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Abstract
One of the key challenges to overcome when designing fusion reactors is choos-
ing appropriate materials that can withstand the intense particle irradiation
and heat loads inside the reactor. The current top candidates for different
parts of the plasma-facing reactor walls are tungsten, beryllium, and various
advanced steels. Understanding the effects of ion and neutron irradiation in
these materials requires detailed studies of the radiation-induced atom-level
changes in the crystal structure, a goal achievable by a combined effort of
experimental measurements and computer modelling. This thesis uses the
latter to advance the understanding of radiation damage in iron, tungsten,
and beryllium. The main tool is molecular dynamics simulations, with which
radiation damage can be studied with atomistic resolution.

A major part of the thesis is devoted to the development of interatomic po-
tentials to allow more accurate simulations. We demonstrate how improved
analytical potentials tailored to radiation damage allow us to study radia-
tion effects in more detail and with higher accuracy than before. In particular,
we investigate the formation, evolution and transformation of defect clusters
such as dislocation loops, voids, and the C15 Laves phase cluster in iron and
tungsten. We mainly focus on aspects of radiation damage in fusion reactor
materials that have previously received little attention. These include effects
of radiation-induced collision cascades overlapping with previous damage in
iron and tungsten, the stochastic stress- and temperature-driven interaction
between dislocations and voids in iron, and simulations of beryllium oxide.
The latter is made possible by developing the first interatomic potential for
beryllium-oxygen interactions. Furthermore, we show how the use of machine
learning leads to significantly more accurate modelling of radiation damage
compared to analytical potentials. Specifically, we train a machine-learning
potential for tungsten that significantly outperforms existing analytical po-
tentials and makes simulations of radiation damage with quantum-level ac-
curacy possible.

iii



iv



Contents

1 Introduction 1

2 Purpose and structure 3
2.1 Summaries of the original publications . . . . . . . . . . . . . 3
2.2 Author’s contributions . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Other publications . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Fusion reactor materials 7
3.1 Tokamak fusion reactors . . . . . . . . . . . . . . . . . . . . . 7
3.2 Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

4 Radiation damage in materials 9
4.1 Neutron effects on materials . . . . . . . . . . . . . . . . . . . 9
4.2 Ion and recoil damage . . . . . . . . . . . . . . . . . . . . . . 9
4.3 Defects in iron and tungsten . . . . . . . . . . . . . . . . . . . 10

5 Atomistic simulations of radiation damage 13
5.1 Density functional theory . . . . . . . . . . . . . . . . . . . . 13
5.2 Classical molecular dynamics . . . . . . . . . . . . . . . . . . 15
5.3 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6 Interatomic potentials 19
6.1 Analytical potentials . . . . . . . . . . . . . . . . . . . . . . . 19

6.1.1 From pair potentials to many-body potentials . . . . . 19
6.1.2 The embedded atom method . . . . . . . . . . . . . . 20
6.1.3 Tersoff-like bond-order potentials . . . . . . . . . . . . 21

6.2 Machine-learning potentials . . . . . . . . . . . . . . . . . . . 23
6.2.1 Motivation and history . . . . . . . . . . . . . . . . . . 23
6.2.2 Descriptors . . . . . . . . . . . . . . . . . . . . . . . . 24
6.2.3 Gaussian approximation potentials . . . . . . . . . . . 26

6.3 Developing potentials for radiation damage . . . . . . . . . . 28

7 Simulations of radiation damage in Fe and W 31
7.1 Optimising interatomic potentials for Fe . . . . . . . . . . . . 31
7.2 Cascade overlap effects in Fe and W . . . . . . . . . . . . . . 33
7.3 Evolution of C15 clusters in Fe . . . . . . . . . . . . . . . . . 36

v



vi Contents

7.4 Edge dislocations unpinning from obstacles by thermal activation 37

8 Analytical potential for BeO 41

9 Machine-learning potential for W 43

10 Summary and outlook 47

Acknowledgements 49

References 51



Chapter 1

Introduction

The increasing demand for efficient and carbon-free energy motivates the de-
velopment of new energy sources. Fusion power is a promising alternative
and supplement to current energy sources, and is currently a major inter-
disciplinary research focus worldwide. A fusion reaction involves two light
atomic nuclei merging to form a larger nucleus. Fusion of two nuclei into a
more stable product releases energy, E, corresponding to the mass difference,
Δm, of the initial and final nuclei, as E = Δmc2. For fusion power, the main
reaction involves deuterium and tritium fused together to create helium, an
excess neutron, and 17.6 MeV energy as

2
1D + 3

1T → 4
2He (3.5 MeV) + n (14.1 MeV).

For the reaction to take place, high enough kinetic energies and hence ex-
treme temperatures are required. In a fusion reactor, the released energy is
extracted as heat created when the emitted neutrons are absorbed and slowed
down in the reactor walls. As the neutrons hit the wall material, they collide
their way through the atomic lattice, distributing their energy as heat while
simultaneously creating permanent damage to the atomic structure. The wall
materials are also subjected to high temperatures and lower-energy irradia-
tion from ions and impurities escaping the fusion plasma. Hence, the choice
of the most appropriate plasma-facing materials in fusion reactors must be
made with great care.

The current top candidates for fusion reactor materials include tungsten,
beryllium and various iron-based alloys (steels) [1]. Neutrons and ions bom-
barding the materials create damage on the atomic level in form of disloca-
tions, voids, precipitates, and other defects. Understanding and predicting the
macroscopic changes of materials in fusion reactor conditions requires a de-
tailed look at these radiation-induced defects; how they are formed, how they
evolve, and how they interact with each other. Computer modelling provides
excellent tools for studying the fundamental atom-level structure of mate-
rials [2]. Density functional theory is the leading quantum-level method for
obtaining accurate fundamental properties of materials, such as energies and
mobilities of defects and defect clusters. Simulating the creation of radiation
damage caused by neutron or ion recoils requires faster methods, for which
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2 1 Introduction

classical molecular dynamics is the main tool. Molecular dynamics simula-
tions rely on the use of an approximated interatomic potential to describe the
interactions and trajectories of individual atoms. Hence, the accuracy of the
simulation completely depends on the accuracy of the interatomic potential.

The interatomic potential has historically been a relatively simple an-
alytical function containing a number of material-specific parameters that
must be carefully optimised. In the last decade, interatomic potentials that
use machine learning to predict the interactions between atoms have become
increasingly popular [3]. The key difference between traditional analytical po-
tentials and machine-learning potentials is the balance between speed and ac-
curacy. Machine-learning potentials are computationally significantly slower,
which limits the achievable length and time scales in simulations. The accu-
racy, however, far exceeds that of analytical potentials and can be converged
towards the accuracy of quantum-level calculations. In contrast, the flexibil-
ity and accuracy of analytical potentials are limited by their mathematical
functions, but are computationally fast and are routinely used to simulate
millions of atoms on modern computer clusters. Both analytical and machine-
learning potentials are important tools in molecular dynamics simulations,
which this thesis will repeatedly demonstrate.

The aim of this thesis is two-fold. Partly, it aims to deepen the under-
standing of radiation damage in iron and tungsten by means of molecular
dynamics simulations. Secondly, it paves the way for more accurate simula-
tions of fusion-relevant materials by developing new interatomic potentials,
using both machine learning and traditional analytical functions.



Chapter 2

Purpose and structure

The purpose of this thesis is to contribute to the understanding of radiation
damage in fusion-relevant materials with the help of molecular dynamics
simulations. A significant part of the thesis focuses on the development of
new analytical and machine-learning interatomic potentials to allow more
accurate simulations of various aspects of radiation damage in iron, tungsten,
and beryllium.

The thesis is structured as follows. Below, the publications included in
this article-based thesis are listed and summarised, followed by brief descrip-
tions of the author’s contributions to each article, and a list of co-authored
articles that are not part of this thesis. In chapter 3, we motivate the re-
search by briefly describing fusion reactor materials. Chapter 4 contains a
short overview of the effects of particle irradiation on materials, followed by a
description of the simulation methods used in this thesis in chapter 5. In chap-
ter 6 we summarise the mathematical details of the various interatomic po-
tentials used and developed in this thesis. Chapter 7 summarises the results
of simulating radiation damage in iron and tungsten. Chapter 8 briefly de-
scribes the development of the bond-order potential for BeO, and chapter 9
introduces the machine-learning potential developed for tungsten. A short
summary and outlook is given in chapter 10.

2.1 Summaries of the original publications

Publication I: Effects of the short-range repulsive potential on cas-
cade damage in iron
J. Byggmästar, F. Granberg, and K. Nordlund
Journal of Nuclear Materials, 508, 530-539 (2018)

We improve the repulsive part of an embedded atom method po-
tential and investigate how it affects the damage produced by
collision cascades. The improved potential is validated against
density functional theory results on threshold displacement ener-
gies and many-body repulsion curves.

3



4 2 Purpose and structure

Publication II: Dynamical stability of radiation-induced C15 clus-
ters in iron
J. Byggmästar and F. Granberg
Journal of Nuclear Materials, 528, 151893 (2020)

We develop a new bond-order potential to more accurately study
the formation and evolution of C15 clusters in iron during irradia-
tion. Using the new potential, we find that C15 clusters frequently
form as a result of collision cascades, are highly stable at small
sizes, and collapse predominantly into 1/2〈1 1 1〉 dislocation loops
after growing to a critical size. The results are discussed in rela-
tion to previous studies with other interatomic potentials.

Publication III: Collision cascades overlapping with self-interstitial
defect clusters in Fe and W
J. Byggmästar, F. Granberg, A. E. Sand, A. Pirttikoski, R. Alexander, M-C.
Marinica, and K. Nordlund
Journal of Physics: Condensed Matter, 31, 245402 (2019)

We systematically study the effects of collision cascades overlap-
ping with interstitial-type dislocation loops and C15 clusters in
iron and tungsten. By using different interatomic potentials (in-
cluding the one from Publication I), we extract potential-independent
general trends and effects of cascade overlap that are useful for
a multi-scale model of radiation damage in fusion reactor mate-
rials. We also find large differences between different interatomic
potentials, which motivates our subsequent work in Publication
VI.

Publication IV: Molecular dynamics simulations of thermally acti-
vated edge dislocation unpinning from voids in α-Fe
J. Byggmästar, F. Granberg, and K. Nordlund
Physical Review Materials, 1, 053603 (2017)

We investigate the thermally activated release of edge dislocations
pinned to voids in iron. By generalising a previously developed
methodology, we find that the activation energy can be readily
determined as a function of stress and temperature, and follows
a simple analytical function. The results contribute to the under-
standing of the long-term evolution of radiation damage in iron,
where dislocations, voids, C15 clusters, and other clusters interact
with each other over long time scales.
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Publication V: Analytical bond order potential for simulations of
BeO 1D and 2D nanostructures and plasma-surface interactions
J. Byggmästar, E. A. Hodille, Y. Ferro, and K. Nordlund
Journal of Physics: Condensed Matter, 30, 135001 (2018)

We develop a Tersoff-like bond-order potential for simulations of
beryllium oxide (BeO), with the main focus on surface irradiation
in fusion reactor conditions. The potential describes the basic
properties of BeO well, and is also applicable to simulations of
nanostructures.

