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Molecular dynamics was used to study homogenous non-isothermal vapor-liquid nucleation of
Lennard-Jones fluid for varying vapor densities and carrier gas concentrations. Nucleation rates were
determined by using the small scale mean first-passage time method. Improved thermalization by
adding carrier gas was observed to increase the nucleation rates measurably. Good agreement with
previous Monte Carlo and large scale MD studies of similar systems was found. Additionally, the
temperatures of the growing clusters were monitored. We observed that scarce amount of carrier gas
can lead to cluster temperatures significantly exceeding the bath temperature due to latent heat of
condensation. Similarly, sub-critical clusters below the bath temperature were observed to emerge
when the density of the nucleating substance was lowered.

Tässä työssä tutkittiin Lennard-Jones -fluidin ei-isotermistä, homogeenista nukleaatiota molekyyli-
dynaamisten simulaatioiden avulla. Nukleaoituvan aineen termalisointiin käytettiin kantajakaasua,
jonka määrä vaihteli simulaatioiden välillä. Nukleaationopeus määritettiin laskemalla aika, jonka
jälkeen kukin klusterikoko keskimäärin havaitaan systeemissä ensimmäisen kerran. Kantajakaasun
määrän lisääminen kasvatti nukleaationopeutta huomattavasti. Saadut nukleaationopeudet olivat
samansuuntaisia Monte Carlo -menetelmällä äskettäin saatujen tulosten sekä aiempien ison simu-
laatiosysteemin MD-tulosten kanssa. Lisäksi tutkittiin eri klusterikokojen keskimääräista lämpötilaa
suhteessa lämpökylvyn lämpötilaan, ja huomattiin että kaasu-neste -muutokseen liittyvä latentti lämpö
voi nostaa ylikriittisten klusterien lämpötilan huomattavasti kylvyn lämpötilan yläpuolelle. Lisäksi
havaittiin alikriittisia klustereita, joiden lämpötila oli kylvyn lämpötilaa pienempi, kun nukleoituvan
aineen tiheyttä pienennettiin.

HELSINGIN YLIOPISTO — HELSINGFORS UNIVERSITET — UNIVERSITY OF HELSINKI
Tiedekunta — Fakultet — Faculty Koulutusohjelma — Utbildningsprogram — Degree programme

Tekijä — Författare — Author

Työn nimi — Arbetets titel — Title

Työn laji — Arbetets art — Level Aika — Datum — Month and year Sivumäärä — Sidantal — Number of pages

Tiivistelmä — Referat — Abstract

Avainsanat — Nyckelord — Keywords

Säilytyspaikka — Förvaringsställe — Where deposited

Muita tietoja — Övriga uppgifter — Additional information





Kiitokset

Haluan kiittää professori Hanna Vehkamäkeä mahdollisuudesta työskennellä laskennal-
lisen aerosolifysiikan tutkimusryhmässä pian jo kahden vuoden ajan. Olen kiitollinen
tuesta ja työrauhasta, jonka puitteissa olen tänä aikana saanut kasvaa tieteenteki-
jänä. Kiitos myös kaikille entisille ja nykyisille ryhmän jäsenille, jotka ovat luoneet
ryhmäämme innostavan ja miellyttävän ilmapiirin. Erityisesti haluan kiittää ohjaa-
jiani Roope Halosta sekä Bernhard Reischlia lukemattomista hyvistä neuvoista, joiden
avulla koin monia oivalluksen hetkiä läpi kirjoitusprosessin.

Lämmin kiitos avopuolisolleni Meri Aspiselle läsnäolosta ja rakkaudesta, jonka
siivittämänä korkeatkaan esteet eivät ole käyneet ylitsepääsemättömiksi. Kiitos ys-
tävilleni ja kavereilleni hauskoista hetkistä niin maalla kuin merelläkin. Suurkiitos
sisarilleni Mirkka ja Pirkka Tikkaselle monista jaetuista ilon hetkistä, sekä isälleni Ari
Tikkaselle veneilyn ja jääkiekon parissa vietetyistä sadoista tunneista. Lopuksi, eri-
tyiskiitos äidilleni Kaija Visurille lämmöstä ja periksiantamattoman elämänasenteen
esimerkistä.

v





Contents

List of Symbols ix

1 Introduction 1

2 Theory 3
2.1 Nucleation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1.1 Kinetic scheme of nucleation . . . . . . . . . . . . . . . . . . . . 5
2.1.2 Classical nucleation theory . . . . . . . . . . . . . . . . . . . . . 6
2.1.3 Non-isothermal nucleation . . . . . . . . . . . . . . . . . . . . . 7

2.2 Measuring nucleation rate . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.1 Mean first-passage time method . . . . . . . . . . . . . . . . . . 9
2.2.2 Yasuoka-Matsumoto method . . . . . . . . . . . . . . . . . . . . 10

3 Computational methods 13
3.1 Lennard-Jones model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Definition of a cluster . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Statistical ensembles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Monte Carlo simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.4.1 Metropolis algorithm . . . . . . . . . . . . . . . . . . . . . . . . 16
3.5 Molecular dynamics simulations . . . . . . . . . . . . . . . . . . . . . . 17

3.5.1 Velocity-Verlet algorithm . . . . . . . . . . . . . . . . . . . . . . 17
3.5.2 Thermostats in MD simulations . . . . . . . . . . . . . . . . . . 18
3.5.3 Initialization of the simulation system . . . . . . . . . . . . . . . 19
3.5.4 Timestep . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.5.5 Potential cut-off . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.6 Pressure effect of carrier gas . . . . . . . . . . . . . . . . . . . . . . . . 21

4 Results and discussion 25
4.1 Nucleation rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.2 Cluster temperatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

vii



viii

5 Conclusions 33

Appendix A 35
A.1 About the computational cost . . . . . . . . . . . . . . . . . . . . . . . 35
A.2 Microscopic latent heat . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
A.3 Parametrizations of properties of Lennard-Jones fluid . . . . . . . . . . 37

Bibliography 39



List of Symbols

α Evaporation rate

β Collision rate

∆t Simulation timestep

∆W Work of formation

ε Energy parameter of the Lennard-Jones potential

γ Surface tension

µ Chemical potential

ρ Density

σ Length parameter of the Lennard-Jones potential

τ Lennard-Jones time unit

A Surface area

a Acceleration

b Mean squared energy fluctuation

F Force

h Macroscopic latent heat

J Nucleation rate

K Kinetic energy

k Boltzmann constant

m Mass

N Cluster concentration

n Number of monomers in a cluster

n∗ Critical cluster size

Nf Number of degrees of freedom

Np Number of particles

ix



x List of Symbols

P Probability

p Pressure

q Energy released upon an addition of a monomer

r Distance

S Supersaturation

T Temperature

t Time

tMFPT Mean first-passage time

U Potential energy

V Volume

v Velocity

vl Volume per monomer in bulk liquid

X Random number

Z Zeldovich factor

PE Pressure effect



1. Introduction

Atmospheric aerosol particles play a key role in Earth’s energy budget. Not only
can aerosols absorb, emit and scatter electromagnetic radiation, they can also act as
nuclei for cloud droplets. As both of these effects can alter Earth’s radiative balance
between incoming and outgoing radiation, aerosol particles are of high interest from
the viewpoint of climate research. In fact, in the most recent Intergovernmental Panel
for Climate Change (IPCC) report (SR15), the effect of radiative forcing by aerosols
is still listed as a major source of uncertainty for the climate models [Boucher et al.,
2013]. In addition to climate-related effects, aerosol particles can also affect air quality
and, consequently, human health (see e.g. Nel [2005]). Moreover, quite recently it was
found that up to 50 percent of atmospheric particles are formed by cluster growth in the
atmosphere [Spracklen et al., 2006]. This atmospheric particle formation is initialized
by nucleation, i.e. the appearance of tiny new embryo of a new phase, which still is
not thoroughly understood due to its microscopic scale. Yet, the urgency of better
understanding nucleation processes is greater than ever before.

