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Abbreviations
AUC

Area under the ROC

BCR

Biochemical recurrence

DRE

Digital rectal examination

EPE

Extraprostatic extension

GG

Gleason grade group

LN

Lymph nodes

MAR

missing at random

MCAR

missing completely at random

MICE

Multivariate imputation by chained equations

MNAR

missing not completely at random

MRI

Multiparametric magnetic resonance imaging

MSKCC

Memorial Sloan Kettering Cancer Center

OC

Organ-confined

OR

Odds ratio

PCa

Prostate cancer

PSA

Prostate-specific antigen

pT

Pathological state

ROC

Receiver operating characteristic curve

RP

Radical prostatectomy

SBx

Systematic TRUS guided biopsy

SVI

Seminal vesicle invasion

Tbx

Transrectal ultrasound/MRI fusion guided targeted biopsies

TRUS

Transrectal ultrasound

Notation
Throughout this thesis, all vectors and matrices are notated with bolded letters
or symbols. Some common notations include the following:
n: Amount of subjects
p: Amount of covariates
i : (1, . . . , n)
j : (1, . . . , p)
yi : Outcome value for subject i
ti : Survival time for subject i
xij : Value of covariate j for subject i
iii

x = (x0 , x1 , . . . , xp )0 , where x0 = 1: Set of values for all covariates
j:

Regression coefficient for covariate j

ˆj : Estimator of the regression coefficient for covariate j
=(

1, . . . ,

p)

0

ˆ = ( ˆ1 , . . . , ˆp )0
↵: selected threshold for statistical significance
z1

↵/2 :

the upper ↵/2 percentile of the standard normal distribution

iv
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Introduction

Prostate cancer (PCa) has become the second most common cancer in men, accounting for an estimated 13.5% of all cancers diagnosed in 2018 (Bray et al.
[2018]). PCa is often suspected based on the level of serum prostate-specific antigen (PSA) and an abnormal digital rectal examination or transrectal ultrasound
(TRUS) and a definitive diagnosis is based on the tissue biopsies taken from
the prostate. Based on the PCa diagnosis the patient is either put on active
surveillance, given radiation and/or hormone treatment or directed to radical
prostatectomy (RP) (Mottet et al. [2018]).
Prediction of the pathological T-stage (pT) from covariates available during
the clinical examination is crucial for disease management as curative treatment
is most likely when the PCa is organ-confined (OC). Patients with an extraprostatic extension (EPE), seminal vesicle invasion (SVI) or positive lymph nodes
(LN) have a greater risk for biochemical recurrence (BCR), systemic progression
and death from PCa (Tollefson et al. [2013]). Nomograms built from preoperative clinical variables, such as the Gleason Grade Group (GG) assessed from
prostate biopsies, age at RP, preoperative PSA, clinical stage and biopsy-based
tumour volume, have been used to predict pT findings as well as the risk of BCR
(Eifler et al. [2013], Cooperberg et al. [2005]).
The rapid technological advances have made multiparametric magnetic resonance imaging (MRI) an useful tool for the acquirement of biopsies and the diagnosis of clinically significant PCa (Fütterer et al. [2015], Schoots et al. [2015]).
The prostate imaging and reporting and data system (PI-RADS) and MRI guidelines were introduced in 2012 to standardise the reporting of the MRI findings
(Barentsz et al. [2012, 2016]). These guidelines suggest using MRI to detect
adverse prognostic features such as high-grade tumours, EPE, prostate volume,
nodal size and metastases. Although MRI findings have been shown to predict
pT findings and BCR (for example de Rooij et al. [2016] and Ho et al. [2016]),
none of the currently used nomograms allow for the inclusion of MRI findings.
Statistical modeling of the relationship between the non-OC disease at RP
or BCR and the preoperative nomograms and the MRI variables o↵ers a way
to investigate the added benefit of including MRI findings to currently used
preoperative nomograms. As the model of the relationship is used to assess the
e↵ect of MRI variables, the interpretability of the model should be considered
more valuable than the prediction accuracy.
Logistic regression is a frequently used regression model for the analysis of
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a relationship between a discrete outcome variable and covariates. The model
uses a cumulative logistic distribution that is mathematically flexible, easy to use
and provides clinically meaningful estimates of the e↵ects of predictors (Hosmer
et al. [2013]).
Kaplan-Meier survival curves (Kaplan and Meier [1958]) can be used for
univariate analysis of the relationship between survival data and a covariate. Cox
proportional hazards model (Cox [1972]) can be used for regression modeling of
the relationship between the survival data and multiple covariates. The model
also provides clinically meaningful estimates of the e↵ects of predictors and is
easy to use (Hosmer et al. [2008]).
Logistic regression with maximum likelihood estimation and Cox proportional hazards model with partial maximum likelihood estimation were chosen
to model the relationship between the non-OC disease, BCR and the covariates
as these models provide clinically meaningful estimates of the e↵ect of the variables. Additionally, both models are used in previous studies of the possible
added benefit of MRI (for example Feng et al. [2015] and Ho et al. [2016]) thus
making comparisons to previous studies easy.
The data used in this thesis contains some missing values. To keep the sample
size as high as possible and to avoid possible biases resulting from simply discarding samples with missing values, the missing values are imputed using multiple imputation by chained equations (van Buuren and Groothuis-Oudshoorn
[2011],White et al. [2011]).
In this master’s thesis, first the theoretical background and recommended
practices of the chosen methods are presented. These include fitting, evaluating,
interpreting and assessing the underlying assumptions of the regression models,
imputation of the missing values and selection of the covariates. Second, the
data and the workflow of the statistical analysis is described. Finally, the results
are presented and their implications discussed.

2
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Logistic regression

The logistic regression model can be used to describe the relationship between
a discrete outcome variable and one or more continuous or discrete covariates.
This is done by finding the best fitting and clinically interpretable model to
describe the relationship (Hosmer et al. [2013]).
Let ⇡(x) = E(Y = 1|x) denote the probability of an outcome Y given x
when a logistic distribution is used and assume for now that the covariates x are
all continuous. The logistic regression model is then defined as
0

⇡(x) =

ex
e 0 + 1 x1 +···+ p xp
=
,
1 e 0 + 1 x1 +···+ p xp
1 e x0

(1)

and a useful transformation of the model is the logit transformation, defined as
g(x) = ln



⇡(x)
=
1 ⇡(x)

0

+

1 x1

+ ··· +

p xp .

(2)

The logit g(x) is linear in its parameters and can take values from

1 to

1 depending on the range of x. When some of the covariates are discrete,

the use of dummy variables is recommended (Hosmer et al. [2013]). Suppose
that the jth covariate xj is a discrete variable with kj levels. In this case, the
kj

1 dummy variables are denoted by Djl and their coefficients as

l =, 1, 2, . . . , kj

jl ,

where

1. Thus, the logit would be
kj 1

x) =
g(x

2.1

0+

1 x1 + · · · +

X

jl Djl

+

p xp .

l=1

Fitting the model

Regression modeling starts with finding suitable parameters for . These values
are called the coefficients of the model and they describe the relationship between
the covariates of the model and the outcome variable.
Maximum likelihood estimation (see for example Rao [1973]) can be used
to estimate the values of

in equation 1. First, a likelihood function, which

expresses the probability of the observed data as the function of the unknown
parameters, must be constructed. The maximum likelihood estimators of the
parameters are the values that maximise this function.
Suppose we have n independent observations of the pair (yi , xi ), where i =
1, 2, . . . , n. Let xi denote the covariate values and yi the dichotomous outcome
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variable, coded as 0 or 1, for subject i. The contribution of (yi , xi ) to the
likelihood function can be obtained by plugging the values to equation 1. As
the observations are independent, the likelihood function can be expressed as a
product of the contribution of each pair. However, it is mathematically easier
to work with the log-likelihood defined as
L( ) =

n
X

[yi ln [⇡(xi )] + (1

yi ) ln [1

⇡(xi )]].

(3)

i=1

Values for

that maximise the above equation can be obtained by di↵eren-

tiating with respect to these coefficients and equaling the resulting expressions
to zero. The resulting p + 1 likelihood equations are
L(

0) =

n
X

[yi

⇡(xi )] = 0

i=1

and
L( j ) =

n
X

xij [yi

⇡(xi )] = 0,

i=1

for j = (1, . . . , p).
The solutions to these likelihood equations are called the maximum likelihood
estimators, denoted ˆ , and can be obtained by virtually every statistical software
package. From the maximum likelihood estimators it is also possible to obtain the
maximum likelihood estimate for ⇡(xi ), denoted by ⇡
ˆ (xi ). This value provides an
estimate of P r(Y = 1|xi ) and is called the fitted value of the logistic regression
model.
The estimated variances and covariances of the estimated coefficients can be
obtained from a matrix of second partial derivates of the log-likelihood (equation
3). The partial derivatives are
@ 2 L( )
=
@ j2
and

@ 2 L( )
=
@ j@ l

n
X

xi )(1
x2ij ⇡(x

xi ))
⇡(x

i=1

n
X

xi )(1
xij xil ⇡(x

xi )),
⇡(x

i=1

where j, l = 0, 1, . . . , p.
The negative of the terms given in the above two equations are collected in
the (p + 1) ⇥ (p + 1) observed information matrix, denoted by I( ). The inverse
4

of this matrix, I

1

( ), evaluated at ˆ , can be used to obtain the estimated

covariance matrix.
The jth diagonal element of this matrix contains the estimated variance
d ˆj ). Any o↵-diagonal element contains the
for the jth coefficient, denoted Var(
d ˆj , ˆl ). The estimated
covariance of the jth and lth coefficient, denoted Cov(
c ˆj ), can be obtained by taking the
standard error of coefficient j, denoted as SE(
square root of the estimated variances.

2.2

Significance testing

After obtaining the estimated coefficients, the significance of their relation to the
outcome variable should be assessed (Hosmer et al. [2013]). One way to investigate this relation is to compare the observed values of the outcome variable to
the fitted values of the logistic regression model, with and without the variables
in question.
Deviance can be used to compare the outcome variable to the fitted values
of the model and can be obtained with
D=

2 ln (likelihood of the fitted model),

(4)

where using the minus twice its log is necessary to obtain a value which is
asymptotically chi-square distributed.
The change in D between a model with and without the covariate can be
used to assess the significance of the variable. This test is called the partial
likelihood ratio test and can be expressed as
G=

2 ln



(likelihood without the variable)
.
(likelihood with the variable)

(5)

The G-statistic follows a chi-square distribution with 1 degree of freedom
under the hypothesis that the estimated coefficient of the variable equals 0, with
the assumption that the sample size is sufficiently large and there are enough
subjects with each outcome. If the variable is categorical with k levels, then the
G-statistic follows a chi-square distribution with k

1 degrees of freedom.

The partial likelihood ratio test can also be used to test the overall significance of all p coefficients of the logistic regression model or to test if a smaller
nested model with p

z + 1 covariates is significantly di↵erent from a full model

with p + 1 variables. In the first case, under the null hypothesis that all of the
p coefficients are 0, the G-statistic follows a chi-square distribution with p de-
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grees of freedom and in the second case, the G-statistic will follow a chi-square
distribution with p

z degrees of freedom.

Another way to assess the significance of an estimated coefficient ˆj is to use
the Wald test statistic defined as
W =

ˆj
c ˆj )
SE(

.

