
Master’s thesis

Sparse dynamic tomography:
A shearlet-based approach for iodine

perfusion in plant stems

Tommi Heikkilä
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Abstract

Computed tomography (CT) is an X-ray based imaging modality utilized not only in
medicine but also in other scientific fields and industrial applications. The imaging
process can be mathematically modelled as a linear equation and finding its solution
is a typical example of an inverse problem. It is ill-posed especially if the number
of projections is sparse.

One approach is to combine the data mismatch term with a regularization one,
and look for the minimizer of such a functional. The regularization is a penalty term
that introduces prior information that might be available on the solution. Numerous
algorithms exist to solve a problem of this type. For example the iterative primal-
dual fixed point algorithm (PDFP) is well suited for reconstructing CT images
when the functional to minimize includes a non-negativity constraint and the prior
information is expressed by an `1-norm of the shearlet transformed target.

The motivation of this thesis stems from CT imaging of plants perfused with a
liquid contrast agent aimed at increasing the contrast of the images and studying the
flow of liquid in the plant over time. Therefore the task is to reconstruct dynamic
CT images. The main idea is to apply 3D shearlets as a prior, treating time as
the third dimension. For comparison, both Haar wavelet transform as well as 2D
shearlet transform were tested. In addition a recently proposed technique based
on the sparsity levels of the target was used to ease the non-trivial choice of the
regularization parameter.

The quality of different set-ups were assessed for said problem with simulated
measurements, a real life scenario where the contrast agent is applied to a gel and,
finally, to real data where the contrast agent is perfused to a real plant. The results
indicate that the 3D shearlet-based approach produce suitable reconstructions for
observing the changes in the contrast agent even though there are no drastic im-
provements to the quality of reconstructions compared to using the Haar transform.



Tiivistelmä

Tietokonetomografia on röntgensäteilyyn perustuva kuvantamismenetelmä, jota hyö-
dynnetään lääketieteen lisäksi myös muilla tieteenaloilla ja teollisuudessa. Kuvanta-
misprosessi voidaan mallintaa matemaattisesti lineaarisena yhtälönä, jonka ratkai-
seminen on tyypillinen esimerkki käänteisestä ongelmasta. Sen ratkaiseminen on eri-
tyisen häiriöherkkä prosessi etenkin jos mittaussuuntien lukumäärä on suhteellisen
pieni.

Eräs lähestymistapa on yhdistää datan vastaavuus ja säännöllisyys samaan lausek-
keeseen ja etsiä piste joka minimoi sen. Säännöllisyys on sakotettava lauseke joka suo-
sii ennalta määrättyä informaatiota ratkaisussa. Minimoimiseen on olemassa luke-
mattomia algoritmeja. Esimerkiksi iteratiivinen ensiö-duaali-kiintopistemenetelmä
(eng. primal-dual fixed point, PDFP) soveltyy hyvin CT-kuvien laskentaan, kun
minimoitava lauseke sisältää epänegatiivisuusehdon ja ennalta määrätty informaa-
tio määritellään shearlet-muunnoksen `1-normilla.

Tutkimuksen taustalla on halu kasvien CT-kuvantamiseen nestemäisen varjoai-
neen avulla, jonka on tarkoitus parantaa saatujen kuvien kontrastia ja tutkia nesteen
kulkeutumista kasvissa ajan myötä. Tarkoituksena on tuottaa dynaamisia CT-kuvia.
Ideana on hyödyntää 3D shearlet-muunnosta priorina ja kohdella aikaa kolmante-
na ulottuvuutena. Vertailun vuoksi myös Haarin aallokemuunnosta ja 2D shearlet-
muunnosta käytettiin kokeissa. Lisäksi käytettiin äskettäin esiteltyä kohteen har-
vuustasoon perustuvaa tekniikkaa epätriviaalin säännöllisyysparametrin valinnan
helpottamiseksi.

Eri asetelmien toimivuutta edellä mainitussa tilanteessa tutkittiin simuloiduilla
mittauksilla, oikealla geeliin annostetulla varjoaineella sekä mittauksilla, jotka saa-
tiin imeyttämällä varjoainetta oikeaan kasviin. Tulokset viittaavat, että 3D shearle-
teilla saatiin varjoaineen muutoksien seuraamiseen soveltuvia kuvia, vaikka tulosten
laatu ei parantunutkaan merkittävästä Haarin aallokemuunnokseen nähden.
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1. Introduction

Computed tomography (CT) revolutionized medicine ever since the first working
machines were introduced in the early 70s. In 1979 two pioneers of CT technology,
Allen M. Cormack and Godfrey N. Hounsfield, received the Nobel Price in Medicine
for ”the development of computer assisted tomography”[40].

Nowdays with multiple alternative methods such as magnetic resonance imaging
(MRI) and positron emission tomography (PET), CT is still the most commonly
used method of medical imaging. In EU alone, over 50 million scans were performed
in 2015 [16]. As applications in industrial, archaeological and palaeontological fields
are becoming more commonplace, CT is likely to stay relevant for experiments and
research both technically and computationally.

The mathematical model for CT – how the radiation travels in a known direc-
tion through the target to a sensor which measures the change in the intensity – is
very straight forward and well understood even with different number of measure-
ment angles or limited direction. It is covered in more detail in section 2.1. If we
denote this CT measurement process by an operation A and the target as f , the
measurements m are obtained simply like

A(f) + ε = m. (1.1)

Here the ε is unknown random error caused by imperfect measurements. The size
of ε can typically be controlled by calibrating the equipment and understanding the
limitations of the tools used but it should never be completely neglected.

In the case of CT, one is typically interested in obtaining f from m when A
is known. This is called an inverse problem. Other examples of inverse problems
are different types of indirect measurement processes of an unknown object such
as electric conductivity in different directions, seismic waves travelling through the
earth or light rays travelling through misfocused camera causing a blurry image.

Unlike some of the other inverse problems, fast and robust algorithms for recon-
structing the image or a 3D volume of the target already exist, namely the filtered
backprojection (FBP) for 2D cross-sectional images or the Feldkamp-Davis-Kress-
algorithm (FDK) for 3D reconstructions [42]. One of the reasons why CT is such
a prominent method of non-destructive imaging is due to the existence of reliable
reconstruction formulae for full data. Indeed, as is briefly discussed in subsection
2.1.2, if a sufficient number of projections are available a good quality reconstruction
should be obtainable relatively easily.

One specific application of X-ray tomography is the imaging of different parts
of a plant, which started with root systems in the late 90s [23, 44]. Since then the
spatial resolution has greatly improved allowing visualizations of plant structures
at cellular level [12, 38]. Many biological applications require high resolution 3D
reconstructions, which favours FBP and FDK as the algorithms of choice.

However the ionization properties of X-rays can cause damage to live tissue for
example due to repeated measurements [12]. In addition typical plant structures do
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not absorb X-rays very well making it difficult to differentiate small scale structures.
One solution is to apply highly absorbing substance such as iodine into the plant
to increase the contrast between certain sections [27]. But as the liquid contrast
agent diffuses inside the plant, the interior structure changes. If the target changes
between the recording of two consecutive projections, the setting is referred to as
dynamic tomography.

One way of reducing both the radiation dose and the duration of the imaging is
to lower the number of scanning angles. This is known as sparse angle CT. Our aim
is to see what is the reconstruction quality from dynamic sparse angle computed
tomography measurements of a plant diffused with contrast agent.

Instead of the FBP algorithm which is known to be ill-suited for sparse angle
applications, we will be applying iterative primal-dual fixed point algorithm [8].
However for regularization we will be using shearlets, a modern representation sys-
tem for multivariate data to see whether a more intricate linear transform improves
the image quality. This approach was partly investigated in [5], but in this thesis
we adopt the sparsity-based choice for the regularization parameter, which is always
non-trivial, as recently proposed in [45].

1.1 Outline

The thesis is structures as follows. In chapter 2 we build mathematical theory
used for reconstructing an object from sparse angle CT measurements. We start by
formulating a model for the physical measurement process a real CT scanner uses.
From the direct problem we can easily formulate the inverse problem which we solve
using an iterative algorithm. This algorithm requires a linear transformation of the
data for which we choose the shearlet transform. Construction of different shearlet
transforms as well as certain desirable properties are described in the final section.

Chapter 3 introduces the three different data sets we aim at reconstructing.
It also contains some considerations about simulating measurements and utilizing
the time domain in the reconstruction process. Finally some quality metrics are
described which will be used to evaluate the results.

In chapter 4 the results are presented both visually and using the numerical
quality metrics. Focus is given to comparison of different reconstruction methods
with respect to each data set. The results are also briefly discussed, especially how
the contrast agent changes over time and how well this can be seen in the different
reconstructions.

Finally in chapter 5 the conclusions are proposed. We also consider possible
improvements to our methods and experiments.
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2. Theory

2.1 Mathematical model of CT

A CT scanner is a non-destructive imaging device utilizing achievements of physi-
cists, mathematicians and engineers over the last hundred years. Explaining in detail
how the X-ray radiation - discovered by Wilhelm Röntgen in 1895 - is produced in
the X-ray tube or how the detector material reacts to the radiation is well beyond
the scope of this thesis. Instead only the parts necessary for modelling the actual
imaging process will be covered here.

Any reader interested in the vast world of CT imaging could start with Computed
Tomography by Thorsten Buzug [6] which should give a clearer explanation of the
many possible options and intricate details.

2.1.1 Modelling X-ray attenuation

The pixel values of a X-ray image correspond to the attenuation of radiation intensity
i.e. how much that part of the object affects the radiation passing through. A
homogeneous object could then be modelled by a single attenuation coefficient µ.
If the radiation with intensity I(η) at point η passes a distance of ∆η through that
object, the intensity left would be

I(η + ∆η) = I(η)− µI(η)∆η.

Reordering the terms gives

I(η + ∆η)− I(η)

∆η
= −µI(η),

and then taking the limit of an arbitrary small distance ∆η we are left with a simple
differential quotient

lim
∆η→0

I(∆η)− I(η)

∆η
=

dI

dη
= −µI(η).

Solving for I(η) gives

ln |I(η)| = −µη + C,

but by definition intensity is a positive quantity so the absolute value is obsolete.
Finally if the initial intensity of the X-ray source is known, I(0) := I0, we obtain
the following:

ln

(
I0

I(η)

)
= ln(I0)− ln

(
I(η)

)
= µη. (2.1)
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This logarithmic change of the intensity will be used later. However if just the
intensity I(η) is solved we get:

I(η) = I0e
−µη.

This is known as Beer-Lambert law of attenuation. The attenuation is measured in
units of [µ] = m−1, as the attenuation depends on the distance the particles have to
travel.

In this form Beer-Lambert law has several simplifications. The radiation is as-
sumed to be monochromatic for the intensity to change uniformly and scattering is
not taken into account. The photon-matter interaction can also take other forms
which will not be discussed here.

Finally we assumed µ to stay constant for a homogeneous object. For a non-
homogeneous object the attenuation values change and after a distance s the radi-
ation intensity is:

I(s) = I0e
−
∫ s

0
µ(η) dη (2.2)

where µ(η) is the attenuation at point η on the path of the radiation.
Looking at equation (2.2) only one positive real number I(s) is obtained from

all of the values of µ(η) because we can not take measurements inside the object.
Clearly it is then impossible to come up with unique function µ if only the intensity
at the end points of the line are known. So how much information is required to
obtain µ?

2.1.2 Radon transform

In 1917 the Austrian mathematician Johann Radon gave an answer in the seminal
paper Über die Bestimmung von Funktionen durch ihre Integralwerte längs gewisser
Mannigfaltigkeiten which translates to On the Determination of Functions from
their Integrals along Certain Manifolds. A great explanation of Radon’s result can
be found in Chapter 5 of Buzug’s Computed tomography [6].