For a long time, the study of nucleation processes has relied on classical equilib-
rium thermodynamics and kinetics under a constant supply of monomers and many
other simplifications. In reality, nucleation is by definition a non-equilibrium process
involving latent heat release that causes the temperature of the growing clusters to ex-
ceed the temperature of the surroundings. In addition, the pool of available monomers
(i.e. the individual building blocks, e.g. atoms or molecules, of the growing clusters)
can be depleted, leading to deviation between nature and theory as the partial pressure
of the nucleating substance drops.

Nowadays, nucleation can be studied by sophisticated experiments (e.g. CLOUD
experiment at CERN, see Duplissy et al. [2010]) or computationally, using tools such as
Monte Carlo simulations (MC) and molecular dynamics (MD) [Halonen et al., 2018], or
the recently developed Atmospheric Cluster Dynamics Code (ACDC) [McGrath et al.,
2012]. In this work, MD simulations are utilized to study homogeneous nucleation
of Lennard-Jones fluid under non-isothermal conditions, i.e. the local temperature of
a nucleating cluster can significantly differ from the temperature of its surroundings.
Controlling the temperature in MD simulations is a non-trivial task, and the thermal-
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2 Chapter 1. Introduction

ization can be achieved in several ways, either by some artificial thermostatting algo-
rithm or by explicit simulation of carrier gas. Basic thermostatting algorithms do not
distinguish between growing clusters and surrounding smaller particles, e.g. monomers.
This deficiency of the thermostats can lead to severe artifacts, as the global tempera-
ture is kept constant without any distinction between differently sized clusters in the
system. One possible way to bypass the artifacts is to omit the use of an artificial
thermostat, and instead simulate light, swift-moving particles that do not participate
in the nucleation, but can remove heat from the clusters via non-sticking collisions.
In this work, carrier gas is used and only the global temperature of the carrier gas is
controlled with a simple velocity scaling scheme. The problem of using carrier gas is
the added computational cost of simulating a greater number of particles. Here, we
consider three different concentrations of carrier gas to test the effect of more natural
thermalization on nucleation rates and compare against non-isothermal theory.

The structure of this work is as follows: In the second chapter, the kinetic scheme
and classical nucleation theory as well as the ways to measure nucleation rate are de-
scribed. In the third chapter, relevant computational methods, including molecular
dynamics and its important details, are discussed. In the fourth chapter, the main
results of this work, i.e. simulated nucleation rates and cluster temperatures, are pre-
sented, discussed and compared to isothermal results obtained by MC simulations.
Finally, in the fifth chapter, the findings and observations of the work are summarized
and some conclusions are made.



2. Theory

2.1 Nucleation

Nucleation is the limiting step of any first-order phase transition. From liquid droplets
forming in supersaturated vapor to ice formation in supercooled water or any such
process, stochastic appearance of a large enough embryo of a new, energetically more
favorable phase is needed for the phase transition to proceed. This demand for stochas-
tic growth before a phase change can occur is a characteristic of an activated process.
The phases are separated by an energy barrier, which must be overcome before the sub-
sequent growth of the new phase can take place. This barrier arises from the energetic
cost of building new interface between the two phases. A schematic representation of a
formation free energy barrier separating vapor and liquid phases is shown in Fig. 2.1.
The small clusters initially formed by collisions of monomers have a high surface to
volume ratio, and are likely to evaporate. However, as a result of the stochastic nature
of collisions, some clusters will grow to larger sizes. The size at which the top of the
free energy barrier is reached is called the critical cluster size. The rate of appearance
of these critical clusters is called the nucleation rate. Once the critical size is exceeded,
the growth becomes rapid as the formation free energy starts to drop and growth is
energetically favorable.

Nucleation can be divided into two categories. In homogeneous nucleation (see
Fig. 2.2 (a)), a small spherical volume of the new phase (e.g., a liquid droplet) appears
inside the old phase (e.g., supersaturated vapor). Heterogenous nucleation (see Fig.
2.2 (b)), on the other hand, occurs with the aid of pre-existing nucleation sites, which
promote nucleation by reducing the interfacial area between the nucleating embryo and
the mother phase. Thus, less energy is spent to grow new interface between the phases,
and the energy barrier separating the phases is reduced. The heterogeneous formation
free energy ∆Whet is given by

∆Whet = ∆Whomf(θ), (2.1)

where ∆Whom is the homogeneous formation free energy and f(θ) is a strictly increasing
function on a contact angle θ spanning an interval [0, π], with values increasing from
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4 Chapter 2. Theory

Size

0

�
W

Critical cluster

Figure 2.1: Illustration of a nucleation barrier. A stochastic growth to the critical cluster size must
occur before formation of a new phase becomes energetically favorable, i.e. formation free energy ∆W
starts to decrease as a function of cluster size n.

0 to 1. Thus, a small contact angle θ promotes nucleation by lowering the nucleation
barrier more effectively than a large contact angle. As nucleation sites are often present
and low to moderate supersaturations are prevalent, heterogeneous nucleation is also
very common in nature. Consequently, processes such as rain drop or cloud nuclei
formation are typically aided by impurities such as dust particles, soot, or sand.

Even though nucleation has been studied at least since the 1800’s, it still is not
thoroughly understood within the realm of classical or statistical thermodynamics.
Difficulties arise from many sources. First of all, the microscopic scale of nucleation
processes, clusters involving only few monomers, is a significant problem, since classical
thermodynamics relates the properties of the cluster to macroscopic parameters. By
definition, concepts such as temperature and pressure are properties of a system at the
thermodynamical limit (Np →∞, V →∞, Np/V = constant, where Np is the number
of particles and V is volume). Secondly, nucleation is by nature a non-equilibrium
process arising from metastable conditions, and using theoretical tools constrained to
equilibrium conditions can be inadequate.

The microscopic scale of nucleation is also a significant challenge to experimental
work. Even the state-of-the-art equipment has a spatial resolution of a few nanometers,
making a direct observation of the dynamics of nucleating clusters hard in many cases.
When the clusters are large enough for direct observation, they consist of hundreds or
thousands of monomers, and might already be well above the critical size. However, in
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(a) (b)

θ

Figure 2.2: Schematic presentation of (a) homogeneous and (b) heterogeneous nucleation. For the
heterogeneous case, the contact angle θ between the growing cluster and the pre-existing nucleation
site is also shown.

many cases nucleation rates can still be measured by monitoring the formation rates
of clusters above the critical size.