Publication VI: Machine-learning interatomic potential for radia-
tion damage and defects in tungsten
J. Byggmästar, A. Hamedani, K. Nordlund, and F. Djurabekova
Physical Review B, 100, 144105 (2019)

We train a machine-learning potential that is suitable for radia-
tion damage simulations in tungsten. A simple strategy for includ-
ing an analytical screened Coulomb potential at short ranges, and
smoothly connecting it to the machine-learning part is developed.
The accuracy of the potential is comparable to density functional
theory and far outperforms the accuracy of existing analytical
potentials.

2.2 Author’s contributions

In Publication I, the author modified the interatomic potential, performed
all simulations except the overlapping cascades, and wrote the publication.
In Publication II, the author developed and benchmarked the new poten-
tial, carried out all simulations except the overlapping cascades, analysed all
data, and wrote the publication.
In Publication III, the author carried out the simulations in tungsten and
the simulations involving C15 in iron. The author analysed all simulation
data and wrote the publication.
In Publication IV, the author performed all simulations, analysed the data,
and wrote the publication apart from the introduction.
In Publication V, the author fitted the bond-order potential, carried out
part of the molecular statics and dynamics simulations (except the thermal
expansion and sputtering simulations) and wrote the majority of the publi-
cation (except the parts related to the density functional theory calculations
and the surface irradiation simulations).
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In Publication VI, the author constructed the training database, carried
out all density functional theory calculations, trained and benchmarked the
machine-learning potential, and wrote the publication.

2.3 Other publications

In addition to the publications that are part of this thesis and summarised
above, the author has contributed to the following peer-reviewed publications.

1. E. A. Hodille, J. Byggmästar, E. Safi, and K. Nordlund, “Sputtering of beryl-
lium oxide by deuterium at different temperatures simulated with molecular
dynamics”, Physica Scripta, 2020, T171 (2020)

2. F. J. Domínguez-Gutiérrez, J. Byggmästar, K. Nordlund, F. Djurabekova,
and U. von Toussaint, “On the classification and quantification of crystal
defects after energetic bombardment by machine learned molecular dynamics
simulations”, Nuclear Materials and Energy, 22, 100724 (2020)

3. F. Granberg, J. Byggmästar, and K. Nordlund, “Defect accumulation and evo-
lution during prolonged irradiation of Fe and FeCr alloys”, Journal of Nuclear
Materials, 528, 151843 (2020)

4. A. Fellman, A. E. Sand, J. Byggmästar, and K. Nordlund, “Radiation damage
in tungsten from cascade overlap with voids and vacancy clusters”, Journal of
Physics: Condensed Matter, 31, 405402 (2019)

5. F. Granberg, J. Byggmästar, and K. Nordlund, “Cascade overlap with vacancy-
type defects in Fe”, The European Physical Journal B, 92, 146 (2019)

6. J. Byggmästar, M. Nagel, K. Albe, K. O. E. Henriksson, and K. Nordlund,
“Analytical interatomic bond-order potential for simulations of oxygen defects
in iron”, Journal of Physics: Condensed Matter, 31, 215401 (2019)

7. E. A. Hodille, J. Byggmästar, E. Safi, and K. Nordlund, “Molecular dynamics
simulation of beryllium oxide irradiated by deuterium ions: sputtering and
reflection”, Journal of Physics: Condensed Matter, 31, 185001 (2019)

8. A. E. Sand, J. Byggmästar, A. Zitting, and K. Nordlund, “Defect structures
and statistics in overlapping cascade damage in fusion-relevant bcc metals”,
Journal of Nuclear Materials, 511, 64–74 (2018)

9. F. Granberg, J. Byggmästar, A. E. Sand, and K. Nordlund, “Cascade de-
bris overlap mechanism of 〈1 0 0〉 dislocation loop formation in Fe and FeCr”,
Europhysics Letters, 119, 56003 (2017)

10. J. Byggmästar, F. Granberg, A. Kuronen, K. Nordlund, and K. O. E. Hen-
riksson, “Tensile testing of Fe and FeCr nanowires using molecular dynamics
simulations”, Journal of Applied Physics, 117, 014313 (2015)



Chapter 3

Fusion reactor materials

3.1 Tokamak fusion reactors

There are a number of design concepts for achieving nuclear fusion power gen-
eration, such as various methods for magnetic confinement of a fusion plasma,
or laser-based concepts. Here, we will only be concerned with tokamak-type
reactors. A tokamak is a doughnut-shaped vessel as illustrated in figure 3.1a.
The hot fusion plasma is magnetically confined from the walls and kept in
motion around the centre [4]. During an active fusion cycle, the emitted He
ions are directed by the magnetic field to the divertor located in the lower
part of the reactor as shown in figure 3.1b, while the emitted neutrons fly
unperturbed by the magnetic field into the plasma-facing walls. In an energy-
producing tokamak (as opposed to test reactors), electricity can be produced
by conventional steam turbines driven by the heat generated by the high-
energy neutron irradiation.

Several tokamak reactors around the world are currently active, such
as the JET and ASDEX Upgrade reactors. These reactors mainly serve as
experimental test facilities for future reactors. The ITER reactor will by far
be the largest test reactor with the goal of producing ten times the energy
required as input, and is currently under construction in southern France.
However, these reactors do not yet produce electricity to the grid. The next
step towards electricity-producing fusion power is the construction of the
DEMO reactor, which aims to demonstrate the use of fusion power as a
commercial and competitive energy source [1].

3.2 Materials

The main materials currently chosen or considered for the plasma-facing com-
ponents of fusion tokamak reactors are tungsten, beryllium, and different
advanced steels [5, 6, 7]. Tungsten is a heavy metal with the highest melt-
ing point of all elements, which combined with a good resistance to surface
erosion and neutron irradiation makes it a good choice for the most exposed
components. In ITER, tungsten will be used as the shielding material of the
divertor, which is subjected to the most intense heat loads and neutron irra-
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8 3 Fusion reactor materials

(a) (b)

Figure 3.1: (a): Illustration of a tokamak reactor (from iter.org). (b): Schematic
cross section of a tokamak fusion reactor. The plasma-facing tiles of the blanket first
wall are coloured yellow, and the divertor components are red. The supporting steel
components are coloured grey.

diation. The divertor acts as the exhaust target for impurities from the fusion
plasma, mainly fusion-emitted He and particles eroded from the walls. The
divertor is located at the bottom of the reactor, shown as the red components
in figure 3.1b.

Beryllium is a light metallic element with good erosion resistance. Due
to its low atomic mass, sputtered beryllium atoms do not contaminate the
fusion plasma too much. Another key property of beryllium is its oxygen
gettering ability, meaning that it can efficiently clean the fusion plasma from
oxygen impurities by forming a stable beryllium oxide layer. Beryllium will
be used as the plasma-facing cassettes of the first wall in ITER, illustrated
as the yellow components in figure 3.1b.

Steel is mainly used as the structural and supporting material behind
the plasma-facing components, shown as grey parts in figure 3.1b. Vari-
ous heat-tolerant and radiation-resistant steels, such as reduced-activation
ferritic-martensitic steels and oxide-dispersion strengthened steels, are also
continuously developed and studied as possible alternatives for the plasma-
facing components in future reactors [8, 9]. Different types of steels can be
used for different components, depending on how exposed they are to irradi-
ation and heat.



Chapter 4

Radiation damage in materials

4.1 Neutron effects on materials

High-energy neutrons penetrating a material cause several changes to the
atom-level structure, and consequently also to the macroscopic properties.
Being neutral particles, they only interact with the lattice through elastic
or inelastic collisions with the atomic nuclei. In elastic collisions between a
neutron and an atom, part of the kinetic energy is transferred to the atom,
which is then launched from its lattice site. A large enough recoil energy leads
to the evolution of a collision cascade as the atom collides its way through
the lattice. This will be discussed in more detail in the next section.

In an inelastic collision between a neutron and an atom in the lattice,
the nuclei absorbs the neutron together with a significant part of its kinetic
energy, turning the nucleus into an excited state. This can lead to transmu-
tation into other elements as the excited nucleus decays and emits another
particle. Fusion neutrons bombarding tungsten leads to transmutation into
several other elements, mainly Re, Os and Ta [10]. Over time, significant
concentrations of these elements are accumulated, leading to changes in the
material properties as pure tungsten is essentially transmuted into an alloy.
Furthermore, the byproduct of some nuclear transmutation reactions is H or
He, which are not soluble in metals. Especially the latter may accumulate
and form clusters and bubbles with detrimental effects on the mechanical
properties [9].

4.2 Ion and recoil damage

The initial atom receiving a significant recoil energy from an incoming neu-
tron is called the primary knock-on atom (PKA). The PKA will in turn
collide and produce secondary knock-on atoms. As more and more atoms
are displaced and collide with surrounding atoms, a collision cascade devel-
ops [11, 12]. When recoiling atoms move through the lattice, they lose energy
not only in collisions with other nuclei, but also to electronic excitations.
For fusion-relevant recoils (roughly 0–1 MeV [13]), nuclear stopping is re-
sponsible for the largest energy losses, although electronic stopping becomes

9



10 4 Radiation damage in materials

significant at the higher energies. After the initial phase of ballistic collisions
between atoms, the displaced atoms create an extremely hot molten core of
fast-moving and colliding atoms. This is referred to as the heat spike. The liq-
uid core is typically underdense as atoms have been pushed outwards. Hence,
when the liquid region rapidly recrystallises, residual vacancies are typically
found within the core region, while surviving interstitial atoms are left in
the periphery. A collision cascade event, from the development of the heat
spike to recrystallisation and cooling down to the ambient temperature, only
takes one or a few picoseconds to complete [12]. Such time scales are ideal
for modelling using molecular dynamics simulations, as will be discussed in
the next chapter.

The surviving so-called primary damage of a collision cascade is made
up of interstitial atoms, vacancies, and their clusters. The damage dose is
conventionally quantified by the displacements per atom (dpa) unit, which is
the average number of permanent displacements of each atom from its lat-
tice site [11, 14, 15]. The dpa can be calculated using the average threshold
displacement energy, which is the material-dependent minimum kinetic en-
ergy required for permanent displacement of an atom. The wall materials in
future fusion reactors will reach doses of tens or even hundreds of dpa [9].
During prolonged irradiation, dislocations, voids, other defect clusters and
precipitates accumulate and grow, leading to macroscopic changes of the ma-
terials, such as swelling and embrittlement. Understanding, predicting, and
controlling these macroscopic consequences of radiation damage start with a
thorough understanding of the morphology and properties of the microscopic
radiation-induced defects.

4.3 Defects in iron and tungsten

(a) 〈1 1 1〉 (b) 〈1 1 ξ〉
Figure 4.1: Interstitial
dumbbells (orange) in bcc.

The preferred morphologies of defects depend on
the material. Even though iron and tungsten are
both metals with the same body-centred cubic
(bcc) crystal structure, the radiation-induced de-
fects are in many ways different.