In short Radon showed that if a function f : R2 → R is continuous and sat-
isfies few regularity constraints, then the value of the function at any point can
be determined from the integrals along the tangent lines of circles centered at that
point.

The forward operator is called Radon transform and it can be formulated as
follows:

R : f(x, y) 7−→ p(r, γ) =

∫
L(r,γ)

f(η) dη, (2.3)

where L(r, γ) is a line defined by a distance r > 0 and a vector γ ∈ S1. Hence
L(r, γ) can be thought as the tangent line of a circle with radius r and a normal
direction γ.

Of course Radon’s result assumes that arbitrarily many measurement angles and
a continuous detector are used but it gives an indication that for a sufficiently high
number of measurements the inversion should be possible using analytical methods.
The most common of such methods is filtered backprojection, which is based on
Radon’s work and uses Fourier transform to obtain the data from the measurements.

However alongside the analytical methods are iterative and algebraic approaches
and the former will also be used in this thesis.
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2.1.3 Discrete Radon transform

Earlier the object to reconstruct was a continuous function of two (or more) variables
whereas the real data and medical images are discrete. Typically grayscale images
are stored in computers as a discrete grid of pixel elements with some bounded value.
Therefore the Radon transform defined in (2.3) needs to be adjusted as well.

Starting with an object f which is a N ×N image with non-negative pixel values
i.e. ∀j, fj > 0 (or simply f > 0). To simplify the calculations the image is
not typically thought as a grid of values or a matrix but instead the columns of
the image are stacked into one long column to obtain a vector of length N2; f =
[f1, f2, ..., fN2 ]T .

Consider a narrow X-ray beam travelling through one of the rows of the image
with known initial intensity I0. The pixel values fj correspond to some attenuation
values µj, j = 0, 1, 2, ..., N2. As the X-ray passes through any pixel j, equation (2.1)
gives the change in intensity:

ln(Ij)− ln(Ij+1) = µjh,

where h is the physical width of a pixel depending on the properties of the CT
scanner. Summing over the whole row gives

ln

(
I0

IN

)
=

N∑
j=1

hµj,

where IN is the final intensity which can be measured again. However if the X-ray
comes at an angle the distance h might be different. Similarly the position of the X-
ray has to be taken into account to know which parts of the object f are penetrated
by the ray.

Therefore the detector geometry needs to be defined. The measurements are
usually taken with fixed angle interval ∆θ. For a parallel beam CT only 180◦

section needs to be scanned as the measurements are identical if taken from the
opposite direction. Hence there will be Nθ = 180◦/∆θ measurement directions. For
a fan beam CT where the detector source spreads the X-rays slightly, a full 360◦

of measurements are desired yielding Nθ = 360◦/∆θ measurement directions. This
process is crudely illustrated in Figure 2.1.

If a full set of measurement angles can not be utilized for example because of
the shape or size of the object, the situation is called limited angle tomography. If
the angle interval is big and hence there are fewer measurement angles it is called
sparse angle tomography. In either case the reconstruction quality is usually poorer.

Finally the X-rays are detected by Ndet rectangular detector elements with some
physical size. Smaller elements correspond to narrower ”individual” beams and
better resolution. In reality the detectors also have blind spots but this is taken into
account when the machine is calibrated.

Now the matrix A for a discrete Radon transform can be formulated. It will be
a NθNdet ×N2 matrix with non-negative coefficients, most of which are zero. Each
coefficient aj,k is the ratio of the pixel’s area covered by the j′th beam travelling
through k′th pixel of the object f . If the pixel is fully covered it will have a coefficient
1, but most will be affected by the location, angle and thickness of the beam as seen
in Figure 2.2.
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Figure 2.1: Illustration of a fan beam CT scanner
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Figure 2.2: Illustration of two beams corresponding to two rows of matrix A.

Therefore the discrete Radon transform of a vectorized object f ∈ RN2
is given

by a matrix multiplication

Af + ε = m, (2.4)

where m is a vectorized image of length NθNdet known as sinogram with mj,k =
ln
(
I0/Ij,k

)
, i.e. corresponding to the intensity change measured at angle θj by the

k′th detector element. ε is some unknown random error which is inevitable with any
physical measurement.

At least with the earlier simplifications the direct problem of obtaining m is
relatively easy. However since m consists of measurements given by the CT-scanner
and f is the object we want to recover, we have to solve an inverse problem instead.

2.2 Inverse problems and regularization

The first intuition for solving a problem like (2.4) would probably be to consider
some kind of inverse operation A−1. Applying it would give f ≈ A−1(m), assuming
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the error term is small enough. But what if A−1 is not defined around f or it is
extremely sensitive to noise? Or what if the solution is not unique?

To address these issues consider first the notion of well-posed problem introduced
by Jacques Hadamard [41]:

H1: Existence. There should be at least one solution.

H2: Uniqueness. There should be at most one solution.

H3: Stability. The solution must depend continuously on data.

A problem is ill-posed if it fails any of the previous conditions.
To solve an ill-posed inverse problem such as sparse angle computed tomogra-

phy, some limitations or desired properties could be applied to the set of possible
solutions. This is called regularization. Regularization allows to approximate a so-
lution that might not otherwise exist (H1), eliminate undesired elements that would
otherwise satisfy the problem (H2) or to decrease the chaotic behaviour caused by
noise or other perturbations in the data (H3).

Note that regularization is just one tool for tackling ill-posedness. For exam-
ple probabilistic approaches like Bayesian methods [48], machine learning [49] or a
combination of these [4] could be used instead.

Start with a simple optimization task, trying to minimize the error or mismatch
between the data and the solution

f∗ = arg min
f∈RN2

{
1

2
‖Af −m‖2

2

}
.

Clearly (H1) is now satisfied but the last two conditions might still be problematic.
Therefore we could add a regularizer term to obtain

f∗ = arg min
f∈RN2

{
1

2
‖Af −m‖2

2 + α‖f‖1

}
,

where parameter α > 0 is used for balancing data mismatch and regularity of the
solution. Generally with a lot of noise ε, the data mismatch can not be trusted
and bigger weight must be given to regularity. And in the theoretical situation of
noiseless measurements very little regularization would be needed.

Note that here the regularization term is the `1-norm of f which promotes sparse
solutions. This means that most of the information is concentrated on just few
components of f and the rest is negligible. However this can be further improved by
representing f in some other base and demanding sparsity for example in wavelet or
shearlet domain.

Section 2.3 contains a moderate look into shearlet-theory, but for now it suffices
to think of shearlet transform as a linear map f 7−→ SH(f) ∈ Rd with a transpose
SHT . Final and non-trivial piece of regularization is to only consider solutions with
non-negative values:

f∗ = arg min
f>0

{
1

2
‖Af −m‖2

2 + α‖SH(f)‖1

}
. (2.5)

That is, we expect the object to only weaken the radiation and not to increase
it by emitting for example. This requirement has a clear positive effect on the
reconstruction quality but it will also limit the possible algorithms for finding a
solution f∗.
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2.2.1 Primal-dual fixed point - algorithm

In 2016 P. Cheng, J. Huang and X. Zhang published a primal-dual fixed point
(PDFP) algorithm [8] well suited for solving minimization problems of the form:

min
x∈Rn

f1(x) + f2

(
Bx)

)
+ f3(x),

where f1, f2, f3 are proper lower semi-continuous convex functions, f1 is differentiable
with 1/L-Lipschitz continuous gradient and B : Rn −→ Rm is a linear map.

Problem (2.5) is exactly of this form when f1(·) = 1
2
‖A · −m‖2

2, f2(·) = α‖ · ‖1,
B = SH and f3 is the non-negativity constraint. The latter can be formulated using
the following type of indicator function:

χC(x) =

{
0 if x ∈ C

+∞ if x /∈ C.

The general algorithm is

(PDFP)


y(k+1) = proxγf3

(
x(k) − γ∇f1(x(k))− λBTv(k)

)
,

v(k+1) =
(
I − proxγ/λf2

)(
By(k+1) + v(k)

)
,

x(k+1) = proxγf3
(
x(k) − γ∇f1(x(k))− λBTv(k+1)

)
,

(2.6)

with parameters 0 < λ < 1/λmax(BBT ) and 0 < γ < 2L. Here λmax(BBT ) is the
largest eigenvalue of a square matrix BBT , 1/L is the Lipschitz constant for ∇f1

and prox is the proximity operator, which for some function g is given by

proxg(x) = arg min
y∈Rn

{
g(y) +

1

2
‖x− y‖2

2

}
.

Knowing the proximity operators in closed form is usually required. In particular
for any constant γ > 0 the proximity operator of γχC(x) is a projection onto C,
meaning

proxγχC (x) = projC(x) := arg min
y∈C

{
‖x− y‖2

2

}
.

Another important proximity operator is the one for α‖ · ‖1.

Lemma 1. For x ∈ Rn and α > 0, the proximity operator for α‖ · ‖1 is

proxα‖ · ‖1(x) =
(
Sα(x1), ..., Sα(xn)

)
=: Sα(x),

where Sα(x) is the soft thresholding function

Sα(x) =


x− α if x > α,
0 if |x| 6 α,
x+ α if x < −α.

Proof. By definition of the proximal operator we have proxα‖ · ‖1(x) is

arg min
y∈Rn

{
α‖y‖1 +

1

2
‖x− y‖2

2

}
= arg min

y∈Rn


n∑
k=1

α|yk|+
1

2
(xk − yk)2︸ ︷︷ ︸

denote by gk(yk)

 .
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Therefore we can minimize the whole sum by minimizing gk(yk)’s independently.
Differentiating in terms of yk (for yk 6= 0) gives

g′k(yk) = α sgn(yk) +
2yk − 2xk

2
= α sgn(yk) + yk − xk,

which is zero when

yk < 0 : yk > 0 :
yk = xk + α and xk < −α yk = xk − α and xk > α.

Checking the sign of the derivative shows that indeed those values minimize the
term:

For xk < −α :

yk : yk < xk + α yk = xk + α 0 > yk > xk + α
d/ dyk : −α + yk − xk < 0 0 −α + yk − xk > 0

decresing minimum increasing

For xk > α :

yk : 0 < yk < xk − α yk = xk − α yk > xk − α
d/ dyk : α + yk − xk < 0 0 α + yk − xk > 0

decresing minimum increasing

Then we only need to find the minimizer when |xk| 6 α. Notice that we can
limit 0 6 |yk| 6 |xk|. Then for yk 6= 0, assume g′(yk) = 0 which means that
|yk| = xk

sgn(yk)
− α 6 0 which is impossible. So the derivative is non-zero on those

intervals.
Without loss of generality assume xk > 0. Then the minimum must be obtained

at some end point of the intervals [−xk, 0] and [0, xk].

g(xk) = αxk,

g(−xk) = αxk + 2x2
k,

g(0) =
1

2
x2
k.

Therefore for |xk| 6 α the minimizer is yk = 0. Hence for any xk the minimizer is
Sα(xk).

Finally we have ∇‖Af −m‖2
2 = 2ATAf − 2ATm. Applying these, the solution

to (2.5) is given by the iterative process

y(k+1) = projRN2

+

(
f (k) − γ(ATAf (k) − ATm)− λSHTv(k)

)
,

v(k+1) =
(
I − Sα

)(
SHy(k+1) + v(k)

)
,

f (k+1) = projRN2

+

(
f (k) − γ(ATAf (k) − ATm)− λSHTv(k+1)

)
.

(2.7)

Here f (k) is the reconstruction, v(k) its dual in the shearlet domain and y(k) is a
temporal variable for iteration k.