Luckily, many of the problems mentioned above can be bypassed by using modern
computational tools, i.e. simulations. Methods such as molecular dynamics are well-
suited for nucleation studies, as long as the system is rather small and nucleation occurs
at slowest on a microsecond timescale. The system can be monitored atom by atom,
and thus is not limited by the spatial resolution. Also, the time resolution at which the
system is monitored can be altered to accommodate the system under study. Molecular
dynamics simulation is the method used in this work, and its details are explained in
section 3.5.

2.1.1 Kinetic scheme of nucleation

The kinetic scheme of nucleation is a molecular view of cluster growth based on the
notion of pre-existing phase (e.g. vapor) that consists of clusters of varying amount
of monomers. By assuming that a cluster can grow or decay only by addition or
removal of monomers, the time derivative of the concentration of a cluster consisting
of n monomers is given by the birth-death equation:[Becker and Döring, 1935]

∂Nn

∂t
= βn−1Nn−1 + αn+1Nn+1 − βnNn − αnNn, (2.2)

where βn and αn are the monomer condensation and evaporation rates for an n-cluster,
respectively. In a thermal equilibrium, the cluster concentrations are constant in time,
i.e. ∂Nn/∂t = 0, and the detailed balance equation is satisfied:

βnN
eq
n = αn+1N

eq
n+1. (2.3)
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It can be shown that the equilibrium cluster concentration for n sized cluster is given
as [Frenkel, 1955]:

N eq
n = N eq exp

(
−∆Wn

kT

)
. (2.4)

Here, superscript eq refers to equilibrium conditions, ∆Wn is the work of formation
of a n-cluster, k is the Boltzmann constant and T the temperature. The nucleation
rate is given by the condensation rates β and the equilibrium cluster concentrations as
[McDonald, 1963]:

J =
[

n̄∑
n=1

1
βnN

eq
n

]−1

, (2.5)

where n̄ refers to a size limit value, which needs to be considerably larger than the
critical size.

To utilize this kinetic approach, an estimate of the work of formation ∆Wn is
needed, and there are several ways for achieving this. It can be calculated e.g. by using
bulk thermodynamical properties, as in classical nucleation theory (see section 2.1.2)
or with a Monte Carlo simulation (see section 3.4).

2.1.2 Classical nucleation theory

In absence of proper experimental or computational tools, for a long time the insights
to nucleation came from classical nucleation theory (CNT), and it is still widely used.
CNT is based on kinetic gas theory, and was developed in the first half of the 20th cen-
tury by Volmer and Weber [1926], Farkas [1927], Becker and Döring [1935], Zeldovich
[1942] and Frenkel [1939].

By considering Eq. (2.5) in the continuum limit, the nucleation rate can be cal-
culated as an integral [McDonald, 1963]:

J−1 =
∫ n̄

1

dN

βnN
eq
n
. (2.6)

By using the expression of Eq. (2.4), assuming β is independent of n and expanding
∆Wn as a Taylor series around the critical cluster size1, the nucleation rate can be
approximated as:

J ≈ βn∗N eq
n∗Z, (2.7)

where Nn∗ is the critical cluster concentration and Z is the Zeldovich factor given as:

Z =
√

∆Wn∗

3πkTn∗2 . (2.8)

1∆W (n) = ∆W (n∗) +
(

∂∆W
∂n

)
n∗ (n− n∗) + 1

2

(
∂2∆Wn∗

∂n2

)
n∗

(n− n∗)2 + ...
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CNT is based on classical thermodynamics. Bulk properties such as density and
surface tension are used to describe nucleating systems. The central example of this
is the formation free energy, which is based on the so-called liquid-drop (LD) model.
In the model even the smallest clusters are viewed as a collection of molecules forming
a spherical droplet of incompressible fluid with macroscopical surface tension. The
formation free energy for an n-cluster is given by

∆Wn = Anγ∞ − n∆µ, (2.9)

where An is the surface area of an n-cluster, γ∞ is the surface tension of a planar surface
and ∆µ the chemical potential difference between the two phases. In essence, expression
(2.9) describes the competition between two terms: The surface term (∝ n2/3) describes
the energetic cost of increasing the interfacial surface area. The volume term (∝ n)
reflects the favorability of the new phase arising from metastable conditions. As it
turns out, the surface term dominates very small cluster sizes, creating an energy
barrier between the phases.

The use of the LD model is a major source of discrepancy between CNT and
experimental results, due to the incorrect treatment of the formation free energy of the
smallest clusters, as discussed by Merikanto et al. [2007].

2.1.3 Non-isothermal nucleation

In reality, the temperature during nucleation events is not necessarily constant, and
therefore a theoretical framework to describe non-isothermal situations is needed. In
these situations, the system is not thermalized well-enough to keep the clusters at equal
temperature with the surroundings, i.e. there is an insufficient number of collisions with
carrier gas molecules to remove the latent heat released by the growing clusters. There
have been several theoretical works discussing the topic of non-isothermal nucleation
[Grinin and Kuni, 1989; Wyslouzil and Seinfeld, 1992; Barrett, 1994, 2008].

The original theoretical framework for describing non-isothermal nucleation is
the study of Feder et al. [1966]. According to the theory, the energy released upon the
addition of a monomer to a cluster of size n is

q = h− kT

2 − γ∞
∂An
∂n

, (2.10)

where h is the macroscopic latent heat of condensation. In practice, Eq. (2.10) is the
macroscopic latent heat of cluster growth corrected by two terms: the first one comes
from the excess energy of collisions between the cluster and monomers. The second is
the cost that has to be paid in order to increase the surface area.
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The degree of non-isothermality can be viewed as a competition between the
latent heat generation and the heat removal through carrier gas. If, as classical nu-
cleation theories suggest, the nucleation happens on much longer time scales than the
collisions with the carrier gas, the situation is isothermal. If, on the other hand, there
is too little time for these heat-removing collisions or if the carrier gas is too scarce,
non-isothermal behavior is observed. The mean squared energy transfer between the
cluster and the carrier gas through collisions between condensation/evaporation events
is given by [Feder et al., 1966; Wedekind et al., 2007a]:

b2 = 2k2T 2
(

1 + Nc

N

√
m

mc

)
, (2.11)

where N and Nc, and m and mc, denote the concentrations and masses of condensable
monomers and carrier gas, respectively.

Using these terms, the non-isothermal nucleation rate can be expressed as a
function of the isothermal nucleation rate:

Jnoniso = b2

b2 + q2Jiso. (2.12)

The ratio Jnoniso/Jiso converges to unity as the ratio Nc/N grows, as shown in Fig. 2.3
where a q value of 2.7ε was used (See Appendix A.2 for details).

