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Abstract. The combination of non-minimal couplings to gravity with the post-inflationary
kinetic-dominated era typically appearing in quintessential inflation scenarios may lead to
the spontaneous symmetry breaking of internal symmetries and its eventual restoration at
the onset of radiation domination. On general grounds, the breaking of these symmetries
leads to the generation of short-lived topological defects that tend to produce gravitational
waves until the symmetry is restored. We study here the background of gravitational waves
generated by a global cosmic string network following the dynamical symmetry breaking and
restoration of a U (1) symmetry. The resulting power spectrum depends on the duration
of the heating process and it is potentially detectable, providing a test on the existence
of non-minimal couplings to gravity and the characteristic energy scale of post-inflationary
physics.
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1

Introduction

The direct detection of gravitational waves (GW) from black hole and neutron star
mergers [1–3], together with the observation of an electromagnetic counterpart [4], have
opened a new window for observational cosmology. Interestingly, these individual two-body
sources are just one of the many signals that could be detected by present and future experiments. A stochastic background of GWs could be produced, for instance, during inflation
and (re)heating [5–7] or be associated with exotic post-inflationary physics such as phase
transitions or topological defects [8–13]. The discovery of any of these backgrounds would
provide an extremely valuable piece of information on energy scales much beyond the reach
of any particle physics accelerator.
Topological defects are created whenever there is a spontaneous symmetry breaking,
usually associated with some critical temperature. A temporary network of these objects is
also expected in the presence of non-minimal couplings to gravity, provided the existence of
a kinetic dominated era with stiff equation-of-state parameter w > 1/3 [14]. In this paper, we
argue that a stochastic background of GWs could be produced by a temporary network of
cosmic string appearing in quintessential inflationary models with non-oscillatory runaway
potentials. The main ingredient of our proposal is a subdominant non-minimally coupled
U (1) scalar field on top of the inflaton and matter sectors. The non-minimal coupling to
gravity renders heavy the U (1) field during inflation, preventing the generation of dangerous
isocurvature perturbations [14].
After inflation, where the violation of the slow-roll conditions together with the absence
of a minimum for the inflaton field leads to the onset of a kinetic-dominated era, the Ricci
scalar turns negative and with it the effective mass of the U (1) field. The symmetry becomes
then spontaneously broken and the field develops a new vacuum at large field values, leading
to the formation of a cosmic string network by the standard Kibble mechanism [11]. The
oscillations of the strings within the Hubble volume generate a GWs spectrum with an energy
density that becomes cumulatively enhanced with respect to the rapidly decreasing energy
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density of the kinetic-dominated background. The production of GWs continues till the onset
of the hot big bang era, where the Ricci scalar vanishes and the negative mass term enforcing
the symmetry breaking effectively disappears. When that happens, the initial symmetry is
restored and the origin becomes again the absolute minimum of the potential. The complex
U (1) field starts spiraling around it, destroying the cosmic string network and halting the
GW production. Since the spectrum of GWs is frozen during the long-lasting radiationdominated era, the final energy density in GWs remains essentially unchanged up to the
present cosmological epoch.
This paper is organized as follows. In Section 2 we recapitulate the most important
aspects of quintessential inflation. The dynamics of a subdominant non-minimally coupled
U (1) field in this cosmological background is described in Section 3. Section 4 discuss the
formation of cosmic strings and the salient features of the associated GW spectrum. Section
5 is devoted to the computation of the present day GW spectrum and to the discussion of
the constraints that present and future experiments could cast on the model parameters and
early universe physics. Finally, our conclusions are drawn in Section 6.

2

Quintessential inflation

Inflation and dark energy are usually understood as two independent epochs in the
history of the Universe. Note, however, that there is no fundamental reason for this to be
the case. The common features of these cosmological periods could be related, for instance,
to some underlying principle, such as the explicit [15–17] or emergent realization of scale
invariance in the vicinity of non-trivial fixed points [18–21]. A framework that fits well with
the last possibility is quintessential inflation [21–28]. In its simplest terms, this paradigm
makes use of a single degree of freedom — dubbed cosmon [29] — to provide a unified
description of inflation and dark energy. Although certain parametrizations involving a noncanonical cosmon field are certainly preferred to highlight the aforementioned connection to
scale symmetry [18–21], we will follow here the standard approach and describe quintessential
inflation in terms of a canonically normalized cosmon field φ with Lagrangian density
M2
L
1
√ = P R − ∂µ φ∂ µ φ − U (φ) ,
−g
2
2

(2.1)

where MP = (8πG)−1/2 is the reduced Planck mass and R is the Ricci scalar. A particular
model within the paradigm is specified by a choice of the potential U (φ), which is required to
be of the runaway form in order to support inflation and dark energy. Several quintessential
potentials have been proposed in the literature [18–21, 25, 30, 31], each of them leading
to slightly different predictions for the inflationary and dark energy observables. Despite
numerical dissimilarities, the background evolution of the Universe is rather insensitive to
the precise form of U (φ) and involves always the same sequence of cosmological epochs.
At early times, the scalar field is generically displaced at large field values, allowing for
inflation with the standard chaotic initial conditions. The inflationary epoch will end, as
usual, when the kinetic energy density of the cosmon starts to dominate over the potential
counterpart, signaling the break-down of the slow-roll approximation. In the absence of
a potential minimum, the Universe will inevitably enter a kination or deflation era with
effective equation-of-state parameter w = 1 [23]. The duration of this unusual cosmological
epoch depends on the efficiency of the heating process.
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A plethora of heating mechanisms within quintessential inflation have been proposed
in the literature [21, 22, 32–38]. All these mechanisms share a common feature: the decay
of the inflaton field does not need to be complete. Even if the initial particle creation is
small, the rapid decrease of the cosmon energy density during kinetic domination (ρφ ∼ a−6 )
as compared to the redshift of the created plasma (ρR ∼ a−4 ) will eventually lead to radiation
domination. A useful way of parametrizing the duration of this transition period is to make
use of a heating efficiency parameter [21]
Θ≡

