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1. Introduction

The feasibility of a new electron-positron collider, the TeV-range Compact Linear Collider
CLIC, is currently being studied by CERN, the European Organization for Nuclear
Research [1, 2]. In CLIC, the electrons and positrons will be accelerated by 12 GHz radio
frequency (RF) electric fields with 100 MV m−1 field strengths, an order of magnitude
stronger than those at the LHC (5 MV m−1 [3]). Due to the geometric structure of
the accelerating RF cavities, the electric field strength at the metal surfaces reaches
250 MV m−1 [4].

The dominant factor limiting the strength of the accelerating gradient is the increase
of the vacuum breakdown rate, which is empirically found to depend on the electric field
strength as ∝ 𝐹 30 [4]. Vacuum breakdowns occur during the accelerating RF pulses,
causing plasma formation and surface material to be ejected into the vacuum as parts
of the surface are vaporised. Together with the large currents and energy loss involved,
this causes destabilisation of the accelerated particle beam. It is therefore important to
understand the cause of vacuum breakdowns in order to find a way to reduce them.

Vacuum breakdowns start in areas of enhanced field electron emission, generally
assumed to be surface protrusions [5]. The emitted electrons ionise neutral atoms
above the cathode, which are then accelerated towards the cathode surface, causing
ion bombardment. The electron emission heats the field emission site through resistive
heating and Nottingham heating, which together with the ion bombardment can lead
to thermal runaway. The emitting site vaporises, forming plasma in the vacuum and
allowing large currents on the order of 1012 A m−2 to flow. The plasma can also cause
the breakdown process to continue from other nearby emission sites. The electric field
strength causing breakdown is found to change during breakdowns, an effect called
conditioning, giving evidence that the surface changes during the process [6]. Scanning
electron microscope images of cathode surfaces after vacuum breakdown experiments
show the surface to be damaged, with multiple craters near each other being visible [7].

Due to the importance of field electron emission as the starting point for vacuum
breakdowns, it is studied experimentally in order to determine what the field emission
sites are and how the materials could be prepared to decrease field emission [6, 7]. For
copper surfaces, the material used in the CLIC accelerating structures, the analysis
of experiments using the standard interpretation of field emission theory yields field
enhancement factors 𝛽 of 50–140, indicating that the electric field at the surface of the
cathode is approximately two orders of magnitude stronger than the macroscopic applied
electric field. Such a large field enhancement implies that there are protrusions on the
surface with approximately the same ratio of the height to the radius [8], but such
protrusions have not been observed in experiments. Other possible explanations must
therefore be investigated for the increased field emission, such as the effect of atomic-scale

1



surface defects on the work function [9].
The field electron emission current from a surface depends strongly on the local work

function of the surface, as shown by the Fowler–Nordheim equation. Experimental and
computational studies show that the work function can be significantly lowered by surface
defects [9–11]. If this is not taken into account when interpreting experimental results,
the determined field enhancement factor will be too large. In order to better understand
the field emission behaviour, it is therefore important to study the effects of surface
defects on the local work function and on the field emission current.

The aim of this study is to contribute to the better understanding of the effects of
atomic-scale defects on field electron emission. A computational study of copper surfaces
with small surface defects and various applied electric fields was undertaken to determine
the effect of the defects on the work function, and possible effective field enhancement
due to the defect structures, and to verify the validity of the Fowler–Nordheim equation
for these surfaces. The computational study was done using ab initio electronic structure
computation and quantum transport methods, with the image potential being added as a
correction to the surface potential barrier computed using density functional theory and
the density of states of the systems being taken into account in computing the current.
The results were analysed in the usual field emission formalism using Fowler–Nordheim
plots.

The structure of this document is the following: In section 2, the background of
field emission research is described and the Fowler–Nordheim theory of field electron
emission is derived. The modifications made to the standard Fowler–Nordheim theory
for this work are also described. In section 3, the computational methods used in this
work are explained and the calculations undertaken are described. Technical details
of the calculations can be found in the appendices. Section 4 shows the results of the
calculations and their interpretation in the context of the aims of this work. Section
5 summarises the findings in this work and gives an outlook on possible next steps for
continuing the research.
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2. Background and theory

This section will give a brief background on field emission research and a current theoretical
overview of field electron emission. First, the history of field emission research will be
briefly introduced and examples of the use of field emission in modern technology are
given. Second, the theory of field emission as it is relevant to and used in this work will
be described. Third, the focus of this work will be established in the context of previous
works on field emission.

2.1. History of field emission

The oldest known experiments concerning field emission are those of Winkler in the
1740s, when he observed the electrical discharge of wire electrodes [12–14]. Of course,
the phenomenon was not understood then, due to the discovery of the electron and the
development of quantum mechanics happening much later.

Due to field emission being a quantum tunnelling effect and therefore not describable by
classical means, attempts to derive the field emission current prior to the establishment of
quantum mechanics failed. Lilienfeld rediscovered field emission in 1922 while attempting
to increase the yield of X-ray tubes, but was unable to explain the phenomenon [15].
Schottky thought that field emission results from the Schottky effect, i.e. the potential
barrier maximum falling below the Fermi level [16, 17], resulting in a wrong dependence
on the electric field.

Theoretical research on field emission was made possible in the early 1900s by the
discovery of the electron by Thomson in 1897 [18] and the beginning of quantum mechanics
with the formulation of the Schrödinger equation in 1926 [19]. The breakthrough in field
emission theory came in 1928, when Fowler and Nordheim, building up on an earlier work
by Nordheim [20], solved the Schrödinger equation and found an analytical expression for
the field emission current through a simple triangular potential barrier while assuming
the electrons to behave according to Sommerfeld’s free electron model [21] in the metal
[22]. The work was continued by Nordheim, who included Schottky’s image potential in
the model [23]. This is still the surface potential barrier model used in standard field
emission theory [24].

In 1937 Müller invented the field emission microscope with a large magnification of up
to 2 ⋅ 105 [14, 17, 25]. The device, which allowed one to differentiate between different
crystallographic faces and to measure the adsorption and desorption of substances on the
surfaces, led to new developments in surface science. Later, Müller found that the field
emission of adsorbates from the metal surface allowed surface microscopy with atomic
resolution [26, 27]. The device was called the field ion microscope and had a resolution
of 2.7 Å [17].
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At the same time, much research on field emission was being conducted at the Siemens
Laboratory II, where Hertz sought a better cold cathode in order to replace conventional
hot cathodes [28, 29]. His students conducted research on e.g. field emission from thin
films and the energy distribution of field emitted electrons [30–32].

In 1956 Murphy and Good published a rigorous mathematical treatment of electron
emission through and over the surface potential barrier [33]. Their approach of writing the
differential current density as a product of the supply function and transmission probability
at a given normal energy is still the standard approach for field emission calculations.
They analysed the Schottky–Nordheim barrier in their work, but the formalism can be
used for any surface barrier shape for which the transmission probability can be computed.
The Fowler–Nordheim result of 1928 can be derived from Murphy and Good’s work as
an approximation for low temperatures.

For a long time the theoretical description of the transition region for field emission,
where the temperature and electric field are both important, relied on numerically
evaluating the current density integral of Murphy and Good. In 2006, Jensen introduced
his general thermal-field emission theory as an approximation for the Murphy and Good
current density integral [34]. He later generalised the theory to also include photoemission
[35]. Jensen’s theory gives an analytical expression for the emission current density for
thermal emission, field emission and the transition region.

A large limitation of the Fowler–Nordheim theory is that it is only valid for planar
emitters while it is possible to create field emitters with radii of curvature of nanometers.
These nanotips show much larger emission currents due to the geometric enhancement of
the electric field at their tips. In recent years, much research has therefore been conducted
to extend the theoretical field emission treatment to generalised geometries, taking into
account the different potential barrier around a curved surface [36–42].

Another direction the research has taken is ab initio calculations of field emission
based on density functional theory. There are many approaches to this, such as using
time-dependent density functional theory or just taking the surface potential barriers
from the calculations as in this work [43–45].

2.2. Field emission in modern technology

As described in section 1, field emission is an unwanted phenomenon for the CLIC project
due to its contribution to vacuum breakdowns. However, there are also many ways in
which field emission is used in scientific and technological applications.

A common application of field emission is using a cold cathode instead of a hot cathode,
which relies on thermionic emission, in an electron gun. The cold cathode has the
advantages that it is brighter by several orders of magnitude and it can be focused onto
a smaller spot because the electrons are emitted from a smaller area. Cold cathodes also
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do not have the problem of evaporating the cathode material due to high temperatures
like hot cathodes. Such cold cathode devices have been manufactured since the 1960s
[46].

An important use of electron guns in science is electron microscopy in its various forms,
as scanning electron microscopes (SEM) and tunnelling electron microscopes (TEM)
require bright electron beams. Scanning electron microscopes with field emission electron
guns (FESEM) are used today and are found to be superior to those with thermionic
emission electron guns due to the increased brightness, decreased energy spread, decreased
accelerating voltage and decreased need for focusing [47]. Even recently, research is being
conducted on making better field emitters for scanning electron microscopes [48].

A second application of cold cathode electron guns is miniature X-ray tubes, as
thermionic emission electron guns for them suffer from limited lifetimes [49]. The field
emission tips for such devices are made of carbon nanotubes instead of metal due to
problems with metal tips degrading in non-ultra high vacuum. X-ray tubes based on
field emission can be made less than 1 cm in diameter.

The field emission display is a possible future commercial application of field electron
emission as a competitor for modern flat panel displays [50]. It is based on a large array
of nanoscale field emitting sites which can be switched on and off in groups to create the
image on a phosphor coated screen. Research is ongoing to manufacture field emitters
which are suitable for field emission displays [51].

2.3. Electron emission theory

In this section, the standard theory of electron emission will be discussed along with the
modifications to the theory used in this work. The section will focus on establishing the
theory necessary for understanding field emission, while also describing electron emission
more generally. The term “field emission” will refer solely to field electron emission.

2.3.1. Electrons in metals

The standard theory of field electron emission [22, 24] assumes the electrons in the metal
to behave according to Sommerfeld’s free electron model [21]. In the free electron model,
the valence electrons are approximated as being non-interacting and confined to a box of
side length 𝐿 → ∞ with a constant potential. The value of the constant potential 𝐸0 is
arbitrary and is set to zero in the following. The wave functions of the electrons can be
solved directly from the Schrödinger equation and are given by plane waves

𝜓 = 1√
𝑉

ei𝒌⋅𝒓 , (2.1)

5



where 𝑉 = 𝐿3 is the volume of the box, 𝒌 is the electron wave vector and 𝒓 is the electron
position. The dispersion relation is

𝐸(𝒌) = ~2

2𝑚
𝒌2 = ~2

2𝑚
(𝑘2

𝑥 + 𝑘2
𝑦 + 𝑘2

𝑧) , (2.2)

where ~ is the reduced Planck constant and 𝑚 is the electron rest mass.
Born–von Karman boundary conditions are applied, meaning that the box is assumed

to be periodic in all directions. This quantises the electron wave vectors to be integer
multiples of 2π

𝐿 , so the density of states in the reciprocal space (𝒌-space) is

𝜌(𝒌) = 2
𝑉

( 𝐿
2π

)
3

= 1
4π3 , (2.3)

where the extra factor of 2/𝑉 is due to spin degeneracy and taking the density of states
per volume. The density of states in reciprocal space is therefore homogeneous and
isotropic. The density of states as a function of the electron energy can be computed as

𝜌(𝐸) d𝐸 = ∫
𝛺

𝜌(𝒌) d3𝒌 = 1
2π2 (2𝑚

~2 )
3
2 √

𝐸 d𝐸 , (2.4)

where 𝛺 is the surface with energy 𝐸 and d𝐸 = ∣d3𝒌 ⋅ ∇𝒌𝐸∣.
The electron model used in this work differs from the free electron model by not

imposing homogeneity on the density of states in reciprocal space. This means that
the density of states 𝜌(𝐸) is arbitrary instead of having the parabolic shape of the
free electron model, while still having the same dispersion relation. The states in the
reciprocal space are assumed to form a continuum. Taking into account the correct form
of the density of states instead of simply scaling the parabolic density of states of the free
electron model is necessary because the density of states of copper differs considerably
from the free electron model, as shall be seen in section 4.2. However, this method still
does not take into account the true form of the Fermi surface of copper, which causes an
error due to the neck of the Fermi surface1 in the (111) direction [52, sec. 4.2].

2.3.2. Metal work function and surface barrier

By definition the work function of a surface is the energy required to extract an electron
from the surface far away into the vacuum. At zero temperature the electrons in the
surface have energies up to the Fermi level 𝐸F. The potential generated by the surface
must converge to a constant value 𝐸vac. far from the surface. The work function is then

1 No distinction will be made between the Fermi level and the chemical potential in this work.
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simply the difference between the vacuum level and the Fermi level

𝜙 = 𝐸vac. − 𝐸F . (2.5)

According to Smoluchowski [53], the work function can be attributed to two effects, a
volume effect of the bulk crystal and the effect of a dipole layer on the surface, called the
double layer. The formation of the double layer at the surface explains the dependence
of the work function on the crystallographic face of the surface and on possible defects
on the surface. The double layer is the result of two processes described by the electron
density at the surface not being the same as if the bulk crystal were just cut through
at the surface plane. First, the electrons spread out of the surface into the vacuum due
to the missing next atomic layer and therefore raise the potential barrier (“spreading”).
Second, the electrons spread more evenly along the surface than the atoms, filling the
gaps between neighbouring atoms and thereby making the electron density surface more
smooth, lowering the potential barrier (“smoothing”).

The work function as defined in equation 2.5 is an averaged quantity if the surface is
not homogeneous in the studied area, meaning that the effect of a single defect on a large
surface is averaged out despite its potentially large effect on the field emission current
due to the locally decreased work function. In order to study the effect of surface defects
on field emission, it is therefore important to study a small enough surface area around
the defect.

The experimental work functions for different clean copper surfaces can be seen in table
2.1. Experiments show that surface roughness decreases the work function as expected
due to Smoluchowski smoothing [10, 11].

Surface Work function 𝜙 / eV

110 4.48
112 4.53
100 4.59
111 4.94

Table 2.1: Experimental work functions for single crystal copper surfaces. The measure-
ments were done using Fowler method which is based on measuring an emitted
photoelectric current. The uncertainties are δ𝜙 = 0.03 eV. Data: [54].

The two surface barrier forms described by Fowler and Nordheim [22, 23] are important
for the standard field emission theory. Both assume the jellium model for the potential
inside the metal and are one dimensional. The first barrier shape, the exact triangular
barrier, is analytically solvable and is used as the baseline for comparing other surface
barriers. It consists of an abrupt jump from the zero potential to the vacuum potential at
the jellium surface and a linear decrease of the potential due to an electric field applied

7



perpendicular to the surface.
The second barrier shape, the Schottky–Nordheim barrier, adds a contribution from

the image potential to the exact triangular barrier, smoothing the corner of the exact
triangular barrier. Its functional form is2

𝑉 (𝑧) =
⎧
{
⎨
{
⎩

0 , 𝑧 < 𝑧0

𝐸F + 𝜙 − 𝑒𝐹𝑧 − 𝑒2

16π𝜖0

1
𝑧

, 𝑧 > 𝑧0
, (2.6)

where the surface is assumed to be at 𝑧 = 0, 𝑒 is the elementary charge and 𝐹 is the
applied electric field. 𝑧0 is the lower 𝑧 plane where the bottom expression evaluates to
zero, which is the reference potential for the free electron model. The exact form of the
barrier at 𝑧0 is unimportant in the discussion of field emission. The image potential
was introduced by Schottky [16] and is known to be the correct form of the potential
asymptotically far from a planar metal surface [55–57]. The Schottky–Nordheim barrier
is normally used in standard electron emission theory [24].

The values of the potential and applied electric field will be positive in this work, as
is customary in works on field emission, even when they would usually be negative in
electrodynamics. The Schottky–Nordheim barrier is shown in figure 2.1.

As both the exact triangular barrier and the Schottky–Nordheim barrier assume the
metal to be jellium and are one dimensional, it is clear that they cannot correctly model
the potential in an atomic system. One problem illustrating this is that the location of
the surface is not well defined when taking the atomic structure of the metal into account.
The potential barriers from density functional theory calculations in this work will be
shown in section 4.1.

2.3.3. Transmission probability

The probability for an electron incident on the metal surface barrier to tunnel through
it into the vacuum is of great importance for the electron emission current. The only
relevant barrier shape for which the transmission probability can be analytically found is
the exact triangular barrier, all other barrier forms require numerical or approximate
methods like the Wentzel–Kramers–Brillouin (WKB) approximation [24, 58]. In this
section the method of Murphy and Good [33], which uses the Miller and Good WKB-type
approximation [59], will be used for the Schottky–Nordheim barrier. The method is
applicable to one dimensional potential barriers with two classical turning points.

Since the Schottky–Nordheim barrier is one dimensional, applying it in three dimensions
makes the Schrödinger equation separable and only the part of the electron energy

2 The terms “potential” and “potential energy” are interchangeable in this work and refer to the
potential energy of an electron.
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Figure 2.1: The Schottky–Nordheim barriers for two different electric fields. Field 2 is
stronger than field 1. The dashed lines correspond to the corresponding exact
triangular barriers and are the asymptotic values of the Schottky–Nordheim
barriers.

corresponding to the momentum perpendicular to the surface is relevant in the calculation
of the transmission probability [22]. This is known as the normal energy 𝐸𝑧 = ~2

2𝑚𝑘2
𝑧 .

In the Murphy and Good approximation, the transmission probability for an electron
with the normal energy 𝐸𝑧 is given by

𝐷(𝐸𝑧) = 1
1 + exp[𝑄(𝐸𝑧)]

, (2.7)

where

𝑄(𝐸𝑧) = −2 ∫
𝑧1

𝑧0

d𝑧 √2𝑚
~2 (𝑉 (𝑧) − 𝐸𝑧) (2.8)

and 𝑧0 and 𝑧1 are the roots of the integrand.
Equation (2.7) is only applicable for normal energies

𝐸𝑧 < 𝐸max
𝑧 = 𝑉 max + (1 − √1

2
)√ 𝑒3𝐹

4π𝜖0
, (2.9)

where 𝑉 max = 𝐸F + 𝜙 − √ 𝑒3𝐹
4π𝜖0

is the maximum of the potential barrier. This limitation
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is a result of the singularity of the image potential at the origin. At energies 𝐸𝑧 > 𝐸max
𝑧

the transmission probability can be approximated as unity, which causes a small error
for thermionic emission and is irrelevant for field emission.