(6)

The W -statistic denotes a random variable, which follows a standard normal
distribution, and W 2 follows a chi-square distribution with one degree of freedom.
The Wald test statistic can also be used to test the significance of p independent variables. A multivariable analog of the Wald test can be expressed by using
a formulation of the observed information matrix, denoted as Î( ) = (X0 V̂X),
where X is a n ⇥ p + 1 matrix of the data for each subject and V̂ is a n ⇥ n
diagonal matrix with the general element ⇡
ˆ (xi )(1 ⇡
ˆ (xi )) using the estimated
coefficients ˆ (see equation 2). A multivariate Wald test can then be obtained
with
0
W = ˆ (XV̂X) ˆ ,

(7)

where the estimated intercept ˆ0 is eliminated from ˆ and the relevant row
and column from XV̂X. The statistic follows a chi-square distribution with p+1
degrees of freedom.
The Wald test might behave in an aberrant manner, sometimes failing to
reject the null hypothesis when the likelihood ratio test identifies the coefficient
as significant (Hauck and Donner [1977]). Thus, the use of the likelihood ratio
test is recommended even though the deviation between the p-values obtained
through the test is small in most cases (Hosmer et al. [2013]).
2.2.1

Confidence intervals

Another way to assess the significance of the coefficients, is to calculate the
100(1

↵)% confidence intervals for the estimated coefficients. These intervals

define a range plausible of values for the estimated coefficient and are associated
with a confidence level that the estimate is within the interval. Confidence intervals are an useful addition to the significance tests, which only assess whether
the estimated coefficient is di↵erent from zero.
Endpoints for the 100(1

↵)% Wald-based confidence interval for the esti-
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mated coefficients can be obtained with
ˆ ± z1
where z1

↵/2

c ˆ),

↵/2 SE(

denotes the upper 100(1

↵/2)% point in the standard normal

distribution.
It is also possible to obtain the Wald-based confidence interval for the estimator of the logit (equation 2). The estimator of the variance of the logit is
obtained by calculating the variance of a sum and can be obtained with
d
Var[ĝ(x)]
=

p
X
j=0

The endpoints to a 100(1

d ˆj ) +
x2j Var(

p
p
X
X

j=0 k=j+1

d ˆj , ˆk ).
2xj xk Cov(

↵)% Wald-based confidence interval for the logit can

then be obtained with
ĝ(x) ± z1

c

↵/2 SE[ĝ(x)].

Wald-based confidence intervals assume that the distribution of the maximum likelihood estimator is normal. Thus, the coverage (percent of times the
confidence intervals that are calculated in a similar manner contain the true
parameter value) of the Wald-based confidence interval depends on this assumption. When the sample size is small we can suspect that the assumption might
not hold and likelihood-based confidence intervals are preferred (see Cox and
Snell [1989]).

2.3

Interpretation of the fitted model

After fitting and assessing the significance of the logistic regression model the
emphasis moves to understand the estimated coefficients. In logistic regression,
the estimated coefficient is the change in logit corresponding to a change of one
unit in the covariate. The logit di↵erence between these unit changes can be
hard to understand intuitively. For this reason, the estimated coefficients are
often presented as an odds ratio. Odds of an event happening with probability
⇡ can be understood as

⇡
1 ⇡

and the odds ratio (OR) between two events with

probabilities ⇡1 and ⇡2 as
OR =

⇡1 /(1
⇡2 /(1

⇡1 )
.
⇡2 )

An odds ratio of 1 means that the odds and probabilities between the two
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events are the same. If 0 < OR < 1 then the odds of the event with probability
⇡1 is OR times smaller than the event with the probability ⇡2 and the other way
around if 1 < OR < 1. With logistic regression, the odds ratio between two
unit changes of the covariate can be obtained by exponentiation of the estimated

coefficient. The confidence interval endpoints of the estimated coefficient can also
be exponentiated to obtain the confidence interval of the odds ratio. It is useful
to note that the confidence interval of the odds ratio is highly skewed to the
right as the range of the odds ratio lays between 0 and 1, with the null value
at 1.

The interpretation of the logistic regression coefficients starts by defining the
two values of the covariate to be compared. Then these values are inserted to the
logit and the di↵erence between these two logit functions is calculated. Finally,
to make the results more interpretable, the logit di↵erence is exponentiated to
obtain the odds ratio. By following these steps, the estimated coefficient of the
model can be interpreted even in situations where there is an interaction term
between two covariates (see figure 4).

2.4

Assessing the model adequacy

After the assessment of the significance of the model and the estimated coefficients, the goodness of fit of the model should be assessed. This can be done
by comparing the fitted values of the model to the outcome variable values,
⇡
ˆ (x) = ŷ and y respectively. The model is said to fit, if the summary statistics
of the distance between y and ŷ are small and the contribution of each pair,
(yi , yˆi ), to these summary statistics is small and unsystematic. Thus, to assess
the goodness of fit, it is necessary to compute and evaluate overall summary
statistics of the goodness of fit and examine the individual components of these
statistics. In addition to the goodness of fit, the discrimination of the model and
the clinical consequences of using the model should be examined.
2.4.1

Summary statistics

Summary statistics of goodness of fit provide a single value indicating overall
fit of the model. A large value from a summary statistic indicates that there
are problems with the model. Still, a small value does not rule out that there
are some subjects with large deviance from fit, as the summary statistics do not
provide information about individual components of the model.
Before looking at di↵erent summary statistics, the e↵ect that the fitted model
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has on the degrees of freedom of the summary statistics must be assessed. This is
determined by the number of unique covariate patterns (configuration of values
of the covariates) in the model. Let J denote the number of unique covariate
pattern values of x. If some subjects have the same values of x then J < n. Let
us denote the the number of subjects with x = xj , by mj = 1, 2, . . . , J and let
yj denote the number of responses, y = 1, within the subjects with x = xj . It
P
P
follows that
mj = n and
yj = n1 .

The distributions of the summary statistics can be obtained by letting n be-

come large while keeping the number of parameters in the model fixed. When
increasing n, the number of distinct covariate patterns also increases, thus making each value of mj small. This is especially true if there are any continuous
variables, as any two subjects are more likely to have distinct values of the
continuous variable. By fixing J < n and letting n become large, each value
of mj tends to be large also. The distributional results obtained with the former method are called n-asymptotic and the latter m-asymptotic. Each fitted
value in a logistic regression model is calculated for the covariate pattern and
let ŷj = mj ⇡
ˆ (xj ) denote the fitted value for the jth covariate pattern.
Summary statistics based on the Pearson and the deviance residuals are
commonly used with logistic regression. Pearson residual of a distinct covariate
pattern can be obtained with
(yj mj ⇡
ˆ (xj ))
r(yj , ŷj ) = p
,
mj ⇡
ˆ (xj )(1 ⇡
ˆ (xj ))

and the deviance residual with
s 
✓
d(yj , ŷj ) = ±

2 yj ln

yj
mj ⇡
ˆ (xj )

◆

+ (mj

where the sign is the same as the sign of (yj

yj ) ln

✓

mj yj
mj (1 ⇡
ˆ (xj ))

(8)

◆

,

(9)

mj ⇡
ˆ (xj )).

The summary statistic based on the Pearson residuals can be obtained with
2

X =

J
X

[r(yj , ⇡
ˆ (xj ))],

(10)

j=1

and the summary statistic based on deviance residuals can be obtained with
D=

J
X

d(yj , ⇡
ˆ (xj )),

j=1

9

(11)

which is identical to the likelihood ratio test in equation 4 when J = n.
The distribution of X 2 and D should follow a chi-square distribution with
J

(p + 1) degrees of freedom under the assumption that the fitted model is

correct in all aspects. But when J ⇡ n, the distribution is obtained under nasymptotics and using

2 (J

(p + 1)) will give incorrect p-values as the number

of parameters increases at the same rate as the sample size. For this reason, it
is important to group the data in such a way that m-asymptotics can be used.
Hosmer-Lemeshow test uses the quantiles of the fitted values of the model
to group the data (Hosmer and Lemeshow [1980]). The Hosmer-Lemeshow summary statistic can be obtained by calculating X 2 from a g ⇥ 2 table of observed

and expected values, where g is the number of groups. The summary statistic
can be obtained with
Ĉ =

g
X
(o1k
k=1

nk ⇡
¯ k )2
,
nk ⇡
¯k (1 ⇡
¯k )

where
o1k =

ck
X

(12)

yj ,

j=1

⇡
¯k =

ck
1 X
mj ⇡
ˆ (xj ),
nk
j=1

where ck denotes the number of covariate patterns and nk the number of samples
in the kth group.
Hosmer and Lemeshow [1980] used extensive simulations to show that the distribution of Ĉ is approximated by
the adherence to

2 (g

2 (g

2). As the Ĉ is based on m-asymptotics,

2) distribution depends on the assumption that each mj

is sufficiently large. If some of the k groups have only a few samples it is recommended to compare the observed and expected frequencies with the inequality
|ô ê|
p
< z1
ê

↵/2 .

If this inequality holds even though the observed number of events is small it
adheres well to the expected number of events. If the Hoser-Lemeshow test
statistic rejects the fit of the model, this inequality can be used to identify the
regions of the model that do not perform satisfactorily. The choice of 10 groups
g is most commonly used (Hosmer et al. [2013]).
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2.4.2

Model diagnostics

Before concluding that the overall fit of the model is satisfactory, it is important
to take a closer look at the individual components of the model, as the maximum
likelihood fit of a logistic regression model is highly sensitive to outlying responses
and extreme values inside the covariate patterns (Pregibon [1981]).
The residuals r(r(yj , ŷj )) and d(r(yj , ŷj )) (equations 8 and 9) can be used to
for model diagnostics, but they should be further standardised to have a mean
and variance of approximately one and zero (Pregibon [1981]). This can be
done by dividing the residuals with the estimates of their standard errors. The
estimator of the variance of the residual is given by
Var(Yj |xj ) = mj ⇡j (xj )[1

⇡xj ],

when a linear regression-like approximation is used. Let rj denote the standardised Pearson Chi-Square residual and dj the standardised deviance residual for
covariate pattern xj .
In addition to rj and dj , it is also useful to calculate the leverage value for
each xj . To obtain the leverage value, a hat matrix must be constructed. Let X
denote J ⇥ p + 1 matrix with the values for all J covariate patterns formed from
the observed values of the p covariates, with the first column as 1 to represent
the intercept term. The hat matrix is then obtained from
1

H = V 2 X(X0 VX)

1

1

X0 V 2 ,

where V is a J ⇥ J diagonal matrix with the general element vj = mj ⇡
ˆ (xj )[1

⇡
ˆ (xj )]. The leverage values, denoted hj , are the diagonal elements of the matrix
H.
Three useful diagnostic measures can be derived from the basic building
blocks rj , dj and hj . These measure the standardised e↵ect, that deleting all
subjects with covariate pattern xj has on the summary statistics X 2 and D
(equations 10 and 11) and on the values of the estimated coefficients. These
three derived diagnostic measures are defined as
ˆ =
j

2
j

rj2 hj
,
1 hj

rj2
=
(1 hj )
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and
Dj = d2j +

rj2 hj
.
(1 hj )

The Pearson residual is further standardised by dividing with

p
1

hj to ensure

a variance of approximately one and both residuals are squared to emphasize the
lack of fit and to obtain positive values for the diagnostic measures (Pregibon
2 can be used to identify covariate
[1981]). Large values of ˆ j and/or
j
patterns that are poorly fit and ˆ , also known as Cook’s distance (Pregibon
j

[1981]), can be used to identify covariate patterns with large influence to the
estimated coefficients.
In logistic regression, the model diagnostics rely primarily on visual assessment, as the distributions of the three diagnostic measures is know only in limited
settings. The following four diagnostic plots are recommended by Hosmer et al.
[2013] to assess the model:
1. Plot of hj against ⇡
ˆ (xj ).
2. Plot of

2
j

against ⇡
ˆ (xj ).

