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Abstract 
 
Forests have a significant role in preventing climate change. Forests work as a carbon sink and produce also other non-timber 

amenity values alongside commercial timber. Taking these non-timber amenity values into account while calculating the value of 

forest will have an effect on choosing an optimal forest management regimes. 

 

The Faustmann formula and its extensions are widely explored among forest economists. Most notable extensions of the Faustmann 

formula include the Hartman extension of non-timber amenity values and the inclusion of carbon storage. Both the Hartman model 

and the Faustmann model with carbon storage, have previously only been analytically studied separately. In this study, the original 

Faustmann model, Faustmann model with carbon storage, Hartman model and Hartman model with carbon storage is covered. The 

entirely novel optimal conditions for the unique and finite rotations for these models are presented. In addition, based on empirically 

estimated ecological growth models, the numerical examples for all of the economic models included in this study is presented.  

 

According to the results, extending the classical Faustmann model to cover carbon storage or (and) non-timber amenity values, 

lengthens the optimal rotation and increases the bare lad value. Additionally, weaker growing conditions always increase the optimal 

rotation. Moreover, increasing the interest rate may increase or decrease the rotation, depending on the carbon price. 
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Tiivistelmä 
 

Metsillä on merkittävä rooli ilmastonmuutoksen hillinnässä. Metsät toimivat hiilinieluina sekä tuottavat myös muita ei-

puuntuotannollisia hyötyjä markkinapuun tuotannon ohella. Ei-puuntuotannollisten hyötyjen ottaminen huomioon metsän arvon 

laskennassa vaikuttaa optimaalisen metsähoitojärjestelmän valintaan. 

 

Faustmannin kaavaa ja sen laajennuksia on tutkittu laajasti metsäekonomistien keskuudessa. Faustmannin kaavan merkittävimpiä 

laajennuksia ovat Hartmanin laajennus, eli ei-puuntuotannollisten hyötyjen mukaan ottaminen sekä hiilensidonnan sisällyttäminen. 

Sekä Hartmanin mallia että Faustmannin mallia hiilensidonnalla on tutkittu aikaisemmin analyyttisellä tasolla vain erikseen. Tässä 

tutkielmassa tarkastellaan alkuperäistä Faustmannin mallia, Faustmannin mallia hiilensidonnalla, Hartmanin mallia sekä Hartmanin 

mallia hiilensidonnalla. Tämä tutkielma esittää täysin uudenlaiset optimiehdot yksiselitteisille ja äärellisille kiertoajoille. Lisäksi 

esitetään empiirisesti arvioitujen ekologisten kasvumallien perusteella numeeriset esimerkit kaikista tässä tutkimuksessa mukana 

olevista taloudellisista malleista. 

 

Tulokset osoittavat, että klassisen Faustmannin mallin laajentaminen kattamaan hiilinielun ja (tai) ei-puuntuotannolliset hyödyt, 

pidentää optimaalista kiertoa ja lisää paljaan maan arvoa. Heikommat kasvuolosuhteet pidentävät optimaalista kiertoaikaa 

jokaisessa mallissa. Lisäksi tuloksista nähdään, että koron nostaminen voi pidentää tai lyhentää metsän optimaalista kiertoaikaa 

hiilen hinnasta riippuen. 

Avainsanat 
Optimaalinen kiertoaika, Hartmanin malli, ei-puuntuotannolliset hyödyt, hiilensidonta 
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1 Introduction 

While providing resources for consumption, forests also have a significant role in 

mitigating climate change. The total forest area has decreased by 3 % since 1990. 

Decrease in a total forest area and changes in land-use causes biodiversity losses which 

have been about 8-14 %. (IPCC 2019, p. 11-12.) Furthermore, given the potential of 

forests in carbon sequestration the decrease of total forest area is alarming. The net 

carbon sequestration in forest biomass has globally decreased approximately 6 % from 

1990 to 2005 (IPCC 2007, p. 544-545). A well over half, 60-85 %, of total forest area 

is used with different intensity, but information about management regimes remains 

limited (IPCC 2019, p. 11-12).  

For sufficient decrease in CO2 emissions, there is a need for afforestation, decreasing 

deforestation, increasing the stand level and landscape level carbon density with 

appropriate forest management routines (IPCC 2007, p.549). In addition to acting as 

carbon sinks, forests are vital for biodiversity conservation, and produce numerous 

other non-timber benefits or ecosystem services e.g. watershed protection, the control 

of soil erosion, landscape aesthetics, tourism (Touza et al. 2008). Due to the lack of 

appropriate markets, these non-timber benefits are usually not considered when 

making forest management decisions, despite their various benefits to society (Bowes 

and Krutilla 1985, Strang 1983, Clark 1976). Private forest owners might not value 

these non-timber amenity services as high as it would be socially optimal, and thus 

harvesting can be seen as a negative externality. Thus, there is a need for policy 

interventions. (Amacher et al. 2009, p. 45.) 

Theoretically sound formula for forest value was first presented by Faustmann (1849).  

Motivated by the Faustmann (1849) model, Pressler (1860), Ohlin (1921), and later 

Samuelson (1976), analytically examined the rotation model and were convinced that 

Faustmann’s solution was correct. Thus, Faustmann (1849) formula and forest rotation 

has remained as a largely studied area among forest economists. Recently, Tahvonen 

and Rautiainen (2017) proves that there is a finite and singular solution to the 

Faustmann (1849) model and for Faustmann (1849) model with carbon storage. 

Despite the various studies, forest management has been focusing more on maximizing 

the annual timber yield, rather than maximizing the economic value of a forest. 
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Furthermore, in addition to timber revenues traditionally considered, non-timber 

benefits of a forest, such as landscape valuation, hunting, biodiversity, etc., can also 

have a major effect on the optimal rotation age (Hartman 1976). 

Faustmann (1849) approach for optimal rotation age requires a number of strict 

assumptions e.g. competitive and perfect capital markets, exogenous economic and 

ecological parameters which are constant over time, and no uncertainty in the markets 

(Samuelson, 1976). Many studies have extended Faustmann (1849) model and 

loosened the restrictions about the perfect capital markets (Tahvonen et. al., 2001, 

Murphy et. al. 1977, Koskela 1989, Kuuluvainen 1990). Moreover, landowners’ 

owner-specific characteristics, such as nonforest income, wealth and age, have an 

effect on a harvesting decision (e.g. Binkley 1981), whereas in the Faustmann model 

landowners are assumed identical. 

Hartman (1976) extended the Faustmann (1849) model by adding age-dependent non-

timber amenity services. These non-timber amenity services may have a big influence 

on the rotation age depending on the relationship of timber and non-timber values of 

the forest. Hartman (1976) didn’t prove the existence of a finite rotation period but did 

provide analytical reasoning. The valuation on non-timber amenity services is 

challenging as these by-products created by a forest often have no existing markets. 

Furthermore, economics have traditionally lacked knowledge of including 

conservation biology in the economic models of forest resources (Amacher 2015). 

There exists noticeable difficulties to estimating the non-timber amenity services such 

as biodiversity, recreation, landscape values, flood control, keeping forest as 

pastureland, water flow and wildlife. The most common way to measure the above 

mentioned is to use different diversity indexes e.g.  Shannon or Simpson index 

(Wikström et al. 2000). 

A large literature of Hartman (1976) model finds that non-timber amenity values have 

an effect on rotation length, but the extent of the effect depends on the magnitude of 

the non-timber values. Usually, the value of the environmental benefits are assumed 

to increase as the stand gets older. Thus, the rotation age can become infinitely long 

with high enough non-timber amenity values and it becomes optimal to never log the 

stand. (Hartmann 1976, Campbell et al. 2004, Strang 1983, Tahvonen et al. 2018.) 
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Another line of research studies the effect of forests’ carbon pools on rotation length 

by adding carbon storage into the Faustmann (1849) model. Common understanding 

is that increasing price of carbon lengthens the optimal rotation (Hoel et al. 2014, 

Asante et al. 2012, Asante 2011, Pihlainen et al. 2014, Daigneault 2010, Van kooten 

et al. 1995). However, increasing carbon price may also shorten the rotation, 

depending on the economic and biological parameters (Assmuth et al. 2018, Akao 

2011, Tahvonen et al. 2017). 

This thesis studies the rotation period model by Faustmann (1849) and its extensions 

including Faustmann (1849) model with carbon storage, Hartmann (1976) model and 

Hartmann (1976) model with carbon storage. Existence of unique and finite rotations 

under certain assumption are presented first for Faustmann (1849) model and for a 

Faustmann (1849) model with carbon storage. Third, the Hartman (1976) model is 

proven right, and finally, the model is extended to include carbon storage. The 

analytical solution for the Hartman (1976) model extended with carbon storage has not 

been studied before. In addition, all of the models are examined numerically in two 

different growth conditions (Southern Finland conditions with good growth and 

Northern Finland conditions with poor growth). 

2 Faustmann (1849) model 

This chapter introduces the Faustmann (1849) model and proves that it has an unique 

and finite solution. The Faustmann (1849) model is examined numerically in the last 

section of this chapter. 

