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Chapter 1

Introduction

A mathematical model is a mathematical structure equipped with an inter-
pretation. Models of ecological systems are used to better understand various
phenomena in nature, which may be difficult to understand otherwise. They
may be used to gain insight into the evolution of animal interactions, to reveal
underlying mechanisms for catastrophic shifts in the natural ecosystems, and
to fight climate change and infectious disease outbreaks. Models can challenge
prevailing views, unfold counter-intuitive results, and raise new questions. The
possibilities are wide, as is the range of existing models.

This article-based dissertation investigates the evolution of various predator-
prey interactions using mathematical modelling. The essential goal of this inves-
tigation is to better understand predator-prey relationships and the function of
their behaviour. Most research questions of this thesis revolve around cannibal-
ism, which is especially common in predatory animals, including fish, spiders,
and insects (Fox 1975). As for the prey evolution, the questions concern differ-
ent adaptations against predation, such as hiding from predators (Lima & Dill
1990) or even attacking predators in their early, vulnerable life stages (Polis
et al. 1989, Magalhães et al. 2005). To illustrate the many uses of predator-prey
modelling, this dissertation also includes a detailed investigation on the Venus
flytrap (Dionaea muscipula), a carnivorous plant that preys on insects (Darwin
1875).

The first part of the thesis serves as a warm introduction to the modelling
undertaking. This part aims to equip the reader with the mindset that is neces-
sary to understand the function of modelling, and briefly presents the theoretical
framework used in the articles of this thesis.
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The second part of the thesis comprises four scientific articles (I-IV). These
articles serve as the main body of the thesis. Each article follows a similar
structure. In the first phase the stage is set by posing the research questions
and defining the most essential predator-prey interactions. These interactions
are used to derive the ecological model that describes the dynamical popula-
tion behaviour. Then, the second phase proceeds to investigate the dynamical
properties of that model, such as the existence and stability of population equi-
libria or periodic orbits. This analysis utilises both symbolic and numerical
approaches, such as laborious bifurcation analysis, to ensure that no stone is
left unturned. Finally, the third phase of model analysis delves into the evolu-
tion of predator-prey interactions. This final phase of the analysis utilises the
framework of adaptive dynamics and relies heavily on numerical techniques.

1.1 How to approach modelling?

All models are ultimately simplifications of the real world. Compared to the
natural ecosystems, with their complex and fascinating dynamics, mathematical
models may seem rather elementary and dull. Since the models are never per-
fect representations of a subject, there are as many ways to model the subject
as there are modellers with different research questions and expertises. While a
single model is unable to account for every possible detail, focusing on different
details one at a time is desirable and made possible by developing several over-
lapping models. It is from a dozen of tangled models that we can truly learn
about the nature.

And herein lies the modeller’s dilemma: how should the model balance be-
tween biological realism and mathematical convenience? Aiming for higher level
of realism means that the model is more burdensome to analyse, and this dif-
ficulty tends to increase very rapidly with enhanced realism. For example, ex-
tending a population model to account for a spatial structure is more easily said
than done, and analysing these kinds of structured models may take a life-time
to master. For some models this level of detail is deemed necessary, but other
models may better serve the research questions without being spatially explicit.
Unfortunately, there are often no clear guidelines that inform the researcher
what kind of a model is the most suitable: sufficiently simple to investigate the
subject yet complicated enough to provide meaningful results.

It seems reasonable that the models should be developed so that they can
meaningfully address the research question. However, young researchers who
take this advice may discover that they have jumped out of the frying pan into
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the fire. What are the relevant questions in the first place? If the research
questions are irrelevant or poorly posed, then the model and the analysis may
provide little use. After all, it is the questions that set the simplifying modelling
assumptions. Unreasonable assumptions are poison for every model.

Some might argue that the time spent investigating any model, even a poor
one, is never completely wasted because the researcher learns something in the
process. This may include familiarising with new mathematical techniques,
broadening the researcher’s knowledge in the literature, and of course learning
from one’s own mistakes. These are surely virtuous goals, but they would be
met when analysing meaningful models as well. The model analysis tends to
be the most laborious and time-consuming part of a research project. Setting
the relevant research questions, by contrast, takes only a fragment of that time
and effort. In that regard, there is all the more reason to invest that little extra
time to ensure a solid foundation for the model.

When thinking about possible research questions, I suspect that prediction
often comes to one’s mind. This is completely understandable; learning the
theory of atmospheric physics sounds surely fascinating, but many would rather
know what the weather will be tomorrow. In the stock market investors are
constantly trying to predict the price changes to maximise their profits. But in
general, prediction itself provides only unsatisfactory answers. Epstein (2008)
offers sixteen reasons other than prediction to develop models. For example,
modelling can offer crisis options in near real-time, which is an exceptionally live
issue with the ongoing pandemic of coronavirus disease (COVID-19). Modelling
can unfold underlying core mechanisms for the outbreak, bound the outcomes to
plausible ranges, and it plays a key role in the vaccine development. Naturally,
each of these topics requires many separate, tailor-made models.

Thus, setting the research questions is a crucial part of every model develop-
ment. Mathematical models and techniques are tools to gain new information
about the subject of interest. By gradually learning about new techniques and
models, the modeller acquires a versatile toolkit for dealing with many different
topics. In order to wield these tools properly, the researcher should first famil-
iarise with the research subject to understand what are the interesting questions
and justifiable model simplifications.

1.2 Mechanistic modelling

When it comes to modelling ecological populations, the methodology may be di-
vided into two classes: phenomenological and mechanistic modelling approaches.
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In the phenomenological, ‘top-down’ approach the aim is to find a mathematical
description for a certain phenomenon on the population level. For example, the
researcher may incorporate a model parameter that prevents population growth
above a predefined carrying capacity of the environment. Another model pa-
rameter could set a minimal level for sustainable population, so that falling
below that level causes the population to go extinct (‘Allee effect’, Allee et al.
(1949)). Although these model parameters help the model to describe a natural
population dynamics behaviour, they do not describe individual behaviour.

One of the major issues in these ‘top-down’ models is that they often require
imposing ad hoc assumptions simply to prevent undesirable population dynam-
ics behaviour (Geritz & Kisdi 2012). Consider the commonly used model of
logistic growth for the population number N(t) in continuous time t, described
by the differential equation

dN(t)

dt
= rN(t)

(
1− N(t)

K

)
(1.1)

Here, r is called the intrinsic growth rate and K is the carrying capacity. The
traditional assumption is that r > 0, because this guarantees population growth
below the carrying capacity and prevents the population growing to infinity.
However, sometimes the growth rate r can surely be negative, such as when
the rate of deaths exceed that of births. This is inherent part of many low
population numbers, such as those subject to the Allee effect and unfit mutants
that perish due to natural selection. Therefore, in order for the above model to
be more biological sound, the parameters r and K should have a relationship.
But it is impossible to extract a meaningful relationship from the above equation
describing the population model. To find the relationship, one should dig deeper
into the individual interactions of the model subject.

In the mechanistic, ‘bottom-up’ approach the aim is to derive the popula-
tion model from individual behaviour. Ideally, each parameter has a clear-cut
interpretation, such as the rate of prey captures or the average handling time of
these captures. In addition to the model parameters, different individual states
also play an important role in mechanistic modelling. This is because when
individuals interact their state may change as well. For example, a predator
may need to rest after capturing a prey. Since the predator is not hunting while
resting, that should be treated as a separate individual state. When developing
models using the mechanistic approach, the researcher is inclined to distinguish
between various individual states and choose to include only the most essential
states in the model.
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Whether the researcher has a mechanistic or phenomenological approach,
it is possible that the resulting population models are equivalent. Then, one
may ask what is the benefit of the additional effort spent contemplating about
individual behaviour? Indeed, using the phenomenological approach the model
may be written down in mere minutes, in contrast to several days or weeks
when employing the mechanistic approach. The benefits in the mechanistic
approach are interlinked to the very mission of modelling; why model in the
first place? If the aim is to use modelling to find a biologically meaningful
explanation for the Allee effect, then the mechanistic approach is the key to
success. The phenomenological approach goes only so far to state things such
as “certain values of parameter α cause the Allee effect of the predators”, while
the mechanistic approach extends the statement much further, such as “and
the parameter α describes prey behaviour, namely, the rate of counter-attacks
against vulnerable, young predators”. For those wondering why an Allee effect
is found in one ecosystem but not in another, the latter part of the statement is
considerably enlightening. Although the above statement is based on theoretical
modelling, its validity may be tested by further empirical research. In this way,
mechanistic modelling guides data collection.

Developing a phenomenological model is often much easier than finding a
mechanistic underpinning for it. For example, DeAngelis et al. (1975) and Bed-
dington (1975) proposed, independently and without a mechanistic derivation,
the following function to describe the rate of predation in predator-prey ecosys-
tems. This function, known as the DeAngelis-Beddington functional response,
describes the average number of prey caught by a single predator per unit of
time, and reads

F (x, y) =
ax

1 + bx+ cy
(1.2)

where x and y are, respectively, the prey and predator population numbers,
and a, b, and c are some positive constants. This is an extension of a simpler
functional response proposed earlier by Holling (1959) without the term cy in
the denominator. In Holling’s mechanistic derivation, the parameter a is the
per capita prey capture rate by searching predators and b is the mean handling
time of each capture. But in the extended version, what does the parameter c
mean in terms of individual behaviour, and could the interpretations of a and b
remain unchanged?

In their original proposition for the above function, the authors (DeAngelis
et al. 1975, Beddington 1975) hypothesised that the parameter c is part of the
predator’s behaviour. Apparently, the basis for the argument is that in the
equation the parameter c is multiplied by the predator population number, y.
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It took several decades for researchers to come up with mechanistic underpin-
nings based on individual behaviour (Geritz & Gyllenberg 2012). In particular,
Geritz & Gyllenberg (2012) found that the parameter c can actually represent
the prey’s behaviour. In their mechanistic derivation, it turns out that c is the
product of two parameters: the per capita rate at which prey seek refuge from
predators and the mean sojourn time in refuge. In Article I of this dissertation,
I present another mechanistic derivation in which the parameter c has a com-
pletely different interpretation based on the behaviour of a carnivorous plant:
it is the per capita rate at which neighbouring plants accidentally trigger the
trapping mechanism. Therefore, the same function can describe the predation
rate in two completely distinct settings with different parameter interpretations.

In this thesis I argue among other modellers (Rueffler et al. 2006, Jagers
2010, Geritz & Kisdi 2012) that whenever modelling goals concern individual
behaviour, the models should be based on a mechanistic, individual approach.
The following Chapters 2 and 3 introduce the basic principles of developing a
mechanistic model. This is done by deriving the population models investigated
in Articles I-IV of this thesis. The aim is that based on these illustrative exam-
ples, an aspiring reader should gain the necessary mindset to develop mechanis-
tic models for topics of their choice. In particular, these chapters demonstrate
the differences in model specificity and generality. Chapter 2 is about deriving
a specific model for a certain species in one ecosystem, whereas Chapter 3 is
about a more general model applicable for many ecosystems.

6



Chapter 2

Modelling the Venus flytrap

2.1 Background motivation

Let us first derive the model of Article I. Here, the aim is to better understand
prey capture in the Venus flytrap (Dionaea muscipula), a carnivorous plant that
captures insects in a rapid movement. In particular, this is the first mathemat-
ical cost/benefit model for the prey capture in the Venus flytrap. This plant
utilises an elegant snap-trap to capture and digest prey one at a time. Detailed
descriptions of the plant and its capture mechanisms are found in the works of
Darwin (1875, pp.286-320) and Lloyd (1942, pp.177-212). Figure 2.1 illustrates
the three different trap-states: open and waiting for a prey to enter, semi-closed
after an unsuccessful closure and in the process of reopening, and fully closed
and digesting a captured prey.

Before we can set out to describe the model, we must establish the modelling
goals. The original motivation for this research project was to understand how
the plant balances between the various trade-offs of prey capture. These include
the direct energetic costs associated with the trap closure mechanism and the
digestion process, the indirect cost of the lengthy digestion time of around two
weeks, and the benefits in terms of nutrients gained from the digested insects.
But what really set out my interest to conduct the research project was Darwin’s
hypothesis (1875, p.312). He conjured that the plant deliberately allows all
small prey to escape and retains only larger prey. This hypothesis is intuitively
sound: there is little benefit in digesting a tiny insect if the costs of digestion
exceed the benefits, while the plant also wastes nearly two weeks in digesting
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(a) Open (b) Semi-closed (c) Fully closed

Figure 2.1: Venus flytrap’s states, as illustrated by the author (Article I).

that insect. During that time no other insects can enter the trap, so the trap
loses the potential to capture larger insects in that time period. Apparently, to
date nobody has adequately investigated the validity of this hypothesis.

To achieve these research goals, we shall derive a model with two compo-
nents: the predation rate and the costs and benefits of prey capture. Together
these two halves yield the net nutrient uptake of a single trap per unit of time.
The idea is to treat trap sizes and prey escape thresholds as the key model
parameters, which can be freely varied to investigate their effect in the net ben-
efit. This allows for an easy comparison between different trap types, that is,
whether more selective traps generate higher or lower nutrient uptake. Further-
more, the goal is to build the model in such a way that it can be effortlessly
fitted to empirical data; much of the needed data is currently unavailable, so
the hope is that future Venus flytrap research would benefit from the present
model.

There are several aspects that play an important role in the Venus flytrap’s
prey capture. Even without a strong expertise with the plant, one can argue
that at least the following aspects are essential. Firstly, what is the relationship
between physical sizes of the traps and the prey that are lured in? Secondly, how
does the size of the prey relate to its biomass and nutrient gain? Thirdly, what
is the frequency of trap closures, and what are the causes of those closures?
Previous studies seem to omit non-prey closures, but it seems probable that
also wind or rain may cause accidental closures. At the very least, there is no
evidence to state otherwise. Experts in the Venus flytrap may come up with
other aspects that should be included in the model.
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2.2 Model assumptions and individual-states

Now what simplifications should we make? Since the focus is on the short
timescale dynamics of prey capture, we may omit the long timescale dynamics
of reproduction and death of plants. Similarly, we can assume that the prey
population composition remains constant. After all, the impact of successful
snap-trap captures on the prey population is likely negligible. As for the prey
escapes, we may simplify the dynamics by assuming a threshold size for the
successful prey capture. That is, all prey below this threshold escape from the
trap, while only the larger prey are retained and digested. This makes the model
analysis considerably easier, but it remains to be seen whether this is actually
too much of an over-simplification of the plant’s behaviour.

Now that we have set the key assumptions, we may proceed to define the
individual states and also fine-tune other smaller assumptions. For convenience,
consider the trap unit as an individual rather than the whole plant. This is
because although one plant comprises several traps, they function independently
of each other. Thus, there are three individual states: open, semi-closed, and
fully closed. Since the traps appear in various sizes and they may have different
appetite for prey, each trap is also equipped with two numbers: the physical size
of the trap and the threshold size for a feasible prey. Denote the threshold prey
size by x1 and trap size by x2, where naturally 0 ≤ x1 < x2. The pair of these
two numbers, x = (x1, x2), is the defining trait of the trap, and consequently the
set of all trap traits is Ω = {(x1, x2) ∈ R2 : 0 ≤ x1 < x2}. Then, the population
numbers of traps with the trait x at time t are no(x, t) in open state, ns(x, t) in
semi-closed state, and nc(x, t) in fully closed state. Hence, the total number of
traps of type x at time t is

n(x, t) = no(x, t) + ns(x, t) + nc(x, t) (2.1)

and the overall number of all traps is

N(t) =

∫

Ω
n(x, t)dx (2.2)

To keep the notations simple, we shall omit the term x from them.
As for the prey, assume that they are characterised fully by their physical

size. Here, the sizes of the prey and the traps are defined to be comparable. That
is, every prey with the size ξ < x2 can enter and trigger the trap closure, whereas
larger prey are unable to cause trap closure. This assumption is similar to that
on prey escape, namely, the trap behaviour changes radically across a certain
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threshold size. Such a clear division between capturable and uncapturable prey
is unlikely to be the case in nature. For enhanced realism, one should seek to
collect empirical data and fit a probability distribution for prey escapes as a
function of prey and trap sizes.

Assume that the prey have a constant population density R and their size
distribution is described by f . Based on previous estimates, f is log normally
distributed with the mean 2.1996 and standard deviation 0.9578 (Gibson &
Waller 2009). These authors also estimated that the prey biomass B scales
with their size ξ following the function B(ξ) = 10−1.297 · ξ2.6463. Assume that
each trap converts the prey biomass into nutrient uptake with the conversion
efficiency λ.

Suppose now that a given prey causes the closure of a trap with the trait
x = (x1, x2). By definition, it follows that the probability p of the prey escaping
from the trap equals to the proportion of all those prey within the size-interval
[0, x2] that also have the size smaller than x1. This yields

p =

∫ x1

0 f(ξ)dξ
∫ x2

0 f(ξ)dξ
(2.3)

After the Venus flytrap successfully captures and retains a prey, the trap
begins the lengthy digestion process. To the best of the author’s knowledge,
it is unknown whether the cost of digestion scales with the prey size. In other
words, can the trap ration the amount of secreted digestion fluid of based on the
size of caught prey? Surprisingly, there seems to be rather little discussion about
this in the literature. Based on Darwin’s (1875) and Lloyd’s (1942) elaborate
descriptions on the trapping mechanism, it appears that the plant is inefficient
in deducing the size of caught prey. Therefore, the plant probably takes prudent
decision to secrete the same amount of fluid for each prey digestion, and hence
ensures that also larger prey would be successfully digested. Thus, assume
that the cost of digestion is the same for each prey digestion, and this cost is
determined by the largest feasible prey that the trap can digest. Assume also
that the cost of trap closure depends only on the trap size. For the sake of
simplicity, suppose that the costs and benefits in terms of nutrient uptake are
comparable. Then, perhaps the simplest choices for the costs of trap closure C
and digestion D as functions of trap size x2 are

C(x2) = cλB(x2) (2.4)

D(x2) = dλB(x2) (2.5)
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where c and d are both positive and satisfy c + d < 1. In other words, both
costs are compared to the largest feasible prey. If the sum c + d would exceed
1, then the net nutrient uptake from a digestion, λB(ξ)−C(x2)−D(x2), would
be negative even if each trap closure was caused by the largest prey, ξ = x2.

We have now defined the various aspects about individual states that are nec-
essary to investigate the research questions posed earlier in this section. From
the above description, it may appear that defining these aspects was straightfor-
ward. I would like to note that the reality was quite the opposite: each assump-
tion involved delving in the literature to understand what may be justifiable or
essential. However, in many situations I had to rely on intuition, because the
needed information seemed to be either unavailable or buried within the vast
literature. That said, there are no clear guidelines to follow in model derivation,
and I encourage aspiring researchers to take their time in contemplating about
each aspect of the model.

2.3 Individual interactions and model derivation

Let us proceed to define the rates of interactions at which the traps change from
one state to another. These interactions are modelled using the law of mass
action, that is, the rate of each interaction is proportional to the population
densities of the interacting individuals. This is analogous to molecular reactions
in chemistry, but its also applicable in population ecology by assuming a large
number of interacting individuals.

The prey enter and cause closures of traps at different rates, depending on
the trap size. This is because we assumed that closure requires that the prey
physically fits inside the trap, and hence it must be smaller than the trap.
Considers traps that have the size x2. Then, the per capita rate β at which prey
cause closures of those trap types is

β = β0

∫ x2

0
f(ξ)dξ (2.6)

where β0 is a positive constant. After a closure occurs, the trap either enters
the semi-closed or fully closed state. Therefore, on average the proportion p of
closures leads to prey escape after which the trap remains in the semi-closed
state. Similarly, proportion 1− p leads to prey digestion and the trap proceeds
to the fully closed state. This interaction can be illustrated using the following
chemical reaction network
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no +R
βp

ns

no +R
β(1− p)

nc

and the population dynamics equations corresponding to these two interactions
is given by

d

dt
no(t) = −βRno(t) (2.7)

d

dt
ns(t) = +pβRno(t) (2.8)

d

dt
nc(t) = +(1− p)βRno(t) (2.9)

Assume that prey digestion and reopening from fully closed state take an
average time h, and that τ is the average reopening time from semi-closed state.
Then, the per capita rates of transition from fully closed and semi-closed states
to open state are, respectively, 1/h and 1/τ . These interactions correspond to
the following network

nc
1/h

no

ns
1/τ

no

and together with the prey captures the above population dynamics equations
become

d

dt
no(t) = −βRno(t) +

1

τ
ns(t) +

1

h
nc(t) (2.10)

d

dt
ns(t) = +pβRno(t)−

1

τ
ns(t) (2.11)

d

dt
nc(t) = +(1− p)βRno(t)−

1

h
nc(t) (2.12)

Lastly, we define the rates at which non-prey causes trigger accidental trap
closures. Only few researchers have studied trap closures in the endemic habitat,
but the little evidence that exists seems to suggest that rain or wind cause trap
closures as well (Williams 1980). Furthermore, it seems probable that nearby
traps may also trigger closures of each other. Assume that rain or wind cause
closures at the rate γ, and that the density-dependent closures by nearby traps
occurs at the per capita rate µ. Therefore, on the population level these closures
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occur at the rate µN . For convenience, denote α = γ + µN as the overall rate
of non-prey closures. These correspond to the last interactions between trap
states, illustrated as

no
γ

ns

no +N
µ

ns

Thus we arrive at the full population dynamics equations,

d

dt
no(t) = −(α+ β)Rno(t) +

1

τ
ns(t) +

1

h
nc(t) (2.13)

d

dt
ns(t) = +(α+ pβR)no(t)−

1

τ
ns(t) (2.14)

d

dt
nc(t) = +(1− p)βRno(t)−

1

h
nc(t) (2.15)

From these equations we can easily calculate the equilibrium population states,

no =
n

1 + ατ + β(pτ + (1− p)h)R
(2.16)

ns =
(α+ pβR)τn

1 + ατ + β(pτ + (1− p)h)R
(2.17)

nc =
(1− p)hβRn

1 + ατ + β(pτ + (1− p)h)R
(2.18)

Recall that the functional response is the average number of prey a single
predator, or a trap in this instance, successfully captures per unit of time. Only
open traps capture prey, and at the equilibrium state each trap is open on
average the proportion no/n of the time. Those traps encounter prey at the
rate βR, and of those encounters the proportion 1 − p leads to successful prey
capture. Therefore, the functional response of the Venus flytrap is

(1− p)βR
no

n
=

(1− p)βR

1 + ατ + β(pτ + (1− p)h)R
= F (R,N) (2.19)

Comparing this equation to the DeAngelis-Beddington functional response in
equation (1.2), one readily sees that they are equivalent. This can be clarified
by rewriting the constant terms in the following way

a = (1− p)β/(1 + γτ) (2.20)

b = β(pτ + 1− p)h)/(1 + γτ) (2.21)

c = µτ/(1 + γτ) (2.22)
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Therefore, we have just found a new mechanistic derivation for the DeAngelis-
Beddington functional response, in which each parameter corresponds to the
predator behaviour. Similar to the functional response, we can also calculate
the average number of trap closures per unit of time,

(α+ βR)
no

n
=

α+ βR

1 + ατ + β(pτ + (1− p)h)R
= G(R,N) (2.23)

We have so far derived the population model for the dynamics between
different trap states. This captures the first half of the cost/benefit model for
prey capture: the average rate of predation per unit of time. The second half
is about the average costs and benefits per unit of time in terms of nutrient
uptake. Together these two halves yield average net nutrient uptake per unit of
time. In order to calculate the potential benefit from prey digestion, we need to
calculate the average size of consumed prey for a given trap trait x = (x1, x2).
Since the prey size distribution is given by f , this yields

x̄ =

∫ x2

x1
ξf(ξ)dξ

∫ x2

x1
f(ξ)dξ

(2.24)

Now combining the costs and benefits of prey capture with the predation
rate is actually rather straightforward. We simply have to sum up to features:
net benefit from prey captures per unit of time and the cost of trap closures
per unit of time. The benefit is calculated for the mean size of successful prey
captures. Since the cost of digestion D was assumed to depend only on the trap
size, on average the net benefit from a single digestion for a trap with the trait
x is λB(x̄) − D(x2). Multiplying that with the functional response yields net
benefit per unit of time, F (N,R) ·

(
λB(x̄)−D(x2)). Similarly for the cost of all

trap closures, we simply multiply the number of closures per unit of time with
the corresponding cost, G(N,R) ·C(x2). Thus the net uptake I per unit of time
reads

I =
Prey caught

Unit of time
· (Benefit− Cost of digestion)

− Trap closures

Unit of time
· Cost of closure

= F (N,R) · (λB(x̄)−D(x2))−G(N,R) · C(x2)

= F (N,R) ·
(
λB(x̄)−D(x2)− C(x2)

α+ βR

(1− p)βR

)

(2.25)

where in the last step we used equations (2.19) and (2.23) to rewrite G in terms
of the functional response F .
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Thus we have arrived at the full cost/benefit model for prey capture in
the Venus flytrap. Because of the mechanistic derivation, each parameter of
the above model has a clear-cut interpretation on the individual level. One can
freely vary these parameters to investigate different outcomes. Although several
simplifications were made on these parameters, such as the cost terms C and
D, the reader with higher expertise on the plant may choose to replace them
with more realistic functions. Therefore, the above model is rather pliable to
improvements. For example, if future research reveals that nearby traps do not
accidentally trigger closures of each other, one simply needs to set µ = 0.
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Chapter 3

Modelling predator-prey
coevolution

Let us now derive the predator-prey population model investigated in Articles II-
IV. These three articles share the same underlying model, focusing on different
aspects of it. Briefly, the aim in these articles is to better understand the
evolution of various predator-prey interactions and its effect on their ecological
environment. In contrast to specificity of Article I, Articles II-IV tend to be
much more general. But before rushing to model derivation, it is advisable
to first familiarise oneself with the subject. As I have argued before, in this
manner the researcher is more likely to pose interesting research questions and
justifiable model assumptions.