For 𝐸𝑧 < 𝐸max
𝑧 , the exponent 𝑄(𝐸𝑧) can be solved analytically as

𝑄(𝐸𝑧) = 4
3

1
~𝑒𝐹

√2𝑚∣𝐸F + 𝜙 − 𝐸𝑧∣3𝜈(𝑦) , (2.10)

where

𝑦 = √ 𝑒3𝐹
4π𝜖0

∣𝐸F + 𝜙 − 𝐸𝑧∣−1 , (2.11)

𝜈(𝑦) =

⎧{{{{
⎨{{{{⎩

√1 + 𝑦⎛⎜
⎝

E⎡⎢
⎣

√1 − 𝑦
1 + 𝑦

⎤⎥
⎦

− 𝑦K⎡⎢
⎣

√1 − 𝑦
1 + 𝑦

⎤⎥
⎦

⎞⎟
⎠

, 𝑦 < 1

−√𝑦
2

⎛⎜
⎝

−2E⎡⎢
⎣

√𝑦 − 1
2𝑦

⎤⎥
⎦

+ (𝑦 + 1)K⎡⎢
⎣

√𝑦 − 1
2𝑦

⎤⎥
⎦

⎞⎟
⎠

, 𝑦 > 1

(2.12)

and K[𝑚] and E[𝑚] are the complete elliptic integrals of the first and second kind

K[𝑚] = ∫
π/2

0
d𝜃 (1 − 𝑚2 sin(𝜃)2)− 1

2 and E[𝑚] = ∫
π/2

0
d𝜃 (1 − 𝑚2 sin(𝜃)2)

1
2 . (2.13)

One should note that the height of the Fermi level over the zero potential is irrelevant
in this approximation despite it being known to influence the result like for the exact
triangular barrier [22]. The relevant energy is the difference between the normal energy
and the vacuum level 𝐸F + 𝜙.

The transmission probability is plotted for three different electric field strengths in
figure 2.2. One can see that all three curves are qualitatively similar on a semilogarithmic
scale, with the plots being almost straight lines until near the top of the barrier where
they saturate to unity.

2.3.4. Supply function

The supply function is the flux towards the surface of electrons with a certain normal
energy, 𝑁(𝐸𝑧). It gives the flux of electrons attempting to tunnel through the surface
potential barrier and is therefore important for determining the emitted current. The
supply function can be used since the transmission probability is not dependent on the
momentum components parallel to the surface.

The derivation of the supply function assuming the electron model from section 2.3.1
can be found in appendix A. It is based on a geometric calculation of the fraction of
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Figure 2.2: The transmission probability for the Schottky–Nordheim barrier for different
electric field strengths. The vertical lines show the energy 𝐸max

𝑧 above which
the transmission probability is approximated as unity. The work function is
𝜙 = 4.76 eV, the value determined for the (111) copper surface in this work.

states on an energy isosphere 𝐸 which have the normal energy 𝐸𝑧, and an integration
over the energy 𝐸. The supply function is

𝑁(𝐸𝑧) = ∫
∞

𝐸𝑧

d𝐸 𝑓FD(𝐸)𝜌(𝐸)√
8𝑚𝐸

. (2.14)

Plugging in the free electron density of states (equation (2.4)) yields the supply function

𝑁(𝐸𝑧) = 𝑚
2π2~3 ∫

∞

𝐸𝑧

d𝐸 𝑓FD(𝐸) = 𝑚𝑘B𝑇
2π2~3 ln[1 + exp(𝐸F − 𝐸𝑧

𝑘B𝑇
)] , (2.15)

which is used in the standard electron emission theory (e.g. [33, 58]). 𝐸 and 𝐸𝑧 are the
total and normal electron kinetic energies, respectively.

2.3.5. Emission current

The field emission current density is found by integrating the product of the supply
function and the transmission probability over all normal energies,

𝐽(𝐹 , 𝑇 ) = 𝑒 ∫
∞

0
d𝐸𝑧 𝑁(𝐸𝑧, 𝑇 )𝐷(𝐸𝑧, 𝐹 ). (2.16)
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For the standard field emission theory, equations (2.15) and (2.7) give the current density

𝐽(𝐹 , 𝑇 ) = 𝑒𝑚𝑘B𝑇
2π2~3 { ∫

𝐸max
𝑧

0
d𝐸𝑧

ln[1 + exp(𝐸F−𝐸𝑧
𝑘B𝑇 )]

1 + exp[𝑄(𝐸𝑧, 𝐹 )]
(2.17)

+ ∫
∞

𝐸max
𝑧

d𝐸𝑧 ln[1 + exp(𝐸F − 𝐸𝑧
𝑘B𝑇

)]} ,

where the transmission probability in the second term is unity. The space charge effect,
which would decrease large emission currents, is neglected in this work.

One can see that, for a given surface, the emitted current depends on the electric
field through the transmission probability and on the temperature through the supply
function. The transmission probability of the real surface barrier must also depend on
the temperature due to the occupation of electron states changing, causing the charge
density and therefore the potential barrier to change. This effect has been neglected in
this work and is assumed to be negligible at room temperature.

Figure 2.3 shows the differential current density computed using equation (2.17) for
different electric field strengths at zero temperature and at room temperature. One can
see a maximum near the Fermi level and that the differential current density vanishes
exponentially to both sides at room temperature, while it vanishes abruptly at the Fermi
level at zero temperature. At high temperatures the maximum would be at energies
higher than the Fermi level [35].

Figure 2.4 shows the emitted current density as a function of the temperature and
electric field. The plot can be split into three regions. In the thermionic region the tem-
perature is high and the electric field is small, so the emitted current depends only weakly
on the electric field. The thermionic region is described by the Richardson–Dushman
equation [60, 61], which is discussed in section 2.3.7. In the field emission region, the
electric field is large, so the emitted current depends only weakly on the temperature.
The field emission region is described by the Fowler–Nordheim equation [22], which
is discussed in section 2.3.8. The transition region lies between the extremes and the
emitted current depends on both the temperature and electric field. Equation (2.17) can
be used for the transition region [62], and an analytical expression has been derived by
Jensen [35], which will be briefly described in section 2.3.6.

2.3.6. General thermal-field emission

A general expression for the electron emission current was found by Jensen by rewriting
equation (2.16) and developing a series expansion for it [34, 35]. The current density was
found using a linear approximation of the transmission probability around the maximum
of the differential current density, for which an analytical expression was found. Analytical
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Figure 2.3: The differential current for the Schottky–Nordheim barrier for different temper-
atures and electric field strengths. The free electron model is assumed. The
work function is 𝜙 = 4.76 eV, the value determined for the (111) copper surface
in this work.

expressions were found for all three regions which reduce to the Richardson–Dushman
and Fowler–Nordheim equations at the proper limits. The results for the transition region
do not qualitatively differ from those seen in figure 2.4 and are useful as a starting point
for further theoretical considerations (e.g. [41]).

2.3.7. Richardson–Dushman equation

The Richardson–Dushman equation corrected for the Schottky effect is the standard
thermionic emission equation and can be derived from equation (2.17) by adding approx-
imations for high temperatures and small electric fields [33].

For high temperatures and small fields, the logarithm in the supply function reduces
to the exponential function it contains and the exponent of the transmission probability
can be approximated as

𝑄(𝐸𝑧) ≈ −π(~4𝑒𝐹
𝑚2

(4π𝜖0)3

𝑒6 )
− 1

4

(1 + √4π𝜖0
𝑒3𝐹

∣𝐸𝐹 + 𝜙 − 𝐸𝑧∣−1) . (2.18)

Additionally, the probability factor missing from the second integral is reinserted and
the lower bound of the first integral is approximated as −∞. The integral can then be
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Figure 2.4: The total emitted current for the Schottky–Nordheim barrier for different
temperatures and electric field strengths. The free electron model is assumed.
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the (111) copper surface in this work.

computed analytically and the current density reduces to

𝐽 = 𝑒𝑚
2π2~3

𝑑
sin(𝑑)

(𝑘B𝑇 )2 exp[−𝜙 − Δ𝜙
𝑘B𝑇

] , (2.19)

where Δ𝜙 = √ 𝑒3𝐹
4π𝜖0

is the lowering of the potential barrier maximum by the electric field,
called the Schottky effect [16], and 𝑑 is a parameter which vanishes for large temperatures
and small fields, yielding the thermionic emission current density

𝐽 = 𝑒𝑚
2π2~3 (𝑘B𝑇 )2 exp[−𝜙 − Δ𝜙

𝑘B𝑇
] . (2.20)

In order to be useful for real systems, a material dependent factor must be added to the
equation.

2.3.8. Fowler–Nordheim equation

The Fowler–Nordheim equation, the standard equation used for interpreting cold field
emission experiments (e.g. [7, 63]), can be derived from equation (2.17) by adding
approximations for low temperatures [33].
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The Fowler–Nordheim equation describes field emission at low temperatures for which
the supply function vanishes quickly above the Fermi level. It is clear from figure 2.2
that 𝐸max

𝑧 − 𝐸F ≫ 𝑘B𝑇 for all reasonable electric fields, so the second term in equation
(2.17) is negligible and can be omitted. Also, the integrand of the first term vanishes
exponentially above the Fermi level due to the supply function.

One can also see that the transmission probability is small, meaning exp[𝑄(𝐸𝑧)] ≫ 1
and therefore 𝐷(𝐸𝑧) ≈ exp[−𝑄(𝐸𝑧)]. Since 𝑄(𝐸𝑧) decreases linearly with decreasing 𝐸𝑧

below the Fermi level, the integrand vanishes exponentially below the Fermi level.
Due to the above, one can make a linear approximation of 𝑄(𝐸𝑧) near the Fermi level

and approximate the lower bound of the integral as −∞, after which the integral can be
computed analytically. At zero temperature the integral is given by the Fowler–Nordheim
equation

𝐽 = 𝑎𝐹 2

𝜙𝜏2 exp[−𝜈𝑏𝜙3/2

𝐹
] , (2.21)

where 𝜈 and 𝜏 are evaluated at the Fermi level and 𝑎 = 𝑒3

16π2~ and 𝑏 = 4
3𝑒√2𝑚

~2 are the first
and second Fowler–Nordheim constants [24, 58]. The derivation can be found in appendix
B. As with the thermionic emission, a material dependent factor must be added to take
into account the band structure and other neglected phenomena [64]. The equation with
the added correction factor is called the technically complete Fowler–Nordheim equation.

Forbes provides both simple and accurate approximations for 𝜈 and 𝜏 [65] and interpre-
tations for them [24, 58]. 𝜈 is the ratio of 𝑄(𝐸F) to the corresponding exponent of the
exact triangular barrier with the same work function and applied electric field while 𝜏 is
the ratio of the derivatives d𝑄

d𝐸𝑧
at the Fermi level. These definitions can be used for any

potential barrier form which roughly resembles the triangular barrier, which is the case
for the potential barriers studied in this work. Equation (2.21) is therefore applicable to
more general potential barriers than the Schottky–Nordheim barrier.

2.3.9. Geometric field enhancement

When a macroscopic electric field 𝐹 is applied to the surface, e.g. by using a parallel
plate capacitor with the surface as the cathode, the local electric field at the surface can
be different due to geometric effects. For example, if there is a protrusion on the surface
which is large enough to be considered as an emitting surface, the local electric field at
its tip is larger than the applied field. This can be taken into account by adding a local
field enhancement factor 𝛽loc. to the Fowler–Nordheim equation, replacing the electric
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field 𝐹 with 𝛽loc.𝐹. The current density is then an average over the surface [45]

𝐽 = 𝑎𝐹 2

𝜙𝑆
∫

𝑆
d𝑆 𝛽2

loc.
𝜏(𝛽loc.𝐹)2 exp[−𝜈(𝛽loc.𝐹)𝑏𝜙3/2

𝛽loc.𝐹
] , (2.22)

where 𝑆 is the surface area. Defining an effective field enhancement factor 𝛽 such that
the effect is to simply replace 𝐹 with 𝛽𝐹 in equation (2.21), one gets the current density
for the surface

𝐽 = 𝑎𝛽2𝐹 2

𝜙𝜏(𝛽𝐹)2 exp(−𝜈(𝛽𝐹)𝑏𝜙3/2

𝛽𝐹
) . (2.23)

Due to the exponential scaling of the current density with 𝛽loc. the effective field en-
hancement factor is a good estimator for the maximum field enhancement factor on the
surface.

One should note that the work function was assumed to be constant across the entire
surface despite the changing field enhancement factor meaning that there is surface
roughness which locally changes the work function. This approximation is justified if the
surface being studied varies slowly enough to not affect the work function or if it is small
enough that the work function change can safely be averaged out.

2.3.10. Fowler–Nordheim plots

A Fowler–Nordheim plot is a linearized plot of the current density from equation (2.23)
[66]. A Fowler–Nordheim plot can take different forms for experiments depending on
what exactly is measured, but in this work the variables in equation (2.23) are directly
computed so they are used. Fowler–Nordheim plots are frequently used to interpret
experimental field emission results in terms of the field enhancement factor or the work
function by analysing the slope and intercept of the plots (e.g. [7, 63, 67]).

Rearranging equation (2.23) and taking the logarithm, one gets the equation

ln( 𝐽
𝐹 2

𝜙
𝑎

) = − 1
𝛽

𝑏𝜙3/2 𝜈(𝛽𝐹)
𝐹

+ ln(𝛽2

𝜏2 ) . (2.24)

Whether this plot is nonlinear, approximately linear or linear depends on the form of
𝜈(𝛽𝐹). Forbes has shown that for the Schottky–Nordheim barrier

𝜈(𝑥) ≈ 1 − 𝑥−1 − 𝑥−1𝑞 ln(𝑥) , (2.25)

where 𝑥 ∝ 𝐹 −1 and 𝑞 is a constant [24]. This means that plotting the left side of equation
(2.24) against 𝐹 −1 will give an approximately linear plot with the deviation from linearity
being proportional to ln(𝐹). The linearity of the Fowler–Nordheim plot is assumed in
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most field emission studies using it to study field enhancement factors or work functions.

2.4. Focus of this work

This work focuses on field emission from metal surfaces with atom-scale defects. The
Fowler–Nordheim equation was derived for planar surfaces and is known to work well only
for surface features with radii of curvature larger than ≈ 10 nm [37]. While the behaviour
of nonplanar emitters has been studied [36–42], these works still rely on analytical forms
for the surface potential barrier, the approximation of a smooth, well defined surface
for the emitter, a Wentzel–Kramers–Brillouin type approximation for the transmission
probability or a subset of these approximations. This work will focus on computing
the field emission current from planar surfaces with atomic-scale defects, for which the
definition of a surface is difficult. As in previous such works [45], the potential barrier
will be computed using density functional theory and the transmission probability will
be computed using tight-binding quantum transport models.
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3. Methodology

In this section, the methods used to compute and analyse the field emission currents
will be described. First, the numerical methods used, density functional theory and
quantum transport with tight-binding Hamiltonians, will be described together with a
brief summary of the quantum mechanics on which they are based. Second, the way
these tools were used in this work will be described with technical details being available
in the appendices. Third, the analysis of the resulting Fowler–Nordheim plots will be
discussed.

3.1. Quantum mechanics of electronic structure

It is well known that non-relativistic quantum mechanics neglecting spin can be described
with the Schrödinger equation

i~ ∂
∂𝑡

|𝜓⟩ = ℋ |𝜓⟩ , (3.1)

which was developed by Schrödinger in 1926 [19]. |𝜓⟩ is a general quantum state and
ℋ is the Hamiltonian operator. In the position basis, which was originally used by
Schrödinger and will be used exclusively in this work, the equation is

i~∂𝜓
∂𝑡

= ℋ𝜓 , (3.2)

where 𝜓 is now the wave function, a function of time and the coordinates of all particles.
For a system consisting of a single particle with no magnetic field, the Hamiltonian is

ℋ = − ~2

2𝑚
∇2 + 𝑉 (𝒓) , (3.3)

where the first term is the kinetic energy operator and the second term is the potential.
Assuming that the Hamiltonian does not depend explicitly on time, as is the case for

the system considered above, the Schrödinger equation separates into a time part and a
position part. The position equation is an eigenvalue equation

ℋ𝜓 = 𝐸𝜓 (3.4)

which is known as the time-independent Schrödinger equation (TISE). The TISE can
be solved for the eigenstates 𝜓, which are the stationary states of the system, and the
corresponding energies 𝐸.
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For an atomic system consisting of 𝑀 nuclei and 𝑁 electrons, the full Hamiltonian is

ℋ = −
𝑀

∑
𝑖

~2

2𝑚n,𝑖
∇2

𝑹𝑖
−

𝑁
∑

𝑗

~2

2𝑚
∇2

𝒓𝑗
(3.5)

+ 𝑉nn({𝑹𝑖}) + 𝑉ee({𝒓𝑗}) + 𝑉en({𝒓𝑗}, {𝑹𝑖}) + 𝑉ext. ,

where {𝑹𝑖} are the coordinates of the nuclei, {𝒓𝑗} are the coordinates of the electrons,
𝑚n,𝑖 are the masses of the nuclei and 𝑚 is the electron mass. The first two terms are the
kinetic energy and next three terms are the Coulombic interactions between the electrons
and nuclei. 𝑉ext. is an externally applied potential. The wave function of the system
depends on all of the coordinates, 𝜓 = 𝜓({𝑹𝑖}, {𝒓𝑗}).

The Born–Oppenheimer approximation states that the nuclear and electronic wave
functions can be approximately separated due to the nuclei being much more massive
than the electrons [68]. The Hamiltonian of the electronic system then no longer includes
the kinetic energy of the nuclei, which are assumed to be fixed. The nucleus–nucleus
interaction can also be neglected for finding the wave functions because it is just a constant
depending on the nuclei positions. This yields the electronic Schrödinger equation

(− ~2

2𝑚
∇2 + 𝑉ee(𝒓) + 𝑉 (𝑹))𝜓 = 𝐸𝜓 , (3.6)

where 𝒓 now represents all electron coordinates, 𝑹 represents all nuclei coordinates and
𝜓(𝒓) is the electron wave function.

The Born–Oppenheimer approximation also allows one to find the wave function of the
nuclei assuming that the electrons are in their ground state. This involves plugging the
ground state energy found from the electronic Schrödinger equation into the equation
for the nuclei. However, it is easier and usually sufficient to approximate the nuclei as
classical particles and to use forces computed from the electronic Schrödinger equation by
the Hellman-Feynman theorem [69] to calculate the motion of the nuclei from Newton’s
second law. This approach is used in ab initio molecular dynamics programs such as
VASP.