The aim of the model is to maximize the net present value of a stand, considering only 

timber revenues. The costs are composed of the artificial regeneration costs and the 

opportunity costs from delaying the harvest. All calculations are made with the 

presumption that the initial state of a stand is bare land. Natural regeneration of forest 

is not taken into account, so forests can only regenerate by artificial regeneration after 

a clearcut, in which all trees are harvested simultaneously. In order to have a possibility 

for an unique solution to the formula, several assumptions are made. Prices, 

regeneration costs and interest rate are exogenous and independent of time and the 

forest supply does not have an effect on the aggregate supply (Hartman 1976).  Capital 

and timber markets are perfect, and the forest owner is a profit maximizer. In addition, 
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there is no uncertainty in parameters or in the forest growth function. (Samuelson 

1976.) These assumptions will hold trough this whole thesis unless stated otherwise. 

Next, following Tahvonen and Rautiainen (2017), it is proven that given specific 

assumptions there is a unique and finite solution for the Faustmann (1976) model.  

Let t denote the stand age and ( )V t  the stand clearcut value (per ha) as a function of 

stand age t. The function must satisfy 

( )

( )

3 (0) 0,  V'(0) = 0, ( ) > 0  ' 0,   0,  

ˆ ˆ ˆ’ 0    , ´́  > 0 for 0 < t < t and V'' < 0  t > t,

'' ˆ is decreasing in t whe

,  

n t > t.
'

V C V V t and V t t

V t and V V as t V

V

V

 =   

→ → →    (A2) 

Above, t̂ refers to the culmination age, i.e. where ( )V t  grows fastest, and V̂ is the 

stand age in which the stand reaches the mature steady state. ( )V t  is a convex-concave 

function, i.e. convex for the young trees before t̂ , and after this culmination age ( )V t  

behaves as a concave function.  

The problem is to maximize the bare land value J (t) F with respect to stand age t  

{ 0}

( )
max  J (t) = 

1

rt

F rtt

w e V t

e

−

−

− +

−
,   (1) 

where J (t) F is the bare land value, 0r   is an annual market interest rate and w ≥ 0 

stands for the stand regeneration cost per ha. 

Differentiating J (t) F  w.r.t. t yields 

( ) ( )

( )
2

( ) '( ) 1 ( )
0

1

rt rt rt rt rt

rt

re V t e V t e w e V t re

e

− − − − −

−

   − + − − − +    =
−

 (2) 

Denominator ( )
2

1 rte−−  >0 when 0t  and 0r  . It follows that 

( ) ( )( ) '( ) 1 ( ) 0rt rt rt rt rtre V t e V t e w e V t re− − − − −   − + − − − + =     (3) 
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Dividing by 
rte−

gives 

 ( ) '( ) (1 ) ( ) 0rt rtrV t V t e r w e V t− − − + − − − + =  , (4) 

and dividing once more by ( )1 rte−−  gives 

( )

1
'( ) ( ) 0

rt

rt

w e V t

e
V t rV t r

 
 
 

 
 
 

−

−

− +

−
− − =   (5) 

Noticing that 
( )

1
( )

rt

rt

w e V t

e
J t

 
 
 

 
 
 

−

−

− +

−
=  and simplifying (5) gives the first order condition 

for the bare land value J (t) F  for finite rotations 

J' (t) '( ) ( ) ( ) 0F V t rV t rJ t= − − =   (6) 

Rearranging (6) gives 

'( ) ( ) ( )V t rV t rJ t= +   (7)  

which is the classical first order condition form of the Faustmann (1849) model. 

According to (7), it is optimal to clearcut when the marginal growth of the net value 

of the stand '( )V t  equals the interest cost from postponing the return from cutting the 

stand ( )V t  plus the interest costs from postponing the revenues from all the following 

clearcuts. (Clark 1990.)  

2.1 Finite and unique rotation 

Following Tahvonen and Rautiainen (2017)1, the existence of unique and finite 

solution can be proven. 

Multiplying (2) by 
1/ 1

1/ 1

rt

rt

e

e

 
 
 

 
 
 

−

−

−

−
yields 

 
1 The unique and finite solution can be proven for the Faustmann (1849) model when carbon price is 

set to zero in Tahvonen and Rautiainen (2017). 
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( )
( )

( )

( )
( ) '( )

1
0

1

rt
rt rt rt

rt

rt

w e V t
re V t e V t re

e

e

−
− − −

−

−

 − +
 − + −    −   =

−
 

Perceiving that denominator equals 1 ( 1)rt rt rt rt rt rte e e e e e− − − −− = − = −  gives 

( )
'( ) 0

1

F
F rt

f
J t

e
= =

−
,  (8) 

 where '( ) ( ) ( ) 0Ff V t rV t rJ t − − = . 

Let ( )F V t w


= − . If 0F  , revenues from clearcutting a fully stocked stand are 

higher than regeneration costs, which guarantees an optimal clearcut solution. If 

0F  , it is never optimal to clearcut. 

Proposition 1. Given (A1) and 0F  , the optimal rotation period t* is finite and 

unique. 

If 0w  , ( )FJ t →− and '( )FJ t → as t 0+→ . When 0w = , J (t) 0F →  as 0t +→  

but J (t) >0F   finite 0t  . Additionally, when 0w =  '( ) 0FJ t   as 0t +→ and positive with 

low levels of t. Furthermore, given (A1) as t → , thus ( ) 0Ff r V t w
 

→ − −   
 by 

assumption. Since Ff is continuous, this implies that there is at least one point where 

'( )FJ t  turns from positive to negative, i.e. there is at least one finite optimal 

rotation. 

In order to show the uniqueness, the second order condition is solved from (8)  

( )   

( )
2'( ) 0

1 ''( ) '( ) '( ) '( ) ( ) ( )
''( )

1
F

rt rt

F J t rt

e V t rV t rJ t V t rV t rJ t re
J t

e
=

− − − − − −
=

−
 (9) 

By rearranging (9), it follows that 
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( )  
1

''( ) 1 ''( ) '( ) '( )rt

FJ t e V t rV t rJ t
−

= − − −   (10) 

and by dividing by ( )
1

1rte
−

−  and rearranging, the sign of ' 0''( )
FF JJ t =  equals 

''( )
.

'( )

V t
r

V t
−   (11) 

Given (A1), the sign of function (11) decreases as t → , implying that there can be 

only one t where '( ) 0FJ t = . This shows the uniqueness of the optimal solution.■ 

2.2 Numerical example 

This chapter presents the numerical examples of the Faustmann (1849) model for pure 

Norway spruce stands in Southern Finland and for pure Scots pine stands in Lapland. 

The stand clearcut value function, ( )V t 2, is based on the outcome of an empirically 

estimated growth models by Bollandsås et al. 2008 (See Tahvonen and Rämö 2016). 

Figure 1 show how the clearcut value for Southern and Lapland forests evolves as the 

stand ages. In the South, with its more fertile sites, a stand reaches its maximum 

clearcut value in approximately 100 years, whereas in Lapland, it takes about 200 years 

to reach the same level. Clearly, since the growth rate is a lot faster in the Southern 

forests, the clearcut value is more than twice as high as in Lapland. The maximum 

value from commercial timber per hectare is over €20000 in Southern forests while it 

is slightly over €9000 per 1ha− in Lapland. These clearcut value functions will be used 

in the subsequent chapters. 

 
2 The growth function is of the form 𝑎𝑖𝑗(1 − 𝑒−𝑏𝑖𝑗∗𝑡)𝑐𝑖𝑗 . See Appendix 1. 
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Figure 1. Stand clearcut value in Southern and in Lapland forests. 

The bare land values (BLV) for interest rates 1 %, 3 % and 5 % are presented in Figure 

2, such that Figure 2a. presents the results from a Southern forests and Figure 2b. from 

a Lapland forests. The artificial regeneration costs in Figure 2  are €1700 ha-1 in 

Southern forests and €700 ha-1 in Lapland. Increasing interest rate decreases the BLV 

which can be over eight times greater in the Southern forests compared to Lapland 

forests.   

Figure 2a-b. Bare land value of Southern (a.) and Lapland (b.) forests for Faustmann (1849) model. 

Regeneration cost is 1700€ ha-1 in Southern forest and €700 in Lapland. 
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The same results of the Fautsmann (1849) model are tabulated in the Table 1 as in the 

Figure 2. Optimal rotations are finite and vary between 81 to 119 years in Lapland and 

51 to 63 years in the Southern Finland. The optimal rotation period lengthens as the 

interest rate decreases. The higher the interest rate, the higher the opportunity cost of 

postponing the future harvests becomes. Thus, BLV becomes smaller as interest rate 

increases. With 5 % interest rate, the optimal BLV becomes negative in Southern 

forests while in Lapland a 3% interest rate is enough to cause negative BLV. When 

BLV is negative, an alternative investment becomes more valuable than investing in 

rotation forestry. In this case, considering only timber revenues and starting from a 

bare land, giving up the forestry becomes optimal. The profitability of rotation forestry 

can be seen more clearly from Figure 3. 

Table 1. Numerical results for Southern forests and Lapland forests from Faustmann (1849) model. 