3.1 Background motivation

Predation plays a major role in shaping animal behaviour by natural selection
(Dawkins & Krebs 1979, Lima & Dill 1990, Abrams 2000). In the traditional
view selection pressure is strongest in those species that share the unfortunate
role of being the victim of predation, namely, the prey animals. More recent
evidence suggest that the predators are under strong selection as well. Indeed,
weak and young prey often find their life soon finished while only the fittest
pass down the genes to the next generation. In a similar manner, predators face
fierce competition for food and have to outsmart both their own kin and the
prey in order to survive and reproduce.
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Since both species are under strong selection, this mutual influence on each
other’s evolution imposes a potentially vicious cycle, an evolutionary ‘arms race’
between the two parties (Dawkins & Krebs 1979). This analogy illustrates the
struggle for existence of both species constantly trying to atop each other. Evo-
lutionary arms race has been proposed as an explanation for striking deviations
from normative in various predator-prey ecosystems (Downes & Shine 1998,
West et al. 1991, Heiling & Herberstein 2004, Whittall & Hodges 2007). For
example, Australian crab spider Thomisus spectabilis position themselves in a
flower and mimic its visual signals to ambush pollinating bees. Experiments
show that native bees are considerably better in avoiding flowers with ambush-
ing spiders than the bees that did not coevolve with T. spectabilis (Heiling &
Herberstein 2004). In Lake Tanganyika, Africa, the gastropods have significantly
thicker shells than what is observed in most locations in the world. Researchers
found that in this location also their main predators, the crab Platytelphusa ar-
mata, display more robust crushing chelae than other African crabs, suggesting
evolutionary arms race as the explanation (West et al. 1991). Surprisingly, such
‘arms races’ are not limited to predator-prey interactions, but may be found in
mutualistic interactions as well. A fascinating example of mutualism is the long
nectar spur of the Darwin’s orchid Angraecum sesquipedale and the exception-
ally long tongue (> 20cm) of its pollinators (Darwin 1888, pp.162- 166; Whittall
& Hodges 2007).

Although the aforementioned studies demonstrate coevolution as intuitively
sound explanation for the phenomena, this is notoriously difficult to confirm
with high certainty. The main struggle being the long timescale in which evo-
lution takes place. Humans rarely observe the effect of evolution by natural
selection during their lifetime, let alone in the duration of a typical research
grant. There are, however, few situations in which evolutionary dynamics may
be observed in shorter time periods; the common rule being that the smaller
the organism, the faster the evolution tends to be. A study of the interactions
between water flea Daphnia and its micro-parasites demonstrated coevolution-
ary cycles with a period of only few years (Decaestecker et al. 2007). This
means that the pattern in which these species adapt to each other eventually
repeats itself, with no unique evolutionary endpoint in sight. In most situa-
tions where such direct observations are infeasible, mathematical modelling is a
practical way to understand different patterns of evolution and their underlying
mechanisms.

Since the predator-prey interactions in nature display such a huge variety,
the modeller is advised to narrow the focus on few specific interactions at a time.
I have found cannibalism to be rather interesting form of predation. Cannibal-
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ism is found in a wide variety predator animals, including fish, snails, mites,
insects, birds, and mammals (Fox 1975, Polis 1981). There are many different
factors affecting cannibalism, such as the food availability and the competition
for resources or sexual partners (Hrdy 1979). The rate of cannibalism varies be-
tween species and their ecological conditions, but in some cases it accounts for
the major cause of death among younger individuals. For example, in the wolf
spider Lycosa lugubris cannibalism accounts up to 85% of juvenile mortality. In
many crows, including those found in Finland, most of their eggs and nestlings
are eaten by neighbouring crows (Yom-Tov 1974). In a forest lake in central
Sweden, researchers observed that its whole fish population comprises Eurasian
perch Perca fluviatilis (Claessen et al. 2000). Perch are known to eat primarily
fish when they grow large, and hence in this lake the adults live solely on can-
nibalism. A rule of thumb in most forms of cannibalism is that the victims are
considerably smaller than the cannibals.

Perhaps the most savage form of cannibalism is found in common chimpanzee
Pan troglodytes. Occasionally a group of organised males purposefully patrol
far beyond their territory to raid another community (Goodall 1977). Upon
detecting these strangers, the group launches a ferocious surprise attack on
the oblivious chimps, targeting the weakest and scaring the rest away. After
the battle is over, a grizzly scene unfolds as the victorious males feast on the
victim. This act includes not only feeding on the meat, but also inspecting,
dragging, pounding and flailing the corpse against the ground. In one instance,
researchers witnessed the horror as two males pulled flesh from an alive, crying
infant (Goodall 1977). Nobody knowns exactly why chimps engage in this form
of cannibalism, which is neither about competition nor lack of their typical food.

To date, a wide range of mathematical models have been proposed for can-
nibalism in different ecological settings (van den Bosch et al. 1988, Gurtin &
Levine 1982, Diekmann et al. 1986, Cushing 1991, Kohlmeier & Ebenhöh 1995,
Claessen et al. 2000, Claessen & de Roos 2003, Getto et al. 2005, Hin & de Roos
2019). These studies have revealed several surprising consequences of canni-
balism on the population dynamics behaviour. For example, cannibalism may
represent a ‘life boat mechanism’ that saves a population from going extinct
when food is limited (van den Bosch et al. 1988, Getto et al. 2005). A recent
study takes this surprising result even further, demonstrating that cannibalism
may prevent extinction of an omnivore predator on the evolutionary timescale
(Hin & de Roos 2019). Without cannibalism the predator species would evolve
in a such way that leads to its own extinction, a counterintuitive phenomenon
termed ‘evolutionary suicide’ (Gyllenberg & Parvinen 2001, Parvinen 2005).

Although there are many models for cannibalistic predators, they seem to be
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missing one possibly relevant aspect: mutual coevolution with the prey species.
The prey adapt to predation with many different strategies, such as group de-
fence, camouflage, or simply avoiding predators by seeking refuge. Whichever
strategy the prey adapts, it effectively complicates the predators life. The preda-
tors are forced to adapt their behaviour along with their prey by either improv-
ing the hunting skills or exploring alternative food sources. Therefore, one may
think of a rather intuitive explanation for the emergence of cannibalism: the
predators turn to cannibalism as an evolutionary response to the prey becom-
ing increasingly difficult to find. This simple idea motivated me to develop a
model to investigate predator-prey coevolution. The aim of Articles II-IV is to
investigate these questions:

• Can predator cannibalism emerge as a response to prey evolution?

• What are the long-term outcomes of predator-prey coevolution?

• Under what conditions the evolution of predator-prey interactions would
lead to predator extinction?

To investigate predator-prey coevolution, we should also choose which is the
prey trait under natural selection. For this purpose, I choose the prey timidity
because of its commonness in prey animals. Here, timidity is understood as the
prey’s readiness to seek and remain in refuge upon detecting a predator. To my
knowledge, only few researchers have studied prey refuges using mathematical
modelling (Sih et al. 1988, Sih 1987, Geritz & Gyllenberg 2012, 2014). In ad-
dition to hiding, another way of adapting to predation is to directly attack the
predators. Since prey typically have little to no chance against larger preda-
tors, perhaps the best strategy is to target the attacks on the vulnerable, young
predators (Saito 1986, Magalhães et al. 2005, Choh et al. 2012). Interestingly,
such prey counter-attacks are typically found in the same ecological communities
that exhibit predator cannibalism (Fox 1975, Polis 1981). For example, in killi-
fish Fundulus heteroclitus the young are eaten by both the conspecific adults and
grass shrimp Palaemonetes pugio, while the adult killifish prey on the shrimp
(Kneib 1988, Able et al. 2007). Unfortunately, investigating the evolution of
prey counter-attacks remains outside the scope of this thesis. This means that
the rate of counter-attacks remains fixed as the prey and the predators evolve,
respectively, in their timidity and cannibalism.

Let us proceed to develop the predator-prey model with the following main
features: the predators cannibalise on their conspecific young, and the prey may
seek refuge from the adult predators and counter-attack on the young predators.
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The aim is to investigate the evolution of prey timidity and predator cannibal-
ism. Similarly to the modelling done in Chapter 2, the process is the following:
first begin with the basic simplifications, then proceed to define the individual
states and processes, and finally derive the population dynamics equations. In
the following derivation, the mechanistic predator-prey model of Geritz & Gyl-
lenberg (2014) serves as the basis upon which we build a more detailed model.

3.2 Model assumptions and individual-states

In this model we shall take the minimalistic approach to modelling cannibal-
ism. Here, the main assumption is a clear division between young and adult
predators, and that we consider only these two life-history stages for the preda-
tor individuals. In the literature, most modellers have investigated cannibalism
using continuous age- and size-structured predator-prey populations (van den
Bosch et al. 1988, Gurtin & Levine 1982, Hastings 1987, Diekmann et al. 1986,
Claessen et al. 2000, Claessen & de Roos 2003, Getto et al. 2005) or stage-
structured bioenergetics modelling (Hin & de Roos 2019). Considerably fewer
researchers have taken simpler approach with only few discrete population stages
in their models (Cushing 1991, Kohlmeier & Ebenhöh 1995, Magnússon 1999).
The general focus towards more complex models of cannibalism has made other
researchers feel extra need to justify their simpler models, which “Could appear
as a step backward to investigate cannibalism in a model without age-structure”
(Kohlmeier & Ebenhöh 1995, p. 401). Cushing (1991) argued that the effects
of cannibalism found in complex models can all be found in very simple models
as well, which are considerably easier to investigate both analytically and nu-
merically. This also summarises my view on the modelling enterprise, that is,
if a simpler model suffices to answer given research questions, then there is no
need to make things unnecessarily complicated.

Another essential simplification in the present derivation concerns the han-
dling process of cannibalism. The victims of predation, prey and younger preda-
tors, are very likely to have completely different physiological structures. There-
fore, the handling times for consuming them is going to differ as well. In terms
of individual states, we would need a minimum of two population classes for
handling predators based on their victim. Actually, this is how I originally
derived this predator-prey population model, but it quickly turned out rather
uncomfortable for detailed analysis. Luckily, the biological literature (Fox 1975,
Polis 1981) revealed that, generally, the victims of cannibalism tend to be much
smaller or otherwise easier to digest and kill than the typical prey. This in-
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formation encouraged me to simplify the model so that the handling time of
cannibalism is negligible.

As for the prey species, we assume that while a prey is in refuge, it gets full
protection against predation but is unable to forage in there. Therefore, refuge
poses a trade-off between survival increase against predators and decrease in
the overall foraging efficiency. The prey that are outside the refuge forage on
some self-generating resource, such as algae or plants. The victims of prey
counter-attack are the same vulnerable, young predators that are also being
cannibalised. The prey may utilise these young predators as an additional food
source, but investigation of this direct benefit effect of counter-attacks remains
outside the present work.

Finally, assume that the prey and the predator populations are divided by
their characteristic traits, that is, timidity level for the prey and the rate of
cannibalism for the predator. Let xi denote the population of type i prey
individuals, which is divided into foragers and hiders, so that

xi = xF
i + xH

i (3.1)

where superscripts F and H indicate the corresponding prey states. Similarly,
let yj denote the population of type j adult predator individuals, and zj for
the population of their vulnerable young. The adult population is divided into
searchers and handlers, so that

yj = ySj + yHj (3.2)

To account for the lack of juvenile prey states, we assume that the prey
start their life in the refuge and start foraging once they mature. Since nothing
happens to those prey in the refuge, we may omit their dynamics from the
population equations.

3.3 Individual interactions and model derivation

Let us proceed to define the rates of predator-prey interactions. Suppose that
the prey detect predators at the per capita rate bi and move immediately to the
refuge. Assume that they leave the refuge after the mean time τi, so that on the
population level prey leave refuges at the per capita rate 1/τi. Each foraging
prey population harvests a shared resource with the density R into reproduction
at the per capita rate r with the conversion efficiency c. This resource is assumed
to equilibrate quickly and, in the absence of the prey, follows a logistic growth
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rate with the carrying capacity K. Therefore, the short timescale resource
dynamics reads

dR

dt
= R

(
1− R

K

)
− rR

∑

i

xF
i (3.3)

and the resource equilibrates at

R =

{
K

(
1− r

∑
i x

F
i

)
if 0 ≤

∑
i x

F
i < 1/r

0 otherwise
(3.4)

When the resource is at the positive equilibrium, the population level birth rate
of prey type i reads

crxF
i R = crxF

i K

(
1− r

∑

i

xF
i

)
:= xF

i G

(
∑

i

xF
i

)
(3.5)

where G denotes the per capita birth rate. Finally, suppose that the prey have
the per capita natural death rate µ, and that they counter-attack vulnerable,
young predators at the per capita rate a.

As for the predators, suppose that the rate of cannibalism is traded off with
that of prey capture. In other words, adaptation to cannibalism decreases the
prey capture success. Let αi describe the per capita rate of cannibalism of preda-
tor type i, and the per capita rate of prey capture β(αi) satisfies β′(αi) < 0. The
predators convert captured and digested prey into reproduction at the conver-
sion efficiency γ, and cannibalism has the efficiency λ. As discussed in the pre-
vious section, the handling time of cannibalism is negligible, while prey capture
has a positive handling time h. We assume that the efficiency of prey capture
is greater than that of cannibalism, and that on average each cannibalistic meal
yields less than one new offspring. Finally, suppose that the predators have the
mean maturation time T , and that the per capita natural death rates of young
and adult predators are σ and δ, respectively. These individual interactions may
be illustrated using the following chemical reaction network:
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xF + y
b

xH (prey seeks refuge)

xH
1/τ

xF (prey exits refuge)

xF + z
a

xF (prey kills young predator)

yS + xF
β

yH (predator kills prey)

yH
1/h

yS + γz (predator finishes handling)

yS + z
α

yS + λz (predator cannibalises)

z
1/T

y (predator maturates)

z
σ

dead (young predator dies naturally)

y δ
dead (adult predator dies naturally)

x
µ

dead (prey dies naturally)

Now instead of writing down the full population dynamics equations, which
would comprise of at least five differential equations, we shall make one more
simplification: timescale separation (Geritz & Kisdi 2004, Eskola & Geritz 2007,
Geritz & Gyllenberg 2012). Analysing a system of five differential equations is
generally inadvisable because of its complexity. However, in some instances one
may compress the essential information into another system of fewer equations.
Although there is no general recipe for this approach, the key idea is to clas-
sify each interaction by its rarity. By doing so, one may observe that certain
transitions between individual states occurs much more frequently than others.
In such cases, those fast interactions may be investigated in a separate sub-
system that omits the slow interactions. Ideally those fast interactions find a
unique equilibrium state, and this equilibrium of the fast timescale subsystem
is then plugged back into the original slow timescale system. Think of an imag-
inary machine comprising differently sized cogwheels. During one full cycle of
a large cogwheel, smaller cogwheels have undergone several cycles. Death of
an individual occurs only once in their lifetime and this would correspond to a
large cogwheel. While the individual is alive, other interactions such as sleep-
ing or eating occur numerous times, corresponding to smaller, quickly rotating
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cogwheels.
Depending on the number of individual states and processes, there are likely

many ways to achieve timescale separation. Here, I propose three timescales:
a fast timescale for prey refuge use and handling process of adult predators;
an intermediate timescale for the dynamics of immature predator life; and a
slow timescale for birth and death of prey, and predator maturation and death.
Articles II and III present the technical details on how to achieve this timescale
separation. Denote the fast and intermediate timescales by t′′ and t′, respec-
tively, and the slow timescale is t.

The population dynamics equations for the fast timescale dynamics read

dxF
i

dt′′
= − bix

F
i

∑

j′

yj′ +
1

τi
xH
i (3.6)

dySj
dt′′

= − β(αj)y
S
j

∑

i′

xF
i′ +

1

h
yHj (3.7)

and these dynamics have the following equilibrium state

xF
i =

xi

1 + biτi
∑

j′ yj′
(3.8)

ySj =
yj

1 + β(αj)h
∑

i′ x
F
i′

(3.9)

Then, on the intermediate timescale the population dynamics equation for
the immature predators reads

dzj
dt′

= γβ(αj)y
S
j

∑

i′

xF
i′ +λαjy

S
j

∑

j′

zj′ −azj
∑

i′

xF
i′ −zj

∑

j′

αj′y
S
j′ −σzj (3.10)

where the terms xF
i and ySj correspond to the above equilibria states. Solving

these dynamics for the equilibrium state yields

zj =
γySj

∑
i′ x

F
i′

σ + a
∑

i′ x
F
i′ +

∑
j′ αj′ySj′

(
β(αj) +

αjλ
∑

j′ β(αj′)ySj′

σ + a
∑

i′ x
F
i′ + (1− λ)

∑
j′ αj′ySj′

)

(3.11)
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Finally, the slow timescale population dynamics equations read

dxi

dt
= xF

i G

(
∑

i′

xF
i′

)
− µxi − xF

i

∑

j′

β(αj′)y
S
j′ (3.12)

dyj
dt

=
1

T
zj − δyj (3.13)

where the term zj corresponds to the above equilibrium state. Observe that the
functional response Fij (x, y) of the predator type j equals to the rate β(αj)xF

i y
S
j

of prey capture divided by the predator population yj . This yields

Fij (x, y) =
β(αj)xF

i

1 + β(αj)h
∑

i′ x
F
i′

(3.14)

which is the DeAngelis-Beddington functional response of the form (1.2). Com-
paring this for the derivation in Chapter 2, we have now seen two completely
different derivations for the same functional response.

When only a single prey and predator types are present, the slow timescale
population dynamics equations simplify into

dx

dt
= xFG

(
xF

)
− µx− β(α)xF y

1 + β(α)hxF
(3.15)

dy

dt
=

γ

T

β(α)xF y

(σ + axF )(1 + β(α)hxF ) + (1− λ)αy
− δy (3.16)

This concludes the derivation of the predator-prey population model with preda-
tor cannibalism, prey timidity and counter-attacks. Further analysis of these
population dynamics equations is found in Articles II-IV.
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Chapter 4

Adaptive dynamics

This thesis investigates long-term evolution of phenotypic traits using the frame-
work of adaptive dynamics (Metz et al. 1992, Dieckmann & Law 1996, Geritz
et al. 1998). Briefly, it embraces the central ideas of evolutionary game theory
(Maynard Smith 1982) and incorporates them into ecological systems. It is the
first theoretical framework that crystallises the relationship between the fitness
of different phenotypic traits, commonly called strategies, and the correspond-
ing ecological environment. In particular, the fitness of an initially rare mutant
strategy depends on the ecological environment comprising the populations of
individuals with the ‘resident’ strategy, and this environment changes gradually
through the selection process. For a given resident environment, each trait type
is assigned a unique fitness measure, and the space of all strategies and their
fitness measures represents a fitness landscape. Then, evolution by natural se-
lection may be regarded as a climb up the hills on the fitness landscape. As
each evolutionary step slightly modifies the landscape, then the climb may even
end up on the bottom of a valley instead of the peak of a hill.

The key assumptions in this framework are the following (Geritz et al. 1998):
clonal reproduction of individuals, a separation between ecological and evolu-
tionary timescales, small mutation steps, and that the mutation population is
initially rare compared to the resident population. These assumptions mean
that mutations occur on a timescale much slower than that of the ecological dy-
namics, so that the ‘resident’ populations have attained an ecological attractor
before the mutant type appears. The rarity of the mutants means that they
initially interact only with the resident individuals. In other words, the ecolog-
ical environment affects the mutant but not the other way around. These are
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only simplifying versions of the precise mathematical assumptions, which can
be found in Dieckmann & Law (1996). By making these assumptions, the adap-
tive dynamics framework provides a versatile and fitting toolkit for evolutionary
investigations. Typically, the main interests in these investigations concern the
properties of ‘evolutionarily singular strategies’, in which directional selection
has come to a halt.

Adaptive dynamics is still a relatively new framework, with its original
proposition dating back to 1990s (Metz et al. 1992, Dieckmann & Law 1996,
Geritz et al. 1998). Initially the main achievements concerned classifications of
evolutionary singularities for one-dimensional strategies in unstructured, deter-
ministic population models. Since then, there have been major advancements
in extending the framework to infinite-dimensional strategies (Dieckmann et al.
2006, Parvinen et al. 2006, 2013), physiologically structured populations (Dur-
inx et al. 2008) and spatial structures (Parvinen 2006, Wickman et al. 2017),
standing genetic variation (Kisdi & Geritz 1999), variable environments (Kisdi
2002, Ripa & Dieckmann 2013), and multi-species coevolution (Kisdi 2006, 2015,
Leimar 2009, Brännström et al. 2011). This list is by no means exhaustive, and
new applications of the framework are constantly emerging. For warm introduc-
tory texts to adaptive dynamics and its many uses, I recommend the works by
Diekmann (2004) and Brännström et al. (2013). For easy illustration of the cen-
tral ideas, the following brief introduction focuses on one-dimensional strategies
in continuous-time and deterministic, unstructured populations.

Consider a resident environment of strategies x1, x2, ..., xk ∈ X, where X is
the strategy space, and with the corresponding population numbers n1, n2, ..., nk.
Assume the following population dynamics model

dni(t)

dt
= nif(xi, E(t)) (4.1)

where the function f is the per capita population growth rate of strategy xi in
the environment E set by all resident populations. This means that there is an
environmental feedback loop between each resident population and their eco-
logical environment, described by E = h(n1, n2, ..., nk : x1, x2, ..., xk). Suppose
that the ecological environment has attained a resident attractor Ex, such as an
equilibrium state or a periodic orbit. At the demographic attractor the resident
strategies hence satisfy f(xi, Ex) = 0. Introduce a mutant strategy y that is
similar to one of the resident strategies, y = xi+ ε for some i and a small ε ≈ 0.
The invasion fitness sx(y) of the mutant y is defined as the average long-term
exponential growth rate in the resident environment Ex. The invasion fitness
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hence equals to
sx(y) = f(y,Ex) (4.2)

For example, if the attractor corresponds to a periodic orbit, with the period
T , then the invasion fitness is explicitly given by

sx(y) =
1

T

∫ T

0
f(y, E(t))dt (4.3)

Whenever sx(y) > 0, the mutant has a positive probability of invasion, and
may hence spread in the environment. However, the dynamics of many such fit
mutants result in extinction as a consequence of stochasticity in small popula-
tions. Whenever sx(y) < 0, the mutant dies with probability one. Whenever a
mutant can invade the resident, but such invasion would be impossible if their
roles were switched, the mutant ousts the previous resident and establishes the
new resident environment.

The Tube Theorem of adaptive dynamics states that generally the new res-
ident environment exists arbitrarily close to the previous resident environment
(Geritz et al. 2002). Therefore, through repeated invasion and exclusion by mu-
tants, the resident environment is inherited by the invading mutant, and these
resident environments track a branch of similar demographic attractors. De-
viations from this pattern occur only near so-called ‘catastrophic’ bifurcation
points in the strategy space, in which the attractor undergoes a discontinuous
change. If the evolution causes the strategies to cross such a catastrophic bifur-
cation point, the ecological trajectory gets ‘dislocated’ and settles on another
attractor of the dynamical system. For example, the resident population may
go extinct in the process if it can no longer persist under the new attractor
(Gyllenberg & Parvinen 2001, Parvinen 2005). Detailed investigations of such
catastrophic ecological shifts are found in Articles II-IV.

The partial derivatives ∂sx(y)/∂y of the invasion fitness evaluated for dif-
ferent particular resident strategies give the direction in which those strategies
evolve. These combined constitute the selection gradient,

D(x) =

⎛

⎝ ∂sx(y)

∂y

∣∣∣∣∣
y=x1

, ...,
∂sx(y)

∂y

∣∣∣∣∣
y=xk

⎞

⎠
T

(4.4)

The points in which there are no directional change are called evolutionary sin-
gularities. Such points may correspond to evolutionary endpoints or branching
points. A singularity x∗ is an evolutionary endpoint if no nearby mutations
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may invade that point. Since a mutant strategy is close to one of the resident
strategies, then an evolutionary endpoint corresponds to a local fitness maxima.
For one-dimensional strategy dynamics this condition corresponds to

∂2sx(y)

∂y2

∣∣∣∣∣
y=x∗

i

< 0 (4.5)

for all i. In the literature such points are commonly called Evolutionarily Stable
Strategies (ESS, Maynard Smith (1982)). This unfortunate term has its roots in
evolutionary game theory, but easily causes unwanted confusion in the context
of evolutionary ecology. Indeed, the ESS concept has nothing to do with asymp-
totical stability of dynamical systems. The ESS term is avoided in the articles
of this thesis, and instead I call such points as evolutionarily uninvadable.

