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Chapter 1
Introduction
The development of academic research in the area of nance theory has
been strongly aected by developments in the nancial industry. This is a
remarkable, and also a particular, feature of mathematical nance within
the eld of economics or social sciences. Practitioners have been eager to
implement academic results into their work and scholars have sought to nd
solutions to practical business problems.
In addition to scholars and practitioners, regulators share an interest in
the industry. Due to the nancial sector's drastic role in society and its
'dangerous character', heavy regulation and supervision of dierent nancial
institutions as well as their products and services has been considered necessary. The development of regulation has not only shaped the behavior of
the nancial sector but also inspired academic research.
After the 2007 nancial crisis mathematical models also come under attack. Overly straightforward application of mathematical models in pricing
and risk management was named as one of the main reasons for in the crisis. However, demands to reduce the role of mathematical models in nance
were short-lived. The fact remains that over the past 50 years mathematical
models have become indispensable to the functioning of the global nancial
system, including security and derivative pricing, risk management and regulatory and accounting activities. In addition, there is an ever increasing
6

need or more relevant models and calculations.
This thesis focuses on stochastic and computational nance. Following
an introduction to the relevant background literature, this thesis contains
four main chapters. Chapters 2 and 3 are devoted to habit formation in the
optimal consumption and portfolio choice problem. Chapter 2 concentrates
on the analytic solutions and especially the so-called non-addictive habit.
Chapter 3 presents a numerical method for the habit case, which is further
developed in chapter 4, where the same problem is considered under Lévy
distributed stock returns. Finally, chapter 5 considers the implied volatility
of swaptions under normal jump-diusion.
Balling and Gnan (2013) list the most important nancial research areas
over the last couple of decades. Extending their themes somewhat we could
present a complete list as follows: capital asset pricing theory, optimal portfolio choice, interest rate structure theory, derivative pricing, risk measuring,
contingent claims analysis, capital structure theory, agency theory and ecient markets theory. This thesis is associated with the rst ve of these,
which are briey discussed in this introduction.
The origins of mathematical nance can be traced back to Bachelier (1900,
in Merton, 1994) who solved the fair option price formula, which is based on
the martingale assumption. Seven decades later, Black and Scholes (1973)
presented their formula, which was close to the original solution in which
Bachelier found the prices by using stochastic analysis, and a method that
would later be called the Chapman-Kolmogorov equation.
In the seminal paper of portfolio theory (probably also the most inuential nancial theory article ever), Markowitz (1952) used the mean-variance
optimization approach to portfolio selection. It was the rst systematic presentation that took into account the means and standard deviations of portfolio returns as well as correlations between dierent sources of returns, and
provided a tractable model for quantifying the risk-return trade-o and the
utilization of diversication.
After Markowitz, the capital asset pricing model introduced by Sharpe
7

(1964) and further developed by Ross (1976) simplied the investor's decision
problem. In this model, the investor can choose a point on the capital market
line that is a combination of risk-free and risky assets and is in accordance
with his preferences.
The ecient market hypothesis (Samuelson, 1965; Fama, 1970) has been
a much applied tool in nance theory as well as a subject of very multifaceted
and fruitful academic debate. If the hypothesis holds, information is immediately fully reected in the price. An asset's price being a submartingale,
the best estimate of the future price is the current price plus a fair expected
rate of return. Under this hypothesis, attempts to use currently available
information to predict future security prices cannot improve upon forecasts
based on the current price (+ a fair expected rate of return).
Although very well-known among mathematicians, Bachelier's work remained largely unnoticed in nancial economics for decades, until Samuelson
(1965) reintroduced it in the 1960s. Samuelson (1965, 1969) systematized the
use of Brownian motion in nance theory and solved the discrete dynamic
consumption optimal portfolio problem.
Merton (1971) considered the consumption portfolio choice problem as
a continuous time problem and assumed that the behavior of asset prices
follows geometric Brownian motion. The price of share S is generated by the
Ito process, which means that the change in a process over any interval
is






t

St − St =
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t
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t
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Itô's lemma gives the stochastic dierential equation of the function
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f (x, t):
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Merton (1971) dened the stochastic dynamic programming problem and
solved it with the Lagrange method using Ito's lemma. Merton assumed
that the investor's instantaneous utility function is of the hyperbolic absolute
risk aversion (HARA) type, which indicates time separability of utilities in
consumption. That utilities adhere to some HARA function is a standard
assumption in theoretical nancial economics.
Black and Scholes (1973) applied Itô's lemma to option pricing and presented a partial dierential equation formulation for the option price P when
the stock price adheres to process (1.0.1) and risk-less return is r
(1.0.2)
with suitable boundary conditions for determining the type of option.
Both Merton (1971) and Black and Scholes (1973) assumed normally
distributed returns with constant volatility and constant interest rate.
Practitioners started to apply the Black-Scholes model soon after it was
published. As Merton (1994) mentioned, Texas Instruments soon developed
a pocket calculator that was specially programmed to nd Black-Scholes
option prices.
Black and Scholes (1973) also demonstrated that corporate liabilities
could be viewed as combinations of option contracts. This set the foundation
for contingent-claims analysis, which has been applied to, among other things
the pricing of nancial securities, the evaluation of corporate capital budgeting, strategic decisions, the pricing of corporate liabilities and the evaluation
of loan guarantees and deposit insurance (Merton 1994).
When using rational expectation models with time-separable utilities, it
is usually necessary to assume a very risk-aversive investor in order to get
9
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empirically reasonable results. If the risk aversion coecient is plausible,
the representative investor in the models should invest more in risky investments than what has been observed empirically. This is closely related to
the so-called equity premium puzzle, which was rst presented by Mehra
and Prescott (1985). Their original empirical ndings were based on the U.S
stock market but the puzzle has been found to be much more generally applicable (Mehra, 2006). The equity premium was typically 6-7 percent when
stock returns were seven percent and the average yield on short-term debt
was less than one percent in the period between 1889-2005. The ndings
were fruitful from the point of view of new academic research. One possible
solution to the equity premium puzzle is to represent investors' preferences
with more general utility functions. One of the most common generalizations
of the time-separable utility formulation is the so-called habit utility function
which assumes that utility in period t depends not just on consumption in
the same period but also on the level of consumption in previous periods.
There are various studies on the consumption and investment problem of
an agent with habit utilities (e.g. Sundaresan, 1989, Constantinides, 1990,
Ingersoll, 1992). Basically, there are two possible ways of formulating the
habit formation. In the rst case, the investor forms habits based on his own
previous consumption (internal habit formation). Another option is for the
investor to form habits based on past aggregate consumption (external habit
formation) and thus to derive utility only from consumption in excess of the
habit levels.
Merton's consumption and portfolio choice problem has also been extended to incorporate the habit utility function. Detemple and Zapatero
(1992) and Egglezos (2007) solved the optimal consumption when the investor has habit utilities, but they did not nd a closed-form solution for the
optimal portfolio choice. Munk (2008) found a closed-form solution of optimal consumption and portfolio choice with habit utilities and mean-reverting
stock returns. In chapters 2 and 3 of this thesis, it is assumed that an agent's
utilities adhere to the habit utility function. Chapter 2 in particular deals
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with three dierent habit-formation cases: deterministic and stochastic habit
and non-addictive habit formation.
Another generally criticized feature of standard nancial models is the
assumption of log-normally distributed stock returns. It is not dicult to
nd empirical examples of stock price time series that do not adhere to
geometric Brownian motion. The release of news results in price changes
that are not always normally distributed. Irregular, abrupt as well as upward
and downward jumps are an inherent part of asset price movements. This
fact has also been noted in many empirical studies (e.g. Wu (1997)). A more
general and theoretically well-known stochastic process is the Lévy process
of which e.g. Brownian motion and the Poisson process are special cases. A
jump diusion process which combines a continuous Brownian motion and a
discontinuous jump-process is also a Lévy process.
Merton (1976) noticed early on the problems of assuming Brownian motion and presented a solution in a case where the value of the underlying
stock is a mixture of a continuous Itô diusion process and a discontinuous
Poisson process. In the option pricing literature, there are other examples of
the use of Lévy processes describe stock prices. Furthermore, there are also
many extensions of the Black and Scholes model based on jump-diusion:
Merton (1976), Naik and Lee (1990), Kou (2002) etc. Andersson and Andreasen (2002) applied the jump-diusion model to local volatilities in order
to calibrate option index data. Kou (2004) applied double exponential jump
diusion and Carr et all. (2002) applied a variance gamma process to option
pricing.
One research area in nance that has produced voluminous literature
is nancial instrument and derivative pricing. Obviously, strict practical
needs have been the stimulants of development. The roots of this area lie
deep in macroeconomics literature and in interest rate structure theory (e.g.
Hicks, 1946, Modigliani and Sutch, 1966, Culbertson, 1957). Black (1976)
straightforwardly formulated the Black-Scholes model for forward contracts.
Heath, Jarrow and Morton (1992) is a seminal paper on xed income term
11

structure models where the dynamics of the short rate, bond rates and forward rates were consistently formulated. In contrast to earlier studies, Heath
et al. (1992) impose an exogenous stochastic structure on forward rates. The
problem of theoretical xed-income models is that the instantaneous short
and forward rates cannot be observed in real life. So, another approach, the
LIBOR market model, is needed. Pioneer works in this area are by Brace,
Gatarek and Musiela (1997), Jamshidian (1997), Miltersen, Sandmann and
Sodermann (1997), Musiela and Rutkowski (1997).
Fixed-income models have adopted a more general assumption about the
underlying processes.

There are some examples in the literature where a

jump-diusion in the bond market has been used in a model. Björk et al.
(1997) formulated a framework for a jump-diusion process: they used a
marked process framework for pricing xed-income securities adhering to a
jump process. Glasserman and Kou (2003) used marked point process theory
and found closed-form solutions for the prices of caplets and swaptions, and
solved non-arbitrage conditions for a jump-diusion model of simple forward
rate structures.
The possibility of nding an analytical solution is restricted in all research
areas. The need for numerical methods is inescapable in the case of more
complicated optimal portfolio choice problems and derivative pricing. The
Monte Carlo simulation method is usually the most reliable way of nding a
solution to a complicated numerical problem. It was rst applied to option
pricing problems by Boyle (1977), who was also able to see its exibility and
applicability to various types of problems.
Far more literature on numerical methods in option pricing can be found
than that of optimal portfolio choice. However, the methods of option pricing
serve as a starting point to nding a method for an optimal portfolio choice
problem. It is possible to formulate similar numerical approaches to solve
the optimal portfolio choice problem.
Cvitanic et al. (2003) solved the optimal consumption portfolio by using
the Monte Carlo covariation method, which is very exible and can be used
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in dierent cases where the markets are complete and asset processes Markovian. In one of their examples the interest rate adheres to Cox-Ingersoll-Ross
(1985A) dynamics and the stock prices adhere to mean-reversion.

Using

Monte Carlo simulation to solve partial dierential equation, Munk (2008)
found the solution to the habit case problem numerically where the interest
rate is stochastic and stock prices are mean-reverting.
By exploiting the method of Cvitanic et al., it is possible to solve the
optimal portfolio problem in the habit case by making dierent kinds of
assumptions about nancial assets.

In chapter 3 of this thesis, the Monte

Carlo Covariance Method by Cvitanic et al (2003) is extended to the problem
of an investor with habit utilities.
When Schwartz (1976) applied the nite dierence approach to warrant
pricing, it was the rst time that this approach was used in nancial engineering. The nite dierence approach is exible and computationally more
ecient than the Monte Carlo simulation in the case of 1-3 dimensional pricing problem of PDE. There are a few examples of applying this numerical
method to the optimal portfolio choice problem, e.g. Fitzpatrick and Fleming (1991), Brennan et al.

(1997).

Munk (2003) has applied the Markov

chain approach to Merton's problem.
Finite dierence type PDE methods have also been applied to other nance problems, e.g.

the optimal portfolio choice problem.

Kushner and

Dupuis (1992) applied the Markov chain approximation approach to various
dynamic stochastic optimization problems.

The basic idea of the method

is to approximate the original controlled process using convenient controlled
Markov chains on a nite state space.
Contrary to cases with geometric Brownian assumptions with Lévy distributed returns, there are generally no closed-form solutions for option prices
because the probability density of a Lévy process is not known. In some restricted cases of the Lévy process, it is possible to nd a closed-form solution,
but generally numerical methods are required (e.g. Framstad, 1998).
There are no analytic solutions of a vanilla option price when an under-
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lying stock adheres to a jump diusion process. However, various studies use
numerical methods, e.g. Cont and Voltchkova (2005), Matache et al. (2005).
In the case of the Lévy process, it is possible to form a so-called partial
integro-dierential equation (PIDE) and solve it by using a nite dierence
method.
In chapter 4 of this thesis, I propose a straightforward Markov chain approximation method for solving an optimal consumption and portfolio choice
in the Lévy process case and I utilize the explicit-implicit option pricing
method by Cont and Voltchkova (2005).
The modeling and risk management of risk-free rates are important for
institutional investors (as well as for European insurers whose solvency position is directly aected by the change of risk-free interest rate curve under
Solvency II regulation). Volatility modeling is part of interest rate risk management.

The standard procedure for nding implied volatilities is based

on Black's (1975) model. In a low-rate and high-volatility environment high
volatility has caused problems.
Risk management is a partially independent area of nance which is
closely related to other elds. Development in this area has been enhanced
by cases such as Metallgesellschaft, Barings Bank, Long-Term Capital Management (these events have been described in e.g.

Sweeting (2011), Jorion

(2000)). Quantitative methods, e.g. risk measuring (value-at-risk, expected
shortfall, etc.), stress testing and sensitivity measuring, have been of great
interest to practitioners, scholars and regulators who, in turn, have played
a signicant role in the development of rules for the calculation of capital
adequacy by banks and insurance companies (Basel III, Solvency II,...)
Various risk management calculations start with volatility and correlation modeling.

Very soon after the practitioners began using the Black Sc-

holes formula for option pricing, they also began to use it for nding implied
volatilities and correlations (e.g. Corrado and Su (1997)).
Extensions of the standard log-normal model (Black and Scholes 1973)
have often been applied to the problem of pricing stock derivatives and it
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has also been used more recently for xed income modelling. One of the
main reasons for reformulating option pricing models has been the empirical
observation of non-constant implied volatilities for dierent strike values,
i.e. volatility smile or volatility skewness. Since Black (1975), the problem of
volatility smile has been empirically veried in stock options. There are three
ways for solving the problem of skewness: to use a deterministic volatility
function, to use a jump-diusion process for the underlying security or to use
a stochastic volatility function. All these methods have been applied to stock
and xed income derivatives. Local volatility models (Dupire 1994) describe
the smile or skewness of option prices using specic formulations of volatility
as a function of the underlying stock price and time.
In a special case of a local volatility model, Beckers (1980) applies constant elasticity of variance (CEV) to stock options and e.g. Andersen and
Andreasen (2000) apply it to modelling of cap and swaption pricing.
Many studies have found strong empirical support for the hypothesis that
a pure lognormal distribution cannot explain the behavior of stock prices or
xed income rates and state that it is important to include a jump part in
the model for the process describing the development of interest rates. For
example Johannes (2004) found that the role of jumps in continuous-time
models of short interest rate is both economically and statistically signicant.
He emphasizes that jumps are generated by the surprise arrival of news about
the macroeconomy.
Chapter 5 of this thesis discusses xed income modeling and implied
volatility modeling of swaption. Black's model assumes a lognormal distribution of underlying prices and constant volatility. At least two problems in
Black's model have been documented during the unforeseen market situation
of recent years. Negative interest rates and large percentage changes are not
possible in the case of lognormal distribution in the case of low rates.
I show a straightforward method for nding the 'implied volatilities' of
swaption when the process of swap rates are normally distributed with jumps.
My method is a combination of Bachelier's option pricing formula with nor15

mally distributed stock prices and a jump-diusion formula for modeling
variation which is based on swaption data. The method is suitable for the
low-yield and high-volatility environment, it is easy to implement, and it is
clearly smoother with data than implied volatility models using Black's pricing method. The method is particularly useful in the case of a high volatility
market.
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Chapter 2
Habit Formation in an Optimal
Consumption and Portfolio Model
Abstract
The conventional assumption of time-separable utilities often produces unrealistic results in nancial economics. The problem can be
solved by applying a more general utility formulation. Habit formation
in preferences is a frequently used non-separable utility formulation.
A plethora of applications for habit formation have been derived
in economics. Some of them have applied habit utility function to
Merton's (1971) optimal consumption and investment choice problem.
This study reviews how the assumption of habit utilities changes the
results of optimal consumption and investment choice and the methods
used to solve the problem. In particular, this paper focuses on the case
of non-addictive habits based on Detemple and Zapatero (2003).
In the case of non-addictive habits, the typical assumption of a
power-linear instantaneous utility function is not convenient. This
paper concentrates on more general utility functions. The optimal
consumption and investment choice is shown in the general case and
also for a hyperbolic absolute risk aversion (HARA) utility function.
The isomorphism results of Schroder and Skidas (2002) is used to
derive the optimal portfolio solution.
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2.1 Introduction
Time-separable utilities in consumption is a usual assumption in theoretical
nancial economics. However, empirical studies have suggested that this assumption can be problematic. One of these problems is the so-called equity
premium puzzle (Mehra and Prescott, 1985 and Mehra, 2006), according to
which rational expectation models often generate results that are empirically
valid only if we assume a very risk-averse investor. If the risk aversion coecient is plausible, the representative investor in the models puts much more
money in the risky investment than has been observed empirically. Historically, in the period between 1889 and 1978, the average return on equity in
the US stock market was seven percent and the average yield on short-term
debt less than one percent. This means that US equity premium is an order
of magnitude greater than can be rationalized in the context of the standard
neoclassical paradigm of nancial economics. It is observed in every country
with a well-developed capital market across dierent time periods (eg. Mehra
(2006)).
This problem is solvable by applying a more general utility formulation.
One way to generalize utility function is to take into account the eect of
past consumption patterns. This paper studies the behavior of a consumer
whose utilities incorporate habit formation. In that case, utilities are not
time separable, so that utility in period t depends not just on consumption
in the current period but also on the level of consumption in previous periods.
The study focuses on Merton's (1971) classic consumption and investment
and studies the eect of the assumption of habit formation in that context.
Dierent formations of habit utilities have been used in the nancial
economics literature. The most realistic formulation of the behavior of a
consumer is called non-addictive habit formation (Detemple and Karatzas,
2003). Other formulations also come under discussion in this paper but the
more explicit analysis concentrates on non-addictive habit formation.
This paper presents the solution for optimal consumption and portfolio
choice under non-Markovian market dynamics. Market dynamics is more
25

general than in Merton's seminal paper, where the market parameters rate
of return, b(t), volatility, σ(t) and interest rate, r(t) are deterministic.
This study reviews the results in the literature and extends the results
with the hyperbolic absolute risk aversion (HARA) utility function which
seems to be missing in the literature. In the case of non-addictive habit it is
reasonable to apply general HARA function. Standard power utility is not
convenient in such a situation.
Shroder and Skiadas (2002) have shown that there is an isomorphism
between solutions in the separable and linear habit cases. This isomorphism
is useful for solving the problem in the habit case. Solutions in the separable
case can be transformed straightforwardly to the corresponding solutions
with habit formation. Assuming a non-addictive habit function changes the
results signicantly.
In his seminal article on the consumption/investment decision problem for
a single agent, Merton (1971) applies a dynamic programming technique to
a continuous-time problem. Merton nds a closed form solution for the case
where stock market returns are log-normally distributed and the consumer's
utilities adhere to HARA utilities by applying It ô's lemma and stochastic
integration.
Merton's dynamic programming solution is based on the Hamilton-JacobiBellman equation. To solve the problem using this method, the security
prices have to adhere ti the Markov property i.e. conditional probability
distribution of future states of the price process should depend only on the
current state, not on the sequence of events that preceded it or other information.
When new information is revealed, the strategy of a consumer changes.
Then, it is possible to bind the optimal control in the next period to the
realization in this period.
When markets are complete and utilities are time-separable, the optimal consumption can be solved through the martingale approach (Karatzas,
Lehoczky and Shreve, 1987) and the dynamic problem can be reformulated
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as a static problem. Due and Skiadas (1994) presented a utility gradient
method that makes it possible to solve the rst-order conditions for optimality when the utility function is of a more general nature e.g. incorporating
habit formation.
This paper is structured as follows. Section 1.2 presents dierent possible
formulations of habit formation as well as introducing some related empirical
studies. The next section views the dynamics of nancial markets and the
budget constraints of the agent. In sections 1.4 and 1.5 the optimal consumption and the optimal portfolio are considered, respectively. Finally, in
section 1.6, the paper is drawn together by concluding comments as well as
with some suggestions for further research.