Interest 

rate 

Optimal rotation, 

years, Southern 

forest 

Bare land value, € 𝒉𝒂−𝟏,         

Southern forest 

Optimal rotation, 

years,         

Lapland forest 

Bare land value, 

€ 𝒉𝒂−𝟏,           

Lapland forest 

Regeneration 

cost, € 𝒉𝒂−𝟏 
0 1700 2700 0 1700 2700 0 700 1700 0 700 1700 

r=0.01 61 63 63 20923 17251 15968 111 114 119 3274 2238 784 

r=0.03 55 57 57 3503 1411 679 92 96 102 293 -451 -1505 

r=0.05 51 52 53 1044 -796 -1442 81 86 93 49 -662 -1673 

Figure 3 shows the break-even curve for the Southern and Lapland forests. These 

curves show the maximum allowed regeneration cost in order to have a positive 

BLV. Under the break-even curve BLV is positive, whereas it is negative above the 

curve. The maximum allowed regeneration cost increases with the decreasing interest 

rate. In Southern forests, given a 1 % interest rate, rotation forestry yields a positive 

profit even with €10 000 regeneration costs, whereas in Lapland the costs can be a 

maximum of €2000. The difference in allowed regeneration cost level comes from 

the differences in the clearcut value functions between Southern and Lapland forests. 
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Figure 3 Break-even curve for Southern and Lapland forests for regeneration cost €0-10000€ ha-1 and 

interest rates 0.01-0.05 % in Faustmann (1849) model. 

3 Faustmann (1849) model with carbon storage  

In this chapter, carbon storage is included into the Faustmann (1849) formula. In the 

formula, carbon uptake by the stand is subsidized by the government, as it can be seen 

as a positive externality. This externality is a function of a change in timber volume 

(in cubic meters). Forests can store carbon only once, so there is no additional benefit 

from carbon storage in the future. (van Kooten et al. 1995.) The amount of the subsidy 

can be related to the price of carbon, which is formed in an emission trading market. 

The social cost of carbon, or SCC, is the economic cost caused by an additional ton of 

carbon released into the atmosphere (Nordhaus, 2014). 

The magnitude of SCC depends on the model used to calculate the SCC, as well as the 

assumptions made, and the appropriate discount rate, among other factors. A large 

literature suggests that SCC varies from $18𝐶𝑂2
−1 (Nordhaus 2014) up to $200t𝐶𝑂2

−1, 

or even more (IPCC 2018, p. 152, Pindyck 2019), and it is expected to increase towards 

2050 (Nordhaus 2014). There has been a debate that a wider range of polluting 

activities along with the broader impacts on wellbeing should be taken into account 

when estimating SCC (IPCC 2018, p. 151) In addition, since modeling the catastrophic 
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crises and uncertainty is difficult to capture,  SCC can even be a lot higher in reality 

(Nordhaus 2014). EU ETS carbon price has been increasing since 2018 with the 

current price being around €25t𝐶𝑂2
−1. In this thesis, carbon price is assumed to be 

constant over time and it varies from €20𝐶𝑂2
−1 up to €140t𝐶𝑂2

−1 in most numerical 

examples. 

Let τ denote the price of carbon €t𝐶𝑂2
−1, which will be the same for released and 

sequestered carbon (Van Kooten et. al 1995). Denote the carbon content per 𝑚3 of 

timber with μ and stumpage price (€ per 𝑚3) with 0p  . Parameter β stands for the 

amount of carbon content released in the atmosphere from harvested wood. When β = 

1 (net subsidy system (Assmuth 2017)), carbon stock from harvested trees is released 

instantly, for example when wood is burned. If 0 = (gross subsidy system), all 

carbon from harvested trees is stored in wood products that never release it back into 

the atmosphere. The value of  takes into account the time it takes for the carbon 

stored in timber to release back into the atmosphere after harvesting. Thus,  is 

dependent both on the interest rate and the rate of decay of wood products σ (i.e. 

/ r  = + ). (Pihlainen et al. 2014.) In this thesis, 0.139 = , which gives the value 

for carbon release of 0.822. = Let the function ( )Q t  be the stand timber volume 

function and let it satisfy the same assumptions (A1) as a stand clearcut value function 

( )V t . All other parameters remain as before. 

The problem is to maximize the net present value of both timber production and 

carbon sequestration revenues. The objective function is

0

{ 0}

( ) '( ) ( )
max  J (t) = 

1

t
rt rs rt

C rtt

w e V t Q s e ds Q t e

e

 − − −

−

− + + −

−


. (12) 

Differentiating with respect to t yields the first order optimality condition 

 

( ) ( )

( )

( )

( )

2

0

2

( ) '( ) 1 ( )
'( )

1

'( ) '( ) ( ) 1 '( ) ( )

0
1

rt rt rt rt rt

C
rt

t

rt rt rt rt rt rs rt

rt

re V t e V t e w e V t re
J t

e

Q t e Q t e r Q t e e re Q s e ds Q t e

e

    

− − − − −

−

− − − − − − −

−

   − + − − − +   
= +

−

 
 − + − − −  

 
=

−



. (13) 
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Above, the first term is the Faustmann (1849) formula and the second shows the carbon 

storage part. Noticing that ( )
2

1 0  0rte t−−    and dividing by ( )1 rt rte e− −−  gives 

( )

( )
0

( )
J '( ) '( ) ( )

1

'( ) ( )

'( ) '( ) ( ) 0
1

rt

C rt

t

rs rt

rt

w e V t
t V t rV t r

e

Q s e ds Q t e

Q t Q t r Q t
e

 

  

−

−

− −

−

− +
= − − +

−

 
− 

 
− − − = 

− 
 
 

 . (14) 

The first three terms in (14) describe the Faustmann (1849) optimal rotation rule stated 

in equation (7). The fourth term is the marginal value of carbon storage when cuttings 

are delayed, while the fifth term presents the marginal cost from releasing additional 

carbon after cuttings. The last term corresponds to interest cost from postponing the 

net revenues from carbon storage. 

Rearranging equation (14), it follows that 

( )
0

'( ) ( ) '( ) '( )

( ) '( ) ( )

( ) 0
1

t

rt rs rt

rt

V t rV t Q t Q t

w e V t Q s e ds Q t e

r Q t r
e

 

 



− − −

−

− + − +

 
− + + − 

 
− = 

− 
 
 


 (15) 

where the last term is equivalent to J (t)C . Multiplying (13) by
1/ 1

1/ 1

rt

rt

e

e

 
 
 

 
 
 

−

−

−

−
, rearranging 

and reducing as in (8) gives 

( )
J '( ) 0,

1

c
C rt

f
t

e
= =

−
   

where 

( )  '( ) 1 '( ) ( ) ( ) ( ) 0c Cf V t Q t r J t Q t V t  = + − − − + = . (16) 
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According to (16), the optimal time to clearcut occurs when the value increment of 

growth equals the interest costs of postponing the cutting (Tahvonen and Rautiainen 

2017). 

3.1 Finite and unique rotation 

Following the proof from Tahvonen and Rautiainen (2017)

3Q C ,  (0) 0,  '(0) 0,  ( ) 0Q Q Q t = =   and '( ) 0 0,  '( ) 0Q t t Q t   →  and

ˆ as ,Q'' > 0 for 0 < t < tQ Q t


→ →  and ˆQ'' < 0  t > t   

''

'

Q

Q
is decreasing in t.                       (A2) 

Let
0

'( ) ( ) ( )rs

c Q s e ds w p Q t  


−= − + − .  

Similarly, as in the Faustmann (1849) model, c gives a condition whether it can be 

optimal to clearcut at all. The finite value is found when c  is positive, and it is 

optimal to clearcut. In this case, the sum of clearcut value and the discounted revenue 

from sequestered carbon (i.e. 
0

'( ) ( )rsQ s e ds pQ t


− + ) is greater than the 

regeneration costs plus the cost of released carbon (i.e. ( )w Q t


+ ). 

Proposition 2. Given 0c   and (A1)-(A2) and ( ) ( )V t pQ t= , the optimal rotation 

period t  is finite and unique. 

If 0w  , ( )CJ t →− and '( )J t → as t 0+→ . If 0w = , ( ) 0 as t 0CJ t +→ → but 

 ( ) 0  CJ t   finite 0.t   Therefore, when 0w = '( ) 0 as t 0CJ t + → and positive with 

low levels of t. 

When t → , 
0

'( ) ( ) ( ) 0rs

cf r Q s e ds w p Q t 


− 
→ − − + −   

 when (A1) and 

(A2) holds. Continuity of cf  in t finite values and negativity of '( )CJ t  implies that 

there will be at least one optimal finite rotation. 
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In order to have a finite optimal rotation, '( )CJ t  needs to turn from positive to negative 

with some strictly positive values of t. Deriving the second order condition from (16) 

and note that '( ) 0CJ t =  gives 

( )   
1

''( ) 1 ( (1 ) ) ''( ) ( ) '( )rt

CJ t e p Q t r p Q t  
−

= − + − − − . (18) 

Rearranging (18) gives 

''( )

'( ) (1 )

Q t p
r

Q t p



 

−
−

+ −
, 

which decreases when t increases by assumptions (A1)-(A2). This implies that when 

the optimality condition '( ) 0CJ t = holds, there cannot be any larger value of t and 

optimal rotation is finite and unique. ■ 

Proposition 2 states that ( ) ( )V t pQ t= . Without this assumption, the proof becomes 

complex and requires surrealistic assumptions of the connection between the functions 

( )V t  and ( )Q t . Nevertheless, it is more realistic to expect that a stumpage price is 

dependent of the age of the stand as in ( )V t , since it takes into account the increasing 

price of timber and decreasing clearcut costs as timber ages. This function form (i.e. 

