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Abstract
The presence of supermassive black holes (SMBHs) is ubiquitous in all massive
galaxies in the local Universe. In the standard cosmological model, galaxies grow in a
process of hierarchical merging and through accretion of matter from the intergalactic
medium. Correspondingly, SMBHs grow by accreting gas from their surroundings
and through merging with other SMBHs. Thus, present-day SMBHs are expected to
have a complicated past merger history. Merging SMBHs leave imprints both on the
central regions of their host galaxies and the gravitational wave background. In this
thesis, which consists of four peer-reviewed publications, we investigate SMBH binary
dynamics in realistic galactic environments and study the eﬀect of merging SMBHs
on their early-type host galaxies. For this research, a novel numerical simulation
code ketju was developed.
The ﬁrst two publications present the simulation code ketju. The ketju code
combines the widely-used galactic-scale simulation code gadget-3 and an extremely
accurate small-scale SMBH dynamics integrator ar-chain. The numerical methods
used in ketju and their practical implementation are thoroughly presented. In
addition, we validate the performance of ketju in comparison simulations with direct
N-body codes used in the literature. The energy conservation of the code and parallel
scaling behaviour are also demonstrated. We study the eﬀect of the chosen stellar
mass resolution on the evolution of the SMBH binaries in a series of galaxy merger
simulations. We ﬁnd that the dependence of the SMBH binary hardening rate on
the mass resolution of the simulation is weaker if more realistic multi-component
galaxy initial conditions are used. Finally, we show that with a proper treatment
of SMBH dynamics in galactic-scale simulations, SMBH mergers are delayed by a
few 100 million years compared to the SMBH merger criteria commonly used in the
literature.
The last two articles study the formation of large stellar cores in massive elliptical
galaxies. Using ketju, we run a series of early-type galaxy merger simulations
iii

with SMBHs to investigate the core scouring process responsible for creating cores
in massive galaxies. We systematically study the eﬀect of the initial SMBH mass
and the initial stellar density proﬁle slope on the surface brightness, the velocity
anisotropy proﬁles and the core scaling relations of the merger remnant. Throughout
the two studies we ﬁnd that more cuspy initial stellar density proﬁles provide a better
match to the ﬁnal observed properties of core elliptical galaxies. We show that
elliptical galaxies built up in a series of minor mergers have larger cores than major
merger remnants, as expected, but on the other hand have less anisotropic velocity
distributions in their core regions. Finally, we present a simple merger model which
for the ﬁrst time simultaneously produces an early-type galaxy with a ﬂat central
core, a tangentially biased central stellar population and kinematically decoupled
central regions. These properties of cored early-type galaxies have previously been
diﬃcult to explain in one single formation scenario.
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1 Introduction
1.1

Supermassive black holes and gravitational waves

The era of observational gravitational wave (GW) astronomy began in 2016 by the
direct detection of gravitational waves from merging stellar-mass black holes (Abbott
et al., 2016). This is roughly 100 years after the publication of the theory of General
Relativity (GR) by Einstein (1915). Even though research in relativistic astrophysics
and black holes is mainstream now, this was not the case in the early decades
of GR. Only in the 1960’s, after 50 years of relatively quiet theoretical research,
it was realized that the energy source of the then recently detected high-redshift
active galactic nuclei (AGN) was most likely gravitational in origin (Salpeter, 1964;
Zel’dovich & Novikov, 1964; Lynden-Bell, 1969). Soon it was proposed that every
massive galaxy in the local Universe should contain a ’dead’ AGN central engine
with a mass of millions of solar masses: a supermassive black hole (SMBH).
The basic elements of the formation and evolution of supermassive black hole
binaries were already recognized in the 1980’s (Begelman et al., 1980). As massive
galaxies contain central SMBHs and cosmological structure formation is hierarchical
in nature, situations in which a massive galaxy contains several SMBHs should be
fairly common. On the other hand, galaxies with multiple active galactic nuclei were
known to be exceedingly rare, so there must be some physical processes that rapidly
drive the SMBHs to coalescence. The identiﬁed processes were dynamical friction,
three-body interactions with stars, gas drag and the emission of gravitational waves.
However, almost 40 years later, there are still important pieces of this picture missing,
the main quest being to theoretically determine the shape of the gravitational wave
background spectrum by merging SMBHs, and also to directly observe it. In addition,
despite the enormous improvement in numerical simulations during the past 20 years,
the exact nature of the physical processes explaining the coevolution of galaxies and
their central supermassive black holes remains elusive (Kormendy & Ho, 2013).
1
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1.2

Supermassive black hole dynamics

The main challenge in numerically simulating SMBH dynamics rises from the vastly
diﬀering physical scales involved in the dynamical processes. For example, there are
roughly 10 orders of magnitude between the spatial scales of a typical galaxy group
(R ∼ 1 Mpc) and the innermost stable circular orbit (ISCO) around a SMBH with
a mass of M• = 108 M (RISCO ∼ 6 AU). Similar arguments can be formulated
for the physical time and mass scales involved. Thus, the numerical approach to
gravitational dynamics of SMBHs, SMBH binaries and the surrounding stars has
been twofold. One typically either ignores the large-scale galactic dynamics and
focuses on the nuclear region, or alternatively ignores the small-scale dynamics below
 ∼ 10 pc and concentrates on the global galactic dynamics.

1.3

Aim of this thesis

This thesis attempts to bridge the gap between the small-scale SMBH dynamics
studies and the galactic-scale numerical simulations. In order to reach this goal, a
new numerical simulation code ketju is developed during the thesis work. ketju
is a hybrid regularized tree code meaning that it has specialized integrators for
both small-scale gravitational dynamics near SMBHs and large-scale gravitational
dynamics as well.
The motivation for the thesis work is twofold. First, our goal is to study the
formation of massive, cored early-type galaxies focusing on the stellar kinematics in
the core region. Recent integral ﬁeld unit surveys, such as atlas3D and massive
have unveiled a rich variety of kinematic structures in massive elliptical galaxies,
such as decoupled and counter-rotating regions. For these cored ellipticals a simple
formation mechanism for such distinct kinematic components is still missing. The
formation of the decoupled components is very likely related to galaxy mergers with
supermassive black holes. Thus, our ketju code is an ideal tool for investigating the
problem.
The second motivation for the thesis project is the prospect of observing
gravitational waves from merging supermassive black holes in the near future. Pulsar
timing array searches of gravitational waves are currently ongoing although no
gravitational waves have yet been observed. The upcoming Laser Interferometer
Space Antenna (LISA) will very likely directly detect gravitational waves from
merging supermassive black holes in the 2030’s. The shape and amplitude of
the gravitational wave background from coalescing SMBHs depend on the binary
population and their merging timescales. This fact connects the gravitational
2
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wave experiments to numerical structure formation simulations with SMBHs. The
formation and evolution of SMBH binaries depend both on cosmological structure
formation and kpc-scale galaxy evolution. Thus, new simulations codes capable of
simultaneously modeling both small and large-scale astrophysics such as ketju will
be important for gravitational wave research in the immediate future.

1.4

Structure of this thesis

This thesis consists of seven chapters, starting with this introductory chapter 1.
An observational overview of massive early-type galaxies and their supermassive
black holes is provided in chapter 2. After the observational overview, chapter 3
summarizes the general numerical methods relevant for the N-body simulations used
in this thesis. Chapters 4 and 5 delve into the details of the sophisticated archain algorithm, utilized in the ketju code developed during the thesis work. Next,
chapter 6 summarizes the scientiﬁc results of the four ﬁrst-author articles by the
author which are part of this thesis. Finally, we conclude and outline the future
directions of the ketju project in chapter 7.

3

2 Massive early-type galaxies and their
supermassive black holes
2.1
2.1.1

Observational properties of early-type galaxies
Visual galaxy morphology

The observed galaxy population in our Universe is very diverse. Almost a hundred
years ago, Hubble (1926) devised the ﬁrst modern galaxy classiﬁcation system, the
Hubble diagram, based on the visual morphological types of galaxies. A modern
version of such a diagram is presented in Fig. 2.1. The right-hand side of the Hubble

Figure 2.1: Hubble galaxy morphology, or, the Hubble tuning fork diagram. Image
credit: Fig. 1. of Abraham (1998).

diagram contains the disk galaxy families ’S’ and ’SB’, which are characterized by
their ﬂat shapes, spectacular spiral arms and an occasional bar structure. These
so-called late-type galaxies have in general blue colors, and their visual images show
copious amounts of gas, dust and star-formation regions. Our Milky Way is a barred
disk galaxy of the type ’SBbc’. The usually low-mass irregular galaxies ’I’ are placed
right of the disk galaxies in the Hubble diagram, as they share some similar physical
properties with the disk galaxies. The nearby Magellanic clouds are examples of
4
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irregular galaxies. The intermediate lens galaxies ’S0’ share properties of both late
(disky structure) and early-type (little gas and dust, no spiral arms) galaxies, hence
their position in the middle of the Hubble diagram.
This thesis focuses on the so-called early-type galaxies (ETGs) which are located
on the left in the Hubble diagram. These galaxies are also called elliptical
galaxies because of their visual appearance. The two-dimensional surface brightness
distribution of the early-type galaxies is in general smooth with the isophotes having
ellipsoidal shapes. The Hubble type ’En’ can be computed from the visual i.e.
projected 2D image of the early-type galaxy as


b
n = 10 1 −
(2.1)
a
in which b is the length of the minor and a the major axis of the galaxy. The observed
morphological types of early-type galaxies range from E0 to E7, with galaxies of even
higher apparent ﬂatness being unstable (Thuan & Gott, 1975). The archetypal earlytype galaxy of type ’E0’, M87, is shown in Fig. 2.2 as observed by the Hubble Space
Telescope (HST). In visual images, early-type galaxies show little or no gas, dust
and star formation regions, as opposed to late-type disk galaxies. The lack of active
star formation and the visual color of the early-type galaxies have motivated the
description of early-type galaxies as ’red and dead’ systems.
Halos of hot X-ray emitting gas have been detected around ETGs (e.g. Kim
& Fabbiano 2013 and references therein) with hot gas masses equalling or even
exceeding the stellar mass of the galaxy. Recent observations have also revealed
reservoirs of cold molecular gas in the central regions of early-type galaxies with H2
masses between 107 M  MH2  109 M (Young et al., 2011). The occurrence of
cold molecular gas is observed to correlate with the presence of dust and low-level
star formation activity (e.g. Davis et al. 2013). Finally, the outskirts of ETGs are
observed to be somewhat bluer than the central regions (Mo et al. 2010 and references
therein).

2.1.2

Luminosities, spectra and stellar masses

The absolute B-band magnitudes of early-type galaxies range from MB ∼ −13 for
the dwarf ellipticals to MB ∼ −23 for the most luminous cD (central dominant)
ellipticals at the centers of galaxy clusters. All elliptical galaxies which are less
luminous than MB  −18 are considered dwarf ellipticals. This thesis focuses on the
more luminous population of ETGs, which is divided into intermediate-luminosity
ellipticals with −18  MB  −20.5 and bright ellipticals with MB  −20.5 (e.g. Mo
5
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Figure 2.2: The archetypal massive elliptical galaxy M87. The 1.5 kpc long
relativistic jet launched by the central supermassive black hole (M• ∼ 6.5 × 109 M )
of the galaxy is seen as a blue line in the image right of the center of the galaxy.
Image credit: NASA, ESA, and the Hubble Heritage Team (STScI/AURA), P. Cote
(Herzberg Institute of Astrophysics) and E. Baltz (Stanford University). The shadow
of the M87 central black hole was recently directly imaged using interferometric
techniques (Event Horizon Telescope Collaboration et al., 2019a).

et al. 2010). The spectrum of a typical early-type galaxy is presented in Fig. 2.3 at
optical wavelengths 3500 Å ≤ λ ≤ 7500 Å. A spectrum of a late-type galaxy (Sc) is
also presented for comparison. The spectrum of the late-type galaxy shows strong
emission lines and a substantial amount of blue continuum, indicating active star
formation, the presence of hot O- and B-type stars and hot gas around them. On
the contrary, the spectrum of an ETG is lacking any strong emission lines because
there is no active star formation and thus no hot, young stars. The stellar populations
of ETGs are predominantly very old, causing the overall red color of the galaxies.
The absorption lines in the spectrum of ETGs originate from hydrogen and metals
in the atmospheres of cool, low-mass main sequence stars, and red giants. The
blue continuum is far weaker than in late-type galaxies and the characteristic strong
Balmer break at λ ∼ 4000 Å for ETGs is explained by the lack of hot, blue stars and
6
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Figure 2.3: The spectra of typical late-type (left panel) and early-type (right panel)
galaxies. Image credit: Fig. 5. and Fig. 10. in Kennicutt (1992). Note the diﬀerent
range of the vertical axis of the panels. The spectra are normalized at λ = 5000 Å.

many overlapping absorption lines at these wavelengths (Mo et al., 2010).
Theoretical stellar population models can be used to study the stellar content of
galaxies. The spectrum of a single star is typically close to a black-body function
to ﬁrst approximation. The spectrum depends on the stellar luminosity L , eﬀective
temperature Teﬀ and metallicity, while L and Teﬀ depend on the mass and age of
the star as well, and to lesser extent on the metallicity. A spectrum of a galaxy is in
the ﬁrst approximation the luminosity function weighed sum of the individual stellar
black-bodies of the galaxy. Diﬀerent absorption and emission lines originate from
elements in the stellar atmospheres, and gas and dust in the interstellar medium.
By using a large stellar population library one can estimate the best-ﬁtting stellar
mass function and the total stellar mass of the galaxy for an assumed initial mass
function (IMF). Non-dwarf ellipticals have total stellar masses (deﬁned e.g. as twice
the stellar mass within the half-light radius) in the range of
109 M  M  1012 M ,

(2.2)

while the limit between intermediate-mass and massive ellipticals lies around M ∼
1010.8 M . The inferred stellar masses can be compared to masses obtained using
dynamical mass measurements (section 2.2.1) in order to study the properties of
dark matter in the galaxies.
7
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2.1.3

Isophotal and true three-dimensional shapes

As a ﬁrst approximation the isophotes (curves of constant surface brightness) of earlytype galaxies are concentric ellipses. However, examining the isophotes more closely,
deviations from perfect ellipses appear. The equation of an isophotal curve R(φ) in
polar coordinates is typically written as a Fourier series (Carter, 1978; Bender et al.,
1988)
N
N


an cos(nφ) +
bn sin(nφ).
(2.3)
R(φ) = a +
n=1

n=1

Here a is the mean radius of the isophote. The coeﬃcients a1 , b1 determine the center
of the ellipse and a2 , b2 ﬁx the eccentricity and the position angle of the ellipse.
The shape and position angle can also vary with radius. The latter phenomenon is
called isophotal twisting. The subsequent coeﬃcients (a3 , b3 , a4 , b4 ) characterize the
Boxy

Disky

a 4 /a = -0.05

a 4 /a = +0.05

Figure 2.4: A schematic illustration of two early-type galaxies with boxy and disky
deviations from ellipsoidal isophotes. Here |a4 /a| = ±0.05.
deviations from a perfect ellipse:
δR(φ) =

N


an cos(nφ) +

n=3

N


bn sin(nφ).

(2.4)

n=3

The coeﬃcients a3 , b3 depict asymmetric deviations from the ellipsoidal shape and
are in general small. However, the most important coeﬃcient is a4 . The ratio a4 /a
describes the diskiness (a4 > 0) or boxiness (a4 < 0) of the isophotes. Typical
8
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deviations from the perfect ellipse are at a percent level. A schematic illustration of
boxy and disky isophotes if shown in Fig. 2.4.
The true three-dimensional shapes of early-type galaxies are still quite diﬃcult to
infer. A unique deprojection of a two-dimensional surface brightness proﬁle I(R) into
a three-dimensional luminosity density proﬁle ν(r) does not exist for most ellipticals.
This is because of a degeneracy between the actual 3D shape and projection eﬀects.
Observed twisting of isophotes and most importantly stellar kinematic measurements
can be used to break this degeneracy. The current ETG shape paradigm is that
intermediate-luminosity (and mass) ellipticals are axisymmetric systems in which
global rotation is non-negligible (V /σ  1) while the brightest, most massive
ellipticals are triaxial and supported by the anisotropic velocity dispersion of their
stars (V /σ  0.1).

2.1.4

Surface brightness proﬁles
104

I(R)/Ie

102

n=10
n=8
n=6
n=4
n=3
n=2

Sérsic profile, 1 n 10
de Vaucouleurs profile, n=4

n=1
10

0

10-2

10-4

10-2

10-1

100
R/R e

101
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Figure 2.5: Sérsic surface brightness proﬁles with diﬀerent Sérsic indexes n as black
lines. The special case, de Vaucouleurs proﬁle with n = 4, is highlighted with
red color. The central proﬁle becomes steeper and the outer proﬁle ﬂattens with
increasing n.

The one-dimensional surface brightness proﬁles of early-type galaxies are very
9
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well ﬁtted by the empirical Sérsic proﬁle (Sérsic 1963; Ciotti 1991), deﬁned as


 
R 1/n
I(R) = Ie exp −bn
−1
,
(2.5)
Re
especially in the outer parts of the galaxies. Here Re is the eﬀective radius enclosing
half the of total luminosity of the galaxy at a certain waveband, and Ie is the
corresponding surface brightness at that radius. The Sérsic index n determines
the curvature of the Sérsic proﬁle. Finally, bn is a constant determined from the
deﬁnition of the eﬀective radius. A good approximation is bn = 1.9992n − 0.3271,
when 0.5  n  10 (Capaccioli, 1989). Seven diﬀerent Sérsic proﬁles with 1 ≤ n ≤ 10
are illustrated in Fig. 2.5, highlighting the traditional de Vaucouleurs proﬁle with
n = 4 (de Vaucouleurs, 1948).
The available technology (point spread diﬀraction in telescope optics) and
especially the atmospheric seeing limited studying the central arcseconds of earlytype galaxies until the end of the 1980’s. When high-resolution HST observations
became available in the early 1990’s, it was soon discovered that the most luminous
early-type galaxies are missing light from their central regions, when compared to the
inwards extrapolation of the Sérsic proﬁle ﬁtted in the outer regions of the elliptical
galaxy (e.g. Lauer et al. 1995). In fact, the centers of the most luminous elliptical
galaxies have considerably lower central surface brightnesses than lower luminosity
intermediate-mass ellipticals. This somewhat unexpected property of the elliptical
galaxy population is demonstrated in Fig. 2.6. The galaxies with missing light are
typically referred to as core elliptical galaxies while the galaxies with no missing
light, or even extra central light are referred to as cusp or power-law galaxies.
It was soon noted that the central parts (within 10 arcseconds of the nucleus)
of bright ellipticals in HST images could be ﬁtted with the so-called Nuker proﬁle
(Lauer et al., 1995), deﬁned as

(β−γ)/α

I(R) = Ib 2

R
Rb

−γ


1+

R
Rb

α

(γ−β)/α

,

(2.6)

in which γ and β are the logarithmic slopes of the inner and outer power law,
respectively. The break radius, or core radius Rb marks the transition from the
inner to the outer power-law. Ib is the surface brightness at the break radius, and
the ﬁnal parameter α describes how abrupt the transition from the outer power-law
to the inner power-law is, larger values indicating more sudden transitions.
Graham et al. (2003) and Trujillo et al. (2004) introduced an alternative to the
Nuker proﬁle, the so-called core-Sérsic proﬁle, as the parameters of the Nuker proﬁle
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Figure 2.6: Absolute B-band magnitude of the elliptical galaxy population as a
function of their B-band central surface brightness in mag/arcsec2 . Dots and
triangles represent dwarf elliptical galaxies and asterisks intermediate-luminosity
ellipticals. Filled circles correspond to bright elliptical which are missing central
light, and open circles to the so-called power-law galaxies of intermediate luminosity.
Image credit: Fig. 1. of Graham et al. (2003).

appear to depend quite strongly on the radial ﬁtting range (e.g. Dullo & Graham
2012). This property originates from the fact that the original Nuker proﬁle was
only intended to be used for ﬁtting the very central parts of an elliptical galaxy. The
core-Sérsic proﬁle provides a robust surface brightness ﬁtting formula to the entire
radial range from the center of an elliptical galaxy all the way to the outer parts.
The core-Sérsic proﬁle is deﬁned as


 α γ/α
α + Rα 1/αn
R
R
b
b
I(R) = I  1 +
exp −bn
R
Reα
 
(2.7)
1/n 
R
b
I  = Ib 2−γ/α exp bn 21/α
,
Re
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in which the Sérsic index n and the eﬀective radius Re are deﬁned as in the Sérsic
proﬁle. The central power-law slope γ, the break radius Rb , the surface brightness
Ib at the break radius and the break suddenness parameter α are deﬁned similarly
as in the Nuker proﬁle.
The third option to detect a core in an early-type galaxy is to use nonparametric
ﬁtting methods. Lauer et al. (2007) advocated determining the so-called cusp radius
Rγ , i.e. the radius at which the logarithmic slope of the surface brightness proﬁle
equals −1/2:
dlogI
1
(2.8)
=− .
dlogR R=Rγ
2
For core ellipticals, the cusp radii Rγ agree in general well with the break radii Rb
obtained using the Nuker or core-Sérsic ﬁts (Lauer et al. 2007; Dullo & Graham
2012).
All in all, the diﬀering central properties of the intermediate-luminosity and
bright early-type galaxies can be highlighted by studying the central power-law slope
γ of the surface brightness proﬁle, regardless of the ﬁtting function outside the central
region. The common deﬁnition for distinguishing core and power-law galaxies is
γ  0.3

→ core galaxy

γ  0.5

→ power-law galaxy.

(2.9)

Power-law ellipticals are also occasionally referred to as cuspy ellipticals or Sérsic
galaxies as the Sérsic proﬁle provides a good ﬁt to the surface brightness proﬁle
down to the central regions. Surface brightness proﬁles of a large number of powerlaw and core ellipticals is presented in Fig. 2.7.

2.1.5

Stellar kinematics

Historically it was assumed that early-type galaxies are simple stellar systems with
ellipsoidal shapes. The more elongated ellipticals were thought to be supported
by the rotation of the systems. However, already early rotation measurements by
Bertola & Capaccioli (1975) and Illingworth (1977) revealed that rotation cannot
explain the ﬂattened shapes of ETGs. Instead, the picture emerged in which earlytype galaxies are supported by the anisotropic velocity dispersions of their stellar
populations (e.g. Binney 1976). Nowadays it is known that the elliptical galaxy
population displays a diverse selection of stellar kinematic properties such as fast or
slow rotation (e.g. Faber et al. 1997), kinematic misalignments and decoupled or
counter-rotating regions (Krajnović et al. 2011; Ene et al. 2018).
12

Chapter 2. Massive early-type galaxies and their supermassive
black holes

Figure 2.7: A collection of observed surface brightness proﬁles of core and power-law
ellipticals with a few named core ellipticals highlighted in red. Image credit: Fig. 2
of Thomas et al. (2016).

The obvious simple quantity to describe the kinematic state of the galaxy is the
ratio between the rotation velocity V and the velocity dispersion σ of the galaxy,
deﬁned as V /σ where both quantities are measured along the line-of-sight (LOS).
For elliptical galaxies the typical values are 0 ≤ V /σ  1. In the early 1990’s
ground-based and most importantly the early HST observations enabled ﬁnding the
connection between the global rotation of ETGs, their isophotal shapes and their
central surface brightness proﬁles. It was found that bright early-type galaxies with
boxy isophotes and low-brightness cores rotate in general slowly (V /σ  1), while
intermediate-luminosity ellipticals with disky isophotes tend to rotate faster (Nieto
et al. 1991; Jaﬀe et al. 1994; Ferrarese et al. 1994; Lauer et al. 1995; Kormendy &
Bender 1996; Faber et al. 1997).
A reﬁned picture of the rotation, shape and central structural properties of earlytype galaxies emerged with the advent of large observational surveys using integral
ﬁeld unit (IFU) spectroscopy in ground-based observatories, e.g. sauron, atlas3D
(Bacon et al. 2001; Cappellari et al. 2011) and massive (Ma et al., 2014). These
surveys enabled systematic studies of the two-dimensional stellar kinematics of earlytype galaxies in the local Universe. A collection of such two-dimensional stellar
kinematic maps is presented in Fig. 2.8. The sauron survey was an initial proofof-concept study continued by the larger volume-limited atlas3D survey. The focus
13
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of the massive survey was to study the brightest (the most massive) ETGs in the
local Universe. Thus, the overlap between the survey catalogues is small as there are
only few ETGs studied by both the atlas3D and massive teams.