2.2 Habit formation
Merton (1990) uses a time-separable utility function and considers a problem
where the agent maximizes utility
 T

−υt
e U (c(t), t)dt + Z(w(T ), T ) ,
E0
0

(2.2.1)

where U (·) is the felicity function, c(t) = c(t) ≥ 0 is the agent's consumption
or consumption plan in time period t and Z(·) is the bequest function. Et
denotes the expectation on information available at time t, w(t) is the wealth
of the agent at time t. υ is the subjective discount rate, which determines
the agent's consumption preferences in the dierent periods.
In the time-separable case, the marginal rate of substitution between any
two periods is independent of the level of consumption in any other period
and the consumption level in one period does not directly aect the utility
in any other period.
The utility function U : [0, ∞) × [0, T ] → [−∞, ∞) is concave and nondecreasing. Uc , the derivative of U , is continuous, positive and strictly decreasing. Generally it has been assumed that: U (0, t) = −∞ ∀t.
The agent's consumption period is nite and the amount of wealth in the
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Z,

last period, i.e. bequest term

also aects his utility. Thus, the investor's

problem is


W (t) = maxc(t),π(t)∈A(w0 ) E0
where

π(t) = (πl , . . . , πn )

l, . . . , n
set of

security.

(c(t), πi (t))

w0



T

e

−υt

U (c(t), t)dt + Z(w(T ), T ) ,

is the proportion of wealth

is the agent's initial wealth.

for the initial wealth.

later in this section.

(2.2.2)

0

w(t)

A(wo )

invested in the

is the admissible

It will be discussed in more detail

A case in which the agent receives utility only from

consumption is easy to dene by setting the

Z(w(T ), T )

term as zero.

Standard utility formulation (time additively separable homothetic intertemporal utility function) does not separate risk aversion and intertemporal substitutability within the instantaneous felicity function.

These two

aspects can be disentangled, e.g. within the more general class of recursive
utility functions.

Naturally, in many applications, it is useful to be able to

disentangle these two dierent aspects of preference.

For example, Epstein

and Zin (1992), Due and Epstein (1992) and Schroder and Skiadas (1999)
study consumption and portfolio decisions with a continuous-time form of
recursive utility, i.e. with stochastic dierential utility. They use the general
form utility function





V (t) = Et

e

−υ(s−t)

U (c(s), V (s))ds ,

t ≥ 0.

(2.2.3)

s≥t
The habit utility function is a special form of the recursive utility function.

There is an increasing number of papers studying the consumption

and investment problem of an agent with habit utilities either in the general
equilibrium or the partial equilibrium model.
Detemple and Zapatero (1992) and Egglezos (2007) assume a general
situation of habit factor

h(t; c)

where

a(t)

and

b(t)

coecients are assumed

F -adapted processes:
 t

t
− 0t a(v)dv
+
b(s)e− s a(v)dv c(s)ds.
h(t; c) = h0 e

to be non-negative, bounded and

0
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(2.2.4)

It is equivalent to the dierential form:

dh(t) = (b(t)c(t) − a(t)h(t))dt,

h0 ≥ 0.

(2.2.5)

Constantinides (1990) and Sundaresan (1989) present a solution to the
equity premium puzzle by applying habit utilities.

Constantidines (1990)

aims to employ the simplest utility specication that resolves the equity
premium puzzle and uses a habit function mostly for theoretical and empirical
tractability. Using habit function

(2.2.4) with constants a and b and a power

utility function in a neoclassical growth model he obtains an empirically valid
equity allocation.
Usually consumption is complementary over time and the habit factor,

h(t; c)

can be interpreted as the standard of living. This means that a con-

sumer does not prefer to consume less than his living standard. The variable

h(t; c)

measures the eect of past consumption on current felicity and is an

exponentially-weighted average of past consumption.This is the so-called linear habit formation case, i.e.

−∞

for

c(t) < h(t).

U (c(t), t) = v(c(t) − h(t))

for

c(t) ≥ h(t)

and

If an agent increases consumption today, his increased

current utility will decrease all future utilities due to a higher standard of
living. The rst term on the right-hand side in equation

(2.2.4)

tells how

quickly the eect of the initial habit level dies over time. The second term
is the weighted average of past consumption. Parameter

b(t)

is a scaling pa-

rameter that determines how strongly past consumption aects consumption
today.
Detemple and Karatzas (2003) interpret

h0

as an inherited standard of

living corresponding to consumption experience during youth. An other interpretation is that it is a reference level corresponding to the standard of
living of other people. It is easy to see that the standard separable utility
function is a special case of

(2.2.4)

where

a(t) = b(t) = 0.

Typically, an instantaneous utility function is assumed to adhere to Inada
conditions:

limc→0 U  (c) = ∞.
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(2.2.6)

In the habit case, when consumption approaches the standard of living,
marginal utility approaches

∞:

lim U  (c(t) − h(t)) = ∞ ⇔ c(t) − h(t; c) > 0,

c→h+

∀0 ≤ t ≤ T.

(2.2.7)

This presents a so-called addiction pattern and consumption has to always
exceed the standard of living. If the agent increases his consumption today,
then the habit stock increases and he has to consume more in later periods
to sustain the same utility level.
Egglezos (2007) denes subsistence consumption

ĉ(t),

which gives a non-

binding "lower boundary" of consumption.

ĉ(t) = h(t; ĉ).
c(t)

Consumption

(2.2.8)

always has to be greater than

ĉ(t).

Equations

(2.2.5)

and

give

dĉ(t) = (b(t) − a(t))ĉ(t)dt;
Using

(2.2.8)

(2.2.9)

ĉ(0) = h,

∀0 ≤ t ≤ T.

(2.2.9)

subsistence consumption is

ĉ(t) = h0 e

t

0 (b(v)−a(v))dv

.

(2.2.10)

Detemple and Karatzas (2003, p. 269) note that all their optimal consumption results can be extended to a progressively measurable stochastic
habit process.
Detemple and Karatzas (2003) point out that addictive behavior of consumption appears counterintuitive. Under certain economic circumstances,
agents cannot sustain their living standards. Detemple and Karatzas reject
condition

(2.2.7)

and assume non-addictive habit preferences. More specif-

ically, they consider a case in which consumption is constrained to be nonnegative.
Following Detemple and Karatzas (2003), can set the next assumption,
which is later used in section 2.4.
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Assumption 1.

lim U  (c − h) < ∞.

(2.2.11)

c→h

Consumption is always non-negative, but it is allowed to fall below the
standard of living.
If the assumption of time-separable utilities is rejected, there are two
possible eects: intertemporal substitution or intertemporal complementarity. The consumer buys a durable good in period
of this good in periods
to see that if

b(t) > 0

t,

but receives the utility

t + i, i > 0 without any monetary spending.
in

(2.2.4),

eect, i.e. habit formation, and, if

It is easy

there is an intertemporal complementary

b(t) < 0,

there is an intertemporal substi-

tution eect, i.e. durability. Ingersoll (1992) explores both eects and uses
the utility function

U (c, z) = v(ac + dz1 − bz2 )
 t
zi (t) = κi e−κi t
eκi τ c(τ )dτ

(2.2.12)
(2.2.13)

−∞

where

a(t)

696) calls

and

κ

b(t)

in

(2.2.4)

are now constants,

a = b.

the average memory span of the intertemporal substitution and

complementary. In utility function ( 2.2.12) variable

z1

Ingersoll (1992, p.

z

has two components:

captures the eects of intertemporal substitution and

intertemporal complementarity. The larger

κi

z2

the eects of

is, the nearer to the present

is the concentration of the weighting function.

Ingersoll derives the form

of measure of relative risk aversion in the case of utilities like in ( 2.2.12)
and (2.2.13) and uses it to nd the solution of the optimal consumption and
investment choice.
Sundaresan (1989) analyses habit formation in both the partial and full
equilibrium case.

He provides explicit examples of equilibrium models in

which consumption is much smoother than that yielded by the model with
separable utility. Sundaresan concludes that the marginal propensity to consume out of wealth is strictly lower with habit utilities than with separable
utilities and the optimal consumption rate tends to increase when time increases. The ratio of volatility in consumption to volatility in wealth uctu31

ates less in his model than in comparable models with time-separable utility functions. Using the simulated sample path of consumption, his model
produces smoother consumption than the general equilibrium model with
separable utility function.
Merton (1971) considers a special case in which the individual has hyperbolic absolute risk-aversion utilities (HARA). It is straightforward to incorporate habit formation into the HARA instantaneous utility function:

1−μ
β[c(t) − h(t)]
μ
+κ
,
(2.2.14)
U (c(t), t) =
1−μ
μ
where γ , κ and β are constants. One of the most frequently applied HARA
utility function in the literature, the power utility function is attained when
μ

κ = 0 and β = μ− 1−μ .
There are also other ways of dening h(t) in the utility function U (t, c(t), h(t)).

h(t) was previously interpreted as representing internal habit formation, in
which the temporal dependence exists with respect to the consumer's own
past consumption choices. Campbell and Cochrane (1999) assume external
habit formation, where the current utility is related to the history of aggregate consumption. If we prefer to assume that households care about
their relative standard of living, it is possible to use the-keeping-up-withthe-Joneses utility function

U (c, c) =

1 1−γ αγ
c ct−1 ,
1−γ

(2.2.15)

where c denotes the household's own level of consumption at the end of
the period, and ct−1 is the aggregate or average consumption level in the
economy. γ > 0 and α < 1 are constants. The value of c is taken as
given by each household. A household's preferences are dened based on
their own consumption, as well as average consumption in the economy. The
sign of constant α is decisive. If α > 0, any given addition to the household's
current level of consumption is more valuable. Using the capital asset pricing
-model, the presence of such consumption externalities make the optimal
proportion of risky securities either larger or smaller than in the standard
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model, depending on the sign of the α (Gali, 1994). When Gali studies the
multiperiod asset pricing model, he does not nd any dierence between the
results of standard utilities and (2.2.15).
Abel (1990) uses catching-up-with-the-Joneses instead of keeping-up-withthe-Joneses utilities

1−γ
1
c(t)
U (c(t), h(t)) =
1 − γ h(t)

(2.2.16)

where the habit factor h(t) is now
(2.2.17)
i.e. h depends on the agent's previous consumption and the aggregate consumption ct−1. If α = 0, there is a standard separable utility function. If
α > 0 and D = 1, there is a habit formation. If α > 0 and D = 0, there is
Gali's catching-up-with-the-Joneses utility function.
The signicance of habit formation in consumption behavior has also been
studied empirically, where the main focus is on the nature of serial correlation
of consumption growth and on the ability to separate the behavioral implications of preference related factors from factors. Naik and Moore (1996) use
habit formation in their empirical study of food consumption, applying the
same framework as Constantinides (1990). In the model, the agent's instantaneous utility function U (c(t), h(t)) depends on current consumption ct and
habit levels ht:
(c(t) − h(t))γ
,
(2.2.18)
U (c(t), h(t)) =
γ
1−D α
h(t) = ((cD
t−1 ct−1 )) .



t

(2.2.19)
Panel regression analysis of Naik and Moore (1996) using US income dynamics data from 1977 to 1987 provide strong support for the habit model.
The importance of habit formation can be shown in the case of food consumption. If we consider durables, the conclusion is not so distinct. Ferson and
Constantinides (1991) study consumption expenditures specically, rather
than consumption. The consumption expenditures of durables varies more
h(t; c) = b

0

e−a(t−s) c(s)ds + e−at h0 .
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than that of non-durables.

Habit formation explains the consumption of

non-durable products better than that of durable products. Ferson and Constantinides investigate habit persistence in preferences and the durability of
consumption, which both imply the time-nonseparability of the derived utility of consumption expenditures. Lagged consumption expenditures enter
the Euler equation, where habit persistence implies that their coecients are
negative and durability implies positive coecients. The sign of the coecients indicate which of the two eects is dominant. The length of the time
periods is crucial. Ferson and Constantinides nd that in monthly, quarterly,
and annual data, the evidence is in favor of habit over durability.
There are also some contrary results.

Dynan's (2000) results yield no

evidence of habit formation. Dynan formulates the utility function

Et


T


ρ U (
ci,t , ψi,t ) ,
s

(2.2.20)

s=0

where

and

ψi,t


c1−γ
i,t
U (
ci,t , ψi,t ) = ψi,t
;
1−γ


ci,t = ci,t − bci,t−1 ,

(2.2.21)

are the taste-shifters which move marginal utility and

b

is again

the scaling parameter. Generally, empirical studies of habit formation test
whether

b

equals zero.

However, positive serial correlation of changes in

consumption may reect the time averaging of data rather than habit formation. Dynan studies how consumption of other goods diers from food
consumption. Obviously, non-durables reect "more habit" than durables.

2.3 Markets and consumer's budget constraint
Like Merton (1971), this paper studies a small investor" who does not have
the power to inuence markets. The number of sources of uncertainty in the
model is

d,

i.e. the dynamics of the market is generated by a

independent Brownian motion,

z(t) = z 1 (t), ..., z d (t)

(Ω, F, P). F = {F(t) : 0 ≤ t ≤ T }

denotes a
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d

dimensional

on a probability space

P-augmentation

of Brownian

ltration F(t) = σ(z(t); s ∈ [0, T ]). It is assumed that the market consists a
riskless asset and m = d risky securities (stocks), which means that nancial
markets are complete.
There is a locally riskfree security, a bank account. Its return over the
period is known with certainty, there is no default risk, and m risky stocks.
It is assumed that the stocks pay no dividend.
The interest rate r(·), the rate of return of stocks vector α(·) = (α1 (·), ..., αm (·))
and the volatility matrix σ(·) = σij (·)1≤i≤m,1≤j≤d are F -progressively measurT
T
able random processes satisfying 0 || α(t) || dt < ∞ and 0 | b(t) | dt <
for some given real constant .
The processes r, σ and λ, the market price of risk are assumed to have
continuous paths and to be adapted to information ltration. The stocks
returns adhere to dynamics:
dS(t) = diag(S(t))[α(t)dt + σ(t)dz(t)],
= diag(S(t))[(r(t)1m + σ(t)λ(t))dt + σ(t)dz(t)],

where diag(S(t)) denotes the square matrix with S(t) along the diagonal
and zeros elsewhere. 1m is the m-dimensional vector (1, ..., 1) , σ(t) is a
m×m matrix valued stochastic process, λ(t) is a (m) vector valued stochastic
process.
The variance-covariance matrix σ(t) is assumed to have full rank for every
t and matrix σ(t)σ(t) is invertible. Then, it is possible to dene the price of
risk (Sharpe ratio) vector, i.e. relative risk process vector, λ(t), as follows
λ(t) = σ  (t)(σ(t)σ  (t))−1 [α(t) − r(t)1m ]

(2.3.1)

Naturally, it is perfectly positively correlated with Sit . For any t, σ(t) is
assumed to be non-singular. The vector λ(t) = (λ1 (t), ..., λm (t)) is referred
to as the market price of risk since λi (t) is the ratio of the expected excess
rate of return to the volatility of an asset that is only sensitive to changes
in zi and not to changes in the other components of the Brownian motion
(Munk, 2008, p.3563).
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By using short rate process, we can dene the price at time t of a zerocoupon bond ΓTt which pays a principal of one at time T and produces no
other cash ows

(2.3.2)
ΓTt = E(t)[e− r(s)ds ].
The expected excess returns of the risky securities are η(t)(i) = α(t)(i) −
r(t) and a deated price process is
T
t

X̂(t) = X(t)e−

t
0

r(s)ds

(2.3.3)

.

Harrison and Kreps (1979) have shown, using Girsanov's theorem that we
can dene state-price density ζ by
ζ(t) = e−

t
0

r(s)ds−

t
0

λ(s)dz(s)− 12

t
0

λ(s)2 ds

.

(2.3.4)

Then the dynamics of state-price density can be dened by
dζ(t) = ζ(t)[−r(t)dt − λ (t)dz(t)],

ζ(0) = 1

for all 0 ≤ t ≤ s ≤ T . λ(t) is a martingale and
semimartingale. A state-price density is dened as

Et [ ζζst ] < ∞

ζ(t) = ξ(t)e−

t
0

r(s)ds

ζ(t)

is a

.

For a probability measure Q equivalent to P, the density process ξ(t) for Q
is the martingale dened by


ξ(t) = Et

dQ
dP



=e

t
0

r(s)ds

ζ(t)
ζ(0)

is the Radon-Nikodym derivative of Q with respect to P . Now, a
where dQ
dP
zero-coupon bond can be dened by


Γst


s
ζ(s)
= Et
= EtQ [e− t ru du ].
ζ(t)

(2.3.5)

The dynamics of Γst is
dΓst = Γst [(r(t) + σs (t) λ(t))dt − σs (t) dz(t)].

(2.3.6)

and we have another Brownian motion under measure Q:
.
z0 (t) = z(t) +
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t

λ(s)ds.
0

(2.3.7)

2.3.1 Budget equation

Merton (1971) studies complete markets in the case where the so-called noninstitutional restrictions assumption holds, which means that short-selling of
all securities is allowed without restrictions and that borrowing rate equals
the lending rate. He also assumes that the agent's income is generated by
capital gains on investments in assets. This paper adopts the same assumptions.
The consumer/investor is endowed with some initial wealth w . He consumes wealth at some rate c(t) and invests it in any m + 1 available assets
at any time t ∈ [0, T ]. The agent invests the proportion π (t) of wealth w(t)
in the ith stock (1 ≤ i ≤ m) and the remaining proportion [1 − π (t)]
in a riskless security.
The investor's consumption/investment strategy pair (c(t) = c, π = π , ..., π
is based on available information, as was presented in the previous section.
Wealth process, w(t), related to the portfolio/consumption pair (π, c)
and initial wealth w ∈ (0, ∞), is modelled by a linear stochastic dierential
equation:
0

i

m
i=1

i

1

0

dw(t) =

m

i=1



m

dSi (t)
πi (t)w(t)
πi (t) w(t)r(t)dt − c(t)dt.
+ 1−
Si (t)
i=1

(2.3.8)

It is, in a simpler form,
dw(t) =

m


πi (αi − r)wdt + (rw(t) − c(t))dt +

i=1

m


πi w(t)σ(t)dz(t)

(2.3.9)

i=1

(2.3.10)
The pair is admissible, A(w ), for the initial w , if w(t) ≥ 0 for all t ∈ [0, T ],
almost surely.
As Cox and Huang (1989) show, the budget-constraint can be formulated:
⇐⇒ dw(t) = (rw(t) − c(t))dt + w(t)π  σ(t)dz0 (t).
0

0





T

E

ζ(s)c(s)ds
0

≤ w0

holding for (π(t), c(t)) ∈ A(w ) in all t ∈ (0, ∞).
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0

(2.3.11)

m)

In the complete market, there exists a wealth process:

1
E
w0 (t) =
ζ(t)
for

(π, c) ∈ A(w0 )

tion

(2.3.11)





T

T ∈ [0, T ].

ζ(s)c(s)ds ,

Plugging subsistence consumption,

gives



ζ(s)ĉ(s)ds
0

It can be reformulated using



ĉ

in

(2.2.8)

into equa-



T

E

h0 E

(2.3.12)

t

≤ w0 .