In periodic systems, Bloch’s theorem [70][71, sec. 1] states that the wave functions
must satisfy

𝜓(𝒓 + 𝑹) = ei𝒌⋅𝑹𝜓(𝒓) , (3.7)

where 𝑹 is a vector of translational symmetry. The general form of the wave functions is
then

𝜓𝒌(𝒓) = ei𝒌⋅𝒓𝑢𝒌(𝒓) , (3.8)
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where 𝑢𝒌(𝒓) have the periodicity of the potential. 𝒌 are quantum numbers which label
the wave functions and have units of reciprocal length. They are restricted to the first
Brillouin zone, the unit cell of the reciprocal lattice of the system. Each 𝒌 results in
different wave functions and energies which form the band structure of the material.
Therefore quantities which are calculated as a sum over the eigenfunctions, e.g. the
electron density 𝑛 = ∑𝑖 𝜓∗

𝑖 𝜓𝑖, must also be integrated over the first Brillouin zone.

3.2. Electronic structure within density functional theory

Density functional theory (DFT) is an electronic structure calculation method widely used
in computational physics and chemistry. It is based on the Hohenberg–Kohn theorems
which show that the ground state electron density of a system uniquely determines its
properties [72], meaning that finding the ground state density is equivalent to solving the
time-independent electronic Schrödinger equation (3.6).

The first Hohenberg–Kohn theorem states that a given ground state electron density
𝑛(𝒓) uniquely determines the external potential 𝑉 (𝒓). The ground state total energy can
therefore be written as a unique functional of the ground state density 𝐸[𝑛(𝒓)], since the
Schrödinger equation depends only on the external potential.

The second Hohenberg–Kohn theorem states that the ground state total energy is
variational with regard to the the electron density, and that the density for which the
total energy is minimal is the true ground state density. The total energy functional can
be written as

𝐸[𝑛(𝒓)] = ∫ d3𝒓 𝑉 (𝒓)𝑛(𝒓) + 1
2

𝑒2

4π𝜖0
∬ d3𝒓 d3𝒓′ 𝑛(𝒓)𝑛(𝒓′)

|𝒓 − 𝒓′|
(3.9)

+ 𝑇[𝑛(𝒓)] + 𝐸XC[𝑛(𝒓)] ,

where the first term is the interaction with the external potential, the second term is
the Coulombic interaction between electrons, the third term is the electrons’ kinetic
energy and the last term is the exchange-correlation energy. Finding the density which
minimises this functional therefore in theory allows one to compute any properties of
interest for the system.

While the Hohenberg–Kohn theorems prove that there is a unique ground state density
and a total energy functional using which it can be found, the true forms of 𝑇[𝑛(𝒓)]
and 𝐸XC[𝑛(𝒓)] are not known, which means that they must be approximated in some
way. Kohn and Sham developed a way to do the calculation by approximating the
electrons as non-interacting and placing the disregarded interaction energy into the
exchange-correlation functional, for which there are many different approximations [73].

In the Kohn–Sham method the system is described by a set of single-electron orbitals

20



{𝜓𝑖}. The non-interacting kinetic energy is

𝑇[{𝜓}] = − ~2

2𝑚
∑

𝑖
𝑓𝑖 ∫ d3𝒓 𝜓∗

𝑖 ∇2𝜓𝑖 (3.10)

with the occupation numbers {𝑓𝑖}. The orbitals {𝜓𝑖} can be solved from the Kohn–Sham
equations

(− ~2

2𝑚
∇2 + 𝑉KS(𝒓))𝜓𝑖 = 𝐸𝑖𝜓𝑖 , (3.11)

where the effective Kohn–Sham potential is

𝑉KS(𝒓) = 𝑉 (𝒓) + 𝑒2

4π𝜖0
∫ d3𝒓′ 𝑛(𝒓′)

|𝒓 − 𝒓′|
+ ∂𝐸XC(𝒓)

∂𝑛(𝒓)
, (3.12)

𝑛(𝒓) = ∑𝑖 𝑓𝑖𝜓∗
𝑖 𝜓𝑖 and ∂𝐸XC(𝒓)

∂𝑛(𝒓) ≡ 𝑉XC is the exchange-correlation potential. Since the
effective potential depends on the density and the density depends on the orbitals, the
Kohn–Sham equations (3.11) must be solved iteratively, e.g. by starting from a guess
for the density, computing the orbitals from that density, then a new density from those
orbitals, and continuing until the density and orbitals no longer change.

For periodic systems the equations above must be modified according to Bloch’s
theorem, adding the quantum number 𝒌. This means that the Kohn–Sham equations
must be solved in the first Brillouin zone, for which the Brillouin zone must be sampled.
Sampling the Brillouin zone means choosing a set of 𝒌 for which the Kohn–Sham equations
are solved and using their weighted sum as the integration over the Brillouin zone. In
order to improve the convergence with the number of chosen 𝒌, the orbital occupations
are usually smeared around the Fermi level in order to remove their discontinuity. There
are many schemes for this, including the Methfessel-Paxton smearing method used in
this work [74].

Two issues stand out when solving the Kohn–Sham equations. First, the exchange-
correlation functional must be known in order to compute the Kohn–Sham potential.
Second, a basis set has to be chosen with which the Kohn–Sham orbitals are represented.
The sections below will focus on systems with infinite metal surfaces due to their relevance
for this work.

3.2.1. Exchange-correlation functionals

Many different approximations of the exchange-correlation functional are used. Out of
these, only the local density approximation (LDA) and generalised gradient approximation
(GGA), the simplest functional types, will be discussed here. They represent the lowest
two rungs of Perdew’s “Jacob’s ladder” hierarchy of exchange-correlation functionals [75].
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In the local density approximation the exchange and correlation energies are taken to
be those of the homogeneous electron gas at the local electron density. The exchange
energy of the homogeneous electron gas is known analytically while the correlation energy
is usually accurately parametrised from quantum Monte Carlo calculations [76].

The generalised gradient approximation takes into account the gradient of the electron
density in addition to its value, which improves its accuracy in comparison with LDA for
many, but not all, systems [77]. The gradient is generally used in the form of the reduced
density gradient |∇𝑛|

𝑛4/3 [78, Ch. 5].
Unfortunately, the LDA and GGA functionals do not give the correct asymptotic form

of the exchange-correlation potential in the vacuum above a metal surface, which should
follow the well-established form of the image potential. Instead, they vanish into the
vacuum exponentially [79]. This is a result of the poor description of the long-range
correlations by these approximations due to their local or semilocal nature. Since the
exchange-correlation term is always negative, it overestimates the potential barrier at
the surface due to the overestimation of the decay of the exchange-correlation potential
into the vacuum.

3.2.2. Basis sets

The Kohn–Sham equations describe how to iteratively compute the single-electron orbitals
{𝜓𝑖}, but the method itself does not restrict the description of the orbitals used in the
numerical computation. The orbitals are expanded in linear combinations of the basis
set functions. Two common choices of basis set types are linear combinations of atomic
orbitals (LCAO) and plane waves.

One possible basis set is the linear combination of atomic orbitals (LCAO), in which
the orbitals are expanded in a set of functions centred on the nuclei. This basis set is
used in several DFT programs, e.g. GPAW and SIESTA [80, 81]. There are many types
of LCAO basis sets with different basis functions, the details of which are not discussed
here. An advantage of the LCAO type of basis sets is that vacuum regions are easier to
model, since there are no basis functions without nuclei and the electron density therefore
vanishes completely. However, this also means that special care must be taken at surfaces
to ensure that the basis functions extend far enough into the vacuum (see e.g. [9]). A
disadvantage is that it is difficult to methodically improve the basis set convergence due
to the many different options for building the basis sets.

A second basis set type, the one also used in this work, is expanding the wave functions
as plane waves. This method is implemented in e.g. GPAW and VASP [80, 82] and is
only applicable for periodic systems due to the inherent periodicity of plane waves. The
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Bloch functions 𝑢𝒌 are expanded in plane waves as

𝑢𝒌(𝒓) = ∑
𝑮

𝑎𝑖,𝒌,𝑮√
𝑉

exp[i𝑮 ⋅ 𝒓] , (3.13)

where {𝑮} are the reciprocal lattice vectors and {𝑎𝑖,𝒌,𝑮} are the plane wave coefficients
[83, sec. 3.2]. The kinetic energy of a plane wave is ~2

2𝑚 |𝒌 + 𝑮|2 and it is intuitive that
plane waves with very large energies are unimportant, so the set of reciprocal lattice
vectors considered at each 𝒌 is truncated by introducing a cutoff for the kinetic energy,
keeping all plane waves which are inside of the corresponding origin-centred sphere in
reciprocal space. The plane wave basis set has several advantages. First, computing the
Fourier transform is very fast while several calculations are efficiently done in reciprocal
space. Second, the plane waves are by construction orthonormal, so there can be no
basis set superposition error. Third, there is a single parameter, the cutoff energy, which
can be adjusted to methodically increase the convergence. One disadvantage is that the
charge density in vacuum regions does not vanish completely due to the missing high
frequency components of the wave functions. Also, charge can accumulate on the vacuum
side of potential barriers which drop below the Fermi level. Another disadvantage is
that very large cutoff energies are required to represent the core electrons. However, this
problem is solved by using pseudopotentials.

3.2.3. Pseudopotentials

This section gives a very brief overview of the idea behind the pseudopotential method
first introduced by Hellmann [84].

The pseudopotential method is based on the observation that core electrons are
not significantly affected by the chemical environment [85]. They can therefore be
approximated with wave functions which are always the same. This is called the frozen
core approximation. The potential felt by the valence electrons near the nuclei can then
be replaced by a smoother potential function, while the valence wave functions themselves
are written as pseudo wave functions which do not have rapid oscillations near the nuclei.
Only the pseudo wave functions must then be varied, which means that much smaller
basis sets are needed for plane wave calculations.

The projector augmented wave (PAW) method used in this work is a generalisation of
pseudopotentials which was developed by Blöchl [86]. In the PAW method the valence
wave functions are related to the pseudo wave functions by a transformation operator,
which allows one to compute properties of the real wave functions without needing to
compute the real wave functions explicitly. This makes the computations more efficient.
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3.2.4. Computing system properties

Three properties of the metal surface system are relevant for this work: the density
of states 𝜌(𝐸), the electron density 𝑛(𝒓) and the potential in which an electron would
move in the system, which is the effective Kohn–Sham potential 𝑉KS(𝒓). These can be
computed when the single-particle orbitals {𝜓𝑖,𝒌} have been found by self-consistently
solving the Kohn–Sham equations.

Assuming spin degeneracy and smearing, the occupation numbers of the orbitals will
be 0 ≤ 𝑓𝑖,𝒌 ≤ 23 and the electron density can be computed as

𝑛(𝒓) = 1
𝛺BZ

∫
𝛺BZ

d3𝒌 ∑
𝑖

𝑓𝑖,𝒌𝜓∗
𝑖,𝒌(𝒓)𝜓𝑖,𝒌(𝒓) , (3.14)

where 𝛺BZ is the volume of the first Brillouin zone. As noted above, the integral over the
Brillouin zone is done by a weighted sum over chosen 𝒌. Having computed the electron
density, the Kohn–Sham potential 𝑉KS(𝒓) can be computed using equation (3.12) with
the chosen approximation for the exchange-correlation potential.

The density of states is by definition given by the Kohn–Sham eigenvalues 𝐸𝑖,𝒌 as

𝜌(𝐸) = 1
𝛺BZ

∫
𝛺BZ

d3𝒌 ∑
𝑖

𝛿(𝐸 − 𝐸𝑖,𝒌) . (3.15)

In order to make the density of states a smooth function, the delta function is always
replaced by a peaked function such as a Gaussian with a small standard deviation.

3.3. Quantum transport with tight-binding Hamiltonians

Calculating the probability of an electron to tunnel through the surface potential barrier
is a quantum mechanical scattering problem which can be described using a tight-binding
Hamiltonian approximation for a single electron [87, sec. 3]. In this formalism, the
system is described by a finite scattering region corresponding to the potential barrier,
and semi-infinite leads to and from the system corresponding to the bulk metal and the
vacuum.

A tight-binding Hamiltonian is created by discretising the spatial coordinates onto a
grid. The second derivatives in the Schrödinger equation are discretised using the central
difference form as

∂2𝜓
∂𝑥2 ∣

𝑥=𝑥𝑖

= 1
𝑎2 (𝜓𝑖+1 − 2𝜓𝑖 + 𝜓𝑖−1) , (3.16)

where 𝜓 is the wave function, 𝑥 is a Cartesian coordinate and 𝑎 is the grid spacing in the

3 Possible negative occupation numbers arising from Methfessel–Paxton smearing are ignored here.
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direction of 𝑥. Operating with the single-particle Hamiltonian ℋ = − ~2

2𝑚∇2 + 𝑉 (𝑥, 𝑦, 𝑧)
therefore becomes a matrix operation

ℋ𝜓𝑖,𝑗,𝑘 = ∑
𝑖′,𝑗′,𝑘′

𝐻𝑖′,𝑗′,𝑘′;𝑖,𝑗,𝑘𝜓𝑖′,𝑗′,𝑘′ , (3.17)

where the Hamiltonian elements are

𝐻𝑖′,𝑗′,𝑘′;𝑖,𝑗,𝑘 =

⎧{{{
⎨{{{⎩

𝑉𝑖,𝑗,𝑘 + 2(𝑇𝑥 + 𝑇𝑦 + 𝑇𝑧) , 𝑖, 𝑗, 𝑘 = 𝑖′, 𝑗′, 𝑘′

−(𝑇𝑥 + 𝑇𝑦 + 𝑇𝑧) , 𝑖, 𝑗, 𝑘 and 𝑖′, 𝑗′, 𝑘′ are adjacent

0 , otherwise

(3.18)

and 𝑇𝑖 = ~2/(2𝑚𝑎2
𝑖 ) are the hopping energies.

The Hamiltonian can then be divided into two parts for the leads and one part for the
scattering region. The scattering matrix can be computed by finding the propagating
modes of the leads and calculating the lead self energies. The lead self energies can
computed by requiring that the wave functions of the leads match those of the scattering
region at its boundaries. This method is called the wave function matching (WFM)
method and is used in this work. An introduction to the wave function matching method
can be found in reference [88]. Alternative ways of computing the scattering matrix exist,
such as the Green’s function method.

Since the basis of the tight-binding method as it is used here is discretising the
continuous system onto a grid, the accuracy of the approximation depends strongly on
the density of the grid. The resulting Hamiltonian matrix is very sparse, so the resulting
linear algebra can be efficiently computed using sparse matrix algorithms.

3.4. Combining DFT and quantum transport in field emission calculations

3.4.1. Studied systems

Three different types of surface defects and the clean surface were studied in this work.
The clean surface was a copper (111) surface, which is the closest-packed surface with a
trigonal arrangement of atoms. The electric fields applied to the surfaces had magnitudes
of 1 GV m−1, 2 GV m−1 and 3 GV m−1. The applied electric fields were bounded from
below by the thickness of the vacuum layer in the simulated system, as the vacuum layer
must be sufficiently large for the potential decrease due to the electric field to be visible.
They were also bounded from above by the accumulation of electrons in the vacuum
layer due to the potential decreasing below the Fermi level.

The arrangement of atoms in the unit cell and the definition of the 𝑥 and 𝑦 axes can
be seen in figure 3.1. The zero of the 𝑧 coordinate is chosen to be at the bottom layer of
atoms.
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Figure 3.1: The atomic sites in one unit cell in the 𝑥𝑦-plane of the (111) oriented FCC
system. 𝑙0 is the lattice constant, 3.635 Å for copper. The spacing between
atomic layers is 𝑙0/

√
3. The stacking is ABC with the bottom layer being A.

The surfaces were studied in a slab supercell model in which periodic boundary
conditions are applied in all directions and the surface is the top of a slab consisting of a
number of atomic layers which is separated from its periodic images in the 𝑧 direction by
a vacuum layer thick enough to prevent any interaction between the slab and its periodic
images across the vacuum. The clean surface systems all had one unit cell in the 𝑥 and 𝑦
directions.

The first defect type was a step consisting of an added layer of atoms in the FCC
sites covering half of the simulation cell. Taking the periodic boundary conditions into
account, this corresponded to a surface with a stripe pattern of additional atomic layers.
The step defect systems had one unit cell in the 𝑥 direction and four, six or eight unit
cells in the 𝑦 direction, half of which were covered by the step layer.

The second defect type was a single adatom added in an FCC site. With the periodic
boundaries this corresponded to a surface covered with adatoms at a density determined
by the lateral dimensions of the simulation cell. The third defect type was a pyramid
consisting of three atoms on neighbouring FCC sites and one adatom on top of them.
The effect of periodic boundaries was the same as for the adatom defect. Both defect
type systems had twice as many unit cells in the 𝑥 direction as in the 𝑦 direction in order
to make the system approximately square. The systems had two, four or six unit cells in
the 𝑥 direction.

3.4.2. Density functional theory simulations

All DFT calculations were done using the Vienna Ab initio Simulation Package (VASP)
developed at the University of Vienna [89–92] using the Projector Augmented-Wave
method (PAW) [86, 93]. VASP version 5.3.5 was used with the pseudopotential dataset
version 54 supplied with VASP. The used pseudopotential for copper treated the eleven
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Figure 3.2: The studied surface defect types. Substrate atoms are orange, surface atoms
are blue and atoms added by the defects are red. From top left to bottom right:
clean surface, step defect, adatom defect, pyramid defect. The extra atoms of
the step defect are in FCC sites. The adatom is in an FCC site. The lower
level of the pyramid is in FCC sites. The clean surface and step defect images
have periodic images added to make the image clearer.
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3d and 4s electrons as valence electrons and the rest as a frozen core.
A list of the options used in the DFT calculations can be found in appendix C and the

most important parameters are discussed below. The PREC = Accurate option, which
determines the size of the used FFT grids, was set to ensure that there were no aliasing
errors due to too small FFT grids. The projection operators were computed in reciprocal
space for the bulk convergence tests and clean surface systems due to the increased
accuracy, but had to be computed in real space for the surface defect systems for the
reduced computational cost. The Perdew–Burke–Ernzerhof (PBE) exchange-correlation
functional [77] was used for all calculations. The convergence criterion for the electronic
iteration was set to 10−7 eV in order to have accurate forces for the ionic relaxation.

For surface systems, asymmetry of the slab and the applied electric field cause a dipole
in the slab, which results in unphysical interactions between the slab and its periodic
images. To remove this problem, a dipole correction was applied in the 𝑧 direction.