The mean evolutionary paths in the strategy space may be approximated
as the average over an infinite realisations of the stochastic mutation process.
This results in a deterministic description of the strategy dynamics, known as the
canonical equation of adaptive dynamics (Dieckmann & Law 1996, Champagnat
et al. 2001),

dxi

dt
= ki(x) ·

∂sx(y)

∂y

∣∣∣∣∣
y=xi

(4.6)

where the non-negative coefficients ki(x) govern the relative speeds of evolu-
tionary change. They incorporate variation and distribution in the occurrence
of mutant phenotypes, mutation probability per birth event, and the effective
resident population size. The above equation is restricted to finite dimensional
strategies; the extension of canonical equation for infinite dimensional strategies
is derived in (Dieckmann et al. 2006).

For an evolutionary singularity to be convergence stable it must be locally
attainable through evolution. This criterion corresponds to asymptotic stability
of the canonical equation, that is, all eigenvalues of the Jacobian matrix having
negative real parts (Dieckmann & Law 1996, Matessi & di Pasquale 1996, Leimar
2009). For one-dimensional strategy dynamics, convergence stability depends
solely on the selection gradient (Geritz et al. 1998). Unfortunately, already di-
mension two brings about such difficulties, that even today many researchers
utilising adaptive dynamics approach rather focus on one-dimensional evolution-
ary dynamics. This applies even to those study subjects, such as predator-prey
interactions, in which coevolution is hypothesised to play important role.

The main source of difficulty is that those higher dimensional dynamics re-
quire precise forms of the coefficients ki(x), but these are generally unknown.
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The population equations simply do not contain that information. Conse-
quently, there are several ways to approach convergence stability depending on
the underlying assumptions (Leimar 2001, 2009, Hui et al. 2018). In brief, these
definitions aim to eliminate the issue of ki(x), and instead focus on the prop-
erties of the selection gradient. Leimar (2009) defined the concepts of strongly
and absolutely convergence stable singularities. Such singularities are robust
to the mutational genetic variation, so that in their small neighbourhood even
‘extreme’ evolutionary paths are forced to converge to the singularity. Hui
et al. (2018) assumed that the rate of evolutionary change is a fixed constant,
ki(x) ≡ c, for all i and x. Article III of this thesis offers an alternative approach
to convergence stability in the context of two coevolving species by introduc-
ing the concept of weakly convergence stable singularity. The idea briefly is
that even without knowing the exact form of two coefficients k1(x) and k2(x),
it suffices that the ratio k1(x)/k2(x) satisfies certain properties near a singular
strategy.

A convergence stable singularity that can be invaded by nearby mutants
gives potential for evolutionary branching (Geritz et al. 1998). For branching
to occur, nearby mutants must be able to coexist with the resident strategies.
Evolutionary branching for one-dimensional resident strategies have been widely
studied, but less so for higher dimensional strategies. In particular, coevolution
of two or more species gives rise to several subclasses of evolutionary branching,
as discussed in Article III and by Kisdi (1999, 2006). For example, consider two
simultaneously evolving strategies x1 and x2 that correspond to two different
populations. Then, evolutionary dynamics near a dimorphic singularity x∗ =
(x∗

1, x
∗
2) may allow branching of strategy x1 but not for x2, or the other way

around, or it may allow branching of both strategies. The latter case, however,
does not guarantee simultaneous branching of both strategies. This is because
the first strategy to successfully branch takes the evolutionary dynamics into
dimension three and away from the singularity, and the other strategy no longer
satisfies conditions for branching. Therefore, the strategy that evolves fastest
near the singularity likely emerges victorious in terms of branching, while the
slower strategy misses that opportunity.

Another interesting phenomena is that of ‘delayed’ evolutionary branching.
An earlier study has demonstrated delayed evolutionary branching as a conse-
quence of demographic stochasticity in small populations (Claessen et al. 2007).
Article III of this thesis demonstrates for the first time how coevolution can
also cause the same phenomenon. Briefly, coevolution of two strategies may
delay evolutionary branching if the evolution of one of the strategies is gently
‘pushing’ evolutionary trajectories away from the branching point. This not
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only slows down attainability of that point, but it also effectively crushes most
branching attempts by causing one of those separated strategies to go extinct.
In such cases, evolutionary branching is often followed by chance extinction of
one of the strategies, until eventually the branching succeeds.

The above descriptions are used to check whether a given singularity satisfies
conditions for convergence stability or invasibility. This may be rather time-
consuming approach to finding branching points, as one needs to go through
possible many different parameter combinations. Critical function analysis
(de Mazancourt & Dieckmann 2004, Bowers et al. 2005, Kisdi 2006, 2015) is
a powerful toolkit to reverse engineer the conditions that yield the desired out-
come, such as evolutionary branching. This approach is based on the realistic
assumption that the evolving strategy is traded off with at least one other model
parameter. The task then is to write down the conditions for the desired evo-
lutionary outcome without yet fixing the trade-off function. With surprisingly
little tinkering, one arrives at the local properties for the trade-off function
that generate different evolutionary outcomes. Because those properties are lo-
cal, this approach yields families of trade-off functions that generate the same
evolutionary outcome. Although this toolkit is mostly used for finding evolu-
tionary branching points, Article III demonstrates how it can be used to find
evolutionary cycles as well.
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Chapter 5

Main results

The purpose of this thesis is to demonstrate how mechanistic modelling helps to
unfold underlying causes for long sought and puzzling phenomena. In particular,
this approach may reveal surprisingly simple answers to complex evolutionary
and ecological phenomena. Mechanistic approach suggests answers that have
clear-cut and biologically sound interpretations, and as such their validity may
be tested by further empirical research.

Article I investigates the costs and benefits of carnivory in the carnivorous
plant, the Venus flytrap. The model is fitted to the available data about the
plant, which then yields various experimentally observable predictions regarding
its prey capture behaviour. The results suggest that the plant is highly selective
in prey capture, allowing most of the smaller prey to escape while retaining and
digesting only the largest prey. These deliberate prey escapes, together with
accidental ‘false alarms’ caused by wind or rain, imply that the plant waits
more than a month for a meal. If the plant would instead ‘accept’ smaller
prey for digestions, it would eventually perish because of the costly and lengthy
digestion process. The article also provides a new mechanistic derivation for the
DeAngelis-Beddington functional response, which was a rather unexpected but
most welcome result that was never the original purpose of the study.

Article II investigates the evolution of prey timidity when the predator also
practises cannibalism. The results demonstrate that predator cannibalism has
major effects on both the ecological dynamics and the dynamics of prey evolu-
tion. In particular, the demographic attractors exhibit ‘bistability’ between two
ecological states, an equilibrium and a periodic orbit. Through prey evolution,
ecological attractors may abruptly vanish and shift from the equilibrium to the
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periodic orbit, or the other way around. Such an ecological shift may also revert
the direction of evolution as well. The article demonstrates how repetitions of
such shifts lead to long-term cycles in the prey evolution, and during these cycles
the ecological environment alternates between equilibrium and periodic states.
In the absence of cannibalism, all these ecological and evolutionary peculiarities
cease to exist in the model. These results demonstrate the major impact that
cannibalism has on the ecological and evolutionary dynamics.

Article III investigates the coevolution of cannibalistic predators and timid
prey, based on the model derived in Article II. This model is extended for
a trade-off relationship between prey capture and cannibalism, assuming only
that adaptation to cannibalism decreases the prey capture success. The article
utilises the critical function analysis of adaptive dynamics to investigate families
of trade-off functions that produce different evolutionary outcomes. In the pro-
cess, the article advances this method for coevolutionary analysis. Application
of these new extensions to the present model demonstrates promising results:
critical function analysis can be used to investigate trade-off properties that
produce delayed evolutionary branching and evolutionary cycles. The analysis
also reveals that, depending on the slope of the trade-off, cannibalism emerges
as an evolutionary response to increased prey timidity. If the trade-off of canni-
balism is sufficiently steep, however, then cannibalism is only a transient stage
of evolution. As in Article II, ecological ‘bistability’ is present in this model
as well, but now with coevolution this produces ever more fascinating evolu-
tionary patterns. These include situations in which evolutionary cycles are the
only possible outcomes, no matter what are the initial levels of cannibalism
and timidity. The results of Article III demonstrate how coevolution produces
several interesting phenomena, many of which would be missed if focusing on
single species evolution instead.

Article IV extends the model of Articles II and III by considering prey that
‘counter-attack’ predators while they are in their vulnerable early development
stages. Although the model is similar to the previous articles, and includes
only one additional individual interaction, the population dynamics are vastly
more complex. In particular, the model retains every dynamical feature of
the previous articles, but now also includes the Allee effect for the predator.
Predators may lose their viability as a consequence of many catastrophic bifur-
cations, namely, ‘saddle-node’, ‘homoclinic’, and ‘subcritical Hopf’. Based on
the ideas of Articles II and III, the analysis demonstrates that the evolution of
prey timidity and predator cannibalism can both cause evolutionary extinction
of predators. The results suggest that a sudden extinction of predators may be
more common that currently understood.
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a b s t r a c t 
Among carnivorous plants, the Venus flytrap is of particular interest for the rapid movement of its snap- 
traps and hypothesised prey selection, where small prey are allowed to escape from the traps. In this 
paper, we provide the first mathematical cost-benefit model for carnivory in the Venus flytrap. Specif- 
ically, we analyse the dynamics of prey capture; the costs and benefits of capturing and digesting its 
prey; and optimisation of trap size and prey selection. We fit the model to available data, making predic- 
tions regarding trap behaviour. In particular, we predict that non-prey sources, such as raindrops or wind, 
cause a large proportion of trap closures; only few trap closures result in a meal; most of the captured 
prey are allowed to escape; the closure mechanism of a trap is triggered about once every two days; and 
a trap has to wait more than a month for a meal. We also find that prey capture of traps of the Venus 
flytrap follows the Beddington–DeAngelis functional response. These predictions indicate that the Venus 
flytrap is highly selective in its prey capture. 

© 2018 The Author(s). Published by Elsevier Ltd. 
This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 

1. Introduction 
The Venus flytrap ( Dionaea muscipula ) is a carnivorous plant, 

which captures insects in a snap-trap in one of the fastest move- 
ments that has been observed in the plant kingdom. This plant, 
with its unique trapping mechanism, has drawn great scientific in- 
terest ever since Darwin (1875) , who performed a number of de- 
tailed experiments on the plant and called it “one of the most 
wonderful in the world”. However, it was only recently that the 
mechanism of the snap-trap closure was fully understood ( Forterre 
et al., 2005; Volkov et al., 2008 ). By and large, the scientific pa- 
pers about the Venus flytrap focus on its physiological aspects, 
whereas few studies have focused on its ecology. As far as the au- 
thor is aware, trap closures have not been adequately studied in 
the plant’s endemic habitat. Consequently, there is little informa- 
tion about prey escapes, and even less about hypothesised prey se- 
lection, where the trap allows small prey to escape ( Darwin, 1875; 
Gibson and Waller, 2009; Hutchens and Luken, 2009 ). The costs 
and benefits of carnivory in the Venus flytrap are generally under- 
stood as a trade-off between investments in snap-trap structures 
and energetic benefits associated with carnivory ( Givnish et al., 
1984, Ellison and Gotelli, 20 01, 20 09; Kruse et al., 2014; Pavlovi ̌c 
and Saganová, 2015 ). However, mathematical cost-benefit models 
have long been lacking. Thus, as we believe, a robust model for 

E-mail address: sami.lehtinen@helsinki.fi

the costs and benefits of carnivory in the Venus flytrap has to be 
formulated in order to better understand the ecology of the plant. 

The structure of the plant is well known, and for detailed de- 
scriptions of it we refer to Darwin (1875, pp. 286–320) and Lloyd 
(1942 , pp. 177–212). The process in which the Venus flytrap cap- 
tures and digests prey with the snap-traps can be divided into 
three states, that have been illustrated in Fig. 1 . Firstly, a trap is 
open, and the lobes stand at approximately right angle to each 
other. In this position the trap remains waiting for a prey to enter 
it. When a prey eventually shows up and moves across the surface 
of the trap, it is likely to stimulate one of the trigger hairs. The 
mechanical stimuli generates a receptor potential followed by an 
action potential ( Hodick and Sievers, 1989; Forterre et al., 2005; 
Volkov et al., 2008 ). Under the ordinary conditions of the Venus 
flytrap, it takes two mechanical stimuli within a thirty second pe- 
riod to cause a signal for trap closure, but at higher temperatures 
even just one stimuli may suffice ( Brown and Sharp, 1910 ). The ob- 
servations by Williams (1980) suggest that also raindrops or wind 
can cause the trap to close, but the frequency of these false alarms 
is largely unknown. 

Secondly, immediately following the signal for closure, the trap 
snaps shut in a mere second and enters a semi-closed state. The 
trap remains semi-closed waiting for further mechanical stimuli to 
ensure that it has caught a living prey. The two lobes are held to- 
gether, but not tightly, which leaves a window of escape for the 
caught prey. Darwin (1875 , p. 312) conjured that the Venus fly- 
trap deliberately allows all small prey with little nutriment to es- 
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Fig. 1. A sketch of the three trap states of the Venus flytrap. Illustrations by the author, inspired by Darwin (1875, p.287). 
cape, and retains only large prey. Darwin’s idea has been well 
established, however it is rather difficult to observe prey escapes 
in nature as it may take more than twenty days for a prey to show 
up and cause the trap to close ( Williams, 1980 ). 

Thirdly, while the caught prey is struggling inside the trap, it 
will further stimulate the trigger hairs. This in turn will cause the 
lobes to tighten. Therefore, by struggling the caught prey will lit- 
erally doom its fate. If the trap stops receiving further stimuli, pre- 
sumably due to a prey escape or a false alarm, it will not advance 
to the fully closed state, but instead, slowly reverts back to the 
open state in about one day ( Yang et al., 2010 ). Thus, if the caught 
prey knew better, it would remain still until an opportune time 
and walk away, as it were. 

In the fully closed state the two lobes are held tightly together 
and curved inward, and the trap has essentially transformed into a 
stomach. The trap initiates the secretion of a digestive fluid, which 
first kills and then dissolves the prey ( Scala et al., 1969 ). The trap 
assimilates nutrients from the prey, and slowly reduces the prey 
into a husk of chitin ( Lichtner and Williams, 1977 ). After the trap 
has reopened, it will wait for some time for wind to blow away the 
remains of the prey, during which time it is insensitive to stimuli. 
It takes about two weeks for the trap to fully recover from han- 
dling a prey, after which the trap starts preying again ( Yang et al., 
2010 ). 

Although the Venus flytrap has drawn great attention by 
botanists, there exists only few mathematical models about the 
plant. Recently, Yang et al. (2010) provided the first mathemati- 
cal model to explain the closing and opening mechanism of a trap. 
The model was further advanced by Li et al. (2012) , who showed 
through non-linear analysis that the open and fully closed states 
are stable, whereas the semi-closed state is unstable. Therefore, a 
semi-closed trap will reopen without any further energetic effort. 

This paper is as much about providing the first mathematical 
cost-benefit model for carnivory in the Venus flytrap, as it is about 
understanding the ecology of the Venus flytrap. In particular, we 
bring Darwin’s idea of allowing small prey to escape into a math- 
ematical context. The purpose of this paper is to study the follow- 
ing questions about the Venus flytrap: How often does a trap cap- 
ture and digest a prey? How often do non-prey sources such as 
raindrops or wind cause a trap to close? What are the costs and 
benefits of maintaining a large trap and allowing small prey to es- 
cape? To the best of the author’s knowledge, there have been no 
previous attempts to answer these questions through mathemati- 
cal modelling. 

Since the process of capturing and digestion of prey in the 
Venus flytrap is rather complicated, we are faced with a dilemma: 
Although we wish to develop a rigorous mathematical model that 
captures every aspect of the process, the complexity of it makes 
this rather burdensome, if not impossible a task. Therefore, in 
order to gain an insight into the process, simplifications are in- 
evitable. It is always up to the modeller to choose which fea- 

tures are essential and, perhaps more importantly, which can be 
streamlined. A robust mathematical model requires a fine balance 
between abstractions and reality. Throughout the model develop- 
ment we aim to justify all of our abstractions, and make sure that 
they do not cause us to drift away from our quest; understanding 
the Venus flytrap. 

The organisation of the paper is as follows. In Section 2 we sep- 
arate the essential features from the irrelevant, in terms of our 
modelling purposes. We introduce a concept of trait, which con- 
sists of trap size and prey selection. The trait is inherent in every 
building block of the model, and becomes one of the main con- 
cepts of the paper. Then, a model describing the dynamics of prey 
capture is formulated as a system of ordinary differential equa- 
tions. In Section 3 we derive the functional response of a trap 
of the Venus flytrap based on the individual behaviour. Then, in 
Section 4 we fit the model to available data and make various pre- 
dictions regarding trap behaviour. In Section 5 we investigate the 
costs and benefits of carnivory in the Venus flytrap. We formulate 
an equation for the nutrient uptake per unit of time associated 
with carnivory. This allows us to compare the costs and benefits 
of different traits. Finally, in Section 6 we investigate optimisation 
of trap size and prey selection. 
2. Dynamics of prey capture 

Parameter Description 
β Prey causes a trap to close 
α False alarm (e.g. raindrops or wind) 
τ Reopening time of a semi-closed trap 
h Prey handling time 
p Probability of prey escape 

Let t and x denote time and the trait of a trap, respectively. 
By the trait x we understand a strategy that includes the physi- 
cal trap size and size-based prey selection. The size of a trap can 
be measured as the length of the midrib connecting the two lobes. 
Similarly, the size of a prey can be measured by the length of its 
body. We assume that if a prey is larger than a trap, it does not 
cause the trap to close. This could be seen as a situation where the 
prey is too large to physically enter the trap. Alternatively, but to 
the same effect, one could think that when this large prey enters 
the trap, it bends multiple trigger hairs simultaneously. It has been 
shown that this may not result in closing of the trap ( Brown and 
Sharp, 1910 ). 

Following Darwin’s (1875) hypothesis of allowing all small prey 
to escape from a trap, we assume that there is some threshold 
size x 1 for retaining a prey, otherwise it is allowed to escape. Let 
x 2 denote the physical size of a trap. Then, only the prey that 
have size between x 1 and x 2 are retained and digested. The trait 
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x = (x 1 , x 2 ) of a trap is thus 2-dimensional, and takes values in 
x ∈ { (x 1 , x 2 ) ∈ R 2 : 0 ≤ x 1 <  x 2 } := $, (1) 
where $ denotes the trait space. For each trait, the dynamics of 
prey capture are different, which also affect the costs and benefits 
of carnivory. These relationships are analysed in detail later in this 
research; for a graphical construction, see Fig. 4 . 

The trap is assumed to be characterised by its state and trait. 
We therefore introduce the density n ( x, t ) for the traps with the 
trait x at time t , which are further divided into the three trap 
states: open and empty ( n o ), semi-closed and empty ( n s ), and fully 
closed with a prey item ( n h ). Therefore, 
n (x, t) = n o (x, t) + n s (x, t) + n h (x, t) . (2) 
For the sake of bookkeeping, we assume that prey escape occurs 
immediately after a small prey causes a trap to close. Let N de- 
scribe the total density of all traps. Summing up over all possible 
traits one finds that the total trap density at time t is given by 
N(t) = ! 

$
n (x, t) dx. (3) 

If the resident population is monomorphic and consists of a sin- 
gle trait x , then N(t) = n (x, t) . For convenience, we often omit the 
term x from our notations. 

We introduce the density R for the prey population. It is safe to 
assume that the effect of the Venus flytrap’s predation is negligible 
on the prey population. Suppose that the prey is characterised only 
by its physical size, and that f describes the size distribution of the 
prey population. Then " x 2 x 1 f (ξ ) dξ is the fraction of prey with size 
between x 1 and x 2 . As of yet, we do not impose any particular con- 
ditions on the distribution f ; we merely assume that it is defined 
for (0, ∞ ) as sizes are obviously positive quantities. 

Let p describe the conditional probability that a prey escapes, 
or rather, is allowed to escape from a trap, given that it caused the 
trap to close. Then, using the size distribution f , we find that the 
probability of prey escape is described by 
p = " x 1 0 f (ξ ) dξ

" x 2 
0 f (ξ ) dξ . (4) 

Let β describe the per capita rate at which a prey causes a trap 
to close. Then, assuming that every prey in the size-interval (0, x 2 ) 
is as likely to close a trap of size x 2 , we have 
β = β0 ! x 2 

0 f (ξ ) dξ . (5) 
Here, the constant β0 denotes the encounter rate with a prey of 
any size, while " x 2 0 f (ξ ) dξ describes the fraction of prey that cause 
the trap to close. 

Let α describe the rate at which non-prey sources cause a trap 
to close. We assume a constant rate γ of trap closures by rain- 
drops or wind, and a density dependent rate µN at which a trap 
causes another nearby trap to close. This implies that if the traps 
are dense, they are more likely to trip each other. Therefore, we 
have 
α = γ + µN. (6) 
The rate of transition from semi-closed to open state is a constant 
1/ τ , where τ is the average reopening time. Finally, the rate of 
transition from fully closed to open state is a constant 1/ h , where 
h is the average handling time. 

With the assumptions mentioned above, we can write a system 
of ordinary differential equations for the short time scale dynamics 
of prey capture 

d 
dt n o (t) = −(α + βR ) n o (t) + 1 

τ
n s (t) + 1 

h n h (t) 
d 
dt n s (t) = (α + pβR ) n o (t) −1 

τ
n s (t) 

d 
dt n h (t) = (1 −p) βRn o (t) −1 

h n h (t) . (7) 
In particular, 
d 
dt n o (t) + d 

dt n s (t) + d 
dt n h (t) = 0 , (8) 

and so the density of the traps remains unchanged in the short 
time scale. 
3. The Beddington–DeAngelis functional response 

The functional response of a predator or, a trap in our context, 
is the number of prey a single predator consumes per unit of time. 
The well-known ( Holling, 1959 ) type II functional response 
G (R ) = βR 

1 + βT R , (9) 
where R denotes the prey population, is usually derived using a 
time-budgeting argument where the predators divide their time 
between searching for prey and handling the caught prey. Then, 
the parameters have clear-cut and biologically meaningful inter- 
pretations: β is the predation rate and T is the average handling 
time. Furthermore, the derivation by Holling (1959) showed that 
a predator spends a fraction 1 / (1 + βT R ) of its time searching, 
whereas the rest is spent handling. An alternative and more refined 
derivation by Metz and Diekmann (1986 , pp. 6–7) is based on sep- 
arating the short time scale of searching and handling prey from 
the long time scale of reproduction and dying. A generalisation to 
(9) has been proposed independently by Beddington (1975) and 
DeAngelis et al. (1975) , namely 
G (N, R ) = a 1 R 

a 2 + a 3 N + a 4 R . (10) 
The mathematical properties of Beddington–DeAngelis functional 
response (10) have been analysed since its proposal, such as de- 
termining the steady states, investigating their stability, and bifur- 
cation of the parameters. Yet, biologically convincing mechanical 
derivations of (10) have long been lacking, and as such, the inter- 
pretations of the parameters a i , for i = 1 , 2 , 3 , 4 , are often flawed. 
To our knowledge, there has been only one mechanistic deriva- 
tion of (10) based on individual behaviour ( Geritz and Gyllen- 
berg, 2012 ). In particular, Geritz and Gyllenberg (2012) found that 
the term a 3 N in the denominator of (10) reflects the behaviour 
of the prey. Moreover, they found that the parameter a 2 is in 
fact not a parameter at all, but a constant that could be fixed to 
1. We now propose a new and simple mechanical derivation of 
the Beddington–DeAngelis functional response by the separation of 
time scales. Here, we find completely different biological interpre- 
tations for the terms a 2 and a 3 N . 

In the previous section, we separated the short time scale of 
prey capture from the long time scale of reproduction and dying. 
Then, by setting the derivates on the left-hand sides of (7) to equal 
zero and by using (2) , one finds the equilibrium of the short time 
scale dynamics of prey capture 
n o = n 

1 + ατ + β(pτ + (1 −p) h ) R 
n s = (α + pβR ) τn 

1 + ατ + β(pτ + (1 −p) h ) R 
n h = (1 −p) hβRn 

1 + ατ + β(pτ + (1 −p) h ) R . (11) 
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Now, as (1 −p) β is the rate of capturing and retaining a prey, and 
a trap is open a fraction n o / n of its time, we find that the number 
of prey consumed by a single trap per unit of time is: 
(1 −p) βR n o 

n = (1 −p) βR 
1 + ατ + β(pτ + (1 −p) h ) R 

= G (N, R ) , (12) 
where G is the functional response of a trap of the Venus flytrap. 
We have thus derived the functional response based on assump- 
tions made about individual behaviour. Furthermore, by rewriting 
G with the explicit expression of α and 
a 1 = (1 −p) β
a 2 = 1 + γ τ

a 3 = µτ

a 4 = β(pτ + (1 −p) h ) , (13) 
we have arrived at the Beddington–DeAngelis functional response 
(10) . Moreover, we have found that the terms αi , i = 1 , 2 , 3 , 4 , all 
describe trap behaviour. One could argue that the escape proba- 
bility p is actually part of the prey behaviour. However, it was as- 
sumed that it is always the size of the prey that determines the 
outcome of the struggle. A moderately large prey can never escape, 
whereas a small prey always escapes. Therefore, a prey cannot af- 
fect the outcome of the struggle by its own behaviour. 

