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Chapter 1

Quasiconformal analysis

1.1 Conformality and complex analysis

The �eld of quasiregular analysis starts from the idea of angle-preserving
maps, which are called conformal maps. Namely, consider a map f : Ω1 →
Ω2 between two domains Ω1, Ω2 in two-dimensional space. The map f is
conformal if, whenever two paths γ1 and γ2 in Ω1 intersect at a point x at
an angle α, the paths f ◦ γ1 and f ◦ γ2 intersect at f(x) at the same angle
α. Note that this includes considering the orientation of the angle.

A classical result in complex analysis connects conformal maps with holo-
morphic maps, that is, functions of a complex variable possessing a complex
derivative. Namely, a function f : Ω → C on a domain Ω ⊂ C is conformal
if and only if f is holomorphic and f ′(z) 6= 0 for every z ∈ Ω. In this sense,
holomorphic maps present a generalization of conformal maps which allows
for branching. In particular, the set of points z ∈ Ω for which a holomorphic
map f : Ω → C is not a local homeomorphism is called the branch set of f ,
and denoted Bf . By the inverse function theorem, Bf is exactly the set of
points z ∈ Ω for which f ′(z) = 0.

The above classical connection between conformal mappings and com-
plex analysis has numerous applications, in part since many quantities in
physics are conformal invariants. Complex analysis provides a rich supply
of conformal maps through tools like power series and the Riemann Map-
ping theorem, and these maps can then be used to study properties that are
preserved under conformal transformations.

However, a major limitation of the above theory of conformal maps is
its inherent two-dimensionality, as the connection between conformal and
holomorphic maps applies only in the two-dimensional setting of a single
complex variable. While the de�nition of conformality can be extended to
higher dimensions, unlike in the two-dimensional case this class turns out to
be extremely limited, consisting only of higher dimensional Möbius transfor-
mations: compositions of scaling, translations, spatial rotations, and spher-
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ical inversions. This result is attributed to Liouville, although it has since
been generalized from Liouville's original result: see e.g. [15], [59], [31] and
[30].

1.2 Quasiconformal and quasiregular maps

In order to obtain a rich class of maps to study in higher dimensions, the
condition of conformality is then relaxed. Instead of requiring that the maps
preserve angles exactly, we require that they may only distort them by a
certain amount.

More formally, suppose that Ω1,Ω2 ⊂ Rn are connected open domains.
A map f : Ω1 → Ω2 is K-quasiregular for a given constant K ≥ 1 if f
is continuous, f belong to the Sobolev class W 1,n

loc (Ω1,Rn), and the weak
derivative Df satis�es

|Df(x)|n ≤ KJf (x) (1.1)

for Lebesgue almost every x ∈ Ω1. Here, the norm |·| is the operator norm of
linear maps, and Jf (x) = detDf(x) is the Jacobian determinant, or Jacobian
for short, of f at x. We call a map quasiregular if it is K-quasiregular for
some constant K ≥ 1.

Moreover, the map f is K-quasiconformal if it is K-quasiregular and
homeomorphic, and we similarly use the term quasiconformal for maps which
are K-quasiconformal for some K ≥ 1. In this sense, quasiconformal maps
are counterparts of conformal homeomorphisms, while quasiregular maps are
counterparts of holomorphic maps. We may again de�ne a branch set Bf for
quasiregular maps f as the set of points where f is not locally homeomorphic.

The theory of quasiconformal maps originates from the two-dimensional
setting, where they were introduced by Grötzsch [24]. The term quasicon-
formal is due to Ahlfors [1]. The study of quasiconformal maps in higher
dimensions began with the work of e.g. �Sabat [67], Väisälä [72], Gehring [15]
and Zori£ [76], and the study of higher dimensional quasiregular maps was
initiated by Reshetnyak [61]. See also the work of Martio, Rickman and
Väisälä [44] which introduced the use of conformal modulus to the higher
dimensional quasiregular theory.

It is noteworthy that quasiregular maps are not assumed to be continu-
ously di�erentiable, only requiring the existence of a weak Sobolev derivative.
In fact, unlike in the 2-dimensional case, assuming too much di�erentiability
will force the branch set of a quasiregular map to be empty. More precisely, if
n ≥ 4 and f : Ω→ Rn is C2-di�erentiable, then f is a local homeomorphism,
with the same holding for C3-di�erentiable maps when n = 3; see [64, p.12]
for details. There, however, exist C2-di�erentiable branching quasiregular
maps for n = 3 by [7], and C1-di�erentiable branching quasiregular maps for
n ≥ 4 by [35].
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Conformal bijections and holomorphic maps are 1-quasiconformal and 1-
quasiregular, respectively. In fact, the converse is also true; see the discussion
in [64, p. 11] or [71].

1.3 Quasiregular maps and Riemannian manifolds

Similarly to the theory of holomorphic functions on Riemann surfaces, there
is a theory for quasiregular maps f : M → N between n-dimensional mani-
folds. However, some assumptions have to be made on the manifolds M and
N . The derivative Df(x) at x ∈ M is now a map between tangent spaces
TxM → Tf(x)N , so in order for it to have a well de�ned operator norm, the
manifolds are assumed to be Riemannian. Moreover, in order for f to have
a well de�ned Jacobian, the manifoldsM and N are assumed to be oriented.
Namely, the Jacobian can be de�ned almost everywhere by the identity

f∗ volN = Jf volM ,

where volM and volN are the Riemannian volume n-forms induced by the
orientations.

With these assumptions, there remains only one complication in having
the Euclidean de�nition also apply on manifolds, which is the de�nition of
the Sobolev space W 1,n

loc (M,N). In the case where N is Euclidean, the space
W 1,n

loc (M,Rn) is easily de�ned by use of bilipschitz charts on M . However, if
we attempt a similar argument in the case of general N , we encounter among
others the following issue: if f : M → N is measurable and V is a chart
neighborhood of f(x), then we can't necessarily �nd a chart neighborhood
U of x which is mapped into V .

There are several ways to approach this complication. First, instead
of de�ning the whole space W 1,n

loc (M,N), we may leverage the continuity
of quasiregular maps and de�ne the space W 1,n

loc (M,N) ∩ C(M,N) using
bilipschitz charts. Alternatively, we may omit the Sobolev space entirely and
require f to be quasiregular under composition by bilipschitz charts; see e.g.
[29] and [34]. A well-de�ned measurable map Df : TM → TN can still be
obtained with these approaches. However, an unsatisfactory part about these
de�nitions is that they're heavily reliant on the assumption of continuity. In
the Euclidean case, it can be actually shown that the continuity assumption
is redundant; see [58], or e.g. [64, Theorem VII.3.9].

Another approach is by using a smooth isometric embedding of the target
manifold into a higher dimensional Euclidean space, also known as a Nash
embedding [50]. For discussion on using this method to de�ne Sobolev spaces,
see [26] or [25]. Using this approach, Goldstein, Hajªasz and Pakzad have
shown in [20] the redundancy of the continuity assumption for quasiregular
maps when the target manifold is closed, i.e. compact and without boundary.
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Another path to de�ning W 1,n
loc (M,N) is provided by Convent and van

Schaftingen [10], who use an approach based on truncated Sobolev spaces
to de�ne a weak derivative for maps between manifolds. Their approach
assumes no integrability on the map itself, only on its weak derivative, but
outside this factor it is equivalent with the Nash embedding approach. In-
deed, whenever applicable, all of the above approaches result in the same
class of quasiregular maps, although a good written treatise on this does not
seem to exist as of now.
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Chapter 2

Uniformly quasiregular maps

Let M , N , and N ′ be oriented Riemannian n-manifolds, let f : M → N
be K-quasiregular, and let g : N → N ′ be K ′-quasiregular. It then follows
that the map g ◦ f is KK ′-quasiregular. For a discussion of this result in
the Euclidean case, see [64, Theorem II.6.8]; a manifold version follows by
standard chart arguments.

