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Abstract

Physical characterization of planetary objects would be accelerated by the capability
of simulating light scattering from an arbitrary dense multiparticle medium. Even
though exact methods that solve the Maxwell equations exist, such as the superpo-
sition T -matrix method (STMM), they are too compute-intensive to be applied to
large macroscale objects such as an asteroid or a planetary surface. Hence, one is to
use and develop approximate solutions based on the physics of light scattering.

In the thesis, radiative transfer (RT) based tools are developed, studied, and of-
fered as an approximation to simulate light scattering from dense particulate media.
The RT theory has been derived for the sparse random medium, and it fails when
applied to the dense random medium. In order to extend the applicability to dense
random media, we have been working with the incoherent volume-element treatment
for the RT called the radiative transfer with reciprocal transactions (R2T2). Instead
of using a single particle as the diffuse scatterer in the RT, the properties of the
incoherent volume elements are used. These properties are computed from the inco-
herent electric fields extracted by subtracting the coherent part from the free-space
scattered electric fields. The R2T2 is validated by simulating various dense random
media for which the STMM is still applicable. The comparison between the results
computed with the STMM, RT method, and the R2T2, show that the R2T2 extends
the applicability of the RT.

In the geometric optics regime, there are the generalized Snel’s law and Fresnel
matrices that can be used to simulate light scattering from large objects. For dense
particulate media, the computation can be slow, so diffuse scattering as a tool to
speed up the computation is studied. Previous studies have included surface rough-
ness with approximate functions, but here a layer of particles is added on top of the
diffusely scattering medium. We replace the classical extinction mean free path with
more informative extinction distance distribution that is gathered numerically. The
comparison between the RT model, our model, and the "ground truth", in which
only the generalized Snel’s law and Fresnel matrices are used, reveal that our model
works better than the RT model.
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Even though the computational methods are validated against each other, the
methods need to be validated experimentally against controlled samples with well-
known physical properties in order to be a reliable source of information. For the
validation of the R2T2, we computationally simulated a well-controlled sample of
which the light-scattering characteristics have been measured. Although the phase
function of the simulation and measurement match well, the other scattering charac-
teristics, such as the degree of linear polarization, seem to reveal small discrepancies
between the model and the measurements. Still, the various computational valida-
tions and this experimental validation show that the R2T2 works well and can be
used in the near future as a characterization tool.
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1 Introduction

Remote sensing is a process of measuring characteristics of objects from a distance.
Sending a spacecraft to every solar system object is not feasible, and hence the phys-
ical characterization of these objects will be based primarily on the remote-sensing
data collected by the ground-based or space-based telescopes. The detected feature
can be reflectance as the function of the wavelength (spectrum), polarization as the
function of the phase angle, or just integrated brightness with specific narrowband
or broadband filters. The question is how to link the observed data to the actual
characteristics of the object.

In order to interpret the remote-sensing data, the origin of the detected electro-
magnetic radiation needs to be understood. Some of the observed features are due
to the overall geometry and craters (see Fig. 1.1) (Kaasalainen and Torppa, 2001).
Some characterization problems need to consider thermal emission (Kolokolova et al.,
2004), atmospheric effects (Cottini et al., 2012), or how the loose layer of particulate
dust called regolith scatters light (Hadamcik et al., 2011).

Rocky planets, dwarf planets, natural satellites, and small solar system bodies
are covered by the regolith (see Fig. 1.1). What is known about the regolith on
the astronomical bodies is based on studies of meteorite samples (Cloutis et al.,
2014), laboratory studies (Kohout et al., 2014), sample-return missions (Russell and
Raymond, 2011; Tsuchiyama et al., 2011), flyby missions (Belton et al., 1992), and the
knowledge of the history of the solar system (Pfalzner et al., 2015). Understanding
the scattering of light from the regolith is especially crucial for the classification
of the asteroids (Tholen, 1989; Bus and Binzel, 2002; DeMeo et al., 2009). The
classification is complicated by the effects such as space weathering. The regolith is
under constant micrometeorite, solar wind, and cosmic ray bombardment, causing
the physical and compositional properties of the exposed regolith to change (Pieters
and Noble, 2016). For example, space weathering causes lunar regolith to darken,
redden, and to lose distinctive spectral features due to the formed iron nanoparticles
(Clark et al., 2002).
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1.1. Scattering of electromagnetic radiation

Figure 1.1: Asteroid (433) Eros and its regolith (surface). The images are taken
by the NEAR Shoemaker space probe. Image credits: NASA/JPL/JHUAPL and
NASA

1.1 Scattering of electromagnetic radiation

Electromagnetic scattering occurs when matter obstructs the propagation of pho-
tons. Interaction between these photons that make the electromagnetic radiation
and the matter is described by the quantum electrodynamic theory (see, e.g., Cohen-
Tannoudji et al., 1989). Fortunately, if the focus is on the elastic scattering of light,
absorption, and the propagation, the behavior of electromagnetic radiation can be
described accurately by the (macroscopic) Maxwell equations and Lorentz force that
make the classical electrodynamics (Griffiths, 2013). They cannot explain the effects
such as Raman scattering, fluorescence, spontaneous emission, or thermal emission,
but they still offer an adequate theory to be used in engineering and science (Lampe
et al., 2003; Chew et al., 2016; Yurkin and Mishchenko, 2018; Chowdhary et al.,
2019).

Electromagnetic radiation is a collection of electromagnetic waves. According to
the Maxwell equations, the electromagnetic wave is an oscillating electric and mag-
netic field. It can be characterized by the increasing wavelength of the oscillation
from gamma- and X-rays, ultraviolet, visible, and infrared light, to micro- and ra-
dio waves. This range of wavelengths or frequencies is called the electromagnetic
spectrum. Other characteristics are the amplitude of the oscillating component that
is related to the intensity or brightness, whereas the rotation of the plane of oscil-
lation defines the polarization. In elastic light scattering, the wavelength remains
the same, meaning that absorbed radiation that is emitted subsequently in different
wavelengths is not considered. Still, the brightness and the state of polarization
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Chapter 1. Introduction

can change, and they are affected by the physical properties of the scatterer and
the incident radiation (Kolokolova et al., 2011; Videen et al., 2015). Fortunately, in
planetary science, the primary source of the radiation from ultraviolet to infrared
comes from the Sun, which emits unpolarized radiation according to Planck’s law of
black-body radiation approximately. Alternatively, the incident field can be created
artificially with an antenna in the case of radar astronomy. So, when the incident
radiation (Sun) and the scattered radiation (observation) is known, the properties of
the object can be deduced. This process is called an inverse problem, in which the
properties of the object are deduced from the observations by inverting the parame-
ters of a model.

The inverse method is hard because there might be no unique solution, and
small errors can cause high inversion errors, not to mention the vast parameter space
that has to be analyzed (Aster et al., 2011). Inverse problems rely on the solution
of the forward problem. In the forward problem, one tries to experimentally or
numerically deduce what should be observed. In the thesis, computational light-
scattering methods are developed for the forward problem.