3. Plot of

Dj againstˆ
⇡ (xj ).

4. Plot of

ˆ against ⇡
ˆ (xj ).
j

The plot of hj against the fitted values (figure 1a), can be used to identify
any covariate patterns with outlying leverage values. The plots of

2
j

and

Dj

against the fitted values (figures 1b-c), can be used to identify subjects with
large residuals. In these two plots, two quadratic like curves should be present
corresponding to patients having the outcomes labeled as 1 and 0. If there are
points that fall some distance from the balance of the data, they should be noted.
The last plot of ˆ against the fitted values (figure 1d), can be used to identify
j

covariate patterns with large e↵ects to the estimated coefficients. Often the
value the value of ˆ needs to be above one to have an e↵ect on the estimated
j

coefficients, but any outlying values should be noted.
After identifying suspicious covariate patterns, each covariate pattern should
be removed, one at a time, to assess their e↵ect on each of the estimated coefficients (diagnostic measure ˆ j is a summary measure over all estiamted
coefficients). Let ✓ˆ denote the estimated coefficient of the larger model and
the respective estimated coefficient in the smaller model with ˆ. The amount of
change of the adjusted log-odds ratio of the estimated coefficient can be obtained
with
12

(a)

(c)

hj against ⇡
ˆ (xj )

(b)

Dj againstˆ
⇡ (xj )

(d)

2
j

against ⇡
ˆ (xj )

ˆ against ⇡
ˆ (xj )
j

Figure 1: Examples of the four diagnostic plots

ˆ
ˆ% = 100 (✓

ˆ)
ˆ

.

(13)

Following the removal of individual suspicious covariate patterns the process
should be repeated by removing all covariate patterns with poor fit (2. and 3.
plots), then all covariate patterns with the largest influence (1. and 4. plots) and
finally all suspicious covariate patterns. The final step in the model diagnostics
is to go over these suspicious covariate patterns with a subject matter scientist.
If the covariate patterns are judged to be reasonable they should not be deleted
from the model no matter what the e↵ect of deletion might have on the fitted
model.
2.4.3

Discrimination

In addition to being a good fit, the model should be able to discriminate subjects who will and will not experience an outcome. To assess how well a model
discriminates based on the fitted probabilities, these probabilities must be dichotomised to either 0 or 1 based on a defined cuto↵ value c. If the fitted
probability is larger than c, the derived variable equals 1 and otherwise 0. By
13

using the derived values, it is possible to calculate the sensitivity and specificity
of the classification based on the model at the cuto↵ of c. Sensitivity measures
the proportion of actual positives that are correctly identified and specificity the
proportion of actual negatives that are correctly identified. It should be noted
that both measures are dependent on the relative sizes of the outcome groups,
as classification always favours classification into the larger group. Sensitivity
and specificity also depend on the chosen cuto↵ value of c.
The receiver operating characteristic curve (ROC) is a plot of the sensitivity
versus 1

specificity for all possible values of c (see figure 5). Area under the

ROC (AUC) gives the probability that a randomly selected pair of subjects with
di↵erent outcomes will be in the correct order (subject with the outcome will
have a higher probability of the outcome). The AUC value can be obtained by
calculating the proportion of pairs of subjects with di↵erent outcomes, where
the subject with the outcome has a higher fitted probability. Often ties in y are
treated as incomparable and ties in the fitted probability are treated as failures.
The AUC value ranges from 0

1, where AUC = 0.5 indicates that the dis-

crimination is no better than random, AUC = 1 indicates perfect discrimination
and AUC = 0 indicates perfect discrimination when the outcomes are flipped for
each subject (Hosmer et al. [2013]).
When the AUC value is calculated by summing the trapezoids that are
formed from the points which make up the ROC curve, the AUC value can
be shown to be equal to the Mann-Whitney U -statistic for comparing distributions of values from two samples (DeLong et al. [1988]). The general theory for
U -statistics can be used to construct a statistical test to compare whether two
ROC curves are significantly di↵erent. This test, also known as the DeLong test,
can also be used to construct confidence intervals for the AUC values. Readers
interested in the actual derivation for the test and its formula are referred to the
article by DeLong et al. [1988].
2.4.4

Decision curve analysis

Even though the metrics and tests described in this section are useful in their
own way, they do not provide an answer to whether the model should in clinical
practise (Vickers et al. [2008]). It is not intuitively clear how high the AUC
value must be to warrant clinical use or whether we should favour one model
over the other. To answer these questions, the consequences of particular clinical
decisions made based on the model must be defined.
Decision curve analysis (Vickers et al. [2008]) is based on the principle that
14

the relative clinical consequences of false positives and false negatives can be
expressed in terms of a probability threshold c above which a patient is defined
as having the event. The probability threshold can then be used to model the
clinical consequences of true and false positives with the net benefit function,
defined as
Net benefit =

True positives
n

False positives c
,
n
1 c

where the true and false positives are patients with ⇡
ˆ (xj ) > c and ⇡
ˆ (xj ) < c,
respectively. Decision curve can be obtained by calculating the net benefit over a
range of values for c. When comparing models against each other, it is important
to also plot the decision curves for the default strategies of treating all and none
of the patients. The strategy with the highest net benefit at a particular cuto↵
c is optimal irrespective of the size of the di↵erence. Cross-validation should be
used to reduce overfitting if the decision curve is evaluated on the same data
that was used to build the model.
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3

Survival analysis

In some cases, it is useful to build a model where the outcome of interest is the
time to an event. Time to an event has a beginning point and an endpoint,
which is reached when the outcome of interest occurs. The survival time t is
defined as the distance between these points.
Incomplete survival times due to censoring or truncation are a common problem in applied setting. Right-censoring happens when the observation begins at
t = 0 and terminates before the event occurs. Other types of censoring can also
occur, but it is common that a study contains only right-censored subjects and
this is also assumed for the rest of this master’s thesis. The counting process
approach is central to survival analysis and many methods presented in the following sections. A thorough discussion of the underlying theory can be found
from a book by Fleming and Harrington [2011].

3.1

Survival function

Before going into regression models of survival data, it is important to take a look
at the data through a univariate analysis. Because of the nature of incomplete
survival times, the standard formulas for estimating for example the sample mean
or variance will not produce the desired parameter estimates. Using only the
subjects who experienced the event would bias the results as valuable information
about the survival time is lost when discarding subjects (Hosmer et al. [2008]).
The survival function o↵ers way to leverage all available information present
in censored survival times. It is defined as the probability of observing a random
variable survival time T greater than some value t, denoted
S(t) = P (T > t).
The Kaplan-Meier estimator of the survival function (Kaplan and Meier
[1958]) takes into account the information from all observations. Let (ti , ci )
denote the underlying survival time T and the censoring indicator C of n independent subjects. Among the n observations there are m  n observed events
and n

m censored values. Next, the observed survival times are rank-ordered

as t(1) < t(2) < · · · < t(m) . Let ni denote the subjects at risk of dying and di the
observed number of events at t(i) . The Kaplan-Meier estimator of the survival
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function at time t is
Ŝ(t) =

m
Y
ni

t(i) t

di
ni

,

(14)

where Ŝ(t) = 1, if t < t(1) .
The Kaplan-Meier estimator of the survival function can be used to inspect
the covariates through a univariate analysis by plotting the estimator at the
observed survival times (see for example figure 7a).
3.1.1

Confidence intervals

In almost all applied settings, it is necessary to obtain a confidence interval
estimation for the Kaplan-Meier estimator. There are several di↵erent methods
of obtaining the estimator of the variance of the Kaplan-Meier estimator, but
in applied settings there is often little di↵erence between the methods (Hosmer
et al. [2008]).
The Kaplan-Meier estimator and its functions can be proven to be asymptotically normally distributed (Fleming and Harrington [2011]) but the normality assumption may not hold for small to moderate sample sizes. Thus, it is
recommended to base the variance estimator to the log-log survival function
(Kalbfleisch and Prentice [2011]). The estimator of the variance of the log-log
survival function can be obtained with
n h
io
d ln
Var
ln(Ŝ(t)) = h

1
ln Ŝ(t)

i2

m
X

t(i) t

di
.
ni (ni di )

The endpoints for a 100(1 ↵) confidence interval for the log-log survival function
can be obtained as previously described (section 2.2.1). The possible values of
the log-log survival function range from

1 to 1 providing that the resulting

confidence interval limits, obtained by exponentiation, lie between 0 and 1.
3.1.2

Comparing survival functions

The survival function and its confidence intervals can be used to compare the
survival experience of di↵erent subgroups defined by covariates thought to be
related to the survival experience. A comparison should always begin with a
graphical display of the survival functions of the subgroups and any statistical
test of di↵erence should reflect what is seen in the figure.
Statistical tests comparing survival curves with censored subjects are based
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on a contingency table of a group by status at each observed survival time.
The contribution to the test statistic at each observed survival time is obtained
by calculating the expected number of events in K

1 groups (any collection of

K 1 groups can be used). A general test statistic can be expressed by computing
the weighted di↵erence of the observed and expected number of events (Hosmer
et al. [2008] pp. 51-53). The weights for each distinct survival time vary between
di↵erent test statistics.
Under the hypothesis of equal survival functions and the assumption of a
large summed estimated number of events, the general test statistic will be approximately distributed as a chi-square with K

1 degrees of freedom. The

Mantel-Haenszel log-rank test statistic (Mantel [1966]) is based on weights equal
to one and is most commonly used. Wilcoxon rank-sum test has also been modified to allow for censored data and uses the number of subjects at risk as weights
(Gehan [1965]). Due to the di↵erences in wi , the Mantel-Haenszel log-rank test
will place more emphasis on di↵erences between the survival functions at later
time points and the Wilcoxon test at earlier time points. If these two tests
provide roughly the same levels of significance, the reporting of only the MantelHaenszel log-rank is appropriate. If the tests give significant and not significant
results it is recommended to present both results as it gives a rough estimation
of where the survival functions might di↵er (Hosmer et al. [2008]).

3.2

Hazard function

There are also other ways of estimating the survival function, which focuses on
the subject not having the event. The hazard function focuses on the subject
having the event. The use of the hazard function thus allows the examination of
how specific covariates influence the rate of a particular event happening.
If the time random variable is assumed to be absolutely continuous, the
survival function can be written as
S(t) = e

H(t)

,

(15)

where H(t) is the cumulative hazard function. The term hazard refers here to
the risk for a subject of having an event in an interval after time t, conditional
on the subject having survived time t and thus increases over time.
The Nelson-Aalen (Aalen [1978]) estimator of the hazard function is defined
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as
H̃(t) =

X di
ni

(16)

t(i) t

and the estimator of the variance of the estimator is defined as
h
i
X di
d H̃(t) =
Var
n2
t t i
(i)

which can also be used to obtain the endpoints of a 100(1 ↵) confidence interval.
It follows, that the Nelson-Aalen estimator of the survival function is
S̃(t) = e

H̃(t)

,

(17)

which provides the basis for the estimation of the survival function in proportional hazards models. The Nelson-Aalen estimator is derived from counting
process theory and can be shown to be greater or equal on each survival time to
the Kaplan-Meier estimator of the survival function (Hosmer et al. [2008]).