Hence, if f : M →M is a K-quasiregular self-map, we have that the k-th
iterate fk of f isKk-quasiregular. However, while the distortion boundKk is
guaranteed, a better one may also be possible. Consider for instance the map
f : R2 → R2 given by f(x, y) = (−y, 2x), consisting of a stretching in the x-
direction followed by a quarter-circle rotation. Then f is 2-quasiconformal,
but the iterate f2 is in fact the map z 7→ −2z, and is therefore conformal.

Following this, a self-map f : M →M is called uniformly K-quasiregular
if every iterate fk of f is K-quasiregular. Similarly as before, we call f uni-
formly quasiregular if it is uniformly K-quasiregular for some K ≥ 1. Due to
their good behavior under iteration, uniformly quasiregular maps can be con-
sidered as a higher-dimensional quasiregular generalization of holomorphic
dynamics of a single complex variable.

In the homeomorphic case, uniformly quasiregular maps have been stud-
ied under the subject of quasiconformal groups in e.g. [18], [70] and [17]; a
quasiconformal group is a set of K-quasiconformal maps for some common
value of K which forms a group under the composition operation. However,
the study of uniformly quasiregular maps in particular can be considered to
have began when the �rst signi�cant non-injective example was discovered
by Iwaniec and Martin in [32].

The example of Iwaniec and Martin is based on a so-called conformal
trap, that is, a domain which is mapped conformally inside itself and where
the orbit of every point ends up after accumulating enough distortion. Trap-
based constructions have since been re�ned and applied in [53], [40], [14]
and [52]. Currently, all closed, connected, oriented Riemannian manifolds
universally covered by Sn, n ≥ 2, are known to admit trap-based examples
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of uniformly quasiregular maps.

2.1 Lattés-type uniformly quasiregular maps

Besides the examples based on holomorphic functions and the examples
based on a trap construction, the remaining known examples of non-injective
uniformly quasiregular map are of the Lattès type. These arise by semicon-
jugating a linear conformal map in Rn with a quasiregular map f : Rn →M .
The name is due to the construction being a higher dimensional analogue to
the Lattès maps of complex analysis; for discussion on the holomorphic case,
see for example [8].

The study of Lattès-type uniformly quasiregular maps was initiated by
Mayer in [46], [47], with examples on the sphere Sn. Versions of these exam-
ples on more general manifolds were then considered by Astola, Kangaslampi
and Peltonen [3]. Recent work towards a full characterization of the examples
on Sn has been done by Fletcher and Macclure [13].

We now give a detailed de�nition for Lattès-type uniformly quasiregular
maps. We use the de�nition given in [C], with the understanding that there
may be minor di�erences in de�nitions by di�erent authors.

De�nition 2.1.1. Let M be a closed, connected, oriented Riemannian n-
manifold. We call a triple (Γ, h, A) a Lattès triple into M if

• Γ is a discrete group of isometries of Rn;
• h : Rn →M is a quasiregular map which is strongly automorphic with
respect to Γ: that is, h ◦ γ = h for every γ ∈ Γ, and if h(x) = h(y) for
some x, y ∈ Rn, then x = γ(y) for some γ ∈ Γ;

• A : Rn → Rn is a linear conformal map satisfying AΓA−1 ⊂ Γ.

A uniformly quasiregular map f : M → M is of Lattés type if there exists a
Lattès triple (Γ, h, A) into M for which f ◦ h = h ◦A.

The reason behind the de�nition is the following result that, in fact, every
Lattès triple (Γ, h, A) has an associated uniformly quasiregular map. It is
given for M = Sn by Mayer [47, Proposition 3.2], although the proof has
an untreated corner case of a group Γ without a translation subgroup of full
dimension. The case of closed manifolds is discussed by Astola, Kangaslampi
and Peltonen [3, Theorem 2.3], but they leave the result at a map f : h(Rn)→
h(Rn) and don't discuss extension to M . The full result is given in [C,
Theorem 1.7].

Theorem 2.1.2. Let M be a closed, connected, oriented Riemannian n-
manifold, and let (Γ, h, A) be a Lattès triple into M . Then there exists a
Lattès-type uniformly quasiregular map f : M →M satisfying f ◦ h = h ◦A.
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The simplest example of a Lattès-type uniformly quasiregular map is
induced by the triple (Γ, h, A) where Γ is the standard lattice of translations
Zn, h is the standard conformal covering map Rn → Tn ∼= Rn/Zn, and
A : Rn → Rn is scaling by a positive integer k. Variations are possible for
more general products of spheres than Tn; see [3]. Another class of examples
is given by letting h : Rn → Sn be a quasiregular version of the Weierstrass
P-function or the Zorich map; see [46] for more discussion on such examples.

2.2 Properties of uniformly quasiregular maps

The most striking property of uniformly quasiregular maps is that they admit
an invariant conformal structure. This was proven by Iwaniec and Martin
in [32], by a re�nement of a previous proof of Tukia [70] for quasiconformal
groups.

In order to discuss this, we �rst introduce conformal structures in gen-
eral. Suppose that M is an oriented Riemannian n-manifold, and let gM
be the given smooth Riemannian metric on it. A conformal structure is an
equivalence class [g] of measurable Riemannian metrics g on M which are of
�nite conformal distance from gM . Here, two metrics g, g′ are in the same
conformal structure if g = ηg′ for some positive-valued measurable function
η : M → (0,∞). Moreover, the conformal distance of metrics is de�ned by

d([g], [g′]) =

∥∥∥∥∥x 7→ sup

{
log

(
|v|g
|w|g

)
: v, w ∈ TxM, |v|g′ = |w|g′

}∥∥∥∥∥
∞

.

Suppose that f ∈ W 1,n(M,N) is a continuous orientation-preserving
Sobolev map, and that [gM ] and [gN ] are conformal structures on M and
N , respectively. Then [gN ] has a pull-back by f given by f∗[gN ] = [f∗gN ],
where f∗gN is the measurable Riemannian metric de�ned by

f∗gN (v, w) = gN (Df(x)v,Df(x)w)

for all v, w ∈ TxM and almost every x ∈ M . Since f preserves orientation,
the distortion condition (1.1) can in fact be written in terms of the conformal
structures as

d(f∗[gN ], [gM ]) <∞.

We also note an alternative approach to conformal structures, where
instead of considering an equivalence class of measurable Riemannian metrics
on M , one selects a canonical representative g for each conformal structure
[g]. In particular, g is typically selected to induce the same volume form as
the original metric gM almost everywhere on M .

Now, the invariant conformal structure of Iwaniec and Martin [32] is as
follows: given a non-constant uniformly quasiregular self-map f : M → M ,
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on a closed, connected, oriented Riemannian n-manifold gM , there exists a
measurable conformal structure [gf ] on M with d([gM ], [gf ]) <∞ and

f∗[gf ] = [gf ].

In particular, with respect to the canonical representative gf with the same

volume form as gM , this is equivalent to requiring that f∗gf = J
2/n
f gf almost

everywhere on M .
Uniformly quasiregular maps can therefore be though of as being 1-

quasiregular in a di�erent, highly irregular Riemannian metric. Due to this
property, uniformly quasiregular maps are sometimes called quasiregular ra-
tional maps.

Another characteristic of uniformly quasiregular maps is that they admit
a standard Julia�Fatou theory. If f : M →M is uniformly quasiregular, then
the Fatou set Ff of f is the set of x ∈M at which the family {fk : k ∈ Z+}
is locally normal, and the Julia set Jf of f is the complement of Ff . For
a discussion on the Fatou-Julia theory of uniformly quasiregular maps, see
e.g. [28].

Finally, uniformly quasiregular maps with positive degree admit an in-
variant measure, as shown by Okuyama and Pankka [51]. In detail, if
f : M → M is a non-constant non-injective uniformly quasiregular self-map
on a closed, connected, oriented Riemannian n-manifoldM , then there exists
a probability measure µf on M satisfying the invariantness condition

f∗µf = µf .

The measure is also balanced under f . Namely, it satis�es

f∗µf = (deg f)µf ,

where the pull-back is de�ned using quasiregular push-forward by∫
M
ϕdf∗µf =

∫
M
f∗ϕdµf .