Figure 2.8: A collection of eight two-dimensional stellar kinematic maps from the
atlas3D survey, each panel depicting a diﬀerent kinematic class of ETGs. Slow
and fast rotators and galaxies with decoupled central kinematics are easily identiﬁed
already by eye. From the top left corner the ﬁve ﬁrst galaxies are non-regular rotators
(deviations from a simple rotation law are large) and the three last ones rotate
regularly. Regular rotators are usually fast rotators while slow rotators tend to
rotate in a non-regular manner. Image credit: Fig. 1. of Krajnović et al. (2011).
With the two-dimensional kinematic maps readily available, another expression,
λR , describing the rotational properties, or the angular momentum of the galaxy can
be deﬁned. The lambda parameter λR eﬀectively replaces the previously used simple
parameter V /σ. The lambda parameter can be deﬁned as
λR =

R|V |
√
=
R V 2 + σ 2

Np
i
Np
i

Fi Ri |Vi |

Fi R i

(2.10)

Vi2 + σi2

in which Ri , Fi , Vi and σi are the radial distance, ﬂux, mean velocity and velocity
dispersion of a pixel in a two-dimensional kinematic map (Emsellem et al., 2007).
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Figure 2.9: The ellipticity-rotation diagram for the early-type galaxies included in
the atlas3D survey (Cappellari et al. 2011; Emsellem et al. 2011). The sizes and
colors of the symbols indicate the mass of the ETGs, deﬁned as twice the dynamical
mass within the half-light radius. The magenta line divides the galaxy population
into fast and slow rotators according to Eq. (2.11). The most massive early-type
galaxies are clearly round and rotate slowly. Image credit: Fig. 3 of Emsellem et al.
(2011).

Finally, Np is the number of pixels in the kinematic map. The distinction between
the populations of fast and slow rotators is set by the ellipticity-rotation ( − λR )
criterion:
√
λR < 0.31  → slow rotator
√
(2.11)
λR > 0.31  → fast rotator
in which the ellipticity  = 1−b/a is deﬁned using the semi-minor and semi-major axis
of the isophotes, and all the measurements are performed inside Re (Emsellem et al.,
2011). The  − λR diagram from the atlas3D survey sample is presented in Fig. 2.9.
Veale et al. (2017a,b) found studying the kinematics of the most massive ellipticals
in the local Universe (massive survey) that the fraction of slow rotators fSR strongly
increases from fSR ∼ 10% at M ∼ 1010 M to fSR ∼ 90% at M ∼ 1012 M .
Finally, a large fraction of cored, slowly rotating massive elliptical galaxies shows
curious kinematic features, such as kinematically decoupled cores in which the central
15
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region of the ETG rotates along a diﬀerent axis than the outer parts of the galaxy.
In the extreme case the inner and the outer rotation axis can be pointing to exactly
opposite directions. These systems are said to contain a counter-rotating core. In
the sauron survey, Emsellem et al. (2007) reported that 9 out of 12 observed slowly
rotating ellipticals possess a kpc-scale kinematically decoupled core. In the atlas3D
ETG sample of 260 nearly ellipticals ∼ 12% of the galaxies host a kinematically
decoupled or a counter-rotating core. Recently, Ene et al. (2018) observed that 57%
of the slowly rotating galaxies in the massive galaxy sample show a misalignment
between the photometric and kinematic axis. In addition, there is a strong trend that
the kinematic and photometric axis become increasingly aligned when λR increases.
Thus, we conclude that peculiar kinematic features are common especially in the
massive ETG population in the local Universe.

2.1.6

Observational summary: the dichotomy of elliptical galaxies

We now summarize the apparent observed dichotomy of elliptical galaxies with MB 
−18.5 presented in the previous sections. Clearly, the two populations of ETGs must
have formed through a diﬀerent formation channel. The main observational results
from the previous sections are gathered in Table 2.1. It should be noted that there
luminosity
bright
intermediate

central surface brightness proﬁle
core
power-law

rotation
slow
fast

isophotes
boxy
disky

Table 2.1: The dichotomy of non-dwarf elliptical galaxies.

is still an ongoing dispute about the origin of the dichotomy. The main question is
whether the ETG population is strictly bimodal with a clear transition scale from one
subpopulation to another, or if the distribution is actually continuous and ridden with
sample selection eﬀects (Ferrarese et al. 2006; Côté et al. 2007). Mo et al. (2010)
emphasizes that there is no doubt that the brightest and intermediate-luminosity
ellipticals have diﬀerent properties, but the main uncertainty lies in the nature of
the transition between the two populations.
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2.2
2.2.1

Dark matter in early-type galaxies
Observational evidence: Jeans modeling

It is relatively straightforward to establish the presence of dark matter (DM) in
late-type galaxies. The rotationally supported, extended and thin (disk scale height
hz  Re ) disk of stars and gas is an ideal system to observe the rotation curve of
the galaxy, yielding an estimate for the mass proﬁle estimate for the galaxy. This
mass estimate can then be compared to the amount of stellar mass obtained using
stellar population models and the spectrum of the galaxy. The results robustly show
that late-type galaxies are embedded in massive extended halos of dark matter, even
though there are uncertainties in the exact value of the mass-to-light ratio Υ (Mo
et al., 2010). Unfortunately, the case for dynamically detecting dark matter in earlytype galaxies is more diﬃcult. The motion of stars in ETGs is far less ordered with
typically V /σ  1, especially for the bright elliptical galaxies, prohibiting the use
of the rotation curve technique.
However, there are other dynamical mass measurement methods, such as Jeans
modeling (Jeans, 1915). Jeans modeling with stellar kinematics is used primarily
to study the structure of gas-poor stellar systems supported by velocity dispersion.
First, the phase-space distribution function of the stellar component is assumed to
be of the form f (r, v). Expressions for the mean density, the streaming velocity and
the components of velocity dispersion are obtained by integrating velocity moment
integrals of the distribution function over velocity space. By assuming a shape
for the gravitational potential and integrating the velocity moment integrals of the
collisionless Boltzmann equation yields the Jeans equations. These equations can
be used to connect the structural parameters of the galaxy and the observables
quantities such as the surface brightness and the line-of-sight velocity dispersion
(Binney & Tremaine, 2008).
We demonstrate a simple example. For a spherical system with a density proﬁle
ρ(r), radial velocity dispersion σr (r) and velocity anisotropy β(r) the enclosed mass
M (r) within radius r can be written as
M (r) = −

σr2 r dlnρ dlnσr2
+
+ 2β .
G dlnr
dlnr

(2.12)

The velocity anisotropy β(r) is deﬁned here as
β(r) = 1 −

σθ2 (r) + σφ2 (r)
2σr2 (r)
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where σθ , σφ and σr are the 1D velocity dispersions in spherical coordinates. Next,
we connect this result with the observable properties of the surface brightness proﬁle
I(R) and the line-of-sight velocity dispersion proﬁle σLOS (R). Assuming a constant
stellar mass-to-light ratio Υ for a spherical system, it is possible to uniquely
deproject the surface density proﬁle Σ(R) = Υ I(R) to obtain the density proﬁle
ρ(r). The line-of-sight velocity dispersion σLOS (R) can be computed by using the
equation

∞
2
R2 Υ ρ(r)σr2 r
dr.
(2.14)
1−β 2 √
σLOS (R) =
I(R) R
r
r 2 − R2
Finally, we are left with the degeneracy between the enclosed mass and the velocity
anisotropy. This degeneracy can be broken by including higher-order velocity
moments and Jeans equations, but additional assumptions are needed in order to
obtain a closed set of equations (Mo et al., 2010). For an axisymmetric system the
situation is very similar. More powerful and numerically expensive approaches can
also be used, such as the Schwarzschild orbit superposition method (Schwarzschild,
1979).
From a technical point of view, it is diﬃcult to accurately observe the outer
parts of ETGs as the Sérsic surface brightness proﬁles presented in Eq. (2.5)
become increasingly fainter when R → ∞. Observing the stellar line-of-sight velocity
dispersion σLOS is already challenging beyond a few eﬀective radii Re . At these large
radii other kinematic tracers such as globular clusters or planetary nebulae can be
used.

2.2.2

Observational evidence: hydrostatic equilibrium of X-ray gas

A completely diﬀerent approach for determining the total mass proﬁle of an ETG is
to observe the hot X-ray emitting gas around the galaxy. Assuming that the gas is
in hydrostatic equilibrium, the mass proﬁle can be written as
M (r) = −

kT (r)r dlnρ dlnT
Pnt dlnPnt
+
+
μmp G dlnr
dlnr
Pth dlnr

(2.15)

in which T is the temperature of gas, ρ the gas density, k is the Boltzmann constant
and μmp is the mean molecular weight. The density, temperature and the chemical
composition of gas can be obtained by studying the spectrum of hot gas. The ﬁnal
term of the equation describes the ratio of non-thermal Pnt (e.g. turbulence, magnetic
ﬁelds, cosmic rays) and thermal pressure Pth . The non-thermal pressure is in general
diﬃcult to measure (Evrard et al., 1996; Mo et al., 2010) and thus the method may
be susceptible to signiﬁcant uncertainties.
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2.2.3

Observational evidence:
lensing

strong and weak gravitational

Finally, a third independent mass measurement method is gravitational lensing (e.g.
Schneider et al. 1992; Treu 2010). Brieﬂy, if a massive nearly-spherical early-type
galaxy strongly lenses some background objects, such as quasars (Walsh et al., 1979)
or galaxies (Lynds & Petrosian, 1986; Soucail et al., 1987), their images are found
around the Einstein radius RE in the lens plane, or at a corresponding Einstein
angle θE from the center of the ETG. The total mass inside the Einstein radius can
be determined from the equations
2
M (RE ) = πRE
Σcr = π(DL θE )2 Σcr
RE
θE =
DL
DS
c2
Σcr =
4πG DL DLS

(2.16)

in which Σcr is the critical density and DS , DL and DLS are the cosmological angular
diameter distances from the observer to the background source, to the lens and
from the source to the lens, respectively. For a strong lens to occur the projected
density of the galaxy must exceed the critical density somewhere in the lensing plane.
Unfortunately, the Einstein radius RE is typically smaller than the eﬀective radii Re ,
thus probing only the stellar-dominated inner regions of the galaxy and possibly
making the lensed images diﬃcult to detect through the ETG. Only for the most
massive brightest cluster galaxies (BCGs) in the Universe the Einstein radius is larger
than the eﬀective radius of the galaxy, i.e. RE > Re (Treu, 2010).
In addition to strong gravitational lensing, a method called weak lensing can
be used as well (Kaiser & Squires, 1993). Stacking images of early-type galaxies
and statistically studying the weak distortions of the background galaxies yields
information about the total mass budgets of ETGs (e.g. Hoekstra et al. 2004).
Weak lensing studies can probe the mass proﬁles of early-type galaxies up to very
large radii (∼ 200 Re ) and have revealed that the total density proﬁles of ETGs are
close to isothermal (Gavazzi et al., 2007) e.g. ρ(r) ∝ r−2 .

2.2.4

Observational evidence: summary

To sum up, using the methods described above, early-type galaxies are inferred to
contain a massive, dark halo with a mass of at least MDM  10M (ten times the
stellar mass) within r ∼ 100 kpc (e.g. Binney & Tremaine 2008 and references
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therein). The total density proﬁles are observed to be close to isothermal (e.g.
Cappellari et al. 2015) i.e. ρ(r) ∝ r−2 . The dark matter fractions fDM (Re ) inside
the eﬀective radius Re , deﬁned as
fDM (Re ) =

MDM (Re )
M (Re ) + MDM (Re )

(2.17)

are relatively low but poorly constrained (Cappellari et al., 2013; Courteau & Dutton,
2015), typically values of fDM (Re ) ∼ 0.3 ± 0.2 are found.

2.2.5

Numerical simulations: halo abundance matching
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Halo abundance matching (HAM) is a powerful technique to estimate the total dark
matter masses (as opposed to dark mass e.g. inside Re ) and thus the mass ratio of
luminous and dark matter in the galaxy population (e.g. Kravtsov et al. 2004). The
key idea of the method is to combine observational galaxy catalogues with the halo
catalogues either from analytical estimates (Press & Schechter, 1974) or cosmological
simulations (e.g. Guo et al. 2010). Given a cosmological model i.e. the matter power
spectrum at high redshift (z ∼ 100) as an input, large-volume dark matter only
simulations (e.g. Springel et al. 2005) yield the properties of the dark matter halo
population at any lower redshift down to z = 0.
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Figure 2.10: The halo mass - stellar mass relations at z = 0 (solid line) with error
ranges (dashed lines) from the halo abundance matching study by Moster et al.
(2013).
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After the halo catalogue is obtained, it is combined with a catalogue of observed
galaxies. Here the crucial assumption is that the most luminous galaxies live in
the most massive dark matter halos. The halos are populated with real galaxies
starting from the most massive halo. With the DM halos and galaxies matched, the
correlations of the observed galaxy properties and their inferred dark halos can be
systematically studied. One of the most simple, and important, properties obtained
is the mass ratio of dark and luminous matter MDM /M as a function of luminous
galaxy mass M . The results presenting the function MDM (M ) from one of the
recent studies by Moster et al. (2013) are shown in Fig. 2.10. The fraction of
the luminous matter is highest in galaxies with stellar masses 1010 M  M 
5×1010 M , which is close to the stellar mass estimates of our Milky Way galaxy. For
bright elliptical galaxies, the inferred halo masses are always above MDM ∼ 1012 M .
The most massive elliptical galaxies in the Universe found in large galaxy groups and
clusters can be embedded in dark matter halos with masses above MDM ∼ 1014 M .

2.2.6

Numerical simulations: the structure of dark matter halos

Analytical arguments and cosmological structure formation simulations have made
it possible to predict the properties of dark matter halos in diﬀerent cosmological
models. This section focuses on the basic properties of dark halos in the standard
cold dark matter cosmology (CDM), following Mo et al. (2010). As the structure
formation is hierarchical in nature (see section 2.3.2), mergers and relaxation
processes play an important role in shaping the properties of dark matter halos.
Based on the relaxation argument the physical properties of dark matter halos
should be fairly uniform as violent relaxation (Lynden-Bell, 1967) largely removes
the memory of the initial conditions of each individual halo.
Cosmological structure formation simulations indicate that typical dark matter
halos are triaxial ellipsoids. Less massive halos are more spherical, and halos of given
mass become more round towards lower redshifts (e.g. Jing & Suto 2002; Allgood
et al. 2006). In addition, dark halos in CDM cosmologies are abundant in dark
subhalos (e.g. Moore et al. 1999; Klypin et al. 1999; Diemand et al. 2007). To a ﬁrst
approximation, however, the halos can be assumed to be perfectly spherical so their
structure is determined by their density proﬁle ρ(r).
Analytical spherical collapse models can be used to compute the ﬁnal halo density
proﬁle given the initial matter density ﬂuctuations in the form of the power spectrum
P (k) ∝ k n . Here k is the wavenumber and −3 < n < 0 for CDM cosmologies. Mo
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et al. (2010) show that the ﬁnal density proﬁle of the dark matter halo should be

for − 3 < n ≤ −1
r−2
ρ(r) ∝
(2.18)
−(3n+9)/(n+4)
r
for − 1 < n < 0.
The power-law index of the density proﬁle varies between −2.25 and −2 in the model
depending on the assumed the matter power spectrum P (k) ∝ k n . Thus, not very
surprisingly for an eﬃcient relaxation process, the dark matter halo density proﬁle
is very close to isothermal. Truncating the halo at virial radius rh the isothermal
proﬁle becomes
M
if r ≤ rh
ρ(r) =
4πrh r2
(2.19)
ρ(r) = 0
if r > rh .
in which M is the total (virial) mass of the dark halo. This is the density structure
of dark halos in the ﬁrst approximation.
Numerical structure formation simulations from cosmological initial conditions
have shown that the isothermal halo proﬁle predicted by the spherical collapse model
is too simplistic. The main deviations from the model are due to the absence of
spherical symmetry, unﬁnished relaxation processes and halo mergers (Mo et al.,
2010). Navarro et al. (1996, 1997) found that the density proﬁles of CDM halos are
well ﬁtted by the so-called Navarro-Frenk-White (NFW) proﬁle
δchar ρcrit
r/rs (1 + r/rs )2
c3
200
=
3 ln(1 + c) − c/(1 + c)
3H02
.
=
8πG

ρ(r) =
δchar
ρcrit

(2.20)

Here rs is the scale radius of the NFW proﬁle at which the proﬁle is close to
isothermal. At small radii the proﬁle has a shallow cusp ρ(r) ∝ r−1 while ρ(r) ∝ r−3
at large radii. The characteristic overdensity δcrit is deﬁned by the concentration
parameter c = rh /rs . The critical density ρcrit is deﬁned by the Hubble parameter
H0 of the cosmological model. Typically the halo mass M is ﬁxed by requiring
that the mean dark matter density is 200ρcrit within rh . Thus, the NFW proﬁle is
uniquely determined by two free parameters, the halo mass M and the concentration
parameter c. The eﬀect of the concentration parameter for NFW proﬁles for a ﬁxed
halo mass is illustrated in Fig. 2.11. Halos that have experienced a recent major
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Figure 2.11: The NFW proﬁle for a dark matter halo with M = 1013 M yielding a
virial radius of rh = 350 kpc. Four diﬀerent halo concentrations are illustrated with
solid lines. The concentration c = 4 typical for a recent merger remnant (Mo et al.,
2010) is highlighted in red. The halo scale radii rs are shown using small markers at
the bottom right corner of the ﬁgure.

merger have typically low concentrations c ∼ 4 (Mo et al., 2010) while halos with
a quiescent growth history are more concentrated (Zhao et al., 2003). In addition,
the halo concentration is mass-dependent, approximately c(M ) ∝ M −0.08 (Hayashi
& White, 2008). Small halos with M ∼ 108 M have c  13 while for massive cluster
halos with M ∼ 1015 M the concentration c ∼ 3 − 4. This reﬂects the hierarchical
formation history of the dark halos in which most massive halos form late.
Even though the NFW proﬁle ﬁts most halo density proﬁles very well and is
widely used, several authors (Navarro et al. 2004; Hayashi & White 2008; Gao et al.
2008) have suggested using the Einasto proﬁle (Einasto, 1965) instead. The threedimensional Einasto proﬁle




r 1/n
ρ(r) = ρ−2 exp −2n
−1
(2.21)
r−2
very closely resembles the two-dimensional Sérsic proﬁle (Sérsic, 1963) shown in Eq.
(2.5). Like the Sérsic proﬁle (Fig. 2.5), the Einasto proﬁle has a varying logarithmic
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slope. The typical normalization is such that the logarithmic slope is −2 at the
scale radius r−2 . At this radius the dark matter density is normalized to ρ−2 . The
parameter n determines the overall shape of the Einasto curve just as in the Sérsic
proﬁle. The fact that the Einasto proﬁle has three free parameters explains why the
Einasto ﬁts can be superior to the NFW proﬁle ﬁts as the NFW proﬁle only has two
free parameters.
Finally, dark matter halos also rotate to some extent. The rotation originates
from the tidal torques from neighboring structures during the formation and
evolution of the halo (e.g. Peebles 1969; Doroshkevich 1970; White 1984). The
angular momentum of the dark matter halo is typically presented using the
dimensionless spin parameter λ deﬁned as
λ=

J|E|1/2
GM 5/2

(2.22)

in which M is the mass, E is the total energy and J the angular momentum of the
halo. As the computation of total energy may be challenging and time-consuming, an
alternative spin parameter λ by Bullock et al. (2001) is also widely used in analyzing
the results of numerical simulations. Bullock’s spin parameter is deﬁned as
λ = √

J
2M Vh rh

(2.23)

in which Vh = (GM/rh )1/2 is the so-called virial velocity of the halo. Numerical
simulations have shown that the distribution of the halo spin parameters is close to
a log-normal distribution across a large span of halo masses, redshifts and diﬀerent
CDM cosmologies (e.g. Barnes & Efstathiou 1987; Warren et al. 1992; Lemson &
Kauﬀmann 1999; Bullock et al. 2001). The mean spin parameter is λ ∼ 0.035
with a somewhat wide distribution σlnλ ∼ 0.5 (Mo et al., 2010). Thus, dark matter
halos are mainly supported by random motions as the mean spin parameter is fairly
small. As expected from the tidal torque origin of the halo spins, halos in more
dense regions such as clusters tend to have larger spin parameters than halos in
lower-density regions (Gao & White, 2007).

2.3
2.3.1

The formation history of massive early-type galaxies
Monolithic collapse and the merger scenario

The earliest viable theory of the cosmological formation of early-type galaxies was
the monolithic collapse model (e.g. Eggen et al. 1962; Partridge & Peebles 1967).
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In the model, elliptical galaxies formed at high redshift in a collapse of a massive
star-forming gas cloud, and have evolved passively ever since. The monolithic
collapse model enjoyed some successes such as achieving de Vaucouleurs -like surface
brightness proﬁles. However, high-redshift observations revealed that the mass
assembly of early-type galaxies (and all other galaxies as well) is not restricted
to a single episode as the model suggests. From a theoretical point of view, the
initial conditions of the monolithic collapse model are not consistent with the later
developed cold dark matter cosmological model (Mo et al., 2010).
Another model is the so-called merger scenario (e.g. Toomre 1977). The scenario
suggested that all star formation occurs in the disks of late-type galaxies (and
irregulars) which is supported by the observations in the local Universe. Early-type
galaxies are thought to form in a violent collision of two disk galaxies, transforming
the dynamically cold disks into a dynamically hot, elliptical system. The model is
quite successful if we additionally state that lower-mass ellipticals are formed in gasrich (wet) mergers and massive ellipticals in gas-poor (dry) mergers. The modern
point of view of the formation of early-type galaxies by hierarchical merging is an
extension of this simple merger scenario.

2.3.2

Hierarchical merging in the ΛCDM model

In the current cosmological model, the ΛCDM model, the structure of the Universe
forms in a bottom-up manner. In practise, this means that the least massive
structures (∼ 106 M ) form ﬁrst while the most massive structures collapse later
(e.g. White & Rees 1978; Longair 2008). For very massive objects such as galaxy
clusters this process is still ongoing.
Galaxies formed in the dark matter halos grow further by accreting gas from
the intergalactic medium and by merging with other galaxies. As lower-mass dark
matter halos and galaxies are more common (Press & Schechter, 1974), mergers are
frequent occurrences in the evolution of a single galaxy. It is estimated that a galaxy
has experienced 3 ± 2 major mergers (mass ratio q = M2 /M1  1/3) after the main
progenitor had grown to 1% of its eventual halo mass (Li et al., 2007). Minor mergers
(q  1/3) are far more common. The mass assembly of a simulated galaxy can be
presented in a diagram called a merger tree. A simpliﬁed example of a merger tree
diagram of a massive galaxy is presented in Fig. 2.12.
We ﬁnally focus on the formation and evolution of the most massive elliptical
galaxies. Observations and numerical simulations suggest that very massive earlytype galaxies are found in the most massive dark matter halos. Numerical simulations
have suggested that the formation of massive elliptical galaxies proceeds in two
25

2.4. Supermassive black holes

Figure 2.12: A merger tree diagram of a massive galaxy. Time runs from top towards
the bottom of the ﬁgure. The width of the tree describes the mass of the galaxy and
the points where the tree branches indicate galaxy mergers. From the top, the
small progenitor galaxies merge together hierarchically forming increasingly massive
objects. Image credit: Fig. 6. in Lacey & Cole (1993).

distinct phases (e.g. Oser et al. 2010; Feldmann et al. 2011; Johansson et al. 2012;
Naab & Ostriker 2017). A large fraction of the stellar mass of an early-type galaxy
galaxy is assembled at z > 2 in mergers of gas-rich, starbursting progenitors and in
in-situ (within the eﬀective radius) star formation. The endpoint of such a merger
process is a red, quenched, compact massive elliptical galaxy which are commonly
observed at redshifts z  1.5 (e.g. Daddi et al. 2005). Later, at z < 2, dry minor
mergers drive the evolution of the ETGs, moderately increasing their stellar mass
but signiﬁcantly increasing their eﬀective radii by a factor of 4 − 5 (Hilz et al. 2012
and references therein). The increase of the eﬀective radii is caused by the deposition
of stars in the outer regions of the host galaxy by minor mergers.