(2.3.13)

(2.2.10):

T

e

u
0


(b(v)−a(v))dv

0

Egglezos (2007, p.13) assumes that

ζ(s)ds ≤ w0 .

(2.2.7)

(2.3.14)

holds and denes the so-called

marginal cost of subsistence consumption per unit of standard of living :
.
q=E



T

e



t

0 (b(v)−a(v))dv

ζ(s)ds

(2.3.15)

0

where

.
(w0 , h) ∈ D = {(w0 , h) ∈ (0, ∞) × [0, ∞); w0 > qh }.

Equation

(2.3.15)

states how much the increase of consumption in some period decreases utility
in later periods. This denition will be useful later.

2.4 Solution for optimal consumption
This section follows Assumption

1,

i.e.

the consumer's preferences adhere

to non-addictive habit. Consumption is required to be non-negative at all
times, but can fall below habit factor i.e. a standard of living.
Karatzas et al. (1986) and Cox and Huang (1989) consider extensively
the eect of inherent non-negativity of consumption in the case of a timeseparable HARA utility function. A sucient condition for the unconstrained
optimal strategies to satisfy non-negativity constraints is that there is an
innite marginal utility of consumption, if consumption approaches zero, as
set in the assumption ( 2.2.6). If assumption (2.2.6) is rejected, nite marginal
utility of consumption and a negative value of consumption is possible. Then,
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it is meaningful to compare the optimal consumption choice with and without
the non-negativity constraint
the whole of the real line.

c ≥ 0.

A utility function has been dened on

If the problem has an optimal solution without

the non-negativity constraint, it is possible to obtain the optimal constrained
solution in a direct way.

Cox and Huang (1989) show that the optimal

consumption choice for the constrained problem is

c∗ = max[c∗ , 0],
where

c∗

and

c∗

(2.4.1)

are the optimal consumptions in a constrained problem and

in an unconstrained problem.

The optimal constrained consumption is the

same as the unconstrained consumption plus a put-option on unconstrained
consumption with zero strike.

Detemple and Karatzas (2003, p.

267) have

shown that this result changes crucially if an agent is assumed to have utilities
with non-addictive habit formation.
They demonstrate the relationship between the solutions for the consumer's optimal consumption in the constrained,

c≥0

and unconstrained

cases. Unconstrained optimal consumption may become negative so as to reduce standard of living rapidly. In the habit case, the agent forgoes consumption completely, until an endogenous stopping time, after which consumption
will be greater than zero all the time.
The following technical assumptions hold in this section.

Assumption 2.





T

ζ(t)I(t, y ζ̂(t))dt

E
0



and

0

(2.4.2)



T

E

<∞

|U (t, I(t, y ζ̂(t))|dt

< ∞.

(2.4.3)

I(t, y ζ̂(t)) is the inverse of Uc (t, c − h) and where Uc (t, c − h) =
ζ̂

and

y

∂
U (t, c − h).
∂c

are dened below.

We consider the problem whose value function is


W (t) = maxc,π∈A(w0 ) E

T
0
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U (t, c(t) − h(t; c))dt .

(2.4.4)

Habit function h(t; c) is dened in (2.2.4).
The static optimization problem is to maximize expression (2.4.4) over
the feasible consumption processes c that satisfy assumption (2.2.11).
The Lagrange function is
.
L(c, y) = E




U (t, c(t) − h(t; c))dt

0



+y w0 − E(



T



T

(2.4.5)

ζ(s)c(s)ds) + ν(t)c(t).
0

The Lagrange multipliers are a scalar y>0, which enforces the static budget
constraint and real-valued progressively measurable process ν(t), t ∈ [0, T ].
The utility gradient method (Due and Skiadas (1994)) gives the formal
Kuhn-Tucker rst-order conditions for the optimality of a consumption-rate
process c(·). Detemple and Karatzas (2003, p. 275) solve the corresponding
problem.


T

Uc (t, c(t) − h(t, c)) − b(t)Et

e

−

s
t



(a(v))dv

Uh (s, c(s) − h(s; c))ds

t

(2.4.6)

= yζ(t)∀t ∈ [0, T ],


T

E[
0

ζ(t)c(t)dt] = w0 .

ν(t)c(t) = 0 ∈ [0, T ].

(2.4.7)
(2.4.8)

Conditions (2.4.6)-(2.4.8) are sucient for optimality.
In order to solve the conditions, the Lagrange multiplier y can be xed
at some positive value. Then, we can dene it as the normalized marginal
utility
. 1
(2.4.9)
ζ(t) = Uc (t, c(t) − h(t; c)), ∀t ∈ [0, T ].
y
The right-hand side can be dened as a adjusted state price density. Then,
an inverse of the marginal utility can be formulated:
I(t, yζ(t)) = cy (t) − hy (t, cy )
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(2.4.10)

where cy and hy are values when y is xed. Detemple and Karatzas (2003,
p.272) also solve for the optimal consumption in the case where consumption
is constrained to be non-negative. They show the state price density in the
case of unconstrained and constrained consumption. The following theorem
uses the results from Detemple and Zapatero (1992, p. 262).

Theorem 1. When the behavior of a consumer/investor complies with non-

addictive habit optimal consumption (c ) and the related standard of living
(h ) are
∗

∗

c∗ (t) = e


× e

t

0 (a(v)−b(v)dv)

h (t, c (t)) = e

b(v)−a(v)dv



I(t, y ζ̂(t)) + h0 +



t

∗

0

∗

where
∗

t

0 (b(v)−a(v)dv)

b(s)e

s
0


a(v)−b(v)dv

∗

I(s, y ζ(s))ds

0


h0 +

t

(2.4.11)

t

b(s)e



t

0 (a(v)−b(v)dv)

∗

I(t, y ζ(t))ds ,

0

(2.4.12)

where y > 0 is the value of Lagrange multiplier, when c is set to be optimal
and where
∗

∗



T

ζ̂(t) = ζ(t) + b(t)Et

e

s
t



(b(v)−a(v))dv

ζ(s)ds ,

T ∈ [0, T ].

t

(2.4.13)

is the state price density in the habit case without constraint c ≥ 0. The state
price density in the habit case with constraint is
1
∗
ζ(t) = min ζ̂(t), u (t, −h (t)) ,
y

(2.4.14)

where u (t, −h (t)) is the marginal utility when c = 0 and −h(t) is h(t)
normalized by Lagrangre multiplier.


∗

Equation (2.4.13) describes the relationship between the standard state
price density and "adjusted" state price density for habit formation without
non-negative constraint binding ( ζ(t)). The state price density in the case
of constrained consumption is the minimum of the unconstrained state-price
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density and (2.4.9). The second term on the right-hand side (2.4.13) is useful
for calculations and it is also dened separately in the literature (eg. Schroder
and Skiadas (2002), p. 1990). Munk (2008, p. 6) denes a slightly dierent
process:
.
ρ(t) = Et (



T

e

s
t

(b(v)−a(v))dv

ζ(s)ds),

T ∈ [0, T ],

(2.4.15)

t

which is the price of bond paying a continuous coupon that is exponentially
declining over time. The dynamics of ρ(t) is easy to obtain with equation
(2.3.6):
dρ(t) = −1dt + ρ(t)[(r(t) + σρ(t) (t) λ(t))dt − σρ(t) (t) dz(t)],

where
σρ(t) =

T
t

e−(b−a)(s−t) Γst σs ds

T
t

e−(b−a)(s−t) Γst ds

(2.4.16)

(2.4.17)

.

Process (2.4.15) will be used later in the calculations.
As Egglezos (2007, p. 23) shows, the marginal cost of subsistence consumption of equation (2.3.15) can be reformulated by:


T

q=E

e

−

t
0


a(v)dv

(2.4.18)

ζ̂(t)dt .

0

It is the weighted average of the "adjusted" state-price density discounted at
the rate a(t).
As Detemple and Karatzas (2003, p. 273) show, optimal consumption in
the constrained case is given by:
∗

c∗ (t) = (I(t, y ∗ ζ̂(t) + h∗ (t))+ = I(t, yζ(t)) + h (t).

(2.4.19)

The optimal consumption policy at time t corresponds to the positive part
of the unconstrained consumption policy. The constraint c ≥ 0 has two
eects. Contrary to the separable utility case past occurrences of binding
constraints have an impact on the amount consumed at time t because they
aect the time t standard of living. A currently binding constraint implies
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zero optimal consumption. Future binding constraints do not inuence the
current state-price-density or optimal consumption.
Detemple and Karatzas (2003, p. 268) show that the consumption constraint binds continuously over an interval determined by an endogenous
stopping time. Prior to the stopping time, the agent forgoes consumption.
Afterwards, optimal consumption is the same as in an unconstrained model.
In the case of non-addictive habit formation, consumption in the constrained case can be achieved by consuming the same amount as in the unconstrained case and adding a put-option and Asian average-strike, capped
call-option. The Asian option pays o when unconstrained consumption exceeds the strike.
Theorem 1 showed the optimal consumption of an agent with non-addictive
habit utilities. Using the theorem, it is straightforward to obtain optimal
consumption for the HARA utility function.

Theorem 2.
consumption
∗

c = h0 e

If the agent has utility function of equation

(c∗ )

and the related standard of living

t

0 (a(v)−b(v)dv)

(h∗ )

(2.2.14)

optimal

are



 t
t
μκ μ
1/μ
1/μ
(a(v)−b(v)dv)
1/μ
0
ζ (t)+ b(s)e
− + (βy)
ζ(s) ds
β β
0
(2.4.20)

and

∗

y >0

is the value of Lagrange multiplier, when





y = w 0 + h0 E t




× Et

t 
t

e

c

0 (r(v)+a(v)−b(v)dv)

∗

is set to be optimal.

−μ
ds

0

T

e

μ

t

0 (r(v)dv)

−γ

ζ̂(t) dt

(2.4.21)

0

where

ζ(t) = min ζ̂(t),

1
β
,
y (−βh∗ (t)/μ + κ)−μ

(2.4.22)

and
−1/μ

ζ̂(t) = ζ(t)


+ b(t)

T

e



(t)s (b(v)−a(v))dv

t
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−1/μ
ζ(s)ds

,

T ∈ [0, T ]

Setting y so that the budget constraint binds (i.e. no-slackness):
T
E 0 cy (t)dt = w0 , Egglezos (2007, p. 20) obtains

χ(y) = w(0) − qh = E

T

(2.4.23)

ζ̂(t)I(t, y ζ̂(t))dt.
0

By dening its inverse function Υ(·) = χ(·)−1 , it is possible to set the related
value function




T

V (t, w0 , h) = E

u(s, c(s) − h(s)) = G(t, Υ(w0 − qh)),

t ∈ [0, T ],

t

where

(2.4.24)


T

G(y) = E[

u(t, I(t, y ζ̂(t))dt],
0

t ∈ [0, T ].

(2.4.25)

Now using the wealth process (2.3.12) gives us
1
w0 (t) − q(t)h0 (t) =
Et (
ζ(t)



T

ζ(s)I(s, yζ(s))ds) ≥ 0,
t

for t ∈ [0, T ] and (π, c) ∈ A(w0 ).
Value function for HARA utility function can be obtained easily using
(2.4.23). The inverse function of the derivative of the HARA utility function
is
μ
μy −1/μ
(2.4.26)
I(t, y) = (μ−1)/μ − κ, (t, y) ∈ [0, T ] × (0, ∞).
β

β

Then (2.4.23) can be expressed as
μy −1/μ
χ(y) = (μ−1)/μ E[
β



T
0

and the value function is

ζ(t)−1/μ dt] −


T

G(y) = E[

u(t,
0

μ
κ, y ∈ (0, ∞).
β

μy −1/μ
μ
− κ]dt.
(μ−1)/μ
β
β

(2.4.27)

(2.4.28)

2.5 Solution for optimal portfolio
Detemple and Zapatero (1992) and Egglezos (2007) solve the optimal consumption policy, but they characterize the optimal portfolio simply as an
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unknown process whose existence and uniqueness follows from the martingale representation theorem. Schroder and Skiadas (2002) show that there
is an isomorphism between the separable and habit case, and a method of
solving the problem involving habit utility function using the solution of
the separable case. Munk and Sørensen (2004) nd the solution of optimal
consumption and portfolio choice in the case where both money markets and
security markets follow exogenous stochastic processes. Under these assumptions Munk (2008) generalises the solution to the problem of an agent with
habit utilities. Given the isomorphism, he solves the problem using a power
utility function as well as the result of Munk and Sørensen (2004).
Schroder and Skiadas (2002) consider what constitutes consumption, to
include not only the current consumption rate but also a ctitious consumption rate derived from past consumption. Using this meaning of consumption,
they present an isomorphism that makes it possible to directly solve the habit
case using the solution in the separable case. The utility function used in
Schroder and Skiadas (2002) is parallel to (2.2.4) choosing the values of h0
and b conveniently. As slightly more detailed description about the use of
isomorphism is shown in appendix (.1).
Let consider again an agent with the utility function of equation (2.2.4):
h(c, t) = h0 e

−

t
0



a(v)dv

t

+

b(s)e−

t
s

a(v)dv

c(s)ds.

0

(2.5.1)

The restriction c ≥ 0 is rejected in this section.
Schroder and Skiadas (2002) show that a portfolio choice with habit utilities π(t) can be found using a portfolio choice with separable π̂(t) :
π(t) = (1 − b(t)ρ(t)

h(c, t) 
h(c, t)
)π(t) + (1 +
)(σ (t))−1 φ(t).
w(t)
w(t)

(2.5.2)

Process ρ(t) is dened in (2.4.15) and process φ(t) in (.1.2) in the appendix.
As discussed earlier, the HARA utility function is useful in the nonaddictive habit case. Nevertheless, the solution has not been shown before
in the literature. The following example uses the HARA function:

1−μ
βc(t)
μ
+κ
,
U (c(t), t) =
1−μ
μ
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(2.5.3)

where μ, κ and β are constants.
It is necessary to assume that for all t ∈ [0, T ] and all s ∈ [t, T ].

Et

ζ(s)
ζ(t)

 μ−1
μ

(1 + ρ(t))

μ−1
μ



(2.5.4)

ds < ∞.

To nd the solution one new process must be stated:
.
M (t) = Et



T
t



1+μ
υ
ζ(s) μ−1
) μ β μ e− μ (s−t) μds
(
ζ(t)

(2.5.5)

which dynamics is
(2.5.6)

dM (t) = M (t)[μM (t) dt + σM (t) dzt ].

The derivation of the following theorem is in the appendix.

Theorem 3. The optimal investment strategy for an agent with HARA utility
is


L(t) 1 
(σ (t))−1 λ(t)+(1−Θ)(σ  (t))−1 σM (t) +Θ(σ  (t))−1 σρ(t) ,
π (t) = (1−Θ) 1− ∗
w (t) μ


∗

(2.5.7)

where


L(t) = Et

and

T
0

ζ(T ) μκ
ζ(s) μκ
) ds + (
)
(
ζ(t) β
ζ(t) β
υt

w∗ (t) = L(t) + (w0 − L(0))e− μ (



O(t) ζ(t) − μ1
)(
) .
O(0) ζ(0)

. O(t) is dened in the appendix.
and Θ = h w(t)ρ(t)
(t)
∗

∗

If habit factor h(t) > 0, Θ = h w(t)ρ(t)
is positive. An agent with habit
(t)
utilities always has to consume at least the amount of habit factor. The
agent prefers to ensure that he has enough wealth to be able to consume at
least h∗(t) in future periods as well.
It is easy to compare this result to the optimal investment strategy in
the separable case in Munk and Sørensen (2004, p.1992-1993) as well as to
the results with habit utilities and power utility in Munk (2008, p.3566).
∗

∗
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The optimal investment strategy of equation (2.5.7) shows a three terms
decomposition like in Munk (2008). The rst term on the right-hand side is
investment in the tangency portfolio. It can also be set in the corresponding
form as Munk:
(1 −

w∗ (t) − h(t)∗ ρ(t) − L(t) 
)(σ (t))−1 λ(t).
w∗ (t)

In equation (2.5.7) (σ(t))−1λ(t) is the price of risk process and
(1 −

w∗ (t) − h(t)∗ ρ(t) − L(t)
).
w∗ (t)

is the relative risk tolerance −Vw /wVww . The agent with habit utilities invests
less in the tangency portfolio than the agent with separable utilities. The
agent with habit utilities invests less in risky objects if h > 0 and q > 0.
Θ(σ  (t))−1 σO(t) gives the investment in the portfolio that hedges changes in
the investment opportunity set. The Θ(σ(t))−1σρ(t) term corresponds to an
investment in a coupon bond with continuous payments ensuring that the
agent can achieve his future minimum consumption process, which has a
present value of ρ(t).

2.6 Conclusion
This paper has considered Merton's consumption and investment choice problem in the case of non-addictive habits. As shown by Detemple and Karatzas
(2003), for the case in which habit is non-addictive there is a signicant relationship between the solution with and without the non-negativity constraint. By using the martingale representation theorem, Detemple and Zapatero (1992, p. 257-259) have proved the existence and uniqueness of the
optimal portfolio of an agent with habit utilities. However, they characterize
this solution only as an unknown process. Optimal consumption and portfolio choice of the agent with habit utility function can also be found via the
Hamilton-Jacobi-Bellman equation following Egglezos (2007, p.48-50). Then
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the

r(t), λ(t), σ(t)

have to follow Markov processes. The consideration of

the previous section allows a non-Markovian framework.
The so-called habit factors

a(t)

and

b(t)

are deterministic. The optimal

consumption and investment choices were shown in the general case as well
as in the case of the HARA utility function. The optimal portfolio solution
was found using results on isomorphism in Schroder and Skidas (2002).
Throughout this paper, I have assumed complete markets, in line with the
bulk of the literature. This makes it easier to nd solutions. Obviously, this
assumption is restrictive and rules out many interesting aspects of nancial
markets. By using numerical methods, it is possible to relax this assumption
and consider more complicated and realistic situations. Future research could
consider these alternative scenarios.
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Appendix
.1

Isomorphism between the separable and habit
case

Schroder and Skiadas (2002) also consider the isomorphism in the case of
more general market processes where stock prices and money markets can be
non-Markovian processes.
The isomorphism is useful, if a primal problem is easier to solve and the
solution can be reformulated to obtain the habit solution. The duality results
are symmetric and the roles of primal and dual qualities are interchangeable.
The process in equation (2.4.15):
.
ρ(t) = Et



T

e

s
t


(b(u)−a(u))du

ζ(s)ds ,

T ∈ [0, T ].

(.1.1)

t

and process
b(t)
φ(t) =
1 + b(t)ρ(t)



T

e

s
t

(b(u)−a(u))du

BsT σB ds.

(.1.2)

t

are material for the solution. BsT is a unit discount bond that matures at time
T and σB is the volatility of that bond. The solution of a primal optimization
problem can be found from the dual problem

supĉ(t) E



T

U (ĉ(t))dt] s.t E [
0

0



T

ζ̂(t)ĉ(t)dt ≤ ŵ(0).