For details on the quasiregular push-forward of functions, see e.g. [27, pp.
263�268]; a generalization for di�erential forms is discussed in [A, Section
5]. Other properties of µf include that f is ergodic with respect to µf , the
measure µf has no atoms, and the support of µf coincides with the Julia set
Jf of f .
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Chapter 3

Obstructions

3.1 Main question of the thesis

We now discuss the fundamental question of this thesis, which is the clas-
si�cation of uniformly quasiregularly elliptic closed manifolds. A manifold
is called uniformly quasiregularly elliptic if it admits a non-constant non-
injective uniformly quasiregular self-map.

Question 3.1.1. Which closed, connected, oriented Riemannian n-manifolds
are uniformly quasiregularly elliptic.

Question 3.1.1 appears exceedingly di�cult, and is likely nowhere near
a full solution at the moment. It fundamentally splits into two separate
approaches: �nding examples of new kinds of uniformly quasiregular maps,
and �nding obstructions to the existence of uniformly quasiregular maps in
certain situations.

The focus of this thesis is on obstructions. An ideal obstruction im-
mediately reveals a set of manifolds which are not uniformly quasiregularly
elliptic. Such a result is obtained as the main theorem of [B], which in
fact provided the �rst non-simply connected negative examples for Question
3.1.1. Moreover, throughout [A], [B], [C] and [D], we also obtain numerous
conditions imposed by the manifold which uniformly quasiregular maps on
it have to satisfy.

The structure of the remainder of this thesis is as follows. In this chapter,
we discuss the known main obstructions for uniformly quasiregular elliptic-
ity, and introduce the ones obtained in [A], [B], [C] and [D]. In Chapter
4, we discuss conformal Sobolev cohomology and the cohomological behav-
ior of uniformly quasiregular maps, which is the main tool of obtaining the
obstructions of [A] and [B].

In the �nal Chapter 5, we discuss the main results of [C] on automor-
phic quasiregular maps and Lattès-type uniformly quasiregular maps. These
results are left last, since they're less directly connected to Question 3.1.1.
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3.2 Low dimensions

The starting point is the two-dimensional case, in which Question 3.1.1 is
fully solved. The main result behind this solution is the uniformization the-
orem of Riemann surfaces. Namely, every two-dimensional Riemann surface
has a universal cover which is conformally equivalent with one of three op-
tions: the complex plane C, the Riemann sphere S2, and the hyperbolic
plane H2. This theorem is classical, with many accounts of it existing in the
literature; see e.g. [2, Chapter 10] for one of them.

Hence, if M is a closed Riemann surface, it can be assigned into one of
three categories based on its universal cover: spherical, �at, and hyperbolic.
If χ(M) denotes the Euler characteristic of M , then by the Gauss�Bonnet
theorem connecting the curvature and Euler characteristic of a surface, these
cases correspond to χ(M) > 0, χ(M) = 0, and χ(M) < 0, respectively.

In the spherical case, the only possible surface M up to conformal home-
omorphism is M = S2, which admits a plethora of uniformly quasiregular
examples due to rational maps. In the other cases, a strong limitation is
provided by the Riemann�Hurwitz formula: if f : S → S′ is a non-constant
quasiregular map between closed, connected, oriented Riemann surfaces,
then

χ(S) = (deg f)χ(S′)−
∑
x∈S

(i(x, f)− 1).

Here i(x, f) stands for the local index of f at x, which measures the winding
of f at x. In particular, for non-constant quasiregular f : N → N ′ between
closed Riemannian n-manifolds, i(x, f) is a positive integer for every x ∈ N ,
and i(x, f) > 1 if and only if x ∈ Bf . For more details on the Riemann�
Hurwitz formula, we refer to e.g. [12, I.2.7]; the discussion there is in the
holomorphic case, but the ideas in the quasiregular case remain the same.

Hence, if M is �at, i.e. M is a torus, then all non-constant quasiregular
self-maps f : M →M satisfy i(·, f) ≡ 1, and are therefore locally homeomor-
phic. And if M is hyperbolic, then no non-constant non-injective quasireg-
ular self-maps exist on M . It follows that the only uniformly quasiregularly
elliptic closed Riemannian surfaces are S2 and T2.

A similar full solution of Question 3.1.1 in three dimensions has been
given by Kangaslampi [34]. The approach remains possible in three di-
mensions only because of Perelman's monumental proof of Thurston's ge-
ometrization conjecture; see [54, 55], and for further discussion e.g. [36].
From four dimensions onwards, no similar classi�cation of universal covers
exists. Do note, however, that if a manifold has a universal cover of Rn, Sn
or Hn, then its uniformly quasiregular ellipticity can be solved much like in
the lower dimensional cases; see the results of Martin, Mayer and Peltonen
[39].
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3.3 Fundamental group

The term �uniformly quasiregularly elliptic� stems from connections to the
study of quasiregularly elliptic manifolds. A closed, connected, oriented
Riemannian n-manifold M is quasiregularly elliptic if there exists a non-
constant quasiregular map f : Rn →M . If g : M →M is a non-constant non-
injective uniformly K-quasiregular map, then it has a non-empty Julia set;
see [34, Theorem 4.10]. Hence, there exists x ∈ Jf , and by using Zalcman's
lemma on the family {gk : k ∈ Z+} at a neighborhood of x, one obtains a
non-constant K-quasiregular map f : Rn →M ; see [34, Theorem 5.7].

Therefore, uniformly quasiregularly elliptic manifolds are quasiregularly
elliptic. The converse question of whether quasiregularly elliptic manifolds
are uniformly quasiregularly elliptic is open. A positive answer can be given
in dimensions 2 and 3; see [34, Sections 6�7]. A notable example in four
dimensions is the connected sum (S2×S2)#(S2×S2): it was proven quasireg-
ularly elliptic by Rickman [65], and whether it is uniformly quasiregularly
elliptic or not is unknown.

Any obstruction for quasiregular ellipticity is therefore also an obstruc-
tion for uniformly quasiregular ellipticity. One such obstacle is given in the
book of Varopoulos, Salo�-Coste, and Coulhon [73].

Theorem 3.3.1 ([73, Theorem X.5.1]). Let M be a closed, connected, ori-
ented Riemannian n-manifold. If M is quasiregularly elliptic, then the fun-
damental group π1(M) has polynomial growth of order at most n, and π1(M)
is virtually nilpotent.

Note that the proof uses Gromov's theorem [21] that for �nitely generated
groups, polynomial growth is equivalent with being virtually nilpotent. An
improvement in the case where the polynomial growth of π1(M) is of order
n has been given by Luisto and Pankka [37].

3.4 Cohomological bounds

We now proceed towards introducing the main obstruction of [B]. The study
of cohomological obstructions for quasiregular ellipticity has roots in the
questions of Gromov and Rickman on whether all closed, connected, simply
connected and oriented Riemannian manifolds are quasiregularly elliptic; see
e.g. [22, p. 63, 67] and [63, p. 183]. A major breakthrough in this question
was due to Bonk and Heinonen [6], who proved the following theorem.

Theorem 3.4.1 (Bonk�Heinonen, [6, Theorem 1.1]). Let M be a closed,
connected, oriented Riemannian n-manifold, n ≥ 2. If there exists a non-
constant K-quasiregular map f : Rn →M , then

dimH∗(M ;R) ≤ C(n,K),
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where H∗(M ;R) is the cohomology ring of M with real coe�cients, and
C(n,K) is a constant depending only on n and K.

Since uniformly quasiregular ellipticity implies quasiregular ellipticity
with the same value of K, the theorem hence also provides an obstruc-
tion in the uniformly quasiregular setting. It was conjectured by Bonk and
Heinonen that the bound C(n,K) was in fact independent of K, and in par-
ticular C(n,K) = 2n. In [B], we prove that this sharp bound in fact holds
in the case of uniformly quasiregular ellipticity.

Theorem 3.4.2 ([B, Theorem 1.1]). Let M be a closed, connected, oriented
Riemannian n-manifold, n ≥ 2. If there exists a non-constant non-injective
uniformly K-quasiregular map f : M → M , then for every k ∈ {0, . . . , n},
we have

dimHk(M ;R) ≤
(
n

k

)
.