ρkin
akin 2
R
) ,
=
(
arad
ρkin
φ

(2.2)

kin
where ρkin
φ and ρR stand for the energy density of the cosmon and the heating products
at the beginning of kinetic domination and akin and arad denote respectively the values of
the scale factor at the onset of kinetic and radiation domination. For a fiducial Hubble rate
Hkin ∼ 1011 GeV, the typical heating efficiencies per degree of freedom vary between Θ ∼ 10−19
in gravitational heating scenarios [22, 32, 33] and Θ ∼ O(1) in heating scenarios involving
matter fields [21, 34]. The minimal value of Θ is restricted by big bang nucleosynthesis, where
the standard hot big bang history should be definitely recovered. In particular, quintessential inflation generates a primordial gravitational wave background that becomes blue tilted
during kinetic domination [21, 39],
ΩGW (k) ∼ k ,
(2.3)

and may excessively contribute to the effective number of relativistic degrees of freedom at
big bang nucleosynthesis, modifying with it the light elements’ abundance. The (integrated)
nucleosynthesis constraint on the GW density fraction [40, 41],
h2 ∫

kend
kBBN

ΩGW (k) d ln k ≲ 1.12 × 10−6 ,

(2.4)

with h = 0.678 and kend and kBBN the momenta associated to the horizon scale at the end
of inflation and at big bang nucleosynthesis, translates into a lower bound on the heating
efficiency [21]
Θ ≳ 10−16 (

2
Hkin
)
,
1011 GeV

(2.5)

which should be compared with the efficiency of a given heating scenario.
Beyond the onset of radiation domination, the background follows the usual hot big
bang evolution [21]. At the early stages of radiation domination, the cosmon field freezes
to a constant value, allowing for the resurgence of its potential energy density. When this
component re-approaches the decreasing energy density of the radiation fluid, the evolution
of the system settles down to a scaling solution in which the scalar energy density tracks the
background evolution [42, 43]. Eventually the cosmon will exit the tracking regime, leading
to a dark energy dominated era [42, 44].

3

Non-minimally coupled spectator field dynamics

Let us study the dynamics of a subdominant non-minimally coupled U (1) scalar field
in the quintessential inflation scenario discussed in the previous section. To this end, we
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Figure 1. Schematic behaviour of the U (1) potential and of the χ field evolution during the different
cosmological epochs in quintessential inflationary scenarios. The horizontal lines correspond to the
zero value of the corresponding quantity.

consider a Lagrangian density
n

Lχ
(χ† χ) 2
√ = −∂µ χ† ∂ µ χ − (m2χ + ξR) χ† χ − λ n−4 ,
−g
Λ

(3.1)

with m2χ a bare mass parameter, ξ is a positive dimensionless parameter, λ a positive
dimensionless coupling, n ≥ 4 and Λ a cutoff scale (a priori unknown). The non-minimal
coupling to gravity is motivated by quantum field computations in curved spacetime [45] and
its associated phenomenology has been widely studied in the literature, with applications in
baryogenesis [14], (re)heating [37] and dark matter production [46, 47].
Rather than specifying a particular quintessential inflation potential in Eq. (2.1), we
will follow here a model-independent approach and describe the background evolution of the
Universe in terms of the Ricci scalar behaviour at the different cosmological epochs. For a
flat Friedmann-Lemaitre-Robertson-Walker background metric gµν = diag(−1, a2 (t) δij ), the
Ricci scalar in Eq. (3.1) can be written as
R = 3(1 − 3w)H 2 ,

(3.2)

with H = ȧ/a the Hubble rate and w the equation-of-state of the dominant energy component.
The evolution of the U (1) potential is summarized in Fig. 1. During the inflationary
stage, the parameter w approaches the de Sitter value w ≃ −1 and the Ricci scalar is constant
and positive,
R = 12H 2 .
(3.3)
The mass term for the χ field in Eq. (3.1) is then also positive definite and the ground state
of the system is located at the origin of the effective potential, ∣χmin ∣ = 0. This implies, not
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only the U (1) symmetry is preserved, but also that the U (1) field is heavy during inflation
and no sizable isocurvature perturbations are generated [14].
As soon as the slow-roll conditions are violated, the system enters a deflation period
with stiff equation-of-state parameter w = 1. During this era, the Ricci scalar flips sign
R = −6H 2 .