Most nonmagnetic bcc metals favour self-
interstitial atom (SIA) configurations along 〈1 1 1〉
directions [16]. Recently, however, it was discov-

ered that the most stable interstitial in tungsten is a 〈1 1 ξ〉 configuration,
where ξ ≈ 0.5 [17]. This is a tilted 〈1 1 1〉 dumbbell as shown in figure 4.1.
The interstitial still effectively behaves like a straight 〈1 1 1〉 dumbbell, as it
migrates in a zigzag-like manner one-dimensionally along the 〈1 1 1〉 axis [17].
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Figure 4.2: Parallel 〈1 0 0〉 and 〈1 1 1〉 dumbbell interstitial clusters in a bcc crys-
tal, with the dumbbells highlighted and isolated. Relaxation would produce small
dislocation loops with the Burgers vectors 〈1 0 0〉 and 1/2〈1 1 1〉.

(a) NSIA = 2 (b) NSIA = 3

Figure 4.3: Nonparallel 〈1 1 0〉 in-
terstitial clusters.

It is energetically favourable for individ-
ual interstitials and vacancies to form clus-
ters. Clustering of defects can occur directly
during the recrystallisation of the cascade
core, or by subsequent temperature-assisted
migration of individual defects and clusters.
In tungsten and other nonmagnetic bcc met-
als, self-interstitial atoms cluster together
in parallel configurations, which when suf-
ficiently large form dislocation loops. Figure 4.2 shows the atomic configu-
rations of such (unrelaxed) parallel dumbbell interstitial clusters, which af-
ter relaxation form small dislocation loops with the Burgers vectors 〈1 0 0〉
and 1/2〈1 1 1〉. The 1/2〈1 1 1〉 loop is the most stable interstitial cluster in
tungsten, even though 〈1 0 0〉 loops are also observed in experiments [18]. Va-
cancies prefer to form three-dimensional voids, but can also form dislocation
loops with the same Burgers vectors.

Iron is ferromagnetic below 1043 K, which has peculiar consequences on
the energetically preferred defect cluster structures. Unlike any other bcc
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Figure 4.4: C15 clusters coherently embedded in a bcc crystal (left), with the inter-
stitial atoms highlighted orange and vacancies shown as red cubes (middle), and the
interstitial atoms isolated to show the geometry (right). The interstitial atoms form
triangles and hexagons of connected 〈1 1 0〉 dumbbells, all lying in {1 1 1} planes. The
C15 cluster with the net size NSIA = 2 contains 12 interstitials and 10 vacancies,
and the NSIA = 4 contains 18 interstitials and 14 vacancies.

metal, single interstitials in iron form dumbbells in 〈1 1 0〉 directions and
small clusters of interstitials are most stable as nonparallel 〈1 1 0〉 dumbbells.
Two interstitials form a triangular configuration of atoms around a lattice
site, which can be seen as three connected 〈1 1 0〉 dumbbells in a {1 1 1}
plane [19]. Similarly, the most stable tri-interstitial cluster is a hexagonal
configuration of 〈1 1 0〉 dumbbells. These are illustrated in figure 4.3, where
vacant lattice sites are shown as red cubess. Larger interstitial clusters form
three-dimensional clusters out of these triangular and hexagonal building
blocks. The clusters have the symmetry of the C15 Laves crystal structure,
which are coherently embedded in the bcc lattice as interstitial-rich clus-
ters [20, 21]. Figure 4.4 shows the atomic configuration of these C15 clusters,
illustrating the triangular and hexagonal rings, all lying in {1 1 1} planes with
the edges formed by 〈1 1 0〉 dumbbells. Density functional theory predicts C15
clusters to be the most stable interstitial cluster up to around 50 interstitial
atoms, after which 1/2〈1 1 1〉 loops become more stable [22].



Chapter 5

Atomistic simulations of radiation damage

5.1 Density functional theory

Accurately determining properties of materials theoretically requires calcu-
lations on the level of quantum mechanics, for which the leading method is
density functional theory (DFT). The fundamental problem is to solve the
many-body Schrödinger equation for N electrons

HΨ = (T + V + U) Ψ

=

⎡
⎣ N∑

i

(
− h̄2

2mi
∇2

i

)
+

N∑
i

Vi(r) +
∑
i<j

U(ri, rj)

⎤
⎦ Ψ = EΨ,

(5.1)

where Ψ = Ψ(r1, r2, . . . , rN ) is the many-electron wave function. T is
the kinetic energy operator. V is the external static potential produced
by the nuclei, which are assumed to remain stationary according to the
Born-Oppenheimer approximation. U is the electron-electron interaction.
Directly solving the many-body Schrödinger equation for a system of many
electrons is a near-hopeless task. In DFT, one exploits the Hohenberg-Kohn
theorems [23], which state that the ground-state energy E0 is uniquely
determined by the ground-state electron density ρ0(r), and can be written as
a universal functional E0 = E0[ρ0(r)]. The electron density can be calculated
by integrating the electronic wave function as

ρ(r) = N

∫
d3r2 . . . d3rN Ψ∗(r, r2, . . . , rN )Ψ(r, r2, . . . , rN ). (5.2)

The exact total energy density functional E[ρ(r)] is not known, but con-
tains the following contributions

E[ρ(r)] = V [ρ(r)] + J [ρ(r)] + T [ρ(r)] + EXC[ρ(r)]. (5.3)

V [ρ(r)] is the nucleus-electron Coulomb interaction and J [ρ(r)] the electron-
electron Coulomb repulsion, both of which are known exactly. The contri-
bution from the kinetic energy of the full electronic system cannot be ex-
pressed exactly as a functional of the electron density, and is in T [ρ(r)]
approximated by assuming non-interacting electrons. The error due to this

13



14 5 Atomistic simulations of radiation damage

approximation and all other missing contributions, which include electronic
correlations (roughly, how each electron is influenced by all other electrons)
and the exchange interaction (the repulsion of same-spin electrons due to
the Pauli exclusion principle) are included in the exchange-correlation func-
tional EXC[ρ(r)]. The exact analytical expression of the exchange-correlation
functional EXC[ρ(r)] remains unknown, introducing the only major approx-
imation to the theory. In the simplest approximation, EXC depends only on
the electron density at each point in space with the assumption of a locally
homogeneous electron gas. This is known as the local density approxima-
tion (LDA) [24, 25]. More accurate exchange-correlation functionals depend
additionally on the gradient of the density, as in the generalised gradient ap-
proximation (GGA) [26]. To date, GGA functionals remain the most widely
used exchange-correlation functionals in solid-state physics, although more
accurate functionals can be constructed by considering the kinetic energy
density or the second derivative of the electron density (meta-GGAs), or
by including exact exchange contributions from Hartree-Fock theory (hybrid
functionals) [27].

The ground-state energy can be efficiently solved using the approach by
Kohn and Sham [24], who showed that the properties of the full electronic
system can be described using a fictitious system of non-interacting electrons.
In this way, the initial problem of treating N electrons simultaneously is
reduced to the much simpler problem of describing N independent electrons.
The electron density is then obtained from the single-electron orbitals ψi(r)
as

ρ(r) =
N∑

i=1
fi|ψi(r)|2, (5.4)

where fi are the occupation numbers. Given an approximate exchange-
correlation functional, the single-electron orbitals ψi that minimise equa-
tion (5.3) are solutions to the Kohn-Sham equation [24](

− h̄2

2m
∇2 + vKS(r)

)
ψi(r) = εiψi(r), (5.5)

where vKS(r) is the effective Kohn-Sham potential obtained as the functional
derivatives

vKS(r) =
δV [ρ]
δρ(r)

+
δJ [ρ]
δρ(r)

+
δEXC[ρ]

δρ(r)
. (5.6)

The Kohn-Sham equation represents a fictitious system of non-interacting
electrons influenced by the Kohn-Sham potential, such that the corresponding
ground state density is exactly the same as for the real (interacting) electronic
structure. The total energy can be calculated from the one-electron orbital
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energies εi. The Kohn-Sham equation is solved self-consistently; starting from
a trial set of orbitals and corresponding electron density, vKS is constructed,
and the Kohn-Sham equations are solved to obtain new orbitals and hence a
new electron density. Iteration continues until the trial and new orbitals (or
the total energy) are the same within some tolerance.

In practice, the wave function must be expanded in some basis. For peri-
odic solids, a natural choice is to exploit Bloch’s theorem and use a sum of
plane waves

ψn,k(r) =
Gmax∑

G

cn,G+kei(G+k)·r, (5.7)

where n labels the band index, k is a reciprocal vector in the Brillouin zone, G
is a reciprocal lattice vector, and cn,G+k are coefficients. The sum is truncated
by the cutoff energy Ecut = h̄2/2m|Gmax + k|2. With a plane-wave basis, the
full electron density is obtained by integrating the first Brillouin zone. The
integration is carried out as a weighted sum over a chosen grid of k-points. In
practice, both Ecut and the number of k-points must be converged to ensure
sufficient accuracy.

The wave function close to the nuclei oscillates rapidly due to the strong
electron-nucleus interactions, which would require plane wave terms with
short wavelengths and hence a prohibitively large Ecut. This issue is cir-
cumvented by the use of pseudopotentials or the projector-augmented wave
(PAW) method [28, 29, 30], in which the electron-nucleus potential is re-
placed by a softer well-behaving and fixed potential, with the assumption
that the core electrons are kept frozen. This assumption is well-justified as
the core electrons do not significantly contribute to the interactions with the
surrounding chemical environment. Different pseudo- or PAW potentials can
be constructed with different numbers of frozen core electrons.

In this thesis, we use the plane-wave DFT code vasp [31, 32, 33, 34] with
the PBE GGA exchange-correlation functional [26] and PAW potentials for
the core electrons in all DFT calculations.

5.2 Classical molecular dynamics

In practice, conventional DFT is computationally limited to systems of the
order of 1000 atoms 1. When simulating radiation damage, it is not uncom-
mon to need systems containing several million atoms. For simulating such

1Although we note that there are linear-scaling DFT methods that can reach larger
sizes.
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sizes, one has to abandon the quantum-mechanical treatment of the elec-
tronic structure and rely on classically interacting atoms. The main tool is
classical molecular dynamics, where the interactions between point-like atoms
are treated by an effective interatomic potential. The interatomic potential
is a computationally efficient function or machine-learning model, fitted to
a set of material properties obtained from DFT or experiments. Different
interatomic potentials will be discussed in detail in chapter 6.

The trajectories of individual atoms in MD are simulated using the clas-
sical equations of motion, with the force acting on an atom i is obtained by
differentiating the interatomic potential, V , with respect to the position of
atom i as

Fi = −∇iV. (5.8)

With the forces acting on every atom computed, the simulation proceeds
one (small) time step forward by updating the positions of each atom. A
typical time step is on the order of femtoseconds. A number of algorithms
for the numerical integration of the equations of motion exist, of which the
most widely used are the Velocity-Verlet algorithm [35, 36] and the Gear
predictor-corrector algorithms [37].

During an MD simulation, several thermodynamic ensembles can be sam-
pled depending on how the global thermodynamic variables are treated. The
temperature can be kept constant (within statistical fluctuations) by coupling
the system to a heat bath, reproducing the NV T ensemble. If additionally the
pressure is kept constant (by allowing a variable size of the simulation box),
the system follows the NPT ensemble. Temperature and pressure can be con-
trolled by a number of algorithms, such as the Nose-Hoover algorithms [38, 39]
or the Berendsen algorithms [40]. Not controlling the temperature or pres-
sure models the NV E ensemble, where the energy is conserved along with
the volume and number of atoms.