However, most remarkably, the current story of the conjecture does not
end here. Indeed, soon afterwards, the full conjecture in the quasiregularly
elliptic case was resolved by Prywes [57].

Theorem 3.4.3 (Prywes, [57, Theorem 1.1]). Let M be a closed, connected,
oriented Riemannian n-manifold, n ≥ 2. If there exists a non-constant K-
quasiregular map f : Rn →M , then for every k ∈ {0, . . . , n}, we have

dimH∗(M ;R) ≤
(
n

k

)
.

The bounds in Theorems 3.4.2 and 3.4.3 are sharp, as seen by the n-torus
Tn being uniformly quasiregularly elliptic.

3.5 Julia set and Lattés conjecture

We now present the other main result of [B]; a consequence of the proof of
Theorem 3.4.2 which is of independent interest.

Theorem 3.5.1 ([B, Theorem 1.2]). Let M be a closed, connected, oriented
Riemannian n-manifold, n ≥ 2, and let f : M →M be a non-constant non-
injective uniformly K-quasiregular self-map on M . Suppose that M is not a
rational cohomology sphere, that is,

H∗(M ;Q) 6= H∗(Sn;Q). (3.1)

Then the Julia set Jf of f has positive Lebesgue measure. More precisely,
the invariant measure µf of Okuyama and Pankka is absolutely continuous
with respect to the Lebesgue measure on M .

12



Note that by the universal coe�cients theorem for cohomology, the �eld
of coe�cients Q in condition (3.1) can be replaced with R or C. We discuss
the ideas behind the proofs of Theorems 3.4.2 and 3.5.1 in Chapter 4.

We �nd Theorem 3.4.2 interesting not only due to its statement, but also
due to its connections to a conjecture of Martin and Mayer. Namely, in [41],
they state the following conjecture.

Conjecture 3.5.2 (Martin�Mayer, [41, Conjecture 1.4]). Let f : Sn → Sn
be uniformly quasiregular, where n > 2. Suppose that the Julia set Jf of f
has positive (Lebesgue) measure. Then f is a Lattès-type map.

The motivation behind the conjecture is the following theorem from the
same paper.

Theorem 3.5.3 (Martin�Mayer, [41, Theorem 1.3]). Let f : Sn → Sn be
uniformly quasiregular, where n > 2. Suppose that the set of conical points
Λc(f) of f has positive (Lebesgue) measure. Then f is a Lattès-type map.

For a uniformly quasiregular f : M → M , a conical point is a point
x ∈ M for which, given a smooth bilipschitz chart ϕ : Bn(0, 1) → U ⊂ M
which maps 0 to x, there exists a sequence of positive real numbers (ρi)→ 0
and a subsequence of iterates (fki) for which

(fki ◦ ϕ)(ρiy) −−−→
i→∞

Φ(y) for every y ∈ Bn(0, 1),

where Φ: Bn(0, 1)→M is non-constant quasiregular and the convergence is
locally uniform. This is a strengthening of the convergence condition given
by Zalcman's lemma in the Julia set: if ϕ is a smooth bilipschitz chart as
above, then x ∈ Jf if and only if there exist (ρi) and (fki) as above, and a
sequence (yi)→ 0 in Bn(0, 1), for which

(fki ◦ ϕ)(ρiy + yi) −−−→
i→∞

Φ(y) for every y ∈ Bn(0, 1),

where again Φ: Bn(0, 1)→ M is non-constant quasiregular and the conver-
gence is locally uniform.

As seen above, the set of conical points Λc(f) of f is therefore a subset
of Jf . In the case of rational maps for n = 2, it is in fact known that
Λc(f) is large in Jf in the sense that µf (Λc(f)) = 1; see [41, Theorem
3.3]. However, this property is not known for uniformly quasiregular maps
in higher dimensions n > 2.

Combining Theorem 3.5.1 with Conjecture 3.5.2 therefore suggests the
following conjecture, �rst asked in [B].

Conjecture 3.5.4. Let M be a closed, connected, oriented Riemannian n-
manifold, n ≥ 2, and let f : M → M be a non-constant non-injective uni-
formly K-quasiregular self-map on M . Suppose that M is not a rational
cohomology sphere. Then f is a Lattès-type map.
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As discussed in [C], a positive answer to Conjecture 3.5.4 would in fact
imply more on the nature of f .

Theorem 3.5.5 ([C, Theorem 1.8]). Let M be a closed, connected, oriented
Riemannian n-manifold, n ≥ 2, and let f : M →M be a non-constant non-
injective uniformly K-quasiregular self-map on M .

Suppose that M is not a rational homology sphere, and that f is of the
Lattès type, induced by the triple (Γ, h, A). Then dim Γ = n, and h is sur-
jective. Consequently, M is homeomorphic to Rn/Γ.

Here, dim Γ is the dimension of the group of Euclidean isometries Γ,
which is discussed in more detail in Chapter 5. Theorem 3.5.5 implies that
every manifold M admitting a non-injective Lattès-type uniformly quasireg-
ular map is topologically a rational cohomology sphere or a quotient of Rn by
a crystallographic group. For further discussion on crystallographic groups,
see e.g. [69].

3.6 Degree restriction

In this section, we present an obstruction obtained in [A] which limits the
possible values of the degree of a uniformly quasiregular map. Before stating
the result, we recall the necessary basics of degree theory for quasiregular
maps. For further details, we refer to eg. [64, Section I.4].

Suppose that M is a closed, oriented n-manifold. Recall that M is ori-
entable if and only if its n:th singular cohomology groupHn(M ;Z) is isomor-
phic to Z, and the orientation ofM corresponds to a choice of a generator cM
of Hn(M ;Z). Suppose then that M ′ is another closed, oriented n-manifold,
and that f : M → M ′ is a continuous map. Then f induces a pull-back
homomorphism f∗ : Hn(M ′;Z) → Hn(M ;Z) in n-dimensional cohomology.
The degree deg f of f is the unique integer for which f∗cM ′ = (deg f)cM .

If f : M → M ′ is a non-constant quasiregular map between closed ori-
ented n-manifolds, then deg f is always positive. This is a consequence of
Reshetnyak's theorem [61, 60], which states that non-constant quasiregu-
lar maps are open, discrete and sense-preserving. In fact, for almost every
y ∈M ′, more precisely for every y ∈M ′\f(Bf ), we have deg f = N(f,M, y).
Here, N(f,A, y) denotes the multiplicity of f in A at y, that is, the number
of elements in the set f−1{y} ∩A.

We now state the degree restriction result obtained in [A].

Theorem 3.6.1 ([A, Theorem 8.1]). Let M be a closed, connected, oriented
Riemannian n-manifold, n ≥ 2, and let f : M → M be a non-constant
uniformly K-quasiregular self-map on M . Then

(deg f)
k
n

dimHk(M ;R) ∈ N

for every k ∈ N.
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Note that the statement of Theorem 3.6.1 is trivial for k /∈ {1, . . . , n−1}.
Indeed, for k = 0 it states that (deg f)0 = 1 is an integer, for k = n it
states that deg f is an integer, and for all exponents k > n we have that
dimHk(M ;R) = 0. Hence, Theorem 3.6.1 is only interesting in the case
whereM is not a rational cohomology sphere. It is worth noting that for the
sphere Sn, every positive integer value of deg f is attained by a conformal
trap type example.

We give some examples of the use of Theorem 3.6.1 in practice.

Example 3.6.2. Let M = S3 × S1, and let f : M → M be non-constant
uniformly quasiregular. Then dimH1(M ;R) = 1, so Theorem 3.6.1 implies
that (deg f)1/4 ∈ N. Hence, deg f is of the form l4, where l ∈ Z+ is a
positive integer. By the Lattès-type examples presented in [3], every such
value of deg f can be attained. Therefore, for the given M , we obtain a
full characterization of possible degrees attained by uniformly quasiregular
self-maps.

Example 3.6.3. Let M = S1 × S1 × S2. By the examples in [3], we again
�nd for every l ∈ Z+ a uniformly quasiregular f : M → M with deg f = l4.
However, the best restriction yielded by Theorem 3.6.1 for a non-constant
uniformly quasiregular f : M → M is that deg f = l2 for some l ∈ Z+. In
fact, there exists a uniformly quasiregular f : M →M with deg f = 4.