The lowest two atomic layers of the slab were kept fixed at their bulk equilibrium
values in the ionic relaxation in order to reduce the number of atomic layers necessary for
convergence [83, sec. 4.7]. The ionic relaxation was done using the conjugate gradients
method until the change in energy between successive iterations was less than 10−6 eV,
which lead to forces on the relaxed atoms of order 10−3 eV Å−1, more than sufficient
accuracy for this work. The total distance each atom moved during the relaxation was of
the order 10−2 Å.

𝛤-centred Monkhorst–Pack 𝒌-point grids were used for sampling the reciprocal space
in all calculations. All symmetries were used to reduce the computed 𝒌-points to the
irreducible Brillouin zone. All calculations were spin-paired.

All surface calculations were split into three parts. First, the ionic relaxation was done.
Second, the spacing of the grids the charges and potential are evaluated on was halved in
each direction, and the wave functions were converged. Third, the charge density was
computed from the wave function of the previous step and kept constant while the wave
functions were converged. The halving of the grid spacing is necessary due to factors
described in appendix D. The split into the second and third steps was necessary due
to VASP’s charge mixing algorithm which has the outputted charge and wave function
non-selfconsistent if both are converged at the same time.

3.4.3. Work function determination

The work function was computed from the result of the simulations with no applied
electric field according to equation 2.5. Both the Fermi level and the vacuum potential
were taken directly from the simulation output.

This approach is the simplest, but it ignores quantum size effects on the Fermi level.
Fall et al have developed an improved scheme for computing the work function which
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involves computing the 𝑥-𝑦-averaged potential inside the metal slab and averaging it over
a thickness corresponding to one atomic layer spacing [94]. This averaged potential in
the bulk-like middle of the slab is then compared to the average potential in a simulation
of the bulk in order to compute the bulk-like Fermi level for the slab.

The simple approach was used because the convergence for relaxed surfaces is very
slow due to the atomic layer spacing not being constant [95].

3.4.4. Convergence tests

Convergence tests for the DFT calculations were split into three parts, the last of which
was specific to each defect type. The common convergence tests were for the plane
wave energy cutoff, 𝒌-point sampling, smearing method and equilibrium lattice constant,
which were done in the bulk geometry, and the thicknesses of the slab and the vacuum,
which were done in the slab geometry. The defect-specific convergence tests were for the
lateral dimensions of the simulated slab and were done to ensure that the calculations
corresponded to a single defect on a clean surface.

The convergence tests are described in detail in appendix D and only the results will
be given here.

The convergence in the cutoff energy and 𝒌-point sampling were found to be independent
of each other. An energy cutoff of 600 eV was found to give a total energy converged
to less than 1 meV, and this cutoff was increased to 800 eV to ensure that the forces
computed for the ionic relaxation were accurate enough. A 𝒌-point sampling of 𝑘𝑎 ≈ 50 Å
was found to give a total energy accurate to approximately 1 meV, where 𝑘 is the number
of 𝒌-points along a lattice direction with length 𝑎. The 𝒌-point sampling for the systems
with open surfaces was 𝑘𝑎 ≥ 45 Å.

Three different smearing methods were tested based on the entropy4 and the energy
difference to a calculation done using the tetrahedron smearing method with Blöchl’s
corrections, which is known to give accurate total energies [96]. First and second order
Methfessel–Paxton smearing and Gaussian smearing were tested with different smearing
parameters 𝜎. Compared to first order Methfessel–Paxton smearing Gaussian smearing
produced much larger entropies and second order Methfessel–Paxton smearing did not
give any benefit, so first-order Methfessel–Paxton smearing was used. The optimal
smearing parameter was found to be 𝜎 = 0.2 eV.

The bulk equilibrium lattice constant was found by computing the total energy while
varying the lattice constant with a resolution of 10−3 Å. The lattice constant was found
to be 3.635 Å, which resulted in a minimum energy of approximately −3.729 eV per atom.
This also served as a test of the energy cutoff and 𝒌-point sampling and showed that they

4 This is the entropy of the non-interacting electron system, a result of the smearing. It only has a
physical interpretation for Fermi–Dirac smearing, which corresponds to a nonzero temperature.
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were sufficient, as the lattice constant—total energy curve was smooth. The determined
lattice constant is slightly larger than the experimental lattice constant of 3.615 Å [97].

The convergence tests for the slab parameters were done on a system with one unit
cell each in the 𝑥 and 𝑦 directions and a variable number of atomic layers with the two
bottom layers fixed. The work function and the interlayer distances were computed for
slabs with three to ten layers. The result was that eight atomic layers are enough to
converge the work function to within several meV and to converge several of the interlayer
spacings to their bulk values, so this amount of layers was chosen for the defect systems.
The bulk energy of −3.730 eV was computed with a linear fit to the total energies and is
in good agreement with the bulk result. The surface energy of 0.469 eV is slightly lower
than the literature value of 0.50 eV [98].

Different vacuum thicknesses between slabs from 5 monolayers (≈ 10 Å) to 25 mono-
layers (≈ 50 Å) were tested. The vacuum thickness was found to have only a small effect
on the work function, which was converged to less than 5 meV at 15 monolayers (≈ 30 Å).
This vacuum thickness was chosen to give enough space for the defect structures while
not unnecessarily increasing the computation time.

Additionally, it was found during convergence testing that it is necessary to halve the
spacing of the grids on which the potential and charge density are computed in order to
get a converged potential.

3.4.5. Image potential

Due to the failure of the PBE functional to reproduce the correct form of the exchange-
correlation potential in the vacuum region as discussed in section 3.2.1, a way had to
be found to introduce the true exchange-correlation potential in the vacuum region
in an approximate way. Several approaches have been tried before. Using the 𝐺𝑊
approximation of many-body theory is known to produce the correct potential [79, 99],
but is computationally infeasible for the system sizes used in this work. Recently, the
SA-TPSS meta-GGA functional [100] was developed based on the TPSS meta-GGA
functional [101] in order to incorporate the correct asymptotic form. However, the
SA-TPSS functional is not available in VASP and attempts to use it through GPAW
failed. Also, attempt have been made to fit an analytic function to the potential for the
clean surface, but this is only applicable in one dimension [102].

The approach developed in this work is incorporating the image potential as an
approximation for the long-range exchange and correlation effects as a correction to
the potential computed using the PBE functional in the vacuum region. The exchange-
correlation potential computed using the PBE functional is retained in the slab, where it
works well [98]. The computation of the image plane location for the different systems
will be discussed below. The transition from the PBE-computed exchange-correlation
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potential to the image potential was done as a smooth transition

𝑉XC = 𝑓(𝑥)𝑉 PBE
XC + (1 − 𝑓(𝑥))𝑉 Image

XC (3.19)

using a transition function

𝑓(𝑥) =
⎧{
⎨{⎩

1.0 , 𝑥 ≤ 0

exp(−𝑥/𝜆𝑥) + [1 − exp(−𝑥/𝜆𝑥)] exp(−𝑥) , 𝑥 > 0
, (3.20)

where 𝜆𝑥 is a parameter describing how abrupt the beginning of the transition is and

𝑥 = 𝑑 − 𝑑0
𝜆𝑑

(3.21)

is a rescaling of the value 𝑑 = max(𝑟, 𝑧′) − 𝑧′
im. 𝑑0 and 𝜆𝑑 are parameters describing

where the transition starts and what the characteristic length is, 𝑟 is the distance to the
nearest atom, 𝑧′ is the distance from the topmost atomic plane and 𝑧′

im is the distance of
the image plane from the topmost atomic plane. A schematic of the distances can be
seen in figure 3.3 and a plot of 𝑓(𝑥) is shown in figure 3.4.

Nearest atom

Top atomic plane

Image plane

𝑧′
im

Point in space
𝑟

𝑧′

Figure 3.3: Schematic for computing the distance used in computing the image potential
transition function (see text). Atoms are blue circles. The red circle is an
arbitrary point in space. 𝑟 is the distance to the nearest atom and 𝑧′ is the
distance to the top atomic plane. 𝑧′

im is the distance between the top atomic
plane and the image plane.

The transition function 𝑓(𝑥) gives the weight of the PBE-computed exchange-correlation
potential and the weight of the image potential is 1−𝑓(𝑥). The function was chosen to be
continuous and smooth, vanish exponentially with the characteristic length 1.0 for 𝑥 > 0
and equal unity for 𝑥 ≤ 0. This choice ensures that the resulting exchange-correlation
potential is continuous and smooth despite the singularity of the image potential at the
image plane.

The parameters 𝜆𝑥, 𝜆𝑑 and 𝑑0 were found by optimising them for the clean surface to
ensure that the resulting potential looked physical (i.e. had no bumps etc.) and that
the transition happens near the point where the image potential and PBE-computed
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Figure 3.4: The transition function 𝑓(𝑥), the weighting function for the PBE-computed
exchange-correlation potential against the image potential.

exchange-correlation potential have the smallest difference. The chosen values for the
parameters were 𝑑0 = 1.5 Å, 𝜆𝑑 = 1.0 Å and 𝜆𝑥 = 0.75 Å.

It is recognised that these requirements still leave room for different values of the
parameters and that the resulting potential is therefore somewhat arbitrary. Especially
increasing 𝑑0 and 𝜆0 would increase the height of the potential barrier and therefore
decrease the transmission probability.

The result of adding the image potential is shown in figure 3.5 for a system with a clean
surface and an applied electric field of 2 GV m−1. One can see that adding the image
potential decreases the barrier height by approximately 0.5 eV and makes the barrier
slightly thinner. This has the effect of increasing the emitted current by approximately
one order of magnitude. The procedure was found to work well for the defect systems,
only producing minor artefacts near the base of the defects. The corresponding exchange-
correlation potentials from the DFT calculation, from the image potential and resulting
from the procedure described above can be seen in figure 3.6 for the same system.

The approximation of using the image potential as the long-range exchange-correlation
potential with a single image plane computed as an average over the whole surface is
only valid when the defect is small. In particular, it must be low, or the computed image
plane will be too far above the surrounding flat surface or will go through the defect,
both of which would cause unphysical artefacts in the resulting potential. This is due to
the image potential only being exactly valid for the planar surface.
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The procedure for computing the exchange-correlation potential from the output of
VASP is described in appendix E.
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Figure 3.5: The potential before and after adding the image potential for a system with a
clean surface and an applied electric field of 2 GV m−1. The zero potential is
the Fermi level.

The location of the image plane was computed for each system from the surface charge
distribution using the algorithm described below. For the clean surface it was found to be
(1.56 ± 0.08) Å above the top atomic plane, which is significantly larger than the 1.13 Å
identified in previous works [102]. The reason for this discrepancy is unclear and was not
investigated due to the added image potential already containing arbitrary components
from the transition function as discussed above.

The following algorithm allows the calculation of the centre of mass of the excess
charge at the surfaces induced by an external electric field parallel to the 𝑧 axis, which
is also the location of the image plane [102–104]. Let the simulated slab have an even
number of atomic monolayers and be thick enough that it has bulk properties in an area
near the middle. Let the origin be in the centre of mass of the slab, which is between
two atomic layers in the 𝑧 direction.

The basic idea is to split the slab into two parts in the 𝑧 direction so that each side has
the correct excess charge density from Gauss’ law and to compute the centres of mass of
the charge distributions in the two sides.

First the system must be studied with no applied electric field. According to Gauss’
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Figure 3.6: The exchange-correlation potential for the system of figure 3.5. The PBE
exchange-correlation potential, the image potential and the resulting exchange-
correlation potential are shown. The noise in the vacuum region for the PBE
potential is a result of a small (≈ 10−10 Å−3) amount of electrons in the vacuum
due to the numerical approximations in the DFT calculation.

law, which gives the surface charge as

𝜎 = 𝜖0𝐴𝐹 (3.22)

with the vacuum permittivity 𝜖0, surface area 𝐴 and electric field 𝐹, the surface charge
should vanish in this case. The plane along which the slab is split is chosen to be as close
as possible to the origin, so that the total charge on each side vanishes. This is possible
because the electron density in the slab is nonzero everywhere while the ionic charge is
localised, so moving the splitting plane changes the amount of charge on both sides. The
𝑧 components of the dipole moments of the upper and lower slab sides, 𝜇u and 𝜇d, are
then computed with respect to the origin with the usual equation

𝜇 = ∫
𝑉

d3𝒓 𝜌(𝒓)𝑧 , (3.23)

where 𝑉 is one side of the slab. These dipole moments are nonzero even in the absence of
an applied electric field due to the Smoluchowski dipoles.

Next, the system with an applied electric field is studied. Gauss’ law now states that
there must be surface charge on both sides of the slab, so the splitting plane of the
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slab is chosen so that both sides have the correct excess charge. The 𝑧 components of
the dipole moments, 𝑝u and 𝑝d, are computed with respect to the origin. The dipole
moments induced by the electric field are now 𝑝𝑖 − 𝜇𝑖 and the induced charges are 𝜎𝑖,
where 𝑖 = {u, d}.

The centre of mass of the induced charge is by definition

𝒓COM
𝑖 =

∫
𝑉

d3𝒓 𝜌ind(𝒓)𝒓
∫
𝑉

d3𝒓 𝜌ind(𝒓)
, (3.24)

where 𝜌ind is the induced charge density and COM stands for “centre of mass”. For the 𝑧
component, this can easily be simplified to

𝑧COM
𝑖 = 𝑝𝑖 − 𝜇𝑖

𝜎𝑖
. (3.25)

3.4.6. Quantum transport calculations

The numerical quantum transport calculations were carried out using the Kwant code
[105] (version 1.3.2), which implements the computation of transport properties for
systems described by tight-binding Hamiltonians. The MUMPS [106] backend (version
5.0.2 with Scotch 6.0.4, Metis 5.1.0 and PORD orderings) for Kwant was used. The
main input for these calculations was the total local potential from the DFT calculations.
Using the local potential is sufficient as it differs from the total (nonlocal) potential only
inside the augmentation spheres of the atoms and is therefore equal to the total potential
in the area of interest.

The quantum transport calculations were done both with and without the image
potential correction described in section 3.4.5.

In order to use the DFT-provided potential grid in the quantum transport calculations
it has to be processed. The potential as it is computed by VASP can be seen in figure
3.7. One can see that there are several problems which must be addressed. First, the
periodic image of the bottom of the slab and the dipole correction clearly visible starting
from the centre of the vacuum and must be removed. Second, there is unphysical noise
in the vacuum approximately 5 Å–8 Å from the surface which must be removed. Third,
the vacuum region is too thin for the potential to decrease below the Fermi level due to
the electric field, so the decreasing potential must be extended to well below the Fermi
level in order to calculate the transmission probabilities. Fourth, the potential in the
slab is oscillatory, showing large dips near the atoms, but the free electron–like model
used requires that the potential in the metal is constant.

These problems were corrected by processing the potential using the method described
in detail in appendix F. The potential was numerically smoothed, after which the periodic
image and most of the slab were cropped. The potential was then extended to the zero
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Figure 3.7: The potential outputted by VASP before processing. The mean, maximum and
minimum of the potential is computed for each plane. The Fermi level is at
𝑉 = 0. The oscillating potential at small 𝑧 is the slab. The potential at large 𝑧
is from the periodic image of the slab. The jump in the vacuum near 𝑧 = 30 Å
is the dipole correction. The oscillation of the maximum and minimum values
around 𝑧 = 18 Å and 𝑧 = 42 Å is unphysical noise. The system has a clean
surface and an applied field of 2 GV m−1. The image potential correction is not
applied.

level by fitting a function to the vacuum part of the potential and continuing the function
into the vacuum. Finally, the potential was clamped to the zero level in the remaining
part of the slab in order to make the metal consistent with the free electron–like model,
which requires a constant potential.

The potential was undersampled 12 times in order to make the computation feasible.
This was found to increase the transmission probabilities by a factor of approximately
1.2 near the Fermi level when compared to undersampling only 4 times. The convergence
with regard to the undersampling is discussed in appendix G.

The result of processing the potential in figure 3.7 can be seen in figure 3.8. One can
see that the processed potential consists of one barrier on an otherwise constant potential.

The zero energy referenced above is the parameter 𝐸0 in the free electron–like model
in section 2.3.1. It must be chosen based on information not available in the potential
because the only reference point for the energy of the incoming waves is the Fermi level,
which is only known relative to the potential. The problem can be compared to the
free electron model, in which knowledge of the electron density 𝑛 is required in order to
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Figure 3.8: The potential outputted by VASP after processing. The mean, maximum and
minimum of the potential is computed for each plane. 𝑧 = 0 no longer refers
to the bottom atomic plane. The zero energy is fixed so that the Fermi level
has the correct height below the top of the potential barrier. The system has a
clean surface and an applied field of 2 GV m−1. The image potential correction
is not applied.

compute the Fermi level 𝐸free
F = ~2

2𝑚(3π2𝑛)2/3.
The zero energy was chosen to be the lowest energy for which the density of states

of the valence electrons taken into account in the DFT calculations is nonzero. It is
recognised that the choice of the zero energy is somewhat arbitrary, as it could also be
placed at a lower energy. This is because removing the requirement for the homogeneity
of the density of states in reciprocal space means that there are not guaranteed to be
states with zero kinetic energy. However, despite this, it is natural to place the zero
energy at the energy of the lowest state, meaning that the lowest energy states have zero
kinetic energy. The choice of zero energy slightly changes the computed transmission
probabilities, but the effect is small enough that it is ignored in the Murphy and Good
approximation. The supply function is also slightly affected by the choice of the zero
energy, as the integrand of equation (2.14) implicitly depends on the zero energy through
the 1/

√
𝐸 term.

After processing the potential grid, the system was built using Kwant by making the
potential periodic in the 𝑥 and 𝑦 directions and adding infinite leads to it parallel to the
𝑧 axis in the metal and in the vacuum. Both leads shared the periodicity of the potential
lattice and are set to the zero potential everywhere, so the propagating waves are plane
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waves as required by the free electron–like model.
After preparing the system using Kwant as described above, the transmission probabili-

ties at different normal energies were computed. The momenta in the directions parallel to
the surface were set to zero as it was approximated that they are not relevant to the result.
However, this is not exact due to the potential barrier not being one dimensional like the
Schottky–Nordheim barrier. The transmission probability was therefore computed as the
sum of the transition probabilities from the mode in the metal lead with zero transverse
energy to all modes in the vacuum lead.

The transmission probabilities were computed for energies from 3 eV below the Fermi
level to 5 eV above the Fermi level with a resolution of 0.1 eV. The resolution was
decreased to 0.025 eV for 0.1 eV on either side of the Fermi level due to the importance
of this energy range for field emission.