2.4
2.4.1

Supermassive black holes
Active galactic nuclei

Supermassive black holes were ﬁrst seriously considered to be real astronomical
objects in the 1960’s (Salpeter 1964; Zel’dovich & Novikov 1964; Lynden-Bell 1969) in
order to explain the properties of the then recently discovered active galactic nuclei
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(AGN). A subset of galaxies were observed to contain a bright, point-like nucleus
which radiates across the entire electromagnetic spectrum and with luminosities
far exceeding the luminosity of the host galaxy. Moreover, the variability of the
luminosity on short timescales of the order of hours to days indicated that the
emitting region must be very compact. The energy source of the AGNs was suggested
to be accretion of matter onto a supermassive black hole, releasing vast amounts
of radiation from its gravitational potential energy. The process is very eﬀective,
releasing on average about 10% of the rest mass of the matter as radiation (Mo
et al., 2010).
Observations indicate that the total amount of AGN luminosity in the Universe
peaked at around z ∼ 2. The mass of a black hole cannot in general decrease,
an exception being Hawking radiation operating on very long timescales (Hawking,
1974). Thus, the supermassive black holes responsible for the past AGN activity
should be found at the centers of nearby galaxies as ’dead quasars’ with zero or
relatively low present-day accretion rates. Moreover, the spatial density of such
objects can be estimated from the high-redshift AGN luminosity. This is the famous
Soltan argument (Soltan, 1982).

2.4.2

Supermassive black hole mass measurements

As the observational techniques have improved, mass measurements of supermassive
black holes have become possible. Even though the error margins are large for
most individual mass measurements, it has been established that practically every
massive elliptical galaxy or classical (ETG-like) bulge of a late-type galaxy contains
a supermassive black hole (e.g. Kormendy & Richstone 1995; Ferrarese & Ford 2005;
Kormendy & Ho 2013). The typical SMBH masses M• are found between
105 M  M•  1010 M .

(2.24)

Direct stellar orbit observations
The most straightforward measurement of the SMBH mass is to observe stars
in orbit around it and to deduce the mass of the central object from their orbits.
Unfortunately this method is only viable for our own Milky Way due to the proximity
of the center of the Galaxy. The center of the Milky Way contains an immobile radio
source Sagittarius A* (SgrA* hereafter) and a stellar cluster labeled the S-cluster
around it. So far, accurate orbits around SgrA* have been determined for several
tens of S-cluster stars using near-infrared observations (Gillessen et al., 2009). The
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orbits of the stars indicate that a mass M• ≈ 4 × 106 M exists inside the radius of
the smallest stellar pericenter distance from SgrA*.
Exotic theories about the nature of the dark central object have been proposed,
such as very compact heavy fermion or boson stars (Mo et al. 2010 and references
therein). However, the existence of an event horizon is strongly favoured as the
infalling matter impacting the hard surface of a central object would produce bright
infrared radiation, which is not observed at the required levels (Broderick et al.,
2009). The deﬁnitive evidence for a SMBH would be the detection of matter moving
at relativistic velocities just outside the event horizon. Very recently, S2, one of
the closest stars to the central SMBH passed the pericenter of its orbit during
which ﬁrst-order relativistic eﬀects on the orbit of the star were detected (Gravity
Collaboration et al., 2018b). In addition, the relativistic motion of gas was indeed
observed at the required separation from the central object by Gravity Collaboration
et al. (2018a). Based on these evidence, SgrA* is most probably a very weakly
accreting SMBH.
Central gas disks and maser clouds
The next-best option is to observe the rotation velocity vc in central gas disks
around a SMBH if such a disk is present (e.g. Merritt 2013). The mass M• of the
central SMBH can be estimated from
vc2 (r) =

G(M• + M (r))
r

(2.25)

in which M (r) is the stellar mass within the radius r. The mass of the central
gas disk is assumed to be negligible here. When r → 0, M (r) → 0 and vc (r) ∼
r−1/2 and the gas moves in a point-mass potential. This is why gas disks very
close to a SMBH are called Keplerian. The merit of using the gas disks in the
SMBH mass determination is due to their relative simplicity: each circular radius r
is characterized by a single orbital velocity vc (r). The same is not true for stellar
clusters.
Some galaxies also contain water masers orbiting close to the central SMBH.
Water masers are dense molecular clouds in which gas is excited by the X-rays from
the actual accretion disk of the central SMBH. The excited molecules then radiate
maser radiation at gigahertz radio frequencies, which can be studied using radio
interferometry with excellent spatial resolution. The velocity of the clouds can be
inferred from the Doppler shifting of observed spectral lines. The Keplerian rotation
curve of the maser clouds and thus the mass of the SMBH can be constructed from
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the interferometric data (e.g. Kuo et al. 2011).
Stellar dynamical modeling
If there are no Keplerian gas disks or maser clouds around a SMBH, stellar
kinematics can still be used to estimate the mass of the SMBHs, even though the
orbits of individual stars are not resolved. This procedure closely resembles the search
for dark matter using Jeans models or Schwarzschild orbit superposition methods in
section 2.2.1. First, in a simple model, we can assume isotropic stellar velocities
σ = σr = σθ = σφ and an axisymmetric form of the Jeans equation
G(M• + M (r))
= σ 2 + v̄φ2 − σ 2
r




dlogn
dlogσ 2
+1 +
.
dlogr
dlogr

(2.26)

Here n is the number density of stars and v̄φ2 is the azimuthal streaming velocity
of stars, describing the rotation of the system. Next, we follow the approximations
of Merritt (2013). For massive elliptical galaxies with typically high Sérsic indexes
n(r) ∝ r−γ with γ ∼ 1 near the center, and σ is usually a very ﬂat function of the
radius, unless we are at the immediate vicinity of the central SMBH. Thus, it can
be argued that the terms in the brackets are small and the SMBH mass is primarily
determined by the terms σ 2 and v̄φ2 . Near the SMBH, M•  M (r). Performing a
further approximation, σ 2 + v̄φ2 ≈ Kσ 2 in which K  1 as most of the kinetic energy
of central stars is due to random motions. Finally, we can write
2
σrms
≈

1 GM•
K GM•
≈
K +γ r
1+γ r

(2.27)

2
= σ 2 + v̄φ2 . Assuming that the observed stellar line-of-sight
if K ∼ 1. Here σrms
velocity dispersion is σLOS ∼ σrms , the mass of the central SMBH can be determined
from the observed stellar kinematics and the central stellar density power-law slope.
As with the gas disk, the motion near the SMBH is again Keplerian due to the point
mass potential.

Reverbaration mapping
If a galaxy hosts a very bright AGN, the stellar kinematics in the central region
may be very diﬃcult to observe and the techniques described above cannot be used.
However, AGNs with a broad emission line region (BLR) can be used to weigh
their central SMBHs (Peterson, 1993), however with larger uncertainties than in the
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dynamical models. This method is called reverbaration mapping. It is assumed
that the emission lines at ultraviolet and optical wavelengths originate from the
broad emission line region at a distance RBLR from the central SMBH. The emission
lines are broadened due to the high gas velocities in the BLR: the observed velocity
distribution has typically a width of 500 km/s  ΔV  104 km/s (Merritt, 2013).
The strength of the emission lines varies with the strength of the continuum ﬂux from
the accretion disk of the SMBH. Most importantly, there is a time delay τ between
the changes in the continuum and in the emission lines. If it is assumed that the time
delay τ originates from the light travel time from the accretion disk to the BLR, we
can write for the SMBH mass estimate
M• =

f cτ (ΔV )2
f RBLR (ΔV )2
=
.
G
G

(2.28)

Here f is a geometric factor around unity depending on the (unknown) shape of the
BLR.
Black hole shadow method
A recent method for weighting SMBHs is to directly observe the shadow
(or silhouette) of the supermassive black hole by using very demanding radio
interferometric methods. So far, this novel procedure has been successfully employed
to determine the mass of the central SMBH in the giant early-type galaxy in M87
(Event Horizon Telescope Collaboration et al., 2019a).
Parallel photon geodesics originating inﬁnitely far away from the black hole with
an impact parameter b smaller than the so-called photon capture radius b < Rc
will plunge trough the black hole event horizon. Thus, an inﬁnitely distant observer
cannot see any photons originating from b < Rc . This is the origin of the observed
shadow feature. For a non-rotating Schwarzschild black hole (Schwarzschild, 1916)
the photon capture radius Rc is deﬁned as (Hilbert, 1917)
√
√
3 3GM•
3 3
Rc =
rS ≈ 2.598 rS
=
(2.29)
c2
2
in which rS is the Schwarzschild radius. For a rotating Kerr black hole (Kerr, 1963)
Rc depends on the angle between the black hole spin vector and the photon geodesic
so the resulting shadow is not necessarily circular (Bardeen, 1973). However, the
change of Rc for diﬀerent viewing angles is fairly small,  4% (Takahashi, 2004).
In low-luminosity AGNs such as M87, the accretion disk is geometrically thick
and optically thin as the accretion ﬂow is radiatively ineﬃcient and thus hot. The
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combination of light bending and an event horizon cause the appearance of a bright
emission ring or a crescent around a darker shadow feature (e.g. Falcke et al. 2000a,b;
Bromley et al. 2001; Noble et al. 2007; Broderick et al. 2009). Even the central region
of the shadow is not completely dark as some radiation originates along the geodesic
from the black hole horizon to the observer. Outside the photon capture radius Rc
the photon geodesic may orbit the black hole several times while the optical thinness
of the plasma enables the observer to see radiation originating from a large spatial
interval along the geodesic. This results in the bright observed ring region (Event
Horizon Telescope Collaboration et al. 2019a and references therein) displayed in
Fig. 2.13.

Figure 2.13: The direct observation of the bright emission ring surrounding the
shadow of the supermassive black hole. Image credit: Fig. 3 of Event Horizon
Telescope Collaboration et al. (2019a).

To measure the mass of the SMBH, the diameter to the emission ring and the
distance of the SMBH must be known. The ring size can be obtained by using
geometric models, general relativistic magnetohydrodynamic (GRMHD) models or
image domain ring extraction methods (Event Horizon Telescope Collaboration et al.
2019a and references therein). Once the ring diameter θ (in angular units) and the
distance D to the SMBH are known, the mass of the (Schwarzschild) SMBH can be
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computed from
M• = α

c2
θD.
G

(2.30)

√
in which α = (3 3)−1 for the most simple photon capture radius model model of
Eq. (2.29). For a more precise mass estimate, the spin and the viewing inclination
of the SMBH and the structure of the accretion ﬂow needs to be taken into account
through the α parameter. The calibration the α parameter is done by extracting
known SMBH masses from a library of simulated GRMHD observations (Event
Horizon Telescope Collaboration et al., 2019b). For the M87 SMBH, the mass
estimate yields M• = 6.5 ± 0.7 × 109 M , which is in good agreement with the
previous stellar dynamical mass estimates (Event Horizon Telescope Collaboration
et al. 2019a).
Mass estimates from scaling relations
Finally, if no other means to estimate the mass of the central SMBH of a galaxy
are available, we must resort to the use of scaling relations. There are several
empirical correlations between the mass of the SMBH and the properties of the
host galaxy, presented in section 2.5, computed from a galaxy sample with reliable
SMBH mass estimates. Measuring the properties of the host galaxy and using the
scaling relations to infer M• yields a very rough estimate on the true mass of the
central supermassive black hole of the galaxy.

2.5
2.5.1

Co-evolution of galaxies and supermassive black
holes
Global scaling relations

The photometric, structural and kinematic properties of elliptical galaxies are not
independent of each other. The correlations of the various observable properties are
manifested as several tight scaling relations between the observables. These scaling
laws must originate from the formation process of the early-type galaxies and thus
contain information about the physical processes which shaped the ETGs. Any
theoretical model for the formation and evolution of elliptical galaxies should be
able to reproduce these scaling laws (Kormendy & Ho, 2013).
The most famous correlations for early-type galaxies are the Faber-Jackson
relation, Kormendy relation and the fundamental plane, which are typically expressed
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as

L ∝ σ4
I0 ∝
Re ∝

Re−0.75
σ 1.5 I0−0.75

Faber-Jackson
Kormendy

(2.31)

fundamental plane

in which I0 is the mean surface brightness and σ is the velocity dispersion within
the eﬀective radius Re . The numerical values of the slopes are from the studies
of Faber & Jackson (1976), Kormendy (1977) and Bernardi et al. (2003a,b). It
should be noted that the values presented here depend on the exact galaxy types
in the observed sample, as for example the Faber-Jackson relation for massive cored
ellipticals is close to L ∝ σ 8 (Kormendy & Bender, 2013). The Faber-Jackson and
Kormendy relations can be viewed as diﬀerent projections of the fundamental plane
of early-type galaxies.

2.5.2

Scaling relations for galaxies and their supermassive black
holes

Scaling relations which connect the mass of the central supermassive black hole to
the large-scale properties of the host galaxy have also been discovered. Here we
review the relations which are relevant for elliptical galaxies. The relations have
been derived from observational data from both early-type galaxies and the classical
bulges of late-type galaxies with SMBHs.
First, the luminosity of the host galaxy correlates with the mass of the
central supermassive black hole. The relation holds for both optical and infrared
observations, but the scatter increases towards shorter wavelengths (Merritt, 2013).
The relation can be written as




M•
LK
log10
= a + b log10
− 10.9
(2.32)
M
LK
with a = 8.21 ± 0.07 and b = 1.13 ± 0.12 (Marconi & Hunt, 2003). The K-band
luminosity can also be used to estimate the stellar mass of the galaxy. This is
because the K-band luminosity originates from old stellar populations and is not
very sensitive to recent star formation activity or dust extinction. If one estimates
the total stellar mass from the K-band luminosity, one arrives at the M• −M relation,
which can be written as




M•
M
log10
= a + b log10
(2.33)
M
1011 M
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with a = 8.38 ± 0.06 and b = 0.96 ± 0.07 (Marconi & Hunt, 2003). The stellar
mass can also be estimated using dynamical Jeans modeling. This approach yields
values of a = 8.20 ± 0.10 and b = 1.12 ± 0.06 (e.g. Häring & Rix 2004), which
is consistent with the parameter values in the luminosity relations. If the relation
slope b is ﬁxed to unity, which is close to the observed slope, then the mass of the
supermassive black hole has a constant fraction of the stellar mass which is of the
order of (Merritt, 2013):
M• ≈ 2.0 × 10−3 M .
(2.34)
This is very close to the value of M• /M obtained by Faber et al. (1997).
Finally, the mass of the central supermassive black hole also correlates with the
stellar velocity dispersion of the host galaxy (e.g. Merritt 2000; Ferrarese & Merritt
2000; Gebhardt et al. 2000; Ferrarese & Ford 2005; Kormendy & Ho 2013; Saglia et al.
2016). The M• − σ relations obtained by Ferrarese & Ford (2005) and Kormendy &
Bender (2013) can be written as
4.86±0.43

σ
M•
= (0.166 ± 0.024)
109 M
200 km/s
4.38±0.29

σ
M•
= (0.309 ± 0.04)
109 M
200 km/s

Ferrarese
(2.35)
Kormendy.

The recent sinfoni black hole survey (Saglia et al., 2016) yielded the M• −σ relation




M•
σ
log10
,
(2.36)
= (−3.77 ± 0.631) + (5.246 ± 0.274)log10
M
1 km/s
which translates into the more familiar shape of the relation as
5.2±0.274

σ
M•
= (0.20 ± 0.04)
.
109 M
200 km/s

(2.37)

The typical range of the slope exponents of the relation in the literature is 4 − 6,
depending on the galaxy sample and the ﬁtting method. The M• − σ and M• − LK
relations from Kormendy & Ho (2013) are presented in Fig. 2.14.
It is natural that brighter (high L) and more massive (high M and σ) galaxies
host more massive SMBHs. However, the relatively small scatter of these relations
was a surprise. This is because L, M and σ measure the global properties and the
integrated star formation history of the host galaxy, and the supermassive black hole
has a strong gravitational inﬂuence only on its immediate surroundings (within rinﬂ ,
typically ∼ 10 − 100 pc). Thus, it is thought that the supermassive black holes
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and their host galaxies have evolved together (e.g. Kormendy & Ho 2013). The
mechanism enabling the co-evolution is thought to be the process of AGN feedback.
In a simpliﬁed picture gas accretion into the central SMBH heats the gas reservoir
of the host galaxy by radiation and winds, prohibiting continuous star formation.
Diﬀerent theoretical feedback models yield diﬀering slopes of the M• − σ relation
(e.g. Zhao et al. 2002; King 2003).

Figure 2.14: Supermassive black hole - host galaxy correlations. Left panel: the
M• − LK relation. Right panel: the M• − σ relation. Black markers indicate elliptical
galaxies, red markers classical bulges of late-type galaxies. Both relations hold well
over several orders of magnitude in SMBHs mass. Image credit: Fig. 16 of Kormendy
& Ho (2013).

2.5.3

Scaling relations for core galaxies

For massive elliptical galaxies with central cores there is yet another set of scaling
relations, linking the mass of the central SMBH to the properties of the surrounding
core. This is an important clue for ﬁnding the physical process which formed the
core and will be discussed in sections 2.6 and 2.7. The fact that the physical process
is related to SMBHs is not a big surprise at this point.
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Cored elliptical galaxies are missing light in their central parts when comparing
their central surface brightness proﬁles to the inwards extrapolation of the Sérsic
proﬁle. The properties of the stellar population (e.g. ages and metallicities) in the
core region correspond to the properties of stars outside the core. The observed core
sizes are typically 50 pc  Rb  500 pc (Ravindranath et al. 2002; Lauer et al. 2007;
Rusli et al. 2013; Dullo & Graham 2014). However, large and rare kpc-scale cores
exist as well (Postman et al. 2012; López-Cruz et al. 2014; Dullo et al. 2017).
If the stellar mass-to-light is available, one can (at least in the spherical case)
deproject the surface brightness proﬁle of the cored ETG into a three-dimensional
stellar density proﬁle. After the density proﬁle has been determined, the stellar mass
deﬁcit can be deﬁned as
Rb

Mdef = 4π

0

[ρ0 (r) − ρ(r)]r2 dr

(2.38)

in which ρ0 (r) is the initial density proﬁle untouched by the core formation process
and ρ(r) is the cored proﬁle (Milosavljević et al., 2002). There always is some
ambiguity in determining the mass deﬁcit since assumptions must be made about
the original surface brightness proﬁle of the galaxy. Most observational studies agree
that the stellar mass deﬁcits in core galaxies (Graham et al. 2003; Ferrarese et al.
2006; Côté et al. 2007; Merritt 2013) are of the order of
M•  Mdef  2M•

(2.39)

although there are some galaxies with even larger mass deﬁcits (Merritt, 2013).
Lauer et al. (2007), Rusli et al. (2013) and Thomas et al. (2016) presented scaling
relations which relate the central black hole mass, the black hole sphere-of-inﬂuence
rsoi and the core size Rb to each other. The inﬂuence radius rsoi of an SMBH is here
deﬁned as a radius of the sphere which encloses the stellar mass M = M• around
the SMBH. The relations can be expressed as




rsoi
Rb
= (−0.01 ± 0.29) + (0.95 ± 0.08)log10
log10
kpc
kpc




(2.40)
M•
Rb
log10
= (10.27 ± 0.51) + (1.17 ± 0.14)log10
,
M
kpc
in which we have used the parameter values from Thomas et al. (2016). The two
scaling relations are illustrated in Fig. 2.15. The most important aspect of the
relations is the fact that they indicate that Rb ∼ rsoi i.e. the core size of a massive
early-type galaxy is dictated by its central SMBH.
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Figure 2.15: The core scaling relations between the core size and the SMBH sphere
of inﬂuence (left) and the SMBH mass (right). Image credit: Fig. 3 and Fig. 4 of
Thomas et al. (2016).

2.6
2.6.1

Formation, evolution and mergers of supermassive
black hole binaries
Formation of supermassive black hole binaries in galaxy
mergers

Section 2.3 established the fact that galaxy mergers are frequent and important
drivers of the galaxy evolution. As practically every massive early-type galaxy and
late-type galaxy with a classical bulge contains a central SMBHs, galaxy mergers give
rise to situations in which a single galaxy contains several ( 2) SMBHs (Begelman
et al., 1980).
In equal-mass galaxy mergers, the SMBHs remain bound in their stellar density
cusps until the very late phase of the galaxy merger when the nuclear regions of
the galaxies merge (Milosavljević & Merritt, 2001). In unequal-mass galaxy mergers
with mass ratios q  1/3 the smaller galaxy loses its outer stellar mass in the process
of tidal stripping during the merger, and the smaller SMBHs ends up orbiting in the
merger remnant with the remains of its initial intact stellar cusp. After this point,
both in minor and major galaxy mergers, the force of dynamical friction drives the
evolution of the orbits of the individual SMBHs. The dynamical friction force arises
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as a consequence of the massive SMBH interacting with a large number of passing
ﬁeld stars, gas and dark matter, causing the SMBH to lose kinetic energy and angular
momentum, hence the name ’friction’. Thus, the SMBH sinks towards the center of
the merger remnant.
The dynamical friction force can be approximated by using the approach of
Chandrasekhar (1943). The ﬁnal expression for Chandrasekhar’s derivation is the
formula for the deceleration of a massive object (SMBH) with mass M in an inﬁnite
homogeneous ﬁeld of light particles (stars) with masses m (M  m). The formula
can be written as
dv M
= −16π 2 GmM lnΛ
dt

vM

v 2 f (v)dv

0

vM
3
vM

(2.41)

in which v M is the velocity of the SMBH and f (v) is the velocity distribution of
the stars. Note that only stars that move more slowly than the SMBH contribute
to the friction in this approximation. The Coulomb logarithm lnΛ can be estimated
(Binney & Tremaine, 2008) as
ln

Rv 2
GM

≈ ln

bmax
= lnΛ.
b90

(2.42)

Here v 2 is the typical stellar velocity, bmax is the largest encounter distance scale,
typically the size of the stellar system R, and b90 is the small impact parameter
for which the deﬂection of a star is 90◦ . In the ﬁrst approximation the velocity
distribution of stars can be assumed to be Maxwellian, i.e.
f (v) =

N
2
2
e−v /2σ .
3/2
2
(2πσ )

(2.43)

With the Maxwellian stellar velocity distribution Eq. (2.41) becomes
vM
dv M
2X
2
= −4πlnΛG2 ρM erf(X) − 1/2 e−X
(2.44)
3
dt
vM
π
√
in which X = vM / 2σ and ρ is the background stellar density. Two important
approximations can be made by assuming that the SMBH either moves very rapidly
or very slowly compared to the stellar velocities:

vM if vM  σ
dvM
∝
(2.45)
−2
dt
vM
if vM  σ.
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For slowly moving SMBHs the dynamical friction force increases linearly with
velocity, and for rapidly moving SMBHs the friction force is inversely proportional
to the square of velocity.
Unfortunately, the derivation of Chandrasekhar’s formula Eq. (2.41) makes the
simplifying assumption that the Coulomb logarithm lnΛ is a velocity-independent
constant, which is not necessarily a valid approximation. A more rigorous derivation
for the dynamical friction coeﬃcients can be found in Merritt (2013). However,
Chandrasekhar’s formula is typically valid in most simpliﬁed astronomical scenarios
and it can be used to infer general considerations about the evolution of dynamical
systems.