As advised in the original paper [8], parameters γ and λ should be chosen close
to their upper limits. For (2.7) this would be γ < 2 and λ < 1.
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However the thresholding parameter α must be chosen without prior knowledge
which can be a time consuming process of trial and error. And if the original object
is truly unknown such as real measurements, there might not be any objective
indicators as to what value is optimal.

A typical way of tuning the parameters of a reconstruction algorithm is to test
it with a known phantom. This is either a digitally simulated measurement or a
carefully designed object with known attenuation properties. By comparing the
reconstructions to the true values the parameters can be changed accordingly to
obtain the best results.

However the tuning process is still a tedious task and even then most mathe-
maticians should be interested in also knowing why a certain parameter gives the
optimal results.

2.2.2 Controlled sparsity

Z. Purisha, J. Rimpeläinen, T. Bubba and S. Siltanen proposed in their paper Con-
trolled wavelet domain sparsity for x-ray tomography [45] an automated method of
choosing the thresholding parameter α for a regularization task similar to (2.5), but
with wavelets instead of shearlets.

The authors argued that some a priori information about the target could be
known, mainly the sparsity or ratio of non-zero wavelet coefficients. Therefore the
thresholding step of the PDFP algorithm can be carefully adjusted during the min-
imization process to give a similar sparsity level for the reconstruction. Similar idea
should hold in the shearlet domain.

Begin by fixing the desired sparsity level 0 6 Cpr 6 1. During the iteration (2.7)
the current sparsity level C(k) is obtained from the iterate f (k) as follows:

C(k) =
#κ(SHf (k))

R
,

where R is the total number of coefficients and #κ is the number of coefficients with
absolute value greater than small parameter κ.

Then update the thresholding parameter.

α(k+1) = α(k) + β(C(k) − Cpr),

where β is a tuning parameter for the sparsity control. While it may seem like
choosing the parameter β is no different than picking α, this choice is actually less
critical and easier to make. If the parameter is too big, the sequence (α(k)) becomes
oscillatory which is not desired. However if β is too small, the process is merely
unnecessarily slow.

In [45] Purisha et al. used the initial thresholding value α(0) and a fine tuning
routine when the sparsity levels are almost the same, to get an automated and
flexible β. First calculate the mean of the M smallest coefficients based on absolute
value. The number M was calculated from M = dR(1−Cpr)e. Then set α(0) as that
mean and β = ωα(0), where ω is a positive parameter which can be used to speed
up or slow down the sparsity control.

Then consider the difference e(k) = C(k)−Cpr. Whenever e(k) changes sign either
β is too large or the current sparsity level is very close to the desired value. Hence
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we can decrease β by β|e(k)−e(k−1)| to either get rid of oscillations or to obtain finer
tuning.

Finally we need tolerances τ1, τ2 > 0 to control when to end the iteration. The
whole process is presented in algorithm 1.

Algorithm 1: PDFP with controlled sparsity (CWDS-PDFP)

input: measurements m, system matrix A, parameters L, λ > 0, a priori
sparsity Cpr, initial thresholding parameter α(0), iteration limit K,
tolerances τ1, τ2 and a tuning parameter β > 0.

initialize: f (0) = 0,v(0) = 0, k = 0, e(0) = 1 and C(0) = 1;

while k < K, and |e(k)| > τ1 or d > τ2 do
e(k+1) = C(k) − Cpr;

if sgn(e(k+1)) 6= sgn(e(k)) then
β = β(1− |e(k) − e(k−1)|);

end

α(k+1) = max{0, α(k) + βe(k+1)};
y(k+1) = max{0, f (k) − γ(ATAf (k) − ATm)− λSHTv(k))};
v(k+1) = (I − Sα(k))(SHy(k+1) + v(k));

f (k+1) = max{0, f (k) − γ(ATAf (k) − ATm)− λSHTv(k+1))};
C(k+1) = #κ(SHf (k+1))

R
;

d = ‖f (k+1)−f (k)‖2
‖f (k+1)‖2

;

k = k + 1;

end

return f (k);

2.3 Shearlets and harmonic analysis

The following section is based mostly on the book Shearlets, Multiscale Analysis for
Multivariate Data edited by Gitta Kutyniok and Demetrio Labate [30]. The infor-
mation and results presented in this thesis cover only the basics for understanding
the regularization process and any reader interested in more detailed explanation of
Shearlets should begin with that book. The structure however follows more closely
that of the PhD thesis by Tatiana Bubba [3], which was found to be more logical.

2.3.1 Basic tools of harmonic analysis

The word analysis comes from Ancient Greek and means ’to break up’ something.
For harmonic analysis - a vast branch of mathematics - this is a fitting name as
it explains the theories of representing functions or sequences as a combination of
harmonics. In more mathematical notation we want a set of analysing functions
(ϕi)i∈I such that for any function f in an appropriate class of functions, a sequence
of coefficients (ci(f))i∈I can be chosen such that

f =
∑
i∈I

ci(f)ϕi. (2.8)

The coefficients ci(f) are the outcome of analysis of f and the formula (2.8) is
the synthesis - an opposite of analysis - which means to combine into one. These
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coefficients are often obtained using some analysis operator T : (f, i) 7−→ ci(f).
Properties of such operators are typically of great interest to us.

Probably the most important example being the Fourier analysis which is at
the heart of harmonic analysis and the corresponding Fourier series and its analysis
operator; the Fourier transform, which breaks up the target into coefficients for
trigonometric functions of different frequencies. For Fourier transform the synthesis
would be the inverse Fourier transform which combines the coefficients into the
original function.

In the space of integrable functions or L1(Rd)-space, the Fourier transform of a
function f(x) can be defined as

f̂(ξ) = (Ff) (ξ) :=

∫
Rd
f(x)e−2πi〈x,ξ〉 dx,

where either the hat notation or the F -operator can be used. Here both x and ξ are
elements of Rd, but in some sense these are not the same space. Especially for our CT
reconstruction purposes if x = (x1, x2) ∈ R2 represents a location on a plane or the
spatial domain and f(x1, x2) the value of a function (or the pixel value of a picture)

on that point, then ξ = (ξ1, ξ2) ∈ R̂2 is a point in the Fourier space or the frequency
domain and f̂(ξ1, ξ2) represents the magnitude of one of the trigonometric functions
which combined make up the original function f . This trigonometric function has
a frequency of ξ1 in one direction and ξ2 in the other. A function f with bounded
Fourier coefficients f̂ is called band-limited.

The hat over the space Rd is not necessary but sometimes it can add clarity to
understanding whether the space is spatial or if it represents frequencies.

The inverse Fourier transform for any g ∈ L1(Rd) is defined by

qg(x) =
(
F−1g

)
(x) :=

∫
Rd
g(ξ)e2πi〈x,ξ〉 dξ.

The Fourier transform can also be extended to the square integrable functions
or L2-functions. With the same notation as before and the L2 inner product 〈· , ·〉
we have the Plancherel formula which states that for all f, g ∈ L2(Rd)

〈f, g〉 = 〈f̂ , ĝ〉,

from which it follows that
‖f‖2 = ‖f̂‖2.

The Fourier transform has many properties which make it such a flexible tool. Here
we would like to highlight one known as the convolution theorem which states that
for any f, g ∈ L1(Rd)

f̂ ∗ g = f̂ ĝ,

and by strengthening the assumption by f, g ∈ S(Rd) (the space of rapidly decreas-
ing functions) we have the inverse

f̂ g = f̂ ∗ ĝ.

One major drawback of the Fourier transform is its inability to map a compactly
supported function into another compactly supported function (with the obvious
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exception of the zero-function). In other words; no non-trivial function is both
compactly supported and band-limited. This (and a lot more) follows from the
Paley-Wiener theorem [43]. It can also be shown that any local behaviour of the
original function becomes global in the Fourier space and vice versa [47, p.158]. This
is sometimes called the uncertainty principle of the Fourier transform.

For further reading there are many great books about Fourier analysis such as
[47, 18].

2.3.2 Frame theory

The usual setting for representing functions or other vectors are different orthonor-
mal bases. These give an unique decomposition for the signals but sometimes a
more redundant system is unavoidable or even preferred. A frame was originally
introduced by Duffin and Schaeffer in 1952 [14]. However the concept was really
utilized with wavelets in the 1980s by Daubechies, Mallat and Mayer.

Definition 2.3.1 ([36, p. 155]). A sequence (ϕi)i∈I in a Hilbert space H is called a
frame for H, if there exist constants 0 < A 6 B <∞ such that for any x ∈ H

A‖x‖2 6
∑
i∈I

|〈x, ϕi〉|2 6 B‖x‖2.

The constants A and B are called lower and upper frame bound. By taking
infimum over all upper frame bounds and supremum over lower frame bounds, the
respective optimal frame bounds are obtained. For our purposes, a situation where
the frame bounds coincide is useful, hence:

Definition 2.3.2 ([36, p. 155]). A sequence (ϕi)i∈I ⊂ H is called a tight frame for
H, if there exist constant 0 < A <∞ such that for any x ∈ H∑

i∈I

|〈x, ϕi〉|2 = A‖x‖2.

A tight frame with A = 1 is called a Parseval frame after the French mathemati-
cian Marc-Antoine Parseval. Simple example of a tight frame with A = 3/2 can be
given in R2 with the following three vectors:{

ϕ1 = (0, 1), ϕ2 = (−
√

3/2,−1/2), ϕ3 = (
√

3/2,−1/2)
}
.

Figure 2.3 found below should give a clear indication why it is also called the
Mercedes-Benz frame.

A more thorough breakdown of frames and why they are used in wavelet theory
can be found in [11].

2.3.3 Group representation theory

As we will later see, group representation theory gives powerful tools through unitary
representations. This can be used to check when shearlet transform is a unitary map
and hence we can invert the transform. This actually holds for wavelet transform
as well, but we omit this part. It is well covered for example in section 4.2 of [10].
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x1
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120◦

Figure 2.3: Vectors of the Mercedes-Benz frame

Recall first that for Hilber spaces H1,H2, a linear operator T : H1 → H2 is an
isometry if

‖T u‖ = ‖u‖, ∀u ∈ H1.

Equivalently T is an isometry if and only if T ∗T = IH1 , where T ∗ is the adjoint
operator of T . Isometries are injective but not necessarily surjective.

Definition 2.3.3 ([10, p. 30]). A bounded linear operator T : H1 → H2 is called a
unitary map if it is a bijective isometry.

Since any unitary map has a unitary inverse, for H1 = H2 = H the following set
is a group:

U(H) = {T : H → H bounded and linear : T is unitary}.

Definition 2.3.4 ([10, p. 8]). A topological group is a group G with a relative
topology for which the operations

(g, h) 7−→ gh, g 7−→ g−1

are continuous as maps G×G→ G and G→ G respectively.

In particular we are interested in groups which are locally compact meaning every
point has a compact neighbourhood and Hausdorff so that every two points have
neighbourhoods disjoint from each other.

Definition 2.3.5 ([10, p. 30]). A unitary representation of G on the Hilbert space
H is a group homomorphism π : G −→ U(H) continuous in the strong operator
topology, meaning that for any g, h ∈ G and u ∈ H:

(i) π(gh) = π(g)π(h),

(ii) π(g−1) = π(g)−1 = π(g)∗,
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(iii) g → π(g)u is continuous from G to H.

We also need the concept of irreducible unitary representations.

Definition 2.3.6 ([10, p. 32]). Let M be a closed subspace of H. M is called an
invariant subspace for the unitary representation π if π(g)M ⊆ M for all g ∈ G.
If there exists a nontrivial subspace for π, then π is called reducible, otherwise π is
said to be irreducible.

In essence no element of a irreducible representation can be reduced to a unitary
mapping of a smaller subspace.