Once the probability of electrons to tunnel into the vacuum was computed as a function
of their normal energy, the field emission current density was computed using equation
(2.16) with the supply function from equation (2.14). The required density of states was
computed from the output of VASP by normalising the outputted number of states per
unit energy with the volume of the slab, which was computed as

𝑉 = 𝑉sb.
𝑁

𝑁sb.
, (3.26)

where 𝑉sb. is the volume enclosed by the bottom and top layers of the slab, 𝑁sb. is the
number of atoms excluding the defect and 𝑁 is the total number of atoms.

The differential current density was integrated using Simpson’s rule to get the total
emitted current density.

3.5. Fowler–Nordheim plot analysis

The values of the parameters 𝜈 and 𝜏 describing the potential barrier form were computed
using the transmission probability at the Fermi energy and its numerical first derivative,
which was computed using the central difference form. The 𝜏 parameter was found to
depend only weakly on the applied electric field, so it was approximated as a constant
𝜏0. The 𝜈 parameter was found to vary significantly depending on the system and the
applied electric field. A linear approximation of the 𝜈 parameter was made by fitting
a straight line to the values for the different electric fields to get the intercept 𝜈0 and
slope 𝜈1. This was justified post hoc because the Fowler–Nordheim plots were found to
be linear, which is a resulting form of the linear approximation.

Using these approximations, equation (2.24) becomes

ln( 𝐽
𝐹 2

𝜙
𝑎

) = − 1
𝛽

𝜈0𝑏𝜙3/2

𝐹
− 𝜈1𝑏𝜙3/2

𝛽
+ ln(𝛽2

𝜏2
0

) . (3.27)
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Naming the left side 𝑌 and the second fraction in the first term on the right 𝑋, one can
see that the plot of 𝑌 as a function of 𝑋 is linear and that the slope of the line will be
−1/𝛽. The field enhancement factor can therefore be extracted as the reciprocal of the
negative slope.
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4. Results and discussion

In this section, the results of the study described in section 3 will be shown and compared
to other works, and their significance will be discussed. First, the work functions and the
surface potential barriers will be discussed. Second, the transmission probabilities and
electron emission currents will be shown. Third, the apparent geometric field enhancement
due to the surface defects will be discussed and compared to experimental interpretations.
Fourth, the effect of the image potential corrections on the above will be presented.

Unless otherwise stated, the results in this section are from calculations in which the
image potential correction is included.

4.1. Work functions and potential landscapes

The potential landscapes for the different surfaces with no applied electric field are shown
in figure 4.1. The figure show only the Hartree contribution to the potential. One can
clearly distinguish between the regions of the slab and vacuum. The Hartree potential
has converged to its vacuum value approximately 10 Å before the dipole correction even
in the case of the pyramid, the highest studied defect. This shows that there is sufficient
vacuum space for all calculations.

The different atomic layers and the defect atoms are clearly visible in the plot as lower
potential areas. The size of the dipole correction is significant for all defects due to the
asymmetry of the slab introduced by the defects. This change in the surface dipole layer
is due to Smoluchowski smoothing from the rougher surface as discussed in section 2.3.2.

For the systems with defects, one can see that the potential between the defects is
higher than in the vacuum as a result of Smoluchowski smoothing. However, this does
not affect the work function because the potential at the defects is lower than the vacuum
level, so the minimum energy required to extract an electron is unaffected.

Figure 4.2 shows the 𝑥-𝑦-averages of the Hartree potentials near the edge of the slab.
The influence of the defect atoms on the average potential can be clearly seen as dips
in the potential at the atomic planes. Comparing it to figure 4.1, one can see that the
potential converges to approximately the same value everywhere for each system, which
means that the value the potential converges to in figure 4.2 is the work function.

One can see that, as expected, the work function is different for the different defect
types, lowest for the roughest surface and highest for the clean surface.

As the work functions given by a single number are by construction averages over the
whole simulated surface, it is clear that the absolute value of the work function depends
on the size of the simulation cell in which the defect is located. For asymptotically large
simulation cells the work function change due to point-like defects (i.e. excluding the
step defect) should vanish approximately with the reciprocal surface area, as it averaged
out along with all other changes caused by the defect. The reported absolute changes
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Figure 4.1: Slices of the potential landscapes of the studied systems with no applied electric
field. Only the Hartree potential is included. The slices are taken from the
middle of the systems. The 𝑥 axis refers only to a direction parallel to the
surface. Periodic images are shown for all systems except the step defect. The
values are the difference to the maximum potential in eV. The circles are the
atoms. The landscapes are cropped at the dipole correction in the middle of
the vacuum. From top left to bottom right: clean surface, adatom defect, step
defect, pyramid defect.

in the work function are therefore slightly arbitrary, and only the comparison of the
changes with each other is meaningful, as a larger decrease in the work function remains
larger even when the effect is small due to a large total surface area. In order to make
the work function changes comparable, they are reported for the smallest systems in
which the self-interaction of the defects was found to be negligible. This was judged
by requiring that the work function change for the next larger surface with the same
defect is reduced by a factor equal to approximately the ratio of the surface areas as
done before by Djurabekova et al [9]. For the step defect, this meant a system length of
8 unit cells. For the adatom and pyramid defects this meant a surface of 4 × 2 unit cells.
The determined work functions can be found in table 4.1.

The work function of the clean surface being lower than the experimental literature
value in table 2.1 is expected, as the PBE functional underestimates work functions by
0.3 eV on average [107]. It is in good agreement with the literature value for calculations
with the PBE functional, 4.78 eV [98]. The reduction of the work function by 6.7 % for
the adatom defect is in good agreement with the reduction of 5.9 % found in a previous

41



16 18 20 22 24 26

𝑧 / Å

−1

0

1

2

3

4

5

H
ar

tr
ee

po
te

nt
ia

l𝑉
/

eV

Clean surface
Adatom
Step
Pyramid

Figure 4.2: Hartree potentials for the systems without applied electric fields. The zero
potential is the Fermi level. The work functions can be read off as the potential
value at the right edge of the figure.

System Work function 𝜙 / eV Δ𝜙 / eV Δ𝜙 / %

Clean surface 4.76 0.00 0.0
Step defect 4.66 −0.10 −2.1
Adatom defect 4.44 −0.32 −6.7
Pyramid defect 4.25 −0.51 −10.7

Table 4.1: The work functions determined for the different surface defects. Δ𝜙 is the
difference to the clean surface work function.

study of the copper (100) surface [9].
The effect of the applied electric field for the adatom defect can be seen in figure

4.3. One can see that the defect causes the potential barrier around it to be lower than
elsewhere, and that increasing the field strength increases this effect. One can also see
that the maximum height of the barrier is lower with stronger applied fields. This makes
it easier for the electrons to tunnel through the barrier. However, this effect is partially
offset by the potential barrier being higher around the defects than it is for the clean
surface.
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Figure 4.3: Potential landscapes of the adatom defect system with different applied electric
fields. The axis to the left is the 𝑥 axis and the axis to the right is the 𝑧
axis. The upwards pointing axis is the potential. The slices are taken through
the middle of the adatom. From top left to bottom: 1 GV m−1, 2 GV m−1,
3 GV m−1. The potential is only shown down to the Fermi level. The 𝑧 axis
origin is arbitrary. The potential barrier is lower around the adatom than
elsewhere, an effect which is stronger for stronger applied electric fields. The
potentials shown have the image potential correction. The apparent sharp turn
in the potential at 𝑧 ≈ 5 Å is an artefact of the projection.
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4.2. Transmission probabilities and emission currents

Figure 4.4 shows the computed transmission probabilities as a function of the normal
energy. One can see that the transmission probability is higher for a system with a
smaller work function or a larger applied electric field. The order of the transmission
probabilities for the different defect types is the same for all applied electric fields, and is
the same as in table 4.1.

All transmission probability curves are qualitatively similar to the result computed
for the Schottky–Nordheim barrier in section 2.3.3. Notably, all of the curves are nearly
parallel around the Fermi level, with the differences in slope only appearing at higher
energies near the top of the barrier which are irrelevant for field emission due to the
vanishing of the supply function given by the Fermi–Dirac statistics. The curves are
flatter for the stronger applied fields because the transmission probability is cannot
exceed unity and becomes large everywhere.

The curvature of the plots near the Fermi level is small, which justifies the use of the
standard Fowler–Nordheim equation for finding the field enhancement factors, as its
derivation is based on a linear approximation of the transmission probability near the
Fermi level as seen in section 2.3.8.
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Figure 4.4: The transmission probabilities for the different surface defects as a function of
the normal energy.

An example density of states computed for the system with no surface defect or applied
electric field is shown in figure 4.5. One can see that the density of states closely resembles
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the known density of states of bulk copper, with a small background between ±10 eV
below and above the Fermi level and a high density of states below approximately 1.5 eV
below the Fermi level. The density of states did not qualitatively change with the type of
surface defect or the applied electric field. Since the energies with high densities of states
are significantly below the Fermi level, they are not of importance for te calculation of
field emission currents. Neglecting this part of the density of states, one can see that the
low background is qualitatively similar to the parabolic free electron density of states,
at least up to the Fermi level where the background starts to diminish. The use of the
computed density of states instead of the free electron density of states is therefore only
a small correction to the total emitted current.
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Figure 4.5: The density of states computed for the system with a clean surface and no
applied electric field. The densities of states for the other systems showed no
significant differences. The free electron density of states corresponding to the
same electron density in the slab is shown for comparison.

The differential current densities at room temperature as a function of the normal
energy can be seen in figure 4.6. The temperature only meaningfully influences the
current at energies above the Fermi level. At zero temperature the differential current
densities vanish at the Fermi level, and for nonzero temperatures the temperature gives
the slope of the decrease above the Fermi level.

The qualitative comparison of the curves for different systems is the same as for the
transmission probabilities. This is expected because the density of states is nearly the
same for all systems, so the transmission probability makes the difference between the
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systems.
All of the differential current density curves are qualitatively similar to the result for

the Schottky–Nordheim barrier in section 2.3.5. The largest qualitative difference to the
theoretical curve is the visible increase in emitted current from normal energies below
1.5 eV below the Fermi level, which is a result of the increased density of states at those
energies.

It is difficult to see in the figure that the maximum of the curves shifts to slightly
lower energies for stronger applied fields. The change is small, and it is due to the
trade-off between the supply function, which decreases close to the Fermi level, and the
transmission probability, which increases towards higher energies. For stronger applied
fields, the transmission probability does not decrease as fast below the Fermi level, shifting
the maximum to lower energies.

The total emitted current densities were computed by integrating the functions in
figure 4.6. The use of numerical integration with the fixed samples in the figure introduces
numerical error due to the roughly exponential functions and the polynomial nature of
Simpson’s rule. However, this error should be similar for all systems because the shapes
of the differential current density functions are very similar.
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Figure 4.6: The differential current densities for the different surface defects as a function
of the normal energy at room temperature. At zero temperature the differential
current density vanishes abruptly at the Fermi level but is almost exactly the
same for 𝐸𝑧 < −0.1 eV. The zero temperature results are shown for an electric
field of 1 GV m−1 as the dashed lines. They are all on top of each other at the
Fermi level.
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The integrated currents are listed in table 4.2. One can see that the current density
for the Schottky–Nordheim barrier, computed using equation (2.17), is larger than the
current density computed for the clean surface by a factor of approximately 2–5 for
all computed electric field strengths. Overall, one can see that the differences between
the systems become smaller as the electric field gets stronger. The increase in emission
current caused by the defects is large, giving a factor of over 103 for the single adatom
and 106 for the pyramid defect with the smallest electric field.

System
Field 1 GV m−1 2 GV m−1 3 GV m−1

S.–N. barrier 2.47 ⋅ 10−18 1.37 ⋅ 10−2 2.93 ⋅ 103

Clean surface 5.46 ⋅ 10−19 5.76 ⋅ 10−3 1.10 ⋅ 103

Step defect 8.33 ⋅ 10−18 9.50 ⋅ 10−3 1.15 ⋅ 103

Adatom defect 7.20 ⋅ 10−16 7.54 ⋅ 10−2 4.98 ⋅ 103

Pyramid defect 5.95 ⋅ 10−13 1.66 4.45 ⋅ 104

Table 4.2: Field emission electron current densities for the different systems and electric
fields at zero temperature in e s−1 Å−2. The results for the Schottky–Nordheim
barrier are shown for comparison.

4.3. Apparent geometric field enhancement

The field emission currents computed for the different defect types and applied electric
fields are shown in Fowler–Nordheim–type plots in figure 4.7. One can see that the plots
are linear, which justifies the approximation that the barrier enhancement factor 𝜈 can
be written as 𝜈 = 𝜈0 + 𝜈1𝐹. The slopes of the lines in the plot allow reading off the field
enhancement factors for the different defects (see section 3.5).

It is clear from the figure that the field enhancement factors are all equal to the field
enhancement factor for the plotted Schottky–Nordheim barrier, which is unity. This was
also verified using linear fits to the plots, which show that the field enhancement factor is
unity to the accuracy allowed by this work. This means that the increase in the emitted
currents due to the surface defects can only be the result of the local lowering of the
potential barrier by the defects, which is quantified in the work function decrease.

The vertical distance between the reference plot for the standard Fowler–Nordheim
equation with the Schottky–Nordheim barrier and the studied systems means that there
is an approximately constant factor missing from equation (2.21), which is smaller for the
studied systems than for the reference system. This factor includes all effects not covered
by the barrier enhancement factors 𝜈 and 𝜏, such as the effect of the density of states.
The Fowler–Nordheim equation with the correction factor describes the computational
results well, so it can be concluded that the standard Fowler–Nordheim theory is valid
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even for surfaces with nanofeatures. Since the correction factor includes the correction to
the density of states, it follows that the exact volume used to normalise the density of
states is irrelevant for the results of this work. As noted in section 2.3.8, this factor is
commonly included and results in the technically complete Fowler–Nordheim equation.
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Figure 4.7: The Fowler–Nordheim plot for the surface defects at zero temperature. The
Schottky–Nordheim barrier result with no field enhancement is shown for
comparison. In the chosen linearisation the field enhancement factor is the
negative reciprocal of the slope.

The result that small surface defects do not cause measurable field enhancement is
in contradiction to the standard experimental result in which the field enhancement
factor for a flat metal surface is of order 50–140 [7]. While this work cannot study the
possible field enhancement factors of larger defects on macroscopically clean surfaces, a
possible explanation for the discrepancy is the neglection of the work function changes
due to surface defects or contamination in the interpretation of experimental works. It is
clear from equation (3.27) that, neglecting the small differences in 𝜈0, the apparent field
enhancement factor is

𝛽app. = (𝜙ass.
𝜙

)
3/2

𝛽 , (4.1)

where 𝜙ass. is the assumed work function and 𝜙 and 𝛽 are the real work function and
field enhancement factor. The ratio of the assumed and real work functions is greater
than unity because the surface defects decrease the work function.
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Figure 4.8 shows the same plots as figure 4.7 with the difference that the work function
and barrier enhancement parameter are assumed to be those of the clean surface for all
surface defects. One can see that the slopes of the plots are now different due to the
scaling of the abscissa with the work function. The apparent field enhancement factor
of the adatom and pyramid defects are now approximately 1.14 and 1.24 respectively.
While these apparent field enhancement factors are small, they are produced by Å-
scale defects of copper. Surface contaminants which lower the work function (see e.g.
[108]) and larger defects which cause more surface roughness can cause much larger
apparent field enhancement factors, which provide an explanation for at least part of
the field enhancement factors reported in experimental works. Also, the apparent field
enhancement factors are slightly increased when the computation of the field emission
currents is done at room temperature instead of at zero temperature.

The effect of finding large field enhancement factors due to disregarding the local work
function has been studied before [11, 109]. In these works it was found that the field
enhancement factors for clean surfaces are approximately 1–5 if the local work function
is significantly lowered.

30 40 50 60 70

𝜈clean
0 𝑏𝜙3/2

clean/𝐹

e−71

e−64

e−57

e−50

e−43

e−36

e−29

𝜙 c
le

an
𝐽/

(𝑎
𝐹

2 )

Adatom
Clean
Pyramid
Step
Schottky–Nordheim

Figure 4.8: The Fowler–Nordheim plot for the surface defects at zero temperature. The
work function and 𝜈0 parameter are set equal to those of the clean surface in
all plots. The Schottky–Nordheim barrier result with no field enhancement is
shown for comparison. In the chosen linearisation the field enhancement factor
is the negative reciprocal of the slope.
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4.4. Effect of adding the image potential

An interesting question arising from the method of adding the image potential correction
to the exchange-correction potential computed self-consistently using the PBE functional
is what its effect is for the results of this study. For this reason, all calculations were
repeated without the image potential correction. Figure 4.9 shows the effect on the
transition probabilities and figure 4.10 shows the effect on the Fowler–Nordheim plots.

One can see that adding the image potential shifts the transmission probability curves
upwards and slightly increases their slope. The effect near the Fermi level is to increase
the transmission probability by approximately one order of magnitude. The effect on the
𝜏 parameter describing the slope of the curves is on the order of 1 %, the parameter 𝜈1 is
increased by a factor between two and three and the parameter 𝜈0 changes by 1 %–3 %.
This means that the computed field enhancement factors change by a few percent, which
is well within the error margins resulting from the approximations made in this study.
This can be seen in figure 4.10, where the plots for the systems with and without the
image potential correction are parallel to visual accuracy.

It can therefore be concluded that applying the image potential correction developed
in this work does not influence the result of field emission studies that are not attempting
to compute the field emission current as an absolute value.
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Figure 4.9: The transmission probabilities for the clean surface and adatom defect with
and without the image potential correction.
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barrier result with no field enhancement is shown for comparison.
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5. Conclusions and outlook

In this work, a methodology was developed for performing ab initio calculations of field
emission currents from metal surfaces using density functional theory and quantum
transport software. The method was then used to analyse the effect of atomic-scale
defects on copper surfaces on the field emission current and to determine the validity of
the Fowler–Nordheim equation for these surfaces.

Unlike previous similar work by Eimre in 2017 [45], in this work the density of states
resulting from the density functional theory calculations is taken into account as a
correction to the free electron model. Also, a method was found for adding the effect of
the image potential on the surface potential barrier, which was mistakenly assumed to
be included in the PBE exchange-correlation potential in the previous work.

The effect of the surface defects on the work functions was determined from the DFT
calculations. The defects were found to decrease the work function, with the decrease
being larger for defects which cause more surface roughness. The largest local decrease of
the work function was found to be 0.51 eV, corresponding to 10.7 % of the work function
of the clean surface.