(.1.3)

If the dual agent's problem has been solved and the optimal consumption
plan ĉ∗ is the corresponding optimal consumption plan, the price of risk,
wealth process and portfolio choice are
ĉ∗ (t) = c∗ (t) − h(t),
c∗ (t) =

ĉ∗ (t) w(t) − h(t)ρ(t)
+ h(t),
ŵ∗ (t) 1 + a(t)ρ(t)
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(.1.4)

and

λ(t) = λ̂(t) +
and

b(t)ρ(t)
σρ(t) ,
1 + b(t)ρ(t)

h(t)ρ(t) ∗
)π̂ (t)
w(t)
h(t)ρ(t)
a(t)ρ(t)
)σO
σρ(t) ]
+[(1 −
w(t)
1 + a(t)ρ(t)

(.1.5)

π ∗ (t) = (1 −

.2

(.1.6)

Solutions in the time separable case and in
the habit in case

This derivation is a straightforward extension of the proof of Theorem 1 in
appendix of Munk (2008) and proposition 1 in the appendix of Munk and
Sørensen (2000).

subject to


1−μ 
βc(t)
μ
ds
e
sup KEt
1−μ
μ
c,π
t


1−μ 
βw(T )
μ
−υT
+(1 − K)Et e
1−μ
μ




T

−υt

(.2.1)


ζ(s)
ζ(T )
(
(.2.2)
)c(s)ds + (
)w(T ) ≥ w0 ,
Et
ζ(t)
ζ(t)
t
where K and (1−K) are weights between utility in periods [t, T ] and terminal
T

utility.
According to the martingale approach, the problem can be solved as a
static problem by using the Lagrange method. The rst order conditions are

Ke−υ(s−t) (

βc(s)
ζ(s)
+ κ)−μ β = λ
μ
ζ(t)

and

(1 − K)e−υ(T −t) (

βc(s)
ζ(T )
+ κ)−μ β = λ
,
μ
ζ(t)

which give optimal solutions
− 1

1
1
υ
ζ(s) μ 1+μ
μκ
−μ
β μ K μ (e− μ (s−t) )μ −
c(s) = λ
ζ(t)
β
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(.2.3)

(.2.4)

(.2.5)

and

w(T ) = λ

1
−μ



ζ(T )
ζ(t)

− μ1
β

1+μ
μ

1

υ

(1 − K) μ e− μ (T −t) μ −

μκ
β

(.2.6)

Inserting equations ( .2.5) and (.2.6) into the budget constraint gives
 T
1+μ
−1
1
υ
ζ(s) μ−1
) μ β μ K μ e− μ (s−t) μds
(
w(t) = λ μ Et
ζ(t)
t



 μ−1

1
υ
ζ(T ) μ 1+μ
−
(T
−t)
+
β μ (1 − K) μ e μ
μ
ζ(t)
 T

ζ(s) μκ
ζ(T ) μκ
−Et
(
) ds + (
)
.
ζ(t) β
ζ(t) β
0

(.2.7)

A positive stochastic process O(t) adapted to the ltration generated by

dz(t) is dened by:
.
O(t) = Et



T

(
t



ζ(T )
+
ζ(t)

1+μ
1
υ
ζ(s) μ−1
) μ β μ K μ e− μ (s−t) μds
ζ(t)

 μ−1
μ
β

1+μ
μ

1
μ

(1 − K) e

υ
−μ
(T −t)


μ .

(.2.8)

The dynamics of O(t) can be described by

dO(t) = O(t)[μOt dt + σOt dz(t)].

(.2.9)

By using the process O(t), (.2.7) can be expressed by
1

λ− μ =
where



w(t) − L(t)
,
O(t)


ζ(s) μκ
ζ(T ) μκ
(
) ds + (
)
.
L(t) = Et
ζ(t) β
ζ(t) β
0
Then, optimal consumption plan is

 μ1
1 w(t) − L(t)
−υ(s−t) ζ(s)
μ
c(s) = K
e
O(t)
ζ(t)

(.2.10)

T

(.2.11)

and optimal terminal utility is

 μ1

1
w(t) − L(t)
−υ(T −t) ζ(T )
μ
(1 − K) e
.
w(T ) =
O(t)
ζ(t)
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(.2.12)

This optimal plan for the terminal wealth in ( .2.12) is valid for any t,
0 ≤ t ≤ T . By using it for period 0 and t, (.2.12) gives
 μ1

  μ1
1 −υ
1
ζ(T
)
ζ0
w(t)
−
L(t)
w(0) − L(0)
T
−υ(T
−t)
(1 − K) μ e μ
(1 − K) μ e
=
O(0)
ζ(0)
O(t)
ζt
⇔
υt

w(t) − L(t) = (w(0) − L(0))e− μ (

O(t) ζ(t) − μ1
)(
) .
O0
ζ0

Following the appendix of Munk and Sørensen (2000) and using Itô's rule
we obtain a stochastic dierential equation of an optimal investment policy
dw(t)
L(t) 1
= [...]dt + (1 −
) λ(t)dz + σOt dz.
w(t)
w(t) μ

(.2.13)

Inserting a testing equation for optimal portfolio choice
π(t) = (1 −

1
L(t) 
)(σ (t))−1 ( λ(t) + σOt )
w(t)
μ

(.2.14)

into budget constraint equation (2.3.10) we obtain
1
dw(t)
= [...]dt + [ λ(t) + σOt ]dz.
w(t)
μ

(.2.15)

We can see that using the strategy (.2.14) the diusion coecients of (2.3.10)
and (.2.15) match and it gives the optimal portfolio choice in the non-habit
case. Under the martingale solution approach, the drift term will be matched
if the diusion coecients are matched.
By next using Schroder and Skiadas's rule for optimal portfolio choice
(2.5.2), we obtain the optimal choice in the habit case.
Let consider equation (.2.8) in the case K = 1:
.
O1 = Et



T
t


1+μ
υ
ζ(s) μ−1
−
(s−t)
) μ β μ e μ
(
μds .
ζ(t)

(.2.16)

Using the relation between state-price deators in separable and in habit
markets: ζˆt = ζt(1 + ρ(t)), we get
.
O1 = E t



T

β

1+μ
μ

e

υ
−μ
(s−t)

(

t
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ζ(s)(1 + ρ(s))
ζ(t)(1 + ρ(t))

)

μ−1
μ



μds

(.2.17)

⇔ O1 (t) = M (t)(1 + ρ(t))
By using Itô's rule and

(.2.18),

1−μ
μ

.

(.2.18)

we obtain


( μ1 − 1)ρ(t)
1
σρ(t) dz.
= [...]dt + σM (t) + ( − 1)
μ
1 + ρ(t)
O(t)


dO(t)

We can see that the percentage diusion process of

σO1 (t) = σM (t) +
Inserting

(.2.14), (.2.20)

( μ1 − 1)ρ(t)

and (.1.5) into

1 + ρ(t)
π

O1 (t)

is

σρ(t) .

in equation

(.2.19)

(2.5.2)

(.2.20)
we get

( μ1 − 1)ρ(t)
h(t)
h(t)
π(t) = (1 − bρ(t)
)[σM (t) +
]σρ(t) + (1 +
)(σ  (t))−1 φ(t)
w(t)
1 + ρ(t)
w(t)
(.2.21)
which gives equation

(2.5.7)

after reformulation.
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.3

Symbol description

derivative of y with respect to x
x the transpose of matrix x
x(t) = xt the value of process x at time t
x∗ the optimal value of x related to dened optimization problem
St the price process of risky assets
αi (·) the drift of a risky asset i
σi (·) the volatility of a risky asset i
zt standard Brownian motion
Et expectation given information available at time t
P, Q probability measures
Ω probability set
rt riskless interest rate
λt the market price of risk process
ζ(t)state-price density
ζ̂(t) the state price density in the habit case
λt the market price of risk process
ΓTt the price at time t of a zero-coupon bond which pays a principal of one
at time T
U (·) utility function
V value function
υ subjective discount rate
ct , 0 ≤ t ≤ T consumption
ĉt subsistence consumption dened in page 30
c∗ consumption in a constrained problem
Z(·) the bequest function
h(t) habit factor
a(t) and b(t) habit coecient
wt , 0 ≤ t ≤ T the value of wealth process at time t
μ the degree of risk aversion
w0 initial wealth
yx =

dy
dx
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I(·)
π

inverse function of marginal utility

proportional amount which agent invests to risky ob ject

L(·)

a Lagrange function

y a Lagrange multiplier

q

marginal cost of subsistence consumption per unit of standard of living

ρ(t)
G(t)
φ(t)
O(t)

process is dened in page
process is dened in page
process is dened in page
process is dened in page

42
44
49
46

Other necessary denitions are in the text.
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Chapter 3
Monte Carlo Computation of
Optimal Portfolio Choice with
Habit Formation
Abstract
This paper studies optimal consumption and portfolio choice of an
investor with habit formation in preferences. The Monte Carlo covariation (MCC) method is used for optimal portfolio selection when
an investor's preferences are time-separable. This paper works on the
MCC method so that it is applicable to the case of more general utilities. As an example, I solve the optimal portfolio problem in the case
where the interest rate adheres to Cox-Ingersoll-Ross dynamics and
stock prices are mean reverting using the method and compare my
results to the time-separable case.

3.1 Introduction
Time separability of consumption utilities is a common assumption in the
theory of nancial economics. Various empirical studies suggest that there
are problems with this assumption. Sometimes these problems are solvable
by applying a more general utility formulation.
Applying time separable utilities, rational expectation models often generate results that are empirically valid only if we assume a very risk-averse
investor. If the risk aversion coecient is plausible, then the representative
investor in the models puts much more money in the risky investment than
has been observed empirically. Between 1889-2005, the average return on
equity in the U.S stock market was seven percent and the average yield on
short-term debt was less than one percent. Mehra and Precott (1985) and
Mehra (2006) show that the common general equilibrium model with separable utilities cannot explain why the rst rate is so low and the second rate is
so high. That so-called equity premium puzzle is solvable using a more general form of the utility function. In this paper, I reject the time-separability
assumption and assume that an agent's utilities adhere to a more general
function, the habit utility function.
Merton (1971) examines the continuous-time consumption-portfolio problem for an individual whose income is generated by capital gains on investments in assets with prices that satisfy geometric Brownian motion. For the
solution of an individual's optimization problem, Merton uses Itô's lemma
and stochastic analysis. A few papers have studied the consumption and
investment problem of an agent with habit utilities either in the general
equilibrium or in the partial equilibrium model (e.g. Sundaresan (1989),
Constantinides (1990), Ingersoll (1992), Munk (2008)).
Constantinides (1990) and Sundaresan (1989) present a solution to the
equity premium puzzle by applying habit utilities. Constantidines's (1990)
reason for including habit function in preferences form is simply to nd a theoretical model that can explain the equity premium puzzle. In the literature,
an intuitive interpretation is also given for the habit utility function. There
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are temporal dependencies in the sense that utility in period t depends not
just on consumption in the same period but also on the level of consumption
in previous periods. An individual who consumes a lot in period (t-1) will
get used to that high level of consumption, and will more strongly desire
consumption in period t (Kocherlakota (1996)).
If the assumption of time separability is rejected, two types of eects
are possible: intertemporal substitution or intertemporal complementarity.
In the case of intertemporal substitutes a consumer buys a durable good in
period t, but receives the utility of this good in periods t + i, i > 0 without
spending any money.
Ferson and Constantinides (1991) empirically study habit persistence in
preferences and the durability of consumption goods which both imply timenonseparability of the derived utility for consumption expenditures. They
investigate which eect dominates and nd evidence in monthly, quarterly
and annual data that habit persistence dominates over durability. Obviously,
nondurables are more habit" than durables. Detemple and Zapatero (1992)
and Egglezos (2007) solve the optimal consumption when an investor has
habit utilities, but they do not nd an exact solution for an optimal portfolio
choice.
Munk (2008) nds a closed-form solution to the optimal consumption
and portfolio choice with habit utilities and mean-reverting stock returns.
He also solves numerically the problem in the habit case when the interest
rate is stochastic and stock prices are mean-reverting. Munk uses a Monte
Carlo simulation to solve the relevant partial dierential equation.
Cvitanic et al. (2003) propose a numerical method for an optimal portfolio choice in the case where the interest rate follows Cox-Ingersoll-Ross
dynamics and the stock prices are mean-reverting. This is a very exible
method and, by exploiting it, it is possible to solve the optimal portfolio
problem in the habit case, making dierent assumptions about nancial assets. The only requirements are that markets have to be complete and the
expanded opportunity set has to be Markovian, i.e. all parameters of mar-
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ket processes depend on the n-dimensional Brownian motion process which
describes uncertainty in the economy. In this paper, I extend this method to
the problem of an investor with habit utilities.
The rest of the paper is structured as follows. Section 2 gives some setups and denes utilities. Sections 3 and 4 present the assumptions related to
nancial markets and dene a precise optimization problem. Section 5 shows
how to nd the optimal consumption in the case of habit utilities by using the
martingale method solution. Section 6 presents the extension of Cvitanic's
(2003) Monte Carlo covariation method in the habit case. Section 7 shows
the results for the optimal portfolio choice problem and nally, section 8
concludes.

3.2 Financial assets
Let us consider a complete market with m non-redundant securities whose
price is supposed to satisfy the following dynamics


dSit = (Sit ) αi (Sit , t)dt + σi (Sit , t)dBit

(3.2.1)

where αi (Sit , t) is the instantaneous conditional expected percentage change
in price per unit time of stock i and σi (Sit , t) is the instantaneous conditional
volatility per unit time of stock i. Bit :s are standard Brownian motions on a
ltered probability space (Ω, F, {Ft }t≥0 , P).
Another type of security is a risk-free asset, the "bank account" earning
an instantaneous continuously compound interest. A zero-coupon bond can
be dened by
βts

 
s
ζs
=E
= EtQ [e− t ru du |Ft ]
ζt

(3.2.2)

where ζt is the unique state-price deator and Q is probability measure.
All uncertainty in the economy is given by realizations of the m-dimensional
Brownian motion process.
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by

The price of risk (Sharpe ratio), i.e. relative risk process,

λti

is dened

αti − rti
.
σti
processes λt and σt

(3.2.3)
are assumed to have continThe interest process rt and
uous paths and to be adapted to the information ltration.
Since the price of consumption can be calculated in terms of the given
state-price density, the problem can be reduced to a simple static optimization problem. Harrison and Kreps (1979), have shown that by using Girsanov's theorem, state-price density ζt can be dened by
λti =

ζ t = ξ t e−

where
ξt = e −

t
0

t
0

λs dBs − 12

(3.2.4)

rs ds

t
0

λs 2 ds

and the dynamics of ξt is
dξt = −ξt λt dBt .

(3.2.5)
(3.2.6)

The density process ξt for Q is the martingale dened by
ξt,u = e−

u
t

rs ds ζu

ζt

,

u>t

(3.2.7)

denes the unique equivalent martingale measure. It is also
and ξt = dQ
dP
possible to solve the optimal portfolio choice in the habit utility case by using
a dierent assumption. It is only necessary to assume that all uncertainty in
the economy depends on an m-dimensional Brownian motion, that markets
are complete, and that the expanded opportunity set is Markovian.

3.3 Utilities
The majority of papers studying an agent's optimal consumption portfolio
choice problem follows Merton (1971) and assume a time-separable utility
function, which means that the lifetime consumption can be expressed as a
discounted sum of per period felicity functions. This assumption is rejected in
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a few studies, e.g. Constantinides (1990), and the utility function is assumed
to adhere to habit formation:

U (h, c) = E



T

e

−ρt

0

where

h(t) = h0 e

−

t
0

u(c(t), h(t, c))dt|F0 ,


as ds

+ bt

t

e−at

0

t
s

ds

cs ds

(3.3.1)

(3.3.2)

and E[|F0 ] is the expectation at time 0, ρ is a subjective discount rate.
Equation (3.3.2) describes the standard of living and satises a dierential
equation dh(t) = (bt ct − at ht )dt. h0 measures the eect of initial standard of
living on current felicity. It can be interpreted as an inherited standard of
living corresponding to consumption experience during youth. An alternative
interpretation is that h0 is a reference level corresponding to the standard of
living of other people (Detemple et al. (2003) p. 269).
It is clear that if b > 0 in (3.3.2), then we have intertemporal complementary eect, i.e. habit formation and if b < 0, we have intertemporal
substitution eect, i.e. durability. If consumption is complementary over
time it means that a consumer does not prefer to consume less than standard of living level of consumption.
This paper rests on the standard assumption that the instantaneous utility function is of the power form:

u(c, h) =

1
(c − h)γ
γ

(3.3.3)

where γ is a parameter for the degree of risk aversion. In the numerical
solutions the habit coecients a and b are assumed to be constant.
I consider the so-called linear habit formation i.e. u(c(t), h(t, c)) = u(c(t)−

h(t, c)) for c ≥ h and −∞ for c < h. The rst term on the right-hand side
of the equation (3.3.2) tells how quickly the eect of the initial habit level
dies over time. The second term is the weighted average of past consumption. Parameter b(t) is a scaling parameter that determines how strongly
past consumption aects consumption today. It is clear to see that the
standard separable utility function is a special case of this function when
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h 0 = a = b = 0.

If an agent increases consumption today, his current utility

reduces all future utilities through a higher standard of living.

3.4 The problem
In his seminal article on a consumption/investment decision problem, Merton
(1971) applies dynamic programming techniques to a continuous-time problem. He assumes that an investor's income is generated by capital gains on
assets with prices generated by a geometric Brownian motion. Merton nds
a closed-form solution for a case where stock market returns are log-normally
distributed and the consumer's utilities adhere to HARA utilities.

Merton

(1971) studies a small investor" who does not have power to inuence the
markets and whose utility function is time-separable.
This paper considers an investor who maximizes utility by choosing a
consumption path

c = (ct )

and an optimal portfolio path

π = (πt ).

His

consumption period is nite and instantaneous utilities adhere to power utilities and he does not obtain utility from bequests.



problem is

c,π

h

is dened in

0

(3.3.2).



T

max U (h, c) = E

Thus, his optimization

u(c(t), h(t, c))dt|F0 ,

(3.4.1)

The investor chooses the optimal consumption path

and the optimal proportion of wealth

wt

invested in the ith security.

In

this paper, it has been assumed that marginal utilities have the property

limc→h u (c − h) = ∞

i.e.

c(t) − h(t, c) > 0,

presents an addiction pattern.
addictive habits.)

∀0 ≤ t ≤ T .

This assumption

(Detemple and Karatzas (2003) study non-

If the agent increases his consumption today then the

standard of living index increases and he has to consume more in later periods
to achieve the same utility level.
The investing consumer is endowed with some initial wealth
either consume wealth or invest it in any of

m

assets. There are

w0 .

He can

m−1

risky

stocks and 1 risk-free interest rate with an instantaneous rate of return of
The agent invests

πi (t) amount of wealth wt
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in the

rt .

ith stock (1 ≤ i ≤ m − 1)

and the remaining amount [1 −

m−1
i=1

πi (t) = 1 − π] in the bond. This

consideration follows Cvitanic et al. (2003) rather than Merton (1971), who
used the proportions of wealth in his problem. Obviously, these two conducts
combine if it is assumed that w0 = 1.
Merton (1971) shows that, when asset prices are generated by a geometric
Brownian motion, it is possible to work with the two-asset case without loss
of generality. The pair of consumption/investment strategy c and π must
be based on available information as was formulated in the previous section.
This paper assumes that the agent's income is generated by capital gains on
investments in assets with no other source of income.
The process corresponding to the portfolio/consumption pair (c, π) and
initial wealth w0 is the solution of the linear stochastic dierential equation
(Cvitanic et al. (2003, p. 977)):

dwt = (ct wt − ct )dt + πt (σt dBt + λt dt)
t ,
= (rwt − ct )dt + πt σt dB

(3.4.2)

where the second equality holds after change of the probability measure:
t is Brownian motion with related to probability
t = Bt + t λs ds, where B
B
0
measure Q.
The wealth process is admissible if wt (w0 , c, π) ≥ 0, ∀t ∈ [0, T ] almost
surely. The wealth constraint is satised when
 T 
 T 
s
1
Q
− ts ru du
e
cs |Ft ] = E[
e− t ru du ξs cs |Ft ] = w0 .
E [
ξt
t
t

(3.4.3)

The value of a wealth process at every point of time is the expected discounted
value of future consumption under the equivalent probability measure.

3.5 Optimal consumption
Karatzas, Lehoczky and Shreve (1987) and Cox and Huang (1989) derive the
method for solving optimal consumption by using a martingale representation
technique. If markets are complete, i.e. the number of sources of uncertainty
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equals the number of stocks, k = m − 1, then the dynamic optimization
problem becomes a simple static problem. The policy (c∗ , π ∗ ) is optimal in
T
0

the static problem, where maxc U (·), subject to E Q

e−

t
0

ru du

ct dt ≤ w0 .