1.2 Modeling the regolith

There are different ways to approach the forward problem of modeling the light-
scattering properties of the regolith layer. One of the widely known models in the
planetary science community is the Hapke model or the set of Hapke models (Hapke,
1963, 1981, 2008). It has been used to standardize the brightness of the remote-
sensing data (Simonelli et al., 1996), and estimate composition (Cruikshank et al.,
2001; Mallama et al., 2002). Although the model is useful for standardizing the
data, the model has sprouted a debate because it has been deemed to be unphysical
as a characterization tool (Shkuratov et al., 2012; Hapke, 2013; Shkuratov et al.,
2013). Studies are showing that although it is possible to model some light-scattering
properties of the sample using a set of so-called Hapke parameters, these parameters
do not reflect their physical counterparts very well, such as the size of the particles
or roughness (Shepard and Helfenstein, 2007; Sun et al., 2015).

In the experimental field, researchers create simulant samples that mimic some
or all of the observed light-scattering aspects of the regolith. For example, these
simulants can resemble lunar, martian, asteroid, or comet samples (CLASS, 2019).
The creation of the simulants is not always easy because the environment on the
Earth is different that in space. In space, the asteroid regolith is in vacuum, affected
by radiation and in low gravity, so the researchers have to invent methods to simulate
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1.3. Outline

the effects such as space weathering in another way (Tang et al., 2012; Kohout et al.,
2014).

Finally, there are numerical methods based on the Maxwell equations, which use
input parameters that are based on real physical properties such as refractive indices,
size and shape distribution, and volume fraction. If a well-controlled laboratory sam-
ple is perfectly characterized for simulation and the light-scattering properties are
computed by solving the Maxwell equations exactly, the measured light-scattering
properties should match the simulated ones. With the simulated database of the dif-
ferent simulant samples, the regolith characterization could be made faster, cheaper,
and more reliably. Due to the increased computing capacity of the recent decade, it
has been finally possible to simulate light scattering from large and complicated sys-
tems (Yurkin et al., 2007; Räbinä et al., 2015; Egel et al., 2017). Unfortunately, the
sheer number of objects in the multiparticle systems such as regolith will still make
the exact methods inapplicable due to tremendous demand on the computing capac-
ity (Egel et al., 2017). Even though if one manages to simulate the phase function
and the polarization accurately for a single wavelength, the simulation needs to be re-
peated for multiple wavelengths for a spectrum. In order to make multiple-scattering
simulations practical, approximations have to be made to cut the complexity of the
exact methods. Relevant works about approximations to be used for the physical
characterization are from Lumme and Bowell (1981) (a radiative transfer with proba-
bilistic roughness), and Stankevich and Shkuratov (2002) (ray-tracing with geometric
optics approximation), to name a few.

1.3 Outline

The main topic of this thesis is the light-scattering computational tools for dense
particulate medium using the radiative transfer and especially the radiative transfer
with reciprocal transactions. The aim is to develop numerically and experimentally
validated computational tools that could be used to characterize a regolith made of
arbitrary particles.

In Chapter 2, the relevant theoretical light-scattering concepts are presented
briefly. This is followed by Chapter 3, which introduces the computational methods;
exact methods, radiative transfer with coherent backscattering (RT-CB), radiative
transfer with reciprocal transaction (R2T2), and multiparticle SIRIS. In Chapter 4,
the applicability of these methods is discussed. Attached Papers I–VII are summa-
rized in Chapter 5 along with the author’s contributions. The concluding remarks
and prospects are presented in Chapter 6.

4



2 Theory

2.1 Electromagnetic waves

By following Griffiths (2013), the Maxwell equations can be written in terms of free
charges and currents as

∇ ¨ Dpr, tq “ ρf pr, tq,
∇ ¨ Bpr, tq “ 0,

∇ ˆ Epr, tq “ ´BBpr, tq
Bt ,

∇ ˆ Hpr, tq “ Jf pr, tq ` BDpr, tq
Bt ,

(2.1)

where H is the magnetic field, D is the electric field displacement, B and E are the
magnetic flux density and electric field, ρs is the free-charge density, and Jf is the
free-current density. D and H are related to E and B by constitutive relations that
are defined by the properties of the medium in which the field occurs. An impor-
tant concept for the constitutive relations is electric polarization Pb and magnetic
polarization Mb that define how the bound electric charges and magnetic dipoles
react to the electric and magnetic fields in the medium. For example, in a linear,
homogeneous and isotropic medium, D and H are written as,

D “ ε0E ` Pb “ ε0p1 ` χeqE “ εE,

B “ μ0H ` Mb “ μ0p1 ` χmqH “ μH,
(2.2)

where ε0 is the permittivity of free space, χe and χe are the electric and magnetic
susceptibilities, and μ0 is the permeability of free space.

For a non-magnetic medium (χm=0), charge-free (ρf=0) and current-free system
(Jf=0), Eq. 2.1 can be used to find electromagnetic wave equations

∇2E ´ εμ
B2E

Bt2 “ 0,

∇2B ´ εμ
B2B

Bt2 “ 0,

(2.3)
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2.1. Electromagnetic waves

that have a solution
Epr, tq “ E0 exppik ¨ r ´ iωtq,
Hpr, tq “ H0 exppik ¨ r ´ iωtq. (2.4)

Here, E0 and H0 are constant complex vectors, ω is an angular frequency, and k is
a wave vector defines as

k “ kpN ê ` iK f̂q, (2.5)

in which ê and f̂ are unit normals to the planes of constant phase and amplitude, N
and K are medium-specific apparent refractive indices, and k=2π{λ is a (free-space)
wave number defined with a wavelength λ (Bohren and Huffman, 1983; Chang et al.,
2005). In addition, there is a complex refractive index m as

m “ mre ` imim. (2.6)

The wave is said to be homogeneous when ê ¨ f̂ “ 0 and inhomogeneous when
ê ¨ f̂ ‰ 0, which is the case with a lossy medium. Chang et al. (2005) reports that
inhomogeneous waves are required if mim{mre>0.01 and the correct polarization has
to be simulated.

In order to make the treatment of the electromagnetic waves easier, in Bohren
and Huffman (1983), the electric field is presented with components parallel (E‖)
and perpendicular (EK) to the plane of the propagation,

E “ E‖ê‖ ` EKêK, (2.7)

which can be even further processed to Stokes parameters with time-averaging for
quasi-monochromatic beams,

I “

¨
˚̊
˝

I
Q
U
V

˛
‹‹‚“

¨
˚̊̊
˝

xE‖E˚
‖ ` EKEK̊y

xE‖E˚
‖ ´ EKEK̊y

xE‖EK̊ ` EKE˚
‖ y

i xE‖EK̊ ´ EKE˚
‖ y

˛
‹‹‹‚. (2.8)

The Stokes parameters are the intensity I, linear polarization Q and U , and circular
polarization V (see Fig. 2.1). Each of the polarization components define how E‖
and EK are related to each other; for example, the sunlight is unpolarized, meaning
that the components are Q=U=V =0. The Stokes parameters make it easier to
interpret measured radiation because traditional optical instruments measure time-
averaged squared amplitudes of the fields instead of the instantaneous state of the
wave (Mishchenko et al., 2006).
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Chapter 2. Theory
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Figure 2.1: Stokes parameters explained visually by drawing the plane of propaga-
tion. While Q and U propagate in a plane, the plane of V rotates and thus has a
circular pattern. The sign controls the orientation of the plane, whereas intensity
I defines the amplitude of the oscillation. For a visual aid, U=-1 propagates in
the same direction as U=+1, but the x-axis is shifted to make the pattern more
distinctive.
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2.2. Light scattering

2.2 Light scattering

�

Figure 2.2: Illustration
of the incident wave and
the scattering plane.
(Bohren and Huffman,
1983)

The wave equation itself is not enough to characterize a
scattering process. Boundary conditions are used to force
a relation between the components of the incident, re-
fracted, and reflected electric and magnetic fields (Bohren
and Huffman, 1983; Griffiths, 2013). By defining the in-
cident Einc and scattered Esca waves in a way presented
in Eq. 2.7 and orienting the electric field components as
in Fig. 2.2, the relation between the amplitudes in the far
field can be written as

ˆ
Esca

‖
EscaK

˙
“ eikr

´ikr

ˆ
S2 S3

S4 S1

˙ ˆ
Einc

‖
EincK

˙
, (2.9)

where r is the distance between the scatterer and ob-
server.