The analysis of the field emission currents determined using the developed method
showed that the Fowler–Nordheim equation provides a good qualitative description of
the field emission from surfaces with atomic-scale defects. For a qualitative comparison,
the equation must be extended with an approximately constant factor which depends on
the surface.

The field enhancement factors of the surfaces with defects were determined with the
usual approach of finding the slope of the Fowler–Nordheim plot. The analysis revealed
that the studied defects do not cause field enhancement. However, it was found that not
taking into account the change in the work function due to the defect results in apparent
field enhancement factors of up to 1.24 for the studied defects.

Building up on this work, the developed methodology can be used and expanded
to search for an explanation for the large field enhancement factors routinely found in
experimental works [7, 63, 67]. Adding adsorbate atoms as defects on the surface is
known to lower the work function, potentially by a large fraction [108], which would
increase the apparent field enhancement factor. However, this would require re-evaluating
some of the approximations and methods used, most importantly how the density of
states is treated and how the clamping of the potential is done. Also, larger defects
which possibly cause geometric field enhancement should be studied. However, the size
of the studied defects is strongly bounded by the computational resources available, as
they would require a larger simulation cell with a larger number of atoms and the DFT
calculations scale badly.

The method developed in this work for adding the image potential to the surface poten-
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tial barrier can be benchmarked when sufficient computational resources are available to
compute the surface potential barriers self-consistently by employing nonlocal functionals
or higher levels of theory, e.g. the 𝐺𝑊 approximation of many-body electron systems.

If sufficient computational resources are available, the approximation that only the
normal energy is relevant for the transmission probability can be dropped, instead
integrating over the momenta on an isoenergy surface for each energy. A possible
next step in developing the method would be taking the true dispersion relation of the
metal into account in the quantum transport calculations instead of using the parabolic
dispersion relation with plane waves.

53



Acknowledgements

I wish to express my gratitude to Flyura Djurabekova for supervising this thesis and
providing guidance for the study, to Andreas Kyritsakis for helping supervise this thesis
and for many discussions and ideas, and to Ekaterina Baibuz for helping me get started
with density functional theory calculations. I am also thankful for the pleasant work
atmosphere created by the materials science simulation group at the University of Helsinki.

I would like to thank the Helsinki Institute of Physics for funding my work on this
study, and the Finnish Grid and Cloud Infrastructure5 and CSC – IT Center for Science,
Finland, for providing the computational resources for this work.

5 urn:nbn:fi:research-infras-2016072533

54



References

[1] M. Aicheler et al. A Multi-TeV Linear Collider Based on CLIC Technology. CLIC
Conceptual Design Report. Tech. rep. CERN-2012-007 SLAC-R-985 KEK-Report-
2012-1 PSI-12-01 JAI-2012-001. Geneva: CERN, 2012. doi: 10.5170/CERN-2012-
007.

[2] M. J. Boland et al. Updated baseline for a staged Compact Linear Collider. Tech.
rep. CERN-2016-004. Geneva: CERN, 2016. doi: 10.5170/CERN-2016-004.

[3] CERN. LHC Guide. CERN-Brochure-2017-002-Eng. May 2017.

[4] W. Wuensch. Advances in the Understanding of the Physical Processes of Vacuum
Breakdown. Tech. rep. CERN-OPEN-2014-028 CLIC-Note-1025. Geneva: CERN,
May 2013. doi: 10.1142/9789814602105_0003.

[5] N. C. Shipman. “Experimental study of DC vacuum breakdown and application
to high-gradient accelerating structures for CLIC”. PhD thesis. University of
Manchester, 2014.

[6] A. Descoeudres, Y. Levinsen, S. Calatroni, M. Taborelli, and W. Wuensch. “Inves-
tigation of the dc vacuum breakdown mechanism”. In: Physical Review Special
Topics – Accelerators and Beams 12 (9 Sept. 2009), p. 092001. doi: 10.1103/
PhysRevSTAB.12.092001.

[7] M. Kildemo, S. Calatroni, and M. Taborelli. “Breakdown and field emission
conditioning of Cu, Mo, and W”. In: Physical Review Special Topics – Accelerators
and Beams 7 (9 Sept. 2004), p. 092003. doi: 10.1103/PhysRevSTAB.7.092003.

[8] R. C. Smith and S. R. P. Silva. “Interpretation of the field enhancement factor for
electron emission from carbon nanotubes”. In: Journal of Applied Physics 106.1
(2009), p. 014314. doi: 10.1063/1.3149803.

[9] F. Djurabekova, A. Ruzibaev, E. Holmström, S. Parviainen, and M. Hakala. “Local
changes of work function near rough features on Cu surfaces operated under high
external electric field”. In: Journal of Applied Physics 114.24 (2013), p. 243302.
doi: 10.1063/1.4856875.

[10] J. F. Jia, K. Inoue, Y. Hasegawa, W. S. Yang, and T. Sakurai. “Variation of the
local work function at steps on metal surfaces studied with STM”. In: Physical
Review B 58 (3 July 1998), pp. 1193–1196. doi: 10.1103/PhysRevB.58.1193.

[11] H. J. Qian et al. “Experimental investigation of thermal emittance components
of copper photocathode”. In: Physical Review Special Topics – Accelerators and
Beams 15 (4 Apr. 2012), p. 040102. doi: 10.1103/PhysRevSTAB.15.040102.

55

https://doi.org/10.5170/CERN-2012-007
https://doi.org/10.5170/CERN-2012-007
https://doi.org/10.5170/CERN-2016-004
https://doi.org/10.1142/9789814602105_0003
https://doi.org/10.1103/PhysRevSTAB.12.092001
https://doi.org/10.1103/PhysRevSTAB.12.092001
https://doi.org/10.1103/PhysRevSTAB.7.092003
https://doi.org/10.1063/1.3149803
https://doi.org/10.1063/1.4856875
https://doi.org/10.1103/PhysRevB.58.1193
https://doi.org/10.1103/PhysRevSTAB.15.040102


[12] J. H. Winkler. Gedanken von den Eigenschaften, Wirkungen und Ursachen der
Electricität. Nebst einer Beschreibung zwo neuer Electrischen Maschinen. Leipzig:
Breitkopf, 1744. (Visited on 09/21/2018).

[13] J. H. Winkler. Die Eigenschaften der electrischen Materie und des electrischen
Feuers. Aus verschiedenen neuen Versuchen erkläret, und, neben etlichen neuen
Maschinen zum electrisieren, beschrieben. Leipzig: Breitkopf, 1745. (Visited on
09/21/2018).

[14] S.-D. Liang. Quantum Tunneling and Field Electron Emission Theories. Ed. by
Y. Song. Ebook. Wiley, 2013. isbn: 9789814440226.

[15] C. Kleint. “Julius Edgar Lilienfeld: Life and profession”. In: Progress in Surface
Science 57.4 (1998), pp. 253–327. doi: https://doi.org/10.1016/S0079-
6816(98)80026-9.

[16] W. Schottky. “Über kalte und warme Elektronenentladungen”. In: Zeitschrift für
Physik 14.1 (Dec. 1923), pp. 63–106. doi: 10.1007/BF01340034.

[17] R. H. Good and E. W. Müller. “Field Emission”. In: Encyclopedia of Physics XXI:
Electron-emission, gas discharges I. Ed. by S. Flügge. Springer, 1956.

[18] J. J. Thomson. “XL. Cathode Rays”. In: The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science 44.269 (1897), pp. 293–316. doi:
10.1080/14786449708621070.

[19] E. Schrödinger. “An Undulatory Theory of the Mechanics of Atoms and Molecules”.
In: Physical Review 28 (6 Dec. 1926), pp. 1049–1070. doi: 10.1103/PhysRev.28.
1049.

[20] L. Nordheim. “Zur Theorie der thermischen Emission und der Reflexion von
Elektronen an Metallen”. In: Zeitschrift für Physik 46.11 (Nov. 1927), pp. 833–855.
doi: 10.1007/BF01391020.

[21] A. Sommerfeld. “Zur Elektronentheorie der Metalle auf Grund der Fermischen
Statistik”. In: Zeitschrift für Physik 47.1 (1928), pp. 1–32. doi: 10 . 1007 /
BF01391052.

[22] R. H. Fowler and L. Nordheim. “Electron emission in intense electric fields”.
In: Proceedings of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences 119.781 (1928), pp. 173–181. doi: 10.1098/rspa.1928.0091.

[23] L. Nordheim. “The effect of the image force on the emission and reflexion of
electrons by metals”. In: Proceedings of the Royal Society of London A: Math-
ematical, Physical and Engineering Sciences 121.788 (1928), pp. 626–639. doi:
10.1098/rspa.1928.0222.

56

https://doi.org/https://doi.org/10.1016/S0079-6816(98)80026-9
https://doi.org/https://doi.org/10.1016/S0079-6816(98)80026-9
https://doi.org/10.1007/BF01340034
https://doi.org/10.1080/14786449708621070
https://doi.org/10.1103/PhysRev.28.1049
https://doi.org/10.1103/PhysRev.28.1049
https://doi.org/10.1007/BF01391020
https://doi.org/10.1007/BF01391052
https://doi.org/10.1007/BF01391052
https://doi.org/10.1098/rspa.1928.0091
https://doi.org/10.1098/rspa.1928.0222


[24] R. G. Forbes and J. H. B. Deane. “Reformulation of the standard theory of Fowler-
Nordheim tunnelling and cold field electron emission”. In: Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences 463.2087
(2007), pp. 2907–2927. doi: 10.1098/rspa.2007.0030. Corrected in “Correction
for Forbes and Deane, Reformulation of the standard theory of Fowler–Nordheim
tunnelling and cold field electron emission”. In: Proceedings of the Royal Society
of London A: Mathematical, Physical and Engineering Sciences 464.2100 (2008),
pp. 3378–3378. doi: 10.1098/rspa.2008.3001.

[25] E. W. Müller. “Elektronenmikroskopische Beobachtungen von Feldkathoden”. In:
Zeitschrift für Physik 106.9 (Sept. 1937), pp. 541–550. doi: 10.1007/BF01339895.

[26] E. W. Müller. “Abreißen adsorbierter Ionen durch hohe elektrische Feldstärken”. In:
Naturwissenschaften 29.35 (Aug. 1941), pp. 533–534. doi: 10.1007/BF01481175.

[27] E. W. Müller. “Das Feldionenmikroskop”. In: Zeitschrift für Physik 131.1 (Mar.
1951), pp. 136–142. doi: 10.1007/BF01329651.

[28] C. Kleint. “Comments and references relating to early work in field electron
emission”. In: Surface and Interface Analysis 36.5‐-6 (2004), pp. 387–390. doi:
10.1002/sia.1894.

[29] C. H. Hertz. “New gas-filled cold cathode amplifier tube”. In: Applied Scientific
Research, Section B 5.1 (Dec. 1956), pp. 176–178. doi: 10.1007/BF02933282.

[30] J. Mühlenpfordt. “Über die Feldelektronenemission an dünnen Isolatorschichten
vom Typus Al-Al2O3-Cs2O”. In: Zeitschrift für Physik 108.11 (Nov. 1938), pp. 698–
713. doi: 10.1007/BF01375065.

[31] H. Paetow. “Über die als Nachwirkung von Gasentladungen an den Elektroden
auftretende spontane Elektronenemission und die Feldelektronenemission an dün-
nen Isolatorschichten”. In: Zeitschrift für Physik 111.11 (Dec. 1939), pp. 770–790.
doi: 10.1007/BF01360157.

[32] G. Richter. “Zur Geschwindigkeitsverteilung der Feldelektronen”. In: Zeitschrift
für Physik 119.7 (July 1942), pp. 406–414. doi: 10.1007/BF01339780.

[33] E. L. Murphy and R. H. Good. “Thermionic Emission, Field Emission, and the
Transition Region”. In: Physical Review 102 (6 June 1956), pp. 1464–1473. doi:
10.1103/PhysRev.102.1464.

[34] K. L. Jensen and M. Cahay. “General thermal-field emission equation”. In: Applied
Physics Letters 88.15 (2006), p. 154105. doi: 10.1063/1.2193776.

[35] K. L. Jensen. “General formulation of thermal, field, and photoinduced electron
emission”. In: Journal of Applied Physics 102.2 (2007), p. 024911. doi: 10.1063/
1.2752122.

57

https://doi.org/10.1098/rspa.2007.0030
https://doi.org/10.1098/rspa.2008.3001
https://doi.org/10.1007/BF01339895
https://doi.org/10.1007/BF01481175
https://doi.org/10.1007/BF01329651
https://doi.org/10.1002/sia.1894
https://doi.org/10.1007/BF02933282
https://doi.org/10.1007/BF01375065
https://doi.org/10.1007/BF01360157
https://doi.org/10.1007/BF01339780
https://doi.org/10.1103/PhysRev.102.1464
https://doi.org/10.1063/1.2193776
https://doi.org/10.1063/1.2752122
https://doi.org/10.1063/1.2752122


[36] J. He, P. H. Cutler, and N. M. Miskovsky. “Generalization of Fowler–Nordheim
field emission theory for nonplanar metal emitters”. In: Applied Physics Letters
59.13 (1991), pp. 1644–1646. doi: 10.1063/1.106257.

[37] P. H. Cutler, J. He, N. M. Miskovsky, T. E. Sullivan, and B. Weiss. “Theory
of electron emission in high fields from atomically sharp emitters: Validity of
the Fowler–Nordheim equation”. In: Journal of Vacuum Science & Technology
B: Microelectronics and Nanometer Structures Processing, Measurement, and
Phenomena 11.2 (1993), pp. 387–391. doi: 10.1116/1.586866.

[38] J. D. Zuber, K. L. Jensen, and T. E. Sullivan. “An analytical solution for microtip
field emission current and effective emission area”. In: Journal of Applied Physics
91.11 (2002), pp. 9379–9384. doi: 10.1063/1.1474596.

[39] K. Eimre, S. Parviainen, A. Aabloo, F. Djurabekova, and V. Zadin. “Application
of the general thermal field model to simulate the behaviour of nanoscale Cu
field emitters”. In: Journal of Applied Physics 118.3 (2015), p. 033303. doi:
10.1063/1.4926490.

[40] A. Kyritsakis and J. P. Xanthakis. “Derivation of a generalized Fowler–Nordheim
equation for nanoscopic field-emitters”. In: Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences 471.2174 (2015). doi:
10.1098/rspa.2014.0811.

[41] A. Kyritsakis and J. P. Xanthakis. “Extension of the general thermal field equation
for nanosized emitters”. In: Journal of Applied Physics 119.4 (Jan. 2016), p. 045303.
doi: 10.1063/1.4940721.

[42] A. Kyritsakis and F. Djurabekova. “A general computational method for elec-
tron emission and thermal effects in field emitting nanotips”. In: Computational
Materials Science 128 (2017), pp. 15–21. doi: https://doi.org/10.1016/j.
commatsci.2016.11.010.

[43] C.-K. Lee, B. Lee, J. Ihm, and S. Han. “Field emission of metal nanowires studied
by first-principles methods”. In: Nanotechnology 18.47 (2007), p. 475706. doi:
10.1088/0957-4484/18/47/475706.

[44] B. Lepetit. “Electronic field emission models beyond the Fowler-Nordheim one”. In:
Journal of Applied Physics 122.21 (2017), p. 215105. doi: 10.1063/1.5009064.

[45] K. Eimre. “Multiscale electrical and thermal simulations of metal surface defects
in high electric field”. MA thesis. University of Tartu, 2017.

[46] A. V. Crewe, D. N. Eggenberger, J. Wall, and L. M. Welter. “Electron Gun
Using a Field Emission Source”. In: Review of Scientific Instruments 39.4 (1968),
pp. 576–583. doi: 10.1063/1.1683435.

58

https://doi.org/10.1063/1.106257
https://doi.org/10.1116/1.586866
https://doi.org/10.1063/1.1474596
https://doi.org/10.1063/1.4926490
https://doi.org/10.1098/rspa.2014.0811
https://doi.org/10.1063/1.4940721
https://doi.org/https://doi.org/10.1016/j.commatsci.2016.11.010
https://doi.org/https://doi.org/10.1016/j.commatsci.2016.11.010
https://doi.org/10.1088/0957-4484/18/47/475706
https://doi.org/10.1063/1.5009064
https://doi.org/10.1063/1.1683435


[47] C. R. C. Hak et al. “Field emision scanning electron microscope (FE-SEM) facility
in BTI”. In: Nuclear Technical Convention. Malaysia, Nov. 2015.

[48] H. Zhang et al. “An ultrabright and monochromatic electron point source made
of a LaB6 nanowire”. In: Nature Nanotechnology 11 (Nov. 2015). doi: 10.1038/
nnano.2015.276.

[49] F. V., L. D. Filip, and F. Okuyama. “Miniature x-ray tubes: current state and
future prospects”. In: Journal of Instrumentation 8.03 (2013), T03005. doi: 10.
1088/1748-0221/8/03/T03005.

[50] A. Talin, K. Dean, and J. Jaskie. “Field emission displays: a critical review”. In:
Solid-State Electronics 45.6 (2001), pp. 963–976. doi: https://doi.org/10.
1016/S0038-1101(00)00279-3.

[51] X. Wang et al. “Enhanced field emission performance of lanthanum hexaboride
coated on graphene film”. In: Materials Research Express 5.12 (2018), p. 126403.
doi: 10.1088/2053-1591/aae0c6.

[52] J. W. Gadzuk and E. W. Plummer. “Field Emission Energy Distribution (FEED)”.
In: Reviews of Modern Physics 45 (3 July 1973), pp. 487–548. doi: 10.1103/
RevModPhys.45.487.

[53] R. Smoluchowski. “Anisotropy of the Electronic Work Function of Metals”. In:
Physical Review 60 (9 Nov. 1941), pp. 661–674. doi: 10.1103/PhysRev.60.661.

[54] P. O. Gartland, S. Berge, and B. J. Slagsvold. “Photoelectric Work Function of a
Copper Single Crystal for the (100), (110), (111), and (112) Faces”. In: Physical
Review Letters 28 (12 Mar. 1972), pp. 738–739. doi: 10.1103/PhysRevLett.28.
738.

[55] J. Bardeen. “The Image and Van der Waals Forces at a Metallic Surface”. In:
Physical Review 58 (8 Oct. 1940), pp. 727–736. doi: 10.1103/PhysRev.58.727.

[56] M. K. Harbola and V. Sahni. “Asymptotic structure of the Kohn–Sham effective
potential at metal surfaces”. In: International Journal of Quantum Chemistry
48.27 (Mar. 1993), pp. 101–109. doi: 10.1002/qua.560480814.