( )V t ) is used in numerical examples. 

Does carbon storage increase the rotation length compared to Faustmann (1849) 

solution? Tahvonen and Rautiainen (2017) show that it depends on the decay of the 

wood products, regeneration cost, and the interest rate. Assuming that there is an 

optimal finite rotation, (i.e. proposition 2 holds and '( *) 0CJ t  ), optimal rotation 

period lengthens when 0r  , 0w   and carbon releases instantaneously from a 

harvested tree, i.e. 1. =  (Tahvonen and Rautiainen, 2017.) This is logical since 

postponing the clearcut decreases the costs of clearcutting the forest due the high  . 

The result is the opposite when the interest rate equals zero and 1  . In this case, the 

optimal rotation period becomes shorter due to a decrease in the costs from releasing 

the sequestered carbon after cutting. 
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3.2 Numerical example 

This chapter presents the numerical example of Faustmann (1849) model with carbon 

storage for Southern Finland and Lapland forests. The values for the stand clearcut 

value function and the stand timber value function are presented in Appendix 13. The 

BLVs for the Lapland and Southern forests are presented in Figure 4a, b given the 

regeneration cost of €700 ha-1 for Lapland and €1700 ha-1 for Southern forests.  Carbon 

price is set to €20 tCO2 and €70 tCO2, and interest rate varies from 1 % to 5 %. With 

1 % interest rate and €70 tCO2 the optimal BLV is at the highest in both cases. The 

BLV in Southern forests is roughly five times greater than in Lapland. Optimal rotation 

occurs nearly 50 years later in Lapland compared to Southern forests. With a short 

rotation, the increase in the interest rate increases the BLV, but with longer rotation, 

the effect is the opposite. With a higher interest rate the income from a carbon 

sequestration is greater than the regeneration costs in the future. 

Table 2 presents the numerical results from Faustmann (1849) model with carbon 

storage for Southern and Lapland forests. In Lapland, the rotation period becomes 

infinitely long with carbon price of €70 tCO2 and interest rate of 3 % or higher. The 

sum of regeneration costs and the cost of released carbon due to harvesting is greater 

compared to revenues from clearcut and sequestered carbon. This drives the optimal 

 
3 The clearcut value function and the stand timber value function are of the form 𝑎𝑖𝑗(1 − 𝑒−𝑏𝑖𝑗∗𝑡)𝑐𝑖𝑗 . 

See Appendix 1. 

Figure 4a-b. Bare land value for A. Southern and B. Lapland forest with interest rate 0.01-0.05, carbon price s 

from €20 to €70 tCO2. Regeneration cost in Southern forest €1700 ha-1 and in Lapland forest €700 ha-1. 
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rotation towards infinity where it is never optimal to harvest. In Faustmann (1849) 

model (Table 1), the rotations remained finite and BLVs were smaller.  In Southern 

forest, finite rotations still exist but negative BLV occurs with a 5 % interest rate given 

€20 tCO2. In Lapland, negative BLV is already achieved with a 3 % interest rate and 

with €20 tCO2 carbon price.  

Table 2. Numerical result for Southern and Lapland forest of Faustmann (1849) model with carbon 

storage 

The behavior of the optimal rotation under different interest rates and carbon prices is 

presented in Figure 5a,b. Clearly, an increase in the carbon price lengthens the rotation 

until the optimal rotation becomes infinite. The higher the interest rate is, the stronger 

this effect becomes. This case is portrayed also in Assmuth (2017). A higher carbon 

price increases the revenues just before the clearcut, but it also decreases the clearcut 

net revenues. Furthermore, a higher carbon price causes the interest cost of postponing 

the clearcut to decrease, and the decrease is stronger when interest rate is higher. This 

lengthens the rotation since the cost of delaying the clearcut becomes lower. Moreover, 

the income from carbon subsidization increases as the carbon price increases. This 

increases the cost of delaying the future rotations, but because of discounting, the 

significance of this effect diminishes. (Assmuth, 2017.) 

Furthermore, Figure 5a, b shows the differences between the Faustmann (1849) model 

and the Faustmann (1849) model with carbon storage. In the Faustmann (1849) model, 

the shortening of rotation when interest rate is increased is caused by the increased 

interest costs if the clearcut is delayed (Tahvonen and Rämö 2016). According to the 

Interest 

rate/ 

carbon 

price €tCO2 

Optimal 

rotation, years, 

Southern forest 

Bare land value, € 𝒉𝒂−𝟏,         

Southern forest 

Optimal rotation, 

years,         

Lapland forest 

Bare land value, 

€ 𝒉𝒂−𝟏,           

Lapland forest 

Regeneration 

cost, € 𝒉𝒂−𝟏 
0 1700 2700 0 1700 2700 0 700 1700 0 700 1700 

r=0.01/€20 63 64 65 23023 19406 18143 118 122 127 4289 3287 1880 

r=0.03/€20 58 60 60 4503 2453 1735 106 110 117 650 -79 -1114 

r=0.05/€20 55 56 57 1579 -234 -871 98 103 110 193 -512 -1517 

r=0.01/€70 67 68 69 28518 25052 23843 147 156 178 7201 6304 5068 

r=0.03/€70 69 72 74 7399 5468 4792 INF INF INF 1789 1089 89 

r=0.05/€70 72 77 80 3211 1468 856 INF INF INF 617 -83 -1083 
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results of this current study, when the carbon price is “high enough”, the carbon 

subsidy effect (explained above) dominates the interest rate effect, and the rotation 

becomes longer the higher the interest rate is. In the numerical examples (see Figure 

5a, b), this occurs with over €40 tCO2 in Lapland and over €50 tCO2 in Southern 

forests. Similar results are obtained by Assmuth (2015) and Tahvonen and Rämö 

(2016). With over €45 tCO2 and a 3 % interest rate, the optimal rotation approaches 

infinity in Lapland. The corresponding carbon price in Southern forests is 

approximately €100 tCO2. With an infinitely long rotation, it is never optimal to 

clearcut the forest, and optional management routines apart from clearcut forestry 

should be contemplated. 

Figure 6a-b shows the break-even curve between regeneration cost and interest rate 

with given carbon prices €20, €70 and €140 tCO2. BLV is negative above the curves 

and positive under the curves. Higher interest rate makes clearcut forestry less 

profitable but allows greater regeneration cost. As interest rate increases, the effect of 

carbon price on the profitability of rotation forestry becomes smaller. Similarly as in 

Figure 3, Figure 6 show that the higher the interest rate, the lower the regeneration cost 

needs to be in order to make clearcut forestry profitable. Additionally, higher carbon 

price leads to a higher acceptable regeneration cost. In short, when the regeneration 

cost is high (low), the interest rate must be low (high) or carbon price high (low) to 

make rotation forestry profitable. 

Figure 5a-b. Optimal rotations on carbon price, given interest rate 1-5 %. Regeneration cost €700 ha-1  

in Lapland and €1700 ha-1 in Southern forest. Faustmann (1849) with carbon storage. 
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Figure 6a-b. Break-even curves for Southern and Lapland forests for regeneration cost €0-20000€  

ha-1, carbon prices €0-€100 tCO2 and interest rates 0-0.05 %  in Faustmann (1849) model with 

carbon storage. 

4 Hartman (1976) model 

As discussed in Chapter 1, a standing forest also provides other values than just 

commercial timber. In this chapter, the value of non-timber amenity services of a 

standing forest is added to the Faustmann (1849) formula, after which the existence of 

an unique and finite solution is proved. In this thesis, carbon sequestration and 

commercial timber values from a forest are differentiated from other amenity services. 

Thus, these non-timber amenity values can include any kind of value a forest produces. 

This thesis follows Hartman (1976), who added the value of a standing forest to the 

Faustmann (1849) formula and assumed that non-timber amenity value increases as 

the stand ages, but at a decreasing rate. In reality, due to the broad definition, amenity 

values can be more valuable when the stand is younger, and the flow of amenity value 

can even turn to negative as the stand gets older (Amacher et al. 2009). This might be 

the case in areas, where the increased water flow and forage are highly valued (Bowes 

and Krutilla 1989, p. 538). This thesis ignores such possibilities. 

The valuation of the flow of non-timber amenity services is complex as it depends on 

the matter being considered. Evaluating the value of amenity services on a stand 

becomes even more difficult when the fact that the flow of amenity values also depends 

on nearby stands is taken into account. (Hartman 1976, Bowes and Krutilla 1989, p. 