(3.4)

If the associated Hubble-induced mass in Eq. (3.1) exceeds the bare mass of the χ field at that
time, the U (1) symmetry becomes spontaneously broken. When that happens, the field starts
rolling down from the origin to the new minimum of the potential, which is time-dependent
and located at
6
− n−2

1

12 ξ Hkin 2 Λ n−4 n−2
∣χmin (a)∣ = ∣χmin (akin )∣ (
,
∣χmin (akin )∣ ≃ [
MP .
)
(
) (
) ]
akin
nλ MP
MP
(3.5)
During the first stages of kinetic domination, the higher dimensional operators in Eq. (3.1)
can be safely neglected. In this case, the evolution of the field in its way to the time-dependent
minimum (3.5) can be well-described by the approximate solution [14, 37]
a

√

a
∣χ(a)∣ ≃ ∣χ(akin )∣ (

akin

)

√
1 + 6ξ
∣χ(akin )∣ ≡ √
Hkin ,
2 2π

6ξ

,

(3.6)

where we have neglected the subleading mass term mχ and assumed standard vacuum fluctuations as initial conditions. An estimate of the number of e-folds ∆Ntr needed to reach
(3.5) can be obtained by equating ∣χ(atr )∣ = ∣χmin (atr )∣ with atr the value of the scale factor
at the transition time,
∆Ntr ≡ ln (

atr
n−2
∣χmin (akin )∣
√
)=
ln [
],
akin
∣χ(akin )∣
(n − 2) 6ξ + 6

(3.7)

Once in the minimum, the field tracks its evolution until the U (1) symmetry is restored.
Then, the origin becomes again the ground state of the system and the spectator field χ starts
oscillating around it, provided that the bare mass mχ exceeds the instantaneous Hubble rate
at the time. If this is not the case, the field will stay frozen at its restoration value until the
Hubble parameter has decreased enough to allow for the oscillations.

4

Cosmic string network and GW production

At the onset of kinetic domination the phases of the U (1) field are randomly distributed,
with a correlation length of the order of the Hubble parameter at that time [48]. As soon as
the horizon expands, multiple patches with different phases enter in causal contact, leading to
the formation of a cosmic string network [49]. The spontaneous breaking of the global U (1)
symmetry comes associated with a massless Goldstone boson, which mediates a long-range
interaction among the strings and keeps their energy density finite by effectively introducing
a radial cut-off. 1 The width of the cosmic strings is inversely proportional to the expectation
value of the χ field, which, as shown in Eq (3.6), rapidly increases during the first stages of
Note that in a global U (1) scenario like the one under consideration, the energy density of an infinite and
isolated string should be expected to diverge since there is no gauge field to compensate the variation of the
phase at large distances [50].
1
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kinetic domination. Since the Hubble rate is the only relevant scale in our model, we have
“fat” strings with a width ∼ H −1 soon after the spontaneous symmetry breaking.
Fat strings like the ones under consideration have been extensively studied in the context
of axion dark matter [51–53], finding an average of one string per Hubble volume. In our
case, this is even more expected since the width of the string is already proportional to the
Hubble rate at the time of formation. Note that this unusual property restricts the formation
of cosmic string loops, since the length of these objects cannot be — for obvious reasons —
shorter than its width. This allows us to neglect the (usually dominant) GW production by
loops [54–56] and estimate the total energy density of the network by computing the energy
density stored in a single string of Hubble length L ∝ H −1 within a Hubble volume H 3 ,
namely2
ρcs ≈ µ(t) × L × H 3 ≈ µ(t)H 2 ,
(4.1)
with
µ(t) ∼ ∣χ(t)∣2 ,

(4.2)

the energy of the string per unit length.3 Note that the relative energy density of the strings
as compared to the background component depends on time,
Ωcs ≡

ρcs
µ(t) ∣χ(t)∣2
∼
∼
,
3H 2 MP2 MP2
MP2

(4.3)

meaning that an exact scaling regime [57–60] is never achieved. This is not necessarily a
problem as long as the energy density of cosmic strings stays subdominant with respect to
the background component, i.e. Ωcs ≪ 1. This consistency condition translates into a limit
on the maximum value that can be explored by the U (1) field, restricting it be sub-Planckian,
∣χ(ttr )∣ ≪ MP .

(4.4)

and setting a maximum on the number of e-folds (3.7) required to arrive to the timedependent minimum (3.5),
1
1
1011 GeV
√ ) + ln (
∆Ntr ≪ √ [18 + ln (
)] .
Hkin
6ξ
1 + 6ξ

(4.5)

In the presence of a scaling regime, the evolution of the cosmic strings’ energy momentum tensor in the vicinity of the horizon leads to the production of a scale-invariant
gravitational wave spectrum [61] (for a recent review see Ref. [41]). Note, however, that the
vacuum expectation value of the scalar field in our scenario evolves with time. We expect
therefore a residual scale dependence in the spectrum, measured exactly by the change of
this quantity. The amount of GWs produced by a vibrating string of length L ∝ H −1 can
be estimated by approximating the associated quadrupole Q by that of a cylinder of mass
M ≈ µ L and width R ∝ H −1 [40, 61], namely
Q(t) ∝ M R2 ∼ µ(t)H −3 ,
2

(4.6)

For simplicity, we disregard the time dependence that logarithmic corrections to the energy density may
induce [51]. The estimates presented in this paper are expected to be robust upon the inclusion of this
subleading effect.
3
We omit here a numerical prefactor depending logarithmically on the ratio between the width and the
radial cut-off of the string [50, 51].

–6–

with the precise proportionality constant depending on the level of non-sphericity of the
configuration. Assuming that the relaxation time is of the order of H, the luminosity in
GWs becomes
...
L(t) ∼ MP−2 Q(t)2 ∼ MP−2 (H 3 (t)Q(t))2 ∼ µ2 (t)MP−2 ,
(4.7)
where we have replaced time derivatives in favor of the Hubble parameter H. At a given
instant t, the emission of GWs is peaked around the characteristic scale of the system at that
time, decaying as a power-law for shorter and longer distances. The relative power emitted
by the string network in a Hubble time (i.e. per dN ≡ Hdt) is given by [62]
α
⎧
k
⎪
∆PGW (t, k)
1
dρGW (t, k) ⎪
⎪Ppeak (t) ( kpeak (t) )
≡
≃⎨
−ᾱ
k
⎪
∆N
3H 2 MP2 d log k
⎪
P
(t) ( kpeak
⎪
(t) )
⎩ peak

for

k ≲ kpeak ,

for

k > kpeak ,

(4.8)

with kpeak (t) ∼ aH the peak emission wavenumber4 and
L−2 × L
L
∣χ(t)∣
∼ 2 ∼(
) .
MP
H 2 MP2
MP
4