[57] N. D. Lang and W. Kohn. “Theory of Metal Surfaces: Induced Surface Charge
and Image Potential”. In: Physical Review B 7 (8 Apr. 1973), pp. 3541–3550. doi:
10.1103/PhysRevB.7.3541.

[58] R. G. Forbes. “Use of energy-space diagrams in free-electron models of field
electron emission”. In: Surface and Interface Analysis 36.5‐6 (2004), pp. 395–401.
doi: 10.1002/sia.1900.

59

https://doi.org/10.1038/nnano.2015.276
https://doi.org/10.1038/nnano.2015.276
https://doi.org/10.1088/1748-0221/8/03/T03005
https://doi.org/10.1088/1748-0221/8/03/T03005
https://doi.org/https://doi.org/10.1016/S0038-1101(00)00279-3
https://doi.org/https://doi.org/10.1016/S0038-1101(00)00279-3
https://doi.org/10.1088/2053-1591/aae0c6
https://doi.org/10.1103/RevModPhys.45.487
https://doi.org/10.1103/RevModPhys.45.487
https://doi.org/10.1103/PhysRev.60.661
https://doi.org/10.1103/PhysRevLett.28.738
https://doi.org/10.1103/PhysRevLett.28.738
https://doi.org/10.1103/PhysRev.58.727
https://doi.org/10.1002/qua.560480814
https://doi.org/10.1103/PhysRevB.7.3541
https://doi.org/10.1002/sia.1900


[59] S. C. Miller and R. H. Good. “A WKB-Type Approximation to the Schrödinger
Equation”. In: Physical Review 91 (1 July 1953), pp. 174–179. doi: 10.1103/
PhysRev.91.174.

[60] S. Dushman. “Electron Emission from Metals as a Function of Temperature”. In:
Physical Review 21 (6 June 1923), pp. 623–636. doi: 10.1103/PhysRev.21.623.

[61] O. W. Richardson. “Electron Emission from Metals as a Function of Temperature”.
In: Physical Review 23 (2 Feb. 1924), pp. 153–155. doi: 10.1103/PhysRev.23.153.

[62] S. Coulombe and J.-L. Meunier. “Thermo-field emission: a comparative study”. In:
Journal of Physics D: Applied Physics 30.5 (1997), p. 776. doi: 10.1088/0022-
3727/30/5/009.

[63] R.-M. He, J.-B. Chen, B.-J. Qi, and C.-W. Wang. “Enhanced field emission
properties of the copper sulfide nanowalls with optimized 3-D morphology”. In:
Physica E: Low-dimensional Systems and Nanostructures 103 (2018), pp. 227–233.
doi: https://doi.org/10.1016/j.physe.2018.04.027.

[64] R. G. Forbes. “Development of a simple quantitative test for lack of field emission
orthodoxy”. In: Proceedings of the Royal Society of London A: Mathematical,
Physical and Engineering Sciences 469.2158 (2013). doi: 10.1098/rspa.2013.
0271.

[65] R. G. Forbes. “Simple good approximations for the special elliptic functions in
standard Fowler-Nordheim tunneling theory for a Schottky-Nordheim barrier”. In:
Applied Physics Letters 89.11 (2006), p. 113122. doi: 10.1063/1.2354582.

[66] R. G. Forbes, J. H. B. Deane, A. Fischer, and M. S. Mousa. “Fowler-Nordheim
Plot Analysis: A Progress Report”. In: Jordan Journal of Physics 8.3 (2015),
pp. 125–147. doi: arXiv:1504.06134v7.

[67] C. Suzuki et al. “Fabrication of ultra-clean copper surface to minimize field
emission dark currents”. In: Nuclear Instruments and Methods in Physics Research
Section A: Accelerators, Spectrometers, Detectors and Associated Equipment 462.3
(2001), pp. 337–348. doi: https://doi.org/10.1016/S0168-9002(00)01123-2.

[68] M. Born and R. Oppenheimer. “Zur Quantentheorie der Molekeln”. In: Annalen
der Physik 389.20 (1927), pp. 457–484. doi: 10.1002/andp.19273892002.

[69] R. P. Feynman. “Forces in Molecules”. In: Physical Review 56 (4 Aug. 1939),
pp. 340–343. doi: 10.1103/PhysRev.56.340.

[70] F. Bloch. “Über die Quantenmechanik der Elektronen in Kristallgittern”. In:
Zeitschrift für Physik 52.7 (July 1929), pp. 555–600. doi: 10.1007/BF01339455.

[71] G. Grosso and G. P. Parravicini. Solid State Physics. Vol. 2nd ed. Academic Press,
2013. isbn: 9780123850300.

60

https://doi.org/10.1103/PhysRev.91.174
https://doi.org/10.1103/PhysRev.91.174
https://doi.org/10.1103/PhysRev.21.623
https://doi.org/10.1103/PhysRev.23.153
https://doi.org/10.1088/0022-3727/30/5/009
https://doi.org/10.1088/0022-3727/30/5/009
https://doi.org/https://doi.org/10.1016/j.physe.2018.04.027
https://doi.org/10.1098/rspa.2013.0271
https://doi.org/10.1098/rspa.2013.0271
https://doi.org/10.1063/1.2354582
https://doi.org/arXiv:1504.06134v7
https://doi.org/https://doi.org/10.1016/S0168-9002(00)01123-2
https://doi.org/10.1002/andp.19273892002
https://doi.org/10.1103/PhysRev.56.340
https://doi.org/10.1007/BF01339455


[72] P. Hohenberg and W. Kohn. “Inhomogeneous Electron Gas”. In: Physical Review
136 (3B Nov. 1964), B864–B871. doi: 10.1103/PhysRev.136.B864.

[73] W. Kohn and L. J. Sham. “Self-Consistent Equations Including Exchange and
Correlation Effects”. In: Physical Review 140 (4A Nov. 1965), A1133–A1138. doi:
10.1103/PhysRev.140.A1133.

[74] M. Methfessel and A. T. Paxton. “High-precision sampling for Brillouin-zone
integration in metals”. In: Physical Review B 40 (6 Aug. 1989), pp. 3616–3621.
doi: 10.1103/PhysRevB.40.3616.

[75] J. P. Perdew and K. Schmidt. “Jacob’s ladder of density functional approximations
for the exchange-correlation energy”. In: AIP Conference Proceedings 577.1 (2001),
pp. 1–20. doi: 10.1063/1.1390175.

[76] P. Bhattarai, A. Patra, C. Shahi, and J. P. Perdew. “How accurate are the
parametrized correlation energies of the uniform electron gas?” In: Physical Review
B 97 (19 May 2018), p. 195128. doi: 10.1103/PhysRevB.97.195128.

[77] J. P. Perdew, K. Burke, and M. Ernzerhof. “Generalized Gradient Approximation
Made Simple”. In: Physical Review Letters 77 (18 Oct. 1996), pp. 3865–3868. doi:
10.1103/PhysRevLett.77.3865. Corrected in “Generalized Gradient Approxima-
tion Made Simple [Phys. Rev. Lett. 77, 3865 (1996)]”. In: Physical Review Letters
78 (7 Feb. 1997), pp. 1396–1396. doi: 10.1103/PhysRevLett.78.1396.

[78] R. Armiento. “The many-electron energy in density functional theory: from
exchange-correlation functional design to applied electronic structure calculations”.
PhD thesis. KTH Royal Institute of Technology, 2005.

[79] A. G. Eguiluz, M. Heinrichsmeier, A. Fleszar, and W. Hanke. “First-principles
evaluation of the surface barrier for a Kohn-Sham electron at a metal surface”.
In: Physical Review Letters 68 (9 Mar. 1992), pp. 1359–1362. doi: 10.1103/
PhysRevLett.68.1359.

[80] GPAW: DFT and beyond within the projector-augmented wave method. url:
wiki.fysik.dtu.dk/gpaw/ (visited on 09/12/2018).

[81] SIESTA web page. url: departments.icmab.es/leem/siesta/ (visited on
09/12/2018).

[82] The VASP site. url: www.vasp.at (visited on 09/12/2018).

[83] D. Sholl, J. A. Steckel, and Sholl. Density Functional Theory. A Practical intro-
duction. Ebook. Wiley, 2009. isbn: 9780470447703.

[84] H. Hellmann. “A New Approximation Method in the Problem of Many Electrons”.
In: Journal of Chemical Physics 3 (1935), p. 61. doi: 10.1063/1.1749559.

61

https://doi.org/10.1103/PhysRev.136.B864
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevB.40.3616
https://doi.org/10.1063/1.1390175
https://doi.org/10.1103/PhysRevB.97.195128
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.78.1396
https://doi.org/10.1103/PhysRevLett.68.1359
https://doi.org/10.1103/PhysRevLett.68.1359
wiki.fysik.dtu.dk/gpaw/
departments.icmab.es/leem/siesta/
www.vasp.at
https://doi.org/10.1063/1.1749559


[85] P. Schwerdtfeger. “The Pseudopotential Approximation in Electronic Structure
Theory”. In: ChemPhysChem 12.17 (2011), pp. 3143–3155. doi: 10.1002/cphc.
201100387.

[86] P. E. Blöchl. “Projector augmented-wave method”. In: Physical Review B 50 (24
Dec. 1994), pp. 17953–17979. doi: 10.1103/PhysRevB.50.17953.

[87] S. Datta. Electronic Transport in Mesoscopic Systems. Vol. 1st pbk. ed. (with
corrections). Cambridge Studies in Semiconductor Physics and Microelectronic
Engineering Vol. 3. Cambridge University Press, 1997. isbn: 9780521416047.

[88] M. Zwierzycki et al. “Calculating scattering matrices by wave function matching”.
In: physica status solidi (b) 245.4 (Mar. 2008), pp. 623–640. doi: 10.1002/pssb.
200743359.

[89] G. Kresse and J. Hafner. “Ab initio molecular dynamics for liquid metals”. In:
Physical Review B 47 (1 Jan. 1993), pp. 558–561. doi: 10.1103/PhysRevB.47.558.

[90] G. Kresse and J. Hafner. “Ab initio molecular-dynamics simulation of the liquid-
metal–amorphous-semiconductor transition in germanium”. In: Physical Review B
49 (20 May 1994), pp. 14251–14269. doi: 10.1103/PhysRevB.49.14251.

[91] G. Kresse and J. Furthmüller. “Efficiency of ab-initio total energy calculations
for metals and semiconductors using a plane-wave basis set”. In: Computational
Materials Science 6.1 (1996), pp. 15–50. doi: 10.1016/0927-0256(96)00008-0.

[92] G. Kresse and J. Furthmüller. “Efficient iterative schemes for ab initio total-energy
calculations using a plane-wave basis set”. In: Physical Review B 54 (16 Oct. 1996),
pp. 11169–11186. doi: 10.1103/PhysRevB.54.11169.

[93] G. Kresse and D. Joubert. “From ultrasoft pseudopotentials to the projector
augmented-wave method”. In: Physical Review B 59 (3 Jan. 1999), pp. 1758–1775.
doi: 10.1103/PhysRevB.59.1758.

[94] C. J. Fall, N. Binggeli, and A. Balderaschi. “Deriving accurate work functions
from thin-slab calculations”. In: Journal of Physics: Condensed Matter 11.2689
(1999), p. 2689. doi: 10.1088/0953-8984/11/13/006.

[95] N. E. Singh-Miller and N. Marzari. “Surface energies, work functions, and surface
relaxations of low-index metallic surfaces from first principles”. In: Physical Review
B 80 (23 Dec. 2009), p. 235407. doi: 10.1103/PhysRevB.80.235407.

[96] P. E. Blöchl, O. Jepsen, and O. K. Andersen. “Improved tetrahedron method for
Brillouin-zone integrations”. In: Physical Review B 49 (23 June 1994), pp. 16223–
16233. doi: 10.1103/PhysRevB.49.16223.

62

https://doi.org/10.1002/cphc.201100387
https://doi.org/10.1002/cphc.201100387
https://doi.org/10.1103/PhysRevB.50.17953
https://doi.org/10.1002/pssb.200743359
https://doi.org/10.1002/pssb.200743359
https://doi.org/10.1103/PhysRevB.47.558
https://doi.org/10.1103/PhysRevB.49.14251
https://doi.org/10.1016/0927-0256(96)00008-0
https://doi.org/10.1103/PhysRevB.54.11169
https://doi.org/10.1103/PhysRevB.59.1758
https://doi.org/10.1088/0953-8984/11/13/006
https://doi.org/10.1103/PhysRevB.80.235407
https://doi.org/10.1103/PhysRevB.49.16223


[97] M. E. Straumanis and L. S. Yu. “Lattice parameters, densities, expansion co-
efficients and perfection of structure of Cu and of Cu–In 𝛼 phase””. In: Acta
Crystallographica Section A 25.6 (Nov. 1969), pp. 676–682. doi: 10 . 1107 /
S0567739469001549.

[98] J. L. F. Da Silva, C. Stampfl, and M. Scheffler. “Converged properties of clean
metal surfaces by all-electron first-principles calculations”. In: Surface Science
600.3 (2006), pp. 703–715. doi: 10.1016/j.susc.2005.12.008.

[99] I. D. White, R. W. Godby, M. M. Rieger, and R. J. Needs. “Dynamic Image
Potential at an Al(111) Surface”. In: Physical Review Letters 80 (19 May 1998),
pp. 4265–4268. doi: 10.1103/PhysRevLett.80.4265.

[100] L. A. Constantin, E. Fabiano, J. M. Pitarke, and F. Della Sala. “Semilocal density
functional theory with correct surface asymptotics”. In: Physical Review B 93 (11
Mar. 2016), p. 115127. doi: 10.1103/PhysRevB.93.115127.

[101] J. P. Perdew, J. Tao, V. N. Staroverov, and G. E. Scuseria. “Meta-generalized
gradient approximation: Explanation of a realistic nonempirical density functional”.
In: The Journal of Chemical Physics 120.15 (2004), pp. 6898–6911. doi: 10.1063/
1.1665298.

[102] E. V. Chulkov, V. M. Silkin, and P. M. Echenique. “Image potential states on
metal surfaces: binding energies and wave functions”. In: Surface Science 437.3
(1999), pp. 330–352. doi: 10.1016/S0039-6028(99)00668-8.

[103] E. V. Chulkov, V. M. Silkin, and P. M. Echenique. “Image potential states on
lithium, copper and silver surfaces”. In: Surface Science 391.1 (1997), pp. L1217–
L1223. doi: 10.1016/S0039-6028(97)00653-5.

[104] P. A. Serena, J. M. Soler, and N. García. “Self-consistent image potential in a
metal surface”. In: Physical Review B 34 (10 Nov. 1986), pp. 6767–6769. doi:
10.1103/PhysRevB.34.6767.

[105] C. W. Groth, M. Wimmer, A. R. Akhmerov, and X. Waintal. “Kwant: a software
package for quantum transport”. In: New Journal of Physics 16.6 (2014), p. 063065.
doi: 10.1088/1367-2630/16/6/063065.

[106] P. Amestoy, I. Duff, J. L’Excellent, and J. Koster. “A Fully Asynchronous
Multifrontal Solver Using Distributed Dynamic Scheduling”. In: SIAM Jour-
nal on Matrix Analysis and Applications 23.1 (2001), pp. 15–41. doi: 10.1137/
S0895479899358194.

63

https://doi.org/10.1107/S0567739469001549
https://doi.org/10.1107/S0567739469001549
https://doi.org/10.1016/j.susc.2005.12.008
https://doi.org/10.1103/PhysRevLett.80.4265
https://doi.org/10.1103/PhysRevB.93.115127
https://doi.org/10.1063/1.1665298
https://doi.org/10.1063/1.1665298
https://doi.org/10.1016/S0039-6028(99)00668-8
https://doi.org/10.1016/S0039-6028(97)00653-5
https://doi.org/10.1103/PhysRevB.34.6767
https://doi.org/10.1088/1367-2630/16/6/063065
https://doi.org/10.1137/S0895479899358194
https://doi.org/10.1137/S0895479899358194


[107] S. De Waele, K. Lejaeghere, M. Sluydts, and S. Cottenier. “Error estimates for
density-functional theory predictions of surface energy and work function”. In:
Physical Review B 94 (23 Dec. 2016), p. 235418. doi: 10.1103/PhysRevB.94.
235418.

[108] T. C. Leung, C. L. Kao, W. S. Su, Y. J. Feng, and C. T. Chan. “Relationship
between surface dipole, work function and charge transfer: Some exceptions to
an established rule”. In: Physical Review B 68 (19 Nov. 2003), p. 195408. doi:
10.1103/PhysRevB.68.195408.

[109] H. Chen et al. “Surface-Emission Studies in a High-Field RF Gun based on Measure-
ments of Field Emission and Schottky-Enabled Photoemission”. In: Physical Review
Letters 109 (20 Nov. 2012), p. 204802. doi: 10.1103/PhysRevLett.109.204802.

64

https://doi.org/10.1103/PhysRevB.94.235418
https://doi.org/10.1103/PhysRevB.94.235418
https://doi.org/10.1103/PhysRevB.68.195408
https://doi.org/10.1103/PhysRevLett.109.204802


A. Supply function derivation

The supply function introduced in section 2.3.4 will be derived in this section.
Due to the density of states being isotropic in reciprocal space and the choice of 𝐸0 = 0,

the isoenergy surfaces are spheres centred on the origin. The fraction of the states on
the sphere which have the normal energy 𝐸𝑧 can therefore be computed by considering
the area of a horizontal strip of the spherical surface.