3.3

Cox proportional hazards model

Although survival curves are useful when comparing the survival functions among
di↵erent groups, it is limited to univariate analysis and does not work well when
the covariates are continuous. When there are multiple covariates, a regression
like structure can be incorporated into the hazard function.
A fully parametric hazard function describes the underlying distribution of
survival time and characterises how the distribution changes as a function of
the covariates. In most cases, the complete description of survival time is of
secondary importance and a semiparametric hazard function can be used. Semiparametric models have a fully parametric regression structure but leave the
dependence on survival time unspecified. This means that a semiparametric
model such as the Cox proportional hazards model will not contain an intercept
term and thus group-specific hazard rates cannot be reconstructed, only hazard
ratios can be estimated.
Cox proportional hazards model (Cox [1972]) defines the hazard function as
0

h(t, x, ) = h0 (t)ex ,

(18)

where h0 (t) is the baseline hazard function. The baseline hazard function expresses how the hazard function changes as a function of survival time and ex
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0

expresses how the hazard function changes as a function of the covariates. An
important assumption of the Cox proportional hazards model is that parts of
the above equation are multiplicatively related. Thus, the assessment of this
assumption is important (section 3.3.5).
If the survival time is assumed to be absolutely continuous, the survival
function for the Cox proportional hazards model can expressed with the help of
equation 15 and a bit of calculus as
S(t, x, ) = [S0 (t)]e
where S0 (t) = e
3.3.1

h0 (t)

x0

,

(19)

is the baseline survival function.

Fitting the model

The maximum likelihood method cannot be used to obtain estimators of the
parameters in equation 18 as the resulting likelihood function would have to be
maximised with respect to the parameters of interest and with the unspecified
baseline hazard and survival functions (Kalbfleisch and Prentice [2011], Hosmer
et al. [2008]).
Cox [1972] suggests using a partial likelihood function that depends only on
the parameters of interest. With this method, the parameter estimators have
the same distributional properties as the full maximum likelihood estimators and
the proof is based on the counting process approach. The partial likelihood is
defined as
lp ( ) =

m
Y
i=1

P

e

x0(i)

j2R(t(i) ) e

(20)

x0j

where x(i) denotes the values of the covariates for subject i with the observed
survival time t(i) and the subjects who are at risk at time t(i) are denoted with
R(t(i) ). The above equation assumes that there are no tied survival times.
The maximum partial likelihood estimators can be obtained by di↵erentiating the log of the partial likelihood function with respect to

, setting the

derivative to equal zero and solving for the unknown parameters (section 2.1).
The maximum partial likelihood estimator for the kth coefficient is defined as
@Lp ( )
=
@ k

8
m <
X
i=1

:

9
x0j =
x
e
jk
j2R(t(i) )
,
P
x0j
;
j2R(t(i) ) e

P

x(ik)

(21)

where x(ik) denotes the values of the covariate k for subjects with observed
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survival time of t(i) .
The estimator of the variance of the estimated coefficients can be obtained
with the observed information matrix as with logistic regression (section 2.1).
The elements for the p ⇥ p observed information matrix I( ), are obtained by

taking the negative of all second-order partial derivatives of the partial likelihood
function. The inverse of this matrix, I 1 ( ), evaluated at ˆ , can then be used
to obtain the estimated covariance matrix.
If there are tied survival times in the data, a way to handle ties is needed. An
exact expression can be derived (Kalbfleisch and Prentice [2011]), but an easily
computed approximation (Efron [1977]) is commonly used. For ease of notation,
the approximation is presented here for a model with only one coefficient. The
approximation uses as the partial likelihood
lp2 ( ) =

m
Y
i=1

Q d i hP
k=1

e
j2R(t(i) ) e

x(i) +

xj

k 1
di

P

j2R(t(i) ) e

xj

i,

where di denotes the number of subject with survival time t(i) and x(i) + =
P
j2D(t(i) ) xj , where D(t(i) ) denotes the subjects with survival times equal to
t(i) . When di = 1, the approximation is identical to equation 20.
3.3.2

Estimating the survival function

Once the estimated coefficients have been obtained, the baseline survival function (equation 19) must be estimated. When the hazard is assumed to be constant between observed survival times, a likelihood-based approach can be used,
mimicking the arguments that were used with the Kaplan-Meier estimator.
The Kaplan-Meier estimator of the survival function (equation 14) is a product of the individual conditional survival probabilities at t(i) . The expression for
the conditional baseline survival probability can be expressed as ↵0i =

S0 (t(i) )
S0 (t(i 1) .

Thus, the baseline survival probability is defined as
0
S(t(i) , x, )
ex
= ↵0i
.
S(t(i 1) , x, )

(22)

The estimator of the baseline survival function is the product of the individual
estimators of the conditional baseline survival probabilities
Ŝ0 (t) =

Y

t(i) t
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↵
ˆ 0i ,

where ↵
ˆ 0i is the solution to
X

l2Di

ex
1

0

✓ˆl
↵0l

=

X

0

ex ,

l2Ri

where Di denotes subjects in the risk set with survival times equal to t(i) and
Ri denotes subjects in the risk set at t(i) .
3.3.3

Significance testing and confidence interval estimation

Significance of the estimated coefficients is assessed in the same way as with
logistic regression (section 2.2) and Wald-based confidence intervals are most
commonly used (section 2.2.1). The overall significance of the model can be
tested with the partial likelihood ratio test using the partial likelihood function
instead of the full likelihood function in equation 5). The multivariate Wald test
statistic (equation 7) can also be used. Both tests can also be used to compare
two nested Cox proportional hazards models (Hosmer et al. [2008]).
3.3.4

Interpretation of the model

After fitting the Cox proportional hazards model the emphasis moves to understanding the estimated coefficients. The estimated coefficient is the change
in the log of the hazard function corresponding to a change of one unit in the
independent variable. For any kind of covariate, the hazard ratio of the e↵ect of
change in covariate k from a to b can be obtained with
HR(t, a, b,

k)

=

h(t, (t, a,
h(t, (t, b,

k)
k)

) = e(a

b)

k

,

(23)

which does not depend on time because of the proportional hazards assumption.
The hazard ratio can be compared to the odds ratio but it is important to
remember that hazard ratio is the ratio of rates rather than odds. Thus, the
hazard ratio measures the survival experience over the entire time period whereas
the odds ratio measures the event occurrence at the study endpoint. As with
the odds ratio the hazard ratio is highly skewed to the right and the confidence
intervals should be calculated before exponentiation of the estimated coefficient.
3.3.5

Assessing the model adequacy

The assessment of the model adequacy requires computing and examining residuals of the model and testing whether the proportional hazards assumption holds.
22

In addition to these methods, decision curve analysis can also be used with the
Cox proportional hazards model (Vickers et al. [2008]) and the concordance
statistic can be used to measure the discrimination of the model (Harrell et al.
[1996]).
Residuals

One notable di↵erence to a logistic regression model is that

residuals are harder to obtain with the Cox proportional hazards model. The
value of the outcome is not always known and the fitted model does not provide
an estimate of the mean of the outcome variable.
Schoenfeld residuals (Schoenfeld [1982]), denoted as ri for subject i, are based
on the individual contributions to the derivative of the log partial likelihood. The
estimator of the Schoenfeld residual for the ith subject and the kth covariate is
obtained from substituting to ˆ in the maximum partial likelihood estimator
for the kth coefficient in equation 21. Scaling the Schoenfeld residual by an
estimator of its variance gives more diagnostic power (Grambsch and Therneau
[1994]).
An approximation of the scaled Schoenfeld residuals is often used, as the
covariance matrix of ri tends to be constant over time. The scaled Schoenfeld
residuals can be calculated with r̂⇤ = mI 1 ( ˆ )r̂i .
i

The estimated martingale residuals (Cox and Snell [1968]) have values for
each subject at each survival time ti . The estimated martingale residuals can be
calculated with
Ĥ(ti , x, ˆ ),

M̂i = ci

where Ĥ(ti , x, ˆ ) is the estimator of the cumulative hazard function, which can
be obtained by taking the negative of the natural logarithm of the estimated
survival function in equation 22.
The score residuals, denoted with Li = (L1 , . . . , Lp )0 , are rooted in the counting process approach and are easily provided by statistical software packages.
These residuals are covariate specific and defined for each subject. As the expressions for these residuals are complex, readers interested in the underlying
theory and equations are referred to chapter 6.2 of the book by Hosmer et al.
[2008].
Model diagnostics

As with logistic regression, model diagnostics are used

to find influential or poorly fit subjects. The approximated leverage for subject
i can be calculated with
L⇤i = I

1
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( ˆ )Li ,

which is also known as the scaled score residual.
Another useful overall measure is the likelihood displacement statistic, which
is an approximation of the change in the log partial likelihood when the ith
subject is removed from the model (Pettitt and Daud [1989]). The statistic can
be calculated for subject i with
d ˆ )]( ˆ i ).
ldi = ( ˆ i )0 [Var(

Plots of the scaled score residual for each covariate and the likelihood displacement statistic against the martingale residuals can be used to identify influential or poorly fit subjects (Hosmer et al. [2008]). As with logistic regression
diagnostics (section 2.4.2), each identified covariate pattern should be removed
one at a time and together, to assess their e↵ect on the estimated coefficients
(equation 13). Finally, the plausibility of each poorly fit or influential covariate
pattern should be assessed with a subject matter specialist.
Proportional hazards assumption

An assessment of the proportional

hazard assumption for covariate k can be done by allowing the e↵ect of the
covariate to change over time by
k (t)

=

k

+

k gk (t),

where gk (t) is a function of time for covariate k. When using g(t) = ln (t) in the
above equation, the linear predictor part of the model,
used to test the hypothesis

k

k xk + k xk

ln (t), can be

= 0 (Grambsch and Therneau [1994]). Another

often used transformation is to replace g(t) with the Kaplan-Meier estimator of
survival time (equation 14).
Grambsch and Therneau [1994] have showed that the scaled Schoenfeld residuals are, for covariate k, a mean at time t of approximately r̂⇤k ⇡

i gk (t).

a plot of the residuals over time can also be used to assess whether

k

Thus,

= 0. It

is recommended that both the hypothesis test and the residual plot are used to
assess the assumption of proportional hazards (Hosmer et al. [2008]).
Discrimination

The concordance statistic introduced by Harrell et al.

[1996] can be used to assess the discrimination of the Cox proportional hazards
model. It is similar to the AUC value used with logistic regression. Let (xi , xj )
denote the fitted values of the Cox proportional hazards model for subjects i
and j and (yi , yj ) denote the observed survival times of the subjects. Concor24

dance is defined as P (xi > xj |yi < yj ). Thus, the pair (i, j) is concordant if the
fitted values and the observed survival times point in the same direction. Con-

cordance statistic C is the fraction of concordant pairs among all possible pairs.
The interpretation of the concordance statistic is similar to the AUC value.
Tied pairs in survival time are treated as incomparable. Also, any pairs
where one of the subjects has been censored and another has an event later than
the censoring time are treated as incomparable, as there is no way of knowing if
the fitted Cox proportional hazards model has ranked the pair correctly. Ties in
the linear predictions of the fitted Cox proportional hazards model are treated
as discordant.
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4

Missing values

Missing values occur frequently in observational as well as experimental research.
Inadequate handling of the missing data can a↵ect and bias analysis results
(White et al. [2011]). The most common method of handling missing data is
multiple imputation (Rubin [1987]). Before taking a closer look at multiple imputation, some assumptions about the missing data mechanisms must be made.