Detemple and Zapatero (1992) solve the optimal consumption in (3.4.1).
Then the Lagrangian function is

.
L=E





T
0





u(t, c(t) − h(t; c))dt + y w0 − E



T

ζ(s)c(s)ds

.

0

(3.5.1)

where y is the Lagrangian multiplier and Kuhn-Tucker rst-order conditions
for the optimality of a consumption-rate process c(·) are



T

uc (t, c(t) − h(t, c)) + bt Et

e

−

s
t

(a(v))dv

uh (s, c(s) − h(s; c))ds


(3.5.2)

t

= yζ(t) ∀t ∈ [0, T ],


T

ζ(t)c(t)dt] = w0 .

E[
0

(3.5.3)

A more precise demonstration of the solution is in Detemple and Zapatero
(1992, p. 255).
By using optimality conditions an inverse function of marginal utility is
formulated

c∗ (t) − h(t, c∗ (t)) = I(t, yφt ).
where



T

φt = ζt (1 + bt E[

e

s
t

(−r(v)−b(v)+a(v))ds

(3.5.4)

ds]).

(3.5.5)

t

Equation (3.5.4) denes a recursive linear stochastic equation, which describes the relationship between state price density in the separable case and
state price density ζt in the habit case

ζˆt = ζt + bt Et



T

e

s
t


(b(v)−a(v))dv

ζs ds .

(3.5.6)

t

bEt (

T
t

e

s
t

(b(v)−a(v))dv

ζs ds) shows the eect of habit formation on state price

density.
Detemple and Zapatero (1992) nd the following solution for optimal consumption
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When an agent whose utilities are dened by the functions
(3.3.1), (3.3.2) and (3.3.3) and the nancial asset are as in section 3.2, the
agent's optimal consumption is
Theorem 4.

c∗t

= h0 e

where

−



t

0 (a−b)dv

∗ 1/ρ−1

+ (y )





∗

y = w 0 − h0 E

×

T

e

−

1/ρ−1
φt

t

+

be

−



t

s (a−b)du

0

ρ−1

t

0 (r(v)+a(v)−b(v))dv

dt

E



t

+

be

−

e−

T

+

e



t

s (a−b)du

0

t
0


ru du

0



T

E

e(−

T
0

(3.5.7)

ru du)

0

y is the Lagrangian coecient.
The wealth process is
T

φ1/ρ−1
ds
s



0

1/ρ−1
φt





t

1−ρ

dt

wt (y) =

h0 e

t

0 (b(v)−a(v))dv

0 (b(v)−a(v))dv

0

φ1/ρ−1
ds
s

(3.5.8)

(3.5.9)

+ I(t, yφt )

 

I(t, yφt )ds dtF .

(3.5.10)

It is not possible to dene the precise solution of portfolio choice without
numerical methods. In the next chapter, a numerical method for solving the
optimal portfolio is presented.

3.6 The simulation method
Many research papers have applied Monte Carlo simulation to nancial problems, mostly to asset pricing problems (option pricing). There are also some
quite new applications that use Monte Carlo simulation to solve the optimal
consumption and investment choice. Detemple et al. (2003) exploit Malliavin
calculus and Monte Carlo simulation to solve the optimal portfolio choice.
Cvitanic et al. (2001, 2003) develop a more straightforward method that
uses Monte Carlo simulation to solve the volatility of the wealth process.
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Volatility can also be used to determine the optimal investment choice. The
computation of volatility is the key to many problems in nance, not just
e.g. in the hedging of the portfolio but also choosing an optimal portfolio.
Cvitanic et al. (2003) restrict their analysis only to the time-separable case,
but it is possible to solve problems with habit utilities if the Monte Carlo covariation method has been adjusted slightly. To use the method of Cvitanic
etc al. it is necessary to accept the assumptions about complete markets and
the Markovian opportunity set.
In this and the following chapter, the optimal portfolio choice is solved
in the habit case, when interest rate is assumed to follow Cox-Ingersoll-Ross
dynamics and stock prices are assumed to be mean-reverting. This is just
one example of the use of the method. The exibility of the method allows
us to apply it to many other dynamics.
3.6.1 The method

Cvitanic et al.(2003) start by considering an expression


T

Dt = E
t

 

f (rs , λs , Bs )dsFt

(3.6.1)

where rs, λs and Bs are as before. The form of f has to be set so that Dt
satises a stochastic dierential equation of the type
dDt = ϕt dt + vt dBt .

(3.6.2)

is the drift and vt is diusion coecient. The last term of (3.6.3) determines the variation of Dt. Similarly, the last term of equation (3.4.2) determines the variation of the wealth process. Using that equation, Cvitanic et
al. obtain
 T 
e− r du cs |Ft ]) = ϕt dt + vt dBt .
(3.6.3)
d(E Q [
ϕt

s
t u

t

The idea of the method is to solve vt numerically. It can be obtained from
the quadratic variation of Dt. The relation between the wealth process in
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(3.4.2) and equation (3.6.3) comes from dening the following limit
 1/2
(Dt+Δt − Dt )2 
= limΔt→0 E
Ft
Δt
 

(Dt+Δt − Dt )(Bt+Δt − Bt ) 
= limΔt→0 E
Ft ,
Δt


vtj

(3.6.4)

and nding the optimal portfolio by a linear transformation of the volatility
of the wealth process:

πt∗ = (σt )−1 vt .

(3.6.5)

where vt = (vt1 , ..., vtn ). So, if it is possible to solve vt by simulation then its
linear transformation, ie. optimal portfolio choice π ∗ can be also solved.
The estimate of vt can be computed by

vtj



K 
K 
i
i
i
− Dt )(Bt+Δt
− Bti )
− Dt )ztj,i
1  (Dt+Δt
1  (Dt+Δt
=
=
.
K i=1
Δt
K i=1
Δt
(3.6.6)

where zt is a normal random variable with mean zero and variance Δt and
K the total number of simulated paths. Finally, the optimal portfolio choice
is computed using equation (3.6.5)
The covariation between the optimal wealth process and the uncertainty
shocks provides an expression for the optimal portfolio.

3.6.2 Optimal portfolio
It is possible to use the method discussed in this paper by assuming a dierent
behavior for the nancial assets. A 2-tier simulation is used in the sense
that the optimal path of consumption is solved rst and then that path is
exploited to solve the volatility of the wealth process. The path of wealth
process (wt ) is computed and then the Monte Carlo covariation method is
used in the case of intertemporal consumption to solve the volatility of the
wealth process. The MCC method of chapter 3.6.1 can be expanded to the
habit case. Detemple et al. (2003, p.432) show the next theorem.
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Computation of the Lagrange multiplier
At rst, the Lagrangian coecient is solved numerically. In order to do this,
equation (3.5.8) is expressed as




y = x − h0 E

e
0


× (ζt ηt )

T

1/ρ−1

−



ρ−1

t

0 (r(v)+a(v)−b(v))dv

t

+

be

−

dt

s (a−b)du



T

(ζt ηt )1/ρ−1
ds
s

s

T

E

e(−

T
0

ru du)

0



t

0

where



1−ρ

(3.6.7)

dt


(3.6.8)
It is easy to exploit simulation to solve expectations. In every step, ξt process
evolves as follows (as in (3.2.6)):
(3.6.9)
ξt+Δt (z i ) − ξt = −ξt λt z i ,
where z i is random variables with distribution N (0, Δt). Updated values of
rt and λt are obtained by using the Euler discretization of (3.7.1) and (3.7.2).
ηt = 1 + bE

e

t

(−rv −b+a)ds

ds .

t

Computation of the wealth process
The next step uses an algorithm that, rstly, calculates the optimal path of
consumption (3.5.7)
c∗t

= h0 e

−



t

0 (a−b)dv

∗ 1/ρ−1

+ (y )

(ξt ηt )

1/ρ−1



t

+

be

−



t

s (a−b)du

0

(ξs ηs )

1/ρ−1

ds

(3.6.10)
where is the optimal consumption and is the value of the Lagrange
coecient for optimal solution. Then the value of the wealth process at time
t + Δt is
c∗t

yt∗



T

wt+Δt = E
t+Δt



T

=E

e

−

t
0




ξt+Δt,s c∗s dsFt+Δt


= ζt+Δt (ye


ru du

h0 e

−(a−b)t



T

+I(t, yηt )+

t+Δt

e
t+Δt
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s
0

(γ−rs )ds

−(a−b)t

ξT )1/γ−1

(3.6.11)

 

I(t, yηt )ds dtFt+Δt

(3.6.12)

Using Monte Carlo simulation, the numerical values of the wealth process at
t + Δt can be solved in exactly the same way as in Cvitanic et al. (2003).
∗
(z1i ) is calculated by
First, an estimate for wt+Δt
∗
(z1i ) =
wt+Δt

M 
1  T
ξt+Δt,s c∗j
s ds.
M j=1 t+Δt

(3.6.13)

In the nal stage of the simulation, the volatility of the wealth process is
solved using

K 
1  (wt+Δt (z1i ) − wt )(z1i )
.
(3.6.14)
vt =
K
Δt
j=1

T
To compute t+Δt
ξt+Δt c∗j
s ds in (3.6.13) is needed to simulate the path t +
Δt, ..., T . In the second phase, just one step is needed to solve kth trial in
equation (3.6.14). Reasonably precise values of vt can be obtained using a
large enough number of rounds, K.

3.7 A numerical example
The next example shows one particular case assuming that the interest rate
follows Cox-Ingersoll-Ross dynamics and the market-price-of-risk is a meanreverting process. So, the interest rate dynamics adheres to a dierential
equation
√
(3.7.1)
drt = κr (r − rt )dt + σr rt dBt
and the market-price-of-risk process follows a dierential equation
dλt = κλ (λ − λt )dt + σλ dBt ,

(3.7.2)

where κr , r , σr , κλ, λ and σλ are non-negative constants and B is onedimensional Brownian motion. Wachter (2002) nds a closed-form solution
of the optimal portfolio choice problem for an investor with time-separable
utilities under mean-reverting returns, but in the case with habit utilities
closed-form solution does not exist.
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In this example, I follow Cvitanic et al. (2003) and Detemple et al. (1999)
and assume the same values for the constants as they do:

ρ = 0, r = 0.06,

σr = 0.0364, κr = 0.0824, κλ = 0.6950, λ = 0.0871, σλ = 0.21, σt = 0.2,
r0 = 0.06, λ0 = 0.1.

The so-called inherited standard of living

h0

is set to

0.04.
"Habit parameters"

a

and

b

are assumed to be constants.

shows the optimal portfolio for some values of the parameters

a

Table (3.1)
and

b

when

the time horizon is 1. Tables ( 3.2) and (3.3) express the optimal portfolio
choice for the same value of the parameters over longer time horizons. When
the time-separable case is considered by setting the habit parameters

b

to

0,

a

and

the method gives the same values as in Cvitanic et al. (2003).

A common problem with Monte Carlo simulation is computational inefciency.

Cvitanic et al.

(2003) use

K = 10000

and

M = 50

and obtain

a standard deviation of around 0.002. The algorithm for the habit case is
slightly more complicated as shown in section 3.6. Using

M = 50

K = 50000

and

results in a similar standard deviation. The computational times

are not substantially longer than in the case of separable utilities of Cvitanic
et al (2003).

Table 3.1: Optimal portfolio for dierent parameter values of a and b and
for dierent values of risk aversion when the time horizon T=1.

π

γ =-1

γ =-2

a=0 & b=0

0.243

0.174

a=0.1 & b=0.2

0.209

0.138

a=0.1 & b=0.3

0.220

0.153

a=0.2 & b=0.3

0.205

0.142

a=0.2 & b=0.4

0.215

0.134

a=0.4 & b=0.5

0.199

0.161
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Table 3.2: Optimal portfolio for dierent parameter values of a and b and
for dierent values of risk aversion when time horizon T=5.
π
γ =-1 γ =-2
a=0 & b=0
0.297 0.238
a=0.1 & b=0.2 0.247 0.199
a=0.1 & b=0.3 0.262 0.212
a=0.2 & b=0.3 0.246 0.197
a=0.2 & b=0.4 0.252 0.190
a=0.4 & b=0.5 0.240 0.213
Table 3.3: Optimal portfolio for dierent parameters a and b and for dierent
values of risk aversion when time horizon T=10.
π
γ =-1 γ =-2
a=0 & b=0
0.251 0.174
a=0.1 & b=0.2 0.209 0.138
a=0.1 & b=0.3 0.220 0.153
a=0.2 & b=0.3 0.205 0.142
a=0.2 & b=0.4 0.215 0.134
a=0.4 & b=0.5 0.199 0.161

3.8 Conclusion
In this paper, the time-separable utility function of a consumer/investor was
replaced with a more general form of the utility function, the habit utility.
The Monte Carlo covariation method by Cvitanic at. (2003) was extended so
that it could be used in the habit case. I have solved numerically an optimal
portfolio allocation of the consumer/investor with habit utilities when interest rates are assumed be stochastic and stock returns are mean-reverting. In
such a case, it is not possible to nd a closed form solution. Munk (2008)
has solved the problem with more restrictive assumptions about interest rate
and stock prices dynamics. His method is slightly more ecient in computational terms than mine. On the other hand, my method is more exible in
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the sense that it is possible to change the assumptions about the behavior of
nancial assets.
Using the method in this paper, it is possible to solve the optimal portfolio
problem in the habit case by making dierent assumptions about nancial
assets. The only requirements are that markets have to be complete and the
expanded opportunity set has to be Markovian.
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Appendix
.1

Symbol description

derivative of y with respect to x
x the transpose of matrix x
x(t) = xt the value of process x at time t
x∗ the optimal value of x related to dened optimization problem
St the price process of risky assets
αit (·) the drift of a risky asset i
σit (·) the volatility of a risky asset i
Bt standard Brownian motion
Et expectation given information available at time t
P, Q probability measures
Ω probability set
rt riskless interest rate
ζ(t)state-price density
ζ̂(t) the state price density in the habit case
λt the market price of risk process
βtT the price at time t of a zero-coupon bond which pays a principal of one
at time T
U (·) utility function
u(·) felocity function
ct , 0 ≤ t ≤ T consumption
wt , 0 ≤ t ≤ T the value of wealth process at time t
μ the degree of risk aversion
w0 initial wealth
h(t) habit factor
a(t) and b(t) habit coecient
I(·) inverse function of marginal utility
π proportional amount which agent invests to risky object
yx =

dy
dx
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L(·) a Lagrange function
y a Lagrange multiplier

φ(t) a process is dened in page 69
Other necessary denitions are in the text.
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Chapter 4
A Numerical Solution for the
Optimal Portfolio Problem with
the Jump Diusion Process
Abstract
Lognormal stock price process is widely used in nancial market
modelling. But it would be more convenient and realistic to apply
more general Lévy distributions in the modelling process.
In his seminal paper, Merton (1971) examines a continuous-time
consumption portfolio choice problem for an individual whose income
is generated by capital gains on investments in assets with prices
assumed to be generated by geometric Brownian motion. The consumer/investor invests his wealth in risky assets and in a risk-free
asset, with a constant rate of return. The Brownian motion optimization problem is straightforward to solve analytically by solving the
Bellman-Hamilton-Jacobi equation. When a more general Lévy, like
the jump-diusion process, is assumed, it is often necessary to apply numerical methods. This paper presents a simple Markov chain
method that is easy to apply to the dierent practical applications
including a jump diusion process. It is also possible to apply this
method to the multi-dimensional case.

4.1 Introduction
Since Merton's seminal paper (1971), lognormally distributed asset returns
have been the standard assumption in nancial economics models. In practice, it is not dicult to nd examples of stock price time series that do not
adhere to geometric Brownian motion. Irregular, abrupt upward and downward jumps are an inherent part of asset price movements. This feature has
also been noted in many empirical studies (e.g. Wu (1997) for S&P 500).
Merton examines the continuous-time consumption-portfolio problem for
a small investor whose income is made up of capital gains on investments
in assets with prices generated by geometric Brownian motion. To solve the
optimization problem of the investor, Merton uses Itô's lemma and stochastic
analysis.
Merton's original assumption of distribution of stock returns is restrictive and the model produces unrealistic results. The problem is solvable by
applying a more general stochastic process of the stock prices.
The Lévy process is a theoretically well-known and more general stochastic process with special cases such as Brownian motion and Poisson process.
Jump-diusion processes which merge a continuous Brownian motion and a
discontinuous jump-process are also Lévy processes (See more in Applebaum
(2004)).
Merton (1976) did notice how problematic it is to assume Brownian motion, and proceeded to demonstrate a solution in a case where the value of
the underlying stock is the mixture of a continuous Itô diusion process and a
discontinuous Poisson process. In the option pricing literature, there are also
a few other examples using Lévy processes to describe stock prices: E.g. Kou
(2004) applied to double exponential jump diusion and Carr et al. (2002)
variance gamma process.
Another problem with the Brownian motion appears particularly in general equilibrium models. Applying stock returns that adhere to the Brownian
motion and time separable utilities, rational expectation models often generate results that are empirically valid only if a very risk-averse investor is
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assumed. If the risk aversion coecient is plausible, the representative agent
in many of these models invests much more money in risky securities than
happens empirically. Historically, between 1889 and 2005, the average return on equity in the U.S stock market was seven percent and the average
yield on short-term debt was less than one percent. (Mehra and Prescott
(1985), Mehra (2006)). The so-called equity premium puzzle demonstrates
that standard nancial economics models cannot explain why investors are
so risk-averse and invest so small a proportion of their wealth into stocks.
One obvious explanation refers to incorrectly modelled stock return risks.
The literature concerning numerical methods of option pricing is probably
wider than that on optimal portfolio choice, and it suggests a starting point
to nding a solution for an optimal portfolio choice problem. Closely related
numerical approaches are available for solving optimal portfolio problems.
Contrary to cases including the geometric Brownian, there is generally no
closed form solution for option prices under Lévy distributed returns, because
the probability density of a Lévy process is not known. Thus, in general the
principal way to nd a solution in this case is to apply numerical methods,
although analytical solutions in some restricted cases of the Lévy process do
exist (e.g. Framstad et al., 1998).
It is possible to obtain the precise value of an option by solving numerically a Cox et al. (1985a) type parabolic partial dierential equation. The
numerical solution of PDE has turned out to be very useful in option pricing
because of its exibility regarding the assumptions of the model's parameters. A PDE can be set up in various ways depending on the assumptions
but it is still numerically solvable. There are two main approaches to nding
the numerical solution of PDE: Monte Carlo simulation and nite dierence
method / nite element methods. When the dimension of the option pricing
problem increases, Monte Carlo simulation becomes the faster or indeed the
only applicable approach.
There are a few examples of how numerical method has been applied to
the optimal portfolio choice problem, e.g. Fitzpatrick and Fleming (1991),
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Fleming and Zariphopoulou (1991), Hindy et all. (1993) and Brennan et all.
(1997). Kushner and Dupuis (1992) describe the Markov chain approximation approach for solving various dynamic stochastic optimization problems.
For example, Munk (1998) has applied the Markov chain approach to Merton's problem.
There are no analytic solutions of a vanilla option price when an underlying stock adhers to the jump-diusion process. However, numerical methods
are shown in a variety of papers, e.g. Cont and Voltchkova (2005), Matache et al. (2005), Briani et al. (2004). For example, Cont and Voltchkova
(2005) examine the solution of a vanilla option's price when a stock follows
a jump-diusion process or an exponential Lévy process, and they propose a
nite dierence method, which is based on splitting the operator into local
and nonlocal parts. They treat the local term using an implicit step and the
nonlocal term using an explicit step. In the case of the Lévy process, it is
possible to form a so-called partial integro-dierential equation (PIDE) and
solve it using a nite dierence method. Zhang (1997) nds the price of an
American option in the case of Merton's jump diusion model using a nite
dierence method.
This paper proposes a straightforward Markov chain method for solving
an optimal consumption and portfolio choice in the case of Lévy process.
The explicit-implicit option pricing method by Cont and Voltchkova (2005)
is loosely used. The method is easily applied and implemented under dierent
assumptions regarding the jump process.
The rest of the paper is structured in the following way. Chapter 2 describes Lévy processes and denes the assumptions about nancial asset processes in the model of this paper and sets its exact purpose in the economic
and mathematical sense. Chapter 3 shows how to use a nite dierence
method to solve the problem and the theoretical property of the method as
well as the optimality conditions of the problem. Chapter 4 carefully describes the practical implementation of the method and presents the results
of computation and, nally, chapter 5 is reserved for conclusion.
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4.2 Asset dynamics and investor's behavior
This section denes the behavior of the asset price movements used later in
this paper. It also presents the standard denitions and results related to the
Lévy process which are needed in the previous sections. The next subsection
follows mostly the Øksendal and Sulem (2007) and Cont and Tankov (2004).
Those books also give deeper introduction to the subject.
4.2.1 Some denitions

Let us start with some denitions and theorems related to Lévy processes.
Denition 1. X(t) is continuous in probability or stochastically continp
− X(t0 ) holds for ∀t0 .
uous if implication X(t) →

Denition 2.