The solid angle enclosed by a cap of height ℎ on a sphere of radius 𝑟, meaning the area
for which 𝑟 − ℎ ≤ 𝑧 ≤ 𝑟, can be found by integrating over the spherical surface and is

𝛺(ℎ) = ∫
2π

0
d𝜙 ∫

𝜃0

0
d𝜃 sin 𝜃 = 2πℎ

𝑟
, (A.1)

where 𝜙 and 𝜃 are the azimuthal and polar angles and 𝜃0 = arccos(1 − ℎ/𝑟) is the polar
angle of the cap boundary. Applying this to the reciprocal space, the fraction of states at
an energy 𝐸 for which 𝑘𝑧 is in the interval [𝜅, 𝜅 + d𝑘𝑧] is given by

d𝛺 = d𝐸𝑧

4√𝐸𝐸𝑧
(A.2)

for 𝐸𝑧 < 𝐸, where 𝐸𝑧 = ~2

2𝑚𝜅2 is the normal energy.
The number density of electrons at the energy 𝐸 and normal energy 𝐸𝑧 can be found by

multiplying the above with the number density of electrons with energies in the interval
[𝐸, 𝐸 + d𝐸], giving

𝑁(𝐸, 𝐸𝑧) d𝐸 d𝐸𝑧 = 𝑓FD(𝐸)𝜌(𝐸) d𝐸 d𝐸𝑧

4√𝐸𝐸𝑧
, (A.3)

where 𝑓FD(𝐸) is the Fermi–Dirac occupation function. To get the flux of those electrons
in the 𝑧 direction, the above must be multiplied with the velocity of the electrons in the
𝑧 direction, 𝑣𝑧 = √2𝐸𝑧

𝑚 , which yields

𝑁(𝐸, 𝐸𝑧)𝑣𝑧 d𝐸 d𝐸𝑧 = 𝑓FD(𝐸)𝜌(𝐸)d𝐸 d𝐸𝑧√
8𝑚𝐸

. (A.4)

The supply function, which is the flux in the 𝑧 direction of electrons with a certain
normal energy 𝐸𝑧, can then be found by integrating over all energies larger than the
normal energy. The supply function is therefore

𝑁(𝐸𝑧) = ∫
∞

𝐸𝑧

d𝐸 𝑓FD(𝐸)𝜌(𝐸)√
8𝑚𝐸

. (A.5)
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B. Fowler–Nordheim equation derivation

The approximations which lead to the Fowler–Nordheim equation in section 2.3.8 will be
shown here as derived by Murphy and Good [33].

As shown in section 2.3.8, the exponent 𝑄(𝐸𝑧) is almost linear near the Fermi level
and the first integrand in equation (2.17) vanishes exponentially to both sides of the
Fermi level while the second integral is negligible. Therefore one can neglect the second
integral and make a linear approximation of 𝑄(𝐸𝑧) as

𝑄(𝐸𝑧) ≈ 𝑏0 + 𝑐0(𝐸𝑧 − 𝐸F) (B.1)

with

𝑏0 = 4
3

√2𝑚
~2

𝜙3/2

𝑒𝐹
𝜈(𝑦F) , (B.2)

𝑐0 = 2√2𝑚
~2

𝜙1/2

𝑒𝐹
𝜏(𝑦F) , (B.3)

𝜏(𝑦) = 𝜈(𝑦) − 2
3

𝑦d𝜈
d𝑦

(B.4)

and

𝑦F = 𝑦(𝐸F) = √ 𝑒3𝐹
4π𝜖0

𝜙−1 . (B.5)

Also, the limits of the integration can be set to ±∞ with negligible loss of accuracy.
With the approximations above, equation (2.17) for the emitted current density reduces

to

𝐽(𝐹 , 𝑇 ) ≈ 𝑒𝑚𝑘B𝑇
2π2~3 exp[−𝑏0] ∫

∞

−∞
d𝐸𝑧 exp[𝑐0(𝐸𝑧 − 𝐸F)] ln[1 + exp(𝐸F − 𝐸𝑧

𝑘B𝑇
)] (B.6)

= 𝑒3𝐹
16π2~𝜙𝜏(𝑦F)2 ( π𝑐0𝑘B𝑇

sin(π𝑐0𝑘B𝑇)
) exp[−𝜈(𝑦F) 4

3𝑒
√2𝑚

~2
𝜙3/2

𝐹
] .

Introducing the first and second Fowler–Nordheim constants [24, 58]

𝑎 = 𝑒3

16π2~
(B.7)

and

𝑏 = 4
3𝑒

√2𝑚
~2 (B.8)
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and assuming zero temperature, equation (B.6) reduces to the well-known Fowler–Nordheim
equation

𝐽 = 𝑎𝐹 2

𝜙𝜏2 exp[−𝜈𝑏𝜙3/2

𝐹
] , (B.9)

where 𝜈 and 𝜏 are evaluated at the Fermi level.
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C. VASP Options

Table C.1 contains the parameters used in the DFT calculations in this work.

Option
System Bulk Clean Surface Surface Defect

PREC Accurate Accurate Accurate
ALGO N N N
GGA PE PE PE
GGA_COMPAT .FALSE. .FALSE. .FALSE.
EDIFF 1.0E-7 1.0E-7 1.0E-7
LREAL .FALSE. .FALSE. .TRUE.
ISMEAR See text 1 1
SIGMA See text 0.2 0.2
ENCUT See text 800 800
AMIN Default 0.02 0.02
IDIPOL Not set 3 3
LDIPOL Not set .TRUE. .TRUE.
IBRION N/A 2 2
ISIF N/A 2 2
EDIFFG N/A 1.0E-6 1.0E-6

Table C.1: Options used in the VASP calculations. The NELM and NSW options were set so
large that the limits were not reached.
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D. Convergence tests

Convergence tests for the DFT calculations were split into three parts, the last of which
was specific to each defect type. The common convergence tests were for the plane wave
energy cutoff, 𝒌-point sampling, smearing method and equilibrium lattice constant, which
were done in the bulk geometry, and the thicknesses of the slab and the vacuum, which
were done in the slab geometry. The defect-specific convergence tests were for the lateral
dimensions of the simulated slab and were done to ensure that the periodic images of the
defects do not interact.

D.1. Bulk

All tests for the bulk system were done with a system consisting of a single primitive
FCC cell with one copper atom. The lattice constant was 3.635 Å for all tests except
that for the equilibrium lattice constant.

The first convergence tests were those with respect to the plane wave cutoff energy
and 𝒌-point sampling. These tests were done using the tetrahedron smearing method
with Blöchl’s corrections [96], which is known to give very accurate total energies.

For testing the convergence with respect to the cutoff energy, the total energy of the
system was computed for different cutoff energies from 250 eV to 600 eV with several
different 𝒌-point grids. The results are shown in figure D.1 and one can see that a cutoff
energy below 500 eV causes an error of more than 1 meV, and convergence to less than
approximately 1 meV requires a cutoff energy of at least 600 eV. One can also see that the
𝒌-point grid chosen has no impact on the required energy cutoff. It was concluded from
these results that a cutoff energy of 600 eV is sufficient for the bulk system. However,
in order to be certain of the convergence the cutoff was increased to 800 eV for the slab
systems in order to have accurate forces for the structural relaxation.

For testing the convergence with respect to the 𝒌-point sampling, the total energy of
the system was computed for different amounts of 𝒌-points from 10 to 22 in each direction
with several different cutoff energies. The results can be seen in figure D.2 and one can see
that having 12 𝒌-points in each direction causes an uncertainty of approximately 2 meV
while having at least 18 𝒌-points in each direction causes the uncertainty to decrease
to under 1 meV. One can also see that the chosen energy cutoff does not change the
required 𝒌-point sampling. It was concluded from these tests that a 𝒌-point sampling of
𝑘𝑎 ≈ 50 Å, corresponding to 20 𝒌-points, is more than sufficient, where 𝑘 is the number
of 𝒌-points in a direction and 𝑎 is the simulation cell length in that direction.

The effect of using Methfessel–Paxton smearing and the optimal smearing parameter
𝜎 for it were studied by computing the system energy and entropy for different smearing
parameters. An energy cutoff of 600 eV and 20 𝒌-points in each direction were used.
The results are shown in figure D.3. One can see that the entropy has a local minimum
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Figure D.1: Convergence of the bulk energy with respect to the plane wave cutoff energy
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Figure D.2: Convergence of the bulk energy with respect to the 𝒌-point sampling with
different cutoff energies 𝐸cut.
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at 𝜎 = 0.2 eV, and that the entropy increases rapidly if the smearing parameter is
increased from there. Decreasing the smearing parameter does not decrease the entropy
for 𝜎 > 0.05 eV. Since the smearing parameter should be as large as possible while
keeping the entropy negligible, 𝜎 = 0.2 eV was chosen to be used, resulting in an entropy
of approximately 80 µeV. The energy difference to the tetrahedron smearing method was
only 0.5 meV. Second order Methfessel–Paxton smearing and Gaussian smearing were
also tested, but the former did not give any benefit while the later caused much larger
entropies.
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Figure D.3: The bulk entropy and energy difference from first order Methfessel–Paxton
smearing as a function of the smearing parameter.

As the last bulk convergence test the equilibrium lattice constant was determined by
computing the energy of the system with different lattice constants with a resolution of
10−3 Å. The other parameters used were those found in the other bulk convergence tests
and Methfessel–Paxton smearing was used. The results are shown in figure D.4. One can
see that the energy minimum is at a lattice constant of 3.635 Å. The minimum energy
is approximately −3.729 eV. One can also see that the plotted curve is smooth, which
indicates that the chosen energy cutoff is sufficient. If the energy cutoff was insufficient,
the curve would be jagged.
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Figure D.4: The bulk energy as a function of the lattice constant. The inset is zoomed into
the minimum.

D.2. Surface

All convergence tests for the surface system were done with a system consisting of one
unit cell in the 𝑥 and 𝑦 directions (approximately 2.57 Å × 4.45 Å) and a variable number
of atomic monolayers in the 𝑧 direction forming the slab. The bottom two atomic layers
were kept fixed in their bulk equilibrium positions and all other atomic positions were
allowed to relax. An energy cutoff of 800 eV was used with first order Methfessel–Paxton
smearing with 𝜎 = 0.2 eV. The 𝒌-point grid was chosen to be 20 × 10 × 1, resulting in a
product 𝑘𝑎 ⪆ 45 Å.

The total energy and work function of the system were computed for slabs between
3 and 10 layers thick. A linear fit was made to the total energies of the three thickest
slabs, yielding the bulk energy per atom as the slope and the surface energy as the
intercept. The results were a bulk energy of −3.730 eV per atom and a surface energy
of 0.469 eV per atom. The value for the bulk energy per atom is in excellent agreement
(1 meV difference) with the value determined from the bulk calculations. The value for
the surface energy is slightly smaller than the literature value of 0.50 eV per atom [98],
but the agreement is quite good.

Figure D.5 shows the work function of the slab as a function of the number of atomic
layers. One can see that the work function changes on the order of tens of meV when the
number of atomic layers is changed. The work function is converged to within a few meV
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for a slab with eight atomic layers, yielding a work function of 𝜙 ≈ 4.765 eV. This value
is in good agreement with the literature value for calculations with the PBE functional,
4.78 eV [98].
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Figure D.5: The work function as a function of the number of atomic layers in the slab.
The vacuum thickness is fixed at 15 equivalent layers.

The average positions of the relaxed atomic layers was also calculated for the same
systems, and the deviation of the interlayer spacing from the bulk equilibrium value was
computed. The results are shown in figure D.6. One can see that with an eight layer
slab, which was found to be sufficient for the work function convergence, the lowest three
relaxed layers have converged and the spacing for the fourth relaxed layer differs only
0.1 % from is converged value. The converged spacings of the second to fourth relaxed
layers differ by less than 0.1 % from the bulk equilibrium values. It was concluded from
these results that an eight layer slab is sufficiently converged to have bulk properties in
the middle.

All tests above show that an eight layer slab is sufficiently converged for accurate
calculations, so eight atomic layers were chosen to be used for all calculations with surface
defects.

The work function was computed for systems with eight layers and varying vacuum
thicknesses from 5 to 25 equivalent layers. The thickness of the vacuum was found to
have only a small effect on the work function, which was converged to less than 5 meV
for 15 equivalent layers. This vacuum thickness of approximately 30 Å was found to leave
enough space for even the taller defect structures to reach convergence, so it was used in
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Figure D.6: The interlayer spacing in the slab as a function of the number of atomic layers.
The vacuum thickness is fixed at 15 equivalent layers. Layer 2 is the upper
fixed layer.

all calculations.
The convergence with regard to the density of the grids the charge density and potential

are evaluated on, and therefore the size of the FFT grids used, was tested by increasing
the number of grid points in each direction by up to a factor of six and visually inspecting
the resulting potential. This was done because the exchange-correlation potential showed
large unphysical noise in a thin layer of vacuum near the surface, which was suspected
to result from insufficiently dense grids. Increasing the grid density did not remove the
noise, but showed that the potential changes when the grid density is doubled and does
not change anymore with denser grids. Due to the large computational expense of the
larger grids this correction was not applied during the ionic relaxation, but only as an
additional step done for the relaxed system.
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E. Computing the exchange-correlation potential

VASP can only output the full local potential (LVTOT = .TRUE.) or the Hartree potential
(LVHAR = .TRUE.) at one time. The exchange-correlation potential is by definition the
difference of the two potentials.

The total potentials were computed first using the procedure described in section 3.4.2.
The Hartree potentials were then computed by taking the systems from the second step
of computing the total potentials and outputting the Hartree potential instead of the
total potential in the third step. The total potential was shifted so that the Fermi levels
of the two potentials were equal.

The exchange-correlation potential was computed as the difference of the two potentials.
Due to the noise in the exchange-correlation potential noted in section 3.4.6 it was
smoothed using the procedure described in appendix F.

The resulting potential was used as the exchange-correlation potential in the computa-
tion of the image potential correction.
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F. Preparing the potential for Kwant

In order to correct the problems described in section 3.4.6, the following method was
used to process the potential into a form usable for the quantum transport calculations.

First, the unphysical noise from the exchange-correlation potential was removed by
numerically smoothing the potential grid. A seventh order Savitzky–Golay filter with a
window length of 71 points (≈ 1.75 Å) was applied to each grid line in the 𝑧 direction
after which two uniform filters were applied to the grid, the first with a 5 × 5 × 5 grid
point stencil and the second with a 3 × 3 × 3 grid point stencil. The periodic boundary
conditions were taken into account in each of the operations. The result was that the
noise was removed with negligible changes in the shape of the potential. This step was
not done for systems for which the potential had already been smoothed in order to add
the image potential.

Second, the periodic image of the slab was cropped from the grid. The exact cropping
plane was taken 2 Å towards the top of the slab from the position of the dipole correction,
which is outputted by VASP. This resulted in the removal of the small oscillations near
the dipole correction which resulted from applying the Savitzky–Golay filter. In order to
speed up the following calculations, most of the slab was also cropped from the potential,
leaving only 4 Å thin part below the topmost atomic plane.

Third, the cropped potential in the vacuum was extended to the zero energy determined
as described in section 3.4.6. A fit was made to the potential in the vacuum for each grid
line in the 𝑧 direction. For systems without the added image potential, the fit was a linear
function to the last third of the potential remaining after the potential maximum and
the slope was averaged over all grid lines. The averaging is justified because the electric
field is influenced only far from the surface where the geometric field enhancement is
not significant. This averaging was found to only eliminate statistical fluctuations in the
parameters which would have made the potential nonsmooth far from the surface. The
fitted functions where then used to extend the potential until it reached the zero energy.

Fourth, the data was undersampled in order to make the computations feasible. The
method of doing so and the convergence with regard to the degree of undersampling is
studied in appendix G.

Fifth, in order to make the electrons of the metal be free electron–like, the potential
inside the metal was made constant at the zero energy. The limit of where to extend this
clamping to was determined individually for each grid line in the 𝑧 direction as the point
where the potential crosses the zero energy for the last time when it increases towards the
maximum of the potential barrier. For the case where the potential does not cross zero
or does so far into the metal because the grid line does not go near any atoms, the limit
is set to a minimum of the position of the last atomic layer. This method ensured that
there is a single continuous potential barrier at the surface of the slab. The potential in
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the vacuum is also made to saturate to the zero energy.
For systems with the added image potential, the smoothing step from above was not

done because the potential was already smoothed when adding the image potential.
Additionally, the fit for the potential in the vacuum was of the form

𝑉 (𝑧) = 𝐴 − 𝐹𝑧 − 𝑒2

16π𝜖0

1
𝑧 − 𝑧im

, (F.1)

where 𝐴 is the fitting parameter, 𝐹 is the applied electric field and 𝑧im is the image plane
found when adding the image potential correction. The use of the applied electric field
instead of having it as a fitting parameter is justified because the results for the systems
without the added image potential show no field enhancement.
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G. Potential undersampling convergence

The potential grids produced by VASP had grid spacings of approximately 0.027 Å, and it
was estimated from the convergence tests that computing the transmission probabilities
for the smallest surface system for one electric field strength would require approximately
1.5 TB of memory and two months of computation time.

In order to make the computation feasible, the potential grid had to be undersampled.
It was chosen to do so equally in each direction by linearly interpolating the potential to
a coarser grid. The coarser grid was constructed so that the periodicity in the 𝑥 and 𝑦
directions was conserved.

The convergence of the transmission probabilities with regard to the degree of un-
dersampling was investigated for the clean surface. Figure G.1 shows the results of the
tests. One can see that undersampling 20 times results in transmission probabilities
approximately 60 % larger than those for the four times undersampled system at the
Fermi level, while the corresponding figure for twelve times undersampling is 20 %. The
factor depends on the normal energy and grows towards lower energies.
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Figure G.1: Error introduced by undersampling the potential. The different lines are
different degrees of undersampling. The baseline is undersampling four times
because this is the smallest undersampling which could be computed. The
system has a clean surface and an applied electric field of 1 GV m−1.

As the computation time and memory requirements scale more than cubicly with the
degree of undersampling, twelve times undersampling was chosen to be an acceptable
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compromise between accuracy and computation time. This resulted in grid spacings
of approximately 0.32 Å, which are sufficient for the calculations, as they allow plane
waves of energies up to approximately 37.6 eV to be described, while the largest required
energies are approximately 15 eV.
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H. Input files and scripts

Two archives are attached to the electronic version of this document which allow the
work to be reproduced.

The archive data_inputs.tar.xz contains all of the the input files and scripts needed
to reproduce the data for this work.

The Python scripts are tested with Python 3, but most should work with Python 2.
VASP is not included. The Kwant library and its dependencies are not included.

The archive contains the following:

• README.txt file: Instructions for doing the necessary calculations.

• make_input_archive.sh script: Script for creating the attached archive.

• scripts directory: Python scripts needed for the calculations and scripts for the
analysis. The contents need to be on $PYTHONPATH. Contains a README.txt file
briefly describing each script.

• wavereader directory: A program to parse VASP WAVECAR files. Three versions
are included, one in C, one in Python and one in Python with a helper library in
C. The program was not used in this work.

• Cu-bulk directory: Bulk convergence test VASP inputs.

• One directory for each defect type (Cu-surface-…).

– template directory: Templates for the VASP inputs.

– scripts directory: Python scripts specific to the defect type.

– make_system.sh script: Shell script used to create VASP inputs.

– submit script: SLURM script used for running the VASP calculations. This
will need to be modified for your system.

The archive document_inputs.tar.xz contains all of the scripts and input files nec-
essary to produce this document given the research data. The Makefile in the archive
creates this document including all of the figures.
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