In order to describe this map, we write R4 = C2. The manifold M is
quasiconformally equivalent to a quotient C2/Γ, where Γ is the group of
isometries given by

Γ = {(z1, z2) 7→ (z1 + (n1 + in2),±z2 + (n3 + in4)) : nj ∈ Z} .

Let A : C2 → C2 be given by A(z1, z2) = ((1 + i)z1, (1 + i)z2). It follows that
A is a linear conformal map with AΓA−1 ⊂ Γ, and therefore A induces a
Lattès type map f : M →M . Since the scaling factor of A is

√
2, we obtain

that deg f = 4.

3.7 Entropy

Finally, we discuss the main result of [D]. As an application of Theorem
3.5.1, we compute the entropy of uniformly quasiregular maps when M is
not a rational cohomology sphere.

We recall the de�nition of entropy for a continuous self-map f : X → X
on a metric space (X, d). For every positive integer k ∈ Z+, let dk,f be the
metric on X de�ned by

dk,f (x, y) = sup
j∈{0,...,k}

d(f j(x), f j(y)).

For ε > 0, we let Nε,k(f) be the maximal number of elements in a subset of
X which is ε-separated under dk,f ; recall that E ⊂ X is ε-separated under
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dk,f if dk,f (x, y) ≥ ε for all x, y ∈ E, x 6= y. The topological entropy h(f) of
f is given by

h(f) = lim sup
k→∞

1

k
log(Nε,k(f)).

Despite the de�nition depending on the metric d, h(f) is in fact a topological
invariant for compact spaces X; see e.g. [9, Proposition 3].

The main theorem of [D] is as follows.

Theorem 3.7.1 ([D, Theorem 1.1]). Let M be a closed, connected, oriented
Riemannian n-manifold, n ≥ 2, and let f : M →M be a non-constant non-
injective uniformly K-quasiregular self-map on M . Suppose that M is not a
rational cohomology sphere. Then

h(f) = log deg f.

Shub's entropy conjecture [68, Section V] asks whether the topological
entropy h(f) of a C1-di�erentiable self-map f : M →M on a closed manifold
M is at least log s(f∗). Here, f∗ : H∗(M ;R) → H∗(M ;R) is the induced
map in (singular) homology, and s(f∗) is the spectral radius of f∗, that
is, the maximal absolute value of a complex eigenvalue of f∗. While the
conjecture remains open, it has been shown true in the C∞-di�erentiable
case by Yomdin [75]. Moreover, it was shown by Misiurewicz and Przytycki
[49] that C1-di�erentiable self-maps f : M → M on a closed manifold M
satisfy h(f) ≥ log |deg f |. Hence, the conjecture is true for C1-di�erentiable
f : M →M satisfying s(f∗) = |deg f |.

For uniformly quasiregular maps, we have s(f∗) = deg f ; this is a simple
consequence of the main result of [A], which will be discussed in the next
chapter (see Theorem 4.2.1). Theorem 3.7.1 therefore provides an example of
a class of maps which satisfy Shub's conjecture but are only Sobolev regular.
However, if Conjecture 3.5.4 is true, then this result is to be expected; hence,
it is the author's personal opinion that Theorem 3.7.1 should be viewed as
another piece of evidence in support of Conjecture 3.5.4.

Theorem 3.7.1 can be thought of as two estimates, each with their own
proof:

h(f) ≥ log deg f and h(f) ≤ log deg f.

The proof of h(f) ≥ log deg f follows Lyubich's proof [38] for the holomor-
phic case. While the complex dynamical version has multiple proofs, among
others using the aforementioned result of Misiurewicz and Przytycki, many
proofs other than Lyubich's run into signi�cant obstacles in the uniformly
quasiregular setting.

Lyubich's proof approaches the estimate through measure theoretic en-
tropy. Given a self-map f : X → X on a compact metric space X and an
f -invariant Borel probability measure µ on X, then we can de�ne an en-
tropy hµ(f) with respect to the measure µ. We refer to one of the numerous
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books and surveys on the subject for a more precise de�nition, for example
[66]. By the variational principle, the topological entropy h(f) is in fact the
supremum of hµ(f) over all f -invariant Borel probability measures µ; see for
example [56, Theorem 14.1].

In [38], Lyubich computes the entropy of the equilibrium measure of a
rational map. In [D], we obtain the lower bound h(f) ≥ log deg f by applying
a similar proof on the invariant measure µf of Okuyama and Pankka, as it is
constructed analogously to the equilibrium measures of rational maps. The
main complication, and the reason we need Theorem 3.5.1, is that the proof
relies on the branch set Bf having zero measure in µf . In the holomorphic
setting, Bf consists of isolated points, so µf (Bf ) = 0 follows from the fact
that µf has no atoms. In the higher dimensional setting, it remains true
that µf has no atoms, but this is not enough to conclude µf (Bf ) = 0.

The bound h(f) ≤ log deg f , on the other hand, does not require Theo-
rem 3.5.1, and is instead due to the following result of Gromov.

Theorem 3.7.2 (Gromov, [23, �5]). Let f : M → M be a K-quasiregular
self-map on a closed, connected, oriented Riemannian n-manifold M . Then

h(f) ≤ log deg f + n logK.

Recall that if k ∈ Z+ and f : X → X is a continuous self-map on a
compact metric space X, then h(fk) = kh(f); see e.g. [56, Corollary 3.8.1].
By applying this and Theorem 3.7.2 to the iterates fk of a uniformly K-
quasiregular f : M → M on a closed n-manifold M , we immediately obtain
that h(f) ≤ log deg f . However, due in part to a lack of detail in Gromov's
proof of Theorem 3.7.2, a signi�cant part of [D] is devoted to an exposition
on the proof.

Gromov's proof of Theorem 3.7.2 is based on proving the following result,
which is not directly stated but is implied by the argument.

Theorem 3.7.3 ([D, Theorem 1.4], based on [23, �5]). Let M and N be
closed, connected, oriented Riemannian n-manifolds, n ≥ 2. Let K ≥ 1 and
let g = (f1, . . . , fk) : M → Nk, where the maps f1, . . . , fk are non-constant
K-quasiregular maps M → N . Then the image Γ := g(M) is Ahlfors�David
n-regular.

More precisely, there exists a constant C > 0 depending only on n, M ,
N , and f1 with the property that, for y ∈ Γ and r ∈ (0, diam Γ], we have

1

Ck
n2

2 Kn−1(minj deg fj)n
≤ H

n(BΓ(y, r))

rn
≤ Ck

n
2K max

j
deg fj ,

where Hn is the n-dimensional Hausdor� measure on Nk, and BΓ(y, r) =
Γ∩BNk(y, r) with distance in Nk induced by the product Riemannian metric.
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Theorem 3.7.2 is proven by applying Theorem 3.7.3 on the map g =
(idM , f, f

2, . . . , fk), where f : M → M is a K-quasiregular self-map. The
resulting Ahlfors�David estimates can then be used to estimate h(f) by
considering logarithmic volumes and densities of graphs of functions.

The proof of the upper bound of Theorem 3.7.3 is a computation us-
ing the area formula for Sobolev functions, as well as the de�nition (1.1)
of quasiregularity. The lower bound is the more complicated part, and is
based on an isoperimetric inequality on slices of BΓ(y, r). In order to fol-
low Gromov's argument, we encountered a need to move to the formalism
of Federer�Fleming currents in order to overcome several technical hurdles;
something not discussed in Gromov's original proof.
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Chapter 4

Conformal cohomology

The results of [A] and [B] are based on a variant of de Rham cohomology
built around quasiregular maps. In this chapter, we discuss the main points
of the cohomological theory developed in [A] and [B].

4.1 Conformal de Rham theories

LetM be a Riemannian manifold and k ∈ N. The k:th de Rham cohomology
Hk
dR

(M) of M is the k:th cohomology space of the chain complex

0 C∞(∧0M) C∞(∧1M) C∞(∧2M) . . .d d d

that is,

Hk
dR(M) =

ker
(
d : C∞(∧kM)→ C∞(∧k+1M)

)
im (d : C∞(∧k−1M)→ C∞(∧kM))

.