If we had originally merely assumed that a trap of the Venus 
flytrap has the Beddington–DeAngelis functional response, it would 
have been near impossible to arrive at convincing interpretation 
of the parameters. This underlines the importance of a mechanical 
derivation of the functional response. If µ = 0 , then G reduces to 
the Holling type II functional response. Therefore, the assumption 
that in tight clusters other traps may be a potential source for trap 
closures was the fundamental part of trap behaviour that led to 
this result. 

In the same spirit of the above derivation of the functional re- 
sponse, we can also investigate the trap closures per unit of time. 
Since α + βR is the rate of transition from open to closed state, and 
a trap is open a fraction n o / n of its time, then the average number 
of trap closures per unit of time for a single trap is 
(α + βR ) n o 

n = α + βR 
1 + ατ + β(pτ + (1 −p) h ) R 

= H(N, R ) . (14) 
Moreover, by using (12) , H can be written in terms of G , 
H(N, R ) = α + βR 

(1 −p) βR G ( N, R ) . (15) 
4. Analysis of trap closures 

There exists little field data about prey escapes and trap clo- 
sures in the Venus flytrap ( Williams, 1980 ). It is not known how 
often raindrops or wind causes a trap to close. This could be be- 
cause it can be difficult to observe trap closures in nature as it may 
take more than twenty days until a prey shows up and causes a 
trap to close ( Williams, 1980 ). It can also be rather difficult to ad- 
equately study hypothetical size-based prey selection in nature, as 
one would have to implement a method for capturing the prey that 
were allowed to escape from traps of the Venus flytrap. The equi- 
librium of the trap states and reopening times, on the other hand, 
can be easier to estimate. Assume that the equilibrium state of the 
dynamics of prey capture (7) is known. Recall that p is the proba- 
bility that a prey escapes from a trap. By solving p from (11) , we 
find that 
p = 1 −ατ n o 

n s 
1 + τ

h n h n s −ατ n o 
n s . (16) 

Conversely, by solving the rates of trap closure α and βR from (11) , 
we find that 
α = 1 

τ
n s 
n o − p 

(1 −p) h n h n o , (17) 
βR = n h 

(1 −p) hn o . (18) 
By using the above expressions for α and βR , we can obtain more 
information about trap closures. The proportion of trap closures 
caused by false alarms is simply 

α
α + βR = 1 − τ

h p 
1 −p n h n s 

1 + τ
h n h n s . (19) 

Since a fraction 1 −p of the caught prey are retained, the proba- 
bility that a trap closure results in a meal is 
(1 −p) βR 
α + βR = 1 

1 + h τ n s 
n h . (20) 

We also observe that since α + βR is the total rate of transition 
from open to closed state, then the average time until an open trap 
snaps shut is given by 

1 
α + βR = n o 

n s /τ + n h /h . (21) 
Now, by collecting the above information we can solve the av- 

erage time until a trap finds a meal. At first a trap is open, waiting 
for something to cause it to close. After an average time (21) the 
trap snaps shut, and this is leads to a meal with probability (20) , 
otherwise the closure is wasted. After false alarm or small prey es- 
cape, the trap reopens in an average time τ . This process is iterated 
until the trap finally captures a large prey that leads to a meal. 
Obviously, these consecutive trap closures are independent events. 
Thus, the average time a trap has to wait for a meal is given by 
(1 −p) βR 
α + βR 1 

α + βR + α + pβR 
α + βR (1 −p) βR 

α + βR 
#

2 
α + βR + τ$

+ #α + pβR 
α + βR 

$2 
(1 −p) βR 
α + βR 

#
3 

α + βR + 2 τ$
+ . . . 

= (1 −p) βR 
α + βR ∞ % 

n =0 
#

α + pβR 
α + βR 

$n #
n + 1 

α + βR + nτ$

= 1 
α + βR 

#
1 + (1 + τ (α + βR )) α + pβR 

(1 −p) βR 
$

= n o 
n s /τ + n h /h 

#
1 + &1 + n s 

n h + τ
h n h n o 'h 

τ
n s 
n h 

$
, (22) 

where in the last step we applied the explicit expressions (17) and 
(18) for α and βR . 

We now apply the available data to better understand these ob- 
servations. Hutchens and Luken (2009) collected a relatively large 
sample of 861 traps, and divided them into three size classes. Here, 
the results for the largest size class are applied. It was estimated 
that the fractions of open traps, semi-closed and empty traps, and 
fully closed traps with a prey item were given by 
n o /n = 0 . 536 , n s /n = 0 . 233 , n h /n = 0 . 231 . (23) 

Among the research papers about the Venus flytrap, there ex- 
ists a number of estimates for the trap reopening and handling 
times ( Darwin, 1875; Lloyd, 1942; Scala et al., 1969; Lichtner and 
Williams, 1977; Gibson and Waller, 2009; Yang et al., 2010 ). Re- 
opening a semi-closed trap takes about 8–24 h, and handling a 
prey takes about one to two weeks. 

In Figs. 2 and 3 we, have plotted the equations (16) and (19) for 
different estimates on the reopening and handling times. These fig- 
ures suggest that unless the probability of prey escape is very high 



S. Lehtinen / Journal of Theoretical Biology 4 4 4 (2018) 1–10 5 

Fig. 2. Relationship of small prey escape and false alarms. 

Fig. 3. Relationship of small prey escape and proportion of false alarms. This suggests that a large proportion of trap closures are false alarms, which are caused by non-prey 
sources such as raindrops or wind. 
( >  90%), then a large proportion of trap closures are caused by 
non-prey sources. Next, we apply these estimates on the equations 
(21) and (22) . This results in that the time until a trap closure takes 
place is 1–2 days, and that the average time a trap has to wait 
for a meal is 26–46 days. The probability that a trap closure re- 
sults in a meal is 3–6.6%. As such, these predictions indicate that a 
trap has to wait a long time for a meal; non-prey sources, such as 

raindrops or wind, cause a large proportion of trap closures; and 
only few trap closures result in a meal. 
5. Costs and benefits of carnivory 

The marshy soil in which the Venus flytrap can be found 
is abundant both in moisture and light, but the nitrogen and 
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Fig. 4. Graphical construction of nutrient uptake for different traits. For each trap size, there exists an optimal threshold for retaining prey. If prey selection remains 
unchanged as a trap increases in size, then the nutrient uptake decreases. This illustrates how the traps become more selective as they grow in size. 
phosphorus concentrations are scarce. Therefore, the plant has 
evolved to compensate for the poor soil by capturing and digesting 
prey with snap-traps ( Givnish et al., 1984; Ellison, 2006 ). The pro- 
cess of handling a prey presumably has a high cost ( Ellison, 2006 ). 
If the digested prey is too small, it is likely that the cost will ex- 
ceed the gain, which results in a disadvantageous meal. Moreover, 
the whole process of handling a prey can take two weeks to com- 
plete ( Yang et al., 2010 ). Thus, it may not be worthwhile to go 
through the digestion even if there is a marginal profit, because 
of the many days wasted in remaining closed. 

Let E describe the average size of a consumed prey for a trap 
with the trait x = (x 1 , x 2 ) , 
E = " x 2 x 1 ξ f (ξ ) dξ

" x 2 
x 1 f (ξ ) dξ . (24) 

Following the results of Gibson and Waller (2009) , we assume that 
the size distribution f of prey is log normally distributed, with 
mean 2.1996 and standard deviation 0.9578. To the best of the au- 
thor’s knowledge, there has been no other attempts to estimate 
the size distribution. The biomass B of a prey is assumed to be de- 
scribed as a function of prey size, 
B (l) = B 0 · l b , (25) 
where we set B 0 = 10 −1 . 297 and b = 2 . 6463 as in Gibson and 
Waller (2009) . (The author was kindly informed by Waller that 
B 0 = 10 −1 . 297 .) We assume that the nutrient uptake via prey di- 
gestion is proportional to the biomass of the prey with a con- 
stant conversion efficiency λ. This would indicate that every trap 
is equally efficient in absorbing nutrients from prey. 

Let C and D , respectively, denote the energetic costs of a trap 
closure and digestion in terms of nutrients. For C , we choose 
C = cλB (x 2 ) , where c ∈ (0 , 1) , (26) 
and for D , we choose 
D = dλB (x 2 ) , where d ∈ (0 , 1) . (27) 

Therefore, we assume that each cost can be described as a fraction 
of the nutrient gain from the largest feasible prey. These choices on 
C and D provide us a straightforward method for fitting the model 
to the data by fine tuning c and d . 

By combining the costs and benefits of carnivory, and the num- 
ber of prey consumed by a trap per unit of time, we can write 
nutrient uptake per unit of time I associated with carnivory, 
I = Prey caught 

Unit of time · ( Benefit −Cost of digestion ) 
− Trap closures 

Unit of time · Cost of closure 
= G (N, R ) · ( λB (E) −D ) −H(N, R ) ·C. (28) 

As we rewrite H with the expression given by (15) , 
I = G (N, R ) · #λB (E) −D −C α + βR 

(1 −p) βR 
$

, (29) 
then it becomes clear that I is a product of two components with 
clear-cut biological interpretations. The functional response G de- 
scribes the number of prey consumed by a single trap per unit of 
time; whereas the expression inside the brackets in (29) is the net 
return per consumed prey. In particular, this expression contains 
the average cost that a trap has to pay for each meal. This does 
not only include the process of digestion, but also all the ineffec- 
tual trap closures before an actual meal. 

In Fig. 4 the nutrient uptake I has been plotted for different trap 
sizes. This illustrates how a larger trap have potential for higher 
nutrient uptake. However, in order to achieve those high uptakes 
the large trap must allow small prey to escape. For example, with 
a trap size of 30 mm, all prey smaller than about 15 mm should 
be allowed to escape in order to maximise the nutrient uptake. 
Moreover, if a trap digests prey smaller than 8 mm, then the nu- 
trient uptake becomes negative: the costs exceed the benefits. This 
suggests that a trap cannot survive unless it allows small prey to 
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Fig. 5. Graphical construction of the region of viable traits $0 for different costs of trap closure and digestion. All panels show the region $0 in blue. Panels (a) to (f) 
illustrate how the region $0 diminishes as the costs increase. Note that $0 is bounded and connected. Panel (g) shows the special case where trap closure has no cost. This 
results in an unbounded $0 , which would essentially mean that trap size is not constrained by ecological factors. Finally, panel (h) shows the special case where digestion 
has no cost. This would mean that even a large trap does not need to be selective at all to sustain positive nutrient uptake. These panels illustrate how the costs of trap 
closure and digestion constrain trap size and prey selection. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
escape. A similar outcome also occurs if the trap is too selective on 
its prey and retains only the prey of a size larger than 22 mm. 

The necessary but not sufficient condition for viability requires 
that I >  0, that is, 
λB (E) −D −C α + βR 

(1 −p) βR >  0 . (30) 

Let $0 describe the region of all traits resulting in a positive 
nutrient uptake, 
$0 = { x ∈ $ : I(x ) >  0 } . (31) 
It is only within this region where carnivory is favourable for the 
Venus flytrap; for every trait outside this region the costs exceed 
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Fig. 6. Graphical construction of the optimisation process of trap size and prey selection for hypothetical parameters. Contours of the region $0 are shown in colours. The 
vector field W ′ x (y ) | y = x is shown in dashed arrows, and the isoclines are shown as red and blue curves for x 1 and x 2 , respectively. At the intersection of the isoclines we have 
the optimal trait x ∗ . In this hypothetical situation x ∗ ≈(14.2, 29), that is, a trap allows all prey smaller than 14.2 mm to escape, and the trap size is 29 mm. The results are 
for f log normal distributed (mean 2.1996, SD 0.9578) and for parameter values α = 0 . 0275 , β0 = 0 . 004 , R = 1 , τ = 12 , h = 240 , b = 2 . 6463 , c = 0 . 005 and d = 0 . 075 . (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
the gains. By using the explicit expressions for B, C and D , we can 
rewrite $0 as 
$0 = ( 

x ∈ $ : E(x ) b −#
d + c α + βR 

(1 −p) βR 
$
x b 2 >  0 ) 

. (32) 
In particular, the condition for viability is independent of the posi- 
tive constant term λB 0 . In Fig. 5 the region $0 has been graphically 
constructed for hypothetical parameter values. 
6. Optimisation of trap size and prey selection 

In the Venus flytrap, a plant that is native to such harsh con- 
ditions, optimising the costs and benefits of carnivory is absolutely 
essential. A plant whose traps yields better nutrient uptake than 
the conspecific, is likely to be competitively superior. A greater nu- 
trient uptake is likely to result in a larger number of seeds pro- 
duced per plant, and to also increase the survivability of a plant. 
We assume that the nutrient uptake associated with carnivory de- 
scribes the fitness of a trap. In reality, there are many other eco- 
logical factors that contribute to the fitness of a trap. Therefore, we 

cannot make strong statements about the optimisation process, but 
rather, give an explanation as to why certain trap sizes are more 
likely to be observed in nature. 

Consider two nearby traits x and y . Whether y is competi- 
tively superior to x or not has to be determined from the sign of 
I(y ) −I(x ) . By using all the information collected throughout the 
paper, we find that this can be done by investigating the following 
function 
W x (y ) = ˜ G y *E(y ) b −Q y y b 2 + − ˜ G x *E(x ) b −Q x x b 2 +. (33) 
In (33) we have employed the following notation. 
˜ G x = " x 2 

x 1 f (ξ ) dξ
1 + ατ + β0 R (τ " x 1 

0 f (ξ ) dξ + h " x 2 x 1 f (ξ ) dξ ) , 
Q x = d + c α + β0 R " x 2 0 f (ξ ) dξ

β0 R " x 2 x 1 f (ξ ) dξ . (34) 
Since we have mechanically derived every single term in W x ( y ) 
from the individual behaviour, their interpretations are clear-cut 
and biologically meaningful. If W x ( y ) >  0, then the trait y yields 



S. Lehtinen / Journal of Theoretical Biology 4 4 4 (2018) 1–10 9 
higher nutrient uptake per unit of time that the trait x . How- 
ever, the explicit expression of W x ( y ) is awfully complicated, which 
makes any purely mathematical analysis rather difficult. 

The optimisation process is thus an uphill climb towards higher 
nutrient uptake values, and the direction is described by the fol- 
lowing gradient 
W ′ x (y ) ,,y = x = #∂W x (y ) 

∂y 1 , ∂W x (y ) 
∂y 2 

$,,,
y = x . (35) 

Any optimal trait x ∗ has to locate on a peak, where no nearby traits 
can yield higher nutrient uptake. Therefore, a trait x ∗ is optimal if 
and only if it satisfies the following conditions 
W ′ x (y ) ,,y = x ∗ = (0 , 0) , 
∂ 2 W x (y ) 

∂y 2 1 
,,,
y = x ∗ <  0 , 

∂ 2 W x (y ) 
∂y 2 2 

,,,
y = x ∗ <  0 , 

-
∂ 2 W x (y ) 

∂y 2 1 ∂ 2 W x (y ) 
∂y 2 2 −∂W x (y ) 

∂y 1 ∂W x (y ) 
∂y 2 

.

y = x ∗ >  0 . (36) 
In Fig. 6 this process of optimising the trait has been plotted 

for a hypothetical set of parameters. In this particular example the 
optimal trait is x ∗ ≈(14.2, 29). Therefore, a trap with the trait x ∗
maximises nutrient uptake, which is the perfect balance between 
physical trap size (29 mm) and prey selection by allowing small 
prey ( <  14.2 mm) to escape. 

In this example we chose the model parameters to fit the data 
collected by Gibson and Waller (2009) , which suggested that for 
an optimal trap the average size of digested prey is 20 mm. Now, 
we have showed that this optimal trap has size 29 mm, and allows 
prey smaller than 14.2 mm to escape. Although the average meal 
is only about 68.9% of the maximum potential of the trap, the po- 
tential to capture large prey rewards the trap with occasional en- 
ergetic ‘jackpots’, as they were. This is because the prey biomass 
scales as a power function of size. Moreover, it is a surprisingly 
large proportion 76.8% of the captured prey that are allowed to es- 
cape, implying that the Venus flytrap is highly selective in its prey 
capture. 
7. Main results 

Investigating the costs and benefits of carnivory in the Venus 
flytrap is important to understanding the ecology of the plant. 
These factors posit a trade-off between investments in the snap- 
trap structures and potential energetic benefits associated with 
carnivory. In addition to this trade-off, the complex snap-trap 
structure provides the Venus flytrap with the unique ability to al- 
low small prey to escape, and wait until a moderately large prey 
has been captured. It can be difficult to understand these relations 
without a mathematical model. 

In this paper we have provided the first mathematical cost- 
benefit model for carnivory in the Venus flytrap, which has al- 
lowed us to investigate these trade-offs. By fitting the model to 
the available data, we have been able to make various experimen- 
tally observable predictions regarding trap behaviour. We have pre- 
dicted that non-prey sources, such as raindrops or wind, cause a 
large proportion of trap closures while only few ( <  6.6%) result in 
a meal; the closure mechanism of a trap is triggered about once 
every two days; and a trap has to wait more than a month for a 
meal. 

The cost-benefit model has allowed us to clearly illustrate how 
a large trap yields high nutrient uptake if it also allows small prey 
to escape. To some extent, even small traps are selective in their 

prey capture. Through a concrete example, we have showed how 
the trap finds the optimal balance between the physical trap size 
of 29 mm and allowing small prey with size less than 14.2 mm to 
escape. For a optimal trap, the average size of a digested prey is 
20 mm, which means that on average the trap utilises 68.9% of its 
maximum potential. Although the sizes of many of the consumed 
prey are well below the maximum capacity of the trap, the poten- 
tial to capture large prey rewards the trap with occasional peaks 
in terms of energetic benefits. Moreover, we have showed that the 
optimal trap allows 76.8% of the captured prey to escape. These 
predictions indicate that the Venus flytrap is highly selective in its 
prey capture. 

By analysing the dynamics of prey capture, we have also found 
a new mechanistic derivation of the Beddington–DeAngelis func- 
tional response. The mechanistic derivation has provided clear-cut 
and biologically meaningful interpretations of the parameters, and 
has showed an example where every parameter in the functional 
response is part of the Venus flytrap behaviour, while none of 
them represent the prey behaviour. This finding underlines the im- 
portance of the mechanistic derivation of the functional response. 
8. Conclusion 

The ecology of the Venus flytrap is by far one of the least un- 
derstood aspects of the plant, which is why investigating capturing 
and digestion of prey is important. This paper provides the first 
building blocks for modelling the ecology of the Venus flytrap. The 
next natural step is to extend our model for the long time scale 
dynamics of reproduction and dying, which could incorporate the 
various growth stages of a trap. This would make it possible to in- 
vestigate many other interesting aspects of the plant, such as the 
average number of traps per plant, and the costs and benefits as- 
sociated with the growth of a trap. 

It is known that the traps start their life small, and the 
amount of growth is related to the prosperity of their prey capture 
( Hatcher and Hart, 2014 ). Therefore, the traps provide initially only 
little nutriment to the plant, as is suggested by Fig. 4 . But since the 
plant is highly adaptive to its habitat, the traps grow quickly in size 
to increase their nutrient uptake. On the other hand, high adapta- 
tion also means that only few traps reach the optimal size, as this 
would require capturing the right sized insects. This implies that 
there will be wide variance in trap sizes, which is in agreement 
with the experimental data ( Hutchens and Luken, 2009 ). However, 
it is unlikely that the growth would come to a halt at the opti- 
mum, and so a trap that is able to capture many insects during its 
life would eventually grow too large to be efficient. This raises the 
issue of when a trap should senesce. 

In the present paper we have studied only the costs and ben- 
efits of prey capturing, but it should be noted that the ecological 
context of the Venus flytrap is far more complicated. For example, 
it has been suggested that occasional fires in the habitat may en- 
hance the plant’s growth rate ( Schulze et al., 2001 ). 

Most often the difficulties in our research had to do with the 
lack of available data about the Venus flytrap and its prey. This 
has forced us to simplify its behaviour to make up for the missing 
pieces of the puzzle, as it were. To overcome these obstacles, and 
to further advance our understanding of the plant, we should seek 
to collect more data in the endemic habitat of the Venus flytrap. 
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a b s t r a c t 
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can reverse the direction of evolution. We show that such reversals often result in evolutionary cycling 
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evolutionary cycling. We conclude that cannibalistic predator behaviour can completely change both the 
ecological dynamics and the evolution of prey. 
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1. Introduction 
Most prey species have strategies against predation, such as 

group defence, camouflage, and defensive armour. A simple yet 
common strategy is to avoid the predators by being timid, that 
is, to seek refuge after detecting a predator. Such timid behaviour 
has consequences for both the prey and the predator species. The 
prey benefits from a reduced risk of predation, but since forag- 
ing in refuge is typically unfeasible, timidity has a negative effect 
on the overall foraging effort. On the other hand, timid behaviour 
may also result in decreased prey availability for the predator. This 
prompts the predator to search for alternative prey or resort to 
cannibalism, as is common in many predator species. The literature 
provides a plethora of observed examples, ranging from fish and 
insects to birds and mammals ( Fox, 1975; Polis, 1981 ). For instance, 
in the spider Lycosa lugubris cannibalism accounts to 85% of juve- 
nile mortality ( Edgar, 1969 ), while in the crow Corvus corone 75% of 
the eggs are cannibalised ( Yom-Tov, 1974 ). The evolution of timid- 
ity and cannibalism in the predator-prey context has been studied 
using several mathematical models ( Matsuda and Abrams, 1994; 
Dercole and Rinaldi, 2002; Geritz and Gyllenberg, 2014; Vitale and 
Kisdi, 2018 ). These include a study that considered the evolution- 
ary consequences of an alternative prey ( Vitale and Kisdi, 2018 ). 
However, previous studies that address cannibalism neglect timid- 
ity, and vice versa. In this paper, we investigate the evolution of 
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timidity in a prey species whose predator has cannibalistic tenden- 
cies. 

Evolution by natural selection is ultimately driven by interac- 
tions between individuals. These interactions form the basis for the 
ecological environment, which changes gradually over the course 
of evolution. To describe the direction in which phenotypic traits 
evolve, one needs to know the state of the ecological environment, 
that is, the ecological attractor. While most evolutionary models 
share the notion that the phenotypic traits uniquely determine 
the ecological attractor, real environments can have multiple sta- 
ble attractors ( Scheffer et al., 2001 ). Such ecological bistability has 
been found to cause abrupt switching between alternative ecologi- 
cal attractors ( May, 1977 ) or catastrophic collapse of the ecosystem 
( Rietkerk et al., 2004 ). Thus, it is essential to derive the ecological 
model from the individual-level processes, so that every model pa- 
rameter can be clearly interpreted in terms of the individual be- 
haviour ( Rueffler et al., 2006 ). By doing so, one can sensibly iden- 
tify the underlying individual-level processes that induce ecological 
bistability, and investigate how ecological bistability affects long- 
term evolutionary outcomes. 

In models that contain ecological bistability, a single phenotypic 
trait can correspond to multiple ecological attractors, in which the 
directions of evolution are possibly different. Consequently, the 
paths of evolution should be investigated separately for each eco- 
logical attractor, where the branches of the attractors are traced 
during the course of evolution. When the gradual evolutionary 
changes in the phenotypic traits are sufficiently small and muta- 
tions occur infrequently, the changes in the ecological attractors 
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are also relatively small. Hence abrupt switching between alter- 
native attractors is rare, and occurs only when the branch of the 
ecological attractors which is being traced disappears ( Geritz et al., 
2002 ). When the ecological environment undergoes such attractor 
switching, the direction of evolution may change as well. If further 
such drastic ecological changes occur, the evolutionary path could 
return to the original state. In other words, phenotypic traits would 
cycle on the evolutionary timescale. 

Evolutionary cycling can be driven by many different mecha- 
nisms ( Khibnik and Kondrashov, 1997; Kisdi et al., 2001 ). Various 
instances of evolutionary cycles are known in models of diverse 
nature, such as predator-prey systems ( Dieckmann et al., 1995; 
Abrams and Matsuda, 1997; Law et al., 1997 ), multispecies coevo- 
lution ( Khibnik and Kondrashov, 1997; Hui et al., 2018 ), and coop- 
erative games ( Hauert et al., 2002 ). Although evolution is typically 
considerably slower than ecological dynamics, in some instances 
cyclic evolution has been observed empirically ( Decaestecker et al., 
2007 ). All these studies share the same underlying mechanism of 
genetically driven cycles. Evolutionary cycling can also be driven by 
recurrent branching and extinction of cannibalistic predators ( Kisdi 
et al., 2001; Dercole, 2003 ). However, ecogenetically driven cycles 
involving ecological attractor switching is present in fewer studies 
( Doebeli and Ruxton, 1997; Khibnik and Kondrashov, 1997; Dercole 
et al., 2002 ). These studies have ignored individual-level processes 
in the model derivation. Although these models produce intriguing 
outcomes, the lack of clear interpretation in terms of individual be- 
haviour raises the question whether such outcomes are feasible in 
nature. 