2.6.2

Evolution of bound supermassive black hole binaries

Eventually, in the case of a binary galaxy merger, the two SMBHs meet each other
at the center of the galaxy and form a gravitationally bound binary. The simple
description of dynamical friction breaks down when the two SMBHs enter each others
spheres of inﬂuence. A widely used deﬁnition (e.g. Merritt 2013) for the inﬂuence
radius is
GM•
rh =
(2.46)
σ2
in which σ is the stellar velocity dispersion. Inside this radius, the gravitational
inﬂuence of the supermassive black hole exceeds the inﬂuence of the smooth galactic
potential on the stellar orbits.
After the two SMBHs enter each others gravitational sphere of inﬂuence, they
rapidly transfer their orbital energy to the surrounding stellar population and form a
gravitationally bound binary. Initially, the binary is wide but it rapidly shrinks due
to interactions with surrounding stars. The timescale of the energy transfer process
can be estimated (Merritt, 2013) as


 1 dE −1
σ3
 ≈

.
TE = 
E dt 
CG2 M2 ρ

(2.47)

in which M2 is the mass of the smaller SMBH and C ∼ 10 is a constant depending
on the dominant energy transfer mechanism. For wide binaries, the energy transfer
is mostly dynamical friction while more compact binaries lose energy in three-body
interactions. The TE timescale is short, typically of the order of a few Myr.
The semi-major axis a and the orbital eccentricity e of the supermassive black
hole binary are deﬁned in the terms of the total energy E and angular momentum
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L as

GμM
a=−
2E

1/2
2EL2
e= 1+
Gμ

(2.48)

in which M = M1 + M2 is the total mass, μ = M1 M2 /M the reduced mass and
q = M2 /M1 the mass ratio of the binary. The binary is said to become hard when
a < ah with
Gμ
1 rh
ah = 2 =
(2.49)
4σ
1+q 4
in which ah is by a factor of 8 smaller than the inﬂuence radius of the SMBHs in Eq.
(2.46) for an equal-mass binary (q = 1). Stars with pericenter distances rp below
rp  5a from the center-of-mass of the two SMBHs will experience a complicated
three-body interaction with the components of the binary (Valtonen & Karttunen,
2006). As a result, stars are ejected with a mean velocity v comparable to the circular
orbital velocity of the binary (Sesana et al., 2006):

v=

2Cμ
M

1/2

√
Vbin ≈

2Cq
1+q



GM
a

1/2
(2.50)

in which C is a constant of the order of unity depending on the pericenter distance
of the star and the orbital eccentricity of the binary. However, the ejection velocity
distribution is broad (Valtonen & Karttunen, 2006). The kinetic energy of a star
escaping the galaxy can be estimated by assuming the virial theorem and an isotropic
2
2
velocity dispersion
√ tensor, yielding 1/2v ∼ 6σ . Thus, the escape velocity of a
star is vesc ∼ 2 3σ ≈ 3.5σ (Spitzer, 1987). A more conservative estimate (Sesana
et al., 2006) is obtained by assuming the escape of a star from the inﬂuence radius
of a SMBH binary embedded in an isothermal stellar bulge. This calculation yields
vesc ≈ 5.5σ. These escape velocities number can be compared to the typical ejection
velocities v ∼ (GM/a)1/2 :
√
2σ, a = rh
(2.51)
v=
4σ,
a = ah .
Thus, a wide binary cannot eﬀectively kick out stars but a hard SMBH binary ejects
high velocity stars out of the host galaxy.
If the center-crossing stellar population is not depleted, a hard SMBH binary
hardens at an approximately constant rate. This is a form of the so-called Heggie’s
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law (e.g. Aarseth 2003). The hardening rate can be analytically estimated (Quinlan,
1996) when the stellar density and velocity dispersion are known as
 
d 1
Gρ
≈H
(2.52)
dt a
σ
in which H is a dimensionless constant with a typical value of H ∼ 10 − 20 (Sesana
& Khan, 2015).

2.6.3

Final parsec bottleneck

It is relatively straightforward to form a hard supermassive black hole binary.
However, the evolution of the binary towards smaller separations is not guaranteed.
If gas is not present the hardening rate of a binary depends on the density of stars
with pericenter distances rp from the binary that are smaller than rp  5a (Valtonen
& Karttunen, 2006). The stars with center-crossing orbits are said to be in the loss
cone of the binary. The original orbits of the center-crossing stars are destroyed in
the close encounter with the binary. If the loss cone stellar population is depleted,
the binary hardening stalls. This is the ﬁnal parsec problem. Strictly speaking, it is
only a problem for physicists who wish to directly detect gravitational waves from
inspiraling SMBHs (Merritt, 2013).
The ﬁnal parsec problem has been extensively studied using numerical
simulations. It is known that two-body relaxation (Binney & Tremaine, 2008)
depends on the stellar mass resolution of the simulation with lower resolution causing
more eﬀective loss cone ﬁlling. Thus in the absence of other eﬀective loss cone ﬁlling
mechanisms the stellar mass resolution determines the hardening rate of the binary
in numerical simulations. Consequently, by extrapolating their simulation results to
solar mass resolution, Milosavljević & Merritt (2001) and Merritt (2006) argued that
binaries in a realistic stellar environment will stall before reaching the gravitationalwave emission dominated separations as the loss cone ﬁlling becomes completely
ineﬃcient. However, this picture assumes that other astrophysical phenomena such
as gas-dynamical processes do not play a role in the binary hardening procedure.
The stalling argument was soon challenged. The main critique was that the
widely-used earlier simulation setup had considered a SMBH binary at the center of
a spherical galaxy, which is not a realistic environment for a binary. Instead, the
host galaxies of SMBH binaries should be recently formed merger remnants, which
are rarely perfectly spherical. The simulations of Berczik et al. (2006); Khan et al.
(2011, 2013); Vasiliev et al. (2014, 2015); Vasiliev (2016); Gualandris et al. (2017) and
Rantala et al. (2017b) established a paradigm that SMBH mergers occur eﬃciently in
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merger remnants that are axisymmetric or triaxial. This is because the non-spherical
shape of the gravitational potential torques stars into loss cone orbits, exceeding the
numerical two-body loss cone ﬁlling in the simulations.
It has been argued that parsec-scale gas disks around SMBHs can lead to a
rapid coalescence of the components of the binary as the SMBH binary loses angular
momentum to the surrounding circumbinary disk. This process is especially eﬃcient
for low-mass ( 107 M ) binaries (e.g. Cuadra et al. 2009; Kelley et al. 2017a)
thought to form in the mergers of gas-rich disk galaxies.
Finally, if the binary hardening from both stars and gas is ineﬀective and the
SMBH merger timescale is very long, additional SMBHs from subsequent galaxy
mergers can reach the vicinity of the original binary before it has merged. The
complicated SMBH triplet interaction typically ejects one of the SMBHs out of the
center of the galaxy and drives the remaining two SMBHs into coalescence (Valtonen
& Karttunen, 2006; Bonetti et al., 2016, 2018; Ryu et al., 2018).

2.6.4

Gravitational wave inspirals and supermassive black hole
mergers

If the ﬁnal parsec bottleneck of the binary evolution is avoided, the orbital evolution
of the binary ﬁnally becomes dominated by gravitational wave emission when
a < aGW . The semi-major axis aGW will be estimated later. When the stellardynamical hardening becomes negligible as the binary shrinks, the orbital evolution
of the binary is fully dictated by gravitational wave emission. In the lowest postNewtonian order containing radiative loss terms (PN2.5, elaborated in section 3.6.2)
the orbital elements a and e evolve as



da
dt
de
dt


=−


37 4
2
64 G3 μM 2 1 + 73
24 e + 96 e
,
5 c 5 a3
(1 − e2 )7/2

304 G3 μM 2 1 + 121
304
=−
e 5 4 2
.
15
c a e (1 − e2 )5/2

(2.53)

in which the average is taken over a single orbital period (Peters & Mathews, 1963).
We can see that the binary shrinks and circularizes as energy and angular momentum
are lost to gravitational radiation.
Using the previous formulas and the stellar dynamical hardening rate from Eq.
(2.52) by Quinlan (1996), we can estimate the semi-major axis aGW at which the
GW emission starts to dominate the orbital evolution of the binary. The result is
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the well-known expression

aGW =

256 G2 μM 2 σ
5
c5 Hρ

1/5
.

(2.54)

The inspiral timescale τ for an eccentric binary with orbital elements a0 , e0 can
be estimated as well. Deﬁning an auxiliary function g(e) as
e12/19
g(e) =
1 − e2



121 2
1+
e
304

870/2299
(2.55)

the merger timescale τ becomes (Maggiore, 2007)
τ=

1
15 c5 a40
304 G3 μM 2 g 4 (e0 )

e0
0

g 4 (e)(1 − e2 )5/2
de.
2
e(1 + 121
304 e )

(2.56)

Binaries with a higher initial eccentricity e0 (with equal a0 ) merge faster than
circular binaries. Physically this is due to the higher accelerations and thus stronger
gravitational radiation at deep plunging pericenter passages.

2.7
2.7.1

Imprint of merging supermassive black holes on the
host galaxy
Core scouring, mass deﬁcits and merger histories

It was established in sections 2.1.4 and 2.5.3 that massive early-type galaxies are
missing light (and thus stellar mass) in their central regions when comparing to the
inwards extrapolation of their outer Sérsic surface brightness proﬁles. In the terms
of stellar mass, the deﬁcit is typically M  M•  2M .
The observation of ﬂat central density proﬁles in massive early-type galaxies was
challenging to the hierarchical merger scenario. It was known that most massive
ETGs form in dry mergers of cuspy intermediate-mass ellipticals, and in a merger of
two systems the steeper density cusp survives (Holley-Bockelmann & Richstone, 1999;
Boylan-Kolchin & Ma, 2004). Thus, another physical mechanism than mergers and
violent relaxation is clearly required. The current leading theory for the formation
of ﬂat cores in massive ellipticals is the core scouring by supermassive black hole
binaries (Merritt, 2013).
In order to harden SMBH binaries must displace stellar mass from the central
region of the galaxy. The amount of displaced mass can be estimated both
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analytically and by using numerical simulations. According to Merritt (2006) the
mass deﬁcit Mdef is of the order of
1
Mdef ∼ N M•
2

(2.57)

where N is the number of mergers with SMBHs the galaxy has experienced and
M• the ﬁnal SMBH mass after the mergers. Thus, a typical massive cored elliptical
galaxy has experienced N ∼ 2 − 4 galaxy mergers containing SMBHs to form its
ﬂat central core. This argument assumes that the central cusp was never rebuilt for
example by a merger with a gas-rich late-type galaxy.

2.7.2

Dynamical ﬁngerprints of merging supermassive black holes

Another ﬁngerprint which a merging SMBH binary leaves in its host galaxy is the
central tangentially biased velocity anisotropy. A hard SMBH binary destroys stellar
orbit populations very selectively: only stars with centrophilic orbits can encounter
the binary and be permanently ejected from the central regions. The process thus
destroys preferentially radial stellar orbits while more circular i.e. tangential orbits
are spared.
Redisplaying Eq. (2.13), the velocity anisotropy β(r) is deﬁned as
β(r) = 1 −

σφ2 (r) + σθ2 (r)
2σr2 (r)

(2.58)

by the three components of the velocity dispersion in spherical coordinates. If β = 1,
all stellar orbits are radial. For systems consisting of purely circular orbits β =
−∞ and ﬁnally β = 0 for isotropic stellar systems. The velocity anisotropy of
massive cored ellipticals is tangential (β < 0) in the core region r < Rb due to the
destruction of radial orbits by the SMBH binary. In the outer regions the orbits are
predominantly radial (β > 0) due to stars originating from infalling satellites.
The destruction of radial stellar orbits by SMBH binaries is not the only physical
process which could render the central regions of a galaxy tangentially biased.
For example, an adiabatic growth process of a SMBH renders the surrounding
orbital population tangentially biased (Goodman & Binney, 1984). However, the
process requires substantial SMBH growth for achieving a strongly tangential stellar
population, and unfortunately also steepens the central density proﬁle (Thomas et al.
2014 and references therein). Thus, the adiabatic growth model is disfavoured as the
cause of the central orbital structure compared to binary scouring in massive cored
ellipticals.
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2.8
2.8.1

Evidence for supermassive black hole binaries
General observational prospects

Analytical considerations and numerical simulations have established the fact that
the formed SMBH binaries should merge relatively rapidly, at least compared to
the Hubble time, i.e. τ  tH . Nevertheless, as the merging process takes a ﬁnite
amount of time, at least some SMBH binaries should be observable at the centers
of recently merged massive galaxies. Because the three-body slingshot phase is the
longest evolutionary phase for a binary, most observable binaries are expected to
have separations between the hardness limit ah and the onset of the GW inspiral
aGW . Thus, the expected observable projected SMBH separations are of the order of
0.1 pc  r  10 pc for typical SMBH binaries with total masses of 106 M  M• 
1010 M .
Theoretically, a SMBH binary can be detected both in electromagnetic
observations and by gravitational waves. In this section we brieﬂy explore detection
possibilities. A few binaries have been deﬁnitely observed so far through direct
imaging, and many more unconﬁrmed candidates are waiting for additional evidence,
the binary observed by Rodriguez et al. (2006) being the only solid observation.
Gravitational wave observations with pulsar timing arrays are already ongoing but
with no binaries detected so far, and direct detection gravitational wave space
missions are in preparation.

2.8.2

Active galactic nuclei - indirect evidence

Active galactic nuclei are obvious places to search for binary supermassive black
holes. The AGNs are very bright objects and their brightness levels are strongly
variable. The periodic and aperiodic oscillations in the brightness levels of the AGN
might contain information about secondary massive black holes orbiting the primary
SMBH.
There are many physical processes through which the secondary SMBH could
aﬀect the brightness of the AGN from the viewpoint of the distant observer. First,
the orbital motion of the jet-launching SMBH in a binary system can wiggle the AGN
jet (Kaastra & Roos, 1992). Next, the secondary SMBH can gravitationally torque
the AGN jet or the accretion disk of the primary SMBH (e.g. Begelman et al. 1980;
Katz 1997; Komossa 2003 and references therein). Also, a small secondary SMBH
on a tight orbit may directly interact with the accretion disk of the primary SMBH,
causing repeating periodic or aperiodic brightness variations without destroying the
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disk itself. The blazar OJ287 is probably the most famous, but also disputed
candidate object in this category (Sillanpää et al., 1988; Valtonen et al., 2008).
Tens of so-called X-shaped radio galaxies with an instantaneous change in the
jet direction have been observed (e.g. Leahy & Williams 1984; Komossa 2003; Liu
2004). It has been suggested that the abrupt changes of the jet directions reﬂect the
changes of the spin axis of the jet-launching SMBH due to mergers with less massive
SMBHs (Merritt & Ekers, 2002; Zier & Biermann, 2002). Thus, the jet morphology
can be used to infer the recent SMBH merger history of radio galaxies.

2.8.3

Active galactic nuclei - direct imaging

Figure 2.16: Very Large Array (VLA) radio observations of a dual AGN in the
radio source 3C 75. The system consists of a two interacting elliptical galaxies with
a central AGN in each galaxy. The AGN jets are curved and interacting. The
projected separation of the radio cores is ∼ 7 kpc. Image credit: Fig. 1. of Merritt
& Milosavljević (2005), NRAO/AUI and Owen et al. (1985). The AGN locations are
indicated by the arrowhead symbols.
It is common to observe two (or more) AGN with small angular separations in the
sky. However, most of these AGN pairs are lensed images or chance projections. Still,
multiple legitimate dual AGN with projected separations of the order of 1 − 10 kpc
have been observed (Merritt & Milosavljević, 2005). Fig. 2.16 presents probably
the most famous dual AGN in the radio source 3C 75 residing in the galaxy cluster
Abell 400 (Owen et al., 1985). The projected separation of the AGN is ∼ 7 kpc.
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Other galaxies with kpc-separated dual AGN are NGC 6240 (projected separation
∼ 1.3 kpc, Komossa et al. 2003), Arp 299 (projected separation ∼ 4.6 kpc, Ballo
et al. 2004) and Mrk 463 (separation ∼ 3.8 kpc, Bianchi et al. 2008).

Figure 2.17: Observations of pc-scale resolved radio cores in 15 GHz radio
observations. Left and middle panels: the direct detection of a SMBH binary in
the radio galaxy 0402+379. Right panel: a sub-pc SMBH binary in NGC 7674.
Image credit: Fig. 3 of Rodriguez et al. (2006), Fig. 1 of Bansal et al. (2017) and
Fig. 3 of Kharb et al. (2017).

Parsec-scale SMBH systems have been directly resolved as binaries at radio
frequencies only recently. Rodriguez et al. (2006) and Bansal et al. (2017) observed
the radio galaxy 0402+379 with two radio cores at he projected separation of 7.3 pc
strongly supporting the presence a binary SMBH. The ﬁrst sub-pc SMBH binary was
resolved in NGC 7674 by Kharb et al. (2017) with a projected distance of only 0.35 pc.
The binary detection radio maps from the aforementioned studies are presented in
Fig. 2.17. Future radio observations will most likely reveal additional members of
the sub-pc SMBH binary population.

2.8.4

Pulsar timing arrays

Rotation-powered pulsars i.e. rapidly spinning neutron stars with millisecond
rotation periods (e.g. Hewish et al. 1968; Bhattacharya & van den Heuvel 1991) can
be utilized as ultra-accurate natural clocks in astrophysics due to their extremely
regular emission of radio pulses (e.g. Edwards et al. 2006).
Pulsar timing arrays (PTAs) are a class of several ongoing experiments to detect
nanohertz-frequency gravitational waves from SMBH binaries with orbital periods
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from years to decades (e.g. Foster & Backer 1990; Hobbs et al. 2010). The major
ongoing PTA experiments are the European pulsar timing array (EPTA, Desvignes
et al. 2016), the Parkes pulsar timing array (PPTA, Reardon et al. 2016), the
NANOGrav experiment (Arzoumanian et al., 2018) and the International pulsar
timing array (IPTA, Verbiest et al. 2016). A large number of pulsars within the
Milky Way are observed, typically once every few weeks, the sampling frequency
limiting the maximum observable GW frequency to ∼ 100 nHz, or a few months
in the terms of a typical SMBH binary orbital period. The minimum observable
frequency is ∼ 1 nHz due to the ﬁtting of a pulsar spin-down model in the pulse data
and the baseline of the experiment as well. Most pulsars have been timed less than
20 years yielding a minimum detectable frequency of 1/20 yr−1 ∼ 1.6 nHz.
The stochastic gravitational wave background is a superposition of gravitational
waves originating from a large number of independent GW sources such as inspiraling
SMBH binaries. The smoking-gun evidence of the stochastic gravitational wave
background would be the correlation of the pulsar frequency ﬂuctuations in diﬀerent
angular directions on the sky (e.g. Perrodin & Sesana 2018). The expected angular
correlation of the pulsar timing residuals can be computed. This eﬀort was ﬁrst
performed by Hellings & Downs (1983) for an isotropic, unpolarized gravitational
wave background. The so-called Hellings-Downs curve presenting the expected
angular correlation of the pulsar timing residuals in Fig. 2.18.
Theoretically, passing gravitational waves cause ﬂuctuations in the observed pulse
frequencies δν/ν as
δν
= H ij (heij − hpij )
(2.59)
ν
in which, very brieﬂy, heij and hpij are the amplitudes of gravitational wave strains in
the Earth frame during the pulse observation and in the pulsar frame at the time of
pulse emission, respectively. The term H ij depends on the angle between the GW
source, pulsar and the Earth (Sazhin 1978; Detweiler 1979; Hobbs et al. 2010).
So far there is no evidence of the gravitational wave background from pulsar
timing array experiments. However, the non-detection of GWs has placed stringent
limits on the amplitude of the GW background (Jenet et al., 2006; van Haasteren
et al., 2011) and the SMBH binary population in the Universe (Babak et al., 2016).
The absence of gravitational waves by SMBH binaries in the recent observations
(e.g. Shannon et al. 2015; Arzoumanian et al. 2016) has even sparked discussions
about the accuracy of dynamical models and SMBH mass measurements (Rasskazov
& Merritt, 2017; Sesana et al., 2018) as the missing GW signal could be attributed
to a systematic overestimation of SMBH masses in the literature. Despite these
shortcomings it is quite likely that the pulsar timing arrays will detect gravitational
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Figure 2.18: The Hellings-Downs curve illustrating the expected pulse arrival
time angular correlation signal due to a stochastic unpolarized gravitational wave
background. Image credit: the NANOGrav collaboration (Arzoumanian et al., 2018),
http://nanograv.org/research/.

waves during the next decade (Kelley et al., 2017b).

2.8.5

Future laser interferometric experiments in space

The recent direct detection of gravitational waves from merging stellar-mass
black holes by the Laser Interferometer Gravitational-Wave Observatory (LIGO)
community (Abbott et al., 2016) has sparked the interest to detect GWs also from
merging supermassive black holes. Because SMBHs are much more massive than
stellar-mass BHs their orbital frequency during the ﬁnal inspiral is considerably
lower. Thus, the required interferometer arm length is of the order of millions of
kilometers, by far exceeding the radius of Earth. Thus, it is evident that the Earthbased interferometric experiments are not feasible for directly detecting gravitational
waves from merging SMBHs.
LISA, the Laser Interferometer Space Antenna (LISA), is a future space-borne
experiment which is expected to directly observe gravitational waves from merging
SMBHs in the 2030’s (Amaro-Seoane et al., 2017). LISA will consist of three identical
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satellites with six active laser links in the three interferometer arms launched into
a triangular formation with a mean satellite separation of ∼ 2.5 × 106 km on a
heliocentric orbit 5 × 107 km ∼ 0.34 AU from Earth. The expected duration of the
mission is 4 to 10 years. The interferometer technology has already been tested in
space with the highly successful LISA Pathﬁnder satellite (Armano et al., 2016).
The LISA frequency band is approximately from 10−4 Hz to 0.1 Hz so LISA will
detect SMBH binaries during their ﬁnal inspiral before the coalescence. Much of the
current theoretical and numerical work in the ﬁeld of gravitational wave astrophysics
is driven by observational prospects of LISA (Amaro-Seoane et al., 2013). The main
SMBH-related questions LISA will try to resolve are the origin of SMBHs and their
merger and growth histories. The SMBH binary population statistics will be studied
across the cosmic time in the entire observable Universe. Thus, the signiﬁcance of
LISA to the entire ﬁeld of astrophysics cannot be overstated.
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3 N-body simulations
3.1

Relativity and Newtonian mechanics

One of the classical problems in astronomy is to study the dynamics of N celestial
bodies under the inﬂuence of gravity. However, the current best theory of gravity,
the theory of General Relativity (Einstein, 1915) is notoriously complex and even
approximate numerical solutions to Einstein ﬁeld equations
1
8πG
Rμν − Rgμν + Λgμν = 4 Tμν
(3.1)
2
c
are typically extremely diﬃcult to obtain (Misner et al., 1973). The Einstein ﬁeld
equations are a system of coupled, non-linear partial diﬀerential equations for the
metric gμν , which describes the geometry of spacetime. The Ricci tensor Rμν is
constructed from the metric and its derivatives while R is the curvature or Ricci
scalar contracted from the Ricci tensor. The source of gravity, the mass-energy
of the Universe, is described by the stress-energy tensor Tμν , and ﬁnally Λ is the
infamous cosmological constant. The mass-energy of the Universe determines how
the spacetime is curved, and the metric determines how the matter moves (Misner
et al., 1973). Numerical simulations in full General Relativity have just in recent
years become feasible, and are mainly used today to study merging stellar-mass
black holes and their gravitational wave radiation (e.g. Pretorius 2005; Campanelli
et al. 2006; Baker et al. 2006).
Fortunately, if the spacetime is only weakly curved and the bodies move slowly
compared to the speed of light, i.e. v/c  1, the non-relativistic Newtonian
mechanics is a good approximation of the true gravitational physics of the system.
Then the celebrated Newton’s Law of Universal Gravitation hold. For two celestial
bodies 1 and 2 the Newtonian gravitational force can be expressed as
GM1 M2 r 12
F 12 =
(3.2)
|r 12 |3
with F 12 = −F 21 . Here F 12 is the gravitational force aﬀecting the celestial body 2,
G is Newton’s gravitational constant, M1 and M2 are the masses of the two celestial
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bodies and r 12 = r 1 − r 2 is their separation vector. In the vicinity of massive
compact objects, such as black holes and neutron stars, the Newtonian motion can
be corrected with post-Newtonian correction terms (Poisson & Will, 2014).
The Newtonian approach remains locally valid for gravitationally bound,
virialized systems such as galaxies even in an expanding background. This is
guaranteed by the Layzer-Irvine equation (Irvine, 1961; Layzer, 1963; Peebles, 1993).
The equation describes energy conservation for a system with kinetic energy T and
gravitational potential energy U embedded in a background expanding with a Hubble
parameter H(t) as
dE
= −H(t)(2T + U ).
(3.3)
dt
We can immediately see that the right-hand side is zero for virialized systems and
thus the total energy of systems in virial equilibrium is conserved.