Elements of Hk
dR

(M) are therefore equivalence classes [ω] of smooth di�er-
ential k-forms ω satisfying dω = 0, where [ω] = [ω′] if ω − ω′ = dτ for some
smooth di�erential (k − 1)-form τ .

If f : M → N is smooth, it induces a pull-back map f∗ : Hk
dR

(N) →
Hk
dR

(M) by the pull-back of di�erential forms, where f∗[ω] = [f∗ω] for
every [ω] ∈ Hk

dR
(M). The spaces Hk

dR
(M) together form a ring H∗

dR
(M) by

the wedge product of di�erential forms, where [ω] ∧ [ω′] = [ω ∧ ω′] for all
[ω], [ω′] ∈ H∗

dR
(M). The main result of de Rham cohomology is the de Rham

theorem, which states that de Rham cohomology is in fact isomorphic to
the singular cohomology ring H∗(M ;R), where the isomorphism commutes
with pull-backs and turns the wedge product into the cup product. Hence,
despite being constructed by means of di�erential geometry, H∗

dR
(M) is in

fact a topological invariant.
The main challenge in using de Rham cohomology with quasiregular

maps is that quasiregular maps are not smooth. If f : M → N is quasiregu-
lar and [ω] ∈ Hk

dR
(N), we can not necessarily express f∗[ω] = [f∗ω], as f∗ω
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is not necessarily in C∞(∧kM). Hence, for a cohomology theory suitable for
analyzing quasiregular maps, the spaces C∞(∧kM) in the de�nition should
be replaced with ones that are preserved under pull-back by a quasiregular
map.

The answer to this comes from the direction of Sobolev cohomology the-
ories. Indeed, we may replace the spaces C∞(∧kM) with Sobolev spaces
where the di�erential d exists weakly. The remaining question is therefore
the right exponent of integrability, which turns out to be the conformal expo-
nent k/n. Namely, for a quasiregular f : M → N between closed manifolds
and a measurable di�erential k-form ω on N , we have

deg f

C(n,K)

∫
N
|ω|

k
n ≤

∫
M
|f∗ω|

k
n ≤ C(n,K)(deg f)

∫
N
|ω|

k
n . (4.1)

Hence, we denote by W d,p,q(∧kM) the space of di�erential k-forms ω ∈
Lp(∧kM) for which dω ∈ Lq(∧k+1M) exists weakly. The natural candidate
for a conformal cohomology theory is then given by the chain complex

0 W d,∞,n(∧0M) W d,n,n
2 (∧1M) W d,n

2
,n
3 (∧2M) · · ·

· · · W d, n
n−1

,1(∧n−1M) L1(∧nM) 0.

d d d

d d

However, the aforementioned complex runs into an issue where its cohomol-
ogy spaces do not coincide with Hk(M ;R) near the ends of the complex,
most notably at k = 1; see e.g. Gol'dshtein and Troyanov [19, Section 7].
The reason for this is that the Sobolev�Poincaré inequality fails for exponents
of integrability p ∈ {1,∞}.

Several approaches to this issue exist, where the recurring idea is in
some way taking advantage of higher integrability. Namely, it was proven by
Gehring in [16] that for quasiconformal maps f , the weak derivative Df has
some integrability above the natural exponent n. This was generalized to
quasiregular maps by Elcrat and Meyers [48] and Martio [43]. By this higher
integrability, if f : M → N is quasiregular between closed n-manifolds and
ω ∈ Lp(∧kN) for some p > n/k, then f∗ω ∈ Lp′(∧kM) for some p′ > n/k.

In [11], Donaldson and Sullivan consider various approaches to confor-
mal cohomology. They construct their main cohomology theory based on a
modi�ed Lp-space L̂pε,ρ(M), where ε, ρ ∈ (0, 1) are real-valued parameters.
Here, f ∈ L̂pε,ρ(M) if it can be written as f =

∑∞
i=1 fi, with( ∞∑

i=1

ρ−i ‖fi‖2p+εi

) 1
2

<∞.

This quantity gives a norm on L̂pε,ρ(M) when in�mized over all representa-
tions f =

∑∞
i=1 fi. By using L̂

p
ε,ρ-spaces as the foundation of the cohomology
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theory, with L∞ replaced by continuity, Donaldson and Sullivan success-
fully construct a conformal cohomology ring which is naturally isomorphic
to H∗(M ;R).

The approach in [A] and [B] is slightly di�erent from this. There, we
instead replace L∞ with

⋂
q<∞ L

q and L1 by
⋃
q>1 L

q, keeping the other

spaces Ln/k intact. Our precise complex is therefore

WCE(∧0M) =

{
ω ∈

⋂
q<∞

Lq(∧0M) : dω ∈ Ln(∧1M)

}
,

WCE(∧kM) = W d,n
k
, n
k+1 (∧kM) for 0 < k < n− 1,

WCE(∧n−1M) =

ω ∈ L n
n−1 (∧n−1M) : dω ∈

⋃
q>1

Lq(∧nM)

 ,

WCE(∧nM) =
⋃
q>1

Lq(∧nM).

Although the wedge product structure is lost, and some of the spaces do
not even have a reasonable norm, the WCE-complex still has some notable
advantages. In particular, ‖·‖Ln/k remains a natural norm for the closed
elements ω ∈ WCE(∧kM) ∩ ker(d) when 0 < k < n. Especially in [B] we
heavily exploit the fact that the norm is in the precise conformal exponent.

The complex WCE(∧∗M) yields a cohomology space H∗
CE

(M) which is
naturally isomorphic toH∗(M ;R) as a graded vector space. The proof of this
is a standard application of sheaf cohomology, and is explained in detail in
[A, Section 4]. We note that we can also de�ne complex coe�cient versions of
the spaces WCE(∧kM) by WCE(∧kM ;C) = WCE(∧kM)⊗C, and they yield
a corresponding cohomology space with complex coe�cients H∗

CE
(M ;C) ∼=

H∗
CE

(M)⊗ C; see [B, Sections 2�3].

4.2 Uniformly quasiregular maps and conformal co-

homology

We now present the results from [A] and [B] on the cohomological behavior
of uniformly quasiregular maps on closed manifolds. We begin with the
main result of [A], which essentially tells that, for a uniformly quasiregular
f : M → M on a closed manifold M , the linear map f∗ : Hk(M ;R) →
Hk(M ;R) is uniformly expanding.

Theorem 4.2.1 ([A, Theorem 1.1]). Let f : M →M be a uniformly quasireg-
ular map on a closed, connected, oriented Riemannian n-manifoldM , n ≥ 2,
and let k ∈ {0, . . . , n}. Then the map f∗ : Hk(M ;R)→ Hk(M ;R) is complex
diagonalizable, and all (complex) eigenvalues λ of f∗ satisfy |λ| = (deg f)k/n.
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The idea of the proof of Theorem 4.2.1 is as follows. We consider the pull-
back map f∗ : Hk(M ;R)→ Hk(M ;R) as the map f∗ : Hk

CE
(M)→ Hk

CE
(M)

in conformal cohomology. We then give Hk
CE

(M) an Ln/k-norm by energy
minimization, that is, for [ω] ∈ Hk

CE
(M), we set∥∥[ω]

∥∥
n
k

= min
[ω′]=[ω]

∥∥ω′∥∥n
k
.

We note here that the minimum above is in fact attained by a unique mea-
surable k-form ω′ ∈ [ω].

The claim of Theorem 4.2.1 is a consequence of proving a cohomological
version of (4.1). Namely, for [ω] ∈ Hk

CE
(M), we have

(deg f)
n
k

C(n,K)

∥∥[ω]
∥∥
L

n
k
≤
∥∥f∗[ω]

∥∥
L

n
k
≤ C(n,K)(deg f)

n
k

∥∥[ω]
∥∥
L

n
k
. (4.2)

The right side of (4.2) is an easy consequence of the right side of (4.1).
However, the same is not the case for the left side. Instead, the left side
of (4.2) is obtained by developing a push-forward operator f∗ of di�erential
forms for quasiregular maps f ; see [A, Sections 5 and 6]. A version of f∗
that operates on real-valued functions, i.e. 0-forms, is well known in the
quasiregular literature; see e.g. Heinonen, Kilpeläinen, and Martio [27, pp.
263�268].