Let Ft be an adapted process {X(t)}t≥0 with a ltered
probability space (Ω, F, {Ft }t≥0 , P). X(t) is called a Lèvy process if it has
independent and stationary increments and is stochastically continuous. 1
Denition 3. Let {X(t)}t≥0 be a Lévy process on R and ΔXt change of
Xt at t (ΔXt = Xt − Xt− ). The measure which is dened by
υ(A) = E[#{t ∈ [0, 1] : ΔXt = 0, ΔXt ∈ A}], A ∈

is called the Lévy measure.

B

0

B is the family of Borel sets.
0

Denition 4. The Poisson process Y

in Nt ∪ {0} and such that

P [Y (t) = n] =

(4.2.1)

t

is a stochastic process taking values

(λt)n −λt
e ,
n!

n = 0, 1, 2, ...

(4.2.2)

where λ is the intensity.

Random process {X(t)}t≥0 has stationary increments if for s, t ∈ T with s ≤ t, the
increment Xt − Xs has the same distribution as Xt−s . Random process {X(t)}t≥0 has
independent increments if for t1 , t2 , ..., tn ∈ T with t1 < t2 < ... < tn , the increments
Xt1 , Xt2 − Xt1 , ..., Xtn − Xtn−1 are independent.
1
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Theorem 5. (Itô-Lévy Decomposition) Let Xt be a Lévy process.
has the decomposition


zM (t, dz) +
|z|<R

B(t)

of

and

Xt

zV (t, dz)

(4.2.3)

V (t, dz)

is the Poisson

|z|≥R

is a Brownian motion and

R

Xt



Xt = αt + dB(t) +
where

Then

α

is constant,

is a xed number.

M (dt, dz) = V (dt, dz) − λ(dz)dt
is the compensated Poisson random measure of

X

(4.2.4)

which is martingale.

Theorem 6. If E[X(t)] < ∞ for all t ≥ 0, then


|z|≥1

R=∞

and choosing

|z|υ(dz) < ∞

holds

(4.2.5)



dXt = α(t)dt + σ(t)dB(t) +

γ(t, z)M (dz, dt)

(4.2.6)

R

The corresponding stochastic integral representation for the dynamics of

Xt

can be written as


Xt − X 0 =



T

α(t)dt +



T

T



σ(t)dB(t) +

0

0

γ(t, z)M (dz, dt)
0

(4.2.7)

R

Theorem 7. (Lévy-Khintchine representation)
Let
and

{X(t)}t≥0

be a Lévy process with Lévy measure

υ(dx) < ∞.

function

Φ(t)

of

X

Then

at time

1
Φ(s) = iμs− s2 σ 2 +
2
with

R

2

min(1, z )υ(dz) < ∞

t≥0

υ satisfying υ({0}) = 0

and for the characteristic

holds

E[eisXt ] = etΦ(s) , s ∈ Rd

isz
(e −1−isz1)υ(dz)+



|z|<M

(4.2.8)

(eisz −1)υ(dz)
|z|≥M

s ∈ R, σ, M ∈ R+ .

Theorem

8

extends the Itô formula to the case of a Lévy process.
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(4.2.9)

Theorem 8. (Itô Formula for Lévy process, Cont and Tankov 2004, p. 275)
Let

(Xt )t≥0

be a Lévy process and also semimartingale and

f [0, T ] : R → R

is continuous and twice dierentiable. Let

to the stochastic dierential equation

Xt

Yt = f (t, Xt ),
process adhere



dXt = α(t)dt + σ(t)dB(t) +

γ(t, z)M (dz, dt)

(4.2.10)

R

Then Yt is also a Lévy process and
 t
 t
∂f
1 2 ∂f 2
(s, Xs )ds +
σ (s) 2 (s, Xs )ds
f (t, Xt ) − f (0, X0 ) =
∂x
0 2
0 ∂s
 t
∂f
(s, Xs )[α(s)ds + σ(s)dB(t)]
+
0 ∂x

∂f
+
[f (t, Xt ) − f (0, X0 ) − γ(t, z) (s, Xs− )]
∂x
0≤s≤t

It is straightforward to shift to considering the case of the geometric Lévy
process. Let

(Xt )t≥0

be a (geometric) Lévy process that adheres to stochastic

dierential equation

dXt
= α(t)dt + σ(t)dB(t) +
X t−
By setting

γ(t, z)M (dz, dt)

(4.2.11)

R

a process

1
Xt = X0 exp{(α − σ 2 )t + σB(t)
2
 t
{ln(1 + γ(t, z)) − γ(t, z)}λ(dz) +
{ln(1 + γ(t, z))}M (ds, dz)}

 t
+
0

Yt = lnXt



0

z<R

R

(4.2.12)

is obtained.
Denition 3 (according to Øksendal and Sulem (2007)) gives an operator
in the case of the Lévy process that corresponds to a dierential generator
of the stochastic process

Xt

in Merton (1971).

Denition 3. Let X(t) be ∈ R Lévy process. Then, the innitesimal

generator of X (which corresponds to Dynkin operator) is dened on function
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f : R → R by
LI f (x) = limh→0+ Et

f [X(t + h), t + h] − f [X(t), t]
h

(4.2.13)

(if the limit exists).
If function

f ∈ C02 (R),

then

Lf [X(t), t]

exists and is given by

∂f [X(t), t] σ 2 (x) ∂ 2 f [X(t), t]
+
∂X
2
∂X 2
∂f [X(t), t]
f (X + γ(X, z)) − f (X) −
γ(X, z) υ(dz),
∂X
LI f [(x)] = α(x)


+
R

t≥0

where

and

(4.2.14)

X(0) = x.

4.2.2 Denition of assets
An investing consumer chooses between riskless interest investment, bank
account", and risky stocks.

The bank account

P

earns an instantaneous

continuously compound interest and adheres to a deterministic process:

dPt = rPt dt
Stocks are another type of security. The prices of a well-diversied stock
portfolio are assumed to follow the behavior of a general" stock-index. The
movement of the stock portfolio is a geometric Lévy process. The behavior
of stock prices is modeled by the dierential equation:





dSt = St− μdt + σdB(t) +
where


zM (dz, dt) ,

(4.2.15)

R

μ and σ 2 are the instantaneous percentage change price per unit time of

the stock and the instantaneous variance per unit time of the stock.
standard Brownian motion and

M (dz, dt)

measure.
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B(t) is a

is a compensated Poisson random

4.2.3 Utilities and wealth process
Like Merton (1971), this paper assumes a small investor" who does not have
power to inuence markets. The utility function is time-separable which
means that lifetime consumption can be expressed as the sum of felicity
functions U (c(t)) in the dierent periods (and as an integral in the continuous
time case).
The nite horizon optimal consumption and investment is


V (w0 ) =

max E0

c,π∈A(w0 )



T

e

−βt

0

U (c(t))dt + Z(wT , T ) ,

(4.2.16)

where β is a subjective discount rate and c is the consumption choice of the
agent and π is the proportion of wealth w(t) invested in the risky security.
A consumer/investor is endowed with some initial wealth w0 = w(0). He can
divide his wealth between consumption and risky and risk-free investments.
A wealth process, w(t, w0 , c∗ (t), π∗ (t)) describes the agent's wealth related
to optimal consumption c∗ (t) and portfolio π∗ (t) at time t. The pair process,
(c, π) is admissible, A(w0 ) if
w(t) ≥ 0,

∀t ∈ [0, T ].

The agent's income is generated only by capital gains on investments in
assets and he does not have any other income. The consumption period is
nite and the amount of wealth in the last period, i.e. the bequest term Z
also aects his utility.
The utility function U : R → (0, ∞) is assumed to be concave and nondecreasing. U', the derivative of U is continuous, positive and strictly decreasing
and limc→0 U  (c) = ∞ holds.
The wealth process corresponding to the portfolio/consumption pair (π, c)
and initial wealth w0 is the solution of the stochastic dierential equation:
dw(t) = ([r(1 − π(t)) + μπ(t)]w(t) − c(t))dt
+ σπ(t)w(t−)dB(t) + π(t)w(t)



∞

−1
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zM (dz, dt),

(4.2.17)

subject to the initial condition

w0 .

This means that the current market value

of the trading strategy is non-negative and equal to its initial value

w0 ,

plus

any gains from security trade less the cumulative consumption to date.

4.3 An explicit-implicit Markov chain approach
This section shows how to apply Kushner and Dupuis (1992)'s Markov chain
method to nd a numerical solution to Merton's consumption/investment
choice problem in the case of the jump-diusion stock price process. This section's approach combines the Markov chain method with Cont and Voltchkova's
(2005) explicit-implicit nite dierence method.
Kushner and Dupuis's Markov chain method is a straightforward and
easily implemented way to solve a dynamic stochastic optimization problem. The idea of the method is to approximate diusion state variables of
the continuous-time, continuous-state control problem with a discrete-time,
discrete-state Markov chain. Kushner and Dupuis (1992) apply the Markov
chain approach to a very restricted set of jump diusion cases but it can be
apply to more complicated jump diusion processes. The method can be also
used with dierent assumptions about the jump distribution.
It is possible to present a consumption investment problem in the case
of Lévy process as a partial integro-dierential equation (PIDE) and solve
it using the nite dierence method.

The numerical solutions of integro-

dierential equations have been developed by Cont and Voltchkova's (2005).
Cont and Voltchkova apply the method to option pricing problems but it
is also a useful framework for solving the portfolio optimisation problem.
They present a numerical method for solving a vanilla option price when an
underlying stock price follows a jump-diusion and exponential Lévy process
and propose a nite dierence method based on splitting the operator into a
local and a nonlocal parts. They treat the local term using an implicit step
and the nonlocal term using an explicit step. This paper presents an example
where assets adhere to a one-dimensional process, but it is straightforward
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to extend the method to multidimensional cases.

4.3.1 Introduction to the Markov chain approach
This subsection gives a brief introduction to the Markov chain method following Kushner and Dupuis (1992) and Munk (1997). The basic idea of the
Markov chain method is to approximate the original controlled process and
cost function using an appropriate controlled Markov chain and an approximation of the cost function. The criteria that must be satised are quite
mild.

When a proper approximation is found, it is possible to formulate

the partial dierential equation and solve the problem using the method for
PDE. The treatment of the time variable divides Markov chain methods into
explicit and implicit approaches. In the explicit method, the time variable
is conducted dierently than the state variable and its value is changed by a
constant

δ

at each step. In the implicit approach, the time variable is treated

like a state variable.
We are considering a standard ltered probability space

F

is a

σ -algebra

on

(Ω, P)

and

F = {Ft | t ∈ T }.

sidered the nite horizon problem

(Ω, F, F, P), where

This presentation is con-

(T = [0, T ]).

The method solves the optimization problem where the state variable
adheres to the stochastic problem:

dx(t) = b(x(t), t, a(x(t)))dt + σ(x(t), t, a(x(t)))dB(t)
where a(x(t)) is a time-dependent control policy.

(4.3.1)

b(x(t), t, a(x(t))) and σ(x(t), t, a(x(t)))

are continuous functions. This presentation is restricted to one-dimensional
diusion processes, but the method is straightforward to extend to multidimensional cases.
Let

ξ h = {ξnh | n ∈ N0 }

crete state space

Rh ,

be a controlled Markov chain parameter on a dis-

where

h = (h1 , ..., hp ) ∈ Rp+

is a vector of discretization

parameters. The development of the controlled Markov chain will be given by
the transition probability function

p(y, z|a)

is again the control variable.
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where

y, z ∈ R

and

{ahn , n < ∞}

Let us consider a problem in which the value function is
(4.3.2)

V (x, t) = sup W (x, t, a)
a∈A(w0 )

where



T

W (x, t, a) = E

e−

s
t

β(x(u),u,a(x(u)))du

L(x(t), u, a(x(t))))ds


t
−

+e

T
t

β(x(t),u,a(x(t)))du

Z(x(T ))dt

(4.3.3)

and L is a continuous function satisfying a polynomial growth condition 2 . β
can be assumed to be a function of x(t), a and t and a is a function of x(t)
and t. After this, only the cases of constant β and a are considered.
h
− ξnh and dene the conditional mean vector
Let Δξnh = ξn+1
μhξ,n (x, a) = E[Δξnh |ξnh = x, ahn = a]

and the conditional covariance matrix
Σhξ,n (x, a) = E[(Δξnh − μhx,n (x, a))(Δξnh − μhx,n (x, a))|ξnh = x, ahn = a]

and Δt is an interpolation interval.
So, the approximation of (4.3.2) and (4.3.3) is
(4.3.4)

V h (x, t) = sup W h (x, t, a)
a

where
W (x, t, a)
h

=

T


e−

s
t

βΔt

L(x(t), a(x(t)))Δt + e−

T
t

βΔt

Z(x(T ))Δt,

t

We want to choose the Markov chain approximations ξ h such that for all
x ∈ Rh ,V h (x) → V (x) (where h(x) is the maximum norm on R) and the
local consistency conditions
μhξ,n (x, a) = Δt(x, a)b(x, a) + o(Δt),
2 i.e.

R

L : Rn → R

and there exist constants

m

95

C, m

such that

| L(y) |≤ C(1+ | y |)n ∀y ∈

Σ(x, a) = Δt(x, a)σ 2 (x, a) + o(Δt)
and
h
− ξnh  → 0, as h → 0
ξn+1

(4.3.5)

hold.
The Hamilton-Jacobi-Bellman equation for problem (4.3.2) and (4.3.3) is

0 = supa

∂V
(x, t) + LV (x, t) − βV (x, t) + L(x, t, a)
∂t

(4.3.6)

with the terminal condition V (x, T ) = B(x), x ∈ R.
Then, it is easy to set the corresponding partial dierential equation (see
e.g. Munk (1997) equation 5.7.2):

Wt (x, t, a) + LW (x, t, a) − βW (x, t, a)
+ L(x, t, a) = 0, x ∈ R, t > T, (4.3.7)
with the boundary condition W (x, T, a) = B(x). Zero is a natural lower
boundary in the case of the optimal consumption problem. As a part of the
implementation of the numerical solution an upper boundary x̂ = Ih has to
set. Then the state space of the approximation is Rh = {0, h, 2h, ..., Ih}.
The dierential generator L is dened by

1
LW (x, t, a) = μ(x, a)Wx (x, t, a) + σ 2 (x, t, a)Wxx (x, t, a).
2

(4.3.8)

If a explicit method is considered, the derivatives of the function can be
approximated by the upwind nite dierences. The time derivative is

Wt (x, t, a) 

W (x, t + δ, a) − W (x, t, a)
.
δ

(4.3.9)

where δ > 0 such that N = T /δ . Then space derivatives are discretized using
nite dierences. The dierence operator for rst-order derivatives is

Wx (x, t, a) 

W (x + h, t + δ, a) − W (x, t + δ, a)
,
h

(4.3.10)

W (x, t + δ, a) − W (x − h, t + δ, a)
,
h

(4.3.11)

if μ(x, a) > 0 and

Wx (x, t, a) 
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if

μ(x, a) < 0.
The operator for the second-order derivative is

W (x + h, t + δ, a) + W (x − h, t + δ, a) − 2W (x, t, a)
.
h2

Wxx (x, t, a) 

(4.3.12)
If a implicit method is considered, the time derivative is

Wt (x, t, a) 

W (x, t + δ, a) − W (x, t, a)
.
δ

(4.3.13)

and the rst-order space derivatives are

if

if

μ(x, a) > 0

Wx (x, t, a) 

W (x + h, t, a) − W (x, t, a)
,
h

(4.3.14)

Wx (x, t, a) 

W (x, t, a) − W (x − h, t, a)
,
h

(4.3.15)

and

μ(x, a) < 0.

and the operator for the second-order derivative is

W (x + h, t, a) + W (x − h, t, a) − 2W (x, t, a)
(4.3.16)
h2
The substitution of (4.3.8), (4.3.14), (4.3.15) and (4.3.16) into (4.3.7) gives:

W (x, ti −δt, a) =
p(y, ti , x, ti |a)W (y, ti , a)+p(x, ti , x, ti+1 |a)W (x, ti +δ, a)
2
Wxx
(x, t, a) 

y

+ L(x, a)Δt, x ∈ R, t > T
where

Δt =

1
Q(x, t, a)

The precise expressions for transition probabilities
and for

Q(x, ti , a)

(4.3.17)

(4.3.18)

p(y, ti , x, ti , a) and p(x, ti , x, ti+1 , a)

are shown in Fleming and Soner (2006, p. 348).

Now, the dynamic programming equation for the discrete-time problem
is

V h (x, ti ) = sup {e−βΔt
a∈A(x,t)



p(y, ti , x, ti |a)V h (y, ti )+e−βΔt p(x, ti , x, ti+1 |a)V (x, ti+1 )

y

+ L(x, a)Δt}
with a boundary condition

V (x, T ) = B(x), x ∈ R.
97

(4.3.19)

4.3.2 Back to the Problem with Jump Diusion
Let us now consider the situation where a consumer's utility function and
wealth (jump diusion) process are dened as in chapter 4.2.3. Similar problems are considered by e.g. Øksendal and Sulem (2007, p.49). It is possible to
express an consumption investment problem in the case of Lévy process similarly as a partial integro-dierential equation (PIDE), as Cont et al. (2004,
especially p. 381-) use for an option pricing. The PIDE can be solved using
a nite dierence method. The dierential part of the equation is easy to
solve (following e.g. Munk (1997) section 5.7). The integral term in the
equation is a so-called nonlocal term, which means that it depends on the
entire solution of the equation and the solution is slightly more complicated
to nd. Cont et al. (2004) presents very precisely and diversely how to solve
PIDE:s.
Let us consider the optimization problem of the consumer:

V (x, t) = supc,π∈A(w0 ) E



T

e
0

−βt

u(ct )dt|F0 .