540.) In this thesis, the effects of nearby forest areas is neglected. 
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Let ( )A t  present the non-timber amenity values produced by a forest at time t. The 

function ( ) A t might behave similarly as the stand growth function mentioned in 

Chapter 2 but it may also have different forms depending on what amenity values are 

being measured. The convex-concave growth function is applied below. 

3 ,  ( )A C A t is non-negative, ( )(t) > 0  ' 0  0,A and A t t   As t → , 

( )'A t →  some non-negative value and .A A


→ Additionally,  

'' '

' '

V A
D D

V V
  .                        (A3)  

In order for an unique solution to exist, assumption (A3) must hold, i.e. the second 

derivative of the clearcut function, ''( )V t , needs to be “negative enough”.  

The objective is to maximize the bare land value of a stand when the stand is 

simultaneously providing both timber ( )V t  and non-timber amenity values ( )A t  

0

{ 0}

( ) ( )
max  J (t) = 

1

t
rt rs

H rtt

w e V t A s e ds

e

− −

−

− + +

−


 . (19) 

Differentiating with respect to t yields the first order optimality condition 

( )
0

2

( ) '( ) ( ) (1 ) ( ) ( ) ( )

' ( ) 0

1

t
rt rt rt rt rt rs rt

H
rt

re V t e V t e A t e w e V t A s e ds re

J t

e

− − − − − − −

−

− + + − − − + + −

= =

     

−


 (20) 

Again, noticing that ( )
2

1 0  0rte t−−    and dividing by ( )1 rt rte e− −−  it follows that 

0
( )( )

' ( ) '( ) ( ) ( ) 0
1 1

t
rs

rt

H rt rt

A s e dsw e V t
J t V t rV t r A t r

e e

−
−

− −

− +
= − − + − =

− −


 (21) 

Rearranging gives 

 '( ) ( ) ( ) HV t A t r V t J+ = + ,  (22) 

where the left-hand side is the gain from delaying the harvest one period, i.e. the sum 

of the marginal value of commercial timber of a stand and the non-timber amenity 
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value produced at t. The right-hand side can be interpreted as the opportunity cost of 

delaying the next harvesting revenues, all other upcoming harvesting revenues, 

regeneration costs and non-timber amenities by one period (Hartman, 1976). This is 

the interpretation for a cutting rule of Hartman (1976) model.  

The Hartman term in (21) (the two last terms) is positive since 

0

0 0
0

'( )( )
( ) ( ) '( )

t
rst

rs
t t

rs rt rs
A s e dsA s e

r A s e ds r A t e A s e ds
r r

−
−

− − −

 
− − = − + = −
 
  


   (23) 

Dividing by 1
rte−−  and adding (1 ) / (1 )rt rtA e e− −− − equals to 

0
( ) '( )

1

t
rs

rt

A t A s e ds

e

−

−

−

−


.                         (24) 

Thus, from (21), the Hartman part 
0

( )
( )

1

t
rs

rt

A s e ds
A t r

e

−

−
−

−


 is positive, which implies that 

the Faustmann part 
( )

'( ) ( )
1

rt

rt

w e V t
V t rV t r

e

−

−

− +
− −

−
 needs to be negative. 

This implies that optimal rotation occurs when the derivative of the Faustmann (1849) 

objective function, 'FJ , is negative. Under the assumptions for ( )A t , the previous 

states that the non-timber amenity values lengthen the rotation (Hartman 1976, Bowes 

and Krutilla 1989). If non-timber amenity values would decline with the stand age, the 

optimal rotation would be shorter than the optimal rotation in the Faustmann (1849) 

model. On the other hand, if the non-timber amenity values are constant in time, 

regardless of the size of the amenity values, the rotation will be equivalent to the 

Faustmann (1849) rotation. If non-timber amenity values increase constantly in time, 

it will lengthen the rotation and, in some cases, it might be optimal to never harvest. 

(Bowes and Krutilla 1989, p. 538). 
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4.1 Finite and unique rotation 

Multiplying (20) by 
( )
( )

1/ 1

1/ 1

rt

rt

e

e

−

−

−

−
 and rearranging and reducing as in the equation (8) 

gives 

 ' ( ) 0,  '( ) ( ) ( ) ( ) 0.
1

H
H H Hrt

f
J t where f V t rV t A t rJ t

e
= = = − + − =

−
 (25) 

Let 
0

( )
( ) ( ) rs

H

A t
V t w A s e ds

r



 

−= − + − . 

For a finite rotation to exist H has to be greater than zero. Multiplying H by r and 

rearranging gives 

0
[ ( ) ] ( ) ( )rsr V t w r A s e ds A t
 

−− +                                             (26) 

Equation (26) gives the limitation for a finite rotation for the Hartmann (1976) model. 

If the opportunity cost of postponing the clearcut (the left hand side) is smaller than 

the amenity value from the rotation it is never optimal to clearcut i.e. 0H  . This 

might happen if the non-timber amenity values, ( )A t , are highly valuated, in which 

case there might not be an optimal rotation period, and the forest should never be 

harvested. (Hartmann, 1976). 

Proposition 3. The optimal rotation is finite and unique given that (A1), (A3) and 

0H   hold. 

If 0w  , ( )HJ t →− as t 0+→ . If 0w = , ( ) 0 as t 0CJ t +→ →  but ( ) 0  CJ t   finite

0.t   Therefore, when 0w = '( ) 0 as t 0CJ t + →  and positive with low levels of t. As

t → , 
0

( )
( ) ( ) rs

H

A t
f r V t w A s e ds

r


 

−

 
 → − − + −
 
 

  which is negative by assumption. 

Since Hf  is continuous in t finite values and ' ( )HJ t  turns negative as t → , it 

implies that at least one optimal finite rotation exists.  
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The finite maximum value of ( )HJ t  is found from a point, where ' ( )HJ t  changes the 

sign from positive to negative with some strictly positive values of t.  

To show the unique (24) is differentiated in the following way 

( )  
1

' ( ) 0
'' ( ) 1 ''( ) '( ) '( )

H

rt

H J t
J t e V t rV t A t

−

=
= − − +  (27) 

and the sign of (27) equals the sign of 

''( ) '( )
.

'( ) '( )

V t A t
r

V t V t
+ −   (28) 

Since ''

'

V

V
is decreasing in t, and (A3) holds, equation (28) decreases in t. This implies 

that there cannot exist a larger t with ' ( ) 0HJ t = . In this way, a finite and unique solution 

for the rotation is found. ■ 

4.2 Numerical example 

This chapter presents a numerical example of Hartman (1976) model. In this thesis, 

the non-timber amenity values are measured as the price of lichen per ha-1 in Lapland 

forests. The curve is estimated by using the expert estimation of a value of lichen 

(Tahvonen and Parkatti 2018). The value function for lichen is shown in Figure 7 (see 

Appendix 2). At the beginning, the land is bare, and the value of lichen is €6 ha-1. As 

the stand ages, the value of lichen increases towards €30 ha-1 and reaches its highest 

value at the age of 150 years. 



23 

 

Figure 7 Value function of lichen per € ha-1 

Figure 8 shows the BLV for Lapland forests with a 1 %, 3% and 5 % interest rates, 

given a €700 ha-1 regeneration cost. BLV is highest and the optimal rotation is longest 

with a 1% interest rate. BLV strongly affected by the interest rate: a 3 % interest rate 

not only results in a negative BLV but also shortens the optimal rotation noticeably.  

Figure 8 Bare land value for Lapland forest given interest rate 1%, 3%, 5% and regeneration cost of 

€700 ha-1 in Hartman (1976) model. 
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Table 3 presents the numerical results of Hartman (1976) model for Lapland forests. 

Finite rotations occur with all the interest rates used. The results are similar to the 

Faustmann (1849) models’ outcome (Table 1): increase in the interest rate shortens the 

optimal rotation and decreases BLV. Additionally, rotations are just somewhat longer, 

and BLVs are higher than in the classic Faustmann (1849) model. 

Table 3. Numerical results of Hartman (1976) model in Lapland forests. 

Interest rate Optimal 

rotation, years,         

Lapland forest 

Bare land value, 

€ 𝒉𝒂−𝟏, Lapland forest 

Regenerati

on cost, 

€ 𝒉𝒂−𝟏 

0 700 1700 0 700 1700 

r=0.01 116 119 124 4655 3641 2217 

r=0.03 95 99 105 613 -127 -1177 

r=0.05 83 89 95 208 -502 -1512 

 

The break-even curve for the Hartman (1976) model is presented in Figure 9. BLV is 

positive above the curve and negative below the curve. Similarly, as in Figure 3 with 

the classic Faustmann (1849) model and in Figure 3 with the Faustmann (1849) model 

with carbon storage, the higher the interest rate is the lower the regeneration costs must 

be in order to have a positive BLV. As the interest rate increases approximately from 

0 % to 0.02 %, the accepted regeneration costs drop rapidly from €19000 ha-1 to €2000 

ha-1. When interest rate is increased to 5 %, the maximum allowed regeneration costs 

is only approximately €200 ha-1.  
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Figure 9 Break-even curve for Lapland forests for regeneration cost €0-19000€ ha-1 and interest rates 

0-0.05 % in Hartman (1976) model. 