Having discussed the main ideas of the proof of Theorem 4.2.1, we now
point out the main improvement made in [B]. For the above theory from [A],
we used norms induced by the standard Riemannian metric onM . In [B], we
consider a similar theory, but in a norm induced by the invariant conformal
structure of Iwaniec and Martin discussed in Section 2.2.

Namely, by considering the measurable Riemannian metric gf satisfying

f∗gf = J
2/n
f gf , we obtain an alternate Lp-norm ‖·‖f,p which is equivalent

with the standard one ‖·‖p. In this norm, the estimate (4.1) sharpens to

‖f∗ω‖f,n
k

= (deg f)
k
n ‖ω‖f,n

k
. (4.3)

Similarly, we may de�ne ‖[ω]‖f,n/k for cohomology classes [ω] ∈ Hk
CE

(M) as
above, and (4.2) also simpli�es to∥∥f∗[ω]

∥∥
f,n

k
= (deg f)

k
n

∥∥[ω]
∥∥
f,n

k
. (4.4)

The above equations (4.3) and (4.4) are not by themselves particularly
interesting. However, what turns out to be very useful is the following con-
sequence of the proof of (4.4): if ω minimizes the norm ‖·‖f,n/k in the coho-

mology class [ω] ∈ Hk
CE

(M), then f∗ω minimizes ‖·‖f,n/k in f∗[ω]. Hence, if

we represent elements of Hk
CE

(M) or Hk
CE

(M ;C) by their norm-minimizers
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under ‖·‖f,n/k, then f∗ operates on these representatives just as it operates
on the cohomology classes.

In particular, if [ω] ∈ Hk
CE

(M ;C) is an eigenvector of f∗, i.e. f∗[ω] = λ[ω]
for some λ ∈ C \ {0}, then we may assume that ω minimizes the norm in
the cohomology class and obtain f∗ω = λω. This is the key to proving the
main theorems of [B].

For example, the proof of Theorem 3.5.1 is by showing that, for an eigen-
vector ω of f∗ as above,

µf =
|ω|

n
k
f volM

‖ω‖f,n
k

, (4.5)

where |·|f is the point-wise norm of di�erential forms induced by gf . The
reason for this is that, if we denote by η the right hand side of (4.5), then
we obtain that f∗η = (deg f)η. It follows that the sequence(

(f j)∗η

(deg f)j

)∞
j=1

(4.6)

is constant. However, the measure µf is by construction precisely the weak
limit of the sequence (4.6), assuming we have η ∈ Lp(∧nM) for some p > 1.
This higher integrability of η follows by using the methods of Iwaniec, Scott,
and Stro�olini [33] to obtain higher integrability for the ‖·‖f,n/k-minimizers

of c ∈ Hk
CE

(M ;C).
Besides providing a representation for µf , the above proof also implies

a particularly striking fact about the norm-minimizers of the eigenvectors
of f∗ : Hk

CE
(M ;C) → Hk

CE
(M ;C). Namely, if [ω1], [ω2] ∈ Hk

CE
(M ;C) are

two di�erent eigenvectors of f∗, and ω1 and ω2 are the coresponding norm-
minimizing forms, then the representations of µf given by ω1 and ω2 via
(4.5) must be the same. The proof of Theorem 3.4.2 is by a re�nement of
this strong similarity condition.

In particular, for two eigenvector forms ω1 and ω2 of f∗ as above, we
study the n-forms

η12 =
∣∣∣〈ω1, ω2〉f

∣∣∣ n
2k
−1
〈ω1, ω2〉f volM and η′12 =

∣∣∣〈ω1, ω2〉f
∣∣∣ n
2k

volM ,

where 〈·, ·〉f is the point-wise Grassmann inner product of di�erential forms
induced by gf . We obtain that η12 and η′12 are also constant multiples of µf ,
from which we conclude that the point-wise angle

〈ω1, ω2〉f
|ω1|f |ω2|f

between eigenvectors in the gf -metric remains constant almost everywhere
in Jf . Using this information, we �nd (dimHk(M ;R)) many linearly inde-
pendent elements in ∧kT ∗xM for some x ∈ Jf , proving Theorem 3.4.2.
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Chapter 5

Automorphic quasiregular

maps

In this �nal chapter, we discuss the main results of [C]. The main theorem
of [C] is a generalization of a theorem of Martio [42] for periodic quasireg-
ular maps. We begin by introducing Martio's version of the theorem, after
recalling the necessary terminology.

Suppose that M is an oriented Riemannian n-manifold and f : Rn →M
is a non-constant quasiregular map. An element v ∈ Rn is a period of f if

f(x+ v) = f(x)

for every x ∈ Rn. Since f is open and discrete, its periods form a discrete
subgroup of Rn, which is therefore isomorphic to Zk for some k ∈ {0, . . . , n}.
If k > 0, then the map f is called k-periodic. Moreover, a set F ⊂ Rn is
called a period strip of f if it is of the form

F = [0, 1)v1 + · · ·+ [0, 1)vk + (span{v1, . . . , vk})⊥ ,

where {v1, . . . , vk} is a linearly independent generating set for the group
of periods of f and V ⊥ denotes the orthogonal complement of the linear
subspace V ⊂ Rn.

Theorem 5.0.1 (Martio, [42, Theorem 1.1]). Let f : Rn → M be a k-
periodic quasiregular map, where M is either Rn or Sn. Let F be a period
strip of f . If 0 < k < n−1, then the multiplicity N(f, F ) = supy∈M N(f, F, y)
of f in F is in�nite.

Now, supposing again that f : Rn →M is quasiregular, let Γ be a group
acting on Rn. We say that f is automorphic with respect to Γ if for every
γ ∈ Γ we have f ◦γ = f . Automorphic quasiregular maps have been studied
e.g. by Martio and Srebro [45].

In our considerations, we restrict our attention to the case of automorphic
quasiregular maps for which the group Γ is a discrete subgroup of the group
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E(n) of n-dimensional Euclidean isometries. This case includes k-periodic
quasiregular maps f , since translations by a period of f form a discrete sub-
group of E(n). The case also includes the map h : Rn → M of every Lattès
triple (Γ, h, A). Indeed, recall that h was assumed to be strongly automor-
phic with respect to Γ, which in addition to automorphicness required that
h(x) = h(y) only if x = γ(y) for some γ ∈ Γ.

In [C], we obtain the following generalization of Theorem 5.0.1.

Theorem 5.0.2 ([C, Theorem 1.2]). LetM be a closed oriented Riemannian
n-manifold, and let f : Rn →M be quasiregular. Suppose that f is automor-
phic with respect to a discrete Γ 6 E(n), and let ΓT denote the subgroup of
translations of Γ. Let D be a fundamental cell of Γ. If 0 < dim Γ < n and

dim ΓT
dim Γ

>
1

n− dim Γ
, (5.1)

then N(f,D) =∞.

Parts of the statement of Theorem 5.0.2 require further elaboration, most
importantly the de�nition of the dimension of a discrete Γ 6 E(n). It has
various equivalent de�nitions, a simple one being the largest k ∈ N for which
Γ contains an isomorphic copy of Zk; see the discussion in [C, Section 2].

For the subgroup ΓT of translations of Γ, the dimension dim Γ coincides
with the dimension of the subspace spanned by the translation vectors of
γ ∈ ΓT . By a classical result of crystallographic groups called Bieberbach's
�rst theorem [4, 5], if dim Γ = n, then dim ΓT = dim Γ. Similarly, dim ΓT =
dim Γ when dim Γ = n− 1; see for example [C, Lemma 2.10].