For the Stokes parameters, the scattering process is
written as

¨
˚̊
˝

Isca
Qsca
Usca
Vsca

˛
‹‹‚“ 1

k2r2

¨
˚̊
˝

F11 F12 F13 F14

F21 F22 F23 F24

F31 F32 F33 F34

F41 F42 F43 F44

˛
‹‹‚

¨
˚̊
˝

Isca
Qsca
Usca
Vsca

˛
‹‹‚

(2.10)
in which the 4ˆ4 matrix F is the scattering matrix. F11

is related to the intensity, whereas F12{F11 is the degree
of linear polarization. The F can be simplified, because

the number of nonzero independent F elements depends on the symmetries of the
scattering medium (van de Hulst, 1981). A thorough study of the scattering matrix
is presented in (Hovenier and van der Mee, 1988).

Solving the scattering properties requires a method to solve the S1,2,3,4 or F
elements. Electromagnetic scattering can be divided into six boundary regions and
the Mie region, which identify available scattering methods to solve them (van de
Hulst, 1981). The regimes are distinguished by mre and a size parameter x that is a
relation between the radial measure of the scatterer a and k,

x “ ka “ 2πa

λ
. (2.11)

8



Chapter 2. Theory

If the refractive index is intermediate (mre « 1.5), there are roughly three regimes:
the Rayleigh (x ! 1), Mie/resonance (x « 1), and geometric optics (x " 1) regimes.
The other four regimes are anomalous diffraction, total reflectors, Rayleigh-Gans,
and optical resonance, but these and the Rayleigh scattering are not considered in
the thesis.

2.3 T -matrix

An alternative way of presenting the electric field (cf. Eqs. 2.7) is

Epνq «
Noÿ
v“1

vÿ
w“´v

pbvw1M
pνq
vw ` bvw2N

pνq
vw q, (2.12)

where M
pνq
vw and N

pνq
vw are base vectors composed of vector spherical wave functions

(VSWF, from, e.g., Jackson, 1999) with corresponding coefficients bwvu (u “ 1, 2).
The superscript ν describes how M

pνq
vw and N

pνq
vw are defined. They are either defined

by the regular spherical Bessel functions of the first kind or the spherical Hankel
functions of the first kind. Finally, No is the truncation number that is proportional
to the radius enclosing the scatterer. By studying the boundary conditions between
the incident (fvwu) and outgoing (avwu) electric field coefficients, a relation that
resembles Eq. 2.9 can be found:

ˆ
awv1

awv2

˙
“ T

ˆ
fwv1

fwv2

˙
, (2.13)

which includes the so-called transition matrix (T -matrix, Waterman 1965). This
T -matrix can be used to present any scattering properties outside a circumscribing
sphere provided that the scattering properties can be solved. A downside is that the
size of the T -matrix is proportional to the fourth power of No, meaning that the
solvers require a lot of memory if the size parameter is large (Nieminen et al., 2003).

2.4 Radiative transfer

Phenomenologically, the radiative transfer equation can be derived from the en-
ergy conservation (Chandrasekhar, 1960), but a more thorough derivation from the
Maxwell equations also exists (Mishchenko et al., 2006), which is briefly summarized
here.
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2.4. Radiative transfer

By starting from the wave equation (Eq. 2.3), it is possible to derive the so-called
Foldy Lax equations (Foldy, 1945; Lax, 1951, 1952), which state that, in the presence
of discrete scatterers, the observed electric field E is a sum of the scattered fields
Esca

i by N excited particles and the incident field Einc. The Foldy Lax-equations can
be expanded in the order-of-scattering form,

E “ Einc `
Nÿ
i“1

ĜT̂iÊ
inc `

Nÿ
i “ 1

jp‰ iq “ 1

ĜT̂iĜT̂jÊ
inc

`
Nÿ

i “ 1
jp‰ iq “ 1
kp‰ jq “ 1

ĜT̂iĜT̂jĜT̂kÊ
inc ` ...,

(2.14)

in which ĜT̂i are operators that describe how the electric field is scattered by the par-
ticle i. Simply, Eq. 2.14 states that the scattered field Esca is the sum of the "single-
scattered", "double-scattered", "triple-scattered" fields, and so forth. Eq. 2.14 is
challenging to solve exactly for a multiparticle system with a large N , and hence,
various approximations have to be applied.

The first simplification states that the particles are located in the far-field zones
of each other, which simplifies the operators Ĝ and T̂ because the particles see
each other as point sources. The far-field approximation can be applied further and
used to omit self-excitations (see in Fig. 2.3), which reduces the number of possible
scattering paths. This is called the Twersky approximation (Twersky, 1964).

Now the radiative transfer equation can be derived for a sizeable ergodic medium
by studying the dyadic correlation function, in which E is multiplied with itself
by dyadic product and averaged over all the configurations. In order to simplify
the correlation function, certain interacting scattering paths that are visualized in
Fig. 2.3 have to be removed. The first approximation removes products of scattering
paths that have no common scatterers because the averaging causes them to cancel
out due to oscillations. Now products of paths that have at least one common
scatterer are left. Next, the ladder approximation is applied that removes all the
paths, which do not share the same paths (see Fig. 2.3). These other paths are again
canceled out due to the oscillations during the averaging.

With these approximations, it is possible to derive the vector radiative transfer
equation (VRTE), which describes the observed electric field from a large, sparse,
ergodic medium such as atmosphere or interstellar gas cloud. It is a sum of diffusively
scattered waves that are affected by exponential extinction, and a separate coherent
part.
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Chapter 2. Theory

Figure 2.3: Visualization of the electric field paths that appear during the derivation
of the VRTE: Paths in which the same particle excites itself are removed in the
Twersky approximation (a); Dyadic product of paths with no connectors cancels out
when the number of particles approaches infinity (b); The dyadic products that cancel
out due to averaging during the ladder approximation (c). The dyadic products that
are left after all the approximations (d); Finally, the crossing connectors that cause
coherent backscattering, but which are omitted due to the ladder approximation (e).

2.5 Coherent backscattering

The ladder approximation in Sec. 2.4 omits an important phenomenon observable
near the backscattering direction called coherent backscattering (CB) that causes an
intensity spike and negative polarization surge. The ladder approximation removes
cyclical diagrams that cause constructive interference between two waves traveling
in opposite directions which is especially prominent near the backscattering angles
(see Fig. 2.3) (Mishchenko et al., 2006). The phase difference between these waves
can be accounted for by using the equation

Δφ “ kpk̂f ` k̂iq ¨ prn ´ r0q, (2.15)

in which k̂f and k̂i are the directions of the scattered and incident field, and rn and
r0 are the positions of the last and first scatterers in the light-scattering path. The
phase difference vanishes when kf=´ki, meaning that the two waves are interfering
constructively. The CB has been added to the Monte Carlo RT solution by computing
the interference of the cyclical diagrams separately (Muinonen, 2004). Fig. 2.4 shows
the difference between the RT only and the RT-CB solution.