3.2

Collisional and collisionless stellar systems

Isolated N-body systems can be classiﬁed into collisional and collisionless systems
based on how much the close encounters N-body particles aﬀect the global evolution
of the system. The relaxation timescale trelax of the system is the most important
quantity in determining whether a system is collisional or collisionless. If the
relaxation timescale exceeds the Hubble time, particle encounters are unimportant
and the system is collisionless. On the contrary, if the relaxation timescale is short,
close encounters have an important role in the evolution of the system.
In isolation, the so-called two-body relaxation is the driving relaxation
mechanism. The two-body relaxation timescale can be estimated by calculating the
time trelax in which the transverse velocity of a typical star has been altered by the
amount of the original velocity |v| in the stellar encounters. The encounters change
the velocity of the stars in a random walk process, the timescale of the process being
(Binney & Tremaine, 2008)
trelax ∼

N σ
N
tcross ∼
8lnN
8lnN R

(3.4)

in which N is the number of particles in the system, tcross is the crossing time and σ
is the velocity dispersion within radius R.
For a globular cluster with N = 105 stars, R = 10 pc and σ = 10 km/s the
relaxation time is of the order of trelax ∼ 1 Gyr. Thus, globular clusters are relaxed
collisional systems. On the other had, an elliptical galaxy with N = 1011 stars,
R = 10 kpc and σ = 200 km/s we ﬁnd trelax ∼ 2.4 × 107 Gyr, which is a signiﬁcantly
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longer timescale than the age of the Universe. Thus, galaxies are collisionless systems
and the motion of stars can be well approximated with a motion in a smooth global
potential. Finally, it should be noted that even in collisional stellar systems such as
globular clusters actual stellar collisions and mergers are extremely rare.

3.3

N-body particle sampling of the density and velocity
ﬁelds

The stellar mass component of galaxies is naturally discretized on a scale of roughly
one solar mass m ∼ 1M , where the masses of individual main-sequence stars can
be found approximately between 0.08M ≤ m  100M (Kippenhahn & Weigert,
1990). Modern supercomputer hardware and numerical codes enable simulating
globular clusters (N ∼ 105 − 107 ) and individual dwarf galaxies (N ∼ 107 − 108 )
with solar-mass N-body simulation particles (Wang et al., 2016; Hu et al., 2016;
Lahén et al., 2019). For more massive galaxies resolving the stellar component with
solar-mass particles is still computationally too expensive, and instead approximate
numerical approaches must be used.
For the rest of this section we follow the excellent textbook of Binney & Tremaine
(2008). A widely used approach is to study the evolution of smooth distribution
functions of the stellar component, such as the density and velocity ﬁelds instead of
the orbits of individual stars. In this Monte Carlo approach, the stellar density and
velocity ﬁelds are sampled using N stellar population particles for which m  M ,
typically 103 M ≤ m ≤ 106 M in present-day simulations. It is very important to
keep in mind that these stellar population particles do not represent individual stars,
but instead are tracers of the underlying smooth ﬁelds. In addition, the positions
and velocities of individual tracer particles are not well-deﬁned physical quantities,
whereas the averaged density and velocity ﬁeld quantities are well deﬁned.
Let us assume that the stellar density ﬁeld is sampled using N N-body particles
with equal masses m. We introduce the six-dimensional distribution function
f (r, v, t) which describes the probability of ﬁnding a particle within the inﬁnitesimal
phase-space volume d3 rd3 v around the point (r, v) at time t. The conservation of
probability implies the normalization condition
f (r, v, t)d3 rd3 v = 1.

(3.5)

Consequently, the probability of ﬁnding a particle in an inﬁnitesimal spatial volume
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at point r, regardless of its velocity, is
ν(r, t) =

f (r, v, t)d3 v.

(3.6)

Next we connect the probability distribution functions to the density proﬁle of the
N-body system. The number density n(r, t) and the mass density ρ(r, t) can be
expressed as
n(r, t) = N

f (r, v, t)d3 v
(3.7)
f (r, v, t)d v.
3

ρ(r, t) = N m

In this formulation it is assumed that all the particles have equal masses m.
The velocity distribution of the particles at r is then deﬁned simply as
f (r, v, t)
Pr,t (v) =
.
(3.8)
ν(r, t)
The mean velocity, the second velocity moments and the velocity dispersion tensor
are deﬁned by integrating the velocity distribution function:
1
f (r, v, t)vi d3 v
vi (r, t) =
ν(r, t)
1
(3.9)
vi vj (r, t) =
f (r, v, t)vi vj d3 v
ν(r, t)
σij2 (r, t) = vi vj (r, t) − vi (r, t) vj (r, t) .
We can see that the velocity dispersion tensor is manifestly symmetric, so it is always
possible to diagonalize the tensor into the form diag(σ11 , σ22 , σ33 ).
As explained in section 3.2, in the absence of particle collisions the N-body
particles move in a global potential generated by all the other simulation particles,
possibly including also external forces. In this case, the equation of motion of the
distribution function f (r, v, t) is the coupled Poisson-Vlasov equation
df
∂f
∂f
∂Φ ∂f
=
+v·
−
·
=0
dt
∂t
∂r
∂r ∂v
(3.10)
2
3
∇ Φ(r, t) = 4πGN m f (r, v, t)d v.
Unfortunately, coupled Poisson-Vlasov systems are notoriously diﬃcult to solve
analytically, or even eﬃciently numerically in all but the simplest cases which have
considerable symmetry. In practice, one must settle for studying the evolution of
the density and velocity ﬁeld computed from sampled particles propagated with an
N-body integrator.
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3.4

Hamiltonian equations of motion

In order to construct an integrator for N-body simulations, the reformulation
of Newtonian mechanics by Hamilton is a convenient choice. In three spatial
dimensions, the dynamical state of an N-body system at t = t0 is described by
3N canonical coordinates {q i } and 3N canonical momenta {pi }:
|{q i }, {pi }, t0 ≡ |t0 .

(3.11)

The time evolution of this dynamical state is governed by the Hamiltonian H =
H({q i }, {pi }, t). The general Hamiltonian equations of motion are
dq i
∂H
=
dt
∂pi
dpi
∂H
=−
,
dt
∂q i

(3.12)

or

dq i
= {q i , H}
dt
dpi
= {pi , H}
dt
where the Poisson brackets {, } are deﬁned by the relation

  ∂A ∂B
∂A ∂B
{A, B} =
.
−
∂q i ∂pi ∂pi ∂q i

(3.13)

(3.14)

i

It is useful to deﬁne the Hamiltonian operator H by Hf = {f, H}, and the time
evolution operator U(t1 , t0 ) as
 t1

Hdt |t0 .
(3.15)
|t1 = U(t1 , t0 ) |t0 = exp
t0

The time evolution of the dynamical system can be viewed as a continuous canonical
transformation generated by the Hamiltonian.

3.5

The leapfrog integrator

Approximations introduced to perform the time integration of a dynamical system
may introduce non-Hamiltonian perturbations into the system. Hamiltonian systems
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are not stable in long term integrations if the numerical perturbations are not
themselves Hamiltonian (e.g. Springel 2005). The formulation of many widely-used
integrators, such as the Runge-Kutta and the Hermite integrator, does not preserve
the Hamiltonian structure of the systems causing long-term error behaviour during
the integration (Binney & Tremaine, 2008). Thus, we prefer integration schemes in
which the Hamiltonian structure of the system is preserved. A possible solution is
presented by Eq. (3.15): the integration scheme should be formulated as a canonical
transformation generated by the Hamiltonian. These integrators preserve the phasespace volume element and are called symplectic. During long integrations the error
behaviour of symplectic integrators is oscillatory rather than an increasing function
of time.
A very simple symplectic integrator, the leapfrog, is now introduced. We deﬁne
a time interval Δt = t1 − t0 . If the Hamiltonian is separable into a kinetic and a
potential component, i.e. we can write H({q i }, {pi }, t) = T ({pi }, t) + U ({q i }, t) =
Hkin + Hpot , the time evolution operator then becomes

U(t0 + Δt, t0 ) |t0 = exp

t0 +Δt
t0


(Hkin + Hpot )dt |t0 .

(3.16)

Next, we deﬁne two very important operators: the kick operator K and the drift
operator D:
 t0 +Δt
 
qi → qi
K(Δt) = exp
dt Hpot =
(3.17)
∂H
pi → pi − Δt ∂qpot
t0
i
 
 t0 +Δt
kin
q i → q i + Δt ∂H
∂pi
(3.18)
dt Hkin =
D(Δt) = exp
pi → pi .
t0
Both the kick and drift operators generate the exact time evolution of the system for
an arbitrary time interval. The leapfrog time evolution operators UKDK and UDKD
are constructed as an approximation of Eq. (3.16) by using the operator splitting
scheme (Strang, 1968):
(3.19)
e(A+B) ≈ eA/2 eB eA/2
in such a manner that U = UKDK/DKD + Uerr . The kick-drift-kick and drift-kickdrift operators are alternating combinations of drift and kick operations, hence the
name of the algorithm:
|t0 + Δt = UKDK (Δt) |t0 = K(Δt/2)D(Δt)K(Δt/2) |t0
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|t0 + Δt = UDKD (Δt) |t0 = D(Δt/2)K(Δt)D(Δt/2) |t0 .

(3.21)

It can be shown using the familiar Baker-Campbell-Hausdorﬀ formula that the
leading error term is Uerr ∼ O(Δt2 ), so the standard leapfrog is a second-order
accurate algorithm. Importantly, the time evolution of the system is given by the
leapfrog Hamiltonian Ĥ which is perturbed from the original Hamiltonian H by
O(Δt2 ). Thus, the perturbed leapfrog energy is conserved, and consequently the
actual energy of the system is approximately conserved.

3.6
3.6.1

Gravitational force
Newtonian gravity

We relax the notation from the two previous sections and label the canonical
coordinates q i as the familiar position vectors r i and introduce particle velocities
v i as pi = mi v i . The standard Hamiltonian for a system consisting of N discrete
particles under the inﬂuence of Newtonian gravity is then
⎡
⎤
N
N


Gm
m
1
i j⎦
⎣ mi v 2i −
,
(3.22)
H=
2
|r ij |
i

j>i

where mi are the masses of the individual particles, r ij are the particle separations
and G is Newton’s gravitational constant. Now, the equations of motion in Eq.
(3.12) together with the Hamiltonian of Eq. (3.22) become
dr i
= vi
dt
N
r ij
dv i 
=
Gmj
= ai ,
dt
|r ij |3

(3.23)

i=j

introducing the gravitational acceleration vector ai . These are the common
Newtonian equations of motion for an N-body system. The Hamiltonian is manifestly
separable, and we can straightforwardly construct the kick and drift operators:

ri → ri
(3.24)
K(Δt) =
(r j −r i )
v i → v i + Δt N
i=j Gmj |r j −r i |3

r i → r i + Δt v i
D(Δt) =
(3.25)
vi → vi.
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3.6.2

Post-Newtonian gravity

It is possible, however very demanding, to derive general relativistic corrections to
the equations of motion of an N-body system (Poisson & Will, 2014). One typically
expands the general relativistic ﬁeld equations around a small parameter PN , which
can be deﬁned as
−1
 −1 
 v 2
r
r
Φ
PN ∼
= 2GM
∼ 2 ∼
(3.26)
rS
c
c
2
c
where Φ is the gravitational potential and rS is the Schwarzschild radius. Expansions
around these parameters are characteristic to the weak-ﬁeld limits of GR involving
only weak gravitational ﬁelds and slowly moving bodies. The last expansion around
v/c has been particularly important for studying N-body motion with relativistic
corrections. We introduce the post-Newtonian (PN) corrections of the order (k/2)PN
by the deﬁnition
 v k
.
(3.27)
g(k/2)PN ∼
c
For example, the PN correction 3.5PN contains terms up to the order (v/c)7 (e.g.
Will 2006).
The Einstein-Infeld-Hoﬀmann (EIH) equations (Einstein et al., 1938) describe
the post-Newtonian N-body dynamics at the order 1.0PN. The total particle
accelerations can then be written as
 Gmj nji
1  Gmj nji  2
ai + g i (v) =
vi + 2vj2 − 4(v i · v j )
+
c2
rij2
rij2
j=i
j=i


Gmk  Gmk 1
3
− (nij · v j )2 − 4
−
+ (r ji · aj )
2
rik
rjk
2
k=i
k=j
 4
v
7  Gmj aj
1  Gmj
[nji · (4v i − 3v j )](v i − v j ) + 2
+O
+ 2
2
c
2c
rij
c4
rij
j=i

j=i

(3.28)
in which nij = r ij /rij . The leading-order acceleration term is the familiar Newtonian
two-body acceleration. Note that the expression contains terms depending on sums
over three particles, thus the mutual acceleration of two bodies depends on their
surroundings, a non-linear relativistic feature which does not appear in Newtonian
gravity. The computational cost of the EIH N-body acceleration calculations scales
very steeply, being proportional to the number of particles cubed, i.e. O(N 3 ).
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Finally, the accelerations of other N-body particles appear on the right-hand-side
of the equations indicating that the accelerations of all the particles should be solved
iteratively. As a ﬁrst approximation, Newtonian accelerations can be used in the
expressions on the right-hand side. Higher-order PN corrections are not exactly
known for a general N-body system. General three-body equations of motion are
known exactly up to order 2.0PN (Poisson & Will, 2014).
The post-Newtonian two-body problem is understood far better than systems
with more bodies due to its relative simplicity. The post-Newtonian two-body
equations of motion are known up to order 3.5PN. For PN orders 1.0PN, 2.0PN and
3.0PN it is possible to ﬁnd conserved expressions for the total energy E PN and angular
momentum LPN of the two-body system. However, the corrections of the order 2.5PN
and 3.5PN contain dissipative terms and the energy and angular momentum of the
two-body system are no longer conserved. These losses are attributed to the emission
of gravitational waves, and the corresponding force is called the radiation reaction
force, or torque in the case of angular momentum. The instantaneous power at which
gravitational waves carry energy and angular momentum from the two-body system
can be computed as
N


v i · g PN
=
i

i
N


r i × g PN
i

i

dE PN
dt

dLPN
.
=
dt

(3.29)

Peters & Mathews (1963) derived the expressions for the radiative losses at the
order 2.5PN which is the correction containing the dominant radiation reaction terms.
The Peters-Mathews formulas evaluate the GW losses averaged over a single orbital
period as a function of the Keplerian semi-major axis a and orbital eccentricity e of
the gravitationally bound two-body system:



dE
dt

dLz
dt


=−


37 4
2
32G4 μ2 M 3 1 + 73
24 e + 96 e
,
5c5 a5
(1 − e2 )7/2

32G7/2 μ2 M 3/2 1 + 78 e2
=−
.
(1 − e2 )2
5c5 a7/2

(3.30)

Here μ and M are the reduced and total mass of the two bodies. Another
formulation of the Peters-Mathews formulas, Eq. (2.53), describes the shrinking
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and circularization of the two-body orbit:



da
dt
de
dt


=−


37 4
2
64 G3 μM 2 1 + 73
24 e + 96 e
,
5 c 5 a3
(1 − e2 )7/2

304 G3 μM 2 1 + 121
304
=−
e 5 4 2
.
15
c a e (1 − e2 )5/2

(3.31)

Note that the amount of radiated angular momentum and orbital energy strongly
increases as e → 1 or a → 0.
As the general post-Newtonian N-body equations of motion are only known
up to order 1.0PN and the important radiative loss terms begin to appear at the
order 2.5PN for a two-body system, approximate approaches have been developed.
One possibility is to use the so-called two-body formulation and compute the
PN corrections for each individual particle pair in the N-body system, discarding
the terms dependent on additional bodies. Another possibility is the cross-term
formulation (Will, 2014). The key idea is to have a single, or very few massive bodies
with mass M and a number of small bodies with mass m so that the mass ratio m/M
is very small. Again, the least important and simultaneously also computationally
most demanding terms with small m/M are discarded.

3.7
3.7.1

The tree code gadget-3
Basic information

Computing the Newtonian gravitational force once for every particle in an N-body
system requires O(N 2 ) operations according to Eq. (3.23). This is the direct
summation technique (e.g. Aarseth 2003). The steep scaling of the algorithm limits
the particle number of direct summation simulations. An important class of N-body
simulation codes are the so-called tree codes (Appel, 1985; Barnes & Hut, 1986). The
general idea of a tree code is to speed up the O(N 2 ) gravitational force calculation
by using a hierarchical multipole expansion to treat groups of distant simulation
particles around their center-of-mass. This process leads to a milder O(N logN )
scaling of the algorithm. Throughout this section we use the widely-used simulation
code gadget-3 (Springel 2005) as an example of a typical tree code. Very similar
numerical methods are used in other modern tree codes such as gasoline (Wadsley
et al., 2004) and vine (Wetzstein et al., 2009).
gadget-3 eﬃciently evaluates the gravitational accelerations of the simulation
particles by using octree gravity and particle mesh methods.
The particle
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mesh method is most useful in computing the longest-range cosmological-scale
gravitational forces (Springel, 2005). The very high mesh resolution required at
small scales limits its usefulness for galactic-scale force calculations. Thus, in this
work we use only the octree gravitational algorithm of gadget-3.

3.7.2

Octree algorithm

y [Arbitrary units]

In order to compute the gravitational accelerations of the N-body particles using the
octree method, the octree structure must ﬁrst be constructed. The building of the
octree begins by selecting a cubic volume enclosing all the simulation particles. This
cube is called the root node. Next, the volume of the root node is partitioned into
eight child nodes, and this process is recursively repeated on the child nodes until
each node contains either 0 or 1 particles. The ﬁnal nodes containing a single particle
are called the leafs of the tree structure. A two-dimensional example of a volume
partition in the tree construction is illustrated in Fig. 3.1.

x [Arbitrary units]

Figure 3.1: A two-dimensional quad-tree structure constructed in a region containing
200 randomly positioned N-body particles, shown as red symbols. A threedimensional octree is a straightforward generalization of the quad-tree.

When the octree has been constructed, the simulation code has stored the nodes
and their mutual relations (i.e. parent and child nodes) in a data structure. The
physical parameters such as node masses MN , the node sizes lN and the node centerof-mass coordinates are saved as well. To compute the gravitational forces on the
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particles by using the list of nodes, a so-called tree walk is performed. When walking
the tree, starting from the root node, new child nodes are opened until stopped by a
cell opening criterion, or alternatively the ﬁnal leaf with a single particle is reached.
The total force acting on the particle is summed from the walked nodes.
There are several possibilities to deﬁne the cell opening criterion. One commonly
used criterion is the Barnes-Hut opening angle criterion
lN
≤θ
riN

(3.32)

in which riN is the separation of the particle and the center-of-mass of the node and
θ a user-deﬁned parameter with a typical value of θ ∼ 0.7 (Barnes & Hut, 1986).
Another possible cell opening criterion relies on keeping the relative force error
from diﬀerent nodes roughly constant (Springel, 2005). In gadget-3, only the
monopole term of the multipole expansion of the node is used in the force calculation.
We compute an error estimate caused by the monopole approximation by evaluating
the size of the next truncated force terms. As the dipole force term vanishes as the
particle-node force is computed with respect to the center-of-mass of the node, the
ﬁrst truncated non-zero term will be the force from the quadrupole mass moment of
the node. A simple estimate for the quadrupole truncation error is thus given by


GMN lN 2
quad
|ai | ∼ 2
(3.33)
riN
riN
in which riN is again the separation of the particle and the center-of-mass of the node.
Now we can write the actual cell opening criterion. The estimated truncation error
is compared to the total acceleration of the particle during the previous timestep,
and their ratio cannot exceed the force accuracy error tolerance α, i.e.
|
|aquad
i
old|

|ai

≤ α.

(3.34)

During the ﬁrst force evaluation of the simulation, the classic Barnes-Hut criterion
is used as there is no previous acceleration estimate. The typical value for the force
accuracy error tolerance parameter is α ∼ 0.005. In addition, there are additional
reﬁned opening criteria for nodes very near the particle (Springel, 2005).

3.7.3

Gravitational softening

Simulation codes studying the dynamics of collisionless systems of stars and dark
matter very often employ gravitational softening in order to accommodate the ﬁnite
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mass resolution of the simulations. One of the simplest possibilities to soften
the Newtonian gravitational potential of a point mass is the Plummer softening
(Plummer, 1911) deﬁned as
Φ(r) = −

(r2

Gm
+ 2 )1/2

(3.35)

which reduces to the Newtonian potential when the gravitational softening length
 → 0. However, we immediately notice that the gravitational potential is not exactly
Newtonian at any separation r, which is highly undesirable. Tree codes often use
spline-kernel softening
Gm  r 
W
(3.36)
Φ(r) =
h
h
in which W is the spline kernel and h is the kernel size. gadget-3 employs a
softening kernel W2 (Springel, 2005) derived by convolving the delta-function density
distribution of the particle with the Monaghan-Lattanzio spline kernel (Monaghan
& Lattanzio, 1985). The resulting softening kernel W2 has the following expression
⎧
16 2
48 4
32 5
14
⎪
0 ≤ u ≤ 12
⎨3u − 5u + 5u − 5,
1
48 4
32 5
16
1
2
3
W2 (u) = 15u
(3.37)
+ 32
3 u − 16u + 5 u − 15 u − 5 ,
2 ≤u<1
⎪
⎩ 1
−u
u≥1
in which u = r/h. The kernel size h is related to its Plummer-equivalent softening
length  by h = 2.8. The choice of the numerical factor of 2.8 ensures that the
potential obtained with the W2 kernel agrees with the Plummer potential at r =
0. Thus, in gadget-3, the gravitational force is exactly Newtonian only beyond
r ≥ 2.8, placing a strict spatial resolution limit in the simulation. The Plummer
potential, the W2 softened potential and the exact Newtonian potential are compared
in Fig. 3.2. Typical values of the Plummer-equivalent softening length are 0.001 kpc
- 0.1 kpc in gadget-3, depending of course heavily on the simulation.
If there are several particle species in a gadget-3 simulation, such as stars and
dark matter particles, the gravitational softening lengths of the species should diﬀer
if the mass resolution of the particle species also diﬀers. In order to satisfy Newton’s
third law in an interaction between two simulation particles of diﬀerent particle
species, a common softening length is used for the calculation for both of the particles:
h = max(hi , hj ).

(3.38)

As the gravitational softening lengths are user-given parameters, great care
should be taken that the simulation results do not strongly depend on the choice
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Figure 3.2: Comparing the Newtonian gravitational potential with the Plummersoftened potential and the potential softened using the W2 spline kernel. The two
softened potentials have the same central value by construction. The spline-softened
gravitational potential is exactly Newtonian at r ≥ 2.8 but the potential value
is very close to the Newtonian value at r ≥ 2.0. The Plummer potential slowly
approaches the Newtonian potential when r → ∞.

of these parameters. The same of course applies for other user-given numerical
parameters as well, such as the mass resolution of the simulation and the tree force
accuracy parameters. A systematic approach to study the eﬀect of the numerical
parameters on the simulation results is to perform convergence tests. Labeling the
observable simulation quantities {Qi } and an user-given accuracy parameter p and
choosing here that an increasing value of p indicates higher numerical accuracy, we
can symbolically write the convergence criterion as
lim {Qi (p)} = {Q̃i }.

p→∞

(3.39)

Due to practical matters it is not possible to increase the accuracy parameters
arbitrarily. Thus, one should rather ensure that the observable quantities do not
drastically change if the accuracy is further increased. In addition, the convergence
tests always depend on the simulated system and the simulation code in question,
and strictly speaking nothing guarantees that the converged simulation results {Q̃i }
correspond to the actual physical results. This is why it is important to test the
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used simulation code in simpliﬁed test scenarios for which an analytical result is
known, which is especially important in the development phase of a new numerical
simulation code.

3.7.4

Individual and adaptive timesteps

In gravitational N-body simulations, the simulation interval Tsim is discretized into
a sequence of timesteps Δti as
t1

Tsim =

dt =
t0

N


Δtk .