0.01 0.1 1 10 100 1000 10000
Nc/N

0.1

1

J
N

o
n
is
o
/J

is
o

Figure 2.3: Typical example of effect of thermalization on non-isothermal nucleation rate. As the
carrier gas to condensable particles ratio grows, and the released latent heat gets carried away more
effectively, non-isothermal nucleation rate converges to isothermal values.
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2.2 Measuring nucleation rate

2.2.1 Mean first-passage time method

Nucleation rate can be measured from direct nucleation simulations in various ways.
In this work, the so-called mean first-passage time (MFPT) method is used [Wedekind
et al., 2007b]. In this method, the time at which each cluster size first appears is
monitored (in general, this works with any reaction coordinate, not only cluster size).
By averaging over a set of uncorrelated nucleation events, the mean first-passage times
for each cluster size can be obtained and combined to yield a MFPT curve. An example
MFPT curve is shown in Fig. 2.4.

Since the method is based on averages, it requires good statistics and should be
used in cases that are easily repeatable. Also, only one, or a few at maximum, large
clusters should emerge. Otherwise growth by coagulation (i.e. clusters colliding and
sticking to each other) becomes probable, and can impair the data. In other words,
the nucleation barrier separating the phases should be reasonably high, preventing
the nucleation and the subsequent growth from happening on similar time scales.
If this is the case, the MFPT curve should resemble an error function with a clear
plateau. The time at which the plateau is reached corresponds to the nucleation time tJ .

Figure 2.4: Example curve of mean first-passage time as a function of cluster size n. The nucleation
time tJ and critical cluster size n∗ can be determined from a fit to the curve using Eq. (2.13).
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Theoretically, the MFPT as a function of cluster size is given as:

tMFPT(n) = tJ
2 (1 + erf(n − n∗)c) , (2.13)

where tJ is the nucleation time, erf(x) is the error function, and

c =
√
|∆W ′′(n∗)|

2kT = Z√
π
, (2.14)

where ∆W ′′(n∗) is the second derivative of the formation free energy at critical cluster
size. Thus, c reveals the local curvature at the top of the energy barrier separating the
phases.

The nucleation rate is now simply given by

J = 1
tJV

, (2.15)

where V is the simulation box volume.
The MFPT method is well suited for small scale simulations dealing with quite

high densities and frequent nucleation events involving one post-critical cluster. Fitting
the MFPT curve using Eq. (2.13) enables the determination of the most important
quantities of a nucleating system, i.e. the nucleation rate, the critical cluster size and
the curvature of the energy barrier in a simple way.

2.2.2 Yasuoka-Matsumoto method

If nucleation events are too scarce and proper statistics needed for the MFPT method
cannot be collected, other methods are to be used. One example is the Yasuoka-
Matsumoto method [Yasuoka and Matsumoto, 1998], often also called the threshold
method. In this scheme, the number of clusters exceeding a certain threshold, that needs
to be larger than the critical cluster size, is monitored. By a simple linear fit of the
number of clusters exceeding the threshold, the nucleation rate is obtained by dividing
the slope of the fit by the simulation box volume. An example application of the
Yasuoka-Matsumoto method is shown in Fig. 2.5. Of course, to utilize the threshold
method, a large simulation box with a rich monomer pool is to be used to ensure
emergence of numerous clusters. Even though the MFPT and the Yasuoka-Matsumoto
methods differ greatly by design, they yield quite comparable results [Chkonia et al.,
2009].
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Figure 2.5: Number of clusters exceeding the threshold size ith as a function of time. The linear
fit (black line) to the growth stage of the data given by the red curve can be used to determine the
nucleation rate in the Yasuoka-Matsumoto method.





3. Computational methods

In modern science, computational methods serve as a valuable tool to build upon
the findings of theoretical and empirical work. Simulation methods can shed light into
problems that can be impossible to solve analytically or out of reach of the experimental
instruments. As mentioned above, experimental instruments lack the resolution to see
clusters smaller than a few nanometers. As the nucleating clusters often are in the
sub-nanometer length scale, simulations are of high value to nucleation studies. Next,
the computational methods and details used in this work are described.

3.1 Lennard-Jones model

In this study the goal is not to accurately model a specific chemical compound in
the atmosphere, but rather use a general, yet physically realistic model, that allows to
describe a wide range of particle types. To model the interaction between particle pairs,
the widely used Lennard-Jones potential is utilized. It is a simple two-body potential,
consisting of an attractive and a repulsive term, and it allows for efficient and accurate
calculations for noble gases such as helium and argon. The 12-6 Lennard-Jones pair
potential used in this work is given by:

ULJ(r) = 4ε
[(
σ

r

)12
−
(
σ

r

)6
]
, (3.1)

where r is the distance between two atoms, ε the potential well depth and σ the
distance at which the attractive and repulsive term cancel each other. The shape of
the 12-6 Lennard-Jones potential is illustrated in Fig. 3.1. Here, and from now on,
the units are given in reduced LJ form instead of SI units, as is the common practice
with computational studies. The reason for the use of reduced units is simply the
practicality of numerical values closer to unity when running and analyzing simulations.
A summary of the Lennard-Jones units used in this work is given in Table 3.1. These
units are also in use in the results section of this work.

The nucleating Lennard-Jones fluid and the carrier gas studied in this work are
parametrized to mimic the interactions of argon and helium, respectively. The param-
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Figure 3.1: Lennard-Jones potential as a function of distance r. The LJ potential is characterized
by a strong repulsive part at close distances due to Pauli repulsion, a potential well of ε and a long
range attraction arising from the van der Waals force.

eters for argon are ε/k = 120 K and σ = 0.3405 nm, and for helium ε/k = 10.22 K
and σ = 0.258 nm [Wedekind et al., 2007a]. Parameters for interactions between he-
lium and argon are obtained by using Lorentz-Berthelot combination rules. This gives
interaction parameters between particle types i and j as:

εi,j = √εiεj, and σi,j = σi + σj
2 . (3.2)

Thus, argon-helium interaction parameters are εHe−Ar = 0.292εAr and σHe−Ar =
0.878σAr.

Table 3.1: List of the Lennard-Jones units used in this work.

Property Lennard-Jones form
Length rLJ = r/σ

Time tLJ = t(ε/mσ2)1/2

Temperature TLJ = kT/ε

Number density NLJ = N/σ3

Density ρLJ = σ3ρ/m
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3.2 Definition of a cluster

To speak of cluster growth in a meaningful way, we need to have a sensible definition
for a cluster. Many geometric or energetic criteria exist[ten Wolde and Frenkel, 1998;
Harris and Ford, 2003], and in this work the Stillinger cluster criterion [Stillinger Jr,
1963], visualized in Fig. 3.2. has been used. It states that in order for a particle to
be a member of a cluster, it needs to have at least one neighbor inside a distance rc,
called the Stillinger radius. Thus, a cluster is formed as a chain of particles meeting
this criterion. In this work, the Stillinger radius of rc = 1.6 σ has been used, as in
the previous large scale MD study of LJ fluid by Tanaka et al. [2011]. It has to be
noted, though, that the radius can be chosen quite loosely, without severely affecting
the results [Laasonen et al., 2000; Schaaf et al., 1999].

n = 4

rc

n = 1

n = 2

Figure 3.2: Schematic presentation of the Stillinger cluster criterion. A monomer is part of a cluster
if the circle of radius rc drawn around it overlaps with an another monomer. A cluster is thus formed
as a chain of monomers satisfying this cluster criterion.