In astronomy, one of the phenomena that was not fully understood before was the
brightening and the polarization surge of the object in the backscattering direction
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Figure 2.4: An example of a case in which pure RT solution is compared against the
RT with the added CB effect.

when the Sun, observer, and the Moon are aligned in opposition. The Moon is then
roughly twice as bright as it was the day before (Gehrels et al., 1964). The shadowing
mechanism was thought to be the leading cause for the brightening (Hapke, 1963),
but for now, the CB has been accepted as at least a partial the explanation for it
(Shkuratov, 1988; Muinonen, 1990; Hapke et al., 1993; Muinonen et al., 2011). The
brightening is not only observed for the Moon, but for Saturn’s rings (Seeliger, 1887)
and asteroid surfaces (Gehrels et al., 1964), too.

2.6 Incoherent fields

The VRTE has a diffuse and coherent part (Mishchenko et al., 2006). Coherent
radiation is transformed into the diffuse radiation while traversing the medium, and
in order to separate them from each other, incoherent fields can be used (Tsang and
Ishimaru, 1987; Tsang et al., 1992; Zurk et al., 1996).

The scattered electric field Esca
i of the realization i can be decomposed into the

incoherent field Esca,ic
i and the coherent field (mean or ensemble-averaged field) Esca,c,

Esca
i “ Esca,ic

i ` Esca,c. (2.16)

The coherent field is the average over all the possible realizations:

Esca,c “ lim
NrÑ8

1

Nr

Nrÿ
i“1

Esca
i . (2.17)

With the coherent field, the incoherent electric field can be extracted from Eq. 2.16
with a simple subtraction.
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Now it is important to notice that the first moment of the incoherent field is:

xEsca,icy “ 0, (2.18)

but the second moment is non-zero:

x|Esca,ic|2y “ x|Esca|2y ´ |Esca,c|2. (2.19)

This leads to a relation

x|Esca|2y “ x|Esca,ic|2y ` |Esca,c|2, (2.20)

that states that the second moment of the free-space scattered field decomposes into
the incoherent and coherent components.

2.7 Gaussian random sphere

Simulating light scattering from a particulate medium requires a method to generate
particles. In Grynko et al. (2016), the particles were created by extracting them
from the Gaussian random field. Another method is to generate samples of Gaussian
random spheres (GRS) that represent irregular particles with well defined statistical
properties (see Fig. 2.5) (Muinonen et al., 1996; Peltoniemi et al., 1989) and they have
been used in numerous studies as in Volten et al. (2001), Martikainen et al. (2018),
Lindqvist et al. (2018), Markkanen et al. (2018), and Martikainen et al. (2019) to
name just a few.

GRS particles can be generated from a set of equations,

rpθ, φq “a exppspθ, φqq?
1 ` σ2

,

spθ, φq “
8ÿ
l“0

lÿ
m“´l

slmYlmpθ, φq,
(2.21)

where σ is the relative standard deviation of the radial distance, spθ, φq is the log-
arithmic radial distance, Ylm are the orthonormal spherical harmonics, and slm are
Gaussian random variables with zero means. The values of spθ, φq over the full
solid angle are controlled by a covariance function, which is defined with a series of
Legendre polynomials.
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2.7. Gaussian random sphere

Figure 2.5: GRS particles generated with different radial standard deviation σ and
the power-law index ν both of which control the statistical shape. The same seed for
the random number generator is used in each case.
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3 Computational methods

3.1 Exact methods

Various exact theoretical methods can solve the Maxwell equations numerically. Each
method has its limitations, so there is no single method that is applicable everywhere.
In the attached papers, we have used the Lorenz-Mie method, the Superposition T -
matrix method (STMM), and the volume integral equation method (VIEM).

Lorenz-Mie theory (van de Hulst, 1981; Bohren and Huffman, 1983) can be used
to solve the single scattering from a sphere or multilayered sphere (Babenko et al.,
2003). Because it offers an exact presentation of the scattering from a sphere, it is
a widely used method when single scattering from a spherical particle is considered.
In the theory, the incident, internal, and scattered fields are presented with VSWFs
in a similar way to that in Sec. 2.3, and the coefficients of the field are solved by
applying boundary conditions.

The superposition T -matrix method (STMM, Bruning and Lo, 1971a,b; Peterson
and Ström, 1973) is an exact method that can solve light scattering by a multiparticle
medium. In STMM, the light-scattering properties of particles are presented with
the T -matrices (see Sec. 2.3), and the method solves the interaction between them.
The T -matrices can describe arbitrary particles, meaning that the single-scattering
characteristics can be solved separately from the multiple scattering problem. The
STMM software used in the attached papers are Multiple sphere T -matrix (MSTM
3.0, Mackowski and Mishchenko, 2011) method and Fast superposition T -matrix
method (FaSTMM, Markkanen and Yuffa, 2017).

Finally, VIEM was used with the electric current volume integral equation solver
JVIE (Markkanen et al., 2012) to solve the light scattering by irregular particles.
JVIE uses the method of moments for geometries that are discretized with tetrahedral
elements (see Fig. 3.1), and is the slowest of the methods discussed above. The
method can solve the T -matrix, which then can be applied to the multiple scattering
computation with FaSTMM or R2T2. The method was used in Paper IV and VII to
solve the multiple-scattering and single-scattering properties of irregular particles.
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3.2. SIRIS

Figure 3.1: A visual presentation of the volume elements that can be used as input
for the STMM (left) and JVIE (right). The volume element in the right consists of
tetrahedral elements with bridges between the particles.

Spherical media is considered in all of the validations in Papers I-V because it
makes it possible to model discrete random media exactly with the STMM without
approximation about the semi-infinite layer. It is also faster because orientation
averaging can be used to accelerate the convergence of the results obtained with the
STMM methods.

3.2 SIRIS

SIRIS is a geometric optics ray tracer for GRS particles (Muinonen et al., 1996,
2009). The original version used the classical Snel’s law and Fresnel reflection and
refraction matrices, and later the diffuse scattering capabilities were implemented.

In the classical sense, the phases of the electric fields are homogeneous, but when
absorption is present the amplitude and phase vector (ê ¨ f̂ ‰ 0, see Eq. 2.5) are not
parallel and the field is inhomogeneous (Epstein, 1930). This causes an error to the
simulation in a strongly absorbing medium if the inhomogeneous waves and proper
treatment (generalized Snel’s law, Dupertuis et al., 1994a) are neglected (Chang
et al., 2005). The inhomogeneous waves were incorporated into the newer SIRIS4
(Lindqvist et al., 2018) to study the absorption of the ice crystals, and later diffuse
scattering properties were added to study the multiple scattering from a regolith
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Figure 3.2: Spherical volume element is culled from a periodic box.

(Martikainen et al., 2018). There are also other implementations of ray-tracers with
inhomogeneous waves by Yang et al. (2001) and Yang and Liou (2009).

In the latest iteration of the SIRIS (see Paper VI), the software was written
to support any shapes, multiple particles, and materials. The most considerable
differences between SIRIS and the RT-CB are that the RT-CB can compute the CB,
the convergence is accelerated with the peel-off technique, and the RT-CB does not
have any geometric optics capabilities.