(3.40)

k=1

The timesteps can be of a constant length or be adaptive and individual for each
simulation particle. Smaller timesteps increase the computational time consumed
by the simulation code but simultaneously enhance the numerical accuracy of
the simulation. Thus, the selection of timesteps is a compromise between the
computational timescale and numerical accuracy.
The motivation to use individual timestep arises from the fact that in typical Nbody simulations only a small fraction of particles reside in high-density regions
in which short timesteps are required for high numerical accuracy. Meanwhile,
the majority of simulation particles are located outside the high-density region
where timesteps can be longer. Thus, adaptive individual particle timesteps save
computational resources and focus the computational eﬀort on the simulation regions
for which high accuracy is necessary.
The most straightforward manner to choose an adaptive timestep for a simulation
particle in an N-body system is to set the timestep to be a constant fraction η < 1
of the dynamical (or orbital) time of the particle. Assuming spherical symmetry, we
have
2πη
Δti = ηTdyn (r) = 
(3.41)
Gρenc (r)
in which the enclosed density estimate ρenc (r) is deﬁned using the enclosed mass, i.e.
ρenc (r) = M (r)/r3 , following Zemp et al. (2007). The drawback of the dynamical
time procedure is that we have to identify the system in which the particle is
located and evaluate the enclosed density for each particle, which is computationally
expensive.
Another widely used criterion to select the particle timesteps is based on particle
accelerations ai as:


ηi 1/2
Δti =
.
(3.42)
|ai |
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Here i is the gravitational softening length of the particle and η is a user-given
accuracy parameter. The criterion basically limits the second-order displacement of
the particles during the timestep to a fraction η of their gravitational softening
lengths. The acceleration timestep criterion is widely used in cosmological and
galactic-scale simulation codes.
There are a large number of other timestep formulations for the simulation codes
in the literature. Most of them use timestep criteria based on particle velocities,
accelerations or higher time derivatives of the particle accelerations (Aarseth, 2003).
Here we focus on the codes with acceleration-based timestep criteria as it is the
timestep formulation used by the gadget-3 family of codes.
Unfortunately, the adaptive timestep scheme has also undesirable properties.
Most importantly, the formal symplectic nature of the leapfrog integrator is lost. This
is because when individual timesteps are assigned to the particles, the Hamiltonian
in Eq. (3.16) is no longer formally separable due to the pairwise coupling of the
particles (Springel, 2005). However, the symplectic nature of collisionless systems
is still approximately retained if the particle motion is primarily due to the global
potential and not due to individual encounters with other particles. Thus, the secular
error growth remains typically small for collisionless systems.
Another, this time unavoidable source of error, is introduced with adaptive
timesteps: the loss of formal time reversibility of the integrator. This can lead
to a secular error growth in the leapfrog as well. To be precise, variable timesteps do
not destroy the time reversibility: the integration over an individual time interval is
still symplectic. However, the time reversibility is formally lost because the timesteps
depend on the acceleration of the particle and thus on the past (and not on the future)
state of the system. An important diﬀerence between the accuracy of leapfrog KDK
and DKD formulations arises due to the loss of time-reversibility. With constant
timesteps, the two leapfrog formulations perform similarly. With adaptive timesteps,
the KDK formulation of leapfrog is superior to the DKD formulation. This is because
the time lag between the moment of acceleration calculation (in the kick operator)
and the moment of timestep assignment is smaller in the KDK formulation. Thus,
gadget-3 used the KDK leapfrog for particle propagation (Springel, 2005).
Finally, in gadget-3, the timesteps of the simulation particles are placed in
a power-of-two timestep hierarchy for algorithmic simplicity and computational
eﬃciency. After assigning the individual timesteps using Eq. (3.42), the timesteps
are rounded down towards the closest power-of-two timestep
Δti = 2n Δtmin

(3.43)

in which Δtmin is the minimum simulation timestep deﬁned by the temporal
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dynamical range of the simulation: Δtmin = 2−32 Tsim in which the numerical factor
32 which originates from size of the integer data type.
The particles can lower their timestep in any timestep assignment but can increase
only a single timestep level in every other timestep assignment. Thus, the particles
on a certain timestep level remain synchronized with the particles on other levels,
facilitating the KDK procedure. The particles of with the lowest timestep level are
active on every smallest global timestep, practically meaning that the particles are
kicked and their gravitational accelerations are updated every global timestep. The
rest of the particles are inactive meaning that they are simply drifted to the moment
of time when a force calculation is required on a lower level. The particles on the
second-lowest level are active on every other global timestep, the third-lowest on
every fourth, and so on.
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4.1

Numerical background

Galactic-scale gravitational dynamics is typically collisionless (Binney & Tremaine,
2008). However, there are a few important cases where close encounters and smallscale dynamics cannot be ignored. The most important examples include two-body
relaxation in dense stellar systems, the dynamical friction of a massive body in a
ﬁeld of smaller masses, and the evolution of stellar and SMBH binary systems.
The importance of a proper treatment of close particle encounters was already
identiﬁed in the ﬁrst numerical simulations of few-body systems (e.g. von Hoerner
1960, 1963, see also Mikkola 2008). Without special recipes to handle the encounters
between particles, the simulations were aﬀected by a loss of precision, primarily
caused by large variations of the inter-particle forces during the encounters and also
ﬂoating-point roundoﬀ error.
In N-body simulations, a simple possibility for treating particle collisions and
close encounters is gravitational softening (see section 3.7.3). However, the dynamics
of a gravitationally softened system is not Newtonian at small scales |r ij |  , the
eﬀective resolution limit depending on the softening kernel used. If the gravitational
softening is very small or not used at all, timestepping introduces new challenges
even if particle collisions are narrowly avoided. In close encounters of the particles
typical simulation codes shorten the timesteps of the approaching particles in order to
ensure numerical accuracy (see section 3.7.4). Thus, the individual close encounters
of simulation particles are very slow to compute, up to the point at which the
timestep approaches zero (Δt → 0) and the simulation stalls. Introducing a minimum
timestep is a poor solution as it only introduces a new numerical scale below which
the dynamics is not resolved, and leads to a non-conservation of supposedly conserved
quantities.
An entirely diﬀerent yet more complex approach for treating particle collisions
is regularization. Generally, in theoretical physics and especially in quantum ﬁeld
theory, regularization means any mathematical procedure performed to obtain ﬁnite
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observables of a physical system which would be inﬁnite without the regularization
procedure. In classical celestial mechanics, regularization refers to the rigorous
treatment of collisions (|r ij | → 0) of N-body particles. A collision is regularized
if the dynamical variables of the system remain ﬁnite during the collision. Both
the two- and few-body regularization methods have mostly been developed since the
1960’s alongside with numerical simulations. The ﬁeld of regularization is still quite
young considering the fact that the gravitational two-body problem in Newtonian
mechanics was already solved approximately 300 years ago. The most commonly used
regularization methods rely on time and/or coordinate transformations or specialized
integration algorithms. As regularized computational methods are typically very
expensive compared to non-regularized techniques, most codes detect and handle
particle collisions in separate code subsystems which are built before the collision
and deconstructed after it. A similar approach is often used for close binary systems
as well (Aarseth, 2003).

4.2

Regularization methods with coordinate and time
transformations

In this section a brief history of regularization algorithms in celestial mechanics is
presented, following the reviews of Aarseth (2003) and Mikkola (2008). Even though
only a limited number of historical algorithms are still in use today, they provide both
pedagogical examples and important insight into modern regularization algorithms.

4.2.1

The Poincaré time transformation

The oldest example of two-body regularization, still quite relevant today, is the
time transformation of Poincaré (Siegel, 1956; Mikkola, 2008). The time variable
t is promoted to a canonical coordinate q0 = t in the Hamiltonian, whereas the
binding energy of the system becomes the corresponding corresponding momentum
variable (p0 = −E). This is why the binding energy is sometimes referred to as ’the
momentum of time’ in the N-body literature. A new time coordinate s is deﬁned as
dt = g(q, p)ds,
in which g(q, p) is an arbitrary real-valued regularization function.
Hamiltonian Γ becomes
Γ = g(q, p) [H(q, p, q0 ) + p0 ] .
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(4.1)
The new

(4.2)
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The Hamiltonian equations of motion then become
∂Γ
dti
=
=g
ds
∂p0
∂Γ
dq
q i = i =
ds
∂pi
∂Γ
dp
i
=−
pi =
.
ds
∂q i
t =

(4.3)

The prime symbol indicates a derivative with respect to the new time coordinate. For
the regularizing function g one typically uses the particle separation g = r = |q ij |,
the inverse potential energy g = 1/U or the inverse Lagrangian g = 1/(T − U ). For
obvious reasons numerical applications of this method were non-existent at the time
of Poincaré. However, this time transformation is an important piece of modern
regularization methods used today in numerical simulations.

4.2.2

Levi-Civita regularization

The Levi-Civita regularization method (Levi-Civita, 1906) regularizes the
standard two-body problem in two dimensions using both coordinate and time
transformations. The two-body problem is always planar if there are no external
perturbations, thus a 2D description of the problem is valid. Using complex numbers,
Levi-Civita introduced two new coordinates Q1 , Q2 by deﬁning Q = Q1 + iQ2 ,
(Q1 + iQ2 )2 = x + iy = r in which x and y are the relative separations of the
two bodies in the two orthogonal directions. This deﬁnition yields the following
relations: x = Q21 − Q22 and y = 2Q1 Q2 . Next, the Poincaré transformation from Eq.
(4.1) with g = r = Q2 gives the new Hamiltonian

 2
p
GμM
P2
−
−E =
− EQ2 − GμM,
(4.4)
Γ = |r|
2μ
|r|
8μ
in which μ and M are the reduced and the total mass of the two particles. The new
momentum is deﬁned as P = 2Q · p in vector form. This Hamiltonian is manifestly
the one of the classical harmonic oscillator, and the collision singularity has been
thus eliminated. The equation of motion for the transformed coordinate variable Q
is that of the familiar harmonic oscillator:
E
Q −
Q = 0.
(4.5)
2μ
Here a prime symbol indicates a derivative with respect to the new time coordinate
as before.
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It should be noted that the complex number transformation r = Q2 can be
expressed in the vector notation as r = L(Q)Q in which the Levi-Civita matrix
(Levi-Civita, 1920) is


Q1 −Q2
.
(4.6)
L(Q) =
Q2 Q1
This formulation of the two-dimensional Levi-Civita transformation will be
important in generalizing the method for higher dimensions.

4.2.3

Kustaanheimo-Stiefel regularization

The planar 2D Levi-Civita regularization recipe cannot be applied to the 3D case.
This fact originates in the properties of the d-dimensional vectors and matrices of
size d × d. Any matrix L(Q) eligible for a Levi-Civita-like regularization procedure
must fulﬁll the properties of the Levi-Civita matrix in Eq. (4.6). That is, the
matrix must be orthogonal and its elements must be linear homogeneous functions
of the components of Q. These matrices can only be constructed in 1, 2, 4
and 8 dimensions (Hurwitz, 1898), which states the impossibility of a Levi-Civita
-like transformation in three dimensions. Thus, studying physically interesting
scenarios such as perturbed two-body motion requires more advanced computational
machinery.
Kustaanheimo and Stiefel were the ﬁrst to notice that the 4D case can be solved
with a generalized Levi-Civita procedure (Kustaanheimo & Stiefel, 1965). This
method is known as KS regularization after its developers. As a straightforward
generalization of the Levi-Civita regularization, Kustaanheimo and Stiefel deﬁned
new canonical coordinates and momenta in the language of spinors. Brieﬂy, spinors
are mathematical objects resembling vectors but behave diﬀerently in rotations. A
spinor transforms into its negative in a complete rotation of 2π whereas a vector
remains unchanged in such an operation. An alternative approach to the spinor
approach was derived in the 1990’s using quaternions (Heggie & Hut, 2003). The
spinor Q and the four-vectors r and p are deﬁned simply as
Q = Q 1 Q2 Q3 Q4
!
r = r1 r2 r3 r4
!
p = p1 p2 p3 p4

!
(4.7)

The 4D Kustaanheimo-Stiefel matrix L(Q) fulﬁlling the properties of the Levi-Civita
71

4.2. Regularization methods with coordinate and time
transformations

matrix in Eq. (4.6) is deﬁned as
⎛

⎞
Q1 −Q2 −Q3 Q4
⎜Q2 Q1 −Q4 −Q3 ⎟
⎟.
L(Q) = ⎜
⎝Q3 Q4
Q1
Q2 ⎠
Q4 −Q3 Q2 −Q1

(4.8)

The new and old coordinates and momenta are related by r = LQ and P = 2L p.
Following the Levi-Civita derivation, g = |r| = Q2 , the new 4D KS Hamiltonian
becomes
 2

p
GμM
P2
Γ = |r|
−
−E =
− EQ2 − GμM,
(4.9)
2μ
|r|
8μ
just as in Eq. (4.4), and the apparent coordinate singularity has again disappeared.
As the 4D Keplerian problem is now regularized, we still face the question of how
to map the initial conditions of the original Keplerian problem in R3 into R4 , and
back again after solving the problem. The choice r4 = 0, p4 = 0 seems trivial, but it
has a profound role in the proper generalization of the 2D Levi-Civita transformation
into the 4D KS transformation (Stiefel & Scheifele, 1971; Yoshida, 1982). We thus
have
⎛ ⎞ ⎛ 2
⎞
r1
Q1 − Q22 − Q23 + Q24
⎜r2 ⎟ ⎜ 2(Q1 Q2 − Q3 Q4 ) ⎟
⎟ ⎜
⎟
r=⎜
(4.10)
⎝r3 ⎠ = ⎝ 2(Q1 Q3 + Q2 Q4 ) ⎠
0
r4
One of the components of Q can be still freely determined. Setting Q4 = 0 yields
the relations

1/2
1
Q1 =
(|r| + |r1 |)
2
1 r2
(4.11)
Q2 =
2 Q1
1 r3
Q3 =
2 Q1
and the mapping
⎧

⎨ Q1 Q2 Q3 0 , if r1 ≥ 0

Q= 
(4.12)
⎩ Q1 Q2 0 Q3 , if r1 < 0.
These mappings between R3 to R4 and back guarantee that the KS procedure is
numerically well deﬁned for solving the 3D Keplerian problem (Aarseth, 2003; Karl,
2007).
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In general, perturbing forces render the two-body problem non-planar, and the 2D
Levi-Civita regularization cannot be used anymore. We introduce next the perhaps
most important aspect of the KS method: the inclusion of external perturbing forces
f (Szebehely, 1967). The perturbed two-body motion machinery can thus be included
in a larger N-body code to handle the close encounters between simulation particles
(e.g. Aarseth 1971; Bettis & Szebehely 1971). The equations of motion for the
regularized, perturbed Keplerian problem can be found in Aarseth (2003) and Karl
(2007):
E
1
Q −
Q + |r|L f = 0
2μ
2
(4.13)



E = 2μr · L f
t = |r| = Q2 .

4.2.4

Applications of KS procedure:
chain regularization

three-particle, global and

After the seminal discovery of the KS regularization procedure, the following decades
saw the development of several few- and N-body applications of the method. Aarseth
(1971) and Bettis & Szebehely (1971) were the ﬁrst to include perturbed two-body
regularization with the KS method into their N-body codes (Aarseth, 1999).
The Aarseth-Zare (AZ) method regularizes the three-body problem using the
KS technique (Aarseth & Zare, 1974). The key idea of the AZ regularization is
to identify the two shortest interparticle vectors and regularize them using the KS
transformation. The remaining longest separation vector is not regularized. During
a numerical simulation, the conﬁguration of the two regularized and the one nonregularized vector is switched if the ordering of the particle separations changes.
The regularized and non-regularized interparticle vectors of the three bodies are
illustrated in the left panel of Fig. 4.1.
Heggie (1974) was the ﬁrst to regularize the N-body problem using a method
called today Heggie’s global regularization. In global regularization, the KS
coordinate transformation is applied to every interparticle vector in the N-body
system. This is illustrated in the middle panel of Fig. 4.1. Unfortunately, global
regularization is computationally very expensive and thus not practically applicable
to N-body systems with a large number of particles.
The development of methods utilizing KS regularization culminated in the
invention of the chain concept and the ks-chain regularization technique (Mikkola &
Aarseth, 1993). The main idea in the ks-chain method is to save computational time
while incurring a minimal loss of accuracy by carefully selecting which interparticle
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vectors are KS transformed. The central idea resembles the AZ method combined
with Heggie’s regularization method: regularize only the shortest interparticle vectors
in the system. The shortest interparticle vector of the system is found forming the
ﬁrst segment of the chain. Next, the particles closest to the either end of the vector
chain are recursively found and added to the chain until no free particles remain.
The result of this construction is a chain of interparticle vectors which are then KS
transformed. The remaining larger separations remain non-regularized. As in the AZ
method, the chain structure must be rebuilt when the ordering of the interparticle
separations changes during a simulation. The chain concept is presented in the right
panel of Fig. 4.1. The ks-chain regularization is still widely used, especially in direct
summation simulation codes such as the nbody5 code and its successors (Aarseth,
1999).

y [Arbitrary units]

Particle
Regularized vector
Non-regularized vector

Aarseth-Zare
x [Arbitrary units]

Heggie's global regularization

KS chain

x [Arbitrary units]

x [Arbitrary units]

Figure 4.1: Three diﬀerent regularization procedures utilizing the KS regularization
method.
From left to right: Aarseth-Zare regularization, Heggie’s global
regularization and ks-chain regularization.

4.3

The algorithmic regularization chain

A new regularization method, the so-called logarithmic Hamiltonian or LogH, which
does not require a coordinate transformation was discovered by Mikkola & Tanikawa
(1999) and Preto & Tremaine (1999). A powerful numerical N-body integration
scheme grew out of this invention: the algorithmic regularization chain method, or
ar-chain (Mikkola & Aarseth, 2002; Mikkola & Merritt, 2006, 2008). The archain method combines the new algorithmic regularization scheme with the chain
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concept from the ks-chain (Mikkola & Aarseth, 1993) method. The algorithmic
regularization chain relies on three important procedures: a time transformation and
a leapfrog integrator, a chained coordinate system to reduce the numerical roundoﬀ
error, and ﬁnally the Gragg-Bulirsch-Stoer extrapolation method to achieve very
high numerical accuracy. The three procedures are next presented in detail due to
their importance in modern regularization methods used in N-body simulations.

4.3.1

ar-chain: Time transformation

We start from the N-body Hamiltonian Eq. (3.22)

H=

N

1
i

2

mi v 2i −

N
N 

Gmi mj
i

j>i

|r ij |

= T − U,

(4.14)

in which U is the so-called force function, i.e. the negative of the potential energy.
The binding energy B of the system is B = −H = U − T . For completeness, the
equations of motion generated by the Hamiltonian from Eq. (3.23) are redisplayed
here:
dr i
= vi
dt
N
(4.15)
dv i  Gmj r ij
=
.
dt
|r ij |3
i=j

Before presenting the time transformation, we deﬁne two new quantities Ω and
ω (Mikkola & Aarseth, 2002). The real quantity Ω is an arbitrary function of the
coordinates, i.e. Ω = Ω({r i }) and ω is a velocity-like variable, deﬁned as
ω(0) = Ω({r i (0)})
dω 
=
∇ ri Ω · v i .
dt
N

(4.16)

i

The variables ω and Ω are initialized to the same initial value. The equation of
motion for ω follows from the chain rule: df /dt = df /dr · dr/dt. The two quantities
ω and Ω would be equivalent on the exact solution of the equations of motion of
the dynamical system. Mikkola & Merritt (2006) used the following expression for Ω
which resembles the potential energy of the least massive particle pairs of the system,
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deﬁned as

N
N 

Ωij
|r ij |
i j>i

m̃2 , if mi mj < Ω m̃
Ωij =
0
otherwise

Ω=

(4.17)


2
m̃ =
mi mj .
N (N − 1)
N

N

i

j>i

Here the distinction between the massive and light particles is based on the meanmass product m̃ of the system. The mean mass epsilon Ω is a user-given parameter,
typically of the order of ∼ 10−3 .
Next, we perform the time transformation (see Mikkola & Merritt 2006 and
Mikkola & Merritt 2008). The dynamical system is supplemented with a new
canonical coordinate s, which acts as the new ﬁctitious time of the system:
ds = [αU + βΩ + γ]dt = [α(T + B) + βω + γ]dt.

(4.18)

Again, the two deﬁnitions are equivalent on the exact solution of the equations of
motion. Here α, β and γ are user-deﬁned real-valued input parameters, which deﬁne
the type of regularization. Note that α and β are not dimensionless variables. The
most commonly used regularization triplets (α, β, γ) are presented in Table 4.1.
Now the motivation for deﬁning the variables ω and Ω becomes clear: they ensure
(α, β, γ)
(1, 0, 0)
(0, 1, 0)
(0, 0, 1)
(1, small, 0)

Algorithm
Logarithmic Hamiltonian (LogH)
Time-transformed leapfrog (TTL)
Common leapfrog
Mixed LogH + TTL

Reference
Mikkola & Tanikawa (1999)
Mikkola & Aarseth (2002)
Mikkola & Merritt (2006)

Table 4.1: The most commonly used time transformation options, parametrized by
the triplet (α, β and γ).
that encounters of the least massive particles of the system have a non-negligible
contribution to the time transformation even though their contribution to the force
function U might be very small.
Through extensive numerical testing, Mikkola & Merritt (2008) found out that
the optimal regularization method is achieved by the choice (α, β, γ) = (1,0,0), which
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corresponds to the Logarithmic Hamiltonian method (Mikkola & Tanikawa, 1999).
However, computing the values of Ω and ω is still proﬁtable, since monitoring the
convergence of the two variables helps to identify the collisions and encounters of light
particles, and to shorten the integration timestep accordingly (Mikkola & Aarseth,
2002). Diﬀerent convergence monitoring procedures are discussed in detail in section
4.3.3.
Now we are ready to write down the time-transformed equations of motion. The
equations of motion become for the coordinates
dt
= [α(T + B) + βω + γ]−1 ≡ t
ds
dr i
= t v i
ds
and the velocities

(4.19)

dt
= [αU + βΩ + γ]−1 ≡ t
ds
N

dB
= −t
mi v i · f i
ds
dω
= t
ds

i
N

i

⎡

dv i
= t ⎣
ds

(4.20)

∇ ri Ω · v i

N

Gmj r ij
i=j

|r ij |3

⎤
+ f i⎦ .

Here f i are the external perturbing accelerations aﬀecting the particles of the
regularized system.
Mikkola & Tanikawa (1999) and (Preto & Tremaine, 1999) proved that the
method, perhaps surprisingly, yields the exact orbit for the Newtonian two-body
problem within numerical precision, even for collision orbits. For maximum numerical
precision, especially for systems with more that two bodies, the transformed
leapfrog needs to be accompanied with special coordinate systems and sophisticated
extrapolation methods. The only error from the algorithm itself is in the ﬁnal time
coordinate, or, the phase angle of a bound binary, the error scaling proportionally
to O(Δt3 ). For the proof of the error scaling, see Appendix A of Preto & Tremaine
(1999).
It is very important to note that Newtonian collision singularities remain in the
time-transformed equations of motion. This is in contrast to the KS regularization
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in section 4.2.3 in which the coordinate singularity was manifestly removed from the
KS-transformed equations of motion. However, if the time-transformed equations
of motion are integrated with a leapfrog integrator so that the coordinates are not
evaluated exactly at |r ij | = 0, the method behaves regularly in collisions as well.
This is the essence of the algorithmic regularization method.