3.3 Statistical ensembles

Statistical mechanics studies systems too large for one to know their microscopic prop-
erties in detail. In fact, many different sets of microscopical states can correspond to
the same macroscopic state, i.e. the same average properties such as temperature and
volume. Such sets are called statistical ensembles. Several important statistical en-
sembles have been described and named based on which macroscopic system properties
they share as constants. For example, a canonical (NVT) ensemble represents copies of
a system with the same number of particles Np, volume V and temperature T . Simi-
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larly, a microcanonical (NVE) ensemble has constant energy E, while temperature can
now freely fluctuate, and a grand canonical (µVT) ensemble has the chemical potential
µ fixed while the particle count Np can vary. Physically, these ensembles correspond
to a system isolated from its surroundings (NVE), in contact with a heat bath (NVT),
or connected to a heat bath and a particle reservoir (µVT).

3.4 Monte Carlo simulations

Monte Carlo (MC) method is based on performing a biased random walk in config-
uration space, sampling a chosen statistical ensemble, rather than following the time
evolution of a system (see section 3.5 on molecular dynamics).

3.4.1 Metropolis algorithm

The essence of the Metropolis algorithm is to generate a Boltzmann-weighted Markov
chain of configurations by creating trial configurations from the last accepted config-
uration. The alteration or move can be the displacement of a single monomer (see
Fig. 3.3) or creation/annihilation of a monomer into/from the cluster. The algorithm
samples randomly the allowed configurational space based on the eligibility of the move
which is based on the ratio of the probability densities of the new and the initial state.
In case of canonical ensemble this ratio is simply exp(−∆U/kT ), where ∆U is the
potential energy difference between the new and the previous configurations after a
translational move. If ∆U < 0, the move is accepted, otherwise the new state is ac-
cepted if X < exp(−∆U/kT ), where X is a uniformly distributed random number
in the interval [0, 1]. The monomer displacement move can be rejected if the cluster
criterion is not satisfied after the move.

One method to obtain the formation free energy is the semi-grand canonical
Monte Carlo [Vehkamäki and Ford, 2000; Merikanto et al., 2004], in which the cluster
size is fixed but the monomer creation and annihilation move probabilities are calcu-
lated. In traditional grand canonical MC simulation the cluster would evolve freely in
shape and size, but the simulation would not sample equally all the cluster sizes. Dur-
ing each MC step the decay and growth probabilities of the cluster are averaged over
individual annihilation (removing a monomer) and creation (adding a new monomer)
probabilities, respectively. After sufficient amount of steps, the canonical average val-
ues of the decay and growth probabilities are calculated over the cluster configurations.
The statistical decay and growth probabilities are connected to the kinetic evaporation
and condensation rates, and can be used to calculate the formation free energy of the
clusters [Merikanto et al., 2004].
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Figure 3.3: Schematic of the Metropolis MC method. A trial move of a random monomer (full black
circle) is accepted (red circle) if the cluster criterion (dashed black circle) is satisfied. Otherwise the
move is rejected (dashed red circle), and a new trial move is performed.

3.5 Molecular dynamics simulations

Simulations based on molecular dynamics (MD) are in principle very intuitive. Starting
from an initial configuration of particle positions, Newton’s equations of motion are
solved numerically to study the time evolution of the system. At every timestep,
the force acting on particle i can be calculated from the gradient of the interaction
potential:

Fi = miai = −∇ri
U(r1, . . . , rNp), (3.3)

where Np denotes the number of particles. Properties of the system can then be
calculated as time averages along the trajectory of the particles. If the system is
ergodic, the time averages obtained from sufficiently long MD trajectories are equivalent
to ensemble averages obtained from MC.

3.5.1 Velocity-Verlet algorithm

The time evolution in the MD simulations described above can be carried out by many
different integration algorithms, which each have advantages and disadvantages. For
this work, the Velocity-Verlet algorithm was used. The simplified MD procedure is
presented in the following diagram [Allen and Tildesley, 1987].
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1. From the current positions ri(t), velocities vi(t) and accelerations ai(t), cal-
culate new positions after the timestep ∆t as:

ri(t+ ∆t) = ri(t) + vi(t)∆t+ 1
2ai(t)∆t2 (3.4)

2. Calculate the new velocities at the half-step as:

vi(t+ ∆t/2) = vi(t) + 1
2ai(t)∆t (3.5)

3. From the new positions, calculate the new forces and accelerations at t+ ∆t
from the gradient of the interaction potential

4. Calculate the velocities after t+ ∆t as:

vi(t+ ∆t) = vi(t+ ∆t/2) + 1
2ai(t+ ∆t)∆t (3.6)

5. In case of an NVT simulation, apply an appropriate velocity scaling scheme
to keep the global temperature constant.

6. Repeat steps 1 – 5 until the simulation time is reached

3.5.2 Thermostats in MD simulations

Since performance of MD simulations is strongly affected by the number of particles
considered, carrier gas is often replaced by artificial thermostats. These thermostats
mimic a heat bath, allowing the removal of latent heat from the system. In this work,
the temperature control of the nucleating substance is achieved by using carrier gas.
To keep the global temperature of the carrier gas constant, simple scaling of particle
velocities is performed after every step.

Velocity scaling is straight-forward method based on the concept of kinetic tem-
perature. First, the kinetic energies of the simulated particles are calculated in the
usual manner:

K = 1
2Np

Np∑
i=1

miv
2
i = NfkT

2 , (3.7)

where vi is the velocity of a given particle, and mi its mass. Nf is the number of degrees
of freedom (for a monoatomic gas moving in 3D space, Nf = 3). Now, for each particle,
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a new velocity is set by the relation:

vnew =
√
Twanted

T
vi, (3.8)

where Twanted is the temperature at which the system is wanted to be kept. Even
though crude, this method has been used in many nucleation studied (e.g. Tanaka
et al. [2011]).

Many other thermostatting methods exist. One popular way of keeping temper-
atures under control is the more sophisticated Nosé-Hoover thermostat [Nosé, 1984;
Hoover, 1985]. It works by adding a term behaving as an effective time-dependent
friction acting on the system. One of the biggest benefits of Nosé-Hoover is that it
samples a real canonical ensemble.

3.5.3 Initialization of the simulation system

Creating a physically appropriate starting configuration for a given simulation is an
important detail. If, for example, particles are un-physically close to each other, the
simulation can crash as the particles fly outside the simulation box due to extreme
repulsive forces. In this work, the problem is avoided by placing the nucleating parti-
cles on an FCC lattice (with a lattice constant larger than the potential cut-off value
introduced in section 3.5.5) and the carrier gas particles are placed randomly, but in
an iterative fashion: if the particles do overlap, the placement of this particle is simply
re-done.

After placing the particles inside the simulation box, initial velocities correspond-
ing to the target temperature are drawn from a Maxwell-Boltzmann distribution. After
this, the actual simulation can begin. Below, the two most important simulation pa-
rameters, the timestep and the potential cut-off, are discussed.

3.5.4 Timestep

Selection of the simulation timestep ∆t is arguably the most important choice to make
when running molecular dynamics. If the timestep is too small, resources are wasted
as the computationally heavy force calculations are re-done before any real change has
taken place. On the other hand, too long time intervals between successive steps can
lead to un-physical effects, such as total energy drift (i.e. the total energy not being
conserved) during a simulation. Of course, the optimal balance between accuracy and
computational cost varies from system to system.