With wavelet and shearlet transforms we are especially interested in the coef-
ficients and hence in the coefficients of some unitary representation. For a fixed
vector ψ ∈ H consider the associated voice transform, which is usually some type of
analysis operator:

Vψ : H → L∞(G) ∩ C(G)

v(x) 7−→ 〈v, π(x)ψ〉, v ∈ H.

It should be noted that the voice transform mapping elements of the Hilbert space
to continuous and bounded functions on G is not a limitation but a property of the
transform. The voice transform is important for defining reproducing systems.

Definition 2.3.7 ([10, p. 38]). Let π be a unitary representation of the Lie group G
on the Hilbert space H. If there exists a vector ψ ∈ H, called admissible, for which
the corresponding voice transform takes values in L2(G) and is a nontrivial multiple
of an isometry, that is, if there exists Cψ > 0 such that

Vψ : H → L2(G), ‖Vψv‖ = Cψ‖v‖

for every v ∈ H, then we say that the system (G, π,H, ψ) is reproducing, or, for
short, that ψ is an admissible vector for π.

As the name reproducing system might suggest, it has the following property.

Proposition 1 ([10, p. 39]). Suppose that (G, π,H, ψ) is a reproducing system.
Then the reproducing formula

v =

∫
G

〈v, π(x)ψ〉π(x) dx

holds for v ∈ H, where the right-hand side is interpreted as weak integral. The
adjoint of the voice transform is given as weak integral by the formula

V ∗ψF =

∫
G

F (x)π(x)ψ dx, F ∈ L2(G)

and V ∗ψVψ = IH.

Finally if π is irreducible and if it admits an admissible vector, then π is said to
be square integrable.
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2.3.4 Wavelets

Since shearlets are in many ways a multivariate extension of wavelets, it is best to
start with the theory of wavelets to better understand the development and structure
of shearlets. The theory of wavelets is best covered in dimension 1 as we will later
see.

A wavelet system is used to analyse and decompose data or a function using some
elements (ϕi)i∈I and the corresponding coefficients (ci(f))i∈I as in equation (2.8), but
with some additional properties. Unlike with Fourier transform or Fourier series, the
analysing functions are not just of different frequencies but also of different scale.
By choosing a certain type of function ψ, in L2(R) for example, as a generating
function and then shifting and dilating it to cover a set of discrete intervals and
resolutions, we obtain a sequence{

ψj,m = 2j/2ψ(2j · −m) : j,m ∈ Z
}
. (2.9)

This sequence is indexed over a set I = Z2 with indices i = (j,m), where j is
the level of dilation and m is the shift from the origin. If the sequence (2.9) is
an orthonormal basis or at least a Parseval frame for L2(R), then ψ is a wavelet
and (2.9) is the corresponding wavelet system or more specifically a discrete wavelet
system. For some of the theoretical results of wavelets a continuous wavelet system
is needed. The use and construction of such systems is explained for example in A
wavelet tour of signal processing by Stephane Mallat [36].

For numerical computations calculating infinite number of coefficients is of course
not possible and for that reason we would like to have good approximations of
f with just N terms. To control the error of these approximations the sequence
(ci(f))i∈I should be chosen to be sparse if possible. Simply put this means that
coefficients with high absolute value correspond to more important features of the
original function. Therefore thresholding the smaller coefficients would cause a loss
of only minor details and more importantly, the quality of the approximation could
be controlled by adjusting the threshold value.

The important coefficients are not necessarily ordered in the same manner as the
whole sequence so we define the best N-term approximation to f as

fN =
N∑
k=1

ckϕik , minimizing ‖f − fN‖.

This form of approximation is also used to measure the sparsity of the sequence (ck)
by the decay rate of the error between f and fN .

The flexibility of wavelets is partly due to the wide choice of generating functions
which can give a sparse representation to a wide variety of data, compact support in
either spatial or frequency domain, differentiability or fast decay in both domains.

The previous properties combined with translations allow wavelets to better
approximate local behaviour of the analysed signal. For example with a correct
wavelet, jump discontinuities in the signal are well approximated unlike Fourier
series which overshoot the location of the jump in any finite approximation by about
9%. This is known as the Gibbs phenomenon, first observed by Henry Wilbraham
in 1848 [25].

Such discontinuities can actually be located using the wavelet transform as sud-
den changes in the signal translate to big wavelet coefficients in that location. With
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2D wavelet transform this property can be used to detect edges in images. However
in these singularities lie also the problem with higher than one-dimensional data and
wavelets.

Wavelets lack directional sensitivity since there is no variety in the orientation
of the wavelets; only scale and location. This can be problematic when trying to
represent anisotropic features like edges. In imaging the class of cartoon-like images
is a common model for simplifying natural images for mathematics and as seen in
its definition, edges are an important aspect.

Definition 2.3.8 ([29, p. 9]). The class ε2(R2) of cartoon-like images is the set of
functions f : R2 → C of the form

f = f0 + f1χB,

where B ⊂ [0, 1]2 is some set with boundary ∂B being a closed C2-curve with bounded
curvature and fi ∈ C2(R2) are functions supported in [0, 1]2 and ‖fi‖C2 6 1 for
i = 0, 1.

Therefore cartoon-like images consist of smooth surfaces separated by curved singu-
larities.

Consider a cartoon-like image with a jump discontinuity along a horizontal curve.
Since the curve has no width in x2 direction, finite wavelet reconstructions will not
represent it accurately. By adding finer scales the error in x2-direction will get
smaller. For example the discrete wavelet system in (2.9) halves the width for
every scale. However because there is no directional change, the wavelets will also
be halved in x1-direction and hence twice as many are needed to cover the same
distance.

x1

x2

Figure 2.4: Supports of wavelets along a jump discontinuity in two different scales
(red and blue).

The previosly mentioned situation gives an indication that wavelets could behave
less than optimally in such situations. Indeed in section 9.3.1 of [36] it is shown that
for a piecewise regular images such as cartoon-like images, the error of the best N-
term wavelet approximation decays only at rate N−1. In comparison; for cartoon-like
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images the optimal decay rate is N−2, obtained using adaptive triangle-based system
[13].

To improve the approximation capabilities of higher dimensional data, different
types of systems have been proposed such as curvelets [7], which provide good
sparse representation of images with anisotropic features without being adaptive,
i.e. generated specifically for that data. Problem with curvelets is that they are
not generated from a finite set of functions and the construction involves rotations
which are problematic when changing from continuous systems to discrete ones.

Since the directional sensitivity is needed but rotations are not optimal, Guo,
Kutyniok, Labate, Lim and Weiss introduced a system based on shearing the gen-
erating functions in [19, 32]. This new class of multidimensional representation
systems was called shearlets.

2.3.5 Continuous shearlet system

Before the proper mathematical definition of the continuous shearlet system, begin
with operations which are used to manipulate the generating shearlets to cover the
desired positions, scales and orientations. In any dimension, the translation operator
Tt is simply Ttf(x) = f(x− t), where x, t ∈ Rd.

For scaling in 2D we define a dilation operator DAa using parabolic scaling ma-
trices Aa:

Aa =

(
a 0

0 a
1
2

)
, a > 0.

In general a scaling matrix of the form diag(a, aα), α ∈ (0, 1) could be used as
well. Here the value α = 1/2 is used as it gives optimally sparse representation
for cartoon-like images [29] and is generally used for the discrete shearlet systems,
which will be introduced later.

Similarly because only rotations of 90◦ would preserve the square lattice (Z2), a
shearing operator DSs is defined using a shearing matrix Ss:

Ss =

(
1 s
0 1

)
, s ∈ R.

It should be clear that for any s ∈ Z, Ss : Z2 → Z2, allowing shearing in the
discrete setting. A quick calculation shows that the parameter s corresponds to the
angle γ to which a vertical line gets sheared. Shearing a point p = (0, h)T gives
p′ = Ssp = (sh, h)T from which the tangent of angle γ is tan(γ) = sh/h = s. A
negative s would then correspond to a negative γ and hence shearing to the opposite
direction. Figure 2.5 should give a better understanding of how the parabolic scaling
and shearing matrices work on the plane.

In order to define the continuous shearlet system in 3D or even some higher
dimension, the dilation and shearing operations need to be generalized first. The
following approach can be found in [9], but other choices exist. While the group
representation theory used for this approach does add more notation and definitions,
the simplicity of the final results warrants this peek into the subject.

Some new matrix notation is also needed. Let In denote the n × n identity
matrix, 0n×m the n×m zero matrix and 1n×m a matrix with all elements 1.

Now given a n-dimensional vector space V and its k-dimensional subspace W ,
we would like our shearing matrix to fix W and translate all vectors along W and
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Figure 2.5: Dilation and shearing matrices acting on a square Q.

according to their component which is perpendicular to W i.e., in the orthogonal
complement W⊥. So for v = w + w′ ∈ V = W ⊕W⊥ the shearing S should be

S(v) = w + (w′ + s(w′)) = (w + s(w′)) + w′,

where s is a linear map from W⊥ to W . For V = Rn the shearing matrix is of the
form

S =

(
Ik sT

0(n−k)×k In−k

)
, s ∈ R(n−k)×k.

Now all we have to do is choose the linear mapping s. Translation Tt has of course
n degrees of freedom and if we want to keep the dilations simple, those have just
1 degree of freedom. Then our choice for the shearing is to have n − 1 degrees of
freedom for a total of 2n parameters and thus more optimal transformations. Hence
we take s ∈ R(n−1)×1 = Rn−1 and get

Ss =

(
1 sT

0n−1 In−1

)
. (2.10)

Here 0n−1 is the zero vector in Rn−1.
The dilation matrix should depend on the parameter a > 0 as in

Aa = diag(a1(a), . . . , an(a)),

where a1(a) = a and aj(a) = aαj , αj ∈ (0, 1) for j = 2, . . . , n. These aj(a) control
the dilation factor and just like in 2D, we could choose αj = 1/2 for j = 2, . . . , n.
Different approach, which is used in [9], would be for a ∈ R∗ = R \ {0} to choose

Aa =

(
a 0Tn−1

0n−1 sgn(a)|a| 1n In−1

)
. (2.11)

Finally we can define:

Definition 2.3.9 ([29, p. 16]). The continuous shearlet system SH(ψ) for ψ ∈
L2(Rd), d > 2 is the set

SH(ψ) = {ψa,s,t = TtDSsDAaψ : a > 0, s ∈ Rd−1, t ∈ Rd}, (2.12)

where
TtDSsDAaψ(x) = | detAa|−

1
2ψ
(
A−1
a S−1

s (x− t)
)
.
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The continuous shearlet system then gives the continuous shearlet transform of
f ∈ L2(Rd) as

f 7−→ SHψf(a, s, t) = 〈f, ψa,s,t〉, (a, s, t) ∈ R+ × Rd−1 × Rd.

This corresponds to projecting the function f to some ψa,s,t which has been scaled
by a, oriented by s and shifted by t.

Now the question is, when can we obtain the original function f from such
projections? In section 2.3.3 it was explained how a unitary representation with an
admissible vector gives a reproducing system and it should be our goal as well.

2.3.6 Full shearlet group

The elements of the continuous shearlet system (2.12) can be considered as repre-
sentations of the so-called full shearlet group.

Proposition 2 ([10, p. 111]). The set R∗ × Rd−1 × Rd endowed with the operation

(a, s, t) ◦ (a′, s′, t′) := (aa′, s+ |a|1−
1
d s′, t+ SsAat

′)

forms the full d-dimensional shearlet group S.

Note that unlike in our definition of the continuous shearlet system and the
corresponding shearlet transform, negative values of parameter a must be allowed
and hence the form (2.11) of the dilation matrix makes more sense. Next we need
a mapping from the full shearlet group to the elements of the continuous shearlet
system.