In this thesis, a major application of MD simulations is modelling of
radiation-induced collision cascades. The methodology of simulating cascades
is well established [41, 42] and involves a number of considerations. Most fun-
damentally, the interatomic potential used in the simulation must include a
realistic repulsive part to sufficiently accurately reproduce the nuclear stop-
ping from high-energy atomic collisions. In reality, fast-moving atoms addi-
tionally lose energy to electronic excitations. A simple approach to account
for this in classical MD is to subtract energy from fast-moving atoms using
known electronic stopping data.

The collision cascade is started by giving a desired kinetic energy to an
atom (the primary knock-on atom, PKA), replicating a high-energy recoil
from another particle. In the early stage of the simulation, the PKA collides
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Figure 5.1: Early stage of a cascade (< 50 fs), showing trajectories of the atoms with
the highest kinetic energies. The PKA is coloured blue.

with nearby atoms in its path as described in chapter 4 and illustrated in fig-
ure 5.1. During this stage, the time step must be kept sufficiently short, much
shorter than in typical near-equilibrium simulations, to ensure conservation
of energy. This is achieved by employing an adaptive time step that is cal-
culated based on the velocity of the fastest-moving atom and the maximum
force, with the additional restriction that the new time step cannot change
too much [41]. Additionally, the collision cascade produces shock-waves and
a significant increase in temperature, which can lead to undesired and un-
physical phenomena unless controlled. The standard approach is to apply a
thermostat on a thin outer shell along the borders of the simulation box. The
border thermostat efficiently dampens the elastic shock-waves and prevents
them from crossing the periodic boundaries, and simultaneously dissipates
extra heat and hence cools down the lattice to the desired temperature.

For the MD simulations discussed in this thesis, we use the codes par-
cas [43] and lammps [44]. parcas is used for the majority of simulations
using classical analytical interatomic potentials, while lammps is used mainly
for testing of interatomic potentials and all simulations using machine-learning
potentials.

5.3 Analysis

Analysing radiation damage from MD simulations practically involves finding
and characterising the defects in the lattice. Individual interstitial atoms
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Figure 5.2: Left: an iron lattice containing a large concentration of defects. Right:
defects isolated and classified using the analysis methods described in the text.

and vacancies can be isolated and counted using the Wigner-Seitz (W-S)
analysis, in which each atom in the damaged lattice is assigned to a W-S
cell. Vacancies are identified as empty W-S cells, and interstitial atoms are
found in W-S cells containing multiple atoms. The interstitials and vacancies
can then be grouped into clusters to obtain distributions of cluster sizes, and
desired clusters can be further analysed. Both W-S and cluster analysis are
implemented in ovito [45], which is extensively used throughout the work
of this thesis. Dislocations can be robustly identified and classified with the
dislocation extraction algorithm [46], also implemented in ovito.

In this thesis, a common task is also to find C15 clusters among large
populations of defect clusters. After isolating interstitial clusters with the
W-S analysis, C15 clusters can be located by analysing the geometry of each
cluster. As discussed previously and seen in figure 4.4, C15 clusters contain
connected 〈1 1 0〉 dumbbell interstitials that form triangular and hexagonal
rings lying in {1 1 1} planes. Hence, they can be identified by looking for
nearest-neighbour interstitial atoms that lie in the same {1 1 1} plane and
form, within some tolerance, 60- or 120-degree angles between them.

Figure 5.2 shows an example of a highly damaged iron lattice before
and after applying the above-described analysis algorithms. The defects are
isolated and classified as single interstitials and vacancies, C15 clusters, dis-
location loops, and small voids.



Chapter 6

Interatomic potentials

6.1 Analytical potentials

6.1.1 From pair potentials to many-body potentials

The fundamental assumptions when constructing interatomic potentials for
MD simulations are that (1) the total energy of a system of atoms can be
decomposed into local energies associated with each atom, and (2) that the
interaction range is finite (restricted by a cutoff distance, typically less than
10 Å). In the case of analytical potentials, we further assume that the atomic
bonding due to the electronic structure can be approximated by a simple
analytical function. There is no universal analytical function that describes
the bonding of all materials, and typically different functions are constructed
for different classes of materials. For example, a model that works well for a
metal might not be applicable to a semiconductor.

Generally, an analytical potential that describes a system of atoms can
be written as a many-body cluster expansion

V = V0 +
∑

i

V1(ri) +
1
2

∑
ij

V2(ri, rj) +
1
3!

∑
ijk

V3(ri, rj , rk) + . . . . (6.1)

Note that from hereon r denotes atomic positions, while in section 5.1 r was
used for electronic positions. V0 is a constant and V1 is an external potential
that depends only on the atomic position in space. Vn with n ≥ 2 are func-
tions that depend on the relative positions of n atoms. Typically, V0 = V1 = 0,
and only higher order terms remain. The simplest interatomic potentials re-
tain only the two-body term and hence depend only on the interatomic dis-
tances between atoms. Such potentials, of which the most common are the
Lennard-Jones potential [47] and the Morse potential [48], can reasonably
well describe only weakly interacting atoms or simple diatomic molecules.
Reproducing the properties of crystalline solids requires higher-order terms.
Analytical potentials in the form of an explicit separable many-body expan-
sion as in equation (6.1) are rare [49], and most potentials include the many-
body dependence in a more subtle way. This will be apparent in the next two
sections, where we briefly introduce two common analytical potentials that
are extensively used in the work of this thesis.

19
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6.1.2 The embedded atom method

The embedded atom method (EAM) potential is based on the principles
of density functional theory, and was originally formulated by Daw and
Baskes [50]. The EAM assumes that the atomic cohesion can be approxi-
mated as the energy gained by embedding an atom in an electron sea with
the density provided by the surrounding atoms. The energy of an atom i is
written

Vi =
1
2

∑
j

ϕ(rij) + F(ρi), (6.2)

where ϕ is a pair potential that mainly includes the repulsion at short inter-
atomic distances. The embedding energy is given by the function F , which
depends on the total electron density at the position of atom i. The electron
density, ρi, is calculated by summing up contributions from each surrounding
atom j within the cutoff radius as

ρi =
∑

j

ρatom(rij), (6.3)

In this way, every atom is assumed to contribute to the electron density
isotropically with no directionally favoured interatomic bonding. Hence, EAM
potentials are designed to model metals, where the concept of a sea of elec-
trons between the nuclei is a good approximation. Fitting an EAM potential
practically means constructing reasonable functions for the embedding func-
tion F and the atomic electron density ρatom. The former can be motivated
by the tight-binding model to have the form F(ρi) ∝ √

ρi [51], while the lat-
ter should have an exponential-like form and is often constructed as a spline
function fitted to a set of target material properties [52].

EAM potentials are to this day the leading choice when simulating met-
als [53]. In this thesis, we use them extensively in simulations of collision
cascades in iron and tungsten. In these simulations, the potential must in-
clude a realistic repulsive part at short interatomic distance. This is included
in the pair potential ϕ(r), which is typically constructed in the following way

ϕ(r) =

⎧⎪⎪⎨
⎪⎪⎩

VZBL, r < r1

Vjoin, r1 ≤ r ≤ r2

Vfit, r > r2.

(6.4)

VZBL is the universal Ziegler-Biersack-Littmark screened Coulomb poten-
tial [54], which reasonably accurately approximates the internuclear repulsion
at short distances for any atom pair as

VZBL(r) =
1

4πε0

ZiZje2

r
φ(r/a), a =

0.8854a0

Z0.23
i + Z0.23

j

, (6.5)
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Figure 6.1: The pair contribution of an EAM potential, equation (6.4). The potential
is from Publication I.

φ(x) = 0.1818e−3.2x + 0.5099e−0.9423x + 0.2802e−0.4029x + 0.02817e−0.2016x.
(6.6)

Vfit in equation (6.4) is the near-equilibrium part that is constructed
alongside F and ρatom when fitting the potential. Vjoin is a smooth joining
function that connects the other two parts. This is illustrated in figure 6.1.
Fitting the entire range of ϕ(r) to make the potential applicable to collision
cascade simulations is not trivial. In particular, Vjoin typically operates in
the range that controls the threshold energy for producing a defect, and can
significantly affect the damage production in cascade simulations. This is the
topic of publication I, and will be discussed in more detail in section 7.1.

Finally, we note that the EAM formalism has been extended and gen-
eralised by including an explicit angular dependence in what is called the
modified EAM (MEAM) potential [55, 56]. This is useful in metals where
angular dependencies are non-negligible, and allows modelling of mixed ma-
terials, such as covalent-metallic interactions.

6.1.3 Tersoff-like bond-order potentials

Another widely used family of potentials relies on the concept of bond order.
That is, that the strength of an individual interatomic bond depends on the
total number of bonds of the given atom, i.e. its coordination number. Tersoff
used this idea, introduced originally by Abell [57], to construct an analytical
function where a bond-order function is used to soften the bond based on an
effective coordination number [58, 59]. The bond-order function also includes
a dependence on the bond angle to capture the directional bonding of covalent
materials. Despite being developed for covalent materials, they also work well
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for metals and are hence useful for modelling materials of mixed bonding [60,
61]. In fact, a Tersoff potential with no angular dependence is equivalent to
an EAM potential with an exponential ρatom and F ∝ √

ρi, as shown by
Brenner [60].

Several versions of Tersoff-like bond-order potentials exist, most notably
the extended versions by Brenner [62, 63] and the slightly rewritten version
by Albe et al. [61]. Below, we summarise the equations of the version by
Albe et al., which is rewritten to be compatible with the early Brenner po-
tential and the original Tersoff potentials. We will refer to this potential as
the analytical bond-order potential (ABOP). More sophisticated bond-order
potentials have also been derived from the tight-binding approximation [64],
which simplify to Tersoff-like or EAM-like potentials following certain ap-
proximations [65]. These are also, somewhat confusingly, called ABOPs, but
will not be considered here.

The energy of an atom i in the ABOP is written in what looks like a
simple pair potential

Vi =
1
2

∑
j

fcut(rij)[VR(rij) − bijVA(rij)]. (6.7)

fcut is a smooth cutoff function that restricts the interaction range (typically
to the nearest neighbours). The repulsive and attractive pair potentials are
similar to the Morse potential [48], and are given by

VR(rij) =
D0

S − 1
e−β

√
2S(rij−r0) (6.8)

VA(rij) =
SD0

S − 1
e−β

√
2/S(rij−r0). (6.9)

D0 and r0 give the energy and equilibrium distance of the dimer, and β and
S control the stiffness of the bonds. The bond-order function bij turns equa-
tion (6.7) into a many-body potential, and is calculated as

bij = (1 + χij)−1/2. (6.10)

In equation (6.7), it is written in the symmetric form bij = (bij + bji)/2.
1 + χij gives the effective coordination number, calculated as

χij =
∑

k(�=i,j)
fcut(rik)gik(θijk)ωijkeαijk(rij−rik). (6.11)

Here, a dependence on the angle between the i–j–k bonds, θijk, is included
in the function g(θijk) given below. ωijk is redundant for single-element po-
tentials, and is often fixed equal to one, but can be useful to tune the co-
ordination dependence of specific ijk triplets in multi-component potentials.
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αijk is often fixed equal to zero. A non-zero αijk enables the dependence
on the relative lengths of the ij and ik bonds, which in some materials is
useful [66, 67].