5 Hartman (1976) model with carbon storage 

Following chapter presents the Hartmann (1976) model extended with carbon storage. 

Let 𝐽𝐸  denote the bare land value when non-timber amenity values, forest carbon 

storage and timber production of a stand are all valued. The objective functional can 

be given 

0 0

{ 0}

( ) ( ) '( ) ( )
max  J (t) = 

1

t t
rt rs rs rt

E rtt

w e V t A s e ds Q s e ds Q t e

e

 − − − −

−

− + + + −

−

 
.         (29) 

Differentiating (29) with respect to t and setting it equal to zero yields 
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Once again, noticing that ( )
2

1 0  0rte t−−    and dividing (30) by ( )1 rt rte e− −−  it 

follows that
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(31) 

Rearranging (31) and defining  𝐽𝑐  as BLV for carbon storage without the timber 

production, and similarly  𝐽ℎ as BLV only for non-timber amenity values, it follows 

that 

( )'( ) ( ) '( ) '( ) '( ) ( ) ( ) 0cE F h
J t rV t V t Q t Q t r Q t A t r J J J   

 = − + + − + + − + + =                   (32) 

where F c h EJ J J J+ + = . Rearranging (32) for a cutting rule it follows that 

( )'( )(1 ) ( )'( ) ( ) ( ) ( ) EQ t tV t A t r V t Q t J  −+ + = − +                             (33) 

The left-hand side in (33) illustrates the marginal value of timber production of the 

stand and net of the marginal value of carbon sequestered when cuttings are delayed 

plus the non-timber amenity values during a year t. This must equal the opportunity 

cost of postponing all upcoming revenues and costs. 

Rearranging (33) gives 

'( )(1 ) ( ) '( ) ( ) 0( ) h CQ t r Q t V t V t rJA t rJ r  − + + − =− + −                    (34) 

Equation (34) gives an understanding of whether the impact of both non-timber 

amenity values and carbon storage, lengthens the optimal rotation period compared to 

the original Faustmann (1849) model. Equation (24) in Chapter 4 shows that the first 

two terms of (34) must be positive. Thus, the rest of the equation (34) must be negative, 

i.e. the optimum is achieved when ' ( )CJ t  is negative. This depends on the parameter 

values, r , w  and  . Therefore, adding both the non-timber amenity values and the 

carbon storage into the basic Faustmann (1849) formula lengthens the rotation. 
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5.1 Finite and unique rotation 

Multiplying (30) by 
( )
( )

1/ 1

1/ 1

rt

rt

e

e

−

−

−

−
 , and rearranging and reducing as in Chapter 2, gives 
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In order to have finite rotation, 
E  has to be positive. Rearranging 

E  gives

0 0
[ ( ) ] '( ) ( ) ( ) ( )[ [] ]rs rsr V t w r Q s e ds Q t r A s e ds A t 
   

− −− + − +    

paraphrasing that the opportunity costs from postponing the clearcut need to be greater 

than the maximal amenity values. If this is not the case, t =   becomes an optimal 

solution and it is never optimal to clearcut. 

In addition to the assumptions (A1)-(A3) presented in Chapters 2-4, the following 

assumption is needed for an unique solution 
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D p D
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 + −  .                       (A4) 

Proposition 4. 0E  , (A1)-(A4) holds and ( ) ( )V t pQ t= . Then optimal rotation t   is 

unique and finite. 
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negative by assumption. Since Ef  is continuous in t and ' ( ) 0EJ t   is found in finite 

values of t, there must exist at least one finite optimal rotation. 

The finite maximum value of ( )EJ t is found from a point where ' ( )EJ t  changes the sign 

from positive to negative with some small values of t.  

To show the uniqueness we differentiate from (35)  

( )  
1

' ( ) 0
'' ( ) 1 '( ) ''( ) ''( ) ''( ) '( ) '( )

E

rt

E J t
J t e rpQ t pQ t Q t Q t r Q t A t  

−

=
= − − + + − + + (36) 

which reduces to 

1 ''( ) '( )
( (1 ))

'( ) '( )

Q t A t
p r

p Q t Q t
 



 
+ − + − 

−  
       (37) 

The sign of (36) equals the sign of (37). When assumptions hold, (37) is decreasing in 

t which implies that there cannot exist any larger value of t when ' ( ) 0EJ t =  and thus 

the solution is finite and unique. ■ 

5.2 Numerical example 

This chapter presents the numerical results of Hartman (1976) model with carbon 

storage for Lapland forests. The clearcut value function, timber volume function4 and 

the value function for lichen5 are presented in Appendix 1 and Appendix 2. 

Figure 10 presents the BLV for Lapland forests with different interest rates and 

different prices of carbon. BLVs behave very similarly as in the Figure 4a-b in the 

Faustmann (1849) model with carbon storage. With a younger stand, the BLV remains 

quite the same between different carbon prices. However, as the stand gets older and 

time goes by, the differences in BLV among different carbon prices and interest rates 

becomes greater. The greater the amount of carbon in the wood mass, the more it can 

sequester the carbon from atmosphere, and the greater the effect is on the BLV. In the 

 
4 The clearcut value function and the stand timber value function are of the form 𝑎𝑖𝑗(1 −

𝑒−𝑏𝑖𝑗∗𝑡)𝑐𝑖𝑗 . See Appendix 1. 

 
5 The lichen value function is of the form 𝑎 + 𝑏(1 − 𝑒−𝑐∗𝑡)𝑑. See Appendix 2. 
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models without carbon storage, the highest BLV values occur with a 1 % interest rate 

as well as in this model. In contrast, optimal rotation length doesn’t behave similarly 

as in the models without carbon storage. The optimal rotation increases as interest rate 

increases, given €70 tCO2 carbon price, or higher. This can be seen also from Table 4.  

Figure 10 Bare land values for Lapland forest given interest rate equals 1- 5%, and carbon price €20 

and €70 tCO2. Regeneration cost equals to €700 ha-1. Hartman (1976) model with carbon storage. 

Table 4 presents the numerical results of Hartman (1976) model with carbon storage. 

Finite rotations exist with a 1 %, 3 % and 5 % interest rates used, given a regeneration 

cost of €700 ha-1 and a carbon price of €20 tCO2. As the carbon price increases up to 

€70 tCO2, the optimal rotation becomes infinite with 3 % interest rate. In contrast, 

Faustmann (1849) model with carbon storage the optimal rotation was finite, given the 

same parameters. Given 5 % interest rate, BLV is negative only with €1700 ha-1. 

Income from carbon sequestration becomes more valuable which drives the BLV 

higher.  



30 

 

 

 

Table 4 Numerical results of Hartman (1976) model with carbon storage for Lapland forests. 

Figure 11 shows how the optimal rotation changes as the carbon price increases from 

0 to €100 tCO2, given a regeneration cost of €700 ha-1. With each interest rate level, 

carbon price lengthens the optimal rotation since the carbon subsidy dominates the 

interest rate effect. When carbon price is above €40 tCO2, infinite rotation occurs, and 

it is never optimal to clearcut (given interest rate of 1 %). Additionally, the lower the 

carbon price and the higher the interest rate, the earlier the optimal rotation turns to 

infinite. As seen in the Faustmann (1849) model with carbon storage, the increase in 

the interest rate shortens the optimal rotation with moderately low levels of carbon 

price (below €40 tCO2) but lengthens as the carbon price is high enough. This is due 

to the same mechanism portrayed in the Chapter 3, i.e. revenues from carbon intake 

increase the costs of delaying the clearcut, but this additional income becomes minor 

when discounted with a higher interest rate (Assmuth 2017). 

Interest rate/ carbon 

price €tCO2 

Optimal rotation, years, 

Lapland forest 

Bare land value, € 𝒉𝒂−𝟏,               

Lapland forest 

Regeneration cost, 

€ 𝒉𝒂−𝟏 
0 700 1700 0 700 1700 

r=0.01/€20 123 127 133 5719 4738 3365 

r=0.03/€20 109 114 121 982 256 -774 

r=0.05/€20 
100 106 114 354 -350 -1354 

r=0.01/€70 164 184 INF 8801 7950 6864 

r=0.03/€70 INF INF INF 2147 1447 447 

r=0.05/€70 INF INF INF 781 81 -919 



31 

 

 

Figure 11 Optimal rotation age in years with different carbon price given interest rate 1- 5% and 

regeneration cost equal to €700 ha-1 in Hartman (1976) model with carbon storage. 

The break-even curve for regeneration costs and carbon price is presented in Figure 

12. BLV is zero on the curve, positive above the curve and negative under the curve. 

The increase in carbon price increases the income from carbon intake and thus the 

regeneration costs is higher with greater carbon price. On the other hand, the higher 

the interest rate, the more attractive the alternative investment becomes, and thus the 

allowed regeneration cost is smaller the higher the interest rate is. The effect of 

regeneration costs are most apparent when the interest rate is 1 %, which can be seen 

also from Figure 14.  
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Figure 12 Break-even curves for Lapland forests for regeneration cost €0-12000€ per ha, carbon 

prices €0-€100 tCO2 and interest rates 0.01-0.05 % in Hartman (1976) model with carbon storage. 