Proposition 3 ([10, p. 115]). For ψ ∈ L2(Rd) the mapping π : S → U
(
L2(Rd)

)
defined by

ψa,s,t(x) := π(a, s, t)ψ(x) = | det(Aa)|−
1
2ψ
(
A−1
a S−1

s (x− t)
)

(2.13)

is a unitary representation of S.

Hence the continuous shearlet transform is a voice transform.
The reproduction formula, or reconstruction formula as it is usually called, re-

quires integration over the whole shearlet group S and for that we need the so-called
left Haar measure which is given by

dµ(a, s, t) :=
1

|a|d+1
da ds dt.

Theorem 2.3.1 ([10, p. 117]). A function ψ ∈ L2(Rd) is admissible if and only if
it fulfils the admissibility condition

Cψ =

∫
Rd

|ψ̂(ω)|2

|ω1|d
dω <∞. (2.14)

If ψ is admissible, then, for any f ∈ L2(Rd), the following holds∫
S
|〈f, ψa,s,t〉|2 dµ(a, s, t) = Cψ‖f‖2

L2(Rd).

In particular, the unitary representation π defined in (2.13) is irreducible and square
integrable.
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As it turns out, the admissibility condition (2.14) is not very strict and for
example any function whose Fourier-transform is supported outside the origin will
suffice. One particular example is worth noting.

Example 2.3.1 (2D classical shearlet [22, 19, 32]). Let ψ ∈ L2(R2) be defined by

ψ̂(ξ) = ψ̂(ξ1, ξ2) = ψ̂1(ξ1) ψ̂2

(
ξ2

ξ1

)
,

where ψ1 ∈ L2(R) is a discrete wavelet in the sense that is satisfies the discrete
Calderón condition, given by∑

j∈Z

|ψ̂1(2−jξ)|2 = 1 for a.e. ξ ∈ R, (2.15)

with ψ̂1 ∈ C∞(R) and supp ψ̂1 ⊆
[
−1

2
,− 1

16

]
∪
[

1
16
, 1

2

]
, and ψ2 ∈ L2(R) is a bump

function in the sense that

1∑
k=−1

|ψ̂2(ξ + k)|2 = 1 for a.e. ξ ∈ [−1, 1], (2.16)

satisfying ψ̂2 ∈ C∞(R) and supp ψ̂2 ⊆ [−1, 1]. Then ψ is called a classical shearlet.

By definition a classical shearlet ψ is like a wavelet in one direction and bump-
like in another. Its Fourier transform is supported in two disjoint sets illustrated
in Figure 2.6a. It should be noted that several functions ψ1 and ψ2 satisfy the
conditions (2.15) and (2.16) such as setting ψ1 to be a Lemarié-Meyer wavelet and
ψ2 to be a spline (see [21, 15]).

The idea of a classical shearlet can be extended to a general dimension d by
choosing ψ̂2 to be a bump function in Rd−1 [17].

Recall that we originally wanted to improve the directional sensitivity of 2D
wavelets. Our current construction of shearlets is an improvement but especially in
the direction of ξ2-axis the shearlets get elongated and needle-like, requiring great
amount of shearing to cover it. This is illustrated in red in Figure 2.6b. Another
issue is the origin of the frequency domain requiring a lot of shearlets.

ξ1

ξ2

(a) Support of classical shearlet in the
Fourier domain.

ξ1

ξ2

(b) Classical shearlet in multiple scales
and positions.

Figure 2.6: Classical shearlet.
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2.3.7 Cone-adapted shearlet system

To address the issues mentioned earlier, the frequency domain could be partitioned
into four cones Ci, i = 1, ..., 4 and the low frequency origin into its own square region
R = {(ξ1, ξ2) : |ξ1|, |ξ2| 6 1} as illustrated in Figure 2.7. Then the shearing variable
s can be limited to keep the shearlets in their own sections of the plane. This gives
a variant of the continuous shearlets called cone-adapted continuous shearlets.

ξ1

ξ2

R C1

C2

C3

C4

Figure 2.7: Partition of the frequency plane into four cones Ci, i = 1, . . . , 4, and the
low-frequency box R.

As before we can then define

Definition 2.3.10 ([29, p. 21]). For φ, ψ, ψ̃ ∈ L2(R2), the 2D cone-adapted contin-
uous shearlet system SH(φ, ψ, ψ̃) is

SH(φ, ψ, ψ̃) = Φ(φ) ∪Ψ(ψ) ∪ Ψ̃(ψ̃),

where

Φ(φ) = {φt = φ(· − t) : t ∈ R2},
Ψ(ψ) = {ψa,s,t = a−

3
4ψ
(
A−1
a S−1

s (· − t)
)

: a ∈ (0, 1], |s| 6 1 +
√
a, t ∈ R2},

Ψ̃(ψ̃) = {ψ̃a,s,t = a−
3
4ψ
(
Ã−1
a S−1

s (· − t)
)

: a ∈ (0, 1], |s| 6 1 +
√
a, t ∈ R2},

and Ãa = diag(a1/2, a).

The function φ, called shearlet scaling function, will be chosen to have compact
frequency support near the origin so that the system Φ(φ) is associated with the low-
frequency box R. Function ψ, called shearlet generator, is chosen to be a classical
shearlet and Ψ(ψ) is then associated with the horizontal cones C1 ∪ C3 = {(ξ1, ξ2) :
|ξ2/ξ1| 6 1, |ξ1| > 1}. And ψ̃ is almost identical with roles of ξ1 and ξ2 reversed,
i.e. ψ̃(ξ1, ξ2) = ψ(ξ2, ξ1). Then the system Ψ̃(ψ̃) will be associated with the vertical
cones C2 ∪ C4 = {(ξ1, ξ2) : |ξ1/ξ2| 6 1, |ξ2| > 1}.

From this system an associated shearlet transform is obtained as follows:
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Definition 2.3.11 ([29, p. 21]). Set

Scone = {(a, s, t) : a ∈ (0, 1], |s| 6 1 + a1/2, t ∈ R2}.

Then, for φ, ψ, ψ̃ ∈ L2(R2), the cone-adapted continuous shearlet transform of f ∈
L2(R2) is the mapping

f 7−→ SHφ, ψ, ψ̃f(t′, (a, s, t), (ã, s̃, t̃)) = (〈f, φt′〉, 〈f, ψa,s,t〉, 〈f, ψ̃ã,s̃,t̃〉),

where

(t′, (a, s, t), (ã, s̃, t̃)) ∈ R2 × Scone × Scone.

In particular, for the 2D cone-adapted classical shearlet, the transform can be written
as

f 7−→ SHψf(a, s, t) =

{
〈f, ψ̃a,s,t〉 if |s| 6 1

〈f, ψa, 1s ,t〉 if |s| > 1.

Following this idea it is possible to partition the 3D frequency space into three
pairs of pyramid-like regions Pi, i = 1, 2, 3, and the low frequency cube C centered
at origin. Supports of these pyramid-based continuous shearlets are illustrated in
Figure 2.8 and defined as follows:

P1 =

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| > 2,

∣∣∣∣ξ2

ξ1

∣∣∣∣ 6 1 and

∣∣∣∣ξ3

ξ1

∣∣∣∣ 6 1

}
,

P2 =

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| > 2,

∣∣∣∣ξ2

ξ1

∣∣∣∣ > 1 and

∣∣∣∣ξ3

ξ1

∣∣∣∣ 6 1

}
, (2.17)

P3 =

{
(ξ1, ξ2, ξ3) ∈ R3 : |ξ1| > 2,

∣∣∣∣ξ2

ξ1

∣∣∣∣ 6 1 and

∣∣∣∣ξ3

ξ1

∣∣∣∣ > 1

}
,

and the low frequency cube:

C =
{

(ξ1, ξ2, ξ3) ∈ R3 : ‖(ξ1, ξ2, ξ3)‖∞ < 1
}
.

Then for ξ = (ξ1, ξ2, ξ3) ∈ R3 \ {0}, let ψ(d), d = 1, 2, 3 be defined as

ψ̂(1)(ξ) = ψ̂1 (ξ1) ψ̂2

(
ξ2

ξ1

)
ψ̂2

(
ξ3

ξ1

)
,

ψ̂(2)(ξ) = ψ̂1 (ξ2) ψ̂2

(
ξ1

ξ2

)
ψ̂2

(
ξ3

ξ2

)
,

ψ̂(3)(ξ) = ψ̂1 (ξ3) ψ̂2

(
ξ1

ξ3

)
ψ̂2

(
ξ2

ξ3

)
,

where ψ1, ψ2 satisfy the assumptions in (2.15) and (2.16) respectively, making them
3D classical shearlets. Then by using the 3D shearing (2.10) and dilation (2.11)
matrices we have shearlet systems for each pyramid.
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(a) (b)

(c) (d)

Figure 2.8: Partition of the 3D frequency domain into pairs of pyramids Pi, i =
1, 2, 3, and the low-frequency cube C .

Definition 2.3.12 ([20, p. 99]). For d = 1, 2, 3, let ψ(d) ∈ L2(R3) and Pd as in
(2.17). The 3D pyramid-based continuous shearlet system SH(φ, ψ(1), ψ(2), ψ(3)) for
L2(R3) is the system defined by

SH(φ, ψ(1), ψ(2), ψ(3)) = Φ(φ) ∪Ψ(1)(ψ(1)) ∪Ψ(2)(ψ(2)) ∪Ψ(3)(ψ(3)),

where

Φ(φ) =
{
φt = φ(· − t) : t ∈ R3

}
,

Ψ(d)(ψ(d)) =

{
ψ

(d)
a,s1,s2,t : 0 6 a 6

1

4
, −3

2
6 s1 6

3

2
, −3

2
6 s2 6

3

2
, t ∈ R3

}
,

with
ψ

(d)
a,s1,s2,t(x) = | detM (d)

a,s1,s2
|−

1
2ψ(d)

(
(M (d)

a,s1,s2
)−1(x− t)

)
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and

M (1)
a,s1,s2

=

a a1/2s1 a1/2s2

0 a1/2 0
0 0 a1/2

 , M (2)
a,s1,s2

=

 a1/2 0 0
a1/2s1 a a1/2s2

0 0 a1/2

 ,

M (3)
a,s1,s2

=

 a1/2 0 0
0 a1/2 0

a1/2s1 a1/2s2 a

 .

Notice that the matrix M
(1)
a,s1,s2 is simply a product of a normal 3D dilation

and shearing matrix and the other two M−matrices are adapted to the different
directions from the first one.

Definition 2.3.13 ([20, p. 99]). Set

Spyr =
{

(a, s1, s2, t) : a > 0, s1, s2,∈ R, t ∈ R3
}
.

For ψ ∈ L2(R3), the 3D pyramid-based continuous shearlet transform of f ∈ L2(R3)
is the mapping

f 7−→ SHψf(a, s1, s2, t) =


〈f, ψ(1)

a,s1,s2,t〉 if |s1|, |s2| 6 1

〈f, ψ(2)

a, 1
s1
,
s2
s1
,t
〉 if |s1| > 1, |s2| 6 |s1|

〈f, ψ(3)

a,
s1
s2
, 1
s2
,t
〉 if |s2| > 1, |s2| > |s1|,

where (a, s1, s2, t) ∈ Spyr.

2.3.8 Discrete shearlet systems

Discrete shearlet systems are typically obtained by sampling the continuous para-
mater set S,Scone or Spyr accordingly. A typical goal being either an orthonormal
basis or a tight frame for L2(Rd).

Definition 2.3.14 ([29, p. 24]). Let ψ ∈ L2(Rd), d > 2, and Λ ⊆ S. An irregular
discrete shearlet system associated with ψ and Λ, denoted by SH(ψ,Λ), is defined
by

SH(ψ,Λ) =
{
ψa,s,t = a

1
2d
−1ψ(A−1

a S−1
s (· − t)) : (a, s, t) ∈ Λ

}
.