(4.3.20)

where A(x) = {(c, π) ∈ (0, ∞) × [0, 1] | w(t) ≥ 0, t ≥ 0}, w(0) = x. β is
assumed to be constant. The utility function is in the power utility form:
u(ct ) = γ1 cγt and the dierential equation of the wealth process is
dw(t) = ([r(1 − π(t)) + μπ(t)]w(t) − c(t))dt + σπ(t)w(t)dB(t)

+ π(t)w(t−) zM (dt, dz).
R

(4.3.21)

where Bt is Brownian motion. (4.3.21) is the state equation of the problem.
A corresponding PIDE as in equation (4.3.7) is:
Wt (x, t, a) + LI W (x, t, a) − βW (x, t, a)
+ u(a) = 0, x ∈ R, t > T,

with the boundary condition W (x, T, a) = B(x), where a = (π, c).
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(4.3.22)

In the

(4.3.22), LI

is the innitesimal operator in the case of the problem:

∂W (x, t, a)
[r(1 − π) + μπ]w − c
∂w

2
∂W (x, t, a)
∂W (x, t, a)
1
πwz ν(dz).
+πw
W (x+πxz, t, a)−W (x, t)−
+ σ2 w2 π 2
2
2
∂w
∂w
R
LI W (x, t, a) =

(4.3.23)
The innitesimal operator can be decomposed into two parts as in Cont et
al. (2004, p.415):

LI W (x, t, a) = DW (x, t, a) + JW (x, t, a)

(4.3.24)

where

DW (x, t, a) =

∂W (x, t, a) 1 2 2 2 ∂W 2 (x, t, a)
+ σ π w
∂w
2
∂w2

∂W (x, t, a)
− ν(dz)
πwz
(4.3.25)
∂w
R

[r(1 − π) + μπ]w − c

and


JW (x, t, a) = πw
R

W (x + πxz, t, a) − W (x, t, a) ν(dz).

(4.3.26)

The decomposition is useful for a numerical solution.
Following Cont and Tankov (2004, p.415) or Cont and Voltchkova (2005,
p. 1606), an explicit-implicit method can be set so that
using an implicit approach and

JW (y, nδ, a)

Before is possible to apply equation

DW (y, nδ, a) is solved

using an explicit approach.

(4.3.25)

in the numerical solutions

large jumps have to be truncated. An integral on the innite range
is replaced by a bounded interval

(Kl , Kr ).

(−∞, ∞)

Also, the space of x must be

localized as well as discretized in space:

xi = −A + iΔx,
Using

i = 0...N,

(4.3.25), (4.3.26), (4.3.14), (4.3.9)

dierence approximation of

and

Δx = 2A/N.
(4.3.16),

we can get a nite

(4.3.22).

W (x, nδ + δ, a) − W (x, nδ, a)
− DW (x, nδ + δ, a) + JW (xi + y, nδ, a)
δ
− β(x, nδ, a)W (x, nδ + δ, a) + u(a) = 0.
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where
W (x + h, nδ + δ, a) − W (x, nδ + δ, a)
h
W (x + h, nδ + δ, a) + W (x − h, nδ + δ, a) − 2W (x, nδ + δ, a)
1
,
+ σ2 π 2 w2
2
h2
DW (x, nδ+δ, a) =

[r(1−π)+μπ]w−c+πλ


JW (xi , nδ, a) = πw{

where


(4.3.27)

A
−A

ν(dy)W (xi , nδ, a) − λW (xi , nδ, a)}

A

−A

υ(dy)W (xi , nδ, a) ≈

Kr


υj W (xi , nδ, a)

(4.3.28)

(4.3.29)

j=−Kl

and
α≈α
=

Kr


(eyj − 1)υj

(4.3.30)

j=Kl

where


υj =

and

(j+1/2)/Δx

υ(dy)
(j−1/2)/Δx



A

λ=

γ(dy).
−A

(4.3.31)

Multiplying all terms by δ and collecting terms, we get
W (x, nδ, a) = (1−b−2)W (x, nδ+δ, a)+(b+g)W (x+h, nδ, a)+gW (x−h, nδ, a)
+ δu(ct ) − δλW (xi , nδ, a)

where
b=

and

(4.3.32)

{[r(1 − π) + μπ]w − c + πλ}δ
h
g = 0, 5σ 2 π 2 w2

δ
.
h2

Equation (4.3.32) can be set using transition probabilities
W (x, nδ, a) = p1 W (x, nδ + δ, a) + p2 W (x + h, nδ, a) + p3 W (x − h, nδ, a)
+ δu(ct ) − py W (xi , nδ + δ, a)
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where
p1 = 1 − b − 2,
p2 = b + g

and
p3 = g
py = δλ.

Then, the dynamic programming equation for the discrete-time problem is
V (x, t) = supct ,πt e−βΔt(x,ti ,a) p1 V (x, nδ + δ) + e−βΔt(x,ti ,a) p2 V (x + h, nδ)
+ e−βΔt(x,ti ,a) p3 V (x − h, nδ)
− e−βΔt(x,ti ,a) py V (xi + y, nδ) + δu(ct )

(4.3.33)

with an upper boundary
V (x, t) = sup e−βΔt(A,ti ,a) p1 V (A, nδ + δ) + e−βΔt(A,ti ,a) p2 V (A, nδ)
+ e−βΔt(A,ti ,a) p3 V (A − h, nδ)
− e−βΔt(A,ti ,a) py V (A + xi , nδ) + δu(ct )

(4.3.34)

and a corresponding lower boundary where A is replaced by -A.

4.4 The numerical results
This section shows a numerical solution for the previously presented problem
using dened equations (4.3.20) and (4.3.21).
The dynamic programming (4.3.34) is solved backward in time. At rst,
an initial policy (π0, c0) is guessed. Then, using a sequence of policies
+1
k N
k+1 N +1
)
.
(π k , ck )N
k=1 value functions (V )k=1 determine a new value function (V
At every time step, the values of the control variables are determined by the
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linear system

(π k , ck ) = arg max e−βΔt(x,ti ,a) p1 V (x, nδ + δ) + e−βΔt(x,ti ,a) p2 V (x + h, nδ)
+ e−βΔt(x,ti ,a) p3 V (x − h, nδ) + Δth u(ct )
− e−βΔt(x,ti ,a) py V (xi + y, nδ) ,
where

n = T − k.

lower bound

When the highest value of W has been set, it has natural

0.

In this example, Gaussian jumps in Lévy density are assumed:

)2
−0,5 ( x−μ
σ

(2πσ)

e

(4.4.1)

with parameters value

μ = 0

and

σ = 0.1.

υ(x) =

Of course, it

would be equally easy to apply some other Lévy density in the numerical
exercise. As known, the dierent kinds of formulation for the density function
are possible in option pricing models in jump-diusion case. Naturally, the
same alternatives are applicable to optimal portfolio models, e.g. the CGMY
process (presented in Carr et al. (2002)) or the processes used in (Kou(2003))
or in Cont and Voltchkova (2002).
Cont and Voltchkova (2002) study more precisely the behavior of the
truncation error.

It can be shown that the truncation error decays expo-

nentially with respect to A. Following Duy (2009), the lower and upper
bounds of the interval

K l , Kr

can be chosen so that the truncation error



is

insignicant small, setting

√
Kr = (−2δ 2 log( 2π)0,5 ,

Kl = −Kr .

The Newton-Cotes method can be used to approximate the integral term

(4.3.31):



Kh
2A 
f (x)dx ≈
υj f (xj ).
λ=
N j=K
−A
A

l

Parameter values

r = 0.05, μ = 0.01, σ = 0.3

as in Fitzpatrick and Fleming (1991). Initial

and

w0 = 0

β = 1.0

are the same

has been chosen.

For numerical solutions, the integral part has to truncate to a bounded
interval

[Kl, Kr].

The non-local operator
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JW (y, nδ, a) depends on the whole

solution

V (x, t).

It can be treated explicitly to avoid the inversion of the

dense matrix, while the dierential part is treated implicitly.
Table 4.1: The optimal choice of

π

for dierent value of

π

T =1

T =5

T =10

γ =0

0.46

0.48

0.49

γ =-1

0.20

0.23

0.26

γ =-2

0.13

0.19

0.20

γ =-5

0.09

0.11

0.13

γ =-10

0.04

0.10

0.12

γ

and

T

4.5 Conclusion
I have demonstrated a straightforward Markov chain nite dierence method
which can be used to nd the optimal portfolio and consumption. Using this
method, the problem is straightforward to solve in the case where stock prices
follow Lévy process. One-dimensional stock processes have been considered
in the numerical example of this paper but the method can be applied to
multi-dimensional cases.
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Appendix
.1

Symbol description

y(t) = yt
P, Q
Ω

the value of process

y

at time

t

probability measures

probability set

Et

expectation given information available at time t

Bt

standard Brownian motion

Pt

a deterministic bank account process

α(·)

the drift of a risky asset

σ(·)

the volatility of a risky asset

ζ(t)state-price
ct , 0 ≤ t ≤ T
π

the price process of risky objects

density

consumption

proportional amount which agent invests to risky object

wt , 0 ≤ t ≤ T
w0
rt

St

the value of wealth process at time t

initial wealth
riskless interest rate

U (·)

utility function

γ

the degree of risk aversion

V

value function

Other necessary denitions are in the text.
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Chapter 5
Using a Normal Jump-diusion
Model for Interest Variation in a
Low-rate and High-volatility
Environment
Abstract
The environment of low interest rate and high level of interest rate
volatility is challenging not just for bond investors but also for modellers. This paper shows a straightforward method to model variation
in the interest market when the process of swap rates is normally distributed with jumps. It combines Bachelier's option pricing formula
with normally distributed underlying swap rate and a jump-diusion
formula. The model is suitable for the low interest rate environment.
It is very straightforward to implement and it is clearly more consistent with data than the implied volatility model using Black's pricing
method.

5.1 Introduction
Central Banks' unconventional measures (extremely low interest rate, negative deposit rate and asset purchasing programs) after the nancial crisis
and during the euro crisis have changed the interest environment drastically.
For some years, interest rates in Europe have been much lower than even
the minimum level before the crises. For example, German government bond
yields and euro swap rates were negative even all the way to ve years to
maturity in spring 2015. The situation has been challenging for investors,
but also for xed income models.
Standard pricing models of xed income derivatives as well as models
describing the variation of xed income markets based on "implied volatility" are founded in Black's (1976) seminal paper. Black's model assumes a
lognormal distribution of the underlying security and constant volatility. At
least two problems in Black's model have been revealed by the unforeseen
market situation in the recent years. Negative rates are not possible in the
case of lognormal distribution. Log-moneyness log(F/K) is dened when
forward rate F and strike rate K are positive. Also, it is not reasonable to
apply arbitrage pricing, the standard tools for building xed income models,
to negative interest rates. This very intuitive fact is formulated e.g. in Rady
and Sandmann (1994, p.463-464).
On the other hand, volatility modelling is problematic in the case of low
but positive rates, because volatility measured in percentage terms is high
although the changes in the basis points are modest, as was the case e.g. in
the eurozone in May 2015. The rates increased quickly from an extremely
low level and the variation measured by the standard Black model's implied
volatility was large. (The 10-30 bps daily changes of the Bund were large in
percentage terms.)
Practitioner's have straightforward ways to solve the problem of negative
rates: to use displaced log-normal distribution or to use a normal distribution instead of a log-normal distribution. The rst approach has been used
to capture the skew eect in markets and it also gives a very easy way of
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handling negative rates. It has not received much support in the academic
literature. Lee and Wang (2011, p.172-173), for example, think that the
approach explains the volatility skew and hence they do not use it as an independent pricing model but as an approach to reduce variation when other
models are used. Gatarek (2003), Brigo et al. (2004) and Errais (2004) use
a displaced geometric Brownian motion with uncertain parameters method
to model forward rate dynamics.
Another means of handling low or negative rates is to use Bachelier's
option formula as a base for option pricing. Over a century old, this assumes
that stock prices are generated by an arithmetic Brownian motion. It is
not perfect for stock option pricing because the prices are not limited to the
non-negative range but it is useful for xed income in an environment where
negative values are possible.
Lognormal price processes are the usual but restrictive assumption in
nancial market modelling. Assuming log-normal returns makes calculations
easier, but it is empirically questionable, both in stock and bond markets.
Extensions of the standard log-normal model (Black and Scholes 1973) have
often been applied to price stock derivatives and later also used for xed
income modelling. One of the main reasons for reformulating the model
has been the empirically noted non-constant implied volatilities for dierent
strike values, i.e. volatility smile or volatility skewness. Since Black (1975),
the problem of volatility smile has been empirically observed in stock options.
There is no consensus in the academic literature on how to solve the
problem of the volatility smile (or skew or smirk). There are at least three
possible approaches to the problem: to use a deterministic volatility function,
to use a jump-diusion process of underlying security or to use a stochastic
volatility function. All of these methods have been applied to stock and xed
income derivatives.
Local volatility models (Dupire 1994) describe the smiles of option prices
by formulating volatility as a function of the underlying stock price and time.
It is simple to apply local volatility models to xed income pricing problems.
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In a special case of a local volatility model, Beckers (1980) applies the constant elasticity of variance (CEV) to model stock options and Andersen and
Andreasen (2000) apply it to modelling of cap and swaption pricing. CEVmodels can also be generalized to stochastic volatility models. The SABR
(e.g. Hagan et al. (2002)) framework is the most frequently used in stochastic
volatility models.
Many studies have found strong empirical evidence that a pure lognormal distribution cannot explain the behavior of stock or bond markets and
stated that is important to include a jump part in the process describing
the development of rates.

One of many examples, Johannes (2004) nds

that the role of jumps in continuous-time models of short interest rate is
both economically and statistically signicant.

He emphasizes that jumps

are generated by the surprise arrival of news about the macroeconomy. In
the literature, there are also many extensions of the Black and Scholes model
based on jump-diusion: Merton (1976), Naik and Lee (1990), Kou (2002)
etc. Andersson and Andreasen (2002) have applied the jump-diusion model
to local volatilities in order to calibrate option index data.

Even though

jump-diusion is a more realistic assumption it does not solve the skewness
problem as e.g. Errais and Mercurio (2004, p.2) have noted. So, if the purpose is to smooth the dierent implied volatilities for strikes and dierent
maturities, it is necessary to combine jump-diusion with, for example, a
local volatility model.
Heath, Jarrow and Morton (1992) is a seminal paper on xed income term
structure models in which the dynamics of the short rates, bond rates and
forward rates were consistently formulated. There are also some examples in
the literature where jump-diusion in the bond market is used in a model,
although academic papers about xed income with the assumption of a more
general process than lognormal are more unusual than papers about stock
models with e.g. jump-diusion.
Björk et al. (1997) formulated a framework for a more general process.
They used a marked process framework for pricing xed-income securities
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adhering to a jump process. The marked point process is a tool that eases
the handling of a jump process. Glasserman and Kou (2003) also use marked
point process theory and nd closed-form solutions for the prices of caplets
and swaptions. They solve the no-arbitrage conditions for a jump-diusion
model of the structure of simple forward rates. Glasserman and Kou (2003)
build models formulated purely in terms of simple forward rates and their
parameterers.
One of the inconveniences in theoretical xed-income models is that the
instantaneous short and forward rate cannot be observed in real life. Another
approach, the LIBOR market model, is needed. Pioneering works in that
area are Brace, Gatarek and Musiela (1997), Jamshidian (1997), Miltersen,
Sandmann and Sodermann (1997), Musiela and Rutkowski (1997).
This paper shows a straightforward method for nding the "implied volatilities" of swaption when the swap rates are normally distributed with jumps.
The method is for modelling the variation in swaption data. It combines the
swaption pricing formula with normally distributed swap rates and a jumpdiusion process. This model is suitable for the low-rate and high-volatility
environment, it is easy to implement and clearly ts better with the data
than the implied volatility model using Black's pricing method.
This paper focuses on risk-free interest volatility, but does not consider
defaultable bonds. The modelling and the considerations related to risk
management of risk-free rates are important to institutional investors. It
is especially important to insurance companies because, under Solvency II
regulations, it is required that the market value of technical provisions is
calculated using risk-less curves. This means that the variation of the riskfree curve has a direct impact on companies' solvency position.
The rest of the paper is structured in the following way. Section 2 describes the framework of interest modelling both in the instantaneous rate
and in the simple rate ground and basic instruments pricing. Section 3 considers HJM framework and bond pricing under market point process. Section
4 describes carefully the practical implementation of the method and presents
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the results from computation and nally, section 5 concludes.

5.2 Basic xed-income instruments and term
structure models
Heath et al. (1992) provides a unied methodology for the modelling of instantaneous interest rates expressed with continuous compounding and captures the full dynamics of the short rate, bonds and the forward curve. The
so-called HJM methodology provides a consistent framework for the valuation of contingent claims related to interest rates.
The LIBOR market models describe the behavior of the forward rates
underlying caps, and oors or swaption compounding period equals the tenor
of the corresponding market rate. Then it is simpler to calibrate the model to
the market prices than by using HJM models. The LIBOR market model has
been developed especially by Brace, Gatarek and Musiela (1997), Jamshidian
(1997), Miltersen, Sandmann and Sondermann (1997) and Hull and White
(2000).
As in the theory of stock pricing in general, arbitrage-free solutions in the
bond market can be formulated in terms of the existence of a suitably dened
martingale measure. In the HJM framework, the arbitrage-free condition is
that the drift coecient is uniquely determined by the volatility coecient
and a stochastic process that can be interpreted as the market price of the
interest-rate risk. (Heath et al. 1992, Musiela and Rutowski 1997)

5.2.1 Pricing basic instruments in HJM and LIBOR
models
The price of a zero-coupon bond with

t

T -maturity

is

P (t, T ) = e−
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T
t

r(u)du

.

and principal one at time

The simple forward rate L(t, S, T ) contracted at t is given by
1 + (T − S)L(t, S, T ) =

P (t, S)
,
P (t, T )

where t < S < T . The instantaneous forward rate f (t, T ) is in the equation
1 T
R(t, S, T ) = (e T +δ f (t,s)ds − 1),
δ

where t < S < T and δ = T − S is the accrual period expressed in years.
Heath et al. (1992, p.80-81) assumes that the term structure movements
follow Brownian motion. Then the dynamics of the forward rate is:
df (t, T ) = α(t, T )dt + σ(t, T )dW (t)

i.e.





t

t

α(t, T )du +

f (t, T ) = f (0, T ) +
0

(5.2.1)

σ(t, T )dW (u)
0

where W (t) is a Brownian motion, α(t, T ) and σ(t, T ) the drift and the
volatility. The instantaneous forward rate at time t is dened by
f (t, T ) = −

∂lnP (t, T )
.
∂T

The spot rate at time t is ∀t ∈ [0, T ]
1 − [P (t, t + h)]
= f (t, t).
h→0
P (t, t + h)h

rt = lim

The simplest log-normal model would be the case where α = 0 (no drift, in
Black (1976)) which is not arbitrage-free.
The conditions for non-arbitrage (HJM drift condition) are that the process of α depends on σ and must satisfy


T

σ(t, s)ds, ∀t.

α(t, T ) = σ(t, T )
t

(5.2.2)

The drift coecient in the dynamics of the instantaneous forward rate
is uniquely determined by the volatility coecient σ(t, s) in (5.2.2) and
a stochastic process which can be interpreted as the market price of the
interest-rate risk.
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In the HJM framework, bond prices and rates cannot be log-normal simultaneously. If bond prices are log-normal, continuously compounded interest
rates must be normal (see discussion in Miltersen et al. (1997)).
Using Libor market models (e.g. Brace et al. (1997),Brace and et. (1997),
Jamshidian (1997), Miltersen et al.(1997), Musiela and Rutkowski (1997)),
the modelled quantities are a set of forward rates (i.e.

forward LIBORs),

which are directly observable in the market, and whose volatilities are naturally linked to contingent claims. Then forward rate is modeled by a lognormal process under its forward measure, i.e. a Black model leading to a
Black formula for interest rate caps. This formula is the market standard for
quoting derivative prices in terms of implied volatilities.
Given the collection of settlement dates

0 < T0 < T1 < ... < Tn

referred

to as the tenor structure, the simple forward rates are related by

P (t, s + nδ) = Πn−1
i=0
where

1
1 + δL(t, s, s + iδ)

δ = Ti+1 − Ti .

An interest rate swap is a contract between two parties to exchange a xed
rate of interest and a oating rate of interest. Under a forward swap, the
parties commit at some time

t < Ti

to enter into a swap rate over

The forward swap rates at time T, with the payment dates

[Tn , TM +1 ]

Tn , Tn+1 , ..., TM +1

can be expressed in terms of 0-coupon bond prices:

Sn,M +1 (t) =

P (t, Tn ) − P (t, TM +1 )
AM +1,n+1 (t)

(5.2.3)

where
+1
AM +1,n+1 (t) = ΣM
j=n+1 δj P (t, Tj ).