In SIRIS, the multiple rays are generated outside the medium within given pa-
rameters (direction, and location). The rays are traced to the surface of the first
intersecting triangle, where the ray can split to the refracted and reflected rays ac-
cording to the generalized Snel’s law and the material properties. If the ray enters
a diffuse medium, the ray is allowed to scatter diffusely and change direction while
traversing within it. In the absorbing medium, the absorption is applied to the ray,
and if the intensity of the ray drops below the given cutoff limit, the ray is killed.
When the ray intersects another triangle, the ray splits to the refracted and reflected
rays again, until they intersect nothing and are collected. The splitting of the rays
makes the method slow for the particulate medium and can cause convergence issues
due to various rays reaching the cutoff limit prematurely. Another problem is that
the rays might never exit the medium. To speed up SIRIS, the rays are allowed to
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3.3. Radiative Transfer with Coherent Backscattering

split up to a certain order, after which they can only refract or reflect.
The latest iteration of SIRIS requires meshes that are used to present the scat-

tering medium, and for that purpose, we implemented a simplified version of the
mechanical contraction from Williams and Philipse (2003); de Lange Kristiansen
et al. (2005); He et al. (2000) to generate meshes that resemble a dense random
particulate medium for Paper VI. Initially, the particles are randomly placed inside
a periodic box, which is then shrunk periodically until the desired volume fraction
is achieved. Different geometries can be extracted from the periodic box by culling
(see Fig. 3.2).

3.3 Radiative Transfer with Coherent Backscattering

Radiative Transfer with Coherent Backscattering (RT-CB) is an approximate
method, which solves the radiative transfer equation and coherent backscattering
(see Secs. 2.4 and 2.5, Muinonen, 2004). The RT-CB uses Monte Carlo integration
to solve the VRTE by tracing rays, each of which has its wave properties presented
with the Stokes parameters (see Eq. 2.8). Alongside the Stokes parameters, the
corresponding electromagnetic wave (see Eq. 2.7) is traced and used for the CB
computation.

The RT-CB solves the scattering matrices by generating multiple rays with dif-
ferent Stokes parameters and tracing them within the diffuse medium. These rays
are traced from point to point where they are affected by a diffuse scatterer that
changes the direction according to the equation that resembles the solution of the
Kepler equation (Muinonen, 2004). In the simplest ray-tracing model, the rays would
be collected when they exit the medium, which is a slow approach. However, the
RT-CB uses the so-called peel-off strategy that accelerates the convergence (Yusef-
Zadeh et al., 1984), in which each diffuse scattering event generates additional rays
that are traced outside the medium and collected, if possible. The collected flux is
then subtracted from the original ray, and the ray traverses and diffusely scatters
within the medium until its flux drops below some user-defined limit. Additionally,
after each diffuse scattering event, the CB part is computed by tracing another ray
but in reverse order (see Fig. 2.3), which then interferes with the original ray.

Compared to the multiple scattering exact methods presented in Sec. 3.1, the
RT-CB is far less compute-intensive and can be run on a single processor. The
modernized version of the RT-CB (Paper I) was written as the framework for the
early version of the R2T2 (see Sec. 3.4, Muinonen et al., 2016).
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3.4 Radiative Transfer with Reciprocal Transactions

The Radiative Transfer with Reciprocal Transactions (R2T2, Papers II–V) extends
the applicability of the RT-CB to dense random media by incorporating the use of the
incoherent interactions to the RT. In Sec. 2.6, it was shown that the second moment
of the scattered field could be decomposed into the coherent and incoherent parts.
Now, the incoherent component can be approximated by using the RT theory, with
a distinction that incoherent volume elements are used as a diffuse scatterer with the
incoherent fields and the corresponding relations (incoherent extinction mean free
path, incoherent single-scattering albedo).

The incoherent volume elements are small multiparticle partitions of the studied
medium. Incoherent volume elements are generated by creating various realizations
of volume elements, for which light-scattering characteristics are computed with the
exact methods. Then these light-scattering characteristics can be used to extract
the incoherent light-scattering properties (see Eqs. 2.16 and 2.17). For the R2T2, the
incoherent volume elements are computed with the modified version of the FaSTMM
or JVIE and their scattering properties are saved in the T -matrices that can be used
in the R2T2.

The R2T2 solves the RT in the RT in the same way as the RT-CB. The essential
difference is that it solves the interaction between the incoherent volume element and
the electric field rigorously using the T -matrix method (see Sec. 2.3). This makes
the R2T2 compute-intensive but also memory demanding due to all the T -matrices
that present the incoherent volume elements.

Simpler versions of the R2T2 have been developed. The first approximation is to
use the first-order scattering to form the average incoherent volume element. The
phase functions of the volume elements were generated by placing particles inside a
volume element, and then the incoherent first-order characteristics were solved with
the Mie theory. These volume elements were then averaged and used to extract
the incoherent scattering characteristics and their averaged properties. The average
incoherent volume element is then used as input for the RT-CB (see Paper II). We
call the procedure as the first-order R2T2. The first-order-scattering approximation
cuts the time consumption from the precomputations part and also from the final
computations.

There is also a version of the R2T2 that uses the averaged scattering matrices
(Markkanen et al., 2018) instead of the T -matrices, which was also applied in Pa-
per VII. This is the simplified R2T2, in which the averaged incoherent scattering
characteristics are solved, and used as a diffuse scatterer in the RT capable software,
such as SIRIS. The problem with this is that the asymmetrically scattering volume
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elements cannot be presented with the averaged scattering matrices, and how to im-
plement the CB. The benefit of using the SIRIS is that the effects of the coherent
component can be approximated with the laws of the geometric optics (Markkanen
et al., 2018).

The coherent effects are caused by collective scattering and interaction with the
matter that is not present in the R2T2. These effects were included in the RT
model in Markkanen et al. (2018) with the mean-field correction by following Zurk
et al. (1996). The incident rays that interact with the surface of the medium can
be refracted and reflected according to the generalized Snel’s law (Dupertuis et al.,
1994b; Chang et al., 2005) by using an effective refractive index meff that needs to
be generated with a separate procedure. First the free-space scattering cross-section
(Csca) of the volume element (RV ) was simulated alongside the incoherent extinction
cross-section (C ic

ext). Next, Csca was matched with the free-space scattering cross-
section of the circumscribing sphere with a radius RV obtained from Lorenz-Mie by
adjusting the mre that would act as a real part of the effective refractive index meff .
Then, the imaginary part of meff can be computed from

Impmeffq “ 3C ic
ext

p8πkR3
V q . (3.1)
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4 Extension to dense media

4.1 Radiative transfer for dense media

The RT theory is derived for the ergodic, sparse, and large medium, and hence,
it will likely fail when applied outside the range of the applicability (Mishchenko
et al., 2006). Still, the RT-CB works relatively well when applied to a small medium
(kR=40) with modest numbers of particles (N=250 and 500), as was shown in
Muinonen et al. (2012). A similar study was conducted later in Paper I with a
larger medium (kR «[47, 86]) and higher densities to test the limits of the RT-CB.
In the study, the number of particles (m=1.31, ka=2) was kept constant (N=4000),
but the volume fraction v of the medium was varied from 0.05 to 0.3. The light-
scattering properties were then simulated with the RT-CB (see Sec 3.3) and the
MSTM (see Sec. 3.1). The comparison strengthened the claim in Muinonen et al.
(2012) that the RT-CB works relatively well with a sparse small-sized medium but
failed when the density grew, as expected.