For systems consisting of Lennard-Jones fluid, the timestep values used in the
literature typically range from 0.001− 0.01 τ . Of course, the majority of studies relies
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on artificial thermostats, not on carrier gas, which is lighter (mAr/mHe ≈ 10) and has
a mean velocity above the nucleating substance. Even though the carrier gas does
not participate in the nucleation events, the longest timestep of 0.01 τ used in recent
studies was not used for the sake of caution. In the context of this work, the most
comparable study found from the literature is by Wedekind et al. [2007a]. Their system
consisted of 320 LJ atoms in a carrier gas atmosphere at a temperature of 0.4167 ε/k,
with interaction parameters similar to the ones used in this work, and a timestep of
0.001 τ . The most notable differences between the present work and that of Wedekind
et al. [2007a] are the lower temperature and the lower densities used in this work, both
of which could justify a slightly longer timestep. Thus, the value of 0.001 τ was used as
a reference value, and a longer timestep of 0.0025 τ was benchmarked against it. The
test consisted of 30 nucleation runs, and the resulting MFPT curves for both timesteps
are shown in Fig. 3.4. As can be seen from the timestep test results, the differences
in the MFPT curves of 0.001 τ and 0.0025 τ cases are almost non-existent. Thus, the
timestep of 0.0025 τ was selected for this work in order to reduce the computational
cost of the simulations.
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Figure 3.4: The timestep test. MFPT curves obtained from 30 nucleation simulations, using
timesteps of ∆t = 0.001 τ and 0.0025 τ .

3.5.5 Potential cut-off

Another important detail to consider is the potential cut-off, i.e. the distance after
which the long-range attraction between two molecules is no longer taken into account
(see Fig. 3.1). Reducing the potential cut-off can lower the computational cost of a
simulation, but will eventually lead to artifacts, e.g. hinder the nucleation process, as
the net attraction felt by the molecules is decreased.
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Similarly to the selection of timestep, a set of 30 individual nucleation simulations
were run with three different cut-off choices, coinciding with the typical literature values
of 2.5 σ, 5 σ, 10 σ. In addition to making sure that the total energy is conserved, the
MFPT curves were examined, and the results are shown in the Fig. 3.5. Here, clear
differences can be seen: whereas reducing the cut-off from 10 σ to 5 σ does not lead
to significant changes in the MFPT curve, using a 2.5 σ cut-off causes clear deviation
from the other two curves. This is due to the fact that the smaller cut-off radius leads
to loss in net attractive forces between particles, and thus it takes more time for a
cluster to grow. A shifted potential truncated at 5 σ was then selected for use in this
work to balance out accuracy and computational performance.
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Figure 3.5: The potential cut-off test. Three different potential cut-offs were used for 30 individual
nucleation runs, and a MFPT curve was produced for each of the cases, respectively.

3.6 Pressure effect of carrier gas

Based on Eq. (2.12), adding carrier gas to a system improves the thermalization until
isothermal conditions are achieved. In practice, adding more and more carrier gas to
a system also leads to a phenomenon called the pressure effect. Essentially, this is the
carrier gas causing a non-negligible pressure on the clusters of nucleating substance.
In order to grow the clusters are now faced with a new task: the need to perform
work to change the volume of the carrier gas (pV work). This additional pV work can
reduce the nucleation rate, in some cases rather significantly, as discussed in Wedekind
et al. [2008]. In order to study only the effect of non-isothermality on nucleation rate
from a MD simulation, the magnitude of the additional pV work has to be negligible.
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To estimate the severity of the pressure effect, the expression given for formation
free energy for the critical cluster in Eq. (2.9) is used. Now, we can expand the chemical
potential term by using the relation [Wedekind et al., 2008]

∆µ = kT ln(p/psat)− vl(p− psat), (3.9)

where p and psat account for the pressure of nucleating substance and the saturation
vapor pressure, respectively, and vl is the volume per molecule in the bulk liquid.
Missing from Eq. (3.9) is the pressure of the carrier gas, pc, as it’s thought to be
negligible. If we add pc to the latter term, the new expression for the work of formation,
now including the pressure of the ambient carrier gas, is

∆Wn = Anγ∞ − nkT ln(p/psat) + nvl(p− psat + pc). (3.10)

As discussed in the work of Wedekind et al. [2008], the severity of the pressure
effect can now be tested in a simple way. If the condition

PE = (p+ pc − psat)vl

kT ln(p/psat)
� 1 (3.11)

holds, the pressure effect can be neglected. To test the magnitude of the pressure effect
in the context of this work, the parametrization for the vapor pressure of an LJ fluid
given in Appendix A.3 was used. In addition, the ideal gas law was used to calculate
the pressure of the LJ fluid and the carrier gas. Fig. 3.6 shows the pressure effect
calculated for LJ fluid within the density range relevant to this work. Also shown for
comparison is the curve for temperature T = 0.4167 ε/k, corresponding to 50 K in
case of argon, as it is used in the original work by Wedekind et al. [2008]. As can be
seen from the Fig. 3.6, the pressure effect decreases with the temperature and density.
As the temperature used in this work was T = 0.3ε/k, and the highest density used
was N = 1.08 σ−3, Fig. 3.6 indicates that the pressure effect is insignificant in the
conditions considered in this work.
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Figure 3.6: Estimates for the pressure effect (PE) for the Lennard-Jones fluid at two different
temperatures (T = 0.3 ε/k and 0.4167 ε/k) obtained using Eq. (3.11). The maximum vapor density
considered in this work is indicated by the dotted blue line.





4. Results and discussion

A set of 900 MD simulations of 320 atoms of Lennard-Jones fluid was carried out using
the LAMMPS simulation software [Plimpton, 1995]. Three different vapor densities N ,
corresponding to simulation box volumes of 296×103 σ3, 500×103 σ3 and 865×103 σ3

were used, each for three different carrier gas concentrationsNc/N of 1, 10 and 100. The
global temperature of the carrier gas was held at 0.3 ε/k by using a simple velocity
scaling scheme at every timestep. A Velocity-Verlet integrator with a timestep of
0.0025 τ was used and the Lennard-Jones potentials were truncated and shifted at 5 σ.
A Stillinger radius of 1.6 σ was used to identify individual clusters. Each simulation
was continued until a cluster of size n ≥ 50 had appeared for the first time.

The main focus was the calculation of nucleation rates using the MFPT method
and obtaining statistics on cluster temperatures, from averages of the kinetic tempera-
tures of each atom in a cluster. In nucleation results, nucleation rates are compared to
a previous study by Halonen et al. [2018] based on Monte Carlo (MC) simulations and
the standard kinetic scheme (see Eq. (2.5)). MC simulation is by definition in equi-
librium and the obtained nucleation rates correspond to nucleation under isothermal
conditions. Thus, MC results offer a valuable reference point for the non-isothermal
MD results gathered from different degrees of thermalization. In addition, the large
scale MD study of LJ fluid by Tanaka et al. [2011] utilizing a thermostatting algorithm
is used for comparison.