4.3.2

ar-chain: Chained coordinate system

As modern computers approximate real numbers using a ﬂoating-point number
system, roundoﬀ error plagues the accuracy of basically all N-body integrators to
a certain degree. The largest errors typically occur when subtracting two very large
ﬂoating-point numbers whose values are very close to each other. However, the
roundoﬀ error can be minimized by a clever choice of the coordinate system.
The ﬁrst step is to move into the center-of-mass (CoM) coordinate system of the
dynamical system in question. The CoM position and velocity are deﬁned as
r cm =
v cm =

N
i mi r i
N
i mi
N
i mi v i
.
N
i mi

(4.21)

Next we construct the chained coordinate system as in the ks-chain algorithm.
However, there is a major conceptual diﬀerence between the coordinate system of
the ks-chain and the ar-chain. In the ks-chain, the shortest interparticle vectors
were identiﬁed for a coordinate transformation, but in the algorithmic regularization
method such a transformation is not made. However, Mikkola & Tanikawa (1999)
noticed that using the chain structure in the force calculations dramatically reduces
the numerical roundoﬀ error. The ar-chain algorithm cannot achieve satisfactory
numerical accuracy without the chain.
The chain construction proceeds as follows. Here we assume that the N-body
system has already been moved to its center-of-mass coordinate system.
1. Find the shortest interparticle vector. Add the two particles to the chain
structure as the head and the tail of the chain.
2. Add the non-chained particle closest to either the head or the tail of the chain
to the chain structure. This particle will be the new head or tail of the chain.
3. Continue until all particles of the system have been included into the chained
coordinate system.
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For a system of N individual particles there are N − 1 chained interparticle vectors.
An example of a chained coordinate system consisting of 16 N-body particles is
illustrated in Fig. 4.2. Next, the N − 1 chain separation vectors, velocity vectors
0.01
Supermassive black hole
Star
Chain vector

y [kpc]

0.005

0

-0.005

-0.01
-0.01

-0.005

0
x [kpc]

0.005

0.01

Figure 4.2: An illustration of a coordinate system of chained interparticle vectors
with 15 stars and a single supermassive black hole.

and acceleration vectors are deﬁned as
X k = r j k − r ik
V k = v j k − v ik

(4.22)

A k = a j k − a ik
in which the chain vector labeling begins from the tail of the chain. The chain vectors
are used in the force calculation to compute the separation vectors r ij for particles
which are close to each other in the chain. For particles far away from each other in
the sequence of chained interparticle vectors, using Cartesian positions and velocities
is in fact more accurate. This is due to the accumulating error when summing a large
number of interparticle vectors. The chain separation calculation is used for particles
whose chain indexes diﬀer by no more than Nd , i.e. |i − j| ≤ Nd . More precisely,
the particle separations in the ar-chain method are computed using the following
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recipe:

⎧
rj − ri
if |i − j| > Nd
⎪
⎪
⎨
max{i,j}−1

r ij =
⎪
sgn(i − j)X k if |i − j| ≤ Nd .
⎪
⎩

(4.23)

k=min{i,j}

The extensive numerical tests of Mikkola & Merritt (2008) found Nd = 2 to work
well. Following them we also set here Nd = 2.
Now we can write down the equations of motion from which the chained leapfrog
can be constructed. The equations of motion for the coordinates are
dt
= [α(T + B) + βω + γ]−1 ≡ t
ds
dX i
= t V i
ds
and for the velocities

(4.24)

dt
= [αU + βΩ + γ]−1 ≡ t
ds
N

dB
= −t
mi v i · f i
ds
i

dω
= t
ds

N


(4.25)
∇Xi Ω · V i

i

dV i
= t [Ai ({X i }) + f i ] .
ds
Note that for some equations of motion, such as the one for the binding energy B,
it is more convenient to use the original velocity vectors rather than the chained
variables.

4.3.3

ar-chain: the Gragg-Bulirsch-Stoer extrapolation method

N-body regularization techniques often use extrapolation methods to enhance the
accuracy of the integration and to provide a robust error control mechanism (e.g.
Aarseth 2003). Gragg-Bulirsch-Stoer (GBS) extrapolation method is a powerful
tool for solving ordinary diﬀerential equations with a relatively small computational
eﬀort (Gragg, 1965; Bulirsch & Stoer, 1966). Next, we outline the basics of the
GBS extrapolation algorithm and then present how the extrapolation method is
used within the ar-chain algorithm. Brieﬂy, the essence of GBS extrapolation is
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to solve a diﬀerential equation over an interval H using a numerical integrator with
various diﬀerent substep numbers n and then extrapolate the results to n → ∞.
The following discussion follows the original GBS articles as well as the standard
textbooks in numerical methods by Press et al. (2007) and Hairer et al. (2008).
A ﬁrst-order ordinary diﬀerential equation (ODE) accompanied by an initial value
can be written as
dy
= f (y), y(x0 ) = y0 .
(4.26)
dx
A second-order ordinary diﬀerential equation can be split into a coupled pair or
ﬁrst-order equations:
d2 y
= f (y),
2
 dx
dy
=z
⇔ dx
dz
= f (y)
dx

y(x0 ) = y0 , y  (x0 ) = z0
(4.27)
y(x0 ) = y0 , z(x0 ) = z0

in which the prime indicates a derivative with respect to x. Equations of this form
are very familiar in physics, for example the equations of motion for many classical
dynamical systems. In addition, we already introduced an integrator to solve these
equations of motion in section 3.5: the leapfrog.
Next, we formally solve the pair of ODEs over an interval of H. The formal
solutions are y(x0 + H) and z(x0 + H). We split the long interval H into n substeps
with a length h, i.e.
H
(4.28)
h= .
n
With n substeps using a numerical integrator, we obtain the approximate results
yn and zn . The Richardson extrapolation technique (Richardson, 1911; Richardson
& Gaunt, 1927) used within the GBS extrapolation method requires that the used
integrator has an error series which contains only even powers of the substep (Press
et al., 2007). The error series can thus be written as
|yn − y(x0 + H)| =

∞


ak h2k

k=1

|zn − z(x0 + H)| =

∞


(4.29)
2k

bk h .

k=1

Fortunately, quite simple integrators such as the midpoint method and the common
leapfrog have the desired error behaviour. Next, we perform the extrapolation itself.
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The key idea is to solve the ODEs with a suitable numerical integration method
with diﬀerent numbers of substeps n, in order to obtain the results (yn , zn ), and then
use the Richardson extrapolation method to obtain the ﬁnal results in the formal
limit of inﬁnite number of substeps. Richardson extrapolation utilizes either rational
functions
p0 + p1 x + ... + pμ xμ
R(x) =
(4.30)
q0 + q1 x + ... + qν xν
or polynomials
P (x) = p0 + p1 x + ... + pμ xμ

(4.31)

and sophisticated convergence acceleration methods (Richardson & Gaunt, 1927) to
ﬁnd the ﬁnal results:
y(x0 + H) = lim yn
n→∞
(4.32)
z(x0 + H) = lim zn
n→∞

as the sums of both error series vanish within numerical accuracy as the substep
h → 0. An illustration of the extrapolation process with eight diﬀerent substep
divisions and a polynomial function is presented in Fig. 4.3.3. A large number of

Dynamical variable

Result with n substeps
Rational/polynomial fit
Extrapolated result with n

0

0.2 H

0.4 H
0.6 H
h=H/n

0.8 H

H

Figure 4.3: The GBS extrapolation method. A diﬀerential equation is solved using
a suitable numerical integrator over an interval of H with several diﬀerent substep
divisions n. Finally, the substep results are extrapolated to n → ∞ using a rational
or a polynomial function.
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numerical tests have been performed in the literature to ﬁnd an optimal sequence of
the number of substep divisions {nk } to ensure fast convergence and also to minimize
the computational load. The original substep number sequence (Bulirsch & Stoer,
1966) is
n = 2, 4, 6, 8, 12, 16, 24, 32, 48, 64, 96, ...
(4.33)
i.e. nk = 2nk−2 for k > 2. Numerical experiments have shown that using, for
example, the simple Deuﬂhard sequence (Press et al., 2007) nk = 2k i.e.
n = 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, ...

(4.34)

the speed of the algorithm and convergence behaviour is better than in the original
GBS implementation.
In detail, the GBS extrapolation algorithm proceeds as follows. First, the
algorithm solves the diﬀerential equations using a suitable integrator for the few
smallest subdivision counts nk . Next, a rational function or polynomial extrapolation
is performed to obtain the extrapolated results Tk = (ykext , zkext ). The leapfrog is then
called to compute subsequent solutions of the diﬀerential equation with an increasing
number of substep divisions until the convergence criterion


 Tk+1 − Tk 
 ≤ ηGBS

(4.35)


Tk
is fulﬁlled. Here ηGBS is a user-given GBS error tolerance parameter. The
convergence criterion provides a robust error control mechanism for GBS
extrapolation: the algorithm proceeds until the desired accuracy is reached. Such
a mechanism is absent from simple integrators such as the common leapfrog. If
convergent results are not obtained after kmax leapfrog integrations, i.e. nkmax
substeps, the algorithm splits the original integration interval H into two subintervals
of length H/2 and starts from the beginning. The GBS extrapolation algorithm also
provides a suggestion for kmax to enhance the performance of the algorithm, and a
suggestion for the next integration interval H based on the error estimates (Hairer
et al., 2008).
Now we are ready to provide a GBS extrapolation recipe for ar-chain. The
leapfrog (here KDK) time evolution operator with n substeps can be written as
  
   n  
 
H
2H
H
H
H
K
D
K
(4.36)
K
Un (H) = K
n
n
n
n
n
for even substep division counts n ≥ 2. The initial state of the chained timetransformed system is
|t0 = |t0 , {X i }, {V i }, B, ω .
(4.37)
83

4.4. Implementation of the post-Newtonian corrections in ar-chain

After integration with n substeps the dynamical state of the system is
|t0 + H

n

= Un |t0 .

(4.38)

As with a single diﬀerential equation, extrapolation to n → ∞ is attempted using a
polynomial or a rational function extrapolation until the desired accuracy in every
dynamical variable of the system is obtained. Our numerical tests have shown that
the polynomial function extrapolation is less error prone in our simulations.

4.4

Implementation of the post-Newtonian corrections in
ar-chain

If post-Newtonian corrections g i (v) to the Newtonian gravitational force are included
in the chained equations of motion, the velocity equations from Eq. (4.20) become
dt
= [αU + βΩ + γ]−1 ≡ t
ds
N

dB

= −t
mi v i · [f i + g i (v)]
ds
dω
= t
ds

i
N


(4.39)
∇ Xi Ω · V i

i

dV i
= t [Ai ({X i }) + f i + g i (v)] .
ds
We immediately see that derivatives of the velocities depend of the velocities
themselves, so the basic leapfrog cannot be constructed. The equations of motion
could be solved using implicit methods over each timestep, but the iterative process
required in order to reach high accuracy is computationally costly.
Fortunately, more eﬃcient explicit computational methods exist relying on
further extensions of the phase-space of the dynamical system (Hellström & Mikkola,
2010; Pihajoki, 2015). We introduce the so-called auxiliary velocities wi and the
corresponding chained auxiliary velocities W i . The auxiliary velocities are set equal
to the physical velocities at the beginning of each timestep. Next, we write the
84

Chapter 4. Regularization methods

physical and auxiliary kick operators Kaux and Kphys deﬁned as

Vi→Vi
Kaux (Δt) =
W i → W i + Δt [Ai ({X i }) + f i + g i (v)]

Wi → Wi
Kphys (Δt) =
V i → V i + Δt [Ai ({X i }) + f i + g i (w)]

(4.40)
(4.41)

in which B and ω have been omitted as their velocity dependence is linear and
can be analytically integrated over the timestep (Mikkola & Merritt, 2006; Rantala
et al., 2017b). During the auxiliary kick the physical velocities are updated using
the auxiliary velocities in the post-Newtonian corrections g i (w), and vice versa.
The complete kick operator K and the leapfrog time evolution operator UDKD then
become
K(Δt) = Kaux (Δt/2)Kphys (Δt)Kaux (Δt/2)
UDKD (Δt) = D(Δt/2)Kaux (Δt/2)Kphys (Δt)Kaux (Δt/2)D(Δt/2).

(4.42)

Using the auxiliary velocity method the very expensive iterative process of solving
the implicit equations of motion is completely avoided and the velocity-dependent
equations of motion can be explicitly integrated with a relatively small extra
computational cost.
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5 The regularized tree code ketju
5.1
5.1.1

Regularized tree codes
The advantages and limitations of code types

The ﬁeld of N-body simulations is broad and there are a large number of diﬀerent
numerical codes, with most specialized in simulating the dynamics of certain types
of astronomical N-body systems. Black holes are often present in these simulations
as members of astrophysically interesting stellar-dynamical systems ranging from
stellar-mass compact binaries in the Milky Way to SMBHs and SMBH binaries at
the centers of massive early-type galaxies.
Direct summation codes typically employ high-order integrators and either use a
very small gravitational softening  ∼ 10−5 kpc (e.g. Harfst et al. 2007) or regularize
the few-body encounters in the simulations (nbody codes, see Aarseth 1999). These
methods enable accurately resolving the small-scale black hole dynamics in the
simulations. Direct summation codes are typically used to study the dynamical
evolution of globular clusters, isolated galaxies and galaxy mergers. The quadratic
scaling of the direct summation algorithm limits the particle number to typically
N ∼ 106 particles, which is adequate for the number of single stars in a typical
globular cluster (Wang et al., 2016). For a massive galaxy this particle number
yields a poor mass resolution, especially if the dark matter component of the galaxy
is also modeled using N-body particles.
Tree codes, such as the gadget-3 family of codes, are capable of integrating a
very large number of simulation particles, N > 108 in isolated systems and merger
simulations, and beyond N > 1010 in cosmological box runs. In addition, many
tree codes include routines for hydrodynamics and subresolution astrophysics and a
capability to perform simulations in co-moving cosmological coordinates. However,
the gravitational softening limits the spatial resolution of the tree codes to typically
0.001 kpc − 0.1 kpc, which prohibits studying the dynamics of close SMBH binaries
with these codes.
On-the-ﬂy code switching is a simulation technique often applied in order to
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be able to simulate all the relevant physical processes concerning SMBH binary
formation and evolution in galaxy mergers. For example, one can simulate a highresolution dry galaxy merger with a tree code and switch to a direct summation code
when a SMBH binary forms (Milosavljević & Merritt, 2001). Another example is to
identify galaxy mergers with SMBHs in cosmological simulations run with a tree code
and use this output as initial conditions for a direct summation code (e.g. Khan et al.
2016). In this type of simulations the direct summation simulation focuses on the
central part of the merger remnant around the SMBH binary, discarding the outer
parts of the galaxy. However, switching the code and the numerical accuracy and
limiting the simulation volume can introduce spurious numerical eﬀects aﬀecting the
ﬁnal simulation results.
Regularized tree codes (e.g. Jernigan & Porter 1989; Karl et al. 2015; Rantala
et al. 2017a,b) bridge the gap between the direct summation codes and tree codes.
The key idea of these hybrid codes is to include a regularized region around
every SMBH in a simulation, guaranteeing non-softened gravitational forces between
SMBHs as well as stars and SMBHs. Diﬀerent integrators are used inside and outside
the regularized region. The global dynamics is solved with a fast tree code while in
the regularized regions a high numerical accuracy is simultaneously achieved. In this
section we introduce our novel regularized tree code ketju (Rantala et al., 2017b)
which is an extension of the widely used tree code gadget-3. The regularized
integrator in ketju is a C-based reimplementation of the ar-chain integrator
(Mikkola & Merritt, 2006, 2008).

5.1.2

Gravitational softening and numerical relaxation in direct
summation and regularized tree codes

Rewriting Eq. (3.4), the relaxation time of a stellar system consisting of N particles
is approximately
trelax
N
,
(5.1)
∼
tcross
8lnΛ
in which lnΛ is the Coulomb logarithm (Binney & Tremaine, 2008). One can ask
to what extent the softened gravity outside the regularized region aﬀects the twobody relaxation process in the simulations and e.g. the loss cone ﬁlling rate of
the SMBH binaries. First, we emphasize that in spherical, isolated galaxies with a
central SMBH binary the loss cone ﬁlling rate and thus the hardening rate of the
binary are determined by the two-body relaxation process. This is true for both
direct summation and regularized tree codes as the number of simulation particles
(105 − 108 ) is lower than the number of stars in a typical massive galaxy (N ∼ 1011 ).
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Thus, numerical simulations should in general concentrate on physical situations
in which another loss cone ﬁlling mechanism than two-body relaxation dominates.
Fortunately, SMBH binaries form in galaxy mergers which also render the merger
remnants non-spherical. The non-spherical galaxy potential can eﬃciently torque
stars into the loss cone of the binary (e.g. Khan et al. 2011, 2013; Gualandris et al.
2017 and references therein).
Even though another process than two-body relaxation dominates the SMBH
binary hardening rate, numerical relaxation eﬀects might still aﬀect the simulation
results to some extent. Rantala et al. (2017b) studied the two-body relaxation
driven SMBH binary hardening by comparing results obtained using the regularized
tree code ketju to the results of direct summation code nbody7. Using identical
particle numbers N , the two-body relaxation driven SMBH binary hardening rate in
a regularized tree code simulation converges to the result of a direct summation code
when the gravitational softening length  is suﬃciently small. This is illustrated in
Fig. 5.1.
In general, regularized tree codes allow running simulations with higher particle
numbers than direct summation codes. This fact helps to bridge the gap in the
numerical accuracy between the two code types. Ludlow et al. (2018) recently studied
the eﬀect of gravitational softening length and simulation particle number on the
convergence of the simulation results. In the study the two-body relaxation time for
a softened stellar system can be estimated as
trelax
N
≈
tcross
8ln(R/)

(5.2)

in which N is the particle number, R is the size of the stellar system and 
the gravitational softening length. We can immediately notice that the two-body
relaxation time trelax depends linearly on the particle number N while the dependence
on the softening length  is only logarithmic. Thus, the particle number i.e. the
mass resolution of the simulation is far more important in determining the two-body
relaxation time than the softening length (Huang et al. 1993; Theis 1998; Dehnen
2001). This result originates from the fact that even though close encounters are
strong, they are also very rare, and the distant encounters dominate the cumulative
eﬀect of the perturbations (Chandrasekhar 1942; Spitzer & Hart 1971; Hernquist &
Barnes 1990).
For a short analytical demonstration, we insert the common softening length
scaling
 −1/3
N
0
(5.3)
=
N0
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Figure 5.1: The two-body relaxation driven hardening of a SMBH binary in a stellar
bulge with N = 105 particles. The inverse semi-major axis of the binary 1/a is
plotted as function of simulation time. The ketju results converge into the industry
standard nbody7 results when the gravitational softening length  is small enough.
The standard softened gadget-3 underestimates the hardening rate due to the lack
of strong three-body interactions while an early regularized tree code rvine (Karl
et al., 2015) somewhat overestimates the hardening rate. Note that the particle
number is low for a typical simulation with a regularized tree code. Image credit:
Fig. 4 of Rantala et al. (2017b).

with N0 = 106 , 0 = 0.01 kpc and R = 10 kpc into Eq. (5.2). We obtain an almost
linear scaling relation
trelax
∝ N 0.95±0.02
(5.4)
tcross
in which the logarithmic slope slightly depends on the range of N used. Finally, we
show that the two-body relaxation times in the simulations of this thesis work exceed
the corresponding values in direct summation simulations by a large factor. By
comparing the simulation parameters ( = 3.5 pc, Re = 7 kpc) of ketju simulation
study Rantala et al. (2018) and the parameters ( = 8.3 × 10−3 pc, Re = 1.5 kpc) of
a typical direct summation study of Khan et al. (2011), we obtain relaxation times

5.0 × 103 Khan et al. (2011)
trelax
N
=
≈
(5.5)
tcross
8ln(R/)
6.5 × 104 Rantala et al. (2018)
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in which the value of R = 2Re of the initial galaxy setup. Thus, we conclude
that regularized tree codes do not suﬀer from additional numerical relaxation eﬀects
compared to typical direct summation codes, provided that the simulation particle
numbers are high enough.

5.2

ar-chain implementation in ketju

In ketju, the ar-chain time transformation is of the type (α, β, γ) = (1, 0, 0). The
equations of motion are for the coordinates
dt
1
=
ds
T +B
dX i
1
=
Vi
ds
T +B
and for the velocities

(5.6)

N
dB
1 
=−
mi v i · [f i + g i ]
ds
U

dω
1
=
ds
U

i
N


∇ Xi Ω · V i

(5.7)

i

dV i
1
= [Ai + f i + g i ] .
ds
U
The variables are deﬁned as in section 4.3. The chained leapfrog can be constructed
out of the equations, as described in section 3.5. If post-Newtonian corrections are
used, the auxiliary velocity must be introduced as in section 4.4 in order to obtain
an explicit integration algorithm.

5.3
5.3.1

ar-chain–gadget-3 interface
Regularized subsystems in a tree structure

At the beginning of the smallest timestep in ketju, the regularized subsystems
are ﬁrst constructed (Rantala et al., 2017b). The code manages a list of all
SMBH particles and using this list the positions r •,j of the SMBHs are found. A
regularized subsystem consists of the stellar and other SMBH particles located in a
spherical volume around any SMBH in the simulation. The radius of the spherical
volume, rchain , is a user-given input parameter in the current version of ketju.
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Here the subscript ’chain’ refers to the ar-chain integrator solving the regularized
gravitational dynamics in the subsystems. If the subsystem volumes of two or more
SMBHs overlap, the SMBHs belong to the same subsystem.
The radius of the subsystem should be chosen carefully. The lowest possible value
for the chain radius rchain is set by the gadget-3’s W2 gravitational softening kernel
for which the gravitational tree force is exactly Newtonian beyond r ≥ 2.8 (Springel
et al., 2001). As we want that the gravitational interactions between SMBHs and
SMBHs and stars are never softened, we set
rchain > 2.8.

(5.8)

The upper limit for the subsystem radius originates from the fact that our current
ar-chain implementation is capable of eﬃciently integrating up to ∼ 500 particles
in a single regularized region (Rantala et al., 2018). Increasing the particle number
beyond ∼ 500 particles the ar-chain part of ketju would consume most of the
computational time. This is due to the steep scaling of the ar-chain algorithm
with particle number N , O(N 2.2 ) (Rantala et al., 2017b). With these limitations,
the values for rchain are in the range 0.01 kpc  rchain  0.05 kpc with the current
particle numbers in typical galactic-scale ketju simulations. Future work will allow
ketju simulations with more simulation particles as it is possible to parallelize the
GBS algorithm in a more eﬃcient manner than in the algorithm of Press et al. (2007)
which is currently used. This performance update is technically demanding and will
be implemented after the completion of this thesis work. In addition, it is possible
to embed a direct summation region utilizing a high-order integrator between the
regularized region and the tree. This nested hierarchy of integrators allows decreasing
of the chain radius and increasing the overall particle number in the future versions
of ketju.

5.3.2

Constructing regularized subsystems

Once the subsystem memberships of the various SMBHs are known, we determine
which other simulation particles belong to these subsystems and which particles
should be classiﬁed as perturber particles. There are three possible status options
for a simulation particle with respect to the regularized region. A particle can be
a member of the subsystem, or it can be either a near-ﬁeld or a far-ﬁeld perturber.
In the current ketju code implementation only stellar particles can enter the
regularized regions in addition to SMBHs while the dark matter (and gas) particles
can only perturb the regularized regions.
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Figure 5.2: An illustration of a regularized subsystem with 15 chain members,
two of which are SMBHs (black circles) and the rest are stars (red symbols).
Outside the chain radius there are 13 near-ﬁeld perturbers (blue symbols). The
approximate predicted motion of the near-ﬁeld perturbers during the next timestep
is plotted as a blue line based on the current position, velocity and acceleration of
the each perturber. These predicted positions of the near-ﬁeld perturbers are used
in computing the evolving tidal perturbation on the subsystem during the ar-chain
integration. Outside the perturber radius there are two far-ﬁeld perturbers, shown as
green symbols. The positions of the far-ﬁeld perturbers are not predicted during the
ar-chain integration as the tidal ﬁeld from distant particles evolves slowly. Note
that all the perturbers in this illustration have equal masses so there is a single
perturber radius.

By using the subsystem radius rchain and the perturber radius rpert we divide
the stellar and dark matter particles into three particle groups by computing their
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separation to all the SMBHs in the simulation, i.e.
⎧
⎪
→ chain subsystem particle
⎨0 ≤ r ≤ rchain
|r ,i − r •,j | = r → rchain < r ≤ rpert
→ near-ﬁeld perturber
⎪
⎩
rpert < r
→ far-ﬁeld perturber

→ near-ﬁeld perturber
0 ≤ r ≤ rpert
|r DM,i − r •,j | = r →
rpert < r
→ far-ﬁeld perturber.