Ppeak (t) ∼

(4.9)

The exponents α and ᾱ in Eq. (4.8) parametrize our ignorance about the exact momentum dependence. While a scaling α = 2 can be inferred from simple causality arguments 5
[62, 63], the value of ᾱ must be derived from simulations. Note, however, that this exponent
is intimately related to the dynamics of small scales and it should be therefore rather independent of the specific expansion history. This observation allows us to benefit from existing
numerical results to set a fiducial value ᾱ ∼ 2 [62].
4.1

GW spectrum in a generic background

The precise form of the accumulated GW spectrum at large momenta is obtained by
integrating Eq. (4.8) from the time ti at which the strings start to form to an arbitrary time
t that will be later associated with the moment at which strings decay and the production
of GWs is halted. Since the emission peak in our scenario is set by the comoving horizon,
kpeak ∼ aH = τ −1 , it is convenient to work in conformal time τ . In terms of this time
coordinate, the integrated GW spectrum takes the form
τ

ΩGW (τ, k) = ∫

τi

d log τ ′

∆PGW (τ ′ , k) a(τ ′ )
(
) ,
∆ log τ ′
a(τ )
b

(4.10)

where we have used the fact that dN ∝ d log τ and accounted for the evolution of the GW
energy density. For the sake of completeness and in order to facilitate the comparison with
other works in the literature, we have considered a generic power-law evolution a ∼ tp ∼
τ p/(1−p) with p a constant. 6 The scaling power b in Eq. (4.10) is related to p via b ≡ 4 − 2/p
and takes values b = −2 and b = 0 during kination and radiation domination.
We can distinguish two possible scenarios depending on the relation between the bare
mass mχ and the Hubble rate Hrad at the time of heating:
4

We omit here a (larger than one) proportionality constant ensuring causality [62].
The modes with k ≲ kpeak at a given time correspond to super-horizon scales.
6
The choice of constant p is indeed a very good approximation within a given cosmological epoch. Although
the formalism presented here could be easily extended to account for smooth transitions among different
cosmological eras by simply promoting p to p(τ ), this will not be necessary since we will focus here on the
GW production during kinetic domination.
5
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1. If mχ ≥ Hrad the symmetry is restored before radiation domination and the U (1) scalar
field is free to oscillate around the origin, leading to the evanescence of the cosmic string
network and halting the GW production.
2. If mχ < Hrad the U (1) field remains frozen at its vacuum expectation value after
symmetry restoration. Although additional strings are no longer generated, the existing
ones will continue producing GWs after reentering the expanding horizon. This GW
production will stop when the instantaneous Hubble rate becomes comparable to the
mass of the field, H ≲ mχ . From there on, the field χ will start oscillating around the
origin and the strings will consequently decay.
Since the use of numerical simulations is most probably required in the latest scenario, we
will focus here on the mχ ≥ Hrad case. The total power in GWs produced by the cosmic
string network can be then computed by integrating Eq. (4.10) from the formation time τi
to the time τ = τosc at which the symmetry is restored. Taking into account Eq. (4.8) we can
rewrite this expression as [62]
ΩGW (τosc , k) ≃ ∫

τk
τi

dτ ′
k
a(τ ′ )
′
P
(τ
)
(
)
(
)
peak
τ′
kpeak (τ ′ )
a(τ )

τosc

+∫

τk

α

−ᾱ

dτ ′
k
Ppeak (τ ′ ) (
)
′
τ
kpeak (τ ′ )

b

a(τ ′ )
) ,
a(τ )
b

(

(4.11)

where we have defined τk as the time at which the peak emission mode coincides with the
mode k, i.e. kpeak (τk ) = k. This splitting takes into account the amount of time that each
mode spends in the blue or red part of the spectrum given that the peak is evolving with
time. Also notice that, since we require that τk > τ , the integral is only valid for k > kpeak (τ )
[62].
The integrated GW spectrum in Eq. (4.11) has three main contributions. On the one
hand, we have two associated with the blue-shifting of the power spectrum itself, which give
either a k −ᾱ or a k α scaling depending on how much time did the wavenumber k spend in
each slope. On the other hand, we have the contribution coming from the time at which the
mode k coincides with the generic time-dependent peak emission mode kpeak (τk ). In that
case the power spectrum is evaluated at k τk ∼ 1. Assuming a generic power-law dependence
Ppeak ∼ τ −γ with constant parameter γ, 7 this leads to a scaling ΩGW ∼ k β with
β≡γ−

4p − 2
.
1−p

(4.12)

As we will see in the next section, the precise value of γ depends on the U (1) field dynamics and on the
model parameters. Nevertheless, for an easier comparison with the literature, we report here that for the field
8
evolution in Eq. (3.5), we have γ = − (n−2)(1−p)
. Using this expression, we can easily recover the results of
Ref. [64] by simply setting p = 2/3 and n ≥ 6, cf. also Section 5.
7
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The above contributions compete in the integrated form of Eq. (4.11) yielding

8

β

ΩGW (τosc , k) ≃ Ppeak (τosc ) (

k
) ×
kpeak (τosc )