A (regular) discrete shearlet system associated with ψ, denoted by SH(ψ), is defined
by

SH(ψ) =
{
ψj,k,m = 2j(

1
2d
−1)ψ(SkA2j · −m) : j ∈ Z, k ∈ Zd−1, m ∈ Zd

}
.

Note that the regular version is simply a specific choice of

Λ = {(2−j,−k2−j/2, S−k2−j/2A2−jm) : j ∈ Z, k ∈ Zd−1, m ∈ Zd}.

The set Λ could be chosen starting with arbitrary set of scales {aj}j∈Z ⊂ R+. Then
pick the shearing parameters {sj,k}k∈Zd−1 ⊂ Rd−1 dependent of j in order to change
the direction based on the current scale. Finally the location parameters need to
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change depending on the scale j and direction k, for example tj,k,m = Ssj ,kAajm,
where m ∈ Zd.

The regular discrete shearlet system is actually obtained by starting with dyadic
scaling, i.e. aj = 2−j, j ∈ Z and choosing sj,k = −k2−j/2, k ∈ Zd−1 in order to get
more directions for small values of j which correspond to bigger scales. The location
parameter tj,k,m is chosen by adjusting the grid Zd as in the earlier example and
observing that A−1

2−jS
−1
−k2−j/2

= A2jSk2−j/2 = SkA2j .
As usual the discrete shearlet system defines a shearlet transform:

Definition 2.3.15 ([29, p. 25]). For ψ ∈ L2(Rd) and (j, k,m) ∈ Z×Zd−1×Zd, the
discrete shearlet transform of f ∈ L2(Rd) is the mapping defined by

f 7−→ SHψf(j, k,m) = 〈f, ψj,k,m〉.

Extending this definition for the irregular version is trivial, however we are typ-
ically more interested in the regular systems.

Similarly to the continuous systems, there is still a biased treatment of the dif-
ferent directions in the frequency domain and hence partitioning is required for a
more uniform covering. Luckily the definitions do not considerably differ for the
discrete systems. One small detail worth mentioning is the introduction of the sam-
pling factor c = (c1, c2) ∈ (R+)2, which can be used to change the density of the
translation grid Zd.

Definition 2.3.16 ([29, p. 26]). For φ, ψ, ψ̃ ∈ L2(R2) and c ∈ (R+)2, the (regular)
cone-adapted discrete shearlet system SH(φ, ψ, ψ̃, c) is defined by

SH(φ, ψ, ψ̃, c) = Φ(φ; c1) ∪Ψ(ψ; c) ∪ Ψ̃(ψ̃; c),

where

Φ(φ; c1) = {φm = φ(· − c1m) : m ∈ Z2},

Ψ(ψ; c) =
{
ψj,k,m = 2

3
4
jψ (SkA2j · −Mcm) : j > 0, |k| 6 d2

j
2 e, m ∈ Z2

}
,

Ψ̃(ψ̃; c) =
{
ψ̃j,k,m = 2

3
4
jψ̃
(
STk Ã2j · −M̃cm

)
: j > 0, |k| 6 d2

j
2 e, m ∈ Z2

}
,

with Mc = diag(c1, c2) and M̃c = diag(c2, c1). If c = (1, 1), the parameter can be
omitted.

Since we are interested in approximating elements of the function space L2,
some understanding of the spanning capabilities of the shearlet systems is required.
Traditional orthonormal bases can be obtained with discrete shearlet systems [22].
However orthonormal bases have not been achieved with any well-localized shearlet
such as the classical shearlet. Recent publication indicates that the regularity, decay
and representation properties of the scaling functions limit the properties of the
shearlets they induce [26].

Luckily some useful properties can be achieved even with well-localized shearlet:

Proposition 4 ([29, p. 24]). Let ψ ∈ L2(R2) be a 2D classical shearlet. Then SH(ψ)
is a Parseval frame for L2(R2).
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Similarly to Proposition 4, if ψ is a classical shearlet, then Ψ(ψ), as in Definition

2.3.16, is a Parseval frame for qL2(C1 ∪ C3) = {f ∈ L2(R2) : supp f̂ ⊂ C1 ∪ C3}
[30, p. 27]. Same holds for ψ̃ and combining them and some scaling system for φ
actually gives a Parseval frame for the whole L2(R2).

Definition 2.3.17 ([29, p. 28]). Set Λ = {j ∈ N0}×{k ∈ Z : |k| 6 d2 j
2 e}×Z2. For

φ, ψ, ψ̃ ∈ L2(R2), the cone-adapted discrete shearlet transform of f ∈ L2(R2) is the
mapping defined by

f 7−→ SHφ, ψ, ψ̃f(m′, (j, k,m), (j̃, k̃, m̃)) = (〈f, φm′〉, 〈f, ψj,k,m〉, 〈f, ψ̃j̃,k̃,m̃〉),

where
(m′, (j, k,m), (j̃, k̃, m̃)) ∈ Z2 × Λ× Λ.

In 3D we can define

Definition 2.3.18 ([17, p. 164]). For d = 1, 2, 3, let ψ(d) ∈ L2(R3) and Pd as in
(2.17) with c ∈ (R+)2. The pyramid-based discrete shearlet system SH(φ, ψ(1), ψ(2), ψ(3); c)
for L2(R3) is the system defined by

SH(φ, ψ(1), ψ(2), ψ(3); c) = Φ(φ; c1) ∪Ψ(1)(ψ(1); c) ∪Ψ(2)(ψ(2); c) ∪Ψ(3)(ψ(3); c),

where

Φ(φ; c1) =
{
φm = φ(· −m) : m ∈ c1Z3

}
,

Ψ(d)(ψ(d); c) =
{
ψ

(d)
j,k,m = 2jψ(d)(S

(d)
k A

(d)

2j
· −m) : j > 0, ‖k‖∞ 6 d2

j
2 e, m ∈M (d)

c Z3
}
.

Here j ∈ N0, k ∈ Z2 and for d = 1, 2, 3, the paraboloidal scaling matrices A
(d)

2j
are

defined by

A
(1)

2j
=

2j 0 0

0 2
j
2 0

0 0 2
j
2

 , A
(2)

2j
=

2
j
2 0 0

0 2j 0

0 0 2
j
2

 , A
(3)

2j
=

2
j
2 0 0

0 2
j
2 0

0 0 2j

 .

Directionality is given by the shear matrices S
(d)
k :

S
(1)
k =

1 k1 k2

0 1 0
0 0 1

 , S
(2)
k =

 1 0 0
k1 1 k2

0 0 1

 , S
(3)
k =

 1 0 0
0 1 0
k1 k2 1

 .

Finally the translation lattices will be defined using M
(1)
c = diag(c1, c2, c2),M

(2)
c =

diag(c2, c1, c2) and M
(3)
c = diag(c2, c2, c1).

Definition 2.3.19. For ψ ∈ L2(R3), the 3D pyramid-based discrete shearlet trans-
form of f ∈ L2(R3) is the mapping

f 7−→ SHψf(j, k1, k2,m) =


〈f, ψ(1)

j,k1,k2,m
〉 if |k1|, |k2| 6 1

〈f, ψ(2)

j, 1
k1
,
k2
k1
,m
〉 if |k1| > 1, |k2| 6 |k1|

〈f, ψ(3)

j,
k1
k2
, 1
k2
,m
〉 if |k2| > 1, |k2| > |k1|,

where (j, k1, k2,m) ∈ N0 × Z× Z× Z3 and |k1|, |k2| 6 d2
j
2 e.
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2.3.9 Computer implementation of shearlets

Shearlet transforms can be implemented using couple of different software designed
for different platforms. Our focus is on ShearLab 3D which was originally designed
for MATLAB and later implemented for other platforms such as Python, Julia and
Tensorflow [35].

Detailed explanation of the ShearLab 3D code as well as a short introduction
to the history of different shearlet software and some numerical experiments can be
found in the documentation of ShearLab [31]. The focus of this section is to give a
general understanding about how the software is used and some of the differences
between ShearLab and say, a discrete classical shearlet transform.

The classical shearlets introduced earlier have been defined on the Fourier domain
and are band-limited. Desired properties such as tight frames can then be derived
but localization is then happening in the frequency space. Hence the information
about the anisotropic features in the spatial domain such as edges in an image are
not captured by a local shearlet. To achieve this, compactly supported shearlets
are needed. These localization properties are crucial for optimal approximations of
cartoon-like images and hence a wide range of different data. For this reason the
shearlets used in ShearLab are also compactly supported.

Even though tight frames have not been derived with compactly supported shear-
lets, work has been done to establish good and controllable frame bounds by Kit-
tipoom, Gutyniok and Lim [28]. In their work conditions for the scale, shearing and
sampling parameters known as feasible parameter sets were introduced.

Shearlab uses an algorithm originally introduced by Wang-Q Lim [34] and later
improved by replacing the separable shearlet generators with non-separable ones [33].
Since band-limited shearlets have better frame properties but are never separable,
it makes sense that better frame bounds can be obtained when separability is not
required. ShearLab also extends the algorithm to 3D.

Shearlet decomposition of a 2D signal f ∈ Rd with ShearLab 3D requires the
following inputs:

• nScales : The number of different scales used in the shearlet decomposition.
Works as an upper bound for the scaling variable j. This is also limited by
the size of the signal.

• shearLevels : A vector of length nScales defining for each scale the number of
different shearings used in the decomposition. If dj is the j-th component of
shearLevels, then for each j a shearlet filter ψd

j,k associated with scaling matrix
Adj will be defined. It will then be sheared based on the integer parameter
k, where |k| 6 2dj , separately for horizontal and vertical cones. This gives a
total of 2(2 · 2dj + 1) shearlet filters for each scale j.

• directionalFilter : A 2D directional filter that is the basis of the directional
part of the generating shearlet. The default choice is a maximally flat 2D fan
filter but the user can define their own directional filter.

• quadratureMirrorFilter : A 1D lowpass filter which gives the corresponding
highpass filter. These define the passbands for each scale given by nScales.
The default is symmetric maximally flat 9-tap lowpass filter but any lowpass
filter can be used.
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From these inputs ShearLab can compute a set of 2D digital shearlet filters and the
shearlet coefficients are then obtained using an inner product with the signal f . The
total number of coefficients obtained is X ·Y ·R, when the signal is of size X×Y and
hence the number of translations is X · Y . The number R is called the redundancy
of the shearlet system. Counting the low frequency part, the redundancy is

R = 1 +

j0+nScales−1∑
j=j0

2(2 · 2dj + 1),

where j0 is the coarsest scale for the shearlet transform.
In 3D and a signal of size X × Y ×Z, the inputs are the same even though they

are used slightly differently. For example there are two shearing parameters k1 and
k2 for a given scale with max{|k1|, |k2|} 6 2dj for each of the three directional pairs
of pyramids. Thus for j-th scale, 3(2 · 2dj + 1) shearlet filters are needed and the
redundancy is

R = 1 +

j0+nScales−1∑
j=j0

3(2 · 2dj + 1).

Given the shearlet coefficients and the input filters, the decomposition can be
inverted and the original signal obtained using convolution. Due to the convolution
theorem this can be done by summing over a set of dual shearlet filters multiplied
by the shearlet coefficients in the frequency domain. These dual shearlet filters are
calculated from the corresponding shearlet filters.
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3. Methods

In this thesis both simulated and real data were used. The digital phantom was
specifically created for this problem and was designed to simulate the relevant fea-
tures of the real data. The real measurements were taken at University of Helsinki
X-ray laboratory courtesy of Hanna Help.

Common characteristic to each dataset was a static stem-like structure containing
dynamic contrast agent which is applied and either increases or decreases in visibility
between the time steps.