4.1 Nucleation rates

For each of the nine separate cases, the largest cluster of the system was monitored
at regular intervals (e.g. for the smallest box, every 1000 steps). The information
of the simulation time and the largest cluster size was then saved, until the largest
cluster exceeded the size n = 50. This data was then used to calculate the first-passage
time for cluster sizes ranging from n = 3 to 50. These first-passage times were then
averaged over the 100 simulation runs to obtain the mean first-passage time curve,
from which the most important quantities were calculated. As the nucleation time τJ
is given by the plateau of the MFPT curve, nucleation rates were calculated simply

25
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by J = (1/τJV ). The critical cluster size was determined by the middle point of the
sigmoid MFPT curve.
The MFPT curves for the three different densities are presented in Fig. 4.1. In each
case, the fastest nucleating case (corresponding to Nc/N = 100) is shown as an inset
to properly reveal its true shape. It should be noted, that the MFPT curves for the
density N = 1.08× 10−3 σ−3 do not reach a clear plateau. As discussed by Wedekind
et al. [2007b], this is due to a too low nucleation barrier, i.e. nucleation and growth
happen on too similar time scales. Nonetheless, a rough estimate of the nucleation
time was still obtained. In Table 4.1, the nucleation rates and critical cluster sizes
calculated by the MFPT method are listed and compared to the large scale MD work
of Tanaka et al. [2011] and recent MC results by Halonen et al. [2018]. Figure 4.2 shows
the ratio between the non-isothermal MD nucleation results and the isothermal MC
results. Also shown are the large scale MD results and the prediction of the classical
non-isothermal theory (Eq. 2.12).

Table 4.1: Combined non-isothermal nucleation rates JMD and critical cluster sizes n∗
MD obtained in

this work. Also, the recent MC results by Halonen et al. [2018] and large scale MD study by Tanaka
et al. [2011] are shown for comparison. Densities are given in σ−3 and the nucleation rates in σ−3τ−1.

Ntot Nc/N JMD JMC JTanaka n∗MD n∗MC n∗Tanaka

1.08× 10−3 1 4.9× 10−10 2.3× 10−9 5.5× 10−10 6.6 5 4
10 1.5× 10−9 6.3
100 5.2× 10−9 6.0

6.40× 10−4 1 3.9× 10−11 6.1× 10−10 3.5× 10−11 7.7 6 5
10 1.3× 10−10 6.1
100 5.1× 10−10 6.1

3.70× 10−4 1 1.0× 10−12 4.8× 10−11 1.3× 10−12 6.7 6 5
10 3.3× 10−12 5.7
100 1.8× 10−11 6.1

As shown in Fig. 4.2, the results closely follow the trend of classical non-isothermal
theory, with the closest agreement observed for the vapor density of 6.40×10−4 σ−3. Clearly,
more efficient thermalization by addition of carrier gas significantly enhances the nucleation
rate. The large scale results of Tanaka et al. [2011] (dashed horizontal lines) obtained using an
artificial thermostat instead of carrier gas seem to indicate that the effect of the thermostat is
comparable to carrier gas to condensable atoms ratio of 1:1. One peculiar detail of the results
is the nucleation rate for the density of 1.08×10−3 σ−3 coupled with Nc/N = 100. The result
exceeds the nucleation rate obtained by MC, which can be interpreted as an isothermal result.
An explanation for this odd result can be found from the MFPT curve of this density. As
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Figure 4.1: The mean first passage times for clusters up to size n = 40 for the density of a) N =
1.08× 10−3 σ−3, b) N = 6.40× 10−4 σ−3, and c) N = 3.70× 10−4 σ−3. The inset shows the fastest
nucleating case.
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discussed above, only a rough estimate could be obtained due to the low nucleation barrier.
This inevitably causes an error in the nucleation rate. Also, at high densities the growth
can happen by coagulation, whereas the standard kinetic scheme is constrained to growth
by monomer addition. In general, though, a disagreement of less than a factor of three can
be considered minute in the context of nucleation studies, where calculated nucleation rates
often deviate by orders of magnitude.

The critical cluster sizes listed in Table 4.1 tend to agree well with the MC results, while
surpassing the large scale MD results by ≈ 1−2. Deviation of this magnitude can be explained
by the uncertainty of reading critical cluster sizes from the MFPT curves. This uncertainty
could also explain the conspicuously large critical cluster for the N = 6.40 × 10−4 σ−3 case
coupled with Nc/N = 1 and the results for the density N = 3.70 × 10−4 σ−3, where the
Nc/N = 10 result falls below the value obtained for the Nc/N = 100 case. In general, the
critical clusters tend to get smaller as the efficiency of thermalization is increased.
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Figure 4.2: Ratios of nucleation rates obtained from MD in the present work and MC nucleation
rates obtained by Halonen et al. [2018] at T = 0.3 ε/k (≈ 36 K) (full symbols). NVT MD results by
Tanaka et al. [2011] at vapor densities 1.08 × 10−3 σ−3 (black dashed line), 6.40 × 10−4 σ−3 (blue
dashed line) and 3.70× 10−4 σ−3 (red dashed line) are also shown. Additionally, the black solid line
shows the ratio between non-isothermal and isothermal nucleation based on classical theory by Feder
et al. [1966].
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4.2 Cluster temperatures
For each simulation, clusters consisting of more than 3 monomers were monitored at each
timestep. Cluster temperatures were then calculated from kinetic energies (see Eq. (3.7)). By
averaging over the 100 completed simulations, average cluster temperatures were obtained
with good statistics, as every cluster size had appeared at least thousands of times during
the simulations. An example of the temperature distributions produced by this method
is shown in Fig. 4.3. Figure 4.4 shows the deviation of the cluster temperature from the
carrier gas temperature as a function of cluster size for each vapor density and carrier gas
concentration. Here, the temperature is given in Kelvin for clarity and easier comparison with
other studies (ε/k = 120 K). As can be seen, increasing the carrier gas density leads to smaller
deviation between the bath temperature and the temperature of the growing clusters. With
Nc/N = 100, the deviations are almost non-existent even with the highest vapor density.
Interestingly, in many cases a clear increase in cluster temperatures is seen with clusters
larger than n = 40. This seems odd at first glance, but can be explained by examining the
simulation trajectories. In many occasions, more than one cluster had exceeded the critical
size during the later stages of the simulation. In a dense simulation system such large clusters
can easily collide and attach to each other, creating a spike in growth and latent heat release.
This is illustrated in Fig. 4.5, which shows a growth by coagulation event in the most dense
system with N = 1.08× 10−3 σ−3 and Nc/N = 1.
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Figure 4.3: Cluster temperature distributions for the density of 3.70× 10−4 σ−3 with Nc/N = 1 for
clusters of size 6, 8 and 35, corresponding to slightly sub-critical, slightly post-critical and significantly
post-critical sizes. The average temperatures of the three cluster sizes are indicated by full lines and
the carrier gas temperature is indicated by the dashed black line.
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Figure 4.5: Three snapshots taken approximately 20 τ apart from each other, showing two post-
critical clusters colliding and merging into one. This growth by coagulation can cause significant
release of latent heat and result in relatively hot large post-critical clusters shown in Fig. 4.4 (a) and
(b).