⎡
ᾱ+β ⎤
⎢ 1 ⎛ kpeak (τi ) β−α
⎞⎥⎥
⎞ 1 ⎛
kpeak (τosc )
⎢
×⎢
(
)
−1
1−(
)
. (4.13)
k
k
⎠⎥⎥
⎠ ᾱ + β ⎝
⎢β − α ⎝
⎣
⎦
This analytical expression explores a range of frequencies comprised between kpeak (τosc ) ≤
k ≤ kpeak (τi ). For intermediate frequencies well within the integration limits, kpeak (τosc ) ≪
k ≪ kpeak (τi ), we can identify three regimes depending on the sign of β − α and β + ᾱ, namely

ΩGW

⎧
kα
⎪
⎪
⎪
⎪ β
∝ ⎨k
⎪
⎪
⎪
−ᾱ
⎪
⎩k

for
for
for

β − α > 0,
β − α < 0 and ᾱ + β > 0 ,
β − α < 0 and ᾱ + β < 0 .

(4.14)

Since α > 0, the first case corresponds to a blue-tilted spectrum while the second one can be
either blue or red depending on the sign of β, which is ultimately determined by the evolution
of the χ field and the background, cf. Eq. (4.12). Finally, the last case corresponds to a red
tilted spectrum since ᾱ > 0 [62].
4.2

GW spectrum in quintessential inflation

The formalism presented in the previous section is quite general and holds for any background and temporal dependence of the emission peak, as long as this can be parametrized
by a power law Ppeak ∼ τ −γ with γ approximately constant for some temporal interval ∆ log τ .
In this section, we particularize our results to the kinetic-dominated era appearing in our
quintessential inflation scenario, determining the precise form of γ and the power spectrum
as a function of the model parameters.
The background evolution during kinetic domination is specified by taking p = 1/3 and
hence b = −2. During this epoch, the dynamics of the scalar field χ can be split into a
rolling and a minimum phase, each of them leading to different characteristic shapes in the
GWs spectrum. The first phase is associated with the initial stages of kination, where the
U (1) scalar field is still rolling down the origin towards the Hubble-induced minimum of the
potential. The second phase describes the tracking of the minimum once the field reaches
it, if it does. We refer the interested reader to the Appendix A, where a detailed calculation
of the GW spectrum is performed.9 Here we will simply discuss the shape of the spectrum
and its dependence on the parameters. In particular, we report in Table 1 the values of the
power law indexes during the various stages. Note that the parameter γ is negative during
8

Notice that for β − α = 0, the spectrum has a different solution, namely
ΩGW (τosc , k) ≃ Ppeak (τosc ) (

k
)
kpeak (τosc )

β

⎡
ᾱ+β ⎤
⎢
⎞⎥
⎢log ( kpeak (τi ) ) + 1 ⎛1 − ( kpeak (τosc ) )
⎥.
⎢
k
β + ᾱ ⎝
k
⎠⎥
⎥
⎢
⎣
⎦

Hence, its power law behavior for intermediate frequencies is ΩGW (τosc , k) ∝ kβ log(kpeak (τi )/k) rather than
just kβ . A similar logarithmic dependence can be found in the ᾱ + β = 0 case.
9
It should noted that we are implicitly assuming that the cosmic string network forms and starts to emit
gravitational waves right after the symmetry breaking. To the best of our knowledge, such transition has not
been studied in numerical simulations but we expect our order of magnitude estimates to stay valid.
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Phase

α

ᾱ

β

γ

β−α

Rolling

2

∼2

√
1 − 2 6ξ

√
−2 6ξ

√
−1 − 2 6ξ

Minimum

2

∼2

10 + n
n−2

12
n−2

14 − n
n−2

ᾱ + β

tilt range

√
3 − 2 6ξ

1 to −2

n+2
n−2

1 to 2

3

Table 1. Values of the spectrum powers during the rolling and the minimum phase. The value of γ
has been extracted from Eqs. (3.5), (3.6) into (4.9). The tilt range has been computed using Eq. (4.14)
taking the formal limits ξ → 0, ξ → ∞ and n → 4, n → ∞, respectively.

the rolling phase (τ < τtr ) and positive definite during the minimum phase (τ > τtr ). As
shown in the last column, the spectrum of GWs during the rolling phase can be both blue
and red depending on the values of the parameter ξ, namely
⎧
⎪
⎪k 1+γ
ΩGW (τ, k > ktr ) ∝ ⎨ −ᾱ
⎪
⎪
⎩k

if
if

ξ < 3/8 ,
ξ > 3/8 .

(4.15)

On the other hand, the spectrum during the minimum phase can only be blue, with the
precise tilt depending on the order of the higher-order operators in Eq. (3.1),
⎧
⎪
⎪k 1+γ
ΩGW (τ, k < ktr ) ∝ ⎨ α
⎪
⎪
⎩k

if
if

n > 14 ,
n < 14 .