4.1

Missing data mechanisms

The missing data mechanisms were established by Rubin [1976]. These mechanisms are characterised by the conditional distribution of the missing data given
the complete data and some of these mechanisms change the assumptions that
have to be made before using multiple imputation.
Let Yj = (Yj1 , . . . , Yji ) denote one of the p incomplete variables. Y =
(Y1 , . . . , Yp ) denote a n ⇥ p complete data matrix and M denote a n ⇥ p missing data matrix with value 0 if the corresponding locations in matrix Y are
observed and value 1 if they are missing. The mechanisms of missing data are
characterised by the conditional distribution of M given Y.
If the missing data does not depend on the values of the data, missing or
observed, the data is said to be missing completely at random (MCAR). The
probability distribution for MCAR is defined as P(M|✓) where ✓ denotes a vector
of unknown parameters that completely specify the relationship between M and
Y.
Another less stringent mechanism of missing data can be defined when Y is
split into observed and missing values denoted as Yobs and Ymis , respectively. If
the missing data depends on the Y only through observed values Yobs the data
is said to be missing at random (MAR). That is, the probability distribution for
MAR is defined as P(M|Yobs , ).
If the missing data depends on Y, the mechanism of missing data is said to
not missing at random (NMAR) and the probability distribution is defined as
P(M|Y, ).
Simple exclusion of subjects with missing data produces biased statistical
analysis results if the data is MAR or NMAR. Though exclusion is a valid method
of handling missing data if the data is MCAR, it does produce inflated standard
errors as the available sample size decreases. As the assumptions for MCAR
is rarely met (Hosmer et al. [2013]), it is recommended that other methods for
handling missing data are used.
26

4.2

Multiple imputation

Multiple imputation has become increasingly popular because of its ease of use
and ability to handle data that is MAR or NMAR (Rubin [1987], White et al.
[2011]). There are some additional modelling assumptions to be made if the data
is MNAR (van Buuren and Groothuis-Oudshoorn [2011]) and for the rest of this
master’s thesis, the data is assumed to be MAR. There are three steps involved
in multiple imputation: Imputation of a set of complete datasets, statistical
analysis of each imputed dataset and pooling the results of these analyses.
4.2.1

Imputation

The main concept of imputation is to fill in a possible value for a missing data
point by using the distribution of the observed data. The imputation model,
used to obtain the imputed value, should account for the process that created
the missing data and preserve the relations in the data. Preservation of the
uncertainty of the imputed values is also important. Thus, after imputing each
missing data point, the process is then repeated to obtain m complete datasets,
where observed values are identical but the imputed values may di↵er.
Multivariate imputation by chained equations (MICE) is often used to obtain
the m imputed datasets (van Buuren and Groothuis-Oudshoorn [2011]). Let the
hypothetically complete data Y be a partially observed random sample from
P (Y|✓). The MICE algorithm obtains the multivariate distribution of ✓ by
sampling iteratively from the conditional distributions of the form
P (Y1 |Y

1 , ✓1 )

..
.
P (Yp |Y

p , ✓p ),

where vectors ✓1 , . . . , ✓p are specific to the respective conditional densities, not
necessarily the product of a factorisation of the true P (Y|✓). The tth iteration
of the chained equations is a Gibbs sampler that successively draws
⇤(t)

✓1
⇤(t)

Y1

(t 1)

⇠ P (✓1 |Y1obs , Y2

(t 1)

⇠ P (Y1 |Y1obs , Y2

..
.
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, . . . , Yp(t

, . . . , Yp(t

1)

1)

)
⇤(t)

, ✓1 )

(t)

✓p⇤(t) ⇠ P (✓p |Ypobs , Y1 , . . . , Yp(t)

1)

(t)

Yp⇤(t) ⇠ P (Yp |Ypobs , Y1 , . . . , Yp(t) , ✓p⇤((t) ),
(t)

where Yj

= (Yjobs , Y ⇤(t) ) is the jth imputed variable at iteration t. Convergence

is usually achieved within 10 to 20 iterations as previous imputations only enter
(t)

Yj

through its relation with other variables.

Before the imputation step, some choices have to be made. First, the missing
data mechanism should be decided. Second, the set of variables to be included
as predictors should be decided and the form of the imputation model should be
selected for each of the missing variables. Finally, the number of iterations and
imputed datasets m should be selected.
For continuous variables simple linear regression or predictive mean matching
(Little [1988]) is often used as the imputation model. Linear regression is fast and
efficient if the model residuals are close to normal, although this may result in
nonsensical values as the imputed values are not restricted in any way. Predictive
mean matching restricts the imputations to observed values and preserves nonlinear relations. Predictive mean matching could be used for categorical variables
as well but logistic regression or multinomial logistic regression is preferred (van
Buuren and Groothuis-Oudshoorn [2011], White et al. [2011]).
Sometimes it is also necessary to include variables which are functions of other
incomplete variables (for example ratios, squares or interactions) into the imputation model. Possible choices are transform then impute, impute then transform, passive imputation and substantive model compatible fully conditional
specification (Bartlett et al. [2015]). Transform then impute might introduce
substantial bias to the estimates and should not be used. Impute then transform and passive imputation methods also introduce some bias to the estimates
(usually towards zero) while the substantive model compatible fully conditional
specification method has negligible bias.
The number of iterations should be based on the convergence of the MICE
algorithm. While multiple imputation produces correct confidence intervals even
with m = 2, there is a case to be made for using larger m. White et al. [2011]
argue that a repeat analysis should produce essentially the same results. Monte
Carlo error of the results is defined as the standard deviation of the results
across repeated runs of the same imputation procedure. This error applies to
all statistics computed using multiply imputed data and should be considered
when choosing a suitable value for m. An useful rule of thumb is to use m that
is similar to the fraction of subjects that have missing values. With this rule of
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thumb, the following properties are achieved for ˆ:
1. The Monte Carlo error of ˆ is approximately 10% of of its standard error
2. The Monte Carlo error of the test statistic

ˆ
se( ˆ)

is approximately 0.1

3. The Monte Carlo error of the p-value is approximately 0.01 when the true
p-value is 0.05.
4.2.2

Analysis

After obtaining m multiply imputed complete datasets, each imputed dataset
should be analysed individually using normal complete data methods. The results of the m analysis may di↵er as each analysis is conducted with a di↵erent
imputed dataset.
4.2.3

Pooling

Final step in multiple imputation is the pooling of the m statistical analysis
estimates into an overall estimate and a covariance matrix. Pooling can be
done using the Rubin’s rules (Rubin [1987]) where imputations are assumed to
be independent draws from the posterior predictive distribution of the missing
values. These rules can be used to pool any statistic that is an estimation of
some kind, such as means, regression coefficients or AUC values. Let ✓ˆk denote
an estimated quantity of interest obtained from the kth imputed dataset. The
pooled estimate ✓ˆ can be obtained by taking a simple arithmetic mean of the m
estimated quantities of interest.
The variance of the pooled estimate incorporates the within-imputation and
between-imputation variances and can be obtained with
✓
◆
1
ˆ
var(✓) = Wvar + 1 +
Bvar ,
m
where

m

Wvar =

1 X
var(✓ˆk )
m
j=1

and
Bvar =

1
m

1

m
X

(✓ˆk

ˆ 2.
✓)

j=1

Notably, p-values or the likelihood ratio test statistics cannot be combined
by Rubin’s rules. The Wald test statistic for the pooled logistic regression coeffi29

cients can be obtained with equation 6. The test statistic follows a t-distribution
with degrees of freedom obtained from the Barnard-Rubin adjustment for small
samples (Barnard and Rubin [1999]). Let vcom = n

p denote the degrees of

freedom of the hypothetically complete dataset with sample size n and p parameters. The small sample adjusted estimated degrees of freedom for the observed
data can be obtained with
vobs =
where

=

Bvar +Bvar /m
,
ˆ
var(✓)

vcom + 1
vcom (1
vcom + 3

)

the proportion of variation due to the missing variables.

To compare two nested pooled regression models, the likelihood ratio test
statistic can be combined by an approximation using the point estimates and
evaluations of complete-data log-likelihood ratio statistics (Meng and Rubin
[1992]). Although the likelihood ratio test is preferred with complete data, it
has not been shown to be superior to the multivariate Wald test with multiply imputed data (Meng and Rubin [1992], White et al. [2011]). This can be
deducted from the fact that the approximated likelihood ratio test is derived
from the asymptotic equivalence of the Wald and likelihood ratio tests and is an
approximate of the Wald test. Thus, the approximated likelihood ratio test will
perform at best as well as the multivariate Wald test.
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5

Purposeful selection of covariates

There are many di↵erent methods of building the most parsimonious regression
model that still accurately follows the correct outcomes. These methods must
include a plan for selecting covariates and a way to assess the significance of the
built model in comparison to its alternatives. Any covariates included in the
model should be statistically significant or have a known clinical e↵ect on the
outcome variable.
The following method to build a regression model is called the purposeful
selection of covariates (Hosmer et al. [2008, 2013]).
1. Univariate regression models are fit with each of the considered covariates.
If the likelihood ratio test of significance of the coefficient has a p-value of
< 0.25, the variable is identified as a candidate covariate for the next step.
2. Regression model with all the candidate covariates is fit. P-value > ↵
from the Wald test statistic for individual coefficients is used to identify
covariates to be removed from the model.
A new regression model is fit without the covariate and the two resulting
models are compared with the partial likelihood ratio test with a significance threshold ↵. If the test is significant, the covariate is added back to
the model. If the test is not significant, the estimated coefficients of the
smaller model are compared to their respective values in the larger model
with equation 13. If the change is > 20% for any of the variables, the
covariate is added back to the model. This step is then repeated until all
variables that remain in the model are statistically or clinically relevant.
3. Each covariate not selected in the first step is added to the model. If the
added covariate is a categorical variable with more than two levels, the
the partial likelihood ratio test is used to assess the significance of the
estimated coefficient with a significance threshold ↵. Otherwise the Wald
test statistic should be used.
4. The linearity of the continuous covariates in the logit (equation 2) or in
the log of the hazard function (equation 17) is assessed visually and with
fractional polynomial analysis (section 5.1). If the covariate is not linear,
the best fractional polynomial model is chosen.
5. Interactions between the covariates are assessed by creating a list of possible pairs of variables. An interaction term for each pair is created as the
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arithmetic cross product of the pair. An interaction term which does not
make sense from a clinical perspective should not be considered. Interaction terms are then added to the model individually and their significance
is assessed by the Wald test statistic with the significance threshold ↵. After identifying statistically significant interactions, the second step should
repeated considering only the selected interaction e↵ects.
6. Assess the model adequacy.
In case the covariates have missing values, the multivariate Wald test proposed by Meng and Rubin [1992] should be used instead of the approximated
likelihood ratio test.