All of the forward projections were computed using the excellent ASTRA Tool-
box [1] in Matlab, with the faster Spot-operators [2] to avoid saving the potentially
massive matrices into the computer memory.

3.1 Simulated data

The simulated data Fph was a N×N×T array of attenuation coefficients where the
third dimension was considered as time. The values chosen were N = 256, T = 34.
The background was a N × N static image simulating the stem of a plant and on
top of it were imposed five spreading areas with higher attenuation value to simulate
the spreading contrast agent. A separate parameter allowed for a noticeable lower
contrast between the background and the spots of ’contrast agent’.

Additionally given a parameter ρ, a normally distributed rotational error with
variance ρ would be separately applied to each time frame of the phantom. These
minor changes in orientation would simulate the real errors caused by the rotation
of the target during the measurement process. Figure (3.1) illustrates the different
versions of the phantom and how those change between time steps.

The phantom was then projected into T separate sinograms using an ASTRA
forward operator and artificially corrupted by Gaussian noise with 0 mean and 0.05
variance. The next subsections explains the additional precautions that were done
in order to avoid committing something known as inverse crime.

3.1.1 Inverse crime

The forward projection is done using a matrix A. The construction of such operator
is explained in section 2.1.3 but what matters is that A is a simplified model for the
physical CT imaging process. However as seen in section 2.1, A plays a vital role in
the reconstruction algorithm.

If the same forward projection is used to obtain the simulated data, i.e. msim =
Afph + ε, we are actually using information about the data we would not otherwise
have. This can give undesired bias to reconstructing from the simulated data which
is meant to give objective information about the quality and properties of the algo-
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(a) Bright version of the phantom, time steps t = 1, 10, 16, 34 and ρ = 0.5.

(b) Dim version of the phantom, time steps t = 1, 10, 16, 34 and ρ = 2.

Figure 3.1: Illustrations of the simulated phantom, size 256× 256× 34.

rithm. Therefore the process of forward projecting has to be manipulated in such a
way that the information about the operator A is robust against error modelling.

An interested reader should see section 2.1 of Linear and Nonlinear Inverse
Problems with Practical Applications [41] by Mueller and Siltanen as it contains
illustrative inverse crime experiments.

Our defence against inverse crime is based on the scalable nature of the phantom
and the ASTRA forward operator, which we utilize by creating the phantom F̃ph at
scale 2N × 2N × T and the corresponding matrix Ã with detector count of 2Ndet.

Then the projections m̃(t) will be from an object with twice the resolution and
number of measurements. The actual simulated measurements m

(t)
sim are then ob-

tained by down sampling or binning m̃(t). That is, two neighbouring detector ele-
ments are considered as a single wider element providing just a single measurement.
This way the algorithm will produce a reconstruction of size N × N for each time
step t.

Due to the noise reducing effect of binning, the random noise ε is added after-
wards to keep the noise at a known level.

3.2 Real data

Physical measurements were taken from two targets: a physical phantom and a
living plant. The physical phantom was made of agarose gel in order to withstand
a higher radiation dose from a denser set of measurement angles.

The physical phantom was diffused with a different sugar-iodine-mix (potassium
iodide diluted with 20% sugar water for a 30% concentration) by first applying
sucrose to specific sections of the phantom which would increase the diffusion ca-
pabilities. Then the contrast agent was manually applied to those sections between
measurements. Approximately 5ml of sugar-iodine mixture was used and the phan-
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tom was imaged 17 times with 360 measurement angles.

The in vitro grown plant (populus tremula) was passively perfused with a liquid
sugar-iodine-mix (Iopamidol diluted with 20% sugar water to lower the Iopamidol
concentration to 25%, cf. [27]) through the petiole and then imaged 11 times with
just 90 measurement angles. The total amount of Iopamidol was approximately
250µl.

In both cases the first and last set of measurements were originally done with
a noticeably higher number of projections in order to obtain a good quality recon-
structions for comparison. However due to the formulation of the forward operator,
the number of measurement angles was kept uniform for simplicity and hence the
sinograms for these frames were down sampled to a lower projection count by simply
picking fewer angles when the sinograms were constructed.

The measurements were done in Helsinki University micro-CT laboratory with a
Phoenix Nanotom S scanner. The X-ray source and the plant can be seen in Figure
3.2.

Figure 3.2: Measurement setup for the real plant [24].
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The 3D Shearlet tranform used in the 3D reconstruction algorithm requires that
the target is at least 33 pixels long in each dimension. For this reason both of the
real datasets were inflated in the temporal dimension by adding each frame multiple
times to obtain 34 frames for the physical phantom and 33 frames for the real plant
dataset. The reconstruction algorithm would then produce multiple reconstructions
from the same sinograms. These could either be kept separate or be combined into
a single reconstruction. For the 2D algorithm such steps were not necessary.

3.3 From 2D to 3D

In section 2.2 the minimization task (2.5) and even the whole inverse problem (2.4)
are presented as the forward operation A acting on a 2D image f stacked into a
vector and this yields the corresponding sinogram m. But as explained in section
3.1, the data has a third dimension and is inherently dynamic.

If this temporal behaviour is neglected and each time frame is considered as
its own separate inverse problem, our earlier algorithms will work just fine. The
reconstruction process could even be speed up by assuming the sparsity levels Cpr

are basically identical and hence the sparsity control can be performed at the same
time for every time frame.

However the 3D shearlet transform allows to consider the sparsity of a single
3D object F instead. As before it can be ’dropped’ into a single column vector of
length N2T where each section f (t) of length N2 corresponds to one time frame. A
similar idea can be applied to stacking the sinograms m(t) into a vector M of length
NθNdetT .

Finally if the matrix A is tiled diagonally T times into a block diagonal matrix
A we have AF = M, i.e.

A 0 · · · 0

0 A · · · 0

...
...

. . .
...

0 0 · · · A




f (1)

f (2)

...
f (T )

 =


m(1)

m(2)

...
m(T )

 ,
where 0 ∈ RNθ×Ndet denotes a zero matrix. Therefore 3D data can be handled as
before.

3.4 Quality metrics

The quality of the reconstructions f∗ can be evaluated with different metrics which
might emphasize different aspects or qualities. In this thesis the reconstruction
quality is measured with relative error(`2-error), peak signal-to-noise ration (PSNR)
and Haar wavelet-based perceptual similarity index (HPSI) [46].

With the simulated data each metric can be tested against the known true value
f . The physical phantom can be tested against high quality reconstructions obtained
from a denser set of projections (360 projection angles) with the ASTRA Toolbox
FBP algorithm. Reconstruction quality of the real plant could only be evaluated
for the first and last frame since those could be constructed from a higher number
of projections (720 and 1440 respectively) using the FBP algorithm.
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3.4.1 Relative error

The relative `2-error is probably the simplest type of estimator used. It is easy
to calculate and widely used which makes it suitable for estimating results from
different sources. However it is not sensitive to details or specific aspects of the data
and two very different reconstructions can have identical relative errors.

`2-error(f∗, f) =
‖f − f∗‖2

‖f‖2

. (3.1)

It is of course assumed that ‖f‖2 6= 0. Relative error close to zero indicates almost
perfect match and values greater than 0.5 typically indicate low similarity. If the
relative error is greater than one, even the zero element would be considered a
better approximation and the algorithm has most likely failed. The relative error is
sometimes given as percentage.

3.4.2 Peak signal-to-noise ration

PSNR is very similar to relative error and is prone to the same kind of behaviour.
However it is widely used as a metric of compression and noise reduction quality.
For two vectors of length N2, PSNR is given by

PSNR(f∗, f) = 20 · log10

(
N · peakvalue
‖f − f∗‖2

)
, (3.2)

where peakvalue is the highest allowed pixel value; for images this is generally 1 or
255. Bigger PSNR values correspond to a better match. For a perfect match, i.e.
no noise, the PSNR is not defined as it tends to infinity.

3.4.3 Haar wavelet-based perceptual similarity index

The earlier error metrics do not necessarily agree with the human perception of ’sim-
ilar looking images’ [37]. For that reason more intricate models have been proposed.
HaarPSI or HPSI evaluates two given images in the wavelet domain (see sec. 2.3.4)
using Haar wavelet transform and a non-linear logistic function to weight changes
in large and small values differently.

HPSI(f∗, f) gives values between 0 and 1, where 1 indicates perfect similarity.
We omit the mathematical formula of HPSI but an interested reader should refer to
[46] for the full construction. The authors have also shown it to correlate well with
human perception while still being computationally efficient.

3.5 Parameters

The PDFP algorithm with controlled sparsity requires some pre-set parameters,
most of which were kept fixed throughout the experiments. These are presented in
table 3.1. However some of the parameters depended on the data and the linear
transformation used such as the a priori sparsity level Cpr and ω which was used to
tune the initial speed of the sparsity controller. In addition there was a multiplier
ψ for the initial thresholding value α(0) and the lower bound κ for defining which
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coefficients are counted as ’non-zero’. These parameters are shown in table 3.2 with
respect to the corresponding dataset.

Parameter Value Notes
γ 1 See equation (2.6).
λ 0.99 See equation (2.6).
K 300 Iteration limit.
τ1 0.01 Tolerance for sparsity level.
τ2 0.001 Tolerance for norm change between iterates.

Table 3.1: Fixed parameter values for the PDFP algorithm.

Dataset Method Cpr ω κ ψ
Simulated 2D shearlet 0.77 50 10−4 1
phantom 3D shearlet 0.73 10 10−6 1

Haar wavelet 0.30 10 10−6 1
Physical 2D shearlet 0.70 30 10−6 1
phantom 3D shearlet 0.76 0.01 10−6 10

Haar wavelet 0.54 1 10−6 1
Real plant 2D shearlet 0.95 1 10−4 10

3D shearlet 0.98 10 10−4 100
Haar wavelet 0.80 0.05 10−4 10

Table 3.2: Varying parameter values for the PDFP algorithm.
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4. Results

In this section we present the results obtained by applying the PDFP algorithm
with controlled sparsity (CWDS-PDFP) to the three datasets introduced in chapter
3. For comparison the 2D methodology is also performed with a 2D Haar-wavelet
transform as in the original study [45]. For 3D data no wavelet experiments were
done since 3D Haar transform was not easily available. The essential difference
between 2D and 3D approach is explained in section 3.3.

Since with the other two data sets the dense angle filtered back-projection (FBP)
is considered as the ’ground truth’, the same error values were also calculated for
the FBP reconstructions of the simulated phantom. However the emphasis is on the
visual quality and especially how well the contrast agent can be seen.

2D shearlet transform (SH2D) was computed with 3 scales and 3D shearlet trans-
form (SH3D) with 2 scales, both using the default number of shearing directions.
The Haar transform was performed using the Wavelet Toolbox [39] with 4 scales.
All computations were implemented with Matlab R2018a, running on Windows 10
computer with 16GB of 2.40 GHz DDR4 memory and Intel i5 CPU at 2.80 GHz.

4.1 Simulated phantom

Both levels of contrast agent intensity were used. For the ’bright’ version the nu-
merical comparisons are included in table 4.1 and visual comparison of the last time
frame is shown in figure 4.1. The equivalent results for the ’dim’ version are included
in table 4.2 and figure 4.2.
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Method Nθ `2-error PSNR HPSI
SH2D CWDS-PDFP 45 33.0% 20.0 0.366

90 30.6% 20.7 0.447
120 23.1% 23.1 0.548
360 24.7% 22.5 0.584

SH3D CWDS-PDFP 45 28.7% 21.2 0.366
90 23.6% 22.9 0.500
120 22.8% 23.2 0.541
360 21.4% 23.7 0.610

Haar CWDS-PDFP 45 26.5% 21.9 0.368
90 22.4% 23.3 0.482
120 23.5% 22.9 0.520
360 23.9% 22.8 0.584

FBP 45 38.6% 18.6 0.278
90 30.5% 20.7 0.433
360 21.9% 23.6 0.575

Table 4.1: Error metrics of the ’bright’ simulated phantom reconstructions.