Several models have been proposed to investigate the evolu- 
tion of timidity in the context of predator-prey dynamics. In an 
early study, Matsuda and Abrams (1994) considered a model with 
ecological bistability and a fixed predator population size, and 
found that the evolution of foraging effort can drive the prey 
species into extinction. Unfortunately, the model by Matsuda and 
Abrams lacked the derivation from individual-level processes. Later, 
Geritz and Gyllenberg (2014) enhanced ecological realism by deriv- 
ing the model from individual-level processes, and assumed that 
also the predator population changes in the ecological dynamics. 
In particular, Geritz and Gyllenberg considered a prey that seeks 
refuge only after detecting a predator individual. The evolutionary 
analysis revealed that periodic predator-prey population attractors 
were necessary for timidity to be favourable by natural selection, 
while ecological bistability and evolutionary suicide were absent. 
In a more recent study, Vitale and Kisdi (2018) extended the model 
of Matsuda and Abrams (1994) by introducing an alternative prey 
that acts as the main resource for the predator. Vitale and Kisdi 
showed that in this extended model, evolutionary suicide of the 
focal prey can occur, similar to Matsuda and Abrams (1994) . 

The organisation of the paper is as follows. In Section 2 we 
derive a predator-prey model from individual-level processes with 
timid prey in the spirit of Geritz and Gyllenberg ( 2012,2014 ), but 
now also with cannibalistic predators. Then, in Section 3 we estab- 
lish some analytical results concerning the existence and unique- 
ness of an interior equilibrium, and its stability properties. We 
also apply numerical bifurcation analysis, which reveals ecologi- 
cal bistability between equilibrium and periodic attractors. Next, in 
Section 4 the evolution of the timidity of the prey is analysed using 
the framework of adaptive dynamics ( Geritz et al., 1998 ). We clas- 
sify ten qualitatively different evolutionary scenarios, in which eco- 
logical bistability plays a central role. These include abrupt switch- 
ing between the ecological attractors that may reverse the direc- 
tion of evolution. We show that such reversals can result in evolu- 
tionary cycling of the level of timidity. Finally, in Section 5 we dis- 
cuss the role of individual behaviour in both ecological bistability 
and evolutionary cycling. Throughout the paper, we rely on numer- 

Table 1 
List of model parameters. 
Prey parameters 
Symbol Description 
b rate of moving to refuge 
τ mean sojourn time in refuge 
µ natural death rate 
G birth rate 
Predator parameters 
Symbol Description 
α rate of cannibalism 
β rate of prey capture 
h handling time per captured prey 
γ conversion factor of prey capture 
λ conversion factor of cannibalism 
T maturation time 
δ adult death rate 
σ juvenile death rate 

ical examples that are easy to visualise. Frequently used symbols 
are found in Table 1 . 
2. Derivation of the ecological model 

Consider an ecological environment consisting of a single prey 
species whose predator has cannibalistic tendencies. The preda- 
tors are divided into adults and juveniles, in which the juveniles 
are the victims of cannibalism, and only the adults predate on the 
common prey. Within the prey species, many different prey types 
may coexist that are assumed to differ only in their level of timid- 
ity. Here, timidity is understood as a behavioural trait, which de- 
scribes the readiness to seek and remain in refuge after detect- 
ing a predator individual. The prey in refuge are protected from 
predation, while their foraging has halted. As in Geritz and Gyl- 
lenberg ( 2012,2014 ), we assume that the prey detects a preda- 
tor individual and moves to a refuge at the rate b , and τ is the 
mean sojourn time in the refuge. Although the handling preda- 
tors are harmless to the prey, they are unable to distinguish be- 
tween searching and handling predators. However, since the juve- 
nile predators are typically considerably smaller than the conspe- 
cific adults, we have reason to assume that the prey react only to 
the adult individuals. Throughout this paper, ‘predator’ without a 
specification always refers to an adult individual, as only the adults 
feed on the prey. 

Thus, we divide each prey population x i with the parameter val- 
ues b i and τ i into foragers x F i and hiders x H i , 
x i = x F i + x H i . (1) 
Both foraging and hiding prey have the same natural death rate 
µ, which is independent of the prey and the predator populations. 
The foraging prey compete for some common resource, such as ter- 
ritory or breeding sites, so that their birth rate is limited by the 
total population of foraging prey. To make this pattern explicit, we 
assume that the per capita birth rate G ( / 

j x F j ) is monotonically 
decreasing, and assume the existence of x 0 such that G (x 0 ) = µ. 
Therefore, in the absence of the predators, the prey populations 
attain the equilibrium state x 0 , which is the carrying capacity of 
prey-only dynamics. Examples of mechanistic derivations of the 
per capita birth rate G based on competition for breeding sites or 
food are found in Appendix C of Geritz and Gyllenberg (2014) . 

As for the predator, we assume that a searching predator cap- 
tures prey at the rate β , and the average handling time per cap- 
tured prey is h . For each prey capture, the predators produce juve- 
niles with the average conversion factor γ , and the juveniles have 
the mean maturation time T . The natural death rates of the adults 
and the juveniles are δ and σ , respectively. The conspecific juve- 
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niles have the population z , and the adult population y is divided 
into searchers y S and handlers y H , 
y = y S + y H . (2) 

To extend the model of Geritz and Gyllenberg (2014) , we as- 
sume that the adult predators cannibalise on the conspecific ju- 
veniles at the rate α, where cannibalism has the conversion fac- 
tor λ. To keep the model simple, we assume that the handling 
time of cannibalism is negligible. Biologically, this assumption im- 
plies that the victims of cannibalism are smaller or otherwise eas- 
ier to digest and kill than the typical prey. Indeed, many predator 
fish and insects cannibalise on eggs and post-hatching stages, in 
which the victims are unable to defend themselves and are con- 
siderably smaller than the cannibals ( Fox, 1975; Polis, 1981 ). For 
example, the juveniles of Eurasian perch ( Perca fluviatilis ) feed on 
zooplankton, while the adults prey on fish, which includes can- 
nibalism ( Hjelm et al., 20 0 0 ). Then, it stands to reason that the 
predator needs more rest after capturing a prey that can defend 
itself. Admittedly, in nature both the prey and the juveniles come 
in various sizes, hence a more realistic model could include a con- 
tinuum of sizes that affect the handling times. However, analysis of 
such a size-structured model is beyond the scope and aim of this 
paper. 

Since a total of five different individual states is present, the full 
ecological dynamics are described by a system of five ordinary dif- 
ferential equations (see Appendix A ). To simplify the analysis, we 
reduce the number of equations by a separation of timescales. That 
is, we divide the full ecological dynamics into nested timescales by 
the occurrence of transitions between the individual states. These 
consist of short timescale for the transitions between foraging and 
hiding prey states, and between searching and handling predator 
states; intermediate timescale of juvenile predator birth and death; 
and long timescale of adult predator maturation and death, and 
prey birth and death. Admittedly, in nature the prey dynamics are 
likely occur also on the intermediate timescale, which could in- 
clude their respective juvenile birth and death interactions. Here, 
the implicit assumption is that the juvenile prey are always in the 
refuge, so that their population dynamics are independent from 
the predators. Then, the prey birth term of our model corresponds 
to maturation of a juvenile prey, which now starts foraging. 

To achieve the separation of timescales, we assume that the 
adult predator population is considerably smaller than the juve- 
nile population, and that the prey are abundant. In addition, we 
make the following assumptions about the individual behaviour: 
the predators have a long maturation time, the prey are more 
likely to move to refuge than fall victim to predation, and can- 
nibalism is commonplace for the predator. The precise technical 
details on how to achieve the timescale separation are found in 
Appendix A . There we also propose an alternative separation with 
only two timescales and different biological assumptions, but that 
nevertheless results in the same system of differential equations 
for the long timescale dynamics. 

With the above assumptions, we obtain the following system of 
differential equations for the short timescale dynamics, 
˙ x F i = −b i x F i y + 1 

τi x H i , (3) 
˙ y S = −βy S % 

j x F j + 1 
h y H . (4) 

Note that the population numbers x, y , and z are constants in this 
short timescale. The system of Eqs. (1)–(4) has unique quasi-steady 
state, 
x F i = x i 

1 + b i τi y , (5) 

y S = y 
1 + βh / 

j x F j . (6) 
Observe that the parameters b i and τ i are always found in the 
product b i τ i , which describes the level of timidity of the prey 
( Geritz and Gyllenberg, 2014 ). Thus while timidity is a behavioural 
trait, it can be explicitly quantified by the product of two inher- 
itable parameters. While two prey types with different parameter 
values may have the same level of timidity, we make no distinction 
between these prey types. For convenience, we treat this product 
as a single parameter, and write it as b τ i . 

Next, assuming that the variables x F 
i and y S have attained their 

respective quasi-steady states (5) and (6) , we obtain the following 
differential equation for the intermediate timescale dynamics, 
˙ z = γβy S % 

j x F j + λαy S z −αy S z −σ z. (7) 
A biological restriction on the efficiency of cannibalism is λ <  1, so 
that the number of juveniles lost to cannibalism is always greater 
than the new juveniles directly produced from cannibalism. This 
restriction essentially follows from the assumption that the victims 
of cannibalism are distinctly smaller (e.g. eggs), and fully canni- 
balistic predators are unable to sustain the population. However, 
when also larger conspecific individuals are being cannibalised, it 
is possible to sustain a population solely by means of cannibalism 
( Popova and Sytina, 1977; van den Bosch et al., 1988 ). Now, by us- 
ing the Eqs. (5)–(7) , we find that the juvenile predator population 
has unique quasi-steady state, 
z = γ βy S / 

j x F j 
σ + (1 −λ) αy S . (8) 

Finally, assuming that the variable z has attained its quasi- 
steady state (8) , we obtain the following system of differential 
equations for the long timescale dynamics, 
˙ x i = x F i G &% 

j x F j '−µx i −βx F i y S , (9) 
˙ y = 1 

T z −δy, (10) 
where the variables x F 

i and y S are given by (5) and (6) , respec- 
tively. The functional response F i ( x, y ) of the predator for the prey 
type i is equal to the rate of prey capture βx F i y S divided by the to- 
tal predator population y . As in Geritz and Gyllenberg (2014) , the 
functional response is given by 
F i (x, y ) = βx F i 

1 + βh / 
j x F j = βx i 

1+ bτi y 
1 + βh / 

j x j 
1+ bτ j y , (11) 

which is the multi-prey version of the Beddington-DeAngelis func- 
tional response ( Beddington, 1975; DeAngelis et al., 1975; Geritz 
and Gyllenberg, 2012 ). By rewriting the long timescale dynamics 
in terms of the functional response F i ( x, y ) and the quasi-steady 
states of y S and z as given by (6) and (8) , we obtain 
˙ x i = x F i G &% 

j x F j '−µx i −yF i (x, y ) , (12) 
˙ y = γ (1 + βh / 

j x F j ) y / 
j F j (x, y ) 

T (σ (1 + βh / 
j x F j ) + (1 −λ) αy ) −δy. (13) 

It is now clear that no constant parameter can describe the 
translation of each prey capture into the adult predator popula- 
tion. Although we assumed instantaneous production of juveniles, 
the transition to the adult population occurs only later after mat- 
uration. As the juveniles are subject to cannibalism, the rate of 
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maturation depends on the cannibalistic pressure they experience 
throughout their juvenile period. Moreover, at high prey popula- 
tions the cannibalistic pressure is lower, due to a larger fraction of 
the predators being in the handling state. The rate of recruitment 
to the adult population is hence affected by both the prey and the 
predator populations, and is captured by the term 

γ (1 + βh / 
j x F j ) 

T 0σ (1 + βh / 
j x F j ) + (1 −λ) αy 1 . (14) 

It would have been near impossible to arrive at a biologically 
sound interpretation of the term (14) without a mechanistic 
derivation. 

In the limiting case when cannibalism is absent, α = 0 , the 
recruitment rate (14) is simply a constant γ /( T σ ). That is, with- 
out cannibalistic predators, the model is reduced into that of 
Geritz and Gyllenberg (2014) , but the constant recruitment rate 
now has a slightly different interpretation. Furthermore, in the lim- 
iting case when both cannibalism and timidity are absent, α = 
bτ = 0 , we recover the classical ( Rosenzweig and MacArthur, 1963 ) 
model. 
3. Ecological dynamics with a single prey type 

When only a single prey type is present, the ecological dynam- 
ics described by (12) and (13) are given by 
˙ x = x F G 0x F 1 −µx − βx F y 

1 + βhx F , (15) 
˙ y = γβx F y 

T (σ (1 + βhx F ) + (1 −λ) αy ) −δy, (16) 
where x F = x/ (1 + bτy ) . When the prey is at the predator-free 
equilibrium state x 0 , an initially rare predator is viable if and only 
if the rate of prey capture and its conversion factor are sufficiently 
large, 
β >  δσ T 

x 0 (γ −δσhT ) and γ >  δσhT . (17) 
Note that the above condition is independent of the rate of canni- 
balism, α, or the level of timidity, b τ . 

Suppose that the conditions (17) are satisfied so that the preda- 
tor can invade the ecological environment. Then, the ecological dy- 
namics described by (15) and (16) have the following properties: 

(i) Unique interior equilibrium ( ̄x , ̄y ) exists. 
(ii) For every b τ , at most one α exists where ( ̄x , ̄y ) undergoes a 

Hopf bifurcation. 
(iii) For every α, at most one b τ exists where ( ̄x , ̄y ) undergoes a 

Hopf bifurcation. 
The proofs are rather algebraic, and are found in 

Appendix B and Appendix C . Thus, if the interior equilibrium 
is unstable in the absence of both cannibalism and timidity, 
then increasing either cannibalism or timidity will eventually 
stabilise the equilibrium through a Hopf bifurcation. Afterwards, 
the equilibrium undergoes no further bifurcations. 

The parameter values at which Hopf bifurcations occur were 
solved numerically. For the numerical analysis, we employed the 
following choice for the per capita birth rate G , 
G (x F ) = 2a −cx F if 0 ≤ x F <  a/c, 

0 otherwise. (18) 
This form follows when the prey is the consumer of a re- 

source with a linear functional response, and where the resource 
grows logistically in the absence of the prey ( Geritz and Gyl- 
lenberg, 2014 ). It is known that the Hopf bifurcation of the 

Rosenzweig and MacArthur (1963) model is always supercritical. 
Recall that for supercritical Hopf bifurcation, equilibrium and pe- 
riodic solutions are arbitrarily near in the vicinity of the bifur- 
cation, resulting in a continuous transition between these stable 
attractors. However, the numerical analysis revealed that in the 
model described by (15) and (16) both sub- and supercritical Hopf 
bifurcations can occur. If the equilibrium is stabilised through a 
subcritical Hopf, it generates an unstable periodic solution, but 
the periodic attractor is still present. Thus the ecological dynam- 
ics exhibit bistability between equilibrium and periodic attractors, 
where the regions of attraction are separated by the unstable peri- 
odic orbit. Furthermore, the two periodic solutions eventually col- 
lide and disappear through a fold bifurcation of periodic orbits 
( Kuznetsov, 1998 ). When a need arises to distinguish between dif- 
ferent bifurcations, subindex and superindex H are used, respec- 
tively, for sub- and supercritical Hopf, and fold of periodic orbits is 
denoted by subindex F . 

The numerical analysis was done using the Mathematica ® soft- 
ware. Population sizes less than 10 −16 were considered too small 
and no longer relevant for the analysis. To find periodic orbits, we 
numerically integrated (15) and (16) using an explicit Runge-Kutta 
method for NDSolve , and collected data of the population numbers 
at each point in time along the orbit. The convergence of the orbit 
was evaluated using a Poincaré section, which we implemented us- 
ing the EventLocator method for NDSolve . The population numbers 
were collected until the distance between two consecutive equilib- 
rium points of a Poincaré map was smaller than 10 −5 , after which 
we discarded the transient data. Then, the periodic orbit is de- 
scribed by the data from the last iteration, and the period is the 
time-interval between the last two consecutive equilibrium points 
of the Poincaré map. 

Stable periodic orbits were found using (x, y ) = (x 0 , 0 . 001) as 
the initial value of the numerical integration, but in principle, any 
( x 0 , y ) with y >  0 works as well. This is because ( x 0 , y ) must be- 
long to the region of attraction, as ˙ x <  0 for all ( x 0 , y ). Unstable 
periodic orbits were found using the same method in reverse di- 
rection, and by choosing a non-equilibrium initial value from the 
interior of the stable periodic orbit. To find the value b τ 1 at which 
two periodic orbits undergo a fold bifurcation, we first set an b τ - 
interval in which the ecological dynamics corresponding to the left 
limit point contain bistability, while only the equilibrium attractor 
exists for the right limit point. Then, after checking the ecological 
dynamics at the middle point of the interval, we halved the inter- 
val so that it retains b τ 1 . We iterated the process until b τ 1 was 
found with the accuracy of 10 −5 . 

Fig. 1 presents an example in which the ecological attrac- 
tors undergo subcritical Hopf and fold bifurcations by increasing 
b τ . When bτ = 0 . 40 0 0 , the interior equilibrium is unstable and 
the predator-prey populations are at a periodic attractor. Then, at 
bτH = 0 . 4077 the equilibrium stabilises through a subcritical Hopf 
bifurcation, after which the ecological dynamics exhibit bistability 
between equilibrium and periodic attractors, separated by an un- 
stable periodic solution. By further increasing b τ , the amplitude of 
the unstable solution also increases, whereas the amplitude of the 
stable solution decreases. At bτF = 0 . 4430 these two periodic solu- 
tions collide and disappear through a fold bifurcation, after which 
the equilibrium is the only attractor and no further bifurcations 
occur. 

Fig. 2 depicts which types of ecological attractors are present in 
the ( b τ , α)-plane. The figures (a) and (b) correspond to two dif- 
ferent rates of prey capture, β , demonstrating how fold bifurcation 
is unattainable when β is small. Fig. 2 (a) illustrates that when the 
rate of prey capture is low, β = 11 , the ecological dynamics behave 
similarly to the Rosenzweig and MacArthur (1963) model. That is, 
when b τ and α are sufficiently small, the ecological attractor is 
periodic and the interior equilibrium is unstable. By increasing ei- 
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Fig. 1. Predator-prey ecological attractors for different levels of timidity. Thick lines: ecological attractors; Dashed lines: unstable periodic solution; Closed circles: Stable 
equilibrium; Open circles: Unstable equilibrium; Thin lines: predator-prey isoclines, where directional change is absent. In this figure, c = 2 , a = 2 , µ = 1 , γ = 3 , λ = 0 . 6 , 
δ = 1 , h = 1 , T = 1 , σ = 0 . 7 , α = 6 , and β = 15 . 

Fig. 2. Bifurcation diagrams for the ecological model in the ( b τ , α)-plane. White: stable equilibrium; Light gray: periodic attractor; Dark gray: bistability between equilibrium 
and periodic attractors. The lines at which supercritical Hopf, subcritical Hopf, and fold bifurcations occur are denoted by, respectively, super-H, sub-H, and F. The generalised 
Hopf bifurcation is denoted by GH. In this figure, c = 2 , a = 2 , µ = 1 , γ = 3 , λ = 0 . 6 , δ = 1 , h = 1 , T = 1 , and σ = 0 . 7 . 
ther of these parameters stabilises the equilibrium through a su- 
percritical Hopf bifurcation, after which the equilibrium is the only 
attractor and no further bifurcations occur. 

Fig. 2 (b) illustrates that when the rate of prey capture is large, 
β = 18 , the ecological dynamics are qualitatively different from the 
previous example. When b τ and α are sufficiently small, the eco- 
logical attractor is periodic and the equilibrium is unstable. Then, 
increasing either of these parameters stabilises the equilibrium 
through a Hopf bifurcation, which can be either sub- or super- 
critical. Whenever the equilibrium is stabilised through a subcriti- 
cal Hopf, the ecological dynamics exhibit bistability between equi- 
librium and periodic attractors. Then, further increasing either of 
these parameters causes a fold bifurcation. The generalised Hopf 
occurs when the bifurcation switches from being subcritical to su- 
percritical, which in this example occurs at bτ = 1 . 2610 and α = 
4 . 8110 . That is, for α <  4.8110, supercritical Hopf is the only pos- 
sible bifurcation, whereas for 10.6756 >  α >  4.8110, both subcritical 
Hopf and fold bifurcations are possible. For 13.7880 >  α >  10.6756, 
Hopf bifurcation is no longer possible for any b τ , but ecological 
bistability is still present when bτ = 0 and fold bifurcation hap- 
pens for some b τ F >  0. Finally, for α >  13.7880 fold bifurcation is no 
longer possible, which disappears through the boundary bτF = 0 
when α = 13 . 7880 . That is, for α >  13.7880 the interior equilib- 
rium is the only attractor and no bifurcations happen for any b τ . 
Thus, for the parameters in Fig. 2 (b), ecological bistability is possi- 
ble for 4.8110 <  α <  13.7880, and for each fixed α in that interval, 
the bistability is present for a different set of b τ values. 

In Fig. 3 , we extend the above examples by letting both α and 
β vary. That is, for each combination of α and β , we investigate 
all possible bifurcations that occur by varying the level of timid- 
ity, b τ . In this way, we find four regions of qualitatively different 
bifurcations, denoted A-D. The left panel of Fig. 3 shows a typical 
example of these four regions in the ( α, β)-plane, and the right 
panels show examples of the bifurcations for some α and β be- 
longing to each of these regions. For simplicity, in these examples 
only the prey population numbers are shown, and when periodic 
solutions exist, we plotted only the maximum prey population at 
such periodic solutions. 

In bifurcation region A, the interior equilibrium is the only at- 
tractor for all b τ , and bifurcations never occur. Moreover, the prey 
population at the equilibrium remains largely unchanged when b τ
varies, which is visible in Fig. 3 when α = 10 and β = 7 . 

In bifurcation region B, a periodic attractor exists at bτ = 0 , 
where the interior equilibrium is unstable. Then, increasing b τ sta- 
bilises the equilibrium through a supercritical Hopf bifurcation, af- 
ter which periodic attractors are absent. For example, when α = 0 
and β = 6 , the supercritical Hopf occurs at bτH = 0 . 6289 . 

In bifurcation region C, the dynamical behaviour at bτ = 0 is 
the same as in B. But now increasing b τ stabilises the interior 
equilibrium through a subcritical Hopf bifurcation, which gener- 
ates ecological bistability between equilibrium and periodic attrac- 
tors. Further increasing b τ causes a fold bifurcation, whereupon 
the equilibrium is the only attractor and no further bifurcations 
occur. For example, when α = 8 and β = 16 , the subcritical Hopf 
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Fig. 3. The regions of qualitatively different bifurcations of b τ ( left ) and examples of the bifurcations corresponding to each region ( right ). In the panels on the right, thin 
curves represent the maximum of x along period orbits, while thick curves are the equilibrium numbers. Unstable solutions are shown using dashed curves. The parameters 
are the same as in Fig. 2 . 
and fold bifurcations occur at bτH = 0 . 1608 and bτF = 0 . 2839 , re- 
spectively, and ecological bistability is present between these bi- 
furcations. 

In bifurcation region D, the interior equilibrium is stable for all 
b τ , as in A. But now a periodic attractor also exists when bτ = 0 , 
implying the presence of ecological bistability for sufficiently small 
b τ . For example, when α = 13 and β = 20 , fold bifurcation occurs 
at bτF = 0 . 2802 , after which ecological bistability is absent. 
4. Evolution of timidity of the prey 

In the previous section, we investigated bifurcations of the eco- 
logical dynamics by varying the parameters b τ , α, and β . We 
found a wide range of values for which the ecological attractors 
disappear through subcritical Hopf and fold bifurcations. However, 
this analysis fails to provide any information whether evolution 
causes an ecological attractor to disappear, or how such an eco- 
logical change affects the course of evolution. To investigate these 
questions, we will now study the evolution of timidity of the prey. 
Recall that while timidity is a behavioural trait, it is characterised 
by the product of the two parameters b and τ that can be subject 
to natural selection. First, we write the ecological dynamics (12) for 
the prey type i in terms of the environment E , 
˙ x i = f (bτi , E) x i , (19) 
where E = (E 1 , E 2 ) is given by 
E 1 = y (predator density) , 
E 2 = % 

j 
x j 

1 + bτ j E 1 (foraging prey density) , (20) 
and where f is given by 
f (bτi , E) = 1 

1 + bτi E 1 
&
G ( E 2 ) − βE 1 

1 + βhE 2 
'

−µ. (21) 
Hence f ( b τ i , E ) describes the per capita population growth rate for 
prey type i in environment E . Although the Eqs. (19)–(21) are iden- 
tical to Geritz and Gyllenberg (2014) , the dynamics of the environ- 
ment E as described by (12) and (13) are different. 

We study evolution using the framework of adaptive dy- 
namics, the necessary preliminaries of which are found in 
Geritz et al. (1998) . We assume that any mutant has only a small 
phenotypic effect on the resident trait. Moreover, mutations occur 
infrequently, so that the fate of the previous mutant has been es- 
tablished, and the ecological environment has attained an attrac- 
tor by the time a new mutant appears. The resident environment 
determines the growth rate of a mutant population, while the en- 
vironment is unaffected by an initially rare mutant. Whenever a 
mutant can invade a resident-generated environment, but invasion 
would be impossible if the roles were switched, the mutant re- 
places the resident. The Tube Theorem ( Geritz et al., 2002 ) ensures 
that under these assumptions, through repeated invasion and re- 
placement events the resident environment traces the same branch 
of ecological attractors as long as no catastrophic bifurcations oc- 
cur, such as subcritical Hopf or fold bifurcation. However, if such a 
catastrophic bifurcation is encountered, the current branch of the 
ecological attractors disappears and the population either goes ex- 
tinct or settles on an alternative attractor. In this paper, only the 
latter outcome can occur, as the prey or the predator species never 
go extinct by the evolution of timidity. This is clear since both the 
extinction equilibrium (x, y ) = (0 , 0) and the prey-only equilibrium 
(x, y ) = (x 0 , 0) are unstable for all levels of timidity. 