The angular function in equation (6.11) is given by

gik(θijk) = γik

[
1 +

c2
ik

d2
ik

− c2
ik

d2
ik + (hik + cos θijk)2

]
, (6.12)

which is constructed to favour a desired angle when hijk = − cos θijk. cik and
dik are parameters controlling the sensitivity of the angular dependence.

The repulsive part, VR, of the ABOP is unphysically weak at short in-
teratomic distances and reaches a finite value at r = 0. Similarly to EAM
potentials, the ABOP needs to be augmented with a realistic repulsive poten-
tial, such as the ZBL potential, to be usable in collision cascade simulations.
The common approach is to let the ABOP smoothly approach the ZBL po-
tential using a switching function as

Vmod.(r) = [1 − F (r)] VZBL(r) + F (r)Vorig.(r). (6.13)

Here, the switching is done with the Fermi function F (r) = 1/[1+e−bf(r−rf)] [68].
As mentioned in section 6.1.2, the intermediate range joining the ZBL poten-
tial requires careful tuning, which in this case means finding suitable values
for rf and bf (typical values are rf ≈ 1 Å and bf ≈ 10 Å−1).

6.2 Machine-learning potentials

6.2.1 Motivation and history

As the processing power of computers continues to increase, and with it the
demand and possibility for more accurate MD simulations, the road towards
better interatomic potentials may split in two very different paths. Should
more accurate potentials be constructed by including more physics, with
more rigorous derivations from first principles and fewer approximations?
Or, should one do the complete opposite and start from only basic physical
symmetries, and instead rely on more sophisticated regression methods such
as machine learning to approximate the interatomic interactions? The vast
success of machine-learning (ML) potentials in the last decade has proven
that the latter alternative is not a bad idea [69, 70], although it might to a
physicist seem radical.

The first interatomic potentials based on machine learning were published
in 1995 [71] and used artificial neural networks to learn the potential energy
surface. However, only in 2007 did ML potentials gain significant popularity
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when Behler and Parrinello introduced their neural-network potentials [72].
The next significant contribution to the field was the development of the
Gaussian approximation potential (GAP) framework in 2010 by Bartók and
Csányi et al. [73]. Since then, an ever-growing number of different types of ML
potentials have been introduced, and far too many to mention in this thesis.
Roughly, they can be divided into two classes by the underlying ML archi-
tecture they employ: potentials using neural networks, and potentials using
some other machine-learning regression technique (such as kernel-based re-
gression or even linear regression). Regardless of the class of machine learning
employed, most ML potential frameworks can be converged to comparable
accuracies [70]. To date, Behler’s neural network potentials remain the most
widely used potential in the former class, and the GAP the most popular of
the latter class. However, the field of ML potentials is still relatively young
and extremely active, with new developments and progress being made con-
tinuously. Here, we only summarise the basic principles of ML potentials and
the GAP framework, which is used in this thesis.

When using machine learning in an interatomic potential, the fundamen-
tal approximation mentioned in section 6.1.1 still remains. That is, that the
total energy can be written as a sum of local energies of each atom, where
the interaction range is restricted to a local atomic environment. All ML
potentials therefore have the form

Etot =
N∑
i

E(qi), (6.14)

where N is the number of atoms. For a machine-learning potential to be
accurate and robust, the key ingredient is a good way of mathematically
representing a local geometry of atoms, given by what is called the descriptor.
Above, qi represents the descriptor of the local atomic environment of atom i.
In practice, an ML potential is trained to a set of training structures with the
total energies, forces, and, if desired, stresses obtained from quantum-level
calculations (typically DFT).

6.2.2 Descriptors

Given a group of atoms, the simplest descriptor q for quantifying the ge-
ometry would be the distance between the given atom i and its neighbours
j: q2b = rij . When constructing more complex many-body descriptors, it is
essential that they satisfy basic physical symmetries. Atoms in an identical
environment must have the same energy regardless of orientation in space.
Hence, a descriptor should be invariant to translation, rotation, and per-
mutation of identical atoms. The interatomic distance descriptor naturally
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fulfils these requirements. A simple three-body descriptor that satisfies the
symmetry conditions could be the bond angle between a triplet of atoms
ijk. However, the bond angle descriptor lacks information about the relative
bond lengths between the three atoms. Hence, a more useful and symmetrised
three-body descriptor is [74]

q3b =

⎛
⎜⎝ rij + rik

(rij − rik)2

rjk

⎞
⎟⎠ . (6.15)

More complex many-body descriptors involve summation over all atoms
within a cutoff sphere. Among the most common such descriptors are the
symmetry functions by Behler and Parrinello [72] used in neural network
potentials, and the smooth overlap of atomic positions (SOAP) descriptor
framework [75] used by the Gaussian approximation potentials [73, 74]. The
Behler-Parrinello descriptor includes a radial part and an angular part. Both
are Gaussian-like functions, where the latter depends on the bond angles and
relative distances of all triplets of atoms within the cutoff sphere, in a way
that somewhat resembles the Tersoff potential.

As the name suggests, the SOAP framework compares two atomic envi-
ronments by calculating the overlap of the atomic positions. First, an atomic
density is calculated by smearing the atomic positions by Gaussian func-
tions with some standard deviation σ, which controls the smoothness and is
typically a fraction of the nearest-neighbour distance. To be computation-
ally tractable, the atomic density is in practice expanded in a basis of radial
functions, gn(r), and spherical harmonics, Ylm(r̂), as [75]

ρi(r) =
∑

j

exp
[
−(r − rij)2

2σ2

]
fcut(rij) =

∑
nlm

ci,nlmgn(r)Ylm(r̂). (6.16)

Rotational invariance requires integration over all rotations. Equivalently [75],
a rotationally invariant descriptor can be obtained as the spherical power
spectrum from the coefficients ci,nlm as

pi,nn′l =
l∑

m=−l

ci,nlmc∗
i,n′lm. (6.17)

Collecting all elements pi = {pi,nn′l}, the final SOAP descriptor of the atom
i is the normalised vector

p̂i = pi/|pi|. (6.18)
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We note that the use of descriptors for quantifying local atomic environ-
ments is by no means limited to machine-learning interatomic potentials. De-
scriptors can in general be used for machine-learning or quantifying any prop-
erties dependent on local atomic geometries, such as comparing structures of
molecules and materials [76], or identifying and classifying defects [77]. User-
friendly code packages with a variety of implemented descriptors have been
developed which can be conveniently used for atomistic machine-learning ap-
plications [78].

6.2.3 Gaussian approximation potentials

In the Gaussian approximation potential (GAP) [73, 74], the energy of an
atom i is estimated using Gaussian process regression (GPR), which can be
written as a sum over kernel functions

Ei =
M∑
s

αsK(qi, qs). (6.19)

αs are the regression coefficients to be obtained during training and qi repre-
sents the descriptor output of the environment of atom i. K is the covariance
function, typically called the kernel, and is a measure of the similarity be-
tween two inputs. In this way, GPR is a machine-learning technique that
relies on a database of known inputs (environments) s, which are compared
to the desired environment i to establish a prediction. A useful feature of
GPR is that because the prediction represents an average of randomly sam-
pled functions [79], it also provides an estimate for the uncertainty of the
prediction. This is illustrated in a 1D schematic example of GPR to a few
training points in figure 6.2, with the predicted output in red and the con-
fidence interval in orange. The uncertainty in the prediction can in GAP be
used to assess the reliability of the potential for certain structures or local
atomic environments. For more details about GPR, we refer to Ref. [79].

In GAP, the commonly used kernel for two- and three-body descriptors
is the squared-exponential kernel

Knb(qi, qs) = exp

⎛
⎝−1

2

D∑
j

(qi,j − qs,j)2

σ2
j

⎞
⎠ , (6.20)

where j loops over the elements of the descriptor vectors. Using the SOAP de-
scriptor, the similarity between two environments is obtained as the squared
integrated overlap of the two atomic densities (which is then integrated over
all rotations) [75]. Equivalently, it is obtained as the dot product of the SOAP
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power spectrum vectors

KSOAP(qi, qj) = |p̂i · p̂j |ζ , (6.21)

where ζ is a small integer that is used to control the sensitivity of the kernel.

Input
O

u
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u
t

Figure 6.2: 1D illustrative example of
Gaussian process regression, with the
predicted curve in red and the uncer-
tainty in the prediction in orange.

In practice, it is often useful to com-
bine multiple descriptors (with associ-
ated kernels). A natural choice is to
use a linear combination of increasingly
complex descriptors in the spirit of the
many-body expansion in equation (6.1).
A simple two-body descriptor can cap-
ture the major part of the bonding en-
ergy, while more complex descriptors
make the small but necessary many-
body corrections. Additionally, it can be
useful to include an external analyti-
cal potential Vext., and only machine-
learn the difference between Vext. and
the training energies. In general, Vext.
could be any analytical potential. A
good choice is a purely repulsive pair potential to account for the known
Coulombic repulsion at short distances (without having to machine-learn the
large short-range energies and forces) and leave the attractive bonding inter-
actions to be fully machine-learned (see Publication VI). In the most general
form, the total energy of an atom i in GAP can then be written

EGAP = Vext. +
∑

d

δ2
d

Md∑
s

αd,sKd(qd,i, qd,s), (6.22)

where d loops over the different descriptors with the associated kernel Kd. δ2
d

is a descriptor-specific scaling factor, which is useful to e.g. let the two-body
descriptor contribute with the largest energy.

The sum in equation (6.19) is over a set of M training points. M is the
number of representative training environments from the N total environ-
ments in the training database. This selection of a subset of training data is
known as sparsification, and is desirable for two reasons. First, it is obvious
that a lower M leads to a faster evaluation of equation (6.19), and typically
M � N . Second, the training structures generally contain many almost iden-
tical local atomic environments, so that one can safely discard a significant
fraction of environments without affecting the accuracy. For example, in a
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lattice with one point defect, mainly the atoms surrounding that point defect
are worth including in the training, and there is no need to consider all the
atoms with perfect crystalline local environments. Although, in other struc-
tures (like liquids), choosing which local atomic environments to discard is
not nearly as obvious. Picking the most representative subset of the training
database is therefore a nontrivial problem for which a number of algorithms
exist [80], but they will not be discussed in more detail here.

Training the GAP means finding the optimal values for the α coefficients,
which are obtained as the regularised least-squares solution [81]

α =
[
KMM + (LKNM )TΛ−1LKNM

]−1
(LKNM )TΛ−1y. (6.23)

Here, y contains all training data points (i.e. energies, forces, and stress
components). The kernel matrices K are constructed with the total and
sparsified numbers of training environments, N and M . L is a linear operator
that is required to decompose the total energies into atomic energies, and to
simultaneously train both energies and forces [82]. The solution is regularised
by the weights Λ = σ2

νI, where σν is a user-defined assumed error in the
training data. Regularisation is essential to avoid overfitting. The quantum-
mechanical training data is never exact, causing small inconsistencies between
different training structures due to e.g. the finite number of k-points and
chosen cutoff energy in the DFT calculations. Additionally, the decomposition
of total energies into atomic energies with a finite cutoff radius means that
the training data cannot and should not be reproduced exactly.