Figure 13 presents the break-even curve for regeneration cost and interest rate. With a 

low interest rate, the opportunity cost remains lower and the net incomes are greater. 

Thus, the regeneration cost can be higher. An increase in interest rate increases the 

opportunity costs, which decreases the BLV and makes the forestry less productive. In 

short, the higher the interest rate, the smaller the effect of increase in carbon price is 

on regeneration cost. Also, the higher the carbon price and the lower the interest rate, 

the higher the allowed regeneration costs can be. The results are similar to results with 

Faustmann (1849) model with carbon storage. The difference is that non-timber 

amenity values increases the allowed regeneration cost roughly two time as high as in 

the Faustmann (1849) model with carbon storage. 
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Figure 13 Break-even curves for Lapland forests for regeneration cost €0-32000€ ha-1, carbon prices 

€20-€140 tCO2 and interest rates 0-0.05 % in Hartman (1976) model with carbon storage. 

6 Comparison of the numerical examples 

Table 5 and 6 summarizes the numerical results of the models presented in the previous 

chapters. Tables presents the optimal rotation, bare land values and annual timber yield 

per m3 ha-1 for the models presented in this thesis, such that Table 5 contains the 

numerical examples from Southern forests and Table 6 from Lapland forests.  

Additionally, the rotation, timber yield and BLV for marginal sustainable yield (MSY) 

rotations are presented. The bare land value of the MSY model is presented as 

economic loss compared to optimal Faustmann-based rotations with equivalent 

parameters.
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Table 5 Numerical results of Southern forest for Fautsmann (1849) model and for Faustmann (1849) model with carbon storage. 

Interest rate, carbon price 

€tCO2 

Optimal rotation, years Bare land value, € 𝒉𝒂−𝟏 Annual adjusted mean timber 

yield,  𝒎𝟑𝒉𝒂−𝟏 

Net losses applying MSY 

rotation 

Regeneration cost, € 𝒉𝒂−𝟏 0 1700 2300 0 1700 2300 0 1700 2300 0 1700 2300 

Faustmann (1849) model              

r=0.01 61 63 63 20923 17251 15968 6.52 6.46 6.46 -571 -864 -980 

r=0.03 55 57 57 3503 1411 679 6.59 6.59 6.59 -4 -1 -6 

r=0.05 51 52 53 1044 -796 -1442 6.48 6.52 6.55 -55 -25 -17 

Faustmann (1849) model with carbon storage              

r=0.01, carbon price €20 𝒕𝑪𝑶𝟐 63 64 65 23023 19406 18143 6.46 6.43 6.39 -848 -1196 -1332 

r=0.03, carbon price €20 𝒕𝑪𝑶𝟐 58 60 60 4503 2453 1735 6.58 6.55 6.55 -20 -60 -78 

r=0.05, carbon price €20 𝒕𝑪𝑶𝟐 55 56 57 1579 -234 -871 6.59 6.59 6.59 -3 0 -2 

             

r=0.01, carbon price €70 𝒕𝑪𝑶𝟐 67 68 69 28518 25052 23843 6.30 6.25 6.20 -1784 -2282 -2473 

r=0.03, carbon price €70 𝒕𝑪𝑶𝟐 69 72 74 7399 5468 4792 6.20 6.05 5.94 -458 -616 -678 

r=0.05, carbon price €70 𝒕𝑪𝑶𝟐 72 77 80 3211 1468 856 6.05 5.78 5.62 -167 -234 -261 

             

r=0.01, carbon price €140 𝒕𝑪𝑶𝟐 74 76 77 36886 33663 32544 5.94 5.84 5.78 -3769 -4511 -4792 

r=0.03, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 13141 11441 10841 - - - -2758 -3147 -3285 

r=0.05, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 6253 4553 3953 - - - -1154 -1264 -1303 

* MSY adjusted rotation 56 years, annual adjusted timber yield 6.59  𝒎𝟑𝒉𝒂−𝟏   
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Table 6 Numerical results of Southern forest for Fautsmann (1849) model, Faustmann (1849) model with carbon storage, Hartmann (1976) model and for Hartman 

(1976) model with carbon storage. 

Interest rate, carbon price €tCO2 Optimal rotation, years Bare land value, € 𝒉𝒂−𝟏 
Annual adjusted mean timber 

yield,  𝒎𝟑𝒉𝒂−𝟏 
Net losses applying MSY rotation 

Regeneration cost, € 𝒉𝒂−𝟏 0 700 1700 0 700 1700 0 700 1700 0 700 1700 

Faustmann (1849) model              

r=0.01 111 114 119 3274 2238 784 2.09 2.08 2.07 -16 -46 -115 

r=0.03 92 96 102 293 -451 -1505 2.04 2.06 2.09 -31 -16 -4 

r=0.05 81 86 93 49 -662 -1673 1.90 1.98 2.05 -19 -12 -5 

Faustmann (1849) model with carbon storage              

r=0.01, carbon price €20 𝒕𝑪𝑶𝟐 118 122 127 4289 3287 1880 2.07 2.05 2.03 -100 -163 -279 

r=0.03, carbon price €20 𝒕𝑪𝑶𝟐 106 110 117 650 -79 -1114 2.09 2.09 2.07 0 -1 -8 

r=0.05, carbon price €20 𝒕𝑪𝑶𝟐 98 103 110 193 -512 -1517 2.07 2.09 2.09 -2 0 0 
             

r=0.01, carbon price €70 𝒕𝑪𝑶𝟐 147 156 178 7201 6304 5068 1.89 1.82 1.65 -683 -852 -1137 

r=0.03, carbon price €70 𝒕𝑪𝑶𝟐 INF INF INF 1789 1089 89 - - - -172 -201 -243 

r=0.05, carbon price €70 𝒕𝑪𝑶𝟐 INF INF INF 617 -83 -1083 - - - -23 -26 -31 
             

r=0.01, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 13262 12557 11549 - - - -3482 -3843 -4357 

r=0.03, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 3577 2877 1877 - - - -606 -635 -678 

r=0.05, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 1234 534 -466 - - - -75 -79 -83 

Hartman (1976) model              

r=0.01 116 119 124 4655 3641 2217 2.08 2.07 2.04 -61 -113 -210 

r=0.03 95 99 105 613 -127 -1177 2.06 2.08 2.09 -19 -8 -1 

r=0.05 83 89 95 208 -502 -1512 1.93 2.01 2.06 -15 -9 -4 

Hartman (1976) model with carbon storage              

r=0.01, carbon price €20 𝒕𝑪𝑶𝟐 123 127 133 5719 4738 3365 2.05 2.03 1.99 -193 -278 -427 

r=0.03, carbon price €20 𝒕𝑪𝑶𝟐 109 114 121 982 256 -774 2.09 2.08 2.06 0 -4 -16 

r=0.05, carbon price €20 𝒕𝑪𝑶𝟐 100 106 114 354 -350 -1354 2.08 2.09 2.08 -1 0 -1 
             

r=0.01, carbon price €70 𝒕𝑪𝑶𝟐 164 184 INF 8801 7950 6864 1.76 1.61 - -946 -1160 -1597 

r=0.03, carbon price €70 𝒕𝑪𝑶𝟐 INF INF INF 2147 1447 447 - - - -198 -228 -270 

r=0.05, carbon price €70 𝒕𝑪𝑶𝟐 INF INF INF 781 81 -919 - - - -25 -28 -33 
             

r=0.01, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 15172 14467 13460 - - - -4056 -4416 -4931 

r=0.03, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 3935 3235 2235 - - - -632 -662 -704 

r=0.05, carbon price €140 𝒕𝑪𝑶𝟐 INF INF INF 1398 698 -302 - - - -77 -81 -85 

* MSY adjusted rotation 107 years, annual adjusted timber yield 2.09  𝒎𝟑𝒉𝒂−𝟏   



36 

 

In Lapland, the optimal rotation according to the MSY model is 107 years, mean 

annual timber yield equals 2.09 m3 ha-1, and BLV values using MSY rotation result in 

smaller values than BLV with Faustmann-based models. The corresponding MSY 

values for Southern forests are 56 years and 6.59 m3 ha-1. Table 5 shows that abiding 

the MSY rotations leads to economical losses despite the model we are using. The 

losses increase as carbon price rises and decrease when interest rate rises. The mean 

annual timber yield is lower in the Faustmann-based model because these models 

maximizes bare land value instead of annual timber yield. As the rotation period 

lengthens, the annual timber yield becomes smaller and with an infinitely long rotation 

the annual becomes zero. 

When considering the Faustmann-based models with zero or €20 tCO2 carbon price, 

an increase in the interest rate decreases the optimal rotation. For Lapland solutions, 

with 3 % interest rate and €700 ha-1 regeneration costs, BLV is negative but the optimal 

rotation is still finite. With €70 tCO2 and higher carbon prices the rotations become 

infinite. The Hartmann model provides similar results to the Faustmann (1849) model 

but with longer rotations (2-5 years longer) and higher BLV. BLVs increases as the 

model is extended with carbon storage and (or) non-timber amenity values. An 

increase in the interest rate causes the BLV to decrease in every model studied. As the 

model is extended to cover both the carbon price and the non-timber amenity services, 

the negative values of BLV diminish, but the share of infinitely long rotations rises.  