Introduce a novel mutant prey with the level of timidity b τm . 
That is, the mutant trait b τm differs from the resident through ei- 
ther b m or τm , or through both of them, but it is essentially the 
product of these parameters that determines the mutant type. As 
before, we treat this product as a single parameter. The long-term 
invasion fitness of the mutant type b τm is the time average of the 
instantaneous population growth rate. In a periodic resident envi- 
ronment E set by a single resident type b τ , the fitness of the mu- 
tant is described by 
r E (bτm ) = 1 

t p 
! t p 
0 f (bτm , E(t )) dt , (22) 

where t p = t p (bτ ) is the period. Here, we have written the en- 
vironment E explicitly as a function of time t , but for simplicity 
we often drop time from our notations. When the environment 
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is at an equilibrium, then the population growth rate f described 
by (21) fully determines the long-term fitness of the mutant. Note 
that whether the resident environment is equilibrium or periodic 
is intentionally inexplicit in the notation for E . The reasoning be- 
hind this choice of notation is to avoid situations in which state- 
ments are made for certain types of environments that are absent 
for some trait values. 

To find the value of invasion fitness numerically, we first solved 
the ecological attractors for the resident trait and checked whether 
there is bistability. Whenever a resident trait corresponds to two 
stable ecological attractors, these cases were treated separately. In- 
vasion fitness in equilibrium environment can be solved directly 
by using (21) , in which E is replaced by the corresponding equilib- 
rium environment. In periodic environments, we solved (22) using 
the NIntegrate method of Mathematica ®. The state of the resident 
environment E ( t ) for each t ∈ [0, t p ] was evaluated using the peri- 
odic orbit obtained by the Poincaré section, the details of which 
are found in Section 3 . 

By definition, every resident must have fitness equal to zero, as 
on average their abundances neither grow nor decline. Thus, every 
resident b τ satisfies r E (bτ ) = 0 . As the environment E consists of 
two components, then at most two coexisting prey types can si- 
multaneously have zero fitness: a result known as the principle of 
competitive exclusion ( MacArthur and Levins, 1964; Geritz et al., 
1997 ). Thus, the environment sets the upper limit of diversity at- 
tainable through evolution. Note that while it is possible to find 
parameters for which two prey types coexist, long-term evolution 
may cause one of those prey types to go extinct. 

Through repeated invasion and exclusion events, b τ evolves in 
the direction described by the fitness derivative, 
D (bτ ) = 3 ∂r E (bτm ) 

∂(bτm ) 
4 
bτm = bτ , (23) 

which as with the invasion fitness, is evaluated at the ecological 
environment where the resident is present. The directional evolu- 
tion comes to a halt when the fitness derivative vanishes, D (bτ ∗) = 
0 , and such a value b τ ∗ is called an evolutionary singularity. Fur- 
thermore, a singularity that is attainable through evolution is an 
evolutionary attractor. In this paper, all evolutionary singularities 
are also evolutionary attracting. Note that if an alternative ecologi- 
cal environment exists for the trait bτ = bτ ∗, then this trait is un- 
likely to be an evolutionary attractor for the alternative environ- 
ment. Also, note that when evolution drives b τ all the way down 
to zero, then generally the fitness derivative is negative at bτ = 0 . 
In such a case, the trait bτ = 0 is an evolutionary attractor, but it is 
conceptually different from an evolutionary singularity. Whenever 
a need arises to distinguish between the ecological environments 
in which an evolutionary attractor is present, we write b τ• and 
b τ ◦, respectively, for equilibrium and periodic environments. 

An evolutionary singularity is evolutionarily stable if it is unin- 
vadable by any new mutant ( Maynard Smith, 1982; Geritz et al., 
1998 ). It follows that a singular trait b τ ∗ is evolutionarily stable if 
the invasion fitness is at a maximum, 
3 
∂ 2 r E (bτm ) 
∂(bτm ) 2 

4 
bτm = bτ= bτ ∗ <  0 . (24) 

Throughout the numerical analysis, at most one evolutionary sin- 
gularity existed for the branch of periodic attractors. Moreover, 
such singularities were always attracting and evolutionarily stable, 
providing no evidence for evolutionary branching. But since we are 
only able to obtain the periodic environment E numerically, ex- 
cluding evolutionary branching altogether is difficult. Likewise, ev- 
idence is lacking for the existence of multiple singularities for the 
branch of periodic attractors. In a related model without cannibal- 
ism, Geritz and Gyllenberg (2014) came to similar conclusions. 

Lower levels of timidity are always favoured by natural selec- 
tion in equilibrium environments, as shown by Geritz and Gyl- 
lenberg (2014) . Therefore, when bifurcations are absent for these 
environments, the evolutionary outcome is bτ • = 0 . On the other 
hand, when the equilibrium is unstable for bτ = 0 , then evolution 
by natural selection will cause Hopf bifurcation of the ecological 
environment. Recall that in our model, both sub- and supercritical 
Hopf bifurcations can occur. When the Hopf bifurcation is super- 
critical, there is a smooth transition between the equilibrium and 
periodic environments, and the direction of evolution remains un- 
changed. Later when the periodic environments have larger ampli- 
tude, evolution may attain a positive singularity b τ ◦ >  0. 

When the equilibrium undergoes a subcritical Hopf bifurcation, 
a discontinuous transition occurs between equilibrium and peri- 
odic environments. After passing subcritical bifurcation through 
evolution, the ecological environment settles on the alternative 
periodic attractor already present in the system. Such an attrac- 
tor switch may also reverse the direction of evolution, which we 
call an evolutionary reversal. If such an evolutionary reversal oc- 
curs when switching from an equilibrium to a periodic attractor, 
it means that higher levels of timidity are now favoured by nat- 
ural selection. Then, by tracing evolution along the branch of pe- 
riodic attractors, either a singularity b τ ◦ is attained, or the evolu- 
tion crosses the point of fold bifurcation. If the latter outcome oc- 
curs, the periodic environment disappears and an attractor switch 
causes the environment to settle on the equilibrium attractor. Such 
an attractor switch also causes an evolutionary reversal, where- 
upon selection favours lower levels of timidity. Eventually, the 
equilibrium environment disappears through the subcritical Hopf 
bifurcation, and the whole process repeats again. In other words, 
this process describes evolutionary cycling of the level of timidity. 

A simple classification of qualitatively different evolutionary 
scenarios is constructed from two ingredients. The first depends on 
the existence of ecological attractors, and the second on the evolu- 
tionary dynamics along the ecological attractors. Assuming that at 
most one evolutionary attractor exists for each branch of ecologi- 
cal attractors, we find ten classes of evolutionary scenarios. These 
are denoted by Roman numerals I-X, and are catalogued in Table 2 . 
Numerical analysis reveals that all of the evolutionary scenarios are 
possible. Fig. 4 shows a typical example of the parameter regions 
in the ( α, β)-plane resulting in these scenarios. For each scenario, 
we have also provided an example of the evolutionary dynamics 
of b τ using pairwise invasibility plots for each ecological attrac- 
tor. For information on how to read pairwise invasibility plots, see 
Geritz et al. (1998) . In the following analysis, recall that the bifur- 
cation regions of the ecological dynamics are illustrated in Fig. 3 . 

In scenario I, the ecological dynamics are described by bifurca- 
tion region A. The environment is always at an equilibrium, and 
timidity evolves all the way down to zero, bτ • = 0 . 

In scenario II, the ecological dynamics are described by bifurca- 
tion region B. When the environment traces the branch of equilib- 
rium attractors, evolution crosses a supercritical Hopf bifurcation, 
after which the environment is periodic. Then, while tracing the 
branch of periodic attractors, timidity evolves all the way down to 
zero, bτ ◦ = 0 . For example, when α = 0 and β = 4 , the supercriti- 
cal Hopf bifurcation occurs at bτH = 0 . 1745 . 

In scenario III, the ecological dynamics are described by bifurca- 
tion region B. When the environment traces the branch of equilib- 
rium attractors, evolution crosses a supercritical Hopf bifurcation, 
after which the environment is periodic. Then, while tracing the 
branch of periodic attractors, timidity evolves to a positive singu- 
larity, b τ ◦ >  0. For example, when α = 0 and β = 6 , the supercriti- 
cal Hopf bifurcation occurs at bτH = 0 . 6298 , and the singularity is 
at bτ ◦ = 0 . 3864 . 

In scenario IV, the ecological dynamics are described by bifur- 
cation region C. When the environment traces the branch of equi- 
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Fig. 4. Regions of qualitatively different evolutionary scenarios in the ( α, β)-plane ( above ), and examples of pairwise invasibility plots (PIP) for each scenario ( below ). 
Table 2 provides detailed descriptions of these scenarios. In each PIP shaded regions depict the mutant traits that can invade the resident trait. Dashed and thick vertical 
lines indicate, respectively, Hopf and fold bifurcations. The parameters are the same as in Fig. 2 . 
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Table 2 
List of qualitatively different evolutionary scenarios. Evolutionary attractors corresponding to equilibrium and periodic environ- 
ments are distinguished by b τ• and b τ ◦ , respectively. 
Evolutionary scenario Bifurcation region Bifurcations via evolution Evolutionary reversals Evolutionary attractors 
I A none no bτ • = 0 
II B supercritical Hopf no bτ ◦ = 0 
III B supercritical Hopf no b τ ◦ >  0 
IV C subcritical Hopf no bτ ◦ = 0 
V C subcritical Hopf no b τ ◦ >  0 
VI C subcritical Hopf yes b τ ◦ >  0 
VII C subcritical Hopf and fold yes evolutionary cycle 
VIII D none no bτ • = 0 and bτ ◦ = 0 
IX D none no bτ • = 0 and b τ ◦ >  0 
X D fold yes bτ • = 0 

Fig. 5. Graphical illustration of an evolutionary cycle driven by ecological attractor 
switching. 
librium attractors, evolution crosses a subcritical Hopf bifurcation 
and the environment switches to the periodic attractor. However, 
the direction of evolution is unchanged. Then, while tracing the 
branch of periodic attractors, timidity evolves all the way down to 
zero, bτ ◦ = 0 . For example, when α = 4 . 56 and β = 10 . 42 , the sub- 
critical Hopf and fold bifurcations occur at bτH = 0 . 0012 and bτF = 
0 . 0107 , respectively. Therefore, ecological bistability is present for 
b τ ∈ (0.0012, 0.0107). 

In scenario V, the ecological dynamics are described by bifur- 
cation region C. When the environment traces the branch of equi- 
librium attractors, evolution crosses a subcritical Hopf bifurcation 
and the environment switches to the periodic attractor. However, 
the direction of evolution is unchanged. Then, while the environ- 
ment traces the branch of periodic attractors, timidity evolves to 
a positive singularity, b τH >  b τ ◦ >  0. For example, when α = 4 . 6 
and β = 12 , the subcritical Hopf and fold bifurcations occur at 
bτH = 0 . 2410 and bτF = 0 . 2467 , respectively, and the evolutionary 
singularity is at bτ ◦ = 0 . 2266 . Therefore, ecological bistability is 
present for b τ ∈ (0.2410, 0.2467). 

In scenario VI, the ecological dynamics are described by bifurca- 
tion region C. When the environment traces the branch of equilib- 
rium attractors, evolution crosses a subcritical Hopf bifurcation and 
the environment switches to the periodic attractor. This attractor 
switch also causes an evolutionary reversal towards higher levels 
of timidity. Then, while the environment traces the branch of peri- 
odic attractors, timidity evolves to a positive singularity, b τ ◦ >  b τH . 
For example, when α = 5 and β = 12 , the subcritical Hopf and fold 
bifurcations occur at bτH = 0 . 1520 and bτF = 0 . 1676 , respectively, 
and the evolutionary singularity is at bτ ◦ = 0 . 1582 . Therefore, eco- 
logical bistability is present for b τ ∈ (0.1520, 0.1676). 

In scenario VII, the ecological dynamics are described by bifur- 
cation region C. When the environment traces the branch of equi- 

librium attractors, evolution crosses a subcritical Hopf bifurcation 
and the environment switches to the periodic attractor. This attrac- 
tor switch also causes an evolutionary reversal towards higher lev- 
els of timidity. Then, while the environment traces the branch of 
periodic attractors, evolution crosses a fold bifurcation and the en- 
vironment switches back to the equilibrium attractor. This attractor 
switch also causes an evolutionary reversal towards lower levels of 
timidity, and then repeats the whole process. In other words, this 
scenario describes cyclic prey evolution. Since evolutionary singu- 
larities are absent, an evolutionary cycle is attained for any ini- 
tial trait b τ and any ecological environment. For example, when 
α = 8 and β = 16 , the subcritical Hopf and fold bifurcations oc- 
cur at bτH = 0 . 1608 and bτF = 0 . 2839 , respectively, and ecological 
bistability is present for b τ ∈ (0.1608, 0.2839). During the evolu- 
tionary cycle in this example, the evolving trait b τ is bounded in 
the interval (0.1608, 0.2839). 

In scenario VIII, the ecological dynamics are described by bi- 
furcation region D. Whether the environment traces the branch 
of equilibrium or periodic attractors, timidity always evolves all 
the way down to zero. Thus, the evolutionary attractors are bτ • = 
0 and bτ ◦ = 0 , respectively, for equilibrium or periodic environ- 
ments. Bifurcations are never encountered through evolution, and 
the ecological dynamics remain similar throughout the course of 
evolution. Therefore, the initial ecological state fully determines 
whether the environment traces the branch of equilibrium or pe- 
riodic attractors. For example, when α = 4 . 32 and β = 10 . 08 , the 
fold bifurcation occurs at bτF = 0 . 0041 , and ecological bistability is 
present for b τ ∈ [0, 0.0041). 

In scenario IX, the ecological dynamics are described by bi- 
furcation region D. When the environment traces the branch of 
equilibrium attractors, timidity evolves all the way down to zero, 
bτ • = 0 . When the environment traces the branch of periodic at- 
tractors, timidity evolves to a positive singularity, b τ ◦ >  0. Bifurca- 
tions are never encountered through evolution, and the ecological 
dynamics remain similar throughout the course of evolution. For 
example, when α = 5 and β = 10 . 99 , the fold bifurcation occurs 
at bτF = 0 . 0182 , and the evolutionary singularity for the branch of 
periodic attractors is at bτ ◦ = 0 . 0122 . Therefore, ecological bistabil- 
ity is present for b τ ∈ [0, 0.0182). 

In scenario X, the ecological dynamics are described by bifurca- 
tion region D. When the environment traces the branch of equilib- 
rium attractors, timidity evolves all the way down to zero, bτ • = 0 . 
When the environment traces the branch of periodic attractors, 
evolution crosses a fold bifurcation and the environment switches 
to the equilibrium attractor. This attractor switch also causes an 
evolutionary reversal towards lower levels of timidity. Thus, the 
evolutionary outcome is the same for any initial state, but the 
course of evolution may involve a detour towards higher levels of 
timidity. For example, when α = 13 and β = 20 , the fold bifurca- 
tion occurs at bτF = 0 . 2802 and ecological bistability is present for 
b τ ∈ [0, 0.2802). 
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Based on the data collected for Fig. 4 , the prevalences of dif- 

ferent evolutionary outcomes are as follows. Scenario I: 54.155%, 
scenario II: 0.848%, scenario III: 22.673%, scenario IV: 0.143%, sce- 
nario V: 5.164%, scenario VI: 4.432%, scenario VII: 7.625%, scenario 
VIII: 0.029%, scenario IX: 0.121%, and scenario X: 4.810%. 
5. Discussion 

In this paper, we investigated the evolution of timidity in a 
prey species whose predator has cannibalistic tendencies. The eco- 
logical model was derived from individual-level processes in the 
spirit of Geritz and Gyllenberg (2014) , who investigated the same 
subject but without cannibalistic predators. We found that canni- 
balism induces ecological bistability between equilibrium and pe- 
riodic attractors. We classified ten qualitatively different evolu- 
tionary scenarios, in which ecological bistability plays a central 
role. In particular, the analysis revealed that the end result can 
be an evolutionary cycle of the level of timidity, driven by eco- 
logical attractor switching and evolutionary reversals (scenario VII, 
7.6% prevalence in Fig. 4 ). This evolutionary scenario falls under 
the ecogenetically-driven cycles in the classification of Khibnik and 
Kondrashov (1997) . 

For evolutionary cycling and evolutionary reversals to occur in 
our model (scenarios VI, VII, and X), two conditions must be satis- 
fied on the ecological timescale. Firstly, periodic ecological environ- 
ments are necessary for positive levels of timidity to be favoured 
by natural selection. Secondly, ecological bistability is necessary 
for attractor switching to occur. Fig. 5 illustrates the role of these 
ecological conditions in evolutionary cycling. The second condition 
follows from the fact that without ecological bistability, the level 
of timidity uniquely determines the direction of evolution. Admit- 
tedly, without ecological bistability, it may be possible to find cy- 
cles of evolutionary branching and extinction, in which a species 
branches into two types only to be later followed by a chance ex- 
tinction of one of them ( Kisdi et al., 2001; Dercole, 2003 ). Here 
we have found no evidence for evolutionary branching nor extinc- 
tion, suggesting that the branching-extinction cycle is unlikely in 
our model. 

We now ask which individual-level processes drive the afore- 
mentioned ecological conditions for evolutionary cycling and evo- 
lutionary reversals, and particularly, what are the roles of canni- 
balism and timidity in such outcomes? Could we relax some of 
the assumptions made on the basis of individual-level processes, 
such as non-negligible handling time per prey capture, while still 
satisfying these ecological conditions? 

All evidence obtained here suggests that both cannibalism and 
timidity can only forestall the occurrence of periodic ecological at- 
tractors. Whenever a periodic attractor is present, increasing ei- 
ther cannibalism or timidity always causes it to disappear either 
through a supercritical Hopf or a fold bifurcation. This implies that 
if there are no periodic attractors in the absence of cannibalism 
and timidity, then equilibrium is always the only attractor. 

It is well known that the ecological dynamics (15) and (16) with 
bτ = α = h = 0 can only have equilibrium attractors. Therefore, 
non-negligible handling time per prey capture is necessary for the 
existence of periodic attractors. When h >  0, we found that peri- 
odic attractors are easily obtained by increasing β . However, when 
β is set to a relatively large value, the populations at the periodic 
attractor go near to extinction and the model loses biological sig- 
nificance. When the parameters were as in Fig. 2 and bτ = α = 0 , 
such problems arose at β = 25 , where the minimum prey popula- 
tion at the attractor was less than 10 −19 . 

While we found that cannibalism seems to induce ecological 
bistability, understanding why this occurs is difficult. Part of the 
difficulty is because in our model, ecological bistability is always 
between equilibrium and periodic attractors. Since periodic attrac- 

tors are rather difficult to deal with analytically, we were unable 
to perform a thorough investigation on the role of cannibalism in 
ecological bistability. Nevertheless, the numerical analysis suggests 
that ecological bistability is often induced by increasing cannibal- 
ism if, in the absence of cannibalism, the periodic attractor has a 
large amplitude. Curiously, cannibalism is known to induce eco- 
logical bistability in models of different nature, including models 
where the time and the population structure are both continuous 
( Claessen and de Roos, 2003 ), or where the time is discrete but the 
population structure is continuous ( Cushing, 1991 ). In these mod- 
els, ecological bistability typically occurs between multiple equilib- 
rium states. In comparison, the present model assumes a discrete 
population structure and a continuous time. 

In the present paper we have investigated only the evolution of 
the prey, but in nature the predator and the prey typically evolve 
together. For example, if the prey evolves to favour high levels of 
timidity, it effectively reduces the food availability for the preda- 
tor. Thus, prey evolution exerts selective pressure on the predator, 
which must now find a way to compensate for the lack of food. 
We envision that cannibalism could then emerge as the predator’s 
evolutionary response. However, we have reason to believe that 
in reality, cannibalism has various direct trade-offs, such as non- 
negligible handling time for cannibalism or decreased rate of prey 
capture. Thus, cannibalism may evolve only when the benefits ex- 
ceed the costs, which depend both on the environmental condi- 
tions and the trade-off that cannibalism poses on other individual- 
level processes. 

As natural selection acts only for the benefit of the individ- 
ual, evolution of cannibalism may have a decreasing effect on the 
predator population. When cannibalism is harmful for the preda- 
tor population, but they become voracious cannibals through evo- 
lution, then fewer prey are captured. Consequently, lower levels of 
timidity become favourable, reversing the direction of prey evo- 
lution. Eventually, the benefits of cannibalism are lessened by in- 
creased prey availability, whereupon natural selection favours less 
cannibalistic predators. Such coevolutionary dynamics between the 
predator and the prey species may lead to a purely genetically- 
driven evolutionary cycle without switching between ecological at- 
tractors ( Dieckmann et al., 1995 ). 

The analysis conducted here shows that model derivation from 
individual-level processes is essential in making predictions con- 
cerning both the ecological and the evolutionary outcomes. We 
have shown that a single trait can correspond to multiple ecologi- 
cal attractors, and these attractors can disappear as a consequence 
of evolution. Switching between alternative attractors is a likely 
evolutionary consequence of ecological bistability, and it can also 
bring about evolutionary reversals and evolutionary cycling. For- 
tunately, the necessary techniques for evolutionary analysis with 
ecological bistability are readily implemented in the framework of 
adaptive dynamics. Most often the difficulties in our research had 
to do with numerical analysis, and less with model derivation or 
the theoretical framework. 
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Appendix A 

On the separation of ecological timescales 
The dynamical system of the interactions between all five indi- 

vidual states is given by 
dx F i 
dt = −b i x F i y + 1 

τi x H i −βx F i y S 
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+ x F i G &% 

j x F j '−µx F i , (A.1) 
dx H i 
dt = b i x F i y − 1 

τi x H i −µx H i , (A.2) 
dy S 
dt = −βy S % 

j x F j + 1 
h y H −δy S + 1 

T z, (A.3) 
dy H 
dt = βy S % 

j x F j −1 
h y H −δy H , (A.4) 

dz 
d t = (λ −1) αy S z + γβy S % 

j x F j −σ z −1 
T z. (A.5) 

We now separate the above dynamics into three separate 
timescales. Let ε >  0 be a small and dimensionless scaling param- 
eter, and assume the following scalings for the model parame- 
ters: b = ε −3 b 0 , α = ε −2 α0 , β = ε −1 β0 , σ = ε −1 σ0 , T = ε −1 T 0 , x = 
ε −1 x 0 ′ , y = εy 0 , τ = ε 2 τ0 , h = ε 2 h 0 , and G ( / 

j x F j ) = G 0 (ε / 
j x F j ) . 

Next, rewrite the above system using these scaled parameters, and 
the equations for the total prey and adult predator populations, 
x i = x F 

i + x H 
i and y = y S + y H . For convenience, we also drop the 

subindex zero from these scaled parameters, which results in 
ε 2 dx F i 

dt = −b i x F i y + 1 
τi x H i −ε 2 βx F i y S 

+ ε 2 x F i G &% 
j x F j '−ε 2 µx F i , (A.6) 

dx i 
dt = x F i G &% 

j x F j '−µx i −βx F i y S , (A.7) 
dy 
dt = 1 

T z −δy, (A.8) 
ε 2 dy S 

dt = −βy S % 
j x F j + 1 

h y H −ε 2 δy S + ε 2 
T z, (A.9) 

ε dz 
d t = (λ −1) αy S z + γβy S % 

j x F j −σ z −ε 2 
T z. (A.10) 

To investigate the above dynamics on the short timescale, we 
introduce a scaled time t ∗∗ := ε −2 t, and let ε → 0. Then, the dy- 
namics are given by 
dx F i 
dt ∗∗ = −b i x F i y + 1 

τi x H i , (A.11) 
dy S 
dt ∗∗ = −βy S % 

j x F j + 1 
h y H , (A.12) 

which are equivalent to (3) and (4) , and where the variables x, 
y , and z are constants on this timescale. Next, assuming that the 
short timescale dynamics have attained a quasi-steady state, we in- 
vestigate the dynamics (A .6)–(A .10) on the intermediate timescale. 
Rewrite these dynamics using the quasi-steady states (5) and 
(6) for the short timescale, and introduce a scaled time t ∗ := ε −1 t . 
Then, let ε → 0, which results in 
dz 
dt ∗ = γβy S % 

j x F j + αλy S z −αy S z −σ z, (A.13) 

which is equivalent to (7) , and where x i and y are constants in this 
intermediate timescale. 