6.3 Developing potentials for radiation damage

Simulating radiation damage, and in particular collision cascades, is a de-
manding task for the interatomic potential. As described in section 4.2, the
evolution of collision cascades involves drastic and unpredictable movements
of atoms that must the be well captured by the potential. These include (1)
energetic many-body collisions and displacement of atoms, requiring an accu-
rate repulsive part of the potential, (2) localised melting and mixing of atoms
during the heat spike, requiring a realistic description of the liquid phase and
the melting point, (3) defect creation and clustering during recrystallisation of
the cascade core, requiring a correct description of at least the lowest-energy
defect configuration and their mobilities. Naturally, the potential must also
reproduce the basic elastic and thermal properties of the material. For sur-
face irradiation, the potential should also provide a reasonable description
of surface energies, surface defects, and allow for formation and sputtering
of atoms and molecules. Fitting a potential for radiation damage therefore
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involves fitting some or all of the above-mentioned properties, followed by
extensive testing and validation to expose any unpredictable artefacts in the
predictions of the potential.

When fitting a potential, one always has to prioritise a set of properties
according to the desired applications. Even though the ideal interatomic po-
tential for radiation damage is capable of describing all the above-mentioned
properties and phenomena, rarely is any potential quantitatively accurate in
all aspects. The capabilities of analytical potentials are ultimately constrained
by their functional form, which often makes it impossible to capture all de-
sired properties. In this regard, machine-learning potentials have a significant
advantage as they can be systematically improved to capture virtually any
material property by adjusting or extending the training database. At the
same time, the flexibility of ML potentials also allows any properties to be
arbitrarily inaccurate, which may lead to the potential failing catastrophi-
cally when used in MD simulations. Hence, testing is of critical importance
in potential development, and especially when developing ML potentials.

It is also important to know the limits of the potential to aid the interpre-
tation and critical assessment of the simulation results, and to, if required,
allow for improvements and fine-tuning of the potential. In the following chap-
ters, these points will be illustrated repeatedly when we analyse the results
of radiation damage simulations, identify weaknesses in existing potentials
and eliminate them in improved potentials, as well as develop new analytical
and machine-learning potentials.
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Chapter 7

Simulations of radiation damage in Fe and
W

7.1 Optimising interatomic potentials for Fe

Following the previous chapter, it is clear that the key to obtaining reli-
able results from molecular dynamics simulations is a sufficiently accurate
interatomic potential. The first novel contributions of this thesis are the de-
velopment and fine-tuning of analytical potentials for simulating radiation
damage in iron.

The most widely used interatomic potentials for radiation damage in iron
are the EAM potential by Ackland et al. [83], from hereon referred to as
AM04, the EAM potential by Marinica [20, 84], M07, the magnetic EAM
potential by Dudarev et al. [85, 86], DD-BN, and the Tersoff-like bond-order
potential by Müller et al. [87, 86], ABOP-MEABN. A major challenge for iron
potentials is to correctly stabilise the C15 clusters in relation to dislocation
loops. Only the M07 potential correctly reproduces the stability of small C15
clusters. However, we found that it predicts threshold displacement energies
almost a factor of two higher than DFT [88] and experiments [89, 90], which
leads to unrealistically few defects produced in collision cascade simulations.
In contrast, the remaining potentials mentioned above all give reasonable
threshold displacement energies, but fail to reproduce the relative stability
of C15 clusters and dislocation loops. Thus, no single potential was accurate
enough for both the defect cluster energetics and the properties sensitive to
the repulsive part of the potential. Hence, in Publication I we tune the re-
pulsive part of the M07 potential so that satisfactory threshold displacement
energies are recovered. We did this without modifying any near-equilibrium
properties, including defect energies, which are already well described in the
original M07 potential. We denote the modified potential M07-B. Similarly,
in Publication II we revise the ABOP-MEABN potential to improve the ac-
curacy of defect energies, including the stability of C15 and dislocation loops,
while simultaneously fine-tuning the repulsive part of the potential. We refer
to this revised bond-order potential simply as the ABOP.

A simple yet effective way of testing the repulsive part of a many-body
potential is to track the energy difference when statically displacing an atom
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Figure 7.1: Energy difference when displacing an atom along different crystal direc-
tions in a rigid bcc iron lattice, as compared between various interatomic potentials
and DFT data from [88]. The results are from Publications I and II.

along various crystal directions in a rigid lattice. Figure 7.1 shows the result-
ing energy curves for three crystal directions in all of the above-mentioned
potentials, compared with DFT data from Ref. [88]. We used these curves
when refitting the ABOP and M07-B potentials, which hence most accurately
reproduce the DFT-obtained curves.

Figure 7.2 shows the stability of interstitial clusters as differences in for-
mation energies to 1/2〈1 1 1〉 loops, so that negative values means more stable
than 1/2〈1 1 1〉 loops. In iron, only the three potentials that correctly repro-
duce C15 clusters as the favoured cluster at small sizes are plotted. The solid
lines are extrapolations given by fits to the scaling laws discussed in Ref. [22],
from where the DFT data is also taken. Although the M07 and ABOP po-
tentials satisfactorily reproduce the stability at small sizes, the crossover be-
tween C15 and 1/2〈1 1 1〉 loops are underestimated in both potentials. A key
difference between the M07 and the ABOP potential is that the latter quali-
tatively reproduces the DFT trend of 〈1 0 0〉 loops being significantly higher
in energy than 1/2〈1 1 1〉 loops, while the M07 potential incorrectly predicts
that 〈1 0 0〉 loops become the most stable clusters at sizes above 80 intersti-
tials. The AM04 potential only stabilises very small C15 clusters, and both
dislocation loops remain unphysically close in energy at all sizes. However, it
is worth noting that the stability of the two dislocation loops is reversed at
high temperatures due to drastic changes in the elasticity when approaching
the Curie temperature [91]. This effect cannot be captured by any potential,
but should be considered when interpreting simulation results.

For comparison, figure 7.2 also shows data for tungsten in three com-
monly used EAM potentials (introduced in the next section). C15 clusters
are never more stable than 1/2〈1 1 1〉 loops in tungsten according to DFT, and
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Figure 7.2: Relative formation energies of interstitial clusters in Fe and W compared
between different potentials and DFT. The DFT data are from Ref. [22].

1/2〈1 1 1〉 loops are always more stable than 〈1 0 0〉 loops. Many potentials
fail to reproduce this trend, as is clear from figure 7.2.

7.2 Cascade overlap effects in Fe and W

With a good understanding of the performance of different interatomic po-
tentials for cascade-relevant properties, we can now turn the discussion to
simulation results on radiation damage. The vast majority of molecular dy-
namics simulations of radiation damage in Fe and W have focused on the
primary damage produced by single cascades. Yet, in reactor conditions or
experimental studies, the materials are usually irradiated up to several dpa.
Already at a fraction of a dpa, cascades are likely to overlap with some previ-
ously created damage, such as dislocation loops, C15 clusters, voids, or other
defects.

From the limited literature on cascade overlap, it is known that cascades
overlapping with pre-existing defects produce fewer new point defects [92].
Additionally, cascade overlap has been seen to lead to complex defect clus-
ters [93]. Nevertheless, a detailed understanding of the effects of cascade
overlap is missing. Hence, in Publication III, we perform a large number of
MD simulations of low-energy cascades overlapping with existing interstitial-
rich clusters. The pre-existing clusters are 1/2〈1 1 1〉 and 〈1 0 0〉 loops in Fe
and W, and C15 clusters in Fe. Figure 7.3 illustrates the overlap of the disor-
dered cascade core with a dislocation loop. From the simulations, we extract
general trends that can be implemented in larger-scale simulation methods,
such as object kinetic Monte Carlo methods or cluster dynamics models.

For iron, we use the AM04, M07, and M07-B potentials introduced pre-
viously. For tungsten, we use three commonly used EAM potentials suitable
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for radiation damage: the AT-ZN potential [94, 95], the DND-BN poten-
tial [96, 97], and the M4-S potential [98, 99].

Figure 7.3: Cascade over-
lapping with a disloca-
tion loop.

In figure 7.4, the number of new defects for cas-
cades fully overlapping with a pre-existing cluster
are shown as a function of the cluster size. The clus-
ter size is given relative to the size of the disordered
volume of atoms during the heat spike of the cas-
cade, and the number of defects is normalised by
the number of defects produced in single cascades
with no overlap. The resulting trends then become
independent of the PKA energy, and general obser-
vations can be made. The results show that cascade
overlap with an interstitial cluster reduces the num-
ber of new defects drastically, and overlap with a
cluster roughly half the size of the disordered cas-
cade volume leads to almost zero new defects. The
trend is independent of actual cluster type (e.g. dis-

location loop or C15), and similar in both Fe and W, suggesting that this is
a general cascade overlap effect in bcc metals.

Quite often, cascades are only partially overlapping with the pre-existing
cluster, as illustrated in figure 7.3. A complete description of the defect pro-
duction in cascade overlap hence requires an analysis as a function of the
spatial overlap between the cascade and the cluster. The general trend for
the defect production as a function of spatial overlap is a smooth curve going
from a minimum number of new defects in full overlap, to a maximum num-
ber when there is no overlap. Figure 7.5 shows the simulation data in both
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Figure 7.4: Number of new Frenkel pairs, N , formed in cascades fully overlapping
with interstitial defect clusters, as a function of their size. The defect numbers are
normalised by value at no overlap (Np), and the cluster radius (rd) is normalised by
the radius of the cascade volume rc. From publication III.
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Figure 7.5: Normalised numbers of new Frenkel pairs created in overlapping cascades
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and the defect cluster. From Publication III.

Fe and W. The data can be captured by a simple function:

N =

⎧⎨
⎩N0 , r < rd

Np − (Np − N0) exp
[
− (r−rd)2

(arc)2

]
, r ≥ rd.

(7.1)

N0 is the number of new defects created in full overlap, from figure 7.4. rd
is the radius of the defect cluster, rc is the radius of the cascade, r is the
distance between the cascade centre and the defect cluster centre, and a
controls the range of no overlap (a = 0.75). Note that the function contains
no fitting parameters, the dependence on PKA energy, temperature, and
potential are implicitly accounted for by the size of the disordered cascade
core, rc. In figure 7.5, the data is normalised in a way that eliminates the
dependence on the exact irradiation conditions (PKA energy, interatomic
potential, temperature, etc.), so that the data follows a single general trend.
The model can be used in e.g. object kinetic Monte Carlo models to include
effects of cascade overlap when simulating long-term irradiation.

In addition to a reduction in defect production, cascade overlap also leads
to changes in the pre-existing cluster. For example, it is no surprise that over-
lap with an energetically unfavoured 〈1 0 0〉 dislocation loop might trigger a
transformation to a more stable 1/2〈1 1 1〉 loop or C15 cluster. Perhaps more
interesting is the opposite, how often cascade overlap leads to an energeti-
cally unfavourable cluster. We found that transformations of defect clusters
in cascade overlap is quite likely. As an example, 〈1 0 0〉 loops are formed in
about 10–20% of the simulations in iron, regardless of what the initial cluster
was. However, a critical issue is again the accuracy of the interatomic poten-
tials. As discussed previously, many potentials fail to reproduce the correct
relative stability of the different interstitial clusters, which consequently leads
to questionable statistics in cascade-induced cluster transformations. The is-
sue is particularly problematic in W, where the different potentials give very
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Figure 7.6: Left: flowchart of the growth and collapse of a C15 cluster into a disloca-
tion loop of either type. Right: table showing the simulated statistics of C15 collapse
into loops. From Publication II.

different results as seen in figure 7.2. Thus, our cascade overlap simulations
emphasise the constant need for more accurate interatomic potentials.