Trying to extend the applicability of the RT to dense random media is not a new
idea (Tsang et al., 1985; Tsang and Ishimaru, 1987). Ishimaru and Kuga (1982) have
shown that scattering in a dense system is correlated between the scatterers, and
hence the independent scattering is not a valid assumption. There exists a couple of
methods that extend the applicability of the RT to dense media, such as the quasi-
crystalline approximation (QCA), the quasi-crystalline approximation with coherent
potential (QCA-CP), and the dense media radiative transfer theory (DMRT) (Tsang
et al., 2001). In these methods, near-field coherent field interactions are included,
and the Percus–Yevick approximation to the pair distribution function is used to
account for the particle positions in the dense media (Tsang et al., 2001). The
QCA and QCA-CP have been shown to work for dense media consisting of spherical
particles, but the QCA-CP is limited to small particles (Tsang et al., 2000). DRMT
is derived from QCA and works for moderate-sized particles and sticky particles
(Tsang et al., 2001). More recent works to approximate the multiple scattering from
dense particulate media are by Ito et al. (2017) and Ramezanpour and Mackowski
(2019).
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In the R2T2, the applicability is extended by the use of the incoherent fields.
Correlation and the near-field scattering effects are considered inside the incoherent
volume element, whereas the contribution of the entire element affects other volume
elements via the incoherent fields the same way as the diffuse parts in the RT theory.
The use of the dense volume elements violate the far-field and the independent scat-
tering assumptions in the RT theory, but the R2T2 still relies heavily on the aspects
of the RT such as diffuse scattering and exponential attenuation.

In order to test the validity of the R2T2, dense discrete random media were simu-
lated using the MSTM, the R2T2, and the RT-CB. The initial results were promising,
but the R2T2 could not simulate the absolute level of the intensity, and the coherent
backscattering parts were missing (Muinonen et al., 2016). Later, a study with the
incoherent first-order scattering in Paper II revealed that the original R2T2 results
were affected by incorrect statistics of volume elements. In Paper II, the forward-
scattering direction of the averaged phase function was corrected semi-empirically,
but it turned out that, if the statistics were correct, this step was unnecessary. The
volume elements should be culled from a large periodic box that has correct statis-
tics. The R2T2 was tested again by simulating two dense random media (kR=100,
v=0.15 and 0.30, m=1.31), and comparing them against the FaSTMM results re-
vealed that the R2T2 performed well (Paper III). The R2T2 produced similar phase
function and degree of linear characteristics as the FaSTMM that RT-CB was not
capable of producing. In order to give a perspective of the time usage and the need
for the approximations such as R2T2, the exact computations of the kR=100 case in
Paper III would take around nine months to complete in serial CPU time, whereas
the R2T2 took around a week in serial CPU time.

Later, the R2T2 was applied to compute scattering from a medium consisting
of irregular particles in Paper IV. This was achieved with the JVIE that is capable
of solving the light-scattering characteristics of the tetrahedral elements and create
corresponding T -matrices that can be used in the R2T2. The last computational
validation with different configurations and the thorough explanation of the R2T2

are presented in Paper V, which also studied the extinction coefficients and albedos
of the volume elements.

Even though the results simulated with the R2T2 and FaSTMM match with each
other relatively well, there exist one major open question studied in Paper V that
needs to be addressed in order to make the method more robust. The R2T2 has one
free parameter, which is the radius of the volume element. The radius of the volume
element affects the extinction mean free path, and, in that way, also the absolute
level of the intensity and the degree of linear polarization. The problem is connected
to the exponential attenuation model derived for the sparse medium that controls
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the attenuation within the medium. In order to find a better attenuation model, the
electric fields inside the dense discrete random media should be studied.

In order to improve the R2T2, coherent effects (see Sec. 3.4) should be included
that refract rays when they enter the medium. In Markkanen et al. (2018), the
coherent effects were added to the simplified version of the R2T2 by following Zurk
et al. (1996). The simplified version of the R2T2 was achieved by using the SIRIS
program with incoherent averaged scattering matrices that can refract rays, which,
on the other hand, lacks the CB capabilities.

4.2 Diffuse scattering in the geometric optics regime

Modeling a dense aggregate with millions of irregular particles in the geometric optics
regime is a computationally intensive task. The problem is that, if there is only low
absorption present, the rays can keep splitting without ever escaping the medium
(see Sec. 3.2). For that reason, the possibility of using the diffuse scattering to
approximate the multiple scattering in the geometric optics regime was studied in
Paper VI.

In order to approximate the geometric optics, the pure diffuse model needs to be
investigated. First, the diffuse model lacks any surface features because it assumes
the medium to be statistical, thus lacking, e.g., shadowing (see Fig. 3.2). Shadowing
produces distinctive scattering characteristics, and thus omitting it is a severe over-
simplification. For example, the shadowing was earlier considered to be the main
cause of the opposition brightening of the lunar regolith (Hapke, 1963). Hence, there
has been research on how to add shadowing by including surface roughness to the
diffuse model (Irvine, 1966; Lumme et al., 1990; Peltoniemi and Lumme, 1992). In
Paper VI, the accurate presentation of the surface, and thus shadowing effects, is
included by generating a mantle made of the properly characterized particles that is
placed on top of the diffusely scattering medium (hybrid model, see Fig. 4.1). It is
simple but more compute-intensive than the pure diffuse approach or some function
approximating the surface characteristics.

The other simplification in the diffuse model is the extinction mean free path
distance, which is used to determine the distance between the diffuse scattering
events. The classical extinction mean free path length contains information about the
volume fraction and the extinction cross-section but nothing about specific scattering
properties or the size difference between the particles. The exponential attenuation
model can be derived alongside the RT theory, so it works for small scatterers in
sparse media but not when the particles are in close contact and large. In order
to improve the model, in Paper VI, the exponential attenuation model is replaced
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4.2. Diffuse scattering in the geometric optics regime

Figure 4.1: A cross section of the hybrid model.

with an exponential distance distribution that is simulated numerically before the
actual computation. The distribution is gathered by running a mock run with the
accurately discretized medium that tracks the lengths between the first refraction,
reflection, or absorption points (see Fig. 4.2). From this distribution, distances for
the ray inside the diffuse medium can be drawn during the actual run, which removes
the need for an approximation with the attenuation.

In order to study the methods, in Paper VI the light-scattering properties of
a spherical medium of kR=2000, made of GRS particles with the refractive index
m=1.6+i0.0001 that follow a power-law size-distribution was simulated. We used the
diffuse method, the hybrid model with the extinction distance distribution, and the
geometric-optics-only method, in which no approximations outside the generalized
Snel’s law and Fresnel matrices were used. The geometric optics model was consid-
ered as the ground-truth. The comparison showed that the hybrid model with the
extinction distance distribution is capable of correcting most issues the diffuse model
has.

This new hybrid model is relatively straightforward because it does not need
any approximations such as the Percus-Yevick or shadowing functions to be devel-
oped. The mantle can be made from the same particle geometries that are needed to
compute the diffuse scattering properties, and the extinction distribution is acquired
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Figure 4.2: Extinction mean free path distribution is collected by recording the
lengths from the first reflection (a), absorption (b), or refraction points (c).

numerically from the simulation (see Fig. 4.2). Although the results were promising,
the model can still be improved further. The distance distribution considered the
first particle that the ray intersected, but it could be easily extended to consider the
second and third particles. This way, the distance to the second-order or third-order
diffuse scattering is computed from different distributions, making the presentation
of the extinction distances more accurate because the polarization states after the
first scattering are different from the initial polarization state. The changed polariza-
tion state affects the intensity of the refracted and reflected rays, meaning that the
extinction distance distribution is not the same after each scattering from a particle.