(4.16)

The integrated GW spectrum when both phases are present can be generically written as an
amplitude times a k-dependent form function, namely
ΩGW (τosc , k) ∼ Ppeak (τkin )Θ−1 (

aosc 2
) F (κ, sosc , str ) ,
arad

(4.17)

where the blue-shifting factor aosc /arad appears because we factored out Θ−1 and we have
defined the dimensionless variables
s≡

τ
τkin

and

κ≡

k
.
akin Hkin

(4.18)

The functional F encodes the momentum behavior of the spectrum as a function of the model
parameters. A detailed computation of this quantity assuming a sudden transition between
the rolling and the minimum phases can be found in the Appendix A.10
As illustrated in Figure 2, the shape of the spectrum is determined by the values of the
α, ᾱ and β parameters, according to the discussion in Eq. (4.14). In particular, the two stages
of evolution give rise to two spectral indexes, hence to an inflection point in the spectrum.
We can distinguish three characteristic k values, namely kj ≡ a(τj )H(τj ) with j = kin, tr, rad
standing respectively for the symmetry breaking time, the onset of the minimum phase and
10

Note that this slightly overestimates the size of spectrum since the transition from the rolling to the
minimum phase is expected to be smooth rather than instantaneous.
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Figure 2. Form of the function F in Eq. (4.17) for various values of ξ. The shaded area represents
the asymptotic values reported in Table 1. Here we have assumed aosc = arad and n = 4.

that of radiation domination.11 For each of these modes the amplitude of the power spectrum
can be determined as follows: using Eq. (A.7) one can get the amplitude for k = kkin and
then use the scaling in Eqs. (4.15) and (4.16) to compute the amplitude for the other two
modes. Assuming for simplicity that both phases are present and that they have a duration
of several e-folds, i.e. krad ≪ ktr ≪ kkin , i.e. we get
⎧
4
if ᾱ + β > 0 ,
⎪
∣χmin (akin )∣
aosc 2 −1 ⎪
⎪1
ΩGW (τosc , kkin ) ∝ (
) (
) Θ ⎨ a
(4.19)
2(ᾱ+β)
ᾱ+β
⎪
MP
arad
⎪( arad
Θ
if
ᾱ
+
β
<
0
,
)
⎪
⎩ tr
and
akin Hkin c
ΩGW (τosc , ktr ) = ΩGW (kkin ) (
) ,
(4.20)
atr Htr
arad Hrad d
ΩGW (τosc , krad ) = ΩGW (ktr ) (
) ,
(4.21)
atr Htr
where in the ᾱ + β < 0 case there is an extra atr /arad term because we factored out Θ and
we have defined exponents c = max(−ᾱ, 1 + γ) and d = max(α, 1 + γ). Note that the heating
efficiency governs the range of modes over which the spectrum extends,
kpeak (τkin )
aosc 2
= Θ−1 (
) ,
kpeak (τosc )
arad
11

(4.22)

We could additionally estimate what would happen if the universe enter the radiation domination regime
before the U (1) field decays. Assuming that the field stays frozen at the value of restoration for a while – i.e.
Ppeak ≈ constant – and taking into account that the background energy density scales in that case as the one
in GWs, the only contribution will be that from k τk ∼ 1, leading then to a scale-invariant spectrum. If that
were the case, there would be a plateau for small k < krad in the power spectrum with a cut-off when the field
decays. We will not further pursue this possibility in this paper, but it is worth noting the possibility.
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becoming smaller for increasing Θ.

5

GW spectrum today

Once the symmetry is restored, the strings decay and the production of GWs terminates. Since the energy density of the residual GW background scales as radiation, the GWs
spectrum at the present cosmological epoch can be well approximated by 12
ΩGW (τ0 , k)h2 = ΩR h2 (

arad 2
) ΩGW (τosc , k) ,
aosc

(5.1)

with τ0 the current conformal time, ΩR h2 ≃ 4.15×10−5 the radiation energy density nowadays
and h = 0.678. The momentum dependence of this expression can be made explicit by
combining it with Eq. (4.17),
ΩGW (τ0 , k)h2 = ΩR h2 Ppeak (τkin )Θ−1 F (κ, sosc , str ) .

(5.2)

In order to connect the mode interval in Eq. (5.2) with the present-day frequency range, we
make use of the standard relation among frequencies and wavenumbers, namely
1 k
,
(5.3)
2π a0
with the subscript 0 referring to present day quantities. Taking into account the cosmological
evolution during radiation domination, we can rewrite this expression as
f0 =

κ= √

2πf0
Θ1/4 ,
H0 Hkin

(5.4)

with κ the dimensionless variable in Eq. (4.18) and H0 ≃ 100 h km/s Mpc−1 the present Hubble
rate. Combining this result with Eq. (4.22) we find that the range of frequencies generated
by our scenario lays between
f0kin ∼ 3 × 1011 Hz (

1/2
Hkin
Θ −1/4
)
(
)
,
1011 GeV
10−14

(5.5)

and

1/2
Hkin
Θ 3/4 arad 2
)
(
) (
) ,
(5.6)
1011 GeV
10−14
aosc
with the superscripts kin and rad referring respectively to the evaluation of the spectrum at
k = kpeak (τkin ) and k = kpeak (τosc ). Within this frequency interval, we can distinguish the
transition between the rolling phase and the minimum phase (cf. Section 4.2), namely

f0osc ∼ 3 × 10−3 Hz (

1/2
Hkin
Θ −1/4
∆Ntr
)
(
)
exp (
),
(5.7)
11
−14
10 GeV
10
14
with the superscript tr denoting the evaluation of the spectrum at k = kpeak (τtr ) and ∆Ntr
given by Eq. (3.7).

f0tr ∼ 0.2 Hz (

12

In deriving this expression we have neglected the variation of the effective number of degrees of freedom.
This effect can be easily incorporated by replacing
4/3

ΩGW (τrad ) → (

gs (τ0 )
)
gs (τrad )

(

g∗ (τrad )
) ΩGW (τrad ) ,
g∗ (τ0 )

with gs and g∗ the entropic and relativistic degrees of freedom at a given time/temperature. Note, however,
that, for the order of magnitude estimates presented in this paper, the additional factors play almost no
role. Indeed, for gs ∼ g∗ the correction to Eq. (5.1) is O(1).
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Figure 3. Comparison among the GW spectrum produced by the global cosmic string network during
kinetic domination and the power-law integrated sensitivity curves of various GW experiments [65, 66].
Here we have assumed that the strings are immediately destroyed at the onset of radiation domination
(aosc = arad ) and chosen fiducial values Hkin = 1011 GeV and ξ = 0.2. For this choice of parameters the
backreaction of the cosmic string network is always small and the big bang nucleosynthesis constraint
(2.4) is satisfied.