5.1

Assessing the linearity of continuous covariates

It is important to check if each continuous covariate increases or decreases linearly in the logit (equation 2) or the log of the hazard function (equation 17)
and select a non-linear function of the covariate if this is not the case.
An easy way to check for linearity is to plot a smoothed scatterplot of the
logit or the log of the hazard function against the values of the continuous covariate. There are multiple ways to compute a smoothed scatterplot this can
be easily done with most statistical softwares. If the plot looks linear when the
neighbourhood parameter ↵ < 1, the variable is most likely linear in logit or the
log of the hazard function. The smoothed scatterplot is also useful in showing
any extreme observations that can influence the assessment of linearity by other
methods. If the plot does not look linear it is often hard to approximate the
function that would reflect the non-linearity. Thus, other methods are needed.
An analytic approach to asses the linearity of a continuous covariate is to use
fractional polynomials introduced by Royston and Altman [1994]. Fractional
polynomials are a small set of curves, which can be used to model the non-linear
relationship between the response variable and a continuous covariate. The
concept of fractional polynomials is explained here with a univariate logistic
regression model with one continuous covariate.
0

The logit of the univariate logistic regression can be generalised as g(x) =
P
+ Jj=1 j ⇥ Fj (x), where functions Fj (x) = xpj are a particular types of

power functions and J denotes the number of power terms. The value of the
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first function is F1 (x) = xp1 and the remaining are defined as

Fj (x) =

for j = 2, . . . , J.

8
< xpj ,
:F

j 1 (x) log (x),

pj 6= pj

1

pj = pj

1

The value pj can in theory be any number, but it is often sufficient to restrict
these values to the set of fractional polynomials } = { 2, 1, 0.5, 0, 0.5, 1, 2, 3},

where p1 = 0 denotes the log of the variable. For J = 1, 8 models (p1 2 }) and
for J = 2, 36 models (unique power pairs from for example (p1 , p2 ) 2 } ⇥ }) are

fit. In both cases, J = 1 and J = 2, the largest log-likelihood (equation 3) is
selected.
Next step is to determine if either of the selected models is significantly better
than the linear model. Comparisons are done with the partial likelihood ratio
test (equation 5) and each additional power term used to model the continuous
covariate contributes approximately 2 degrees of freedom to the partial likelihood ratio test statistic (Royston and Altman [1994]). A closed test procedure
(Ambler and Royston [2001]) is used to select the best model:
1. Select a significance threshold ↵ for comparing models.
2. Test the best J = 2 model against the model with no covariates using the
likelihood ratio test with 4 degrees of freedom. If not significant, drop the
continuous covariate and stop, otherwise continue.
3. Test the best J = 2 model against the linear model using the likelihood
ratio test with 3 degrees of freedom. If not significant, stop and select the
linear model, otherwise continue.
4. Test the best J = 2 model against the best J = 1 model using the likelihood
ratio test with 2 degrees of freedom. If significant, select the best J = 2
model, otherwise select the best J = 1 model.
If a one of the fractional polynomial models is chosen instead of the linear
model, a critical examination of the functional form for subject matter plausibility is recommended. This can be done by plotting the fitted fractional polynomial
model against the continuous covariate alongside the smoothed scatterplot. It is
also recommended to assess whether the functional form of the fractional polynomial model makes sense in the context of the study. If this is not the case, it is
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recommended to use the linear model or another fractional polynomial model. In
most cases there are multiple fractional polynomial models with trivially smaller
log likelihoods than selected best model, which might provide a more clinically
acceptable functional form (Hosmer et al. [2013]).
In case of multiply imputed datasets, a stacked dataset should be used when
assessing the linearity of the continuous covariate in the logit or the log of the
hazard function (Morris et al. [2015]). Stacking involves treating the m imputed
dataset as one dataset with mn observations. The values of the jth covariate in
the stacked dataset are weighed by wj = (1
missing data for covariate j.
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fj )/m, where fj is the fraction of

6

Materials and methods

6.1

Patient cohort

All 598 patients who underwent robot assisted laparoscopic prostatectomy at the
HUS Helsinki University Hospital from January 2014 to September 2015 were
included in the patient cohort. 387 of these patients had preoperative MRI data
available and made up the study cohort. After RP, all the patients are followed
routinely and their PSA is measured systemically. Preoperative clinical variables, pT and PSA measurements taken before and after RP were were retrieved
from the clinical database in June of 2019. The study was approved by the
institutional Ethics Committee of Helsinki University Hospital (diary number
386/13/03/02/2014).
For MRI, 3.0T Philips Achieva MRI scanner was used to obtain the prostate
MRI images. One of four experienced uroradiologist, who rate over 300 prostate
MRIs per year, went through the MRI data and the results were reported according to the PI-RADS version 1 (Barentsz et al. [2012]).

6.2

Covariates

For the logistic regression models, non-OC disease, defined as pT< 3, was used
as the outcome variable. For survival analysis, the starting point for BCR free
survival time was defined as the date of RP and the endpoint was defined as two
consecutive PSA measurements in which PSA was

0.2 µl or either hormonal

or radiation salvation therapy. From the two consecutive PSA measurement
dates, the earlier was chosen. Patients without BCR were censored by their last
follow-up date.
Preoperative clinical variables included three continuous variables, age, preoperative PSA and the percentage of positive biopsies and two categorical variables, cT and the GG of the biopsy samples. A digital rectal examination
was used to obtain the cT and biopsies were collected with transrectal ultrasound/MRI fusion guided targeted biopsy (Tbx). A contemporary GG based
on the International Society of Urological Pathology consensus conferences was
adopted (Epstein et al. [2016]). This PCa grading system has five di↵erent
groups, ranging from one to five (low-risk to high-risk), depending on various
Gleason pattern combinations. The cT was dichotomised to cT< 3, cT

3 as

cT< 3 corresponds to OC disease. The GG was also dichotomised to GG< 3
and GG

3 after a discussion with a subject matter specialist.
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MRI variables included one continuous variable, MRI prostate volume, and
two categorical variables, the PI-RADS score and MRI prediction of non-OC
disease, defined as suspected EPE, LN or SVI in the MRI images. The PI-RADS
score (Barentsz et al. [2012]) uses the following five-point scale:
1. Clinically significant disease is highly unlikely to be present
2. Clinically significant cancer is unlikely to be present
3. Clinically significant cancer is equivocal
4. Clinically significant cancer is likely to be present
5. Clinically significant cancer is highly likely to be present
The score was dichotomised to PI-RADS < 3 and PI-RADS

3 after a discussion

with a subject matter specialist.
Partin tables give an estimated probability of OC disease which was transformed into an estimated probability of non-OC disease (1 P(OC disease)). The
CAPRA score ranges from zero to ten and the CAPRA risk groups are assigned
based on the score. A CAPRA score from zero to two indicates low-risk, three to
five indicates intermediate-risk and six to ten indicates high-risk. The MSKCC
nomograms give an estimated probability of OC disease and BCR-free survival
probability at t years. The MSKCC estimated probability of OC disease was
transformed into an estimated probability of non-OC disease as with Partin tables and t = 3 was used with the BCR-free survival probability estimation.

6.3

Nomograms

Partin tables (Eifler et al. [2013]), Memorial Sloan Kettering Cancer Center
(MSKCC) nomograms and the CAPRA score (Cooperberg et al. [2005]) were
selected.
Partin tables (Eifler et al. [2013]) use commonly available clinical data to predict OC disease and non-organ confided diseases at RALP. Partin tables are only
defined for patients with the clinical T-stage (cT) < 3. MSKCC o↵ers multiple
PCa nomograms on their website (accessed 11th of June 2019) of which preoperative nomograms to predict non-OC disease and BCR with biopsy information
were used. The MKSCC nomograms exclude all patients with preoperative hormone or radiation therapy. The CAPRA score (Cooperberg et al. [2005]) is used
to stratify the risk of BCR after RP and is not defined for patients with cT
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3b or 4. Additionally, multiple logistic regression and Cox proportional hazards models were built from available preoperative clinical variables following
the purposeful selection of covariates (Hosmer et al. [2008, 2013]).

6.4

Statistical analysis

All missing values for the preoperative and MRI variables were imputed using
multiple imputation by chained equations (van Buuren and Groothuis-Oudshoorn
[2011]). Assessment of the model adequacy’s and the linearity of the continuous
covariates in logit or the log of the hazard function was done with a stacked
dataset.
Logistic regression models were used to study the relationship between nonOC disease and Partin table estimates, the MKSCC preoperative nomogram
estimated probabilities of non-OC disease and the available preoperative clinical
variables. The Partin table and the MSKCC nomogram predicted probabilities
of non-OC disease were used as covariates in logistic regression models.
Flowchart of the model building process is presented in figure 2. After building the three logistic regression models, the model built from preoperative clinical
variables was extended using the available MRI variables. The existing covariates
were regarded as frozen and MRI variables were added following the purposeful
selection of covariates. Selected MRI variables were also added to the logistic
regression models built from the nomograms. Di↵erences among the models with
and without MRI variables were investigated with the multivariate Wald test,
Delong’s test for AUC values and decision curve analysis.
Kaplan-Meier survival curves and Cox proportional hazards models were used
to study the relationship between BCR-free survival time and the CAPRA score,
the MKSCC preoperative nomogram estimated BCR-free survival probability at
3 years and the available preoperative clinical variables.
Univariate analysis of the CAPRA score, the MSKCC nomogram predicted
probability of BCR free survival at 3 years, preoperative clinical variables and
the MRI variables was done with Kaplan-Meier survival curves with log-log confidence intervals. Comparisons of the survival curves were done with the MantelHaenszel log-rank and the Wilcoxon tests. Only Mantel-Haenszel log-rank test
was reported if both tests gave similar results.
The same model building process was used with Cox proportional hazards
models (figure 2). Three Cox proportional hazards models are built using the
purposeful selection of covariates using the nomograms and preoperative clinical
variables. Next, the model built from preoperative clinical variables was ex37

Figure 2: Flowchart of the model building process.

tended using the available MRI variables. The existing covariates were regarded
as frozen and MRI variables were added following the purposeful selection of
covariates. The selected MRI variables were also added to the nomogram based
Cox proportional hazards models. Di↵erences among the models with and without MRI variables were investigated with the multivariable Wald test and the
concordance statistic.
An ↵ level of 0.05 was used for statistical significance. All statistical analysis
was performed with R Statistical Software v.3.6.1 using the packages: survival,
precrec, mfp and mice.
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7

Results

7.1

Study cohort

The study cohort characteristics are presented in table 1.
From the 387 patients included in the study cohort, 95 were missing values
for the amount of positive or negative biopsies, three were missing values for the
biopsy GG, one was missing a value for the preoperative PSA, one was missing
a value for the MRI prostate volume and one was missing a value for the PIRADS score. One subject had missing values for both the amount of positive and
negative biopsies and the preoperative PSA. Five subjects had missing values
for survival data.
There were 285 complete cases. As most of the missing values concentrated
on the amount of positive or negative biopsies the MAR assumption was assessed
by dividing the study cohort into two groups based on the missingness of these
variables. Chi-square and Wilcoxon tests were used to assess whether the two
groups di↵ered among preoperative clinical or MRI variables (not shown). All
tests were statistically not significant and thus it is reasonable to assume that
the missing data mechanism is either MAR or MCAR.
All preoperative clinical and MRI variables were used in the imputation
model of the multiple imputation by chained equations. As roughly 25% of
the subjects had missing values in at least one variable, 25 imputed datasets
were created using 10 iterations. Multinomial logistic regression was chosen as
the imputation model for Gleason Grade Group, logistic regression for the PIRADS score and predictive mean matching for preoperative PSA, MRI prostate
volume and the amount of positive and negative biopsies. After imputation,
GG, the PI-RADS score and cT were transformed to dichotomised variables and
the amount of positive and negative biopsies was transformed into a percentage
of positive biopsies. Nomogram specific predictions were obtained with the imputed and transformed values. Survival data was not imputed and these subjects
were excluded from survival analysis.
The Partin table estimates are only defined for patients with cT < 3 and
thus the 75 patients with cT