AM +1,n+1 (t) is annuity at time t, with the payment dates tn+1 , tn+2 , ..., TM +1 .
Another way of expressing the swap rate is to use a linear combination of
consecutive forward rate (e.g. Jamshidian, 1997, p.319)
+1
Sn,M +1 (t) = ΣM
j=n+1 ωj (t)L(t, Tj ),
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where ωj

=

δn+1 P (t, Tj )
.
M +1
Σh=n+1 δh P (t, Th )

Jamshidian (1997) considers a swap rate process following process under
measure PK and nds the conditions for the arbitrage-free dynamics:
dSn (t, T )
= αn0 (t)dt + θ(t)dW (t)
Sn (t)
αn0

=

+1
ΣM
l=n+1

+1 k

δΣM
k=l Πj=n+1 (1 + δSj )θn θl Sl
+1
k
(1 + δSj )ΣM
k=n+1 Πj=n+1 (1 + δSj )

Lognormal swaption pricing model.

(5.2.4)
.

(5.2.5)

Black (1976) expresses a pricing

model for swaption when future price is lognormally distributed. The payer
swaption gives the right for an owner to pay a xed rate and receive a oating
rate for the underlying swap. At the expiry, the value of the payer swaption
is
AM +1,n+1 (t)max(Sn (T ) − K, 0)

(5.2.6)

and swaption is an option on a swap rate (Anderson and Piterbarg, 2010,
p.204).
There are simple analogy between stock option pricing and swaption pricing (see e.g. Hull and White (2000)). Swaption price C BL at time t = 0 can
be obtained using the stock option formula in Schachermayer and Teichmann
(2008, p.3).

C BL (S, T ) = RnN

∞



−∞

=

Sn e

2
− σ 2T



√

+σ T x

−K

− Ke

−rT

+

RnN {Sn Φ(d1 )

1 −x2
√ e 2 dx
σ π

Φ(d2 )}

(5.2.7)
(5.2.8)

where Sn denotes the forward swap rate, K is the swaption's strike rate, T is
the time to maturity of the option, N is the cumulative normal distribution
function, and σ is the volatility of returns of the underlying forward rate
during the life of the option. Φ(y) is the cumulative density function of
standard normal distribution:
1
Φ(y) =
(2π)1/2

and
d1 =



y

s2

e− 2 ds

∞

log(Sn /K) + (σ 2 /2)T
σT 1/2
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and

d2 = d1 − σT 1/2 .

Normal swaption pricing model. The rst option pricing model based
on Brownian motion was presented at the turn of the 20th century by Bachelier. He assumed normal distributed stock prices (Bachelier (1900), Schachermayer and Teichmann (2008)). In the case of the swaption price, the forward
swap rate is assumed to follow the stochastic dierential equation

dSn (t) = σa dWt .
Then, the price of a payer swaption can easily be obtained using the stock
option formula in Schachermayer and Teichmann (2008, p.3):

√
ˆ d)
ˆ + φ(d))R
ˆ N
C B (S, T ) = σa T (dΦ(
n

(5.2.9)

where

Sn − K
√
dˆ =
σa T
and Φ(y) is the density function of standard normal distribution:
φ(y) =

s2
1
e− 2 ds.
1/2
(2π)

As noted earlier, there is uniform empirical evidence that like the implied
volatility in stock or currency option market, the volatility in xed income
markets is also not constant in strike, K. The implied volatility as a function
of strike resembles a smile more than a horizontal line. A conventional way
to express the implied volatility of the xed income market, σB is to use the
Black model. σB is solved from equation (5.2.8)

C BL (S, T ) = RnN {Sn Φ(d¯1 ) − Ke−rT Φ(d¯2 )}
where

log(Sn /K) + (σB2 /2)T
d¯1 =
σT 1/2

and

d¯2 = d1 − σT 1/2 .
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(5.2.10)

Then
K → σB (t, Sn (t), T, K)

describes the volatility smile (or sneer or skew) of the T-expiry swaption. The
swaption cube is a stardard way of showing how the swaption volatilities (or
prices) vary according to the swaption maturities, the tenors of the underlying
swap and the option strikes.

Merton's approach to swaption pricing when stocks follow a
jump-diusion process Merton (1990, p.324) shows a simple extension for
the Black Scholes (1973) stock option pricing formula, where stock prices
follows a jump-diusion process. It is straightforward to apply Merton's
option pricing model to xed income pricing and assume that forward rates
adhere to the process. Glasserman and Kou (2003, p.386) assume the socalled naive extension of the Black model:
i
dL(t, T ) = −λmL(t, T )dt + σ(T )L(t, T )dWt + L(t−, T )d(ΣN
i=1 (Yi − 1))

(5.2.11)
where Ni is a Poisson process of intensity λ and Yi is a lognormal random
variable with mean 1 + m. The price of a swaption C J is simply determined
by interacting Poisson distributed jumps with the lognormal process:
−λT
C J (S, T ) = Σ∞
k=0 e

(λT )k BS
C
k!

e−λT (λT )n N
Rn (t){Sn Φ(d1 ) − Ke−rT Φ(d2 )}
n!

(5.2.12)
where C BS is the swaption price of the underlying forward swap rate which
is log-normally distributed.
= Σ∞
n=0

5.3 Modelling xed-income markets under marked
point process
As noted earlier, from the point of view of empirical relevance, jumps are
necessary for xed income modelling. Björk et al (1997) consider the term
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structure of bonds when rates follow a generated marked point process. It is
a convenient way of extending the Heath-Jarrow-Morton framework to the
jump-diusion case. Glasserman and Kou (2003), Glasserman and Merener
(2003) brought together the marked point process and the Libor market
model and formulated a model in which jumps are driven by market point
processes with intensities that depend on the market rates.

5.3.1 Marked point processes
Glasserman and Kou (2003) investigate the term structure of zero coupon
bonds when interest rates are driven by jump-diusion using general marked
point processes.
The following stochastic basis is assumed: Filtration
ated by

W

and

μ,

F = (Ft )

is gener-

i.e.

Ft = σ{Ws , μ([0, s] × A), B; 0 ≤ s ≤ t, A ∈ E, B ∈ N }
where

N

is the collection of P-null sets from

F.

The basis is assumed to

carry a Wiener process W as well as a marked point process
measurable Lusin mark space

(E; E)

with compensator

μ(dt; dx)

on a

ν(dt; dx).

The formula for a marked point process (MPP) is described through a
sequence of pairs of times and marks
times

τj

are discrete values

Xn ∈ [0, ∞)

{(τj , Xj ), j = 1, 2, ...}.

Potential jump

τ1 < τ2 < τ... < τn < τn+1 ∈ (0, ∞).

The marks

are used to determine the sizes of the jumps at points

a real-valued function of the marks and points:

J(t) =

τn . H is
Nt
Σn=1 H(Xn , τn ) and

transforms the marks into a jump magnitude.
Each forward rate is associated with jump-size functions
and dened as

J(t) =

N (t)
Σj=1 Hi (Xn , τn ).

N (t)

is the number of points in

(0, t] : N (t) = sup{j ≥ 0 : τj ≤ t}.
For the intensity, a condition holds that for all bounded h
(t)
ΣN
n=1 h(Xn , τn )

 t
−

0

∞
0
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Hi , i = 1, ..., n

h(x, s)λ(dx, s)dts

is a martingale in t.

In a simple but practically useful case of Poisson pro-

cess points and marks are i.i.d random variables.
intensity process

MPP

(τj , Xj )

admits an

λ(dx, t) interpreted as the arrival rate of marks in dx.

Then

intensity is

λ(dx, t) = λf (x)dx,
where

λ is the Poisson parameter and f

is the density function of the marks.

5.3.2 Term structure movements
While the previous subsection gave an intuitive description of marked point
processes, now a more precise formulation of the necessary assumptions is
shown. It holds during the rest of this section: Heath et al. (1992) formulate
the dynamics of xed income markets using related dierential equations for
short rate, forward rate and bond price.

Björk et al.

(1997) generalise the

HJM framework to the case of marked point processes:
Short rate dynamics is given by

dr(t) = [

∂f (t, t)
+ α(t, t)]dt + σ(t, t)dWt +
∂T


δ(t, x, t)λ(dt, dx)
E

The dynamics of the forward rate is:


df (t, T ) = α(t, T )dt + σ(t, T )dWt +

δ(t, x, T )λ(dt, dx)
E

The dynamics of bond price is:


1 T
α(t, s)ds −
σ(t, s)ds} + P (t, T )S(t, T )dWt
dP (t, T ) = P (t, T ){rt −
2 t
t

T
+P (t−, T ) {e t δ(t,x,s)ds }λ(dt, dx)


T

E

P (t−, T )

means that we are considering the value of

possible jump at

t.

P (t, T )

just before a

The exact relations of the drifts and diusion coecients

of three market term structure equations, which provide arbitrage-free model
are shown in Proposition 2.4 in Björk et al. (1997).

123

In this formulation, the bond price process is a "log-normal jump-diusion"
process. As we know (e.g. Musiela and Rutkowski (1997, p. 284-285)), just
one of the three processes can be log-normal and the two other processes are
normally distributed.

5.3.3 Basic nancial mathematic tools in the case of
marked point processess
Björk et al. (1997) study how the general rules of asset pricing works with
marked point process in xed income market models.

They describe the

interrelations between the dynamics of the forward rates, the bond prices
and the short rate of interest in the case of jump-diusion processes and also
study the absence of arbitrage and uniqueness of the martingale measure and
their relation to the completeness of the bond market.

They also present

a toolbox for term structure modelling with marked point processes e.g a
suitable version of Girsanov theorem in the case of marked point processes.

Non-arbitrage conditions for normally distributed swap rate

Glasserman and Kou (2003) show a condition in the case of marked point
processes. The following two theorems are useful for swaption pricing under
jump diusion process. The next theorem gives similar results when swap
rate follows process with normal distribution with jumps. There are
point processes, all having intensity

λiM +1 , i = 1, ..., r

r marked

under measure

PM +1 :

Σri=1 λin,M (dx, t) = λ̂n fn (x)dx.
where

λ̂n

are constants and

fn

(5.3.1)

are density functions. Glasserman and Kou

(2003, p. 398) shows the following theorem for a non-arbitrage condition.

Theorem I For each n = 1, ..., M let θ(·) be a bounded, adapted, R d

valued process and let
to

[−1, ∞)

Gni , i = 1, , r

be deterministic functions from

[0, ∞]

. The model

dSn (t)
= αn (t)dt + θn (t)dWM +1 (t) + dJn (t)
Sn (t)
124

(5.3.2)

where Jn(t) = Σri=1ΣNj=1 Gni(X (i)) is arbitrage free if
(i)

αn (t) =

αn0


−

∞
0

(5.3.3)

Σri=1 Gni (x)KλiM +1 (dx, t)

+1
+1
k
where K = ΣMk=n+1
Πkj=n+1 (1+δSj (t−))[1+Gji (x)]/ΣM
k=n+1 Πj=n+1 (1+δSj (t−)).

5.3.4 Option pricing under jump-diusion process

Starting from conditions for non-arbitrage-condition (5.2.4) for model (5.2.5)
Glasserman and Kou (2003) solve the price of the swaption when swap rates
adhere to the log-normal distribution with jumps. The next theorem shows
the corresponding formula in the case of normal distribution with jumps.
Theorem II Arbitrage-free prices of payer swaption Suppose that
for θn(·) are deterministic and equation (5.3.1) determines intensity. Gni, i =
1, ..., r is assumed to be a deterministic function [0, ∞] to [−1, ∞]
(5.3.4)

Σri=1 Gni (x)λin,M (dx, t) = (x − 1)λ̂n fn (x)dx.

Then the time-t value of a payer swaption expiring at T > t for a swap over
time [Tn, TM +1] is
−λ̂n (T −t)
C J (t) = Σ∞
j=0 e

(λ̂n (T − t))j B j
+1
C (Sn (t), T, K, vj (t)2 , δΣM
k=n+1 Pk (t)),
j!

(5.3.5)
θn (u) du and fn is

= Sn (t)e
,
,ρ (t) =
where
.
the lognormal density of e
Similarly as when Black model (5.2.10) is used, price equation (5.3.5) can
be applied to solve implied volatility. When the price of a swaption is know
and convenient values of parameters of price equation is dened, the implied
volatility can be solved numerically:
Snj (t)

2
2
n
vj (t) = ρ (t)+js
T −t
N (log(1+mn )− 12 s2n ,s2n )

λ̂n (T −t)

2

2

sn = σ u (ρ, λ, Sn(j) , K, δ).

T
t

2

(5.3.6)

The next section focuses on numerical solutions for the implied volatility of
the model of Theorem II.
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Figure 5.1: Euro swap rates from May 2012 to May 2015

5.4 Numerical scrutinies for modelling volatility
This section starts by briey describing the behavior of swap markets of
spring 2015 in the environment of low rates and high volatility. Then a
straightforward numerical example for modelling implied variation during
that time is shown. The method uses the pricing equation of the previous
section (5.3.5) and the related expression for implied variation.

5.4.1 Low-rate high-volatility market environment
As noticed, extremely expansive monetary policy and the ECB's extraordinary measures, i.e. quantitative easing and negative deposit rate, have moved
the interest curve extremely low. German government bond yields were negative to 4-6 years maturity in 2015 and the yields of the other high-rated
euro-zone countries were not much higher. The ECB cut its deposit rate for
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Figure 5.2: Implied Black volatilies in euro swap market
the rst time into negative territory in June 2014. The trend of the euro
swap rate was decreasing from the end of 2013 to spring 2015 as we can see
in Figure 5.1 which shows EUR swap rates during the three years since 2012
May for half year, 2 year and 10 year swaps (source: Bloomberg information
service). The rates reached their lowest level in April 2015.
Figure 5.2 shows the implied Black (1976) model's volatilities for 01x20
and 10x10 from the beginning of 2013 to December 2015. The implied volatility increased drastically during spring 2015. Similarly, the measured changes
in percentage terms of the German 10 year government curve were large.
Once the ECB started quantitative easing, the yields of government bonds
started to fall. When the rates began to rise in May, the bounce measured
in percentage terms was high because of a low starting level. The volatility
surface of the Black's model data is shown in Figure 5.3. These are implied
volatility values of EUR swap rate at March 31, 2015, i.e. in the middle of the
period of high interest-market volatility. The money values of short tenors
are high. Implied volatility decreases when we go further out of the money.
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Figure 5.3: Volatility surface using implied Black volatilities
This is a standard situation and it is similar for dierent maturities but, not
surprisingly, the dierences between the strikes are much larger during the
time of high volatility and high uncertainty.
Trolle and Schwartz (2014) studied the empirical behavior of variation
broadly in the USD and EUR swap market for the period between 2001 and
2010. Among the several stylized facts that they noticed, they found strong
support for large change in the skewness and kurtosis over time.
For example Lee and Wang (2011) and Trolle and Schwartz (2014) note
that empirical volatility skews are typically not monotonic over the entire
range of strikes; a volatility skew which slopes downward in the central portion of the strike range will usually still turn upward at suciently large
strikes. The common explanation for increasing volatilities when maturity
is highly in-the-money or highly out-of-the-money is low liquidity of those
swaptions.
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Figure 5.4: Values for normal jump-diusion volatility parameter

σu.

5.4.2 Consideration using implied normal-jump variation
This subsection shows a straightforward approach to model variation in the
risk-free xed income market. As was noted in the introduction, the use of
normal jump-diusion models is suitable in the market situation described
in the previous subsection. Using these models, the combination of low rates
and high volatility can be handled.
For the example of this section the data of March 31st, 2015 has been
used. The swaption prices are quoted for ve dierent swap tenors (2, 5, 10,
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20, and 30 years), for six dierent option expiries (3 months and 1, 5, 10,
20,and 30 years) and for eight degrees of moneyness dened as strike minus
the forward swap rate (-100 bps, -50bps, -25bps, ATM, 25bps, 50bps, 100bps
and 200bps). Black volatilities especially for short maturities and tenors, are
high, as can be seen in Figure 5.3 in the appendix.
The parameters of the model in equation (5.3.6) are the same for all
maturity and tenor combinations: λ = 0.075, a = −0.3 and b = 0.6. The
values of implied volatilities using the pricing formula of Theorem II are
shown in the Figure 5.4.
The values of Black volatility are shown in Figure 5 in the appendix.
Dierences between strikes as well as between consecutive expiries and tenors
are high. Implied volatilities for rates near zero are highly sensitive. To apply
these volatilities to interest risk analysis is dicult.
The implied volatilities of the normal-jump model are much less sensitive
and dierences between consecutive values are modest. These more robust
values are also more applicable for risk analysis, e.g. for calculation of risk
measures. Figure 6 in the appendix shows the normal-jump implied volatility
values divided by forward swap rates times 100, which are easier to compare
to the Black model's volatilities.

Local volatility tting
As Figure 5.4 shows, the normal jump-diusion model cannot explain the
skewness of volatility. The values of volatility are typically smallest near
strikes. The volatility becomes higher as the strike becomes smaller or higher.
This is a common observation for implied volatility models. The case is similar when log-normal jump-diusion is used. The values of volatilities constitute smile or smirk depending on the choice of parameters (see Glasserman
and Kou, 2003, p. 395).
This subsection gives one obvious next step for the analysis of this section and show a straightforward method to model the constant volatility. The
method for calibrating volatility skewness has been considered, e.g. by Cole130

man et al. (1999), Andersen and Andreasen (2001), Benaim et al. (2008).
This example uses the pricing model of Theorem II and ts a model using
an ordinary least square method (follows Coleman et al. (1999)):
mina,b Σi (σ u (Ki ) − σ̂ u (Ki ))2 ,

(5.4.1)

where σu(Ki):s are volatilities for dierent strikes. σ̂u(K) is dened by the
function aebK . The solutions have been found separately for dierent expiry
and tenor. The function is extremely simple but it gives a reasonably good
t. A more complicated function presented in Benaim (2008) gives a slightly
better t. The values for parameters a and b are shown in Figure 7 in
the appendix. It is possible to use the tted functions for extrapolation to
complete the data.
5.5 Conclusion

The assumption of log-normality is typical for the HJM- and LIBOR- interest
models. This assumption has three fundamental problems: it ignores the
jumps of underlying time series, it assumes constant volatilities and it is
unwieldy in the low (or negative) rate environment. This paper has presented
an approach to solving all these problems by combining the jump-diusion
model with normality assumption and local volatility tting. This approach
is the rst presented in the literature to combine Bachelier's option pricing
model and a jump process. Obviously, more complicated models using those
elements could be developed, but the purpose of this paper has focused on
nding as simple a method as possible for tackling those three problems.
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.0.1

Appendix

Figure 5: Implied Black volatilities (source: Bloomberg)
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Figure 6: Ratios of normal jump-diusion volatilities and forward swap rate
as percents
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Figure 7: Values for parameters a and b in section 4.2.1
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.1

Symbol description

Et expectation given information available at time t
Wt standard Brownian motion
Φ(y) the cumulative density function of standard normal distribution
r(t) spot rate at time t
P (t, T ) the price at time t of a zero-coupon bond which pays a principle of
one at time T and no other payments

f (t, T ) instantaneous forward rate
L(t, S, T ) simple forward rate at time t for period [S, T ]
δ xed accrual period
α(t, T ) the drift of forward rate process
σ(t, T ) the volatility of forward rate process
f instantaneous forward rate
Sm,n (T ) forward swap rate at time T, with the payment dates Tm , Tm+1 , ..., Tn
Am,n (T ) annuity at time T, with the payment dates Tm , Tm+1 , ..., Tn
C BS is swaption price under log-normal distributed underlying forward swap
rate

C J is swaption price when forward swap rate follows log-normal distribution
with jumps

α0 (t, T ) the drift of swap rate process
θ(t, T ) the volatility of swap rate process
Other necessary denitions are in the text.
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