Finally, we note that similar studies have since been carried out for cas-
cade overlap with vacancy clusters in Refs. [100, 101].

7.3 Evolution of C15 clusters in Fe

Once various defect clusters have formed during irradiation, they will grow,
migrate, and interact with other defects. In what follows, we explore two
cases of evolution of radiation-induced clusters in iron. In this section, the
growth and collapse of C15 clusters, and in next section, the stress-assisted
and thermally activated unpinning of dislocations from voids.

It has been shown, using MD simulations, that C15 clusters can form
directly in the primary damage of single cascades [20], and that they grow by
absorbing new interstitials [102]. After reaching a certain size, they become
unstable and collapse into dislocation loops [102, 103]. In these studies, they
observed that the most probable dislocation loop formed in C15 collapse is
the 〈1 0 0〉 loop. However, they used the M07 potential (at the time the only
option for simulating C15 clusters), which as discussed previously describes
the C15 clusters well, but fails to reproduce the stability trend of the two
dislocation loops. In particular, the M07 potential predicts 〈1 0 0〉 loops to
become the most stable cluster at sizes above 80 interstitials (figure 7.2).
Incidentally, this is around the size when growing C15 clusters collapse in MD
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simulations. Hence, it is unclear whether the observation of frequent 〈1 0 0〉
loop formation from C15 collapse is an artefact of the potential or not. To
settle the confusion, in Publication II we revisited the case of growing and
collapsing C15 clusters using the new bond-order potential, ABOP, which
is the only potential to qualitatively reproduce the order of stability of C15
clusters, 1/2〈1 1 1〉 loops, and 〈1 0 0〉 loops at all sizes.

First we confirmed that C15 clusters can form directly in single cascades,
and found that 10–20% of the interstitial clusters formed in 10–50 keV cas-
cades are C15-like. We then studied the growth and eventual collapse of C15
clusters using both the ABOP and the M07 potential. The results are sum-
marised in figure 7.6. In contrast to the previous studies, the ABOP predicts
a clear majority of C15 clusters to collapse into 1/2〈1 1 1〉 loops (26 out of
30 simulations). In the M07 potential, both loops form with almost equal
probability. Hence, the ABOP does confirm that 〈1 0 0〉 loops can form from
collapsing C15 (in 1/30 cases), but that it is far less likely than suggested by
simulations using the M07 potential.

The simulations also revealed that when a C15 cluster collapses into a
1/2〈1 1 1〉 loop, the loop is often detached and repelled before absorbing all
interstitials, leaving behind a small C15 cluster as it rapidly migrates away
(see figure 7.6). This suggests that C15 clusters can act as long-lasting nu-
cleation sites and emitters of 1/2〈1 1 1〉 loops. This does not happen when
〈1 0 0〉 loops are formed, as they are far less mobile and remain stationary
and absorb all interstitial atoms.

7.4 Edge dislocations unpinning from obstacles by
thermal activation

During prolonged irradiation, the dislocation loops formed during cascades
can grow to substantial sizes [104, 103]. In Publication IV, we study the
interaction between a 1/2〈1 1 1〉 edge dislocation and a void in iron using
MD and the AM04 potential. Specifically, we determine the activation energy
required for the dislocation to unpin from a void as a function of stress and
temperature.

The simulation system contains a straight 1/2〈1 1 1〉 edge dislocation,
which is put in motion by applying a shear stress. A void is placed in its path,
which results in the dislocation being attracted and pinned to the void. As the
dislocation is forced forward, the dislocation line stretches around the void
as illustrated in figure 7.7. The direction of the Burgers vector is indicated
by the orange arrow in figure 7.7 and the colours of the dislocation line shows
its local geometry, i.e. pure screw, pure edge, or mixed. A certain energy is
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required for the dislocation to unpin from the void, which can be supplied
in the form of mechanical work by the shear stress, and additionally by
thermal activation at sufficiently high temperatures. In dislocation-obstacle
interactions, the shear stress is usually expressed as the effective stress on
the obstacle, given by [105]

τ =
(

1 +
L − D

D

)
τappl. − L − D

D
τf . (7.2)

Here, L is the distance between obstacles (due to periodic boundaries), and
D is the activation length, i.e. the missing dislocation segment of the pinned
dislocation, which is roughly equal to the obstacle size. τappl. is the applied
stress, and τf is the friction stress required for the dislocation to move through
the lattice, which at finite temperatures in iron is negligible.

Figure 7.7: A dislocation
pinned to a void. The ar-
row shows the direction
of the Burgers vector.

The unpinning activation energy for a disloca-
tion pinned to an object can be approximately de-
rived as a function of stress [106, 107], and follows
an equation in the form

E = E0

[
1 −

(
τ

τ0

)q]p

, (7.3)

where E0 is the activation energy at zero applied
stress, τ is the shear stress, τ0 is the critical shear
stress required for unpinning at zero temperature.
p and q are parameters that depend on the stress
profile of the dislocation-obstacle interaction. The
function is valid for stresses relatively close to the
critical unpinning stress.

The activation energy at a given shear stress can be estimated from MD
simulations in different ways. In what we refer to as the static method,
we apply a constant shear stress sufficiently close to the critical unpinning
stress. The dislocation will then unpin by thermal activation after some
(temperature-dependent) time, and the activation energy can be estimated
from the Arrhenius law as Ea = kBT ln(ν〈ta〉), where 〈ta〉 is the mean ac-
tivation time. Because the unpinning time must be kept on the MD time
scale, and many simulations are required to obtain a reliable 〈ta〉, the static
method is computationally demanding and limited to a narrow stress and
temperature regime. A more efficient method, which we refer to as the dy-
namic method, was introduced by Monnet et al. [105]. Here, we apply a shear
strain (or stress) rate to force the dislocation to unpin after a certain time.
Assuming the Arrhenius law holds, the critical stress corresponding to this
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Figure 7.8: Activation energy required for a pinned edge dislocation to unpin from
a 2 nm void in iron, as a function of stress and temperature. (a): The critical shear
stress is corrected by the elastic softening at different temperatures (equation (7.5)).
(b): Uncorrected shear stress, which highlights the temperature dependence due to
elastic softening. From Publication IV.

activation time must be averaged exponentially as [105, 108]

τC =
kBT

Va
ln

〈
exp

(
Vaτ

kBT

)〉
ta

. (7.4)

Va is the activation volume. In the case of constant applied stress, τC = τ .
Here, values for the activation volume Va and the attempt frequency ν must
be assumed. The advantage of combining the static and dynamic method is
that the former gives access to both parameters directly, as shown in Publi-
cation IV. Hence, by combining both methods we can gather simulation data
for the activation energy as a function of stress and temperature.

Figure 7.8 shows the activation energy as functions of stress and tem-
perature for an edge dislocations pinned to a 2 nm void in iron, simulated
using the AM04 potential. An important finding in Publication IV is that
when simulating a wide range of temperatures, the mechanical work supplied
by a given shear stress, and hence also the activation energy, cannot be as-
sumed to be temperature-independent. This is due to the material becoming
elastically softer as the temperature increases. To account for this, the shear
stress must be scaled by the (direction-specific) shear modulus at the given
temperature as [107]

τ∗ =
G0

G(T )
τC, (7.5)

where G0 is the shear modulus at 0 K. In figure 7.8a, the data is plotted as a
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function of this effective shear stress, τ∗. Figure 7.8b shows the same data as
a function of the uncorrected stress, illustrating the temperature dependence
of the activation energy due to the softening of the shear modulus. The data
from the static and the dynamic method are found to agree well, and are
combined to fit equation (7.3). Taking the elastic softening into account, the
obtained equation as a function of stress and temperature is

Ea(τC, T ) = E0

(
1 − G0τC

G(T )τ0

)p

,
E0 = 3.142 eV
p = 2.566
τ0 = 4.4 GPa.

(7.6)

The equation is valid for an edge dislocation unpinning from the centre of a
2 nm void. Using the same methods, similar data can be readily obtained for
any dislocation-obstacle interaction.



Chapter 8

Analytical potential for BeO

Sputtering and erosion of Be due to deuterium irradiation has been studied in
detail both experimentally [109] and in simulations [110, 111]. Be efficiently
captures oxygen and an oxide layer has been observed on plasma-facing Be
tiles from the JET reactor [112]. The consequences of a beryllium oxide layer
on the sputtering and erosion of the plasma-facing components therefore
requires attention. From the modelling point of view, the first step is the
development of an interatomic potential. This is the topic of Publication V,
where we fit a Tersoff-like analytical bond-order potential (ABOP) for Be–O
interactions. The new potential builds on the previously developed Be–C–H
potentials [113] that have been used extensively to study fusion plasma–
surface interactions [110, 111].
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Figure 8.1: Phonon dispersion of BeO,
from Publication V.

BeO crystallises in the hexago-
nal wurtzite structure. The bond-
ing is partly ionic and partly co-
valent [114]. Due to the partly co-
valent nature, the three-fold coor-
dinated graphene-like sheet is only
0.1 eV higher in energy than the
four-coordinated wurtzite ground
state. As is typical when develop-
ing Tersoff-like potentials, we fit
the ABOP using a coordination-
based approach. The fitted ABOP
reproduces well the properties of
the wurtzite ground state, including
all elastic constants as summarised

in table 8.1. Figure 8.1 shows the phonon dispersion of wurtzite BeO com-
pared between the ABOP, DFT, and experimental data from Ref. [115]. The
dispersion is overall well reproduced by the ABOP, apart from a strong over-
estimation of the horizontal optical branches, which is likely due to the short
interaction range of the ABOP. The potential also correctly stabilises the
graphene-like sheet with an energy difference consistent with the 0.1 eV pre-
dicted by DFT, and can therefore be used to study BeO nanotubes and
nanosheets [116, 114].

41



42 8 Analytical potential for BeO

Table 8.1: Properties of wurtzite BeO compared between the ABOP, experiments,
and DFT. Ecoh: cohesive energy per atom (eV/atom), a, c: lattice constants (Å), B:
bulk modulus (GPa), and Cij : elastic constants (GPa).

DFT Exp. ABOP

a 2.766 2.698a 2.758
c 4.496 4.38a 4.503
Ecoh −5.469 −6.1b −5.559
B 218 208–249a–e 208
C11 424.4 470c, 460.6d, 454e 463
C12 133.7 168c, 126.5d, 85e 98
C13 96.6 119c, 88.48d, 77e 62
C33 466.1 494c, 491.6d, 488e 499
C44 126.6 153c, 147.7d, 155e 164
C66 145.3 152c, 167.0d, 185e 183
a Ref. [120] b Ref. [121] c Ref. [122]
d Ref. [123] e Ref. [115]

Table 8.2: Bond lengths (Å) and cohesive energies (eV/atom) of increasing sizes of
ring-like Be–O molecules predicted by the ABOP and compared with DFT results
and experimental data from Ref. [117].