While in Lapland forests the infinite rotations occur already with €70 tCO2 with 

Faustmann (1849) model with carbon storage, in contrast the same situation needs a 

higher carbon price (€140 tCO2) in Southern forests. Moreover, in Southern forests 

solutions, negative BLVs take place only with 5 % interest rate, carbon price of €20 

tCO2 and regeneration costs of at least €1700 ha-1. As the carbon price increases, there 

is no more negative BLVs in Southern forests.  

Moreover, as the Faustmann model is extended to cover carbon storage and non-timber 

amenity values (or both), the net losses of applying the MSY rotation tends to increase. 

Within the same model, these losses decreases as the interest rate increases. The 

magnitude is greater in Southern forests than on Lapland. 
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According to numerical results (see Appendix 3), the net losses increase with higher 

carbon price and/or lower interest rate. These results are examined by using the 

Faustmann (1849) rotation on these extended models and then calculating the 

difference between the BLV’s. The net losses with the Hartman (1976) model when 

applying Faustmann (1849) rotation are only minor. Similarly, applying Faustmann 

(1849) rotation to the Faustmann (1849) model with carbon storage, produces only 

small losses when carbon price equals €20 tCO2. The differences arise when carbon 

price increases and when the amenity services are taken into account together with the 

carbon subsidy. The smaller (greater) the interest rate (carbon price) is the greater is 

the net losses. 

7  Discussion 

The analytical and the numerical results yield similar results as the other studies. 

Extending the Faustmann (1849) model by adding carbon storage or (and) the non-

timber amenity values have an effect on the optimal rotation and BLV. The magnitude 

of the change in BLV or in rotation length depends on the economic and ecological 

parameters. In the numerical examples of this thesis, lichen is used to measure non-

timber amenity value. Despite the value of lichen being fairly low it had noticeable 

effect on BLV as well as on the rotations. Thus, a need to develop more advanced 

measures for non-timber amenity values is obvious. The higher the value of non-timber 

amenity services are, the more there is a need for alternative forest management 

methods to clearcut e.g. continuous cover forestry. 

The same applies for carbon price. Including carbon storage to the models increases 

BLV and lengthens the optimal rotation which becomes infinite quite rapidly as carbon 

price increases. When the finite rotation is not achieved, it is never optimal to clearcut 

the stand. In this case clearcut forestry is not optimal and alternative managements 

should be considered e.g. continuous cover forestry, where management is based on 

continuous thinning and not on clearcut. The clearcut forestry might not be an optimal 

forest management regime in Lapland and switching to continuous cover forestry 

would be preferable option. Different management options should also be considered 

in these cases, when the BLV is negative. Given initial land is existing forest the net 
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present value of existing forest is positive even though, the BLV is negative. In this 

case forestry is type of forest capital mining under legislation (Tahvonen 2019). 

In addition to analytical forest economics, another branch of forest economics studies 

numerically more complicated models that include detailed size-structured 

descriptions of forest dynamics e.g. Parkatti et al. (2019). The size-structured models 

allow for the optimization of both harvest timing and harvesting intensities and can 

include multiple tree species simultaneously. Thus, the results of such models are more 

realistic than the results of more simple models. However, the more complex the model 

becomes, the more difficult it becomes to analyze the numerical results.



39 

 

 

8 Conclusion 

The purpose of this thesis is to show the existence of an unique and finite rotation for 

Faustmann (1849) model, Faustmann (1849) model with carbon storage, Hartman 

(1976) model and for Hartman (1976) model with carbon storage. Despite numerous 

studies of the models, the specific analytical proof of the Hartman (1976) model and 

Hartman (1976) model have not proved before. Moreover, the numerical examples are 

examined from all the model in Southern and Northern Finland forests.  

The unique and finite solution exists for all of these models. However, this requires 

strict assumptions for the limit of regeneration costs, the relationship of the 

development of the non-timber amenity values and the growth function of a stand. The 

assumptions for the finite solution to exists (i.e. for clearcut to be optimal) becomes 

more and more complex as the Faustmann (1849) model is extended.  In the basic 

Faustmann (1849) model, the regeneration costs must be smaller than the clearcut 

value of a fully stocked stand. As the carbon storage is added in the Faustmann (1849) 

model, the regeneration costs plus the cost of released carbon needs to be smaller than 

the sum of clearcut value and the discounted revenue from sequestered carbon. When 

the Faustmann (1849) model is extended to cover the non-timber amenity values of 

the stand, i.e. the Hartman (1976) model, the magnitude of these amenity values 

becomes limited. If the opportunity cost of postponing the clearcut is smaller than the 

amenity value from a fully stocked stand, it is never optimal to clearcut. In the last 

model i.e. the Hartman (1976) model with carbon storage, the opportunity cost of 

postponing the clearcut need to be greater than the amenity values from a fully grown 

stand. In this model, the opportunity costs include also the opportunity costs from 

carbon storage. The uniqueness requires more complex assumptions which was 

mathematically explained. In the Faustmann (1849) model and in the Faustmann 

(1849) model with carbon storage the assumptions are related to clearcut value 

function. Additionally, in the Hartman (1976) model and in the Hartman (1976) model 

with carbon storage the relationship of the stand growth function and the development 

of the non-timber amenity values need to be stipulated in order to have a solution. 

The numerical examples show that the rotation is longer and BLVs are higher with all 

of the extended models compared to basic Faustmann (1849) model. In the Faustmann 
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(1849) and Hartman (1976) models, the increasing the interest rate shortens the 

optimal rotation. However, when carbon storage is added into the models, and the 

carbon price is high-enough, (i.e. € 70 tCO2 in these examples), the effect is the 

opposite: the increasing interest rate lengthens the optimal rotation. The differences 

between the growth place show that the optimal rotation period becomes infinite more 

often in Lapland forests than in Southern forests. Moreover, the bare land value 

remains lower in Lapland than in the South where the sites are more fertile. 
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Appendices 

Appendix 1. Values for the clearcut function and timber volume function. 

i=1,2. 1 for Southern forest, 2 for Lapland forest 

j=1,2. 1 for clearcut function, 2 for timber volume function 

 Clearcut function, 

j=1 

Timber volume function, 

j=2 

Southern forest, i=1 
11

11

11

23036.678

0.0835

43.8798







=

=

=

 

12

12

12

465.8420

0.0774

17.5960







=

=

=

 

Lapland forest, i=2 
21

21

21

9722.931

0.0395

30.16







=

=

=

 

22

22

22

304.6683

0.0296

7.1533







=

=

=
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Appendix 2. Values for the lichen value function for Lapland. 

𝑎 + 𝑏(1 − 𝑒−𝑐∗𝑡)𝑑, 

where 

6.4961

24.6815

0.0345

6.2165

a

b

c

d

=

=

=

=
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Appendix 3. Net losses if applying Faustmann (1849) rotation in Lapland forests. 

Interest rate, carbon price €tCO2 

Net losses of 

applying Faustmann 

(1849) rotation 

Regeneration cost, € 𝒉𝒂−𝟏 0 700 1700 

Faustmann (1849) model with carbon storage  

r=0.01, carbon price €20 𝒕𝑪𝑶𝟐 39 39 35 

r=0.03, carbon price €20 𝒕𝑪𝑶𝟐 28 26 22 

r=0.05, carbon price €20 𝒕𝑪𝑶𝟐 12 10 8 
 

   

r=0.01, carbon price €70 𝒕𝑪𝑶𝟐 510 535 571 

r=0.03, carbon price €70 𝒕𝑪𝑶𝟐 344 328 300 

r=0.05, carbon price €70 𝒕𝑪𝑶𝟐 107 90 69 
 

   

r=0.01, carbon price €140 𝒕𝑪𝑶𝟐 3152 3256 3340 

r=0.03, carbon price €140 𝒕𝑪𝑶𝟐 982 905 795 

r=0.05, carbon price €140 𝒕𝑪𝑶𝟐 263 218 166 

Hartman (1976) model  

r=0.01 16 16 13 

r=0.03 2 2 1 

r=0.05 0 0 0 

Hartman (1976) model with carbon storage  

r=0.01, carbon price €20 𝒕𝑪𝑶𝟐 103 105 100 

r=0.03, carbon price €20 𝒕𝑪𝑶𝟐 41 38 34 

r=0.05, carbon price €20 𝒕𝑪𝑶𝟐 15 13 10 
 

   

r=0.01, carbon price €70 𝒕𝑪𝑶𝟐 744 794 948 

r=0.03, carbon price €70 𝒕𝑪𝑶𝟐 384 364 331 

r=0.05, carbon price €70 𝒕𝑪𝑶𝟐 113 95 73 
 

   

r=0.01, carbon price €140 𝒕𝑪𝑶𝟐 3697 3780 3832 

r=0.03, carbon price €140 𝒕𝑪𝑶𝟐 1021 941 826 

r=0.05, carbon price €140 𝒕𝑪𝑶𝟐 270 223 169 

 