Ground-based interferometers such as LIGO [67], VIRGO [68] or the Einstein Telescope
[69] are already sensitive to frequencies around f ∼ 100 Hz, while space interferometers such
as eLISA [70] or DECIGO [71] will be able to cover a 0.1 mHz-10 Hz frequency window.
The GW spectrum predicted by our mechanism is confronted with the power-law integrated
sensitivity curves13 of these experiments in Fig. 3. As shown in this plot, a potentially
observable window within the scope of future surveys can be easily found for not too large
values of Hkin and relatively small heating efficiencies. It is important to notice that the
produced spectrum is not restricted by CMB anisotropies. In particular, the production of
GWs by Hubble-induced cosmic strings happens i) well-inside the horizon, ii) has a limited
duration and iii) is restricted to highly energetic frequencies significantly exceeding those
associated to the Hubble scale at decoupling, namely 3.4 × 10−19 Hz < fCMB < 2.1 × 10−17 Hz
[41]. The only restriction comes from its (integrated) contribution to the background energy
density in Eq. (2.4). Note also that although our results are based on pure dimensional
analysis and could therefore differ from the actual values by a few orders of magnitude (see
for instance Ref. [13]) such uncertainty would not necessarily affect the observability of the
model. In particular, a potential change in the amplitude of the spectrum could be easily
compensated by a change on the number of e-folds spent in the rolling phase and on the
13
These curves take into account the enhancement in detector sensitivity following the integration over
frequency on top of the integration over time.
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duration of the kinetic dominated era.
It is interesting to compare our findings with previous results in the literature. On
general grounds, our mechanism makes use of two basic ingredients: a non-minimal coupling
to gravity14 and a period of kinetic domination. The fact that we are dealing with a Hubbleinduced symmetry breaking pattern has far reaching consequences. First, the width of the
strings in our scenario is proportional to the Hubble rate at the time of formation. Second,
the temporal dependence in Eq. (4.3) forbids the appearance of an exact scaling regime.
Third, the eventual restoration of the symmetry at the onset of radiation domination rescues
the model from the limitations associated to (long-lived) non-scaling topological defects. All
these properties are genuinely new, marking significant differences with the usual global string
scenarios [73–76]. This applies also to other studies in the literature involving also a kinetic
dominated era [77–79]. Interestingly, a restoration mechanism similar to the one presented
in this paper was used in Ref. [62] in a matter dominated era. Although the shape of the
spectrum in the latest scenario shares some similarities with that in Fig. 3, the associated
physics is completely different, in particular:
i) The energy density parameter ΩGW grows during kinetic domination rather than decreasing.
ii) The knee in the spectrum in our scenario is not due to the transition from matter to
radiation domination, but rather to the evolution of the U (1) field from a rolling phase
in which the energy density of the strings increases to a minimum phase in which the
energy density of the strings decreases.
iii) The spectral tilt at large frequencies depends in our case on the non-minimal coupling
to gravity, rather than on the dimension of higher-dimensional operators.
iv) Contrary to what happens in matter domination, the low frequency band of the spectrum
is not always proportional to k 2 , but rather depends on the detailed structure of the scalar
potential.
Although the existence of a rolling phase is crucial for the GWs produced in our scenario
to be within the observable band, its absence is also interesting by itself. In particular, the
spectrum generated by an the minimum phase alone is always blue during kinetic domination,
meaning that the leading contribution at the dominant high-frequency end kkin can be easily
constrained by the integrated bound in Eq. (2.4), namely
−5

ΩGW (kkin ) ∼ 10

−1

Θ

4

∣χmin (akin )∣
(
) < 10−6 .
MP

(5.8)

This translates into a strong restriction on the presence of non-minimal couplings and on the
duration of a kinetic dominated stage. Either the field stays sub-Planckian or the heating
efficiency is high. In both cases, the GWs spectrum would never hit the observational band
due to its strong blue tilt.
14

The use of non-minimal couplings in the context of topological defects goes back to Ref. [72], where they
were introduced to avoid the generation of cosmic strings during inflation. Note, however, that the postinflationary cosmic string formation described in this reference happens due to an explicit symmetry-breaking
potential and not to the Ricci scalar itself.
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6