3 were excluded from further analysis requir-

ing Partin table estimates. The CAPRA score is not defined for patients with
cT 3b or 4 and thus seven patients with these values were excluded from further analysis requiring CAPRA scores. The MSKCC nomograms exclude all
patients with preoperative hormone or radiation therapy and one patient with
inconsistent dates for salvation therapies was excluded from analysis requiring
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Median preoperative PSA (IQR)
Median Age (IQR)
Gleason grade group of the biopsies
1
2
3
4
5
Gleason grade group at pathological anatomical diagnosis
1
2
3
4
5
Percentage of positive biopsies (IQR)
Clinical T-stage (%)
cT1
cT2
cT3
Clinical stage at MRI
OC
non-OC
EPE
SVI
LN
Clinical stage at pathological anatomical diagnosis
OC
non-OC
EPE
SVI
LN
Prostate volume at MRI (IQR)
Prostate volume at pathological anatomical diagnosis (IQR)
PI-RADS score
<3
3
Biochemical recurrence
events
median survival time (IQR)
Table 1: Summary of the study cohort
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8.9 (1.9 - 15.9)
65.0 (56.4 - 73.6)
90 (23.4%)
135 (35.2%)
105 (27.3%)
29 (7.6%)
25 (6.5%)
14 (3.6%)
149 (38.5%)
169 (43.7%)
13 (3.4%)
42 (10.9%)
33.3% (0 - 66.6)
241 (62.3%)
63 (16.3%)
73 (18.9%)
226 (58.4%)
161 (41.6%)
156
36
11
219 (56.6%)
168 (43.4%)
166
54
36
35 (17 - 53)
48 (29.93 - 66.1)
39 (58.4%)
347 (41.6%)
39 (58.4%)
3.3 years (2.5 - 4.2)

Figure 3: Flowchart of the used datasets with respective sample sizes in brackets

MSKCC nomograms. The number of patients in every sub-cohort for the logistic
regression models and survival analysis can be seen in figure 3.

7.2

Non-organ confined disease

During building the preoperative clinical model, preoperative PSA, age, GG,
percentage of positive biopsies and cT were selected into the model. Age of the
patient was not significantly associated with non-OC disease, but was left in the
model after a discussion with a subject matter specialist as age poses a known
risk to PCa. None of the interactions between the covariates were significant.
All continuous variables showed to be linear in logit based on a visual assessment
and the linear model was also selected during the fractional polynomial analysis.
When extending the preoperative clinical model with the MRI variables, MRI
prediction of non-OC disease, the PI-RADS score and MRI predicted prostate
volume were selected into the model. Additionally, the interaction terms between
age and MRI predicted prostate volume and cT

3 and MRI prediction of non-

OC disease were selected to the model. The MRI predicted prostate volume
was linear in logit based on a visual assessment and the linear model was also
selected during the fractional polynomial analysis.
The Hosmer-Lemeshow test using G = 10 was not significant on neither of the
models. The four diagnostic plots identified a few suspicious subjects with poor
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1

Figure 4: Interaction plot between MRI prostate volume and the odds ratio of age

fit or notably higher leverage. In both models, neither the individual or grouped
removal of all poorly fit or high leverage subjects from the model changed the
estimated coefficients significantly.
Logistic regression models were also built from Partin table and MSKCC
nomogram estimated probability of non-OC. The multivariate logistic regression model presented at the MKSCC-website (accessed 11th of June 2019) gave
similar predictions as the fitted values of the logistic regression model based
on MSKCC nomogram estimated probability of OC disease. Finally the MRI
prediction of non-OC disease, MRI prostate volume and the PI-RADS score
3 were added to the nomogram-based logistic regression models. All logistic
regression models are presented in table 2 and visualisation of the interaction
between MRI predicted prostate volume and the odds ratio of age is presented
in figure 4.
All models with the MRI variables were significantly di↵erent from the models
without the MRI variables based on the multivariate Wald test. All models with
the MRI variables had significantly higher AUC values and a larger net benefit
over a wide range of c when compared to the models without the MRI variables.
The ROC curves, AUC values and the p-values for the DeLong-test statistic are
presented in figure 5 and the net benefits in figure 6.

7.3

Biochemical recurrence

Survival analysis started by inspecting the Kaplan-Meier survival curves for the
preoperative clinical variables, MRI variables, the CAPRA risk group and the
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0.053

0.041
0.036
0.508
0.024
1.382

MSKCC
MSKCC non-OC

Clinical
Preoperative PSA
Age
GG 3
% positive biopsies
cT 3
1.042
1.037
1.662
1.024
3.982

0.008
0.059
0.039
<0.001
<0.001

Clinical + MRI
Preoperative PSA
Age
GG 3
% positive biopsies
cT 3
given MRI OC
MRI non-OC
given cT < 3
PI-RADS score 3
MRI prostate volume
Age x MRI prostate volume
cT 3 x MRI non-OC

MSKCC + MRI
MSKCC non-OC
MRI non-OC
PI-RADS score 3
MRI prostate vol.

Partin + MRI
Partin non-OC
MRI non-OC
PI-RADS score 3
MRI prostate volume

0.052
0.144
0.521
0.022
2.047
0.426
1.218
-0.403
1.104
0.184
-0.003
-1.621

0.045
1.139
1.09
-0.017

0.025
1.277
0.837
-0.01

Models with MRI parameters
Variable
est

Table 2: Logistic regression models

(1.012-1.073)
(0.999-1.076)
(1.028-2.686)
(1.012-1.036)
(2.029-7.817)

1.054 (1.04-1.069)

<0.001

<0.001

0.026

Partin
Partin non-OC
1.027 (1.012-1.041)

p

Models without MRI parameters
Variable
est
OR (95% CI)

(1.03-1.063)
(1.944-5.019)
(1.071-8.258)
(0.968-0.999)
1.053 (1.017-1.091)
1.155 (1.033-1.291)
1.683 (1.006-2.819)
1.022 (1.01-1.034)
7.744 (1.868-32.093)
1.532 (0.659-3.56)
3.38 (1.939-5.893)
0.669 (0.14-3.187)
3.016 (0.985-9.236)
1.202 (1.002-1.442)

1.046
3.123
2.974
0.984

1.026 (1.011-1.039)
3.586 (2.116-6.075)
2.31 (0.83-6.425)
0.99 (0.973-1.008)

OR (95% CI)

0.003
0.011
0.048
<0.001
0.005
0.323
<0.001
0.614
0.054
0.049
0.033
0.056

<0.001
<0.001
0.037
0.042

<0.001
<0.001
0.110
0.235

p

(a) Partin table models

(b) MSKCC models

(c) Clinical models

Figure 5: ROC curves for the logistic regression models
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(a) Partin table models

(b) MSKCC models

(c) Clinical models

Figure 6: Decision curves for the logistic regression models
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MSKCC nomogram predicted probability of BCR-free survival at 3 years. For
continuous variables the cuto↵ values were decided after inspecting the distribution of the values. All of the preoperative clinical variables, the CAPRA risk
group (figure 7a) and the MSKCC nomogram predicted probability of BCR-free
survival at 3 years (figure 8a) separated the subjects into two significantly different groups. From the MRI variables, only MRI prediction of non-OC disease
separated the patients into two groups based on the same tests (figure 9).
MRI prediction of non-OC disease was used to further separate the CAPRA
risk groups. Subjects in the CAPRA high-risk group were separated by the MRI
prediction of non-OC disease into two groups with significantly di↵erent survival
curves (figure 7b). In the intermediate-risk group there was no significant differences between the survival curves (figure 7c) and for the low-risk group there
was only one BCR event so not comparisons could be made.
MRI prediction of non-OC disease was also used to separate the MSKCC
nomogram predicted probability of BCR-free survival at 3 years into two groups.
Subjects with < 80% probability of BCR-free survival at 3 years were separated
by the MRI prediction of non-OC disease into two groups with significantly
di↵erent survival curves (figure 8b). Subjects with

80% probability of BCR-

free survival at 3 years were not seperated by the MRI prediction of non-OC
disease into significantly di↵erent groups (figure 8c).
During building the Cox proportional hazards model from preoperative clinical variables, preoperative PSA, age, GG and cT were selected into the model.
None of the interactions between the covariates were significant. Age and preoperative PSA were linear in the log of the hazard function based on a visual
assessment and the linear models were also selected during the fractional polynomial analysis.
The proportional hazards assumption was assessed with the hypothesis test
by transforming the survival times with the Kaplan-Meier estimator. The global
as well as the individual hypothesis tests for the variables were not significant.
The plots of the scaled Schoenfeld residuals over time supported the hypothesis
test results. Diagnostic plots identified a few influential and poorly fit subjects.
Neither the individual or grouped removal of all poorly fit or high leverage subjects from the model changed the estimated coefficients significantly. The final
model had a concordance of 0.74.
When adding MRI variables to the, it became apparent that none of the MRI
variables were significantly associated with BCR. This was also true when MRI
variables were added to the univariate Cox proportional hazards models built
46

(a) Survival curves separated by CAPRA risk groups

(b) CAPRA high-risk group survival curves separated by MRI prediction

(c) Survival curves for CAPRA intermediate-risk group: MRI prediction

Figure 7: Kaplan-Meier survival curves for the CAPRA dataset
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(a) Survival curves separated by MSKCC predicted survival probability at 3 years

(b) Survival curves for high-risk group separated by MRI prediction

(c) Survival curves for low-risk group separated by MRI prediction

Figure 8: Kaplan-Meier survival curves for the MSKCC dataset
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(a) Survival curves separated by MRI prediction

(b) Survival curves separated by MRI prostate volume

(c) Survival curves separated by PI-RADS score

Figure 9: Kaplan-Meier survival curves for the clinical dataset
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from the CAPRA score and the MSKCC nomogram predicted probability of
BCR-free survival at 3 years. Thus, further comparisons of the Cox proportional
hazards models with and without the MRI could not be done.
As positive surgical margin is a known predictor of BCR (Dev et al. [2015]),
the survival analysis was also done by excluding all patients with positive surgical
margins. Survival analysis results with this cohort did not di↵er with the results
reported above.
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Discussion

Based on the results, it can be concluded that MRI does o↵er added value to
predicting non-OC disease and BCR, although the results for BCR are not as
clear as for non-OC disease.
For the prediction of non-OC disease, MRI prediction of non-OC disease
significantly increases the odds of having non-OC disease in all of the models,
the PI-RADS score in the model built from the MSKCC nomogram and MRI
estimated prostate volume in the preoperative clinical model (table 2 and figure
4). Additionally, all models with the MRI variables have significantly higher
discrimination and net benefit than the models without the MRI variables over
a wide range of c.
For the prediction of BCR, MRI prediction of non-OC disease separated the
high-risk group of both nomograms into two groups with significantly di↵erent
survival curves (figures 8b and 7b). Although the results of the Kaplan-Meier
survival curves were promising, the Cox proportional hazard models the MRI
prediction of non-OC disease was significantly associated with BCR.
Selected methods