For an alternative scaling with only two timescales, assume that 
y, z, τ , and h are of order ε; β and σ are of order ε −1 ; and that 
α and b are of order ε −2 . Now, when the dynamics of both the 
state-transitions and the juvenile population dynamics are stud- 
ied on the t ∗ := ε −1 t timescale, we find exactly the same quasi- 
equilibria as before. Thus, the only differences are in the biological 
interpretation; in the case with two timescales we assumed that 
the adult and the juvenile predator population numbers are on the 
same scale, and predator maturation time is much shorter. 
Appendix B 

On the existence and uniqueness of an interior equilibrium 
Any interior equilibrium corresponds to an intersection be- 

tween isoclines. At the prey isocline we have ˙ x = 0 , which we 
write in terms of x F , 
˜ y 1 = (G (x F ) −µ)(1 + βhx F ) 

β + µbτ (1 + βhx F ) . (B.1) 
The prey isocline is positive for x F <  x 0 , and has unique root at 

x F = x 0 . The second derivative of the prey isocline with respect to 
x F is given by 
˜ y ′′ 1 = 3 2 β2 h (bτβhµ(µ −G (x F )) 

+ (β + bτµ(1 + βhx F )) G ′ (x F )) 
+ (1 + βhx F )(β + bτµ(1 + βhx F )) 2 G ′′ (x F ) +
/ (β + bτµ(1 + βhx F )) 3 , (B.2) 

which is concave if and only if 
G ′′ (x F ) <  2 β2 h (bτβhµ(G (x F ) −µ) 

−(β + bτµ(1 + βhx F )) G ′ (x F ) . (B.3) 
In particular, for any G such that G ′′ ≤0 the above condition 

holds. Similarly, we write the predator isocline in terms of x F , 
˜ y 2 = β(γ −δσhT ) x F −δσ T 

αδT (1 −λ) . (B.4) 
The predator isocline increases monotonically in x F for 

γ >  δσhT and λ <  1, and positive for β >  δσT / (x F (γ −δσhT )) . 
Both of these conditions are satisfied whenever the predator can 
invade the environment where only the prey is present. By conti- 
nuity ˜ y 2 is also positive for some x F <  x 0 . This implies the existence 
of x 1 <  x 0 at which the isoclines intersect, and where x 1 satisfies 
(G (x 1 ) −µ)(1 + βhx 1 ) 
β + µbτ (1 + βhx 1 ) = β(γ −δσhT ) x 1 −δσ T 

αδT (1 −λ) . (B.5) 
In other words, an interior equilibrium exists. If also (B.3) holds, 

then the uniqueness follows from the concavity of the prey isocline 
and the monotonicity of the predator isocline. 
Appendix C 

On the stability of the interior equilibrium 
Let tr J and det J denote the trace and the determinant of the 

2 ×2 Jacobian matrix J of (15) and (16) evaluated at the interior 
equilibrium ( ̄x , ̄y ) = (x 1 (1 + bτ ȳ ) , ̄y ) . We show that the equilibrium 
can switch stability only through a Hopf bifurcation. First, we show 
that det J >  0 for all b τ and α. Then, we show that for all b τ , at 
most one α1 exists for which tr J = 0 , and similarly, for all α, at 
most one b τ 1 exists for which tr J = 0 . By the Routh-Hurwitz cri- 
teria, such values α1 and b τ 1 correspond to a Hopf bifurcation. 

The determinant of J is given by 
det J = γβ ȳ x 1 *α(1 −λ) ̄y (2 bτµ(1 + βhx 1 ) 2 + β(2 + βhx 1 )) 
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+ (1 + βhx 1 ) { σ (β(1 + bτhµx 1 ) + bτµ) 
+ α(1 −λ) µ(1 + βhx 1 ) } + αG (x 1 )(λ −1)(1 + βhx 1 ) 2 
+ α(λ −1) x 1 G ′ (x 1 )(1 + βhx 1 ) 2 +/ 
*
T (1 + bτ ȳ )(1 + βhx 1 ) 2 (σ (1 + βhx 1 ) + αȳ (1 −λ)) 2 +. 

(C.1) 
The sign of det J is given by the numerator in the above equa- 

tion. Rewriting the numerator of det J in terms of b τ gives a linear 
equation, with positive coefficient 
γµβx 1 ̄y (1 + βhx 1 ) 2 (2 αȳ (1 −λ) + σ ) , (C.2) 
and so the numerator of det J is minimised at bτ = 0 . Substituting 
bτ = 0 and µ = G ( ̄x ) −β ȳ / (1 + βh ̄x ) into the numerator of det J 
results in 
α(λ −1) ̄x G ′ ( ̄x )(1 + βh ̄x ) 2 + β(σ (1 + βh ̄x ) + αȳ (1 −λ)) , (C.3) 
which is positive for all α. Therefore, det J is strictly positive for all 
b τ . Similarly, rewriting the numerator of det J in terms of α gives 
a linear equation, with coefficient 
γβ(λ −1) x 1 ̄y *G (x 1 )(1 + βhx 1 ) 2 −β ȳ (2 + βhx 1 ) 

+ (1 + βhx 1 ) 2 (x 1 G ′ (x 1 ) −(1 + 2 bτ ȳ ) µ) +. (C.4) 
Then, upon substituting G (x 1 ) = µ(1 + bτ ȳ ) + β ȳ / (1 + βhx 1 ) , 

the above coefficient is clearly positive. The numerator of det J in 
terms of α is then minimised at α = 0 , and has the clearly positive 
value 
γβσ x 1 ̄y (1 + βhx 1 )(β + bτµ + bτβhµx 1 ) . (C.5) 

We have now shown that det J is positive for all b τ and α. 
The trace of the Jacobian matrix J is given by 

tr J = 1 
1 + bτ ȳ 

3 
x 1 G ′ (x 1 ) + β ȳ 

1 + βhx 1 − β ȳ 
(1 + βhx 1 ) 2 

+ γβx 1 ̄y (α(λ −1)(1 + 2 bτ ȳ ) −bτσ ) 
T (α(λ −1) ̄y −σ (1 + βhx 1 )) 2 

4 
. (C.6) 

To prove the claim, we shall show that the sign of tr J can 
change at most once in b τ and α. The derivative of tr J with re- 
spect to α is given by 
∂ tr J 
∂α

= γβ(1 −λ) x 1 ̄y *βhσ x 1 (1 + 2 bτ ȳ ) 
+ α(λ −1) ̄y (1 + 2 bτ ȳ ) + σ +

/ *T (1 + bτ ȳ )(α(λ −1) ̄y −σ (1 + βhx 1 )) 3 +, (C.7) 
and vanishes at the positive value 
α2 = σ (1 + βhx 1 (1 + 2 bτ ȳ )) 

(1 −λ)(1 + 2 bτ ȳ ) ̄y . (C.8) 
Moreover, since the derivative ∂ tr J / ∂ α is negative at α = 0 , 

then by continuity it is negative for all α <  α2 , and positive for 
α >  α2 . Next, observe that at the equilibrium 
ȳ = γ βx 1 −T δσ (1 + βhx 1 ) 

αT δ(1 −δ) , (C.9) 
and so ȳ vanishes as α → ∞ . Consequently, tr J → x 0 G ′ ( x 0 ) <  0. Now 
since ∂ tr J / ∂ α vanishes only once and is initially negative, then tr J 
can change sign at most once in α. That is, whenever tr J >  0 holds 
at α = 0 , there exists unique α1 >  0 at which tr J = 0 . But if tr J <  0 
holds at α = 0 , the trace remains negative for all α >  0. 

Finally, we show that tr J = 0 for at most one bτ = bτ1 . Since 
the term 1 / (1 + bτ ȳ ) is strictly positive, it is sufficient to show the 
claim for tr J without that term. This results in a linear equation in 
b τ , with coefficient 

γ βx 1 ̄y (2 α(λ −1) ̄y −σ ) 
T (βhσ x 1 + αȳ (1 −λ) + σ ) 2 , (C.10) 
which is clearly negative. Therefore, tr J is decreasing in b τ and 
can change sign at most once. 
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a b s t r a c t 
We investigate the coevolution of cannibalistic predators and timid prey, which seek refuge upon detect- 
ing a predator. To understand how the species affect each other’s evolution, we derived the ecological 
model from individual-level processes using ordinary differential equations. The ecological dynamics ex- 
hibit bistability between equilibrium and periodic attractors, which may disappear through catastrophic 
bifurcations. Using the critical function analysis of adaptive dynamics, we classify general trade-offs be- 
tween cannibalism and prey capture that produce different evolutionary outcomes. The evolutionary anal- 
ysis reveals several ways in which cannibalism emerges as a response to timidity of the prey. The long- 
term coevolution either attains a singularity, or becomes cyclic through two mechanisms: genetical cycles 
through Hopf bifurcation of the singularity, or ecogenetical cycles involving abrupt switching between 
ecological attractors. Further diversification of cannibalism occurs through evolutionary branching, which 
is predicted to be delayed when simultaneous prey evolution is necessary for the singularity’s attainabil- 
ity. We conclude that predator-prey coevolution produces a variety of outcomes, in which evolutionary 
cycles are commonplace. 

© 2019 The Authors. Published by Elsevier Ltd. 
This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 

1. Introduction 
Predators constitute a major cause of prey death, whereupon 

the prey are under strong selection to adopt better methods for 
detecting, avoiding, or fending off predators. At the same time, the 
predators are forced to improve their skills at tracking and killing 
the prey, or to seek an alternative food source such as cannibalis- 
ing their young. Cannibalism has been recorded in a wide range of 
predator species, especially among fish and insects ( Fox 1975; Polis 
1981 ). It is thus only natural that the evolution of the prey influ- 
ences that of the predator, and vice versa ( Abrams 20 0 0 ). Dawkins 
and Kreb’s (1979) analogy of an evolutionary arms race illustrates 
the idea behind such coevolving interactions, in which both species 
adapt to each other in a continual struggle for existence. Such 
adaptations have been observed in various predator-prey relation- 
ships, including spiders and bees ( Heiling and Herberstein 2004 ), 
snakes and lizards ( Downes and Shine 1998 ), and crabs and snails 
( West et al. 1991 ). Understanding the evolution of predator-prey 
interactions helps to understand the function of their behaviour. 

∗ Corresponding author. 
E-mail address: sami.lehtinen@helsinki.fi (S.O. Lehtinen). 

Predator-prey coevolution has motivated a variety of theoret- 
ical models, revealing intriguing long-term evolutionary implica- 
tions. Of particular interest has been the question of whether 
long-term coevolution would eventually come to a stasis, such 
as an evolutionary uninvadable trait (ESS; Maynard Smith and 
Price 1973; Rosenzweig 1973; Brown and Vincent 1992 ), or con- 
tinue indefinitely in accordance with the Red Queen hypothesis 
( Van Valen 1973 ). Abrams (1986) showed that the arms race anal- 
ogy for runaway selection fails when investments in predation re- 
lated adaptations are traded off with other life-history traits. Later 
models revealed that predator-prey coevolution often produces 
long-term cycles in phenotypic traits, which can be driven by dif- 
ferent mechanisms ( Marrow et al. 1992; Dieckmann et al. 1995; 
Khibnik and Kondrashov 1997; Kisdi et al. 2001; Dercole et al. 
2003 ). These include genetically and ecogenetically driven cycles, 
where the latter may involve abrupt switching between alternative 
ecological attractors. Kisdi et al. (2001) and Dercole (2003) fur- 
ther demonstrated how such cycles can be driven by a recur- 
rent evolutionary branching and extinction process. Along any such 
an evolutionary cycle, investments in predation-related traits fluc- 
tuate. While models with evolutionary cycles typically assume 
equilibrium ecological dynamics, Abrams and Matsuda (1997) 

https://doi.org/10.1016/j.jtbi.2019.110 0 01 
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demonstrated that ecological dynamics can also become cyclic as 
a consequence of predator-prey coevolution. 

There are several shortcomings with previous modelling ap- 
proaches. They most often lack derivation from individual-level 
processes, making it difficult to investigate how evolution affects 
the behaviour of predator and prey individuals. It is often unclear 
when adaptation to predation by one species is an evolutionary 
response to other species, since other ecological factors can influ- 
ence such adaptations as well ( Abrams 1990 ). These include appar- 
ent competition between two prey species that share a common 
predator ( Holt 1977; Abrams and Matsuda 1993 ). Another common 
shortcoming concerns the trade-off relationships of adaptations. In 
nature, investments in predation-related traits are typically traded 
off with other behavioural characteristics, such as the foraging ef- 
ficiency of prey individuals ( Lima and Dill 1990 ). Previous models 
often assume a particular shape of such trade-off functions, but in 
reality the shape is uncertain and cumbersome to obtain empiri- 
cally ( Kisdi 2006 ). The assumed shapes remain the least justified 
element of the models. 

How can one explain cannibalism as an adaptation to preda- 
tion? When prey availability is limited, cannibalism may emerge 
and represent a ’life boat mechanism’ that saves a predator pop- 
ulation from going extinct ( van den Bosch et al. 1988; Getto 
et al. 2005 ). However, previous theoretical models neglect the 
possible influence of simultaneous prey evolution. Moreover, em- 
pirical work suggest that cannibalism is sometimes favourable 
even when their typical food is abundant ( Fox 1975 , pp. 90–91; 
Stenseth 1985 ). The rate of cannibalism also varies greatly between 
species, contributing less than 1% of diet in the dragonfly Pyrrho- 
soma nymphula ( Lawton 1970 ), whereas in the wolf spider Lycosa 
lugubris it is 16% ( Edgar 1969 ). In some ecological environments, 
populations of the perch Perca fluviatilis can sustain solely on can- 
nibalism ( Popova and Sytina 1977 ). In addition to the nutritional 
value, cannibalism is an effective way of eliminating competitors 
for resources or sexual partners ( Hrdy 1979; Claessen et al. 20 0 0 ). 
There is unlikely any single explanation for cannibalism, although 
predation may promote such behaviour. 

This study investigates the emergence of cannibalism and 
the long-term implications of predator-prey coevolution. We de- 
rive the ecological model from individual-level processes as in 
Lehtinen and Geritz (2019) with timid prey and cannibalis- 
tic predators. The prey are characterised by their readiness to 
seek refuge upon detecting a predator, and where the preda- 
tors cannibalise on their conspecific young. While Lehtinen and 
Geritz (2019) focused on the evolution of timidity of the prey with 
a fixed rate of cannibalism, here cannibalism is also considered 
as an evolving trait. Using the critical function analysis of adap- 
tive dynamics ( de Mazancourt and Dieckmann 2004; Bowers et al. 
20 05; Kisdi 20 06 ), we treat a general class of trade-offs between 
cannibalism and prey capture. We conduct an explorative analy- 
sis to the extent to which trade-off properties are associated with 
different evolutionary outcomes. These include investigation into 
the emergence of cannibalism, and how it is affected by prey evo- 
lution. The long-term coevolutionary outcomes include cyclic Red 
Queen dynamics and further diversification of cannibalism through 
evolutionary branching. Our analysis is characterised by an empha- 
sis on capturing only the most essential model ingredients, and on 
making minimal assumptions about the shape of the trade-off. 

The organisation of the paper is as follows. We begin in 
Section 2 by setting the ecological stage on which evolution takes 
place. This stage setting is important because evolution by natural 
selection is driven by individual-level processes, which form the 
basis for the ecological environment. We proceed in Section 3 by 
establishing the tools that will be used in the evolutionary analysis. 
Then, in Section 4 we investigate the coevolution of cannibalistic 
predators and timid prey, with corresponding subsections for the 

emergence of cannibalism, evolutionary branching, and evolution- 
ary cycling. Finally, the implications of our findings are discussed 
in Section 5 . 
2. Ecological setting 
2.1. Model ingredients 

Consider an ecological environment consisting of a single prey 
and predator species. The prey are characterised by their timidity, 
that is, their readiness to seek and remain in refuge after detect- 
ing an adult predator. The predators are divided into adults and 
juveniles, where the adults are characterised by their cannibalis- 
tic tendencies towards the juveniles, and only the adults capture 
the prey. Within the prey and the predator species, many different 
types may coexist that differ in these characteristic features. We 
now derive the ecological model assuming the same individual- 
level processes as in Lehtinen and Geritz (2019) , who considered 
only a single predator type. Frequently used symbols are found in 
Table 1 . 

Assume that each prey individual of a population x i detects a 
predator and moves to refuge at rate b i , and has the mean sojourn 
time τ i in refuge. The product, b i τ i , represents the level of timid- 
ity of the prey. In the absence of timidity, b i τi = 0 , the prey make 
no use of the refuge. Biologically, ’refuge’ can be interpreted as a 
physical place, such as a tree, or a state of being vigilant. While a 
prey is in refuge, it gains protection from predation but has halted 
foraging. As in Lehtinen and Geritz (2019) , we assume that prey 
react only to adult predators, but they are unable to distinguish 
searching predators from those that are handling. Throughout this 
paper, an unspecified ’predator’ always refers to an adult individ- 
ual. We divide each prey population x i into foragers x F i and hiders 
x H 
i , 
x i = x F i + x H i . (1) 
All prey individuals have the same natural death rate µ, which is 
independent of the prey and the predator populations. The for- 
aging prey compete for some common resource so that the per 
capita birth rate, G ( / 

j x F j ) , is limited by their total population. We 
assume that G decreases monotonically and that there exists x 0 
such that G (x 0 ) = µ. In the absence of predators, the prey pop- 
ulations attain the equilibrium state x 0 , which is the prey’s car- 
rying capacity. Examples of mechanistic derivations of the birth 
rate G based on competition for breeding sites or food are found 
in Geritz and Gyllenberg (2014) . For the numerical analysis, we 
choose G ( / 

j x F j ) = a −c / 
j x F j when / 

j x F j <  a/c, otherwise it is 
zero. 

Table 1 
List of model parameters ( Lehtinen and Geritz 2019 ). 
Prey parameters 
Symbol Description 
b Rate of moving to refuge 
τ Mean sojourn time in refuge 
µ Natural death rate 
G Birth rate (function of foraging prey) 
Predator parameters 
Symbol Description 
α Rate of cannibalism 
β( α) Rate of prey capture 
h Handling time per captured prey 
γ Conversion efficiency of prey capture 
λ Conversion efficiency of cannibalism 
T Mean maturation time 
δ Adult death rate 
σ Juvenile death rate 
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As for the predators, we assume that each adult predator indi- 

vidual of a population y j cannibalises on the conspecific juveniles 
at the rate αj . All predator types share the same average conver- 
sion efficiency λ of cannibalism into reproduction of new juveniles. 
The prey are captured at the rate β , with the conversion efficiency 
γ . The predators have the mean handling time h per prey capture, 
while the handling time of cannibalism is assumed to be negli- 
gible. Moreover, feeding on the prey is more beneficial than can- 
nibalism, hence λ <  γ . Biologically, these assumptions imply that 
the victims of cannibalism are smaller or otherwise easier to di- 
gest and kill than the typical prey, and are supported by a plethora 
of observed examples ( Fox 1975; Polis 1981 ). Finally, the adult and 
juvenile predators have the natural death rates δ and σ , respec- 
tively. We divide each predator population y j into searchers y S j and 
handlers y H j , 
y j = y S j + y H j , (2) 
and the predators produce juveniles of the same type, which have 
the population z j . 

To extend the model of Lehtinen and Geritz (2019) , we further 
assume a trade-off relationship between prey capture and canni- 
balism. The trade-off is described by the nonnegative and decreas- 
ing function β( α). We abstain from choosing any specific shape for 
the trade-off, assuming only that adaptation to cannibalism results 
in decreased prey capture success. For instance, large jaws help to 
capture and kill large prey individuals. At the same time, such jaws 
are likely inconvenient when cannibalising on small eggs or post- 
hatching stages. 
2.2. Timescale separation 

The ecological dynamics of all individual-level processes are 
described by a system of differential equations, one for each 
individual-state. In the simplest case with only a single predator 
and prey type present, the system consists of five differential equa- 
tions. To ease the qualitative analysis, we divide the ecological in- 
teractions into separate timescales based on their occurrences. In 
particular, we assume a short timescale for the interactions be- 
tween foraging and hiding prey states, and between searching and 
handling predator states; an intermediate timescale for the birth 
and death of juvenile predators; and a long timescale for juve- 
nile maturation and rest of the birth and death terms. This sep- 
aration of timescales is the same as in Lehtinen and Geritz (2019) . 
Appendix A provides the full system of the ecological dynamics 
and the technical details on timescale separation. 

The short timescale dynamics is described by 
˙ x F i = −b i x F i % 

j ′ y j ′ + 1 
τi x H i , (3) 

˙ y S j = −β(α j ) y S j % 
i ′ x F i ′ + 1 

h y H j , (4) 
which have the unique quasi-steady state, 
x F i = x i 

1 + b i τi / 
j ′ y j ′ , (5) 

y S j = y j 
1 + β(α j ) h / 

i ′ x F i ′ . (6) 
The parameters b i and τ i of the prey type i are now always found 
in the product b i τ i , which describes the level of timidity of the 
prey ( Geritz and Gyllenberg 2014; Lehtinen and Geritz 2019 ). For 
convenience, we treat this product as a single parameter, b τ i . 

Next, assuming that x F 
i and y S 

j have attained their respective 
quasi-steady states, the intermediate timescale dynamics of the ju- 
venile predators is described by 
˙ z j = γβ(α j ) y S j % 

i ′ x F i ′ + λα j y S j % 
j ′ z j ′ −z j % 

j ′ α j ′ y S j ′ −σ z j . (7) 
A biological restriction on the efficiency on cannibalism is λ <  1, 
that is, on average less than one new juvenile is produced from a 
cannibalistic capture. Observe that the total juvenile predator pop- 
ulation is given by 
% 
j ′ z j ′ = γ / 

i ′ x F i ′ / 
j ′ β(α j ′ ) y S j ′ 

σ + (1 −λ) / 
j ′ α j ′ y S j ′ . (8) 

By using the above equation, it follows that the juvenile predator 
population of type j has the unique quasi-steady state 
z j = γ y S j / 

i ′ x F i ′ 
σ + / 

j ′ α j ′ y S j ′ 
#

β(α j ) + α j λ/ 
j ′ β(α j ′ ) y S j ′ 

σ + (1 −λ) / 
j ′ α j ′ y S j ′ 

$
. (9) 

Finally, assuming that z j has attained the above quasi-steady 
state, the long timescale dynamics is described by 
˙ x i = x F i G &% 

i ′ x F i ′ 
'

−µx i −x F i % 
j ′ β(α j ′ ) y S j ′ , (10) 

˙ y j = 1 
T z j −δy j . (11) 

Recall that T describes the mean maturation time of juveniles 
predators, and δ is the death rate of the adults. 
2.3. Functional response 

The functional response F ij ( x , y ) of the predator type j for the 
prey type i is equal to the rate β(α j ) x F i y S j of prey capture divided 
by the predator population y j , 
F i j (x, y ) = β(α j ) x F i 

1 + β(α j ) h / 
i ′ x F i ′ , (12) 

which is the DeAngelis-Beddington functional response with mul- 
tiple prey and predator types ( DeAngelis et al. 1975; Beddington 
1975; Geritz and Gyllenberg 2012 ). Here, x and y are the popu- 
lation vectors that comprise all prey and predator types present. 
Recall that the quasi-steady states for the foraging prey x F 

i and ju- 
venile predators z j depend on x and y , as described by (5) and (9) . 
Similarly, the functional response C kj ( x , y ) of the predator type j for 
the juvenile predator type k is equal to the rate α j z k y S j of cannibal- 
ism divided by the predator population y j , 
C k j (x, y ) = α j z k 

1 + β(α j ) h / 
i ′ x F i ′ . (13) 

Now, by using the above functional responses, we can write the 
long timescale dynamics as 
˙ x i = x F i G 

5 
% 
i ′ x F i ′ 

6 
−µx i −% 

j ′ F i j ′ (x, y ) y j ′ , (14) 
˙ y j = 

5 
γ

% 
i ′ F i ′ j (x, y ) + λ% 

j ′ C j ′ j (x, y ) 
6 
A (x, y ) y j −δy j , (15) 

and where 
A (x, y ) = 1 

T &σ + / 
j ′ α j ′ y S j ′ '. (16) 
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Since the model was derived from individual-level processes, 

all terms in the above equations have clear-cut and biologically 
sound interpretations. The term γ / 

i ′ F i ′ j (x, y ) describes the rate 
at which juveniles are produced per unit of time by the predator 
type j through prey capture. Similarly, juvenile production through 
cannibalism is described by the term λ/ 

j ′ C j ′ j (x, y ) . But since all 
juveniles are equally under the threat of cannibalism during their 
juvenile period, and they may die to natural causes as well, only 
some reach maturity. The recruitment rate into the adult popula- 
tion is thus described by the term (16) . In the absence of cannibal- 
ism, α = 0 , we recover the model by Geritz and Gyllenberg (2014) , 
and in the absence of both cannibalism and timidity, α = bτ = 0 , 
we recover the classical Rosenzweig-MacArthur (1963) model. 
2.4. Monomorphic predator-prey populations 

The population dynamics of a single prey and predator type can 
be written as 
˙ x = x F G 0x F 1 −µx − β(α) x F y 

1 + β(α) hx F , (17) 
˙ y = γ

T β(α) x F y 
σ (1 + β(α) hx F ) + (1 −λ) αy −δy, (18) 

where x F = x/ (1 + bτy ) . The above equations are almost the same 
as in Lehtinen and Geritz (2019) , where β( α) was a fixed constant. 
However, many of the results obtained by Lehtinen and Geritz are 
present also for a trade-off function β( α). Recall that in the ab- 
sence of predators, the prey attains the equilibrium state x 0 . The 
predator invades the prey-only environment x 0 if and only if 

β(α) >  δσ T 
x 0 (γ −δσhT ) and γ >  δσhT . (19) 

Whenever the above conditions are satisfied, there exists a 
unique interior equilibrium ( ̄x , ̄y ) . This equilibrium can switch sta- 
bility through subcritical or supercritical Hopf bifurcation. A de- 
tailed analysis of the ecological dynamics described by (17) and 
(18) for a constant β( α) is found in Lehtinen and Geritz (2019) . In 
particular, they classified four qualitative different bifurcation re- 
gions, and demonstrated that the ecological dynamics can exhibit 
bistability between equilibrium and periodic attractors, as caused 
by subcritical Hopf and fold bifurcation of periodic orbits. Fig. 1 
provides an example of ecological bistability between equilibrium 
and periodic attractors of (17) and (18) . 