4.3 Modeling real samples

Demonstrating that the methods work by validating them against the measurements
of real samples is not an easy task. Modeling the light-scattering characteristics de-
pends on numerous parameters from collective to single-particle properties, meaning
that there are many parameters to test. The problem is that two sets of parameters
can give the same normalized phase functions, which hinders the interpretation of the
measured data. Therefore, the methods should always be validated first against well-
controlled samples before using for characterizations, even if they seem to compare
well against the established numerical methods.

In Muinonen et al. (2019), an aggregate of �=0.5 μm made of densely packed
equisized spherical silicate particles was created (Weidling et al., 2012; Blum et al.,
2014) and the light-scattering properties were measured in the laboratory by the
non-destructive controlled single-particle light scattering measurement that uses an
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acoustic levitator (Maconi et al., 2018). The sample was then modeled numerically
with the simplified R2T2 methodology by using SIRIS with the added coherent effects
as in Markkanen et al. (2018). Different underlying size distributions of the particles
inside the volume elements were tested, which revealed that the particles inside the
aggregate were not equisized anymore — better results were obtained by using a
distribution with smaller particles. The normalized phase functions turned out to
be insensitive to the size distribution. It was is the depolarization and the degree
of linear polarization that could be used to discriminate among the underlying size
distributions. The simulations hinted that there are multiple smaller particles, which
indicates that the particles were fractured due to the applied pressure when the
aggregate was made from the silicate powder, meaning that the size distribution of
the particles was not well-controlled. The sample was not imaged with the scanning
electron microscope (SEM) because that would have destroyed the sample.

In Paper VII, another sample was modeled to test the applicability of the R2T2.
The sample was one of the agglomerates created for the study that characterized
the light-scattering properties by using the PROGRA2 instrument (Hadamcik et al.,
2007; Levasseur-Regourd et al., 2015). In Paper VII, an agglomerate made of equi-
sized silica spheres was modeled by following Markkanen et al. (2018) and starting
with the parameters derived in the experimental paper (Hadamcik et al., 2007). The
study revealed that the R2T2 is capable of simulating the phase function, but there
are discrepancies in the degree of polarization, meaning that the R2T2 should be
developed further. Still, the results were promising, and the R2T2 could be applied
in more complicated characterization. The study ended up in a similar conclusion
to that in Muinonen et al. (2019) that the degree of linear polarization is beneficial
for the physical characterization because all the characteristics (size distribution) are
not easily derived from the normalized phase function.
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5 Summary of the publications

This thesis consists of one refereed conference proceedings article and six refereed
journal publications.

• Paper I: Väisänen T., Penttilä A., Markkanen J., Muinonen K., (2016), Vali-
dation of radiative transfer and coherent backscattering for discrete random me-
dia, 2016 URSI International Symposium on Electromagnetic Theory (EMTS),
396–399.

• Paper II: Muinonen K., Markkanen J., Väisänen T., Peltoniemi J. I., Pent-
tilä A., (2017), Multiple scattering in discrete random media using first-order
incoherent interactions, Radio Science, 52:1419–1431.

• Paper III: Muinonen K., Markkanen J., Väisänen T., Peltoniemi J., Pent-
tilä A., (2018), Multiple scattering of light in discrete random media using
incoherent interactions, Optics Letters, 43:683–686.

• Paper IV: Markkanen J., Väisänen T., Penttilä A., Muinonen K., (2018),
Scattering and absorption in dense discrete random media of irregular particles,
Optics Letters, 43:2925–2928.

• Paper V: Väisänen T., Markkanen J., Penttilä A., Muinonen K., (2019),
Radiative transfer with reciprocal transactions: Numerical method and its im-
plementation, PLOS ONE. 14(1).

• Paper VI: Väisänen T., Martikainen J., Muinonen K., (2020), Scattering of
light by dense particulate media in the geometric optics regime, Journal of
Quantitative Spectroscopy and Radiative Transfer, 241.

• Paper VII: Väisänen T., Markkanen J., Hadamcik E., Renard J.-B., Lasue
J., Levasseur-Regourd A.C., Blum J., and Muinonen K., (2020), Scattering
of light by a large, densely-packed agglomerate of small silica spheres, Optics
Letters, 45:1679–1682.
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5.1. Paper I

5.1 Paper I

We studied the applicability of the RT-CB by comparing it to the MSTM. The spher-
ical discrete random medium composed of spherical particles with varying volume
fraction were studied, while the number of particles was kept constant. The light-
scattering properties were simulated using the MSTM and the RT-CB, and then
compared. The conclusion was that the RT-CB is applicable to the small medium
(radius kR«86, particle radius ka=2, refractive index m=1.31), where the volume
fraction v is below 0.1. The study was a continuation of the study by Muinonen
et al. (2012).

For the paper, the author computed the RT-CB results and wrote the manuscript.
The author programmed the open-source and modernized version of the RT-CB
software that was based on the older RT-CB software programmed originally by
K. Muinonen. The modernized RT-CB worked as a framework for the prototype
R2T2, which was presented in Muinonen et al. (2016). The MSTM results were
computed and normalized by A. Penttilä and J. Markkanen.

5.2 Paper II

The derivation of the theory behind the first-order incoherent volume element was
presented. The method was validated by computing the light-scattering properties
of the first-order incoherent volume elements, which were then used as input for the
RT-CB (the first-order R2T2) for various particulate media (ice m=1.31 and silicate
m=1.5, ka=2 and ka=1.76, kR“50, v from 0.03 to 0.25). These R2T2 results were
then compared to the results computed with the FaSTMM. The results matched in
a satisfactory way.

The author has been part of the R2T2 development group (all the co-authors)
since the beginning. He has been responsible for testing the ideas that were devised
during weekly discussions. For the paper, the author tested various incoherent vol-
ume elements with different packing algorithms and commented on the manuscript.

5.3 Paper III

The R2T2 was presented in its current form and was shown to extend the applicability
of the RT by simulating light scattering from dense random spherical media (kR=100,
ka=2, m=1.31, v=0.125, and v=0.25). The letter introduced the proper creation of
the incoherent volume element and validated the method by comparing it to the
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Chapter 5. Summary of the publications

FaSTMM. Moreover, the light scattering characteristics of large media (kR=10000,
v=0.125, and v=0.25) that are far out of reach of the exact methods were computed
to show the capabilities of the R2T2.

The author developed the volume element generator and the R2T2 with
J. Markkanen, who was responsible for the T -matrix related functions and the soft-
ware that computed the incoherent light-scattering properties of the volume elements.
For the paper, the author commented on the manuscript, computed the R2T2 results,
and provided the data related to the R2T2 software.

5.4 Paper IV

The paper is a continuation of Paper III. The R2T2 is applied to the particulate
medium composed of irregular particles. The R2T2 uses the T -matrix formalism,
which makes it possible to incorporate arbitrary particles as scatterers. The incoher-
ent volume elements were generated with the volume integral equation solver JVIE.
The R2T2 was validated against the JVIE method by simulating particulate media
of size kR=60 with volume fractions v=0.125 and v=0.25. Also, light-scattering
properties of a discrete random medium consisting of spherical particles were com-
pared to the medium with irregular particles: Significant differences were revealed
between them. Finally, another large kR«1.2ˆ1013 medium with irregular particles
was simulated with the R2T2 to show its capabilities.