(5.9)

The particle can belong only to a single regularized subsystem, which is ensured
by considering arbitrary overlapping subsystem volumes as a single subsystem. On
the other hand, a single particle may perturb several subsystems. Finally, other
subsystems and isolated SMBHs without particles in their surroundings can act as
perturbers as well.
The perturber radius is deﬁned in ketju in the following manner. Before starting
a ketju simulation, we manually check the mass of the most massive SMBH and
the least massive particle in the initial conditions. Then, we ﬁx the constant γpert by
demanding that the perturber radius is twice the subsystem radius for this particle
pair, i.e. rpert = 2rchain . This perturber input parameter ﬁxes the perturber radii
for other particles in the simulations according to the equations

rpert = γpert

γpert = 2

mi
M•

1/3

min{mIC
i }
max{M•IC }

rchain
−1/3

(5.10)

from which we can see that the perturber radius increases proportional to the cube
root of the mass ratio of the particle and the SMBH in a subsystem. An illustration
of a regularized chain subsystem and the two perturber regions is shown in Fig. 5.2.
The particles which belong to a certain chain subsystem are propagated by using
the ar-chain integrator and not the standard leapfrog of gadget-3. The center-ofmass of the subsystem is placed into the tree structure of gadget-3 as a macroscopic
subsystem particle with internal gravitational dynamics. These macroparticles are
propagated using gadget-3’s KDK leapfrog as an ordinary tree particle with the
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following initial properties at the beginning of a timestep:
Mcm =

Nc


mi

i

r cm =
v cm =
acm =

Nc
i mi r i
Nc
i mi
Nc
i mi v i
Nc
i mi
Nc
i mi ai
.
Nc
i mi

(5.11)

Here Nc is the number of particles in the subsystem. For the tree acceleration
calculation the subsystem macroparticle is resolved, i.e. the subsystem particles
are brieﬂy repositioned into the tree, so that the individual subsystem particles have
their tree accelerations stored in ketju as well. These accelerations are again needed
during the next timestep if the particle exits the regularized region, or alternatively
in the center-of-acceleration calculation for the macroparticle if the particle remains
in the regularized region. In addition, as the macroparticles are resolved for the
tree force calculation, the other tree particles only see their resolved particle content
and not the macroparticle itself. This modular code structure is one of the most
important aspects of the ketju code development: the modiﬁcations of gadget-3
or any future host code should be minimal. At the end of a single gadget-3 KDK
leapfrog sequence, all the subsystems are deconstructed and the simulation particles
are returned to the tree structure.

5.3.3

Perturbing forces

During the ar-chain integration, the dynamics of the particles in the regularized
regions is aﬀected by the accelerations ai from the non-softened gravitational
forces from the subsystem particles, post-Newtonian corrections g i (v) and softened
perturber accelerations f i from perturber particles outside the subsystem.
The treatment of tidal perturbations on the subsystem from the two types of
perturber particles diﬀers slightly. The far-ﬁeld perturbations are computed for every
subsystem particle - perturber pair using their coordinates at the beginning of the archain integration and remain constant until the end of the timestep (Rantala et al.,
2018). The assumption of a constant far-ﬁeld perturbation is motivated by the fact
that the large-scale structure of an N-body system cannot change drastically during
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a single short timestep. The same assumption is employed in the Ahmad-Cohen
scheme, which is widely used in nbody codes (Ahmad & Cohen, 1973; Aarseth,
1999).
The tidal perturbations from the near-ﬁeld particles cannot be assumed to be
constant. Thus, the positions of the near-ﬁeld perturbers are predicted during the
ar-chain integration and the tidal perturbations on the subsystem particles are
updated accordingly. In ketju, we use quadratic prediction, i.e. the initial position,
velocity and acceleration are used to predict the future position of the near-ﬁeld
perturbers.
We summarize the tidal perturbation f i (t) computation consisting of a constant
far-ﬁeld perturbation and the predicted near ﬁeld perturbations by the following
equations:
1
r pert
(t) = r pert
(t0 ) + v pert
(t0 )[t − t0 ] + apert
(t0 )[t − t0 ]2
j
j
j
2 j
r farﬁeld
(t) = r farﬁeld
(t0 )
j
j


Npert

f i (t) =

Gmj

j

+

Nfarﬁeld

j

r pert
(t) − r i (t)
j

(5.12)

W i (|r pert
(t) − r i (t)|3 )
j

Gmj

r farﬁeld
(t0 ) − r i (t0 )
j
W i (|r farﬁeld
(t0 ) − r i (t0 )|3 )
j

.

Here the notation W i is a reminder that the perturber accelerations are computed by
using the softened gravitational force. If another macroparticle in the tree perturbs
the subsystem, the other macroparticle is brieﬂy resolved and the perturber force
computation proceeds as stated before.

5.3.4

Timestepping in ketju

The timestep selection procedure of gadget-3 (Springel, 2005) requires small
modiﬁcations if there are regularized subsystems present. The particles which
belong to a regularized subsystem do not receive their tree timestep according to
the standard gadget-3 timestep criterion


ηi 1/2
Δti =
(5.13)
|ai |
which is redisplayed from Eq. (3.42). Instead, after determining the timesteps
using this criterion for the ordinary tree particles and the macroparticles, we ﬁnd
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the smallest timestep of the simulation. All the macroparticles and the particles
belonging to a regularized subsystem are placed onto this smallest timestep level.
Even though the particles in the subsystem do not take part in the gadget-3 KDK
propagation while in the subsystem, the lowest timestep level ensures that they
remain active particles in the force calculation so that they have tree accelerations
stored for the next timestep.
The near-ﬁeld perturbers are placed onto the lowest timestep level as well. This
is done to ensure that the timesteps of the particles in the vicinity of a SMBH are
synchronized with the SMBHs timesteps. Thus, the accelerations and velocities of the
nearby particles are up-do-date in the gadget-3 timestep hierarchy for a possible
inclusion in the subsystem of the SMBH during the next few timesteps. Finally,
the timesteps of the far-ﬁeld perturber particles are not aﬀected by the regularized
subsystems in any manner.

5.3.5

SMBH mergers and disruption of stars

In ketju, two types of particle mergers are possible. A stellar particle can be
accreted by a SMBH, and two SMBHs can merge with each other. There are two
diﬀerent merger criteria: particle collisions and gravitational wave inspirals (Rantala
et al., 2017b).
The GW inspiral merger criterion is implemented by comparing the estimated
GW inspiral timescale to the current smallest timestep in the gadget-3 timestep
hierarchy. We deﬁne the estimate of the GW coalescence timescale tc for a binary
with a semi-major axis a and eccentricity e as
  
a  da −1
tc = 
(5.14)
4
dt e 
in which the estimate for the time derivative of the semi-major axis is obtained
using the Peters-Mathews formula Eq. (3.31), assuming a constant eccentricity. The
assumption of constant eccentricity is accurate enough during the ﬁnal timestep as
long as the binary eccentricity is not very high. In our typical ketju simulations
the inspiraling SMBH binary has already circularized due to GW emission to e ∼ 0
before the coalescence, and the approximation is thus reasonable. We perform the
GW-driven SMBH merger if
tc ≤ s1 Δt
(5.15)
where s1 > 1 is a temporal safety factor. Typically, we use s1 ∼ 2 − 10, with the
larger safety factor values used for simulations with very massive (M• ∼ 1010 M )
SMBHs.
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Figure 5.3: Comparing the SMBH binary orbital evolution in a galaxy merger with
standard gadget-3 and ketju with and without PN corrections. Left panel: the
SMBH separation and later the semi-major axis of the bound binary. gadget-3
cannot follow the binary evolution below the softening scale  = 3.5 pc. Using
ketju we can follow the binary evolution into sub-parsec separations, and all the
way into the ﬁnal inspiral if PN corrections are used. Right panel: the eccentricity
evolution of the binary in ketju runs, with the GW-driven binary circularization
clearly visible in the ﬁgure.

The collision criterion for two SMBHs is the following. We merge the SMBHs if
their separation becomes smaller than six times the sum of their Schwarzschild radii:
rmin,S = 6 (rS,1 + rS,2 ) =

12G
(M•,1 + M•,2 ),
c2

(5.16)

which corresponds to twice the sum of the innermost stable circular orbit (ISCO)
of the Schwarzschild SMBHs. The criterion is motivated by our numerical tests
in which we found that the PN corrections are still well-behaved when the SMBH
separation is ∼ rmin,S , and become numerically ill-behaved and unphysical at smaller
separations.
For a SMBH-star pair the collision separation is obtained using the Schwarzschild
criterion as before, or using an estimate for the tidal disruption radius rTDE . Again,
the rTDE is multiplied by a spatial safety factor s2 ∼ 10. ketju computes both the
Schwarzschild criterion and the tidal disruption criterion for the pairs of a SMBH
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and a star and uses the larger radius of these:
)
(
12GM•
rmin,T = max
, s2 rtde
c2


M• 1/3
rTDE = R
.
M

(5.17)

The deﬁnition of the approximate tidal disruption radius here assumes rTDE ∼
(M• /m )1/3 R and for the ’size’ of the stellar particles R ∼ (m /M )R .
For numerical eﬃciency, particle collisions are searched in the regularized
subsystems at the beginning of the ar-chain integration. We use a linear prediction
based on the particle positions and velocities at the beginning of the timestep to
estimate whether the collision separations rmin,S or rmin,T are reached for the SMBHSMBH and star-SMBH pairs during the next smallest global gadget-3 timestep Δt.
The criterion is tested by solving the equation
tcoll =

2
− r 12 · r 12
1 rmin
.
2
r 12 · v 12

(5.18)

In the equation the minimum separation rmin is replaced with the relevant minimum
separation for the particle pair, rmin,S or rmin,T . If 0 ≤ tcoll ≤ Δt, the collision
criterion is fulﬁlled and we merge the particles. A quadratic prediction is not used
as it yielded too many false positive collision predictions in our numerical tests.
The particles are merged in such a manner that the Newtonian total mass,
momentum and angular momentum are conserved. A relativistic merger procedure,
taking into account GW mass loss and GW kick of the merged SMBH, has been
implemented in ketju, but has not yet been used in a published work.
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6 Summary of the publications
6.1

Overview of published work

The thesis consists of four peer-reviewed publications:
• Paper I: Rantala, A., Pihajoki, P., & Johansson, P.H., 2017. ’ketju:
Post-Newtonian-accurate supermassive black hole dynamics in gadget-3’.
Reference: Rantala et al. (2017a).
• Paper II: Rantala, A., Pihajoki, P., Johansson, P.H., Naab, T., Lahén, N., &
Sawala, T., 2017. ’Post-Newtonian dynamical modeling of supermassive black
holes in galactic-scale simulations’. Reference: Rantala et al. (2017b).
• Paper III: Rantala, A., Johansson, P.H., Naab, T., Thomas, J., & Frigo,
M., 2018. ’The formation of extremely diﬀuse galaxy cores by merging
supermassive black holes’, Reference: Rantala et al. (2018).
• Paper IV: Rantala, A., Johansson, P.H., Naab, T., Thomas, J., & Frigo,
M., 2019. ’The simultaneous formation of cored, tangentially biased, and
kinematically decoupled centers in massive early-type galaxies’. Reference:
Rantala et al. (2019).
All the published articles included in this thesis are related to the development
of the ketju code and its ﬁrst astrophysical applications. Paper I is a peer-reviewed
conference proceedings related to a presentation given by the author at the IAU
Symposium 324 ’New Frontiers in Black Hole Astrophysics’ in Ljubljana, Slovenia
in September 2016. Papers II-IV are peer-reviewed journal articles published in the
Astrophysical Journal (ApJ) and the Astrophysical Journal Letters (ApJL). The
papers are summarized below.
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Paper I

The key point of Paper I is to announce the existence of the ketju code to the
astrophysics community. The purpose of this peer-reviewed conference proceedings
is not to provide an in-depth description of the ketju code, but to make the general
community aware of regularized tree codes, their main numerical methods and the
advantages of regularized tree codes compared to ordinary tree codes.
The motivation for a new simulation code to model small-scale SMBH dynamics
as a subresolution dynamics module inside a tree code is brieﬂy discussed. Ordinary
tree codes, such as gadget-3, utilizing gravitational softening cannot follow the
SMBH dynamics below the softening scale . If the gravitational softening length
is set to zero numerical errors become exceedingly large when particle separations
are very small. The accurate small-scale integrator ar-chain is also introduced.
The motivation for a time transformation, chained inter-particle coordinate system
and the Gragg-Bulirsch-Stoer extrapolation method is brieﬂy outlined. In addition,
the post-Newtonian formulation of the equations of motion is presented. Next, the
interface between gadget-3 and ar-chain is discussed. The gadget-3 simulation
particles are set into three categories based on their type and separation to the nearest
SMBH. First, SMBHs and stellar particles in the immediate vicinity of a SMBH
belong to a regularized subsystem propagated with the ar-chain integrator. Dark
matter particles, stars and SMBHs strongly perturbing the regularized subsystems
are labeled as perturber particles. The particles far from any SMBH are ordinary
tree particles.
Finally, the new SMBH merger criterion based on the estimated gravitational
wave driven inspiral timescale in ketju is introduced. The new criterion replaces
the criterion commonly used in gadget-3 and other similar tree codes in which two
SMBHs merge if their softening kernels overlap and their relative velocity is small
enough, typically a fraction of the local sound speed in hydrodynamical simulations.
The old merger criterion yields SMBH merger separations of r  10 pc. With the
new merger criterion, the merger separation is of the order of 102 AU − 103 AU, i.e.
by a factor of 103 − 104 smaller than with the old gadget-3 criterion. This has
also a large eﬀect on the merger times in simulations. Instead of an instant SMBH
merger, the formed SMBH binary experiences a prolonged hardening phase in which
the binary shrinks due to interactions with the surrounding stars and later due to
GW emission. In the simulations of Paper I the merger delay is of the order of a few
hundred Myr compared to softened simulations.
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6.3

Paper II

Paper II is the oﬃcial ketju code paper, providing an in-depth presentation of all
the numerical methods used in the simulation code. The ar-chain integrator and
its interface to gadget-3 are explained in great detail, considerably extending Paper
I. The pseudocode of the chained leapfrog integrator used in ar-chain is presented
in the Appendix of the paper. In addition, the article presents a new implementation
of a multi-component initial conditions generator for spherical early-type galaxies.
The results of ketju are compared with two other simulation codes, rvine and
nbody7, in two test scenarios. The ﬁrst scenario considers dynamical friction. We
place a single SMBH on a circular orbit at the half-mass radius of a spherical stellar
bulge in the initial conditions. The SMBH sinks to the center of the galaxy due to
dynamical friction, and the sinking timescales of the SMBH in diﬀerent codes are
compared. We ﬁnd that ketju reproduces the results of the other simulation codes
very well while the ordinary gadget-3 code overestimates the sinking timescale.
The second test scenario models the hardening of a SMBH binary at the center of a
stellar bulge. Also here ketju reproduces the results of nbody7.
We conﬁrm the energy conservation in the standalone ar-chain routine and
in the interface between the regularized integrator and gadget-3. Our novel archain implementation passes the literature tests of the earlier ar-chain versions
with excellent results while the interface tests conﬁrm that the numerical errors
introduced by the inclusion of a subsystem with zero gravitational softening are
small.
We compute the theoretical scaling of the ar-chain integrator, which is found to
be O(N 2.2 ) in the worst-case scenario. The maximum practical number of simulation
particles in a regularized region is limited to N ∼ 500 by these considerations. We
performed strong and weak scaling tests which show satisfactory scaling of the code
considering the planned number of CPUs in the applications.
Next, we explore the eﬀects of the stellar mass resolution on the hardening rate
of the binary. We ﬁnd that the eﬀect of the numerical resolution on the SMBH
binary hardening rate decreases when more realistic multi-component galaxy initial
conditions are used.
Finally, the SMBH merger timescales are discussed. The maximum SMBH
merger timescale is approximately ∼ 3 Gyr in our simulations. The ﬁnal-parsec
problem is avoided because our merger remnants are not spherical, instead they are
axisymmetric or mildly triaxial. The loss cone of the SMBH remains ﬁlled as new
stars are perturbed into the loss cone due to the non-spherical potential. Our results
are in good agreement with earlier results in the literature.
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Paper III

Paper III studies the formation of core elliptical galaxies in dry mergers of cuspy
elliptical galaxies with central SMBHs. The initial conditions of the galaxy merger
sample are motivated by the massive core elliptical galaxy NGC 1600 harboring an
extremely massive central SMBH. The SMBH is by a factor of 10 more massive than
what is predicted by the M• − σ relation. The article focuses on studying the eﬀect
of the initial SMBH mass and stellar density proﬁle slope on the properties of the
formed merger remnants. The simulation sample of the study consists of 14 major
galaxy merger simulations with a mass ratio of 1:1.
The article begins by listing the recent improvements of the ketju code, the most
important update being the improved interface between gadget-3 and ar-chain.
Next, the literature considering the core scouring process is reviewed in detail, which
is used to interpret the formation and evolution of SMBH binaries in the simulation
sample. The simulations show that the central stellar density decreases rapidly when
the SMBH binary becomes gravitationally bound, and the central stellar velocity
proﬁle becomes gradually tangentially biased as the SMBH binary ejects stars on
radial orbits from the core region.
The ﬁnal surface brightness proﬁles of the merger remnants show the expected
properties: the central surface brightness decreases and the core size increases with
less cuspy initial stellar density proﬁles and more massive initial SMBHs. However,
based on surface brightness data alone it is not possible to deﬁnitely determine which
simulated merger remnant is the best match with the observed NGC 1600. This is
because of the degeneracy between the stellar mass-to-light ratio and the initial
SMBH mass. The velocity anisotropy of the simulated merger remnants is used to
break this degeneracy, and the more cuspy initial stellar proﬁles with the largest
tested SMBH masses ultimately provide the best match to observations.
Finally, the SMBH – core scaling relations are studied. Observations have
established relations between the core size, SMBH mass and the SMBH sphere
of inﬂuence. Most importantly, the observed relations suggest that the core size
in ETGs is equal to the sphere-of-inﬂuence of the SMBH. Our study ﬁnds that
simulations with very steep initial stellar density proﬁles reproduce the observed
SMBH core relations. This result support the picture that massive, cored ellipticals
formed in dissipationless mergers of cuspy, intermediate-mass ETGs containing
central SMBHs.
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6.5

Paper IV

Paper IV continues the study started in Paper III with additional numerical
simulations and analysis. The letter focuses on the eﬀect of multiple mergers on
the surface brightness and velocity anisotropy proﬁles as well as the formation of
kinematically decoupled regions in the merger remnants.
As expected, single remergers of cored ellipticals and a series of minor mergers
with SMBHs both increase the mass deﬁcit and the core sizes. These results are
consistent with the literature, as a single merger is expected to expel a stellar mass
equal to roughly half the total SMBH mass in each merger (Merritt, 2006).
The ﬁrst major result of this study is that even though a single merger with
SMBHs renders the velocity distribution strongly tangentially biased, additional
mergers with SMBHs turn the stellar orbit populations in the core region closer
to isotropic. This is an interesting phenomenological result the explanation of which
requires careful orbit analysis by Jeans or Schwarzschild orbit superposition methods.
Such a follow-up study is already in progress.
The second major ﬁnding of this study is that cored, tangentially biased elliptical
galaxies with kinematically decoupled regions can form simultaneously in a dry
ETG merger with SMBHs. The formation of the kinematically decoupled regions
originates from the orbit reversals during the galaxy mergers. The gravitational
torques from the expelled tidal material and the dark matter halos are able to reverse
the sign of the orbital angular momentum of the galactic nuclei multiple times. The
kinematically decoupled regions occur in major mergers and are absent in the minor
merger remnants. Thus, the stellar orbit structure in the core regions of massive
ellipticals can be used to constrain their recent merger history.
Previously suggested formation channels for kinematically decoupled regions
in the literature have typically involved gas or special retrograde merger orbits.
While retrograde orbits seem somewhat artiﬁcial, the presence of gas will lead
to an inhomogeneous central stellar population and the regrowth of the central
cusp through central star formation. The merger model with SMBHs presented
in the letter overcomes these obstacles and is currently the only model able to
simultaneously explain all properties of core ETGs: a ﬂat core, tangentially biased
stellar orbits in the core region and kinematically decoupled stellar subsystems.

6.6

Author’s contribution to the individual publications

In Paper I, the development of the ketju code was led by the author. P. Pihajoki
wrote the ar-chain implementation while the author did the modiﬁcations of
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the galaxy simulation code gadget-3 and wrote the interface between the two
codes. All the test simulations presented in the article were run by the author. The
author also had the main responsibility of writing the article, P. Pihajoki and P. H.
Johansson providing assistance in the ﬁnal steps of the writing process.
In Paper II the programming tasks were divided similarly between the co-authors
as in Paper I, with the author being the main code developer. P. H. Johansson, T.
Naab, N. Lahén and T. Sawala provided code development expertise throughout
the project. The author performed the extensive tests in code comparison, energy
conservation and parallel scalability, and also run the merger simulation sample
presented in the article. The analysis of simulation results and the preparation of
ﬁgures were the main task of the author. In the article, P. H. Johansson wrote
sections 1 and 8 while P. Pihajoki wrote section 3 and the Appendix. The rest of
the sections were written mainly by the author.
In Paper III and Paper IV, the author run all the numerical simulations for the
studies, conducted most of the data analysis and prepared almost all ﬁgures. The
kinematic map analysis and the respective ﬁgures were done by M. Frigo in Paper III
and by the author in Paper IV. J. Thomas provided the observational data for both
articles. P. H. Johansson wrote the introduction sections for the two articles while
the author was responsible for writing the rest. In addition, T. Naab, J. Thomas
and M. Frigo provided valuable input and comments during the writing process.
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7 Concluding remarks
This thesis, the code development performed and the four articles published mark the
onset of the ketju project in the Theoretical Extragalactic Group at the University
of Helsinki.
Using ketju, we have been able to simulate the formation of cored ETGs in
galaxy mergers with accurate SMBH dynamics with roughly 10 times higher particle
number than in previous studies. The results are in good agreement with the current
core formation paradigm: the scouring of stellar cores by merging SMBH binaries.
The most interesting new results of the thesis consider stellar kinematics in cored
ETGs. First, the mass assembly history (major or minor mergers) determines the
velocity anisotropy of the central low-density core region. Single major mergers
with SMBHs tend to produce strongly tangentially biased cores while a series of
minor mergers with SMBHs result in more isotropic cores. Secondly, kinematically
decoupled regions can form simultaneously in these galaxy mergers if the merger
orbit of the progenitor galaxies ﬂips its angular momentum one or several times.
Based on our numerical simulations we also emphasize the importance of accurate
observations of the central orbital structure in order to study the formation history
of ETGs.
We have learned considerably about regularized tree codes and their
implementation during this project. The gathered expertise will be used to develop
the next versions of ketju with better ar-chain parallelization enabling higher
particle numbers in simulations. An interesting future prospect is to combine the
ar-chain integrator module with a fast multipole gravity solver instead of a tree
code for increased numerical accuracy on galactic scales.
The next steps of the ketju project are clear. First, the project will be
extended to simulations with hydrodynamics. While the current version of ketju
supports hydrodynamics, so far only simple test scenarios have been simulated and
no hydrodynamical ketju results have yet been published. This is the reason why we
decided to concentrate on gas-poor simulations in this thesis. The presence of gas in
the central regions of the galaxy drastically alters the dry merger picture explored in
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this thesis. The gas drag on the SMBHs decreases the dynamical friction timescale,
and the interaction of SMBH binaries with parsec-scale gas disks also shortens the
binary coalescence timescale.
The process is especially eﬀective for low-mass SMBH binaries found in latetype galaxies. As the commonly used Bondi-Hoyle accretion model will fail for
a hard SMBH binary, a novel binary accretion module is needed. Parsec-scale
simulations with SMBHs and their gas disks have been widely studied, and developing
a subresolution accretion model will proceed based on the results of these simulations.
Following the gas accretion will also enable studying the spin and mass ratio evolution
of the SMBHs, which will be needed to evaluate the gravitational wave recoil at the
moment of the SMBH merger. Any asymmetry in the binary such as a large mass
ratio or suitably aligned spins will lead to a stronger GW kick. The kicks will be
implemented using ﬁtting formulas to full numerical relativity simulations.
Galaxy merger simulations can be viewed as controlled laboratory experiments
of structure formation simulations. Another immediate goal of the ketju project is
to develop the ability to run cosmological zoom-in simulations with accurate smallscale SMBH dynamics. This requires developing a novel regularized integrator as
the current ar-chain cannot handle the time-dependent N-body Hamiltonian in
the expanding Universe. Fortunately, suitable numerical techniques for such an
integrator are readily found in the literature.
To conclude, the ketju project has been very successful during its ﬁrst four
and a half years. Approximately ﬁve publications are currently being prepared by
researchers in Finland and Germany. The prepared articles study the gravitational
wave spectrum generated by the merging SMBHs in ketju simulations and stellar
orbit analysis, SMBH mass determination and interpretation of observed LOS
velocity distribution maps using merger remnants simulated with ketju. In addition,
the project has attracted an MPA postdoc position in Germany and an ERC
Consolidator grant to Helsinki. As the next steps of the project are clear and the
future methods used are mostly already tested in the literature, the next few years
of the project are expected to be scientiﬁcally especially fruitful.
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