DFT Exp. [117] ABOP

BeO rb 1.422 1.410
Ecoh −1.936 −2.3 −3.391

(BeO)2 rb 1.555 1.617
Ecoh −3.631 −4.0 −3.809

(BeO)3 rb 1.521 1.532
Ecoh −4.314 −4.7 −4.747

(BeO)∞ rb 1.480 1.517
Ecoh −4.694 −4.754

In simulations of plasma-surface interactions, sputtering of oxide molecules
by incoming deuterium ions is expected. Be–O molecules have been experi-
mentally observed to form closed rings [117]. In table 8.2 we list the energies
and bond lengths of closed Be–O molecules of increasing size, compared be-
tween the ABOP, DFT, and experiments. The ABOP reproduces well the
energies and bond lengths of all molecules, apart from the Be–O dimer.

The ABOP has since been extended to include the O–H interaction, and
shown to give sputtering yields in good agreement with experiments and pro-
vide useful information about various sputtering mechanisms and sputtered
molecules [118, 119].



Chapter 9

Machine-learning potential for W

The only viable way towards more accurate MD simulations of radiation
damage in tungsten is development of more accurate potentials. While the
EAM potentials used in chapter 7 are accurate in many aspects, they all
have critical flaws that limit the reliability of the simulation results. Most
analytical potentials are fitted to reproduce the energetics of single intersti-
tials and vacancies. That, however, does not guarantee good transferability
to larger clusters, as is clear from figure 7.2. In fact, the potentials that per-
form best for single point defects or small clusters tend to show the poorest
transferability to larger clusters, which is usually an indication of overfitting.
Another common trend among analytical potentials for tungsten is a too-low
surface energy [124], and the inability to reproduce the somewhat peculiar re-
pulsion between nearby vacancies [125]. In Publication VI, we train a robust
machine-learning potential to a database of density functional theory data,
that owing to its flexibility reproduces all desired properties with near-DFT
accuracy.
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DFT QHA

Exp.

Figure 9.1: Thermal expansion coeffi-
cient, αL, obtained using MD with
the GAP, quasi-harmonic approximation
(QHA) calculations in DFT and the GAP,
and experimental data from Ref. [126].

We use the Gaussian approxima-
tion potential (GAP) framework de-
scribed in chapter 6, and write the
total energy as in equation (6.22)
using a two-body descriptor and
SOAP. The external potential is a
purely repulsive screened Coulomb
potential fitted for W–W repulsion.
The training database consists of
3749 structures and in total around
40000 atoms, with total energies,
forces, and in some cases virial
stresses obtained from DFT calcu-
lations. Including a rich variety of
structures is essential to ensure a
transferable and robust potential.

Every structure type corresponds to certain desired properties. For example,
elastic properties are learned from total energies and virial stresses of ran-
domly distorted unit cells. Vibrational and thermal properties are accounted
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for by learning forces from bulk lattices sampled at different temperatures
and volumes. In a similar manner, properties related to surfaces, defects,
liquids, and other crystal structures are considered.
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Figure 9.2: Surface energies obtained with
the GAP, DFT, and three EAM poten-
tials [94, 96, 98]. Experimental points are
from Ref. [127].

Choosing an appropriate ma-
chine learning framework with good
descriptors, as well as constructing a
diverse training database are impor-
tant steps towards a good machine-
learning potential. An equally cru-
cial step is to extensively test the po-
tential by calculating various mate-
rial properties. During development,
the GAP was continuously tested in
simple melting-quenching MD sim-
ulations and by calculating various
properties, such as the elastic con-
stants, defect energies, surface ener-
gies, and energies of different crys-
tal structures. In this way, any un-
physical predictions by the potential

could be detected and eliminated. As an example, an early version of the GAP
predicted a spurious chain-like network of atoms to be significantly lower in
energy than the bcc ground state, despite otherwise showing excellent ac-
curacy for all crystalline and liquid properties. This artefact was eliminated
by extending the training database with a few relevant structures, without
affecting any other well-described properties.

The final GAP reproduces elastic, thermal, defect, liquid, and surface
properties in good agreement with DFT. When possible, we also compare
the performance with experimental data, which is useful not only for vali-
dating the GAP, but to simultaneously benchmark the accuracy of the DFT
calculations used for the training data. Figure 9.1 shows the thermal expan-
sion coefficient obtained in MD simulations with the GAP and compared
with experimental measurements [126]. The thermal expansion can also be
estimated using the quasi-harmonic approximation (QHA), which accounts
for zero-point vibrations and is hence accurate at low temperatures. Results
from both DFT and the GAP within the QHA are also shown. Both the
GAP and DFT reproduce the experimental trend well. Other thermal prop-
erties, such as the heat capacity and temperature dependence of the elastic
constants are also well reproduced, as seen in Publication VI.

The GAP describes the liquid phase within 10 meV/atom from DFT, as
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obtained from cross-validation of the training structures. Further comparison
can be made with available experimental data. The melting point predicted
by GAP is 3540 K, 4% lower than 3687 K from experiments [121]. The la-
tent heat and the density of the liquid phase at the melting point is 0.50
eV/atom and 16.5 g/cm3, compared to 0.54 eV/atom and 16.2–17.6 g/cm3

from experiments [121, 128].

0 5 10 15 20
SIA cluster size

0

25

50

75

100

125

F
o
rm

at
io

n
en

er
g
y

(e
V

)

GAP 〈100〉
GAP 1/2〈111〉
GAP C15

DFT 〈100〉
DFT 1/2〈111〉
DFT C15

Figure 9.3: Formation energy of intersti-
tial clusters compared between the GAP
and DFT data from Ref. [22].

As discussed previously, surface
energies are often challenging to re-
produce with analytical potentials.
In contrast, for ML potentials like
the GAP it is among the easi-
est properties to train. The surface
atoms have distinctly different lo-
cal atomic environments than bulk
atoms, which is easily captured by
any descriptor and learned by the
ML framework. Figure 9.2 shows the
surface energies of the 10 lowest-
index surfaces of bcc tungsten. All
three EAM potentials do predict
the close-packed (1 1 0) surface to be
lowest in energy, but the energy is

significantly underestimated, and the order of the remaining surfaces is in-
consistent with DFT. The GAP is trained to the first four surfaces, and shows
good transferability to the remaining surfaces.

The GAP reproduces the DFT formation energies of single vacancies and
different interstitial sites to within 1%. In particular, it correctly predicts the
〈1 1 ξ〉 interstitial configuration (figure 4.1) to be lowest in energy (0.04 eV
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lower than the straight 〈1 1 1〉 dumbbell), in line with recent DFT observa-
tions [17]1. Reproducing the energetics of single interstitials and vacancies is
of little value if the potential is not transferable to clusters of multiple defects.
In chapter 7 we noted that reliable statistics for cascade-induced transforma-
tions of defect clusters requires more accurate potentials. Figure 9.3 shows
the formation energies of interstitial 1/2〈1 1 1〉 loops, 〈1 0 0〉 loops, and C15
clusters predicted by the GAP and compared with DFT results from Ref. [22].
Despite the training database only containing single and di-interstitial struc-
tures, the GAP show excellent transferability to larger clusters of all three
types. We found that it is crucial to include nonparallel di-interstitials in the
training data. An early GAP version trained using only single and parallel
di-interstitial configurations failed to capture the relative stability of nonpar-
allel clusters, and incorrectly predicted C15 clusters to be similar or lower in
energy than 1/2〈1 1 1〉 loops.
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Figure 9.5: Angular map of threshold
displacement energies obtained with
the GAP.

Our GAP contains an accurate re-
pulsive potential to make it suitable for
collision cascade simulations. The exter-
nal screened Coulomb potential domi-
nates at short distances, with a smooth
and accurate machine-learned connec-
tion to the near-equilibrium energies, as
described in Publication VI. The accu-
racy of the repulsive potential at in-
termediate distances is shown in fig-
ure 9.4. As an additional test, we simu-
lated threshold displacement energies at
0 K. The results are shown as an angu-
lar map in figure 9.5. The minimum is
in the 〈1 0 0〉 direction, consistent with
experiments. GAP predicts a minimum

threshold of 45.5 eV, compared to 41 eV from experiments [129]. The global
average in GAP is 106.2 ± 5.6 eV.

Overall, the GAP significantly outperforms any existing analytical po-
tential for tungsten in accuracy. The cost is that, vice versa, any existing
analytical potential for tungsten significantly outperforms the GAP in com-
putational speed (by around 2–4 orders of magnitude, depending on the type
of potential).

1Interestingly, when developing the GAP we were not aware of this (then still unpub-
lished) result about the 〈1 1 ξ〉 interstitial, and hence did not consider it when constructing
the training database. Nevertheless, the machine learned what the human did not know,
which is exactly something a reliable potential should be able to do.



Chapter 10

Summary and outlook

We have discussed molecular dynamics simulations of radiation damage in
several fusion reactor materials. To summarise the work of this thesis, we
developed new interatomic potentials for iron, beryllium oxide, and tung-
sten. Furthermore, we studied in detail: (1) the effects of collision cascades
overlapping with interstitial clusters in iron and tungsten, (2) the formation,
stability and collapse of the radiation-induced C15 Laves phase clusters in
iron, and (3) the thermally activated unpinning of dislocations from voids in
iron. The corresponding main results and conclusions are: (1) cascade overlap
leads to a drastic reduction in defect production, which can be approximated
by a simple analytical function of the spatial overlap between the cascade
core and the pre-existing cluster, (2) in iron, C15 clusters form frequently in
cascades, and collapse mostly into 1/2〈1 1 1〉 dislocation loops and rarely into
〈1 0 0〉 loops after growing to a critical size, and (3) the activation energy for
thermal unpinning of dislocations from obstacles can be simulated using a
general methodology, and follows a simple analytical function as a function
of stress and temperature.

Throughout this thesis, we have emphasised the importance of accurate
interatomic potentials to ensure reliable simulation results. The potential de-
velopment described in this thesis has progressed the modelling capabilities
of fusion reactor materials. The optimised analytical potentials for iron ad-
vance the understanding of radiation damage in iron, the analytical Be–O
potential allows for the first time molecular dynamics simulations of beryl-
lium oxide layers in fusion-reactor conditions, and the machine-learning po-
tential for tungsten enables significantly more accurate simulations of how
tungsten responds to radiation. Further work is needed to obtain a more
complete multi-scale overview of radiation effects in fusion reactor materials,
for which the simulations in this thesis can contribute to. For example, the
results and models of cascade overlap, the simulated stability and collapse of
C15 clusters, and the dislocation unpinning energies may be implemented in
larger-scale models like object kinetic Monte Carlo, dislocation dynamics, or
cluster dynamics models.

We also showed how machine-learning potentials can achieve new lev-
els of accuracy compared to traditional analytical potentials. The field of
machine-learning potentials is still relatively young and currently extremely
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active, with new developments being made even during the writing of this
thesis. Currently, after having mainly been applied to pure elements, machine-
learning potentials are now being trained for increasingly complex alloys and
compounds. The tungsten potential developed in this thesis provides a good
basis for future work along these lines, such as developing potentials for
tungsten-based alloys.
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