The author took part in the development of the R2T2 software and commented
on the manuscript.

5.5 Paper V

The algorithm and details of the R2T2 are described. The decisions affecting the
generation of the incoherent volume element are discussed, and the validation is
extended from Paper III by using various refractive indices. The method is validated
by simulating different spherical particulate media composed of spherical particles
and comparing the results to the results obtained with the FaSTMM. The comparison
is consistent with Paper III, and the R2T2 is shown to be capable of simulating diffuse
scattering in the dense medium.

The author was responsible for writing the manuscript, excluding the T -matrix
theory part, which was written by J. Markkanen. The author computed all the R2T2

and the incoherent volume element related data.
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5.6. Paper VI

5.6 Paper VI

In Paper VI, the applicability of the RT to dense particulate media in the geometric
optics regime is studied. The new SIRIS is implemented and is capable of computing
light scattering by particulate medium consisting of different materials. Alongside
the comparison, we present a hybrid diffuse geometric optics method that uses the
extinction distance distribution instead of the single extinction mean free path. The
pure diffuse model and the hybrid model are compared to the "ground truth", in
which only the generalized Snel’s law and Fresnel matrices are used. All the scattering
elements show that the hybrid model with the extinction distance distribution is on
par with the "ground truth."

The author planned the research in cooperation with K. Muinonen. The au-
thor computed all the results and wrote the manuscript. For the paper, the author
independently revised the SIRIS framework that was based on the older SIRIS by
K. Muinonen, H. Lindqvist, and J. Martikainen. The author also devised and im-
plemented the multiparticle mesh generator and the hybrid model. J. Martikainen
helped by checking the extinction mean free paths.

5.7 Paper VII

The simplified R2T2 was used to model a levitating sample that showed that the phys-
ical characterization disagreed with the given parameters (Muinonen et al., 2019).
In Paper VII, the R2T2 is used to model another analog sample made of closely
equisized spherical silica spheres, with well-controlled physical properties. We also
studied the effects of the effective medium approximation and how the geometry
of the diffusely scattering medium affects the results. We managed to recreate the
phase function with the given physical parameters, and by tweaking them, also the
degree of linear polarization.

The author planned the research in cooperation with K. Muinonen. The author
was responsible for writing the manuscript and computing the results with the meth-
ods discussed in this thesis. J. Blum provided the included SEM image, whereas the
measurements were provided by the co-authors from France.
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5.8 Publications not included in the thesis

In addition to Papers I–VII, the author has contributed to the following papers

• Muinonen K., Markkanen J., Penttilä A., Väisänen T., Peltoniemi J., (2016),
Multiple scattering by dense random media: Numerical solution, 2016 URSI
International Symposium on Electromagnetic Theory (EMTS), 400–403.

• Markkanen J., Agarwal J., Väisänen T., Penttilä A., Muinonen K., (2018),
Interpretation of the phase functions measured by the OSIRIS instrument for
comet 67P/Churyumov–Gerasimenko, The Astrophysical Journal, 868(1).

• Muinonen K., Väisänen T., Martikainen J., Markkanen J., Penttilä A., Gritse-
vich M., Peltoniemi J., Blum J., Herranen J., Videen G., Maconi G., Helander
P., Salmi A., Kassamakov I., Haeggström E., (2019), Scattering and absorption
of light in planetary regoliths, Journal of Visualized Experiments, 149.
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6 Concluding remarks

The thesis is a part of a venture that thrives toward finding a solution to a long-term
open problem of how to simulate the multiple scattering of light by dense discrete
random media, such as a planetary regolith. The main topic of the thesis is the use
of the diffuse scattering as a tool to approximate the light scattering in particulate
media. In Papers I–V, the focus is on the resonance regime, whereas Paper VI focuses
on the geometric optics regime. Finally, the software and findings in these papers
are used to model a real sample in Paper VII.

The idea for the R2T2 was conceptualized when the RT-CB was shown to work
for a small sparse medium with modest numbers of particles, despite the requirement
of the RT theory that the particle count must be very large. In Paper II, the R2T2

was created based on the previous works with the incoherent electric fields, and new
simulations that successfully modeled the dense discrete random medium using the
incoherent first-order volume elements. In Papers III–V, the R2T2 was described
in detail with validations where the light-scattering properties of different discrete
random media were computed with the R2T2 and the exact methods. Finally, the
R2T2 was validated by simulating a real sample that had well-controlled physical
properties using the software developed for Paper VI, in which diffuse scattering
in the geometric optics regime was studied. The R2T2 was able to simulate the
phase function of the real sample well, but it was the degree of linear polarization
that revealed the discrepancies in the simulation. By adjusting the given physical
properties, a better match with the measurements was achieved. The R2T2 in its
current state was shown to simulate the light scattering properties of the agglomerate
well. The conclusion emphasizes the previous conclusions that the degree of linear
polarization contains information that facilitates physical characterization.

The motivation for the thesis is to create light-scattering tools that could be
used to characterize the physical features of the remotely observed objects. If done
correctly and with foundation based on physics, the method makes it possible to
model arbitrary regoliths computationally. This would speed up the physical char-
acterization of the regolith on the Earth, asteroids, the Moon, or any particulate
object, and make it possible to simulate regoliths with well-controlled features that
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are harder to create in the laboratory. We conclude that the R2T2 should be studied
and developed further, in order to establish a robust method that could be used
for the physical characterization work in the future. In the current state, the R2T2

has been shown to work relatively well, which is backed up with the computational
(Papers III–V) and experimental validations (Paper VII). Still, there are issues that
need to be addressed.

The first issue is the size of the volume element, which is likely to be related to
the exponential attenuation from the RT theory. In Paper VI, the attenuation model
was replaced with the extinction distance distribution, and something similar could
be implemented into the R2T2, although it is not as easy as with the RT. In order to
replace exponential attenuation, the internal field of the medium should be studied.
This could also be used to improve the selection of the scattering direction of the
ray, which in Papers III–V is based on the scattered far fields around the volume
element.

The second issue is the coherent field effects that are not included in the R2T2,
although they were added to the simplified version of the R2T2 as a geometric optics
approximation. The problem is that the coherent effects are currently computed
from the small volume elements, although the coherent effects are due to the larger
features of the medium, such as the local surface. There is also a related problem
of how to add the CB properly to the R2T2 with the added coherent effects. All
issues would be easier to deal with if a thorough theoretical derivation of the R2T2

would be established, the same way as the RT theory has been established from the
Maxwell equations.

What comes to the development of SIRIS, the physics parts could be rewritten in
order to add CB capabilities for diffuse computations, which would benefit the current
user base of the SIRIS who use it as a physical characterization tool. Increased
computational performance can be achieved with the implementation of a specialized
ray-tracing engine, which is important because the physical characterization requires
ensemble-averaging and simulation of multiple wavelengths with different physical
parameters. The extinction distance distributions studied in Paper VI could be
expanded to consider the second and third particle scattering distances, making the
distances between diffuse scatterings more accurate.

The ongoing space missions provide future applications for the R2T2. The Gaia
mission produces visible spectra for the asteroid classification purposes, whereas
BepiColombo will measure the light-scattering properties of the regolith of Mercury.
The spectra provided by these missions can be analyzed with the R2T2, which can
help to characterize the underlying physical properties of the regolith.
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