It should be noted that for the vapor densities N = 6.40 × 10−4 σ−3 and N = 3.70 ×
10−3 σ−4 there are also sub-critical clusters below the bath temperature. These cold sub-
critical clusters have been seen in other MD studies as well [Wedekind et al., 2007a; Toxvaerd,
2015]. The mechanism by which these cold clusters appear might very well be the same by
which the post-critical cluster heat up, but reversed. If the simulated system has a relatively
high nucleation barrier, it is highly unlikely for any individual cluster to grow to critical size
(though eventually this will happen). Thus, clusters grown to sub-critical sizes by stochastic
thermal fluctuations still most often break apart, i.e. evaporate. As condensation is an
exothermic process, evaporation is an endothermic one, absorbing energy from surroundings.
In the case of small sub-critical clusters in scarce vapor, this energy is taken from the cluster,
effectively cooling it down.





5. Conclusions

A set of 100 MD simulations was performed for three different densities of LJ fluid and
three different ratios of condensable particles to carrier gas. It was concluded that no severe
pressure effect caused by the additional pV work due to carrier gas was present in any of
the vapor densities used in this work. The statistics provided by the 900 simulations made
it possible to obtain cluster temperatures and to use the mean first-passage time method to
determine nucleation rates.

Good agreement with previous large scale MD results by Tanaka et al. [2011] was found.
Additionally, recent MC results also aligned well with the results obtained here. Critical clus-
ter sizes were also obtained from the MFPT data, and in the studied conditions the size of
the critical cluster was found to be n∗ ≈ 6−8. For cluster temperatures it was found that for
all vapor densities poor thermalization increases the temperature of growing clusters signif-
icantly compared to the bath temperature. The better thermalization in Nc/N = 100 cases
almost completely eliminated this effect, and no more than 2-3 K deviation were seen. For
the lowest vapor density case, even temperatures below the bath temperature were observed
for sub-critical clusters.

The results clearly demonstrate both the usability and the limitations of the MFPT
method. The use of small simulation system allows for comprehensive data collection through
monitoring many independent nucleation events, although the nucleation barrier needs to be
in certain limits for this to work. If too low, the growth happens almost immediately and the
critical size or the nucleation time cannot be extracted from the non-sigmoid MFPT curve.
On the other hand, the small scale of the simulated system combined with a high nucleation
barrier can prevent the critical cluster from forming for a long time, making the collection
of statistics hard. In the latter case, large scale simulations combined with methods such as
the Yasuoka-Matsumoto method are still needed.

In this work, the studied cases were within the limitations of the MFPT method.
Even the fastest nucleation events produced MFPT curves good enough for fair estimates
of the nucleation times and critical cluster sizes. With cluster temperature monitoring,
though, some artifacts were seen. Especially the most dense case with the least effective
thermalization introduced increases in cluster temperatures for clusters exceeding the size
n = 40. It was concluded that this spike in temperature curves is probably due to growth
by coagulation, i.e. latent heat released in collision of two post-critical clusters.
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The non-isothermal effect arising from the lack of carrier gas is described well by the
classical theory of Feder et al. [1966]. This makes it possible to estimate the isothermal
nucleation rate by simulating a system with clearly non-isothermal conditions, i.e. low carrier
gas concentration. Of course, removing carrier gas completely and instead using an artificial
thermostat can yield sensible nucleation rates with the lowest possible computational cost.
Still, the use of carrier gas is the most genuine way of removing heat from growing clusters
without the artifacts of artificial thermostats, mimicking real atmospheric conditions.



Appendix A.

A.1 About the computational cost
Ultimately, one of the most important aspects of a given simulation project is the amount of
resources it demands. Even if the performance of computers has risen considerably in recent
years, still methods such as MD simulations are greatly limited in size and time scale. The
computational cost of the different simulations done for this work are gathered to Table A.1
by averaging the performance over all the simulation runs with the same number of particles.
The simulations were carried out on the Taito Linux cluster of CSC–IT Center for Science,
Ltd., Finland. The Taito nodes used in this work featured Intel Xeon processors from the
Haswell family running at 2.6 GHz and communicated through Infiniband FDR fabric.

Table A.1: The computational cost of the different system sized simulated in this work. The
performance indicates the simulation time in LJ units achieved per day (wall time).

Number of particles Number of processors Performance (τ/day)
640 8 6.1× 106

3520 24 3.9× 106

32320 48 0.8× 106

A.2 Microscopic latent heat
Microscopic latent heat can be calculated by the tools of statistical mechanics by considering
the potential energy of clusters of different sizes. As a molecule collides with a cluster, and
energy is conserved in the process, the initial energy of the system Ei is the sum of the kinetic
energy of the molecule and the potential energy Un and kinetic energy of the n-cluster:

Ei = mv2

2 + Un +
n∑
j=1

mv2
j

2 . (A.1)

After the collision, the (n+ 1)-cluster equilibrates with its surroundings via the heat removal
by carrier gas. The final system energy Ef is then

Ef = Un+1 +
n+1∑
j=1

mv2
j

2 . (A.2)

By definition, the latent heat is now given by the energy carried away by the carrier gas,
which is the difference between the average final and initial energies of the cluster:

q = 〈Ei〉 − 〈Ef〉. (A.3)
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Because the system is assumed to be in thermal equilibrium both before and after the collision,
the velocities can be assumed to follow the Maxwell-Boltzmann distribution, and the kinetic
energies of the molecules cancel each other. Thus, the microscopic latent heat for the (n+1)-
cluster is given by:

qn+1 = 〈Un〉 − 〈Un+1〉. (A.4)

In Fig. A.1, the microscopic latent heat of a growing LJ cluster is calculated by three different
methods: MC simulations, ground state configuration data [Doye et al., 1995] and by Eq.
(2.10), using the expression

h(T ) = dpsat
dT

kT 2

psat
(A.5)

for the macroscopic latent heat and

An = 4π
(3mn

4ρπ

)2/3
(A.6)

for the surface area of the cluster, which is now assumed to be spherical.
The non-isothermal curve presented in Figs. 2.3 and 4.2 is based on the MC value of

A.1 of the cluster consisting 6 monomers (q = 2.7059 ε), corresponding to the average critical
cluster size calculated from Tab. 4.1.

0 2 4 6 8 10 12 14 16 18 20
n

0

2

4

6

q
(ε

)

Monte Carlo, T = 0.3 ε/k

Ground state configuration

q = h(T )− kT/2− γ(T )∂An(T )
∂n

Figure A.1: Latent heat released by a growing LJ cluster as a function of cluster size, calculated
using three different methods.
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A.3 Parametrizations of properties of Lennard-
Jones fluid

For the Lennard-Jones fluid, the following parametrizations from the work of Diemand et al.
[2013] were used for saturation vapor pressure, density and surface tension.

Saturation vapor pressure:

psat = ε

σ3 exp
(

3.24157− 6.91117 ε
kT

)
. (A.7)

Density:
ρ = 0.316302 + 0.5829096f(T )0.35 + 0.194089f(T ), (A.8)

where f(T )= 1− T
1.257 ε .

Surface tension:
γ = 0.04204118(1− T/Tc,LJ)1.303, (A.9)

where Tc,LJ = 1.312 ε/k.
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