Conclusions

The free propagation of gravitational waves upon production makes them a perfect
cosmological probe for retrieving information on energy scales and epochs that are hardly
accessible by any other means. Violent processes such as inflation, (re)heating or phase
transitions could naturally produce stochastic GW backgrounds within the reach of present
and future GW interferometers.
In this paper we have considered the GW spectrum generated by a network of shortlived cosmic strings appearing in runaway quintessential inflation scenarios displaying a nonminimally coupled U (1) spectator field. In this class of models, the Universe enters a kineticdominated regime soon after the end of inflation. During this unusual cosmological epoch
the Ricci scalar turns negative, breaking spontaneously the U (1) symmetry and triggering
the formation of global cosmic strings. These topological defects emit GWs until the onset of
radiation domination, where the Ricci scalar vanishes and the symmetry is restored. At this
point, the strings decay, halting the GW production and leaving behind a GW background
within the scope of near future observational campaigns. Interestingly, the spectrum displays
some characteristic features that might allow to discriminate the proposed scenario from
other mechanisms in the literature. On the one hand, its tilts are directly related to the
non-minimal coupling to gravity and to the structure of the higher dimensional operators
ensuring vacuum stability during kinetic domination. On the other hand, the amplitude at
peak position is associated to the transition between a rolling phase associated with the initial
stages of kinetic domination and a minimum phase in which the field tracks the minimum of
the effective potential. In the event of a detection, these features provide a way of testing the
structure of the scalar sector and the existence of non-minimal couplings to gravity, seeding
some light on the underlying particle physics theory describing the early Universe. We have
also argued that in the absence of a long rolling phase, the spectrum is only blue-tilted,
leading to a strong restriction on non-minimal couplings to gravity and the duration of a
kinetic dominated epoch.
The treatment presented in this paper is rather general and not linked to any particular realization of the quintessential inflationary paradigm or to the details of the entropy
production process. Among other possibilities, our scenario could take place, for instance, in
α-attractor models [28, 80–82] or quantum gravity frameworks. [20, 21, 25]. The formalism
could be additionally extended to accommodate a richer phenomenology, such as the generation of different short-lived topological defects or the creation of primordial black holes [83].
An interesting possibility along this line of thinking would be to identify the U (1) charge with
the baryonic number, while allowing for a small and explicit breaking of the U (1) symmetry at large field values [14]. This framework could generate a non-vanishing global baryon
asymmetry together with a correlated GW background, opening the possibility of testing
baryogenesis with GWs. Determining the precise dynamics of this appealing scenario would
most probably require the use of numerical simulations. We postpone the detailed analysis
to a future work.
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A

Detailed computation of GW spectrum

In this appendix we give details on the computation of the integrated spectrum discussed in Sections 4.2 and 5 and plotted in Figs. 2 and 3. Our approach is based on two
major approximations. First, we assume a sudden transition between the rolling and the
minimum phases. Secondly, we slightly extrapolate the rolling phase solution beyond its
regime of validity. Note, however, that none of these working assumptions has a significant
impact on phenomenology. A more sophisticated analysis would merely provide more accurate restrictions on the model parameters, without significantly modifying the order of
magnitude estimates presented here.
Our starting point is the integral in Eq. (4.10). With the same reasoning of that section
this integral can be split into two parts, accounting for the amount of time spent by a given
mode in the blue or red part of the spectrum. In this case, however, we have to consider that
the solution changes at the transition between the rolling and the minimum phases, i.e. at
τ = τtr . This effect can be parametrized by a power-law peak emission
Ppeak (τ ) ∼ τ −γ(τ ) ,

(A.1)

with the time-dependent function γ(τ ) interpolating between the constant peak exponents γr
and γm associated to the rolling and minimum phases, cf. Table 1. Assuming, as explained
above, a rapid transition between this two phases,
γ(τ ) = γr S(τtr − τ ) + γm S(τ − τtr ) ,

(A.2)

with S(τ ) the Heaviside step function, the integral in Eq. (4.10) can be written as
s(τ )
κ−1
Ppeak (τkin ) a(τ )
′
′
ΩGW (τ ) ∼
ds′ ((s′ )−ᾱ−2−γ(s ) )] ,
ds′ ((s′ )α−2−γ(s ) ) + κ−ᾱ∫
(
) [κα∫
−1
Θ
arad
x
1
(A.3)
where we have specialized to kinetic domination and defined dimensionless conformal times
and momenta as in (4.18). This integral can be analytically performed to obtain
2

−1

ΩGW (τ ) ∼ Ppeak (τkin )Θ

2

a(τ )
(
) F (κ, s(τ ), str ) ,
arad

(A.4)

with the form factor F
F (κ, s(τ ), str ) = F+ (κ, str ) + F− (κ, s(τ ), str )

(A.5)

made of two pieces
1−κβr −α
⎧
⎪
⎪
βr −α
⎪
⎪
r +α
⎪
1−s−β
⎪
⎪
⎪ tr
α ⎪ βr −α
F+ (κ, str ) = κ ⎨ s1−βr −βm
βr
α−1 βm
⎪
tr
⎪
⎪
(βm −α)(α−βr ) [str (str (βm − α) − str (βr − α))
⎪
⎪
⎪
⎪
⎪
+sβtrr +βm −1 (κβm −α (βr − α) − (βm − α))]
⎪
⎩
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for str κ > 1
for str κ = 1
for str κ < 1

(A.6)

ᾱ−βm −βr +1
⎧
s−
r ᾱ+βr
tr
⎪
κ
)
[sβtrm −1 (ᾱ + βm )(−1 + sᾱ+β
⎪
tr
⎪
(
ᾱ+β
m )(ᾱ+βr )
⎪
⎪
⎪
β
−1
ᾱ+β
⎪
⎪
+(ᾱ + βr )strr (1 − str m s(τ )−ᾱ−βm )]
⎪
F− (κ, s(τ ), str ) = κ−ᾱ ⎨ −ᾱ−βm
str
−s(τ )−ᾱ−βm
⎪
⎪
⎪
⎪
ᾱ+βm
⎪
⎪
⎪
κᾱ+βm −s(τ )−ᾱ−βm
⎪
⎪
⎩
ᾱ+βm

for str κ > 1

(A.7)

for str κ = 1
for str κ < 1

We have confronted this involved analytical result with the numerical integration of the
spectrum using a smoother transition function between the rolling and minimum phases,
finding a very good qualitative agreement. The main difference between the two approaches
is the time needed for the field reach the minimum, being this one slightly larger in the
sudden approximation.
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