optimal (average) size.
The results show optimal size for all the studied shapes, and that the sphere
and other compact and almost spherical shapes have the smallest optimal sizes.
They also showhow the optimal size of a singlemonomer sphere in an aggregate
changes as the number of monomers grow, effectively showing the multiple-
scattering effects by a close-packed system. The nature of the correlation be-
tween the mean projected area and the scattering coefficient is shown to change
with particle size so that small projected area (compactness) is efficient for par-
ticles clearly smaller than the wavelength, but larger projected area (’fluffy’ par-
ticles) is efficient for wavelength-scale and larger particles.

5.1.8 Author’s contribution

As the first author of Articles I–VII I have had a leading contribution to the re-
search carried out for the articles. As to the articles written together with K.
Lumme, the formulation of the original research problem followed by the dis-
cussion of the results have been carried out jointly, while I have had the respon-
sibility of carrying out the computations and the analysis.
In Article VI, L. Kuutti has been responsible for the sample material and its
preparation. In Article IV, the authors of the corresponding DDA implemen-
tations have described their own code, while I have carried out the all the com-
putations and the analysis of the results.
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5.2 Conclusions

Light scattering in random media with wavelength-scale structures is studied
from various viewpoints in this thesis. One common nominator is the use of
wave-optical light-scattering codes, namely DDA, T -matrix, and superposition
T -matrix codes. These codes, together with the ever-increasing computing re-
sources, continue to expand the applicability of the rigorous wave-optical treat-
ment of light scattering into novel applications. Light scattering in paper is one
of such applications. The morphology of the paper coating layer implies that
exact methods must be used. Nevertheless, simple and inadequate approxima-
tions have been applied, and are still applied, simply because the exact methods
are complicated and computationally demanding.

Computational aspects are studied in Articles I and IV where a novel approach
to orientation averaging is presented and the speed, accuracy, and usability of
the DDA codes are evaluated. The comparison between the different DDA codes
is of practical importance since the codes are widely used in various fields and
objective information about their performance and features has been lacking.
The results in Article IV will help to choose a suitable code for the problem at
hand. The cubatures presented in Article I can improve the accuracy and speed
of the numerical orientation averaging computations and are therefore valuable
in all fields of light scattering that employ NOA in scattering computations.

Exact light scattering simulations are utilized in Articles II–III and V–VII for var-
iousmorphologies. Togetherwith the remarks in this prologue, the articles illus-
trate the possibilities of the exact light-scattering methods when studying clus-
ters of particles, particulate media, or random and possibly rough media. Apart
from Article V, which validates the use of DDA in coherent backscattering stud-
ies, the motivation is to optimize certain light scattering properties. For instance,
a two-layer structure for paper coating is found to yield high brightness and high
gloss in Article III. The dense but thin top layer will produce gloss while the bulk
of the layer is optimized for brightness havingwavelength-scale porosity of 55%.

One conclusion that can be made based on this thesis is that the strict division
to particulate and continuous (and porous) media can be dispensable in prac-
tice. This can be seen in Articles III and VI where the light-scattering properties
of particulate and continuous media are very similar if the porosity distribution
inside is comparable. What is important is the statistical variation, the inter-
play between material and pores. For example, gloss (i.e., ’specular’ reflection)
can be engineered into continuous or even into particulate media by introducing
structural correlation that will give raise to constructive interference (Sect. 4.1.3
and Article III). In that sense it would be fruitful to develop statistics to describe
the properties of random media in such a way that they would correlate with
the light-scattering properties. From that viewpoint, the concept of ’particle’ as
such is gratuitous. The exact shape of a wavelength-scale particle in a dense
medium with a myriad of particles does not matter. The shape of the particle
can, however, influence the resulting porosity or the structural correlations of
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the close-packed media and therefore contribute to light scattering.
Future challenges in light scattering in randommedia include themerging of the
wave-optical simulations with the methods applicable for macroscopic scales.
Computational methods will continue to increase the size of the target for which
light scattering can be simulated. It would be intriguing to combine these results
with the effects due to macroscopic surface roughness, macroscopic shape of
the target, radiative transfer inside the media, coherent backscattering, shadow-
hiding etc. There can be, however, a long road ahead before that goal can be
reached.
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Appendix

The probability density functions f and their parameters for the size distribu-
tions in Sect. 2.3.4 are:

LN : f(r;µ, σ) =
1√

2π r σ
exp

(
− (µ− log(r))

2

2σ2

)
, σ > 0 (A.1)

G : f(r;α, β) =
β−α

Γ(α)
rα−1 exp

(
− r
β

)
, α and β > 0 (A.2)

IG : f(r;α, β) =
1

Γ(α)
r−1

(
β

r

)α
exp

(
−β
r

)
, α and β > 0 (A.3)

W : f(r;α, β) =
α

r

(
r

β

)α
exp

(
−
(
r

β

)2
)
, α and β > 0 (A.4)

P : f(r;α) =
(α− 1) (rmin rmax)α

rmin (rmax)α − (rmin)α rmax
r−α, rmin ≤ r ≤ rmax and α > 0

(A.5)
The change in parameters when changing from volume based distribution fV (r)

to number baseddistribution fN (r)using the volume factor c = 4π r3/3 is shown
here for the inverse gamma distribution:

fV (r) ∝ r−1
(
β

r

)α
exp

(
−β
r

)
, therefore (A.6)

fN (r) = c−1 fV (r) ∝ r−4
(
β

r

)α
exp

(
−β
r

)
∝ r−1

(
β

r

)α+3

exp

(
−β
r

)
,

where the last form is clearly an inverse gamma distribution with parameters
α′ = α+ 3 and β, only without the normalizing constant.
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