Subcritical Hopf bifurcation generates ecological bistability by 
stabilising an equilibrium while a periodic attractor is already 
present. As a side product, subcritical Hopf yields an unstable pe- 
riodic orbit that separates the regions of attraction between equi- 
librium and periodic attractors. Fold bifurcation of periodic orbits 
causes bistability to disappear as the stable periodic attractor col- 
lides with the unstable orbit. This kind of bifurcation pattern oc- 
curs when the parameters b τ and α vary. However, a positive α
value is necessary for ecological bistability. It is typically present 
for the parameter values between the two catastrophic bifurcation 
points, but sometimes only the fold bifurcation is observed for pos- 
itive values of b τ . Here, we found that the occurrence of ecological 
bistability is largely independent of the specific form of the trade- 
off function β( α), as long as β(0) is sufficiently large. 

The numerical analysis was done using the Mathematica ® soft- 
ware, as in Lehtinen and Geritz (2019) . Periodic attractors were 
found by numerically integrating (17) and (18) using an explicit 
Runge-Kutta method for NDSolve and with the initial condition 
(x, y ) = (x 0 , 0 . 001) . Then, together with the EventLocator method, 
convergence to the attractor was evaluated using a Poincaré sec- 
tion. We collected data of the solution curve until the distance be- 
tween two consecutive equilibrium points of a Poincaré map was 

Fig. 1. Ecological bistability between equilibrium and periodic attractors 
( Lehtinen and Geritz 2019 ). Thin lines indicate isoclines of the ecological dy- 
namics, and the dashed curve indicates the unstable periodic orbit that separates 
the regions of attraction. In this figure, the prey and predator traits have the values 
bτ = 0 . 44 , α = 6 , and β(6) = 15 , and other model parameters have the values 
c = 2 , a = 2 , µ = 1 , γ = 3 , λ = 0 . 6 , δ = 1 , h = 1 , T = 1 , and σ = 0 . 7 . 
smaller than 10 −5 , after which we discarded the transient data. 
Whenever there exists bistability, the unstable periodic orbit was 
found using the same method, but for reverse direction and by set- 
ting the initial value in the interior of the stable periodic attractor. 
3. Adaptive dynamics 
3.1. Evolutionary setting 

The coevolution between the predator and its prey is 
investigated using the framework of adaptive dynamics 
( Geritz et al. 1998 ). The evolving traits considered in this study 
are timidity of the prey and cannibalism of the predator. Recall 
that the level of timidity is described by the product b τ , while the 
rate at which the predator cannibalises the conspecific juveniles 
is described by α. Cannibalism is traded off with prey capture, 
described by an arbitrary nonnegative function β( α) satisfying 
β ′ ( α) <  0. The resident trait values b τ and α change gradually 
through repeated invasions and replacements by successful mu- 
tants. The long-term trait dynamics take place on an evolutionary 
timescale that is considerably longer than the ecological timescale. 
As is typical in adaptive dynamics, we assume that mutations have 
small phenotypic effects, and are sufficiently infrequent that the 
resident environment has attained an attractor before a mutant 
appears. 

The ecological environment set by the resident traits deter- 
mines whether a novel mutant type has a positive probability 
of invasion. In many cases when a mutant appears with a posi- 
tive invasion probability, the mutant dies out due to demographic 
stochasticity. But since the environment remains at the same eco- 
logical attractor, eventually a mutant appears that successfully in- 
vades the resident environment. If such an invasion would be im- 
possible if the roles were switched, the mutant replaces the resi- 
dent and establishes the new resident environment. 

The Tube Theorem of adaptive dynamics ( Geritz et al. 2002 ) en- 
sures that the new resident type settles on an environment that 
is generally arbitrarily close to the previous resident environment. 
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Thus, through small evolutionary steps, the resident environment 
tends to track the same branch of ecological attractors. Abrupt 
changes in the resident environments can occur only when the 
current branch of ecological attractors vanishes through a catas- 
trophic bifurcation. Therefore, if a successful invasion and replace- 
ment event causes a catastrophic bifurcation of the ecological at- 
tractor, the new resident either settles on an alternative attractor 
or goes extinct. In our model, abrupt switching to an alternative 
attractor is possible because of subcritical Hopf and fold bifurca- 
tions, while evolutionary extinction is impossible when single prey 
and predator types are present ( Lehtinen and Geritz 2019 ). When- 
ever the equilibrium attractor undergoes subcritical Hopf bifurca- 
tion, it disappears and the ecological environment shifts to the pe- 
riodic attractor. A fold bifurcation causes a similar shift from pe- 
riodic to equilibrium environment. Note that whenever the envi- 
ronment has undergone such an attractor switch, the direction of 
evolution may change as well ( Dercole and Rinaldi 2002; Lehtinen 
and Geritz 2019 ). 

For the evolutionary analysis, it is helpful to write the ecolog- 
ical dynamics in terms of the resident environment E . Then, the 
dynamics (14) and (15) are equivalent with 
˙ x i = f (bτi , E) x i , (20) 
˙ y j = g(α j , β(α j ) , E) y j , (21) 
where the environment E = (E 1 , E 2 , E 3 , E 4 ) is defined by 
E 1 = % 

j ′ y j ′ (Predator population) 
E 2 = % 

i ′ 
x i ′ 

1 + bτi ′ E 1 (Foraging prey population) 
E 3 = % 

j ′ 
β(α j ′ ) y j ′ 

1 + β(α j ′ ) hE 2 (Predation pressure) 
E 4 = % 

j ′ 
α j ′ y j ′ 

1 + β(α j ′ ) hE 2 (Cannibalistic pressure) 
(22) 

and where the instantaneous per capita population growth rates f 
and g are given by 
f (bτi , E) = G (E 2 ) −E 3 

1 + bτi E 1 −µ, (23) 
g(α j , β(α j ) , E) = γ

T (σ + E 4 ) E 2 
1 + β(α j ) hE 2 

×
#

β(α j ) + α j λE 3 
σ + ( 1 −λ) E 4 

$
−δ. (24) 

Consider a resident environment E set by a single prey type 
b τ and a single predator type α. The fitness of a mutant prey or 
predator type is determined by its average growth rate in the resi- 
dent environment. A positive fitness implies positive probability of 
invasion, otherwise invasion is impossible. When the environment 
is at a periodic attractor, with the period t p = t p (bτ, α, β(α)) , the 
fitness of a mutant prey type b τm is described by 
r(bτm , bτ, α, β(α)) = 1 

t p 
! t p 
0 f (bτm , E(t )) dt , (25) 

and similarly, the fitness of a mutant predator type αm is described 
by 
s (αm , β(αm ) , bτ, α, β(α)) = 1 

t p 
! t p 
0 g(αm , β(αm ) , E(t )) dt . (26) 

When the environment E is at an equilibrium attractor, the growth 
rates f and g fully determine the invasion fitnesses, and there is no 
need to take the time-average. For periodic attractors, the values 
of the invasion fitnesses were found numerically using NIntegrate 

method of Mathematica ® from t = 0 to t = t p , as in Lehtinen and 
Geritz (2019) . 

By definition, every resident must have fitness equal to 
zero, as on average, their abundances neither grow nor de- 
cline. Thus, the resident b τ and α satisfy r(bτ, bτ, α, β(α)) = 
s (α, β(α) , bτ, α, β(α)) = 0 . As the environment E consists of four 
components, then generally at most four prey and predator types 
can coexist; a result known as the competitive exclusion principle 
( MacArthur and Levins 1964; Geritz et al. 1997 ). Thus, the environ- 
ment sets the limit to the maximum diversity attainable through 
the process of evolutionary branching. Note that while it is possi- 
ble to find parameters such that four species types coexist on the 
ecological timescale, such coexistence may perish through long- 
term evolution. 
3.2. Evolutionary dynamics 

The directions of prey and predator evolution are described by 
the signs of the fitness derivatives with respect to the mutants 
and evaluated for the resident type. This means that the sign of 
[ ∂ r/∂ bτm ] bτm = bτ describes whether evolution of the prey favours 
higher or lower levels of timidity, and similarly for the evolution 
of cannibalism of the predator. The rate and direction of long-term 
evolution is predicted by the canonical equation of adaptive dy- 
namics ( Dieckmann and Law 1996; Champagnat et al. 2001 ), 
˙ bτ = C(bτ, α, β(α)) - ∂r(bτm , bτ, α, β(α)) 

∂bτm 
.

bτm = bτ , 
˙ α = D (bτ, α, β(α)) - ∂s (αm , β(αm ) , bτ, α, β(α)) 

∂αm 
.

αm = α . (27) 
Here, the nonnegative coefficients C and D govern the relative 
speeds of prey and predator evolution, which incorporate variation 
in the occurrence of mutations and the mutant trait distributions. 
These coefficients generally depend on the resident trait values and 
the ecological environment. In this study, the aim is to investigate 
different evolutionary outcomes by making minimal assumptions 
about the explicit forms of C and D , as they are difficult to obtain 
in periodic environments. For convenience, we assume that the co- 
efficients C and D are differentiable, so that we can later calculate 
the Jacobian matrix of the canonical equation. 

Coevolutionary singularity is a point at which directional evolu- 
tion vanishes for both species. In other words, coevolutionary sin- 
gularity is a trait pair ( b τ ∗, α∗) at which -

∂r 
∂bτm 

.

bτm = bτ= bτ ∗

α= α∗

= 0 , (28) 
and -

∂s 
∂αm 

.

bτ= bτ ∗
αm = α= α∗

= s 1 + β ′ (α∗) s 2 = 0 . (29) 
Here, the terms s 1 and s 2 are the partial derivatives of the preda- 
tor’s invasion fitness function s , which are then evaluated at the 
singularity. 

In addition to coevolutionary singularity, we define a boundary 
attractor to be a pair of strategies at which one of the trait values 
equals to zero, whereas the other trait value is positive and for 
which the fitness derivative vanishes. This means that the trait pair 
(bτ ∗

0 , 0) is a boundary attractor if 
-

∂r 
∂bτm 

.

bτm = bτ= bτ ∗
0 

α=0 = 0 , (30) 
-

∂s 
∂αm 

.

bτ= bτ ∗
0 

αm = α=0 <  0 , (31) 
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and similarly, the trait pair (0 , α∗

0 ) is a boundary attractor if -
∂r 

∂bτm 
.

bτm = bτ=0 
α= α∗

0 <  0 , (32) 
-

∂s 
∂αm 

.

bτ=0 
αm = α= α∗

0 = 0 . (33) 
When no nearby mutants of either the prey or the predator 

species can invade a singularity, it is evolutionary uninvadable. In 
the literature, such singularities are often called evolutionary sta- 
ble (ESS, Maynard Smith 1982 ). However, this term can easily cause 
unwanted confusion. Evolutionary stability gives no information 
whether it is attainable through evolution, and vice versa, a sin- 
gularity can be attainable but lack evolutionary stability. To avoid 
confusion, we shall avoid using the term evolutionary stability. 

Since only one mutant type can be present at any time, then 
at evolutionary uninvadable singularity both of the invasion fitness 
functions are at local maximum, that is, 
E 1 = - ∂ 2 r 

∂bτ 2 
m 

.

bτm = bτ= bτ ∗

α= α∗

(34) 
and 
E 2 = - ∂ 2 s 

∂α2 
m 

.

bτ= bτ ∗
αm = α= α∗

= s 2 β ′′ (α∗) + s 22 β ′ (α∗) 2 + 2 s 12 β ′ (α∗) + s 11 (35) 
are both negative. This concept is easily applicable to the bound- 
ary attractors: (bτ ∗

0 , 0) is uninvadable when E 1 <  0 , and similarly, 
(0 , α∗

0 ) is uninvadable when E 2 <  0 . 
3.3. Convergence stability 

A coevolutionary singularity is convergence stable when it is lo- 
cally attainable through evolution ( Dieckmann and Law 1996; Mar- 
row et al. 1996; Leimar 2009 ). The coevolutionary dynamics typi- 
cally depend on the relative speeds of prey and predator evolution, 
and so the concept of convergence stability is considerably more 
complicated than in single species evolution. A coevolutionary sin- 
gularity is locally attainable when all eigenvalues of the Jacobian 
matrix of the canonical equation have negative real parts. The en- 
tries of the 2 ×2 Jacobian matrix J of (27) evaluated at ( b τ ∗, α∗) 
are given by 
J 11 = C · ∂ 

∂bτ

-
∂r 

∂bτm 
,,,
bτm = bτ

.

bτ= bτ ∗
α= α∗

= C · (E 1 + M 1 ) , (36) 
J 12 = C · ∂ 

∂α

-
∂r 

∂bτm 
,,,
bτm = bτ

.

bτ= bτ ∗
α= α∗

= C · A 1 , (37) 
J 21 = D · ∂ 

∂bτ

-
∂s 

∂αm 
,,,
αm = α

.

bτ= bτ ∗
α= α∗

= D · A 2 , (38) 
J 22 = D · ∂ 

∂α

-
∂s 

∂αm 
,,,
αm = α

.

bτ= bτ ∗
α= α∗

= D · (E 2 + M 2 ) , (39) 
and where 
M 1 = - ∂ 2 r 

∂ bτ∂ bτm 
.

bτm = bτ= bτ ∗

α= α∗

, (40) 
M 2 = - ∂ 2 s 

∂ α∂ αm 
.

bτ= bτ ∗
αm = α= α∗

. (41) 

By the Routh-Hurwitz criteria, the singularity is convergence 
stable if and only if det J >  0 and tr J <  0. Based on the dependence 
on the positive coefficients C and D , we can classify two different 
types of convergence stability. 

A coevolutionary singularity is strongly convergence stable when 
it is locally attainable for all coefficients C and D . This means that 
the following inequality must hold for det J to be positive, 
(E 1 + M 1 )(E 2 + M 2 ) >  A 1 A 2 , (42) 
and tr J is negative if and only if 
E 1 + M 1 <  0 , (43) 
and 
E 2 + M 2 <  0 . (44) 
The conditions (43) and (44) are referred to as isoclinic stability of 
the prey and the predator species, respectively. These conditions 
equal to convergence stability in single-species evolution. When- 
ever isoclinic stability holds for both species, it means that the sin- 
gularity is locally attainable in either direction when the evolution 
of the other species is absent. In other words, when isoclinic sta- 
bility holds for the prey species, the singularity is locally attainable 
if we set α = α∗ and assume that the predator evolution is absent. 
This applies similarly for predator species, when we set bτ = bτ ∗

and assume the absence of prey evolution. 
A coevolutionary singularity is weakly convergence stable when 

it is locally attainable for some coefficients C and D , so that the 
inequality (42) holds and also 
C · (E 1 + M 1 ) + D · (E 2 + M 2 ) <  0 . (45) 
This essentially implies that at least one of the inequalities (43) or 
(44) must hold. Then, the singularity is attainable whenever the 
coefficients C and D satisfy a certain relationship. For example, 
if E 2 + M 2 >  0 and E 1 + M 1 <  0 , then the singularity is attain- 
able if C/D >  −(E 2 + M 2 ) / (E 1 + M 1 ) . Observe that whenever (E 1 + 
M 1 )(E 2 + M 2 ) <  0 , the singularity can only be weakly convergence 
stable, which also requires that A 1 A 2 <  0 . 
3.4. Critical function analysis 

We now investigate the role of the trade-off function β( α) in 
invadability and convergence stability of a coevolutionary singular- 
ity. For this investigation, we utilise the critical function analysis of 
adaptive dynamics ( de Mazancourt and Dieckmann 2004; Bowers 
et al. 20 05; Kisdi 20 06 ). The Eq. (29) states that by definition, any 
singularity ( b τ ∗, α∗) satisfies 
β ′ (α∗) = −s 1 (α∗, β(α∗) , bτ ∗, α∗, β(α∗)) 

s 2 (α∗, β(α∗) , bτ ∗, α∗, β(α∗)) . (46) 
We call this the critical slope of the trade-off function β( α). In 
other words, for the trait pair ( b τ ∗, α∗) to be a coevolutionary sin- 
gularity, where the trade-off has the value β( α∗) and prey fitness 
derivative vanishes at bτ = bτ ∗, the trade-off must have the crit- 
ical slope (46) at α = α∗. As similar statement holds also for any 
boundary attractor (0 , α∗

0 ) . Consequently, we may reverse engineer 
evolutionary singularities by choosing the required slope for the 
trade-off function. 

This recipe for finding coevolutionary singularities requires that 
b τ ∗ exists, but this property is generally uncertain ( Lehtinen and 
Geritz 2019 ). Indeed, Lehtinen and Geritz demonstrated that for 
some α and β( α), such a value b τ ∗ can be absent. This is often the 
case when catastrophic bifurcations can be encountered through 
evolution. Thus, critical function analysis for a given ecological en- 
vironment is applicable only for those combinations of α and β( α) 
for which b τ ∗ exists. Assuming such a b τ ∗ exists, we can then cal- 
culate the values s 1 and s 2 to obtain the critical slope (46) . More- 
over, if multiple singular b τ ∗ values exist for the same branch of 
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Fig. 2. Critical functions as obtained numerically by solving (47) for various initial conditions. Dashed lines indicate where critical functions cease to exist. Dark gray areas 
depict where the predator is extinct. Parameters are the same as in Fig. 1 . 
ecological attractors, then there are several critical slopes for the 
same α and β( α), as each b τ ∗ produces different s 1 and s 2 . The 
numerical analysis, however, provides no evidence for this. 

The above treatise accounts for a general class of trade-off func- 
tions, since only local assumptions are being made about their 
shape. It follows that both invadability and attainability of a sin- 
gularity are easily mouldable properties, since they depend on the 
local curvature of the trade-off function. The value of this curva- 
ture affects only the term E 2 , which is absent in the singularity 
conditions. Therefore we can freely tune the curvature to find dif- 
ferent outcomes for the same singularity. For instance, since s 2 ̸ = 0 , 
we can always set β ′′ ( α∗) so that E 2 is negative and the singularity 
is uninvadable. Finding the trade-off curvature satisfying E 2 = 0 , at 
which the singularity becomes invasible, is also a trivial task. As 
for the singularity’s local attainability, tuning the trade-off curva- 
ture affects both of the inequalities (42) and (45) . By varying the 
trade-off curvature, different patterns arise based on whichever of 
these inequalities is first violated. 

Suppose that there exists a function ψ( α, β( α)) that tracks a 
given branch of singular b τ ∗ values when varying α for a given 
trade-off β( α). A precise definition of ψ has proven elusive. This is 
due to periodic ecological attractors, which makes finding singular 
trait values possible only through numerical analysis. A function 
βcrit ( α) that satisfies the slope of (46) for every α in some inter- 
val is called a critical function , and is a solution to the differential 
equation 
β ′ 
crit (α) = −s 1 (α, βcrit (α) , ψ (α, βcrit (α)) , α, βcrit (α)) 

s 2 ( α, βcrit ( α) , ψ ( α, βcrit ( α)) , α, βcrit (α)) . (47) 
The solutions of the above equation for different initial conditions 
form a family of critical functions. The solutions of (47) are de- 
fined only as long as the branch of similar ecological attractors ex- 
ists and the function ψ is well defined. For an arbitrary trade-off
function β , a point ( b τ , α) is singular if the trade-off is tangent to 
some critical function with ψ (α, β(α)) = bτ . 

Critical functions were solved numerically using an Euler 
method with a fixed step-size -α = 0 . 05 for various initial con- 
ditions. The process was done separately for equilibrium and peri- 
odic environments. At each point of the iteration, we had to solve 

three values: b τ ∗, s 1 , and s 2 . We first solved b τ ∗ for which the 
absolute value of the prey fitness derivative is smaller than 10 −4 . 
In the absence of such a value, we checked whether bτ ∗ = 0 is a 
viable evolutionary attractor for prey-only evolution. Then, we nu- 
merically integrated s 1 and s 2 for the corresponding ecological en- 
vironment, and used the critical slope (46) to find the next value 
( α, β) for the iteration. At each step of the iteration, we also col- 
lected several other fitness derivatives that are useful later in the 
analysis, when we search for singularities with desired propertied 
( A 1 , A 2 , E 1 , M 1 , M 2 , s 11 , s 12 , s 22 ). Observe that of these terms, 
A 1 , A 2 , M 1 , and M 2 contain derivatives with respect to the resi- 
dent trait values, causing complications whenever the environment 
is periodic. These terms were approximated using difference quo- 
tients for the intervals [ bτ ∗ −-bτ, bτ ∗ + -bτ ] and [ α∗ −-α, α∗ + 
-α] with -bτ = -α = 10 −4 , and where the trade-off function was 
approximated using the linear function β(α) = β(α∗) + αβ ′ (α∗) . 
4. Predator-prey coevolution 
4.1. Emergence of cannibalism 

We begin the coevolutionary analysis by investigating the con- 
ditions under which cannibalism emerges. Namely, we investigate 
how such emergence is influenced by the trade-off relationship be- 
tween prey and juvenile capture, and the evolution of timidity of 
the prey. As before, we assume that favouring cannibalism has a 
decreasing effect on success in prey capture. In other words, the 
rate of prey capture is maximised in the absence of cannibalism. 
Throughout this section, we assume that cannibalism is absent, 
α = 0 . Recall that in the absence of cannibalism, there is no eco- 
logical bistability, and the level of timidity and the rate of prey 
capture uniquely determine the ecological environment. 

A simple classification for the emergence of cannibalism can be 
constructed from three ingredients. The first depends on the value 
and slope of the trade-off function β( α) at α = 0 . The second de- 
pends on whether a mutant predator type with small αm >  0 can 
invade for a given level of timidity of the prey, b τ . The third de- 
pends on the level of timidity b τ ∗ that the prey attains through 
evolution while cannibalism is absent. Using these three ingredi- 
ents, we classify four qualitative different ways in which cannibal- 
ism emerges as a response to timidity of the prey. 
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Fig. 3. Numerical illustration of type I-IV evolutionary responses of cannibalism to 
timidity of the prey. In the white region cannibalism is always unfavourable. Pa- 
rameters are the same as in Fig. 1 . 

(I) [ ∂ s/∂ αm ] αm =0 >  0 for bτ = 0 , 
and [ ∂ s/∂ αm ] αm =0 <  0 for bτ = bτ ∗. 

(II) [ ∂ s/∂ αm ] αm =0 >  0 for bτ = 0 and bτ = bτ ∗. 
(III) [ ∂ s/∂ αm ] αm =0 <  0 for bτ = 0 and bτ = bτ ∗, 

and there exists $ ⊂ (0, b τ ∗) such that 
[ ∂ s/∂ αm ] αm =0 >  0 for all b τ ∈ $. 

(IV) [ ∂ s/∂ αm ] αm =0 <  0 for bτ = 0 , 
and [ ∂ s/∂ αm ] αm =0 >  0 for bτ = bτ ∗. 

The above classifications help distinguish how simultaneous 
prey evolution affects the emergence of cannibalism. For evolu- 
tionary response of type I, the outcome is possible in the absence 
of timidity, but prey evolution eventually makes cannibalism un- 
favourable. Hence, this scenario predicts when prey evolution re- 
duces the chances of cannibalism to emerge. For response of type 
II, cannibalism is always going to emerge, and the end result is 
unaffected by the prey evolution. On the other hand, for responses 
of type III and IV, prey evolution is necessary for cannibalism to 
be favourable, which occurs after the prey has attained sufficiently 
high level of timidity. 

Observe that for the response of type III, there is an evolution- 
ary ’window’ during which cannibalism is favourable, but eventu- 
ally prey evolution makes it unfavourable. Whether cannibalism is 
expected to evolve during that window depends on the relative 
speeds of prey and predator evolution. However, even if preda- 
tors do attain positive levels of cannibalism during that window, 
the rate of cannibalism is expected to attain relatively low value 
due to small evolutionary steps. Consequently, the general course 
of prey evolution remains largely unaffected, and which eventually 
causes cannibalism to vanish through predator evolution. There- 
fore, this scenario predicts when cannibalism is only a transient 
stage of evolution. 

To investigate how the emergence of cannibalism depends on 
the trade-off properties, we set α = 0 and apply the following nu- 
merical procedure. For each value of β(0), we first solve the sin- 
gular value b τ ∗. Then, for each fixed trade-off slope β ′ (0), we 
vary b τ ∈ [0, b τ ∗] and collect the values of the fitness derivative 
[ ∂ s/∂ αm ] αm =0 . For the data behind Fig. 3 , we used the step sizes 
-bτ = bτ ∗/ 10 , -β(0) = 0 . 01 , and -β ′ (0) = 0 . 0075 . 

Numerical analysis reveals that all four types of evolutionary 
responses are possible. Fig. 3 presents a typical example of how 
the emergence of cannibalism is influenced by the trade-off slope 
and the rate of prey capture. When the trade-off slope is steep so 

that β ′ (0) is large negative, cannibalism can never emerge. When 
the trade-off is less steep, emergence of cannibalism eventually be- 
comes possible. Sufficiently flat trade-offs ( β ′ (0) ≈0) often result in 
type II response, as there is only little cost for cannibalism. 

In general, lowering the rate of prey capture or increasing the 
steepness of the trade-off hinder the emergence of cannibalism. 
For low rates of prey capture ( β(0) <  4.1), positive levels