Instead of logistic regression the use of discriminant anal-

ysis and more flexible classifiers, such as Random Forest or Support Vector
Machines (see for example Murphy [2013]), were also considered. As more flexible models focus on prediction rather than explanation, these were dismissed as
interpretability of the final model was considered more valuable than increased
prediction accuracy. Discriminant analysis as well as using the linear discriminant function to fit the logistic regression model were dismissed, as the data used
in this master’s thesis did not follow a multivariate normal distribution (Press
and Wilson [1978]).
For survival analysis, Kaplan-Meier estimation of the survival function was
chosen as the methods allows using all the available data. For Cox proportional
hazards model, assuming proportional hazards and using the partial maximum
likelihood estimation where chosen as this allows focusing on the regression coefficients of the model without thinking about the underlying distribution of
the hazard function. This is both a strength and a weakness and as such it is
important to assess the proportional hazards assumption (Royston and Parmar
[2002]). The proportional hazards assumption held for each covariate used in
this master’s thesis.
Purposeful selection of covariates was chosen for model building instead au-
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tomated and statistically driven algorithms (Hosmer et al. [2013]) as the number
of considered covariates was not large and the process was completely controlled
by the author.
For comparing the models, standard discrimination metrics (Harrell et al.
[1996],DeLong et al. [1988]) were chosen. In addition to these, decision curve
analysis (Vickers et al. [2008]) was used to assess and compare the net benefit
of the models. Only assessing the adequacy and discrimination of the models
does not tell whether the model should be used or if some model is better than
another in a clinical setting.
Literature

The results of the logistic regression models are mostly in concor-

dance with the available literature. In a meta-analysis by de Rooij et al. [2016],
9796 patients from 75 studies were analysed and pooled sensitivities and specificities for the detection of EPE (5681 patients in 45 studies), SVI (5677 patients
in 34 studies), and non-OC disease (4001 patients in 38 studies) at RP were
reported. Sensitivity and specificity of 0.57 (95% CI 0.49–0.64) and 0.91 (95%
CI 0.88–0.93), 0.58 (95% CI 0.47–0.68) and 0.96 (95% CI 0.95–0.97), and 0.61
(95% CI 0.54–0.67) and 0.88 (95% CI 0.85–0.91) were reported for EPE, SVI,
LN and non-OC disease, respectively. However, the analysed studies showed a
lot of heterogeneity and included pre-PI-RADS era studies, which can hamper
the interpretation of the results.
Gupta et al. [2014] evaluated the discrimination of MRI predictions of EPE
at RALP compared to Partin tables with a study cohort of 60 patients. In the
study, a logistic regression model including only MRI prediction of EPE had
significantly higher discrimination than a model with Partin table estimated
probability of EPE, 0.820 and 0.662 respectively.
In a subsequent study, Gupta et al. [2016] validated the results of the previous study with a study cohort of 158 patients and found no added value when
substituting the MRI predicted cT for the cT required by Partin tables to obtain
the estimated probability for OC disease. This might be explained by the fact
that Partin tables may not weigh the MRI predicted clinical stage correctly as
the variable was not used when constructing the nomogram.
Feng et al. [2015] investigated the added value of MRI prediction of EPE to
Partin table and the MSKCC estimated probabilities of EPE at RP. The study
reported that the addition of MRI prediction of EPE lead to significantly better
discrimination, with AUCs increasing from 0.85 and 0.86 to 0.93 and 0.94 for
Partin table and the MSKCC nomograms, respectively. The AUC values are
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significantly higher the results in this master’s thesis (figure 5). This might
be explained by the somewhat higher background risk for the patient cohort in
this thesis, as the percentage of patients with a clinical stage at pathological
anatomical diagnosis

3 and cT

3 were 42% versus 30.4% and 81.1% versus

95%, respectively.
The three studies described above relied only on one radiologist to report the
MRI results and thus inter-reader variability cannot be assessed. Additionally,
the characteristics of the patients who did not undergo RP were not described
and thus selection bias cannot be assessed. For example, clinical decision making
might be skewed towards using MRI for patients who are more likely to benefit
from it.
Morlacco et al. [2017] evaluated the added value of MRI prediction of EPE,
SVI and LN to Partin table and CAPRA nomograms with a study cohort of 501
patients. Similarly to this thesis, logistic regression models for each outcome were
built using preoperative clinical variables, Partin table predicted probability of
the outcomes and the CAPRA score. The MRI prediction of the specific outcome
was significantly associated with the outcome of the model in each case. Partin
table and CAPRA nomogram based models with MRI prediction of the specific
outcome also showed significantly higher AUC values than the models without
MRI prediction of the specific outcome. The study cohort characteristics are
relatively similar to the study cohort in this master’s thesis with respect to
background risk, but the used MRI techniques di↵er significantly and the study
did not use PI-RADS to report MRI results. Additionally, the characteristics of
the patients who did not undergo RP were not described and thus selection bias
cannot be assessed. In this master’s thesis, the added value of the MRI variables
in predicting non-OC disease to the CAPRA nomogram was not assessed as the
CAPRA nomogram is designed to predict BCR (Cooperberg et al. [2005]).
Rayn et al. [2018] examined the added value of MRI to the MSKCC and
Partin table nomograms with a study cohort of 532 patients. In the study,
the nomograms were used to estimate the probability of OC disease, EPE, SVI
and LN using either systematic TRUS guided biopsy (Sbx) or Tbx. From these
predictions, logistic regression models were constructed and then MRI prediction
of EPE and SVI, NIH suspicion score (Turkbey et al. [2013]) and the largest lesion
diameter were added to the models. Models with the MRI variables predicting
OC disease had significantly higher AUC values. This was true whether Sbx or
Tbx was used to obtain biopsies. Additionally, both nomogram based models
using Tbx had significantly better AUC values than nomogram based models
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using Sbx, showing that preoperative MRI provides added value with regards to
the methods used to obtain biopsies. In the study, two experienced radiologists
evaluated prostate MRI images but instead of PI-RADS a 3-point NIH PCa
suspicion score was used.
In a recent study, Gandaglia et al. [2019] constructed a novel nomogram
from preoperative clinical and MRI variables to predict LN at RP. Although,
the logistic regression model with preoperative PSA, MRI prediction of EPE or
SVI, GG at Tbx obtained biopsies and the percentage of cores with GG

3 at

Sbx obtained biopsies had similar AUC values when compared to the 3 available
nomograms, the use of the novel nomogram would avoid slightly lower number
of extended lymphadenectomies with the result of missing substantially less LN
cases (1.6% vs. 4.2-4.6%). In the novel nomogram, MRI prediction of EPE
and SVI were significantly associated with LN. Limitations of the study include
internal validation of the nomogram, limited number of events (12.5%) and the
multi-center nature of the study which might introduce heterogeneity to the MRI
and biopsy protocols. In this thesis, similar assessment of LN could not be done
because of an even lower rate of LN (9.3%).
A few studies have also found conflicting results on the added value of MRI in
predicting non-OC disease. Jansen et al. [2019] investigated the added value of
MRI to the MSKCC and Partin table nomograms in predicting non-OC disease
with a study cohort of 430 patients. Similarly to this master’s thesis, logistic
regression models based on the nomogram predictions were first constructed and
then MRI prediction of non-OC disease was added to the models. MRI prediction of non-OC disease was significantly associated with non-OC disease in both
logistic regression models, but when comparing the AUCs between models with
and without the MRI prediction no significant di↵erences were found. Additionally, a logistic regression model with only the MRI prediction of non-OC disease
showed slightly worse discrimination than model based on Partin table estimates,
which is not in line with the results of this master’s thesis. A major limitation
of the study is the accuracy of the MRI prediction of non-OC disease. The reported sensitivity is 45.3% compared to a sensitivity of 65.2% in this master’s
thesis or earlier published studies in the meta-analysis by de Rooij et al. [2016].
The study reports radiologic inexperience and the absence of re-evaluation by a
specialised radiologist as potential reasons for the low accuracy of MRI predictions. Tay et al. [2016] showed that the added value on MRI prediction of EPE
to preoperative clinical variables was negligible when MRI results were obtained
from a standard radiologic reports and moderate when the reports were reviewed
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by a specialised radiologist with interest in prostate MRI. The AUC value of a
logistic regression model was increased from 0.686 to 0.720 with the standard
radiologic reports and a further increase from 0.720 to 0.907 was observed with
the specialised read of the MRI results.
Weaver et al. [2018] investigated the added value of MRI to the MSKCC
nomogram prediction of OC disease, EPE, SVI and LN with a study cohort of
236 patients. The study constructed similar logistic regression models based on
the MSKCC nomogram and then added MRI prediction of EPE if EPE was
detected in MRI or if the PI-RADS score equalled 5. Comparison of the models
showed that MRI prediction of EPE did not improve discrimination. The study
had many limitations, which are also laid out in an editorial comment (Poelaert
et al. [2018]). The PI-RADS score was used as a criteria for prediction of EPE,
even though the PI-RADS score is not intended to be used as a staging parameter
and can overlap with the variables used in the MSKCC nomogram. Additionally
interpretation of EPE and SVI did not follow any standardised algorithm and
the MRI results were analysed by 9 non-specialised radiologists.
The results of the Kaplan-Meier survival curves are in concordance with
a small pre PI-RADS era study, with a study cohort of 60 patients(Nishida
et al. [2011]). The study found that the MRI prediction of EPE versus OC
disease separated the study cohort into two groups with significantly di↵erent
survival curves, when using T2 and di↵usion weighted imaging. Additionally,
MRI prediction of EPE was significantly associated with BCR in a multivariate
Cox model when adjusting for age, preoperative PSA, cT2a-c, Gleason score of
eight to ten and the duration of neoadjuvant hormone therapy.
Ho et al. [2016] investigated whether MRI variables can be used in predicting
BCR with a study cohort of 370 patients. The study found that MRI prediction
of EPE and MRI suspicion score were significantly associated in a Cox proportional hazards models built from preoperative clinical and MRI variables. The
MRI suspicion score is analogous to PI-RADS scores 1-2, 3-4, and 5. The study
did not compare the model to any commonly used nomograms and the study
did not use PI-RADS to report MRI results.
In addition to predicting non-OC disease and BCR, MRI can provide added
value elsewhere. Obtaining biopsies with Tbx with addition to Sbx has been
shown to improve preoperative risk stratification (Borkowetz et al. [2016], Gandaglia
et al. [2019]). Additionally, Jäderling et al. [2019] identified that preoperative
MRI combined with a MRI conference, where radiologist and surgeons decide
on a surgical strategy based on MRI results, lead to reduced positive surgical
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margins when compared to a group of patients who did not undergo preoperative
MRI. Even though the results of this thesis did not show strong evidence of the
ability of MRI variables to predict BCR, reduced positive surgical margins have
been shown to prevent BCR (Dev et al. [2015]).
Limitations

Some limitations of this master’s thesis include the retrospective

and single-center nature of the study. Selection bias cannot be ruled out as not
all patients underwent preoperative MRI. Relatively small sample size might
limit the generalisability of the results, although the results of this thesis are
mostly in concordance with the available literature. PI-RADS version 1 was
the recommended reporting platform at the time of the study period and the
PI-RADS version 2 (Barentsz et al. [2016]) might improve the inter-observer
variability as well as diagnostic reliability (Kasel-Seibert et al. [2016]). Small bias
might be present the logistic regression and Cox proportional hazards models as
the transformation of certain variables were done after multiple imputation. This
might introduce some bias to the estimates, usually towards zero. The MSKCC
and Partin table nomograms predicting non-OC disease were tested with unseen
data, but MRI variables were not. This might bias the results to favour MRI
variables over the existing nomogram, although similar results were also seen
with the models constructed from the preoperative clinical variables, where this
limitation was not present.
In conclusion, the results of this thesis and the available literature support
the use of MRI as a preoperative staging tool with additional added benefit with
the acquirement of biopsies and the planning of surgical strategy.
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