For dim Γ < n−1, there instead exist groups Γ for which dim ΓT < dim Γ:
an example is the group 〈γ〉 6 E(3) generated by the screw axis map
γ which both translates along the x-axis by 1 and rotates around the x-
axis by 1 radian. Although 〈γ〉 is a translationless discrete subgroup of
E(3) with dim〈γ〉 = 1, the group 〈γ〉 still acts cocompactly by transla-
tions on the x-axis, only simultaneously twisting the space around it. In
fact, this phoenomenon of there existing a (dim Γ)-dimensional subgroup of
translation-like maps holds in general for discrete Γ 6 E(n); see Wolf [74,
Theorem 3.2.8].

Condition (5.1) therefore requires that dim Γ and dim ΓT are su�ciently
close to each other, but still allows some directions where f is not actually
periodic. Note that condition (5.1) implies dim Γ < n − 1, which directly
corresponds to the condition in Martio's k-periodic version. Regardless, we
suspect that condition (5.1) is unnecessary and the result holds with just the
assumption 0 < dim Γ < n− 1.

We now brie�y discuss the proof of Theorem 5.0.2. The proof mostly
follows Martio's original proof of Theorem 5.0.1 in [42]. The change of M
to a general closed, oriented, Riemannian n-manifold is of little concern, as
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a simple chart argument turns the situation essentially similar to the one
in [42]. The main complication is caused by the change from k-periodic to
automorphic.

Martio's proof is an application of a path family construction by Rickman
[62]. The proof begins by �nding an a ∈ M for which f(x) tends to a as x
tends radially to in�nity away from the space of periods of f , where forM =
Rn the point a is at in�nity. The proof then continues by considering spheres
∂BM (a, r) around a as r shrinks to zero. One component of f−1∂BM (a, r)
will look roughly like a higher-dimensional in�nite cylinder Rk × Sn−k−1,
extending in the direction of the periods of f .

Rickman's path family then gives, for every choice of points x, y in the
cylinder, a family of paths Υr in ∂BM (a, r), for which every path α ∈ Υr

lifts under f to a path α′ starting from x and ending at some point y + pα,
where pα is a period of f depending on α. Moreover, the family Υr is such
that

⋃
0<r<r0

Υr has in�nite modulus. This leads to a contradiction, as the
modulus of the corresponding family of lifts can be made �nite by a suitable
selection of x and y for each r ∈ (0, r0).

Most of the above can be done also in the automorphic setting. The
problem arises in guaranteeing that the family of lifts has �nite modulus.
In the k-periodic case, x and y are selected to be on the opposite sides of
the cylinder. This leads to a lower bound on the length of the paths, since
translating by a period of f cannot bring y closer to x. For automorphic
quasiregular maps, this is no longer the case, since the rotational component
of the automorphisms may bring y closer to x.

The main step of the proof of Theorem 5.0.2 is therefore to obtain a more
re�ned lower bound for the length of the lifted paths. The idea behind the
bound is that, in order to rotate y closer to x, you have to also translate
them further apart. In this case, we obtain two bounds of opposite behavior
based on how much y is translated, and the bound in the worst case is still
strong enough if (5.1) holds.

5.1 Connection to Lattès-type uniformly quasireg-

ular maps

We now discuss the motivation behind Theorem 5.0.2. The attempt to gen-
eralize Martio's Theorem 5.0.1 was originally due to the following question:
if f : M →M is a Lattès-type uniformly quasiregular map induced by a triple
(Γ, h, A), then what are the possible values of dim Γ?

All known non-injective examples of Lattès-type uniformly quasiregular
maps have dim Γ ≥ n−1. One may therefore ask whether this always holds.
In [47, Proposition 3.1], Mayer presented the approach of using Martio's
Theorem 5.0.1 to derive this. However, it seems to have gone unnoticed
that groups Γ 6 E(n) with dim ΓT < dim Γ exist. The original motivation
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behind Theorem 5.0.2 was therefore to have a version of Theorem 5.0.1 which
would also cover this case. However, the failure to eliminate the need for
assumption (5.1) made this approach unsuccesful.

Eventually, though, a successful treatment of this case was given by a
completely di�erent approach.

Theorem 5.1.1 ([C, Theorem 1.5]). Let Γ 6 E(n) be discrete, and let
A : Rn → Rn be a linear conformal map. Suppose that A is expanding and
AΓA−1 ⊂ Γ. Then dim Γ = dim ΓT , where ΓT is the subgroup of translations
of Γ.

Note that a Lattès-type uniformly quasiregular map f is non-injective
if and only if the map A in the corresponding triple (Γ, h, A) is expanding.
Hence, although groups Γ 6 E(n) with dim ΓT < dim Γ exist and to our
knowledge it is not known whether they admit automorphic quasiregular
maps, we know by Theorem 5.1.1 that they cannot be part of a Lattès triple
inducing a non-injective uniformly quasiregular map.

We now brie�y describe the proof of Theorem 5.1.1. The proof consists
of essentially two steps. As a starting point, the aforementioned theorem
of Wolf [74, Theorem 3.2.8] yields a (dim Γ)-dimensional a�ne subspace
V ⊂ Rn on which a �nite index Abelian subgroup G 6 Γ acts cocompactly
by translations.

The �rst step is to conclude that we may select G and V such that V
is linear. Note that simply translating the space Rn so that V is linear is
not an option here, since that breaks the linearity of A. The idea is instead
to study the a�ne spaces AmV for m ∈ Z+, which turn out to be parallel.
Since A is expanding, we �nd that 0 is contained in some a�ne combination
a0V + a1AV + a2A

2V + · · ·+ amA
mV . It follows that if we replace G with

G∩AGA−1∩· · ·∩AmGA−m, we may assume V to be linear. See [C, Lemma
3.4] for details.

For the second step, we consider the linear subspace VT of V which is
generated by translations of G. We use the conclusion from the previous step
that V is linear to show that A maps VT into itself. We then wish to show
VT = V . Hence, towards contradiction, we consider a translation-like γ ∈ Γ
in a direction not contained in VT . By a proof which utilizes a standard
lemma on the commutators of the group O(n) of orthogonal matrices [74,
Lemma 3.2.4], we �nd indices k > 0 and l > 0 for which γ′ = γ−lAkγlA−k is
a translation of G. However, since A is an expanding conformal map which
maps VT into itself, and the restriction γ|V is a translation to a direction
not in VT , the restriction γ′|V must also be a translation to a direction not
in VT . This is a contradiction, which completes the proof of Theorem 5.1.1.
See [C, Section 3] for more details.
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5.2 A recent improvement

Finally, we mention a major recent improvement to Theorem 5.0.2, after [C]
had been available in pre-print form for some time. This improvement was
pointed out by Sylvester Eriksson-Bique, and it eliminates the need for the
extra assumption (5.1), but unfortunately does not apply when dim Γ = n−2.

Theorem 5.2.1 (Eriksson-Bique, see [C, Theorem 1.3]). Let M be a closed
oriented Riemannian n-manifold, and let f : Rn → M be quasiregular. Sup-
pose that f is automorphic with respect to a discrete Γ 6 E(n), and let D be
a fundamental cell of Γ. If 0 < dim Γ < n− 2, then N(f,D) =∞.

Eriksson-Bique's idea is to use the fact that Abelian groups of diagonal-
izable matrices can be simultaneously diagonalized. Namely, we �rst select
a �nite index Abelian G 6 Γ which acts like translations on a (dim Γ)-
dimensional subspace of Rn. We then apply simultaneous diagonalizabil-
ity to decompose the remaining (n − dim Γ) directions in Rn into invariant
spaces of dimension at most 2. The endpoints of the lifted paths in Martio's
proof can then be selected in directions of two di�erent such invariant spaces,
which essentially recovers Martio's original length estimate. A more detailed
explanation is given in [C, Section 10].

The approach fails for dim Γ = n−2, since then the remaining (n−dim Γ)
directions may contain only a single invariant space. In this case, we have
to resort to using the original Theorem 5.0.2, which requires the assumption
dim ΓT < (n − 2)/2. Therefore, the remaining case where an automorphic
generalization of Theorem 5.0.1 is unknown is when dim Γ = n − 2 and
dim ΓT ≥ (n− 2)/2.
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