Method Nθ `2-error PSNR HPSI
SH2D CWDS-PDFP 45 30.5% 21.1 0.380

90 24.8% 22.9 0.522
120 25.9% 22.5 0.541
360 24.3% 23.1 0.605

SH3D CWDS-PDFP 45 24.5% 23.0 0.410
90 19.5% 25.0 0.584
120 17.8% 25.8 0.643
360 15.0% 27.3 0.740

Haar CWDS-PDFP 45 26.0% 22.5 0.385
90 22.9% 23.6 0.519
120 23.6% 23.3 0.554
360 23.2% 23.5 0.608

FBP 45 34.1% 20.1 0.299
90 24.7% 22.9 0.484
360 17.9% 25.7 0.630

Table 4.2: Error metrics of the ’dim’ simulated phantom reconstructions.
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Figure 4.1: Visual comparison of different reconstruction methods with the ’bright’
simulated phantom, t = 34. On each row a reconstruction from 45, 90 and 360
projections is shown for each respective method.
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Figure 4.2: Visual comparison of different reconstruction methods with the ’dim’
simulated phantom, t = 34. On each row a reconstruction from 45, 90 and 360
projections is shown for each respective method.
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4.2 Physical phantom

Numerical comparisons are included in table 4.3. Comparison images of the different
reconstructions can be seen in figure 4.3. In figures 4.4 and 4.5 only the contrast
agent is shown by subtracting the first frame (t = 1) of the reconstruction from the
subsequent frames. For the 3D shearlet reconstruction each pair of reconstructed
frames were combined into one (see sec. 3.2 for details).

In addition the number of iterations and computing times for each reconstruction
method are included in table 4.4.

Method Nθ `2-error PSNR HPSI
SH2D CWDS-PDFP 45 20.1% 22.1 0.226

90 18.5% 22.8 0.254
120 18.6% 22.8 0.252
360 20.5% 21.9 0.221

SH3D CWDS-PDFP 45 21.0% 21.7 0.226
90 18.9% 22.7 0.251
120 18.4% 22.6 0.252
360 17.9% 23.1 0.254

Haar CWDS-PDFP 45 20.0% 22.2 0.251
90 19.6% 22.3 0.249
120 19.6% 22.3 0.248
360 19.6% 22.3 0.247

Table 4.3: Error metrics of the physical phantom. Each frame is compared against
the dense angle FBP reconstruction

Method T Nθ
Total
time (s)

Number of
iterations

Time per
iteration (s)

SH2D CWDS-PDFP 17 45 959 96 10.0
90 1022 100 10.2
120 1839 158 11.6
360 2674 140 19.1

SH3D CWDS-PDFP 34 45 12953 241 53.7
90 9628 143 67.3
120 8999 130 69.2
360 8405 108 77.8

Haar CWDS-PDFP 17 45 151 54 2.8
90 245 54 4.5
120 301 53 5.7
360 805 52 15.5

FBP 17 360 2.2 – –

Table 4.4: Iterations and computing time required for each reconstruction method
with the physical phantom.
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Figure 4.3: Visual comparison of different reconstruction methods with the physical
phantom. For images (a)–(i): Nθ = 90 and for the FBP reconstructions used as a
benchmark

(
images (j)–(l)

)
: Nθ = 360. On each row the 2nd, 7th and 12th time

frame is shown for each respective method.
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Figure 4.4: Visual comparison of different reconstrutions without the static back-
ground to highlight the contrast agent. For images (a)–(i): Nθ = 90 and for the
FBP reconstructions used as a benchmark

(
images (j)–(l)

)
: Nθ = 360. On each row

the 2nd, 7th and 12th time frame is shown for each respective method.
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Figure 4.5: Visual comparison of different reconstrutions without the static back-
ground to highlight the contrast agent. Nθ = 45. On each row the 2nd, 7th and
12th time frame is shown for the 2D shearlet, 3D shearlet and Haar wavelet methods
respectively.
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4.3 Real plant

The numerical comparisons are included in table 4.5 and the required iterations and
computing times in table 4.6. As noted in section 3.2, high quality FBP reconstruc-
tions could only be obtained from the first and last frames. Those are shown in
figure 4.6. Visual presentation of the reconstruction quality can be seen in figure
4.7. In order to monitor the flow of iodine inside the plant, additional steps were
done to enhance the visibility of the contrast agent. Mainly the background was
suppressed by applying a mask and subtracting the first frame from the subsequent
ones. These images are presented in figures 4.8 and 4.9.

For the 3D shearlet reconstruction the middle frame was chosen out of each
triplet and the rest were discarded.

Method Nθ `2-error PSNR HPSI
SH2D CWDS-PDFP 45 142% 29.0 0.333

90 127% 30.0 0.345
SH3D CWDS-PDFP 45 136% 29.4 0.332

90 122% 30.3 0.339
Haar CWDS-PDFP 45 137% 29.3 0.325

90 123% 30.3 0.344

Table 4.5: Error metrics of the real plant reconstructions. First and last frames are
compared against the dense angle FBP reconstruction.

t = 1 t = 11

F
B

P

(a) (b)

Figure 4.6: The FBP reconstructions of the real plant used for comparison, first
frame (a): Nθ = 720 and last frame (b): Nθ = 1440.
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Figure 4.7: Visual comparison of different reconstruction methods with the real
plant. Nθ = 90. On each row the 1st, 7th and 11th time frame is shown for the 2D
shearlet, 3D shearlet and Haar wavelet methods respectively.
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Figure 4.8: Visual comparison of different reconstrutions without the static back-
ground to highlight the contrast agent. Nθ = 90. On each row the 1st, 7th and 11th
time frame is shown for the 2D shearlet, 3D shearlet and Haar wavelet methods
respectively.
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Figure 4.9: Visual comparison of different reconstrutions without the static back-
ground to highlight the contrast agent. Nθ = 45. On each row the 1st, 7th and 11th
time frame is shown for the 2D shearlet, 3D shearlet and Haar wavelet methods
respectively.
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Method T Nθ
Total
time (s)

Number of
iterations†

Time per
iteration (s)

SH2D CWDS-PDFP 11 45 2090 300 7.0
90 2517 300 8.4

SH3D CWDS-PDFP 33 45 24247 300 80.8
90 33622 300 112.1

Haar CWDS-PDFP 11 45 565 300 1.9
90 1003 300 3.3

FBP 1 720 0.7 – –
1440 0.3 – –

† Iteration limit: 300

Table 4.6: Iterations and computing time required for each reconstruction method
with the real plant. Note that sufficient number of projections for FBP was only
available for the first and last frame.

4.4 Discussion

To summarize the different results, the ’bright’ simulated phantom produced quality-
wise very similar reconstructions with the Haar transform being slightly better and
faster to compute. With the ’dim’ variant the Haar wavelets still slightly outper-
formed the 2D shearlets but based on the numerical metrics the 3D shearlets had
the best quality, especially with higher number of projections. Interestingly with
360 projections the 3D shearlets even outperformed the FBP reconstructions.

With low number of projections the Haar wavelets produced more jagged edges
compared to the shearlets which is very typical of the Haar transform. This was less
noticeable with the other datasets which lacked the simple smooth features. The
intensity of the high contrast region in the ’bright’ phantom is also noticeably higher
than with real measurements and too much weight should not be given to them.

Numerically both shearlet methods were slightly better suited for the physical
phantom and visual inspection shows that especially the 3D shearlets produced
sharper images. However each method still produced relatively clear images and the
changing contrast agent could be seen even with just 45 projections.

Inside the small sections which were initially filled with sucrose the contrast
agent is relatively easy to see. However because of the slower diffusion into the gel,
the spreading of the contrast agent more closely resembles the real plant outside
those areas. Observing this is very difficult using the normal images and hence the
images with the background removed (figures 4.8 and 4.9) offer better comparison.

Based on these ’difference’ images and 90 projections, the 2D shearlets and Haar
wavelets produce additional noise which can give the impression that the amount
of the contrast agent is higher than it really is. The 3D shearlets seem to indicate
the most realistic quantity out of each tested method. With 45 projections the
background noise is causing even more noticeable errors.

The measurements from the real plant produced poorer reconstructions across
each method and the reliability of the error metrics is questionable, especially the
relative error. In addition the iodine is very hard to identify from the reconstructions
as can be seen in figure 4.7. For this purpose the images with the plant stem removed
and background masked off provide the best visibility. Based on those, the difference
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between 2D shearlets and Haar wavelets is barely noticeable and both methods
produce pixelated results which makes it hard to differentiate between noise and
iodine. The results from 3D shearlets seem more blurred which subsequently makes
it easier to see the changes in the contrast agent.

It should be noted that while the added temporal dimension seems to give the
3D shearlets some advantage over the other methods, in some cases it is also causing
some artefacts to the first time frames where the iodine would later appear. This is
most notable with the ’bright’ phantom.

During the reconstruction process the 3D shearlet algorithm seemed noticeably
more robust compared to 2D shearlets and Haar wavelets which would sometimes
have issues converging to a solution. This could be due to the sparsity control
step affecting some frames in an undesirable fashion, i.e. increasing the sparsity
when it should be reduced or vice versa. One option would be to run the algorithm
separately for each time frame and then combine the final reconstruction from those.

However with the right tuning of the parameters each simulated and physical
phantom reconstruction did converge to a solution with respect to the tolerances.
The real plant reconstructions did not converge with sufficient speed using any of
the algorithms. This could be due to the relatively high desired sparsity levels: the
reconstructions became very sensitive to thresholding and the process had to be
significantly slowed in order to get sharp reconstructions.

The most noticeable downside to the 3D shearlets is the computational burden.
Especially if the temporal domain is too small (T < 33), the added frames only
slow down the algorithm with no extra benefits. The ShearLab 3D does provide
methods of computing the shearlet transforms on the GPU which should improve
the computational efficiency but this would require a computer with more GPU
memory.
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5. Conclusions

In this thesis we applied the Primal-dual fixed point (PDFP) algorithm with the
controlled wavelet domain sparsity (CWDS) scheme to a dynamic CT reconstruction
problem. A key aspect to this approach were the 2D and 3D shearlet transforms
which – at least in theory – should have some highly desired properties and work
well with the CWDS-PDFP method.

In particular we were interested in seeing how a contrast agent spreads over time
inside a static object such as the stem of a plant. For this reason two testing phan-
toms were used: a digitally simulated one and a physical phantom made of gel which
was imaged similarly to the real plant. Each measurement setup was reconstructed
using the different shearlet transforms as well as a Haar-wavelet transform and then
numerically and visually assessed.

All tested approaches appear to be suitable for sparse angle dynamic CT recon-
structions. In particular, while the Haar wavelet transform seems to provide fast
and good enough reconstructions in most situations, the 2D and 3D shearlet-based
approaches yield slightly better reconstructions at the cost of increased computing
time.

In terms of observing the diffusion of the contrast agent, there are some differ-
ences and the shearlets seem to have a slight edge over the Haar wavelet. Although
a more important factor is the number of projections especially when there is only
very little contrast agent.

Possible improvements to the experiments would be to apply a 3D (Haar) wavelet
transform to see whether the shearlets were necessary for the improved reconstruc-
tion quality or would simply the consideration of the temporal dimension be suffi-
cient.

Additionally the high projection count measurements could be utilized by using
the densest possible forward operator for each time frame or by calculating the static
background separately and considering the sparse data from the contrast agent only.
This could help decrease the noise and errors caused by the sparsely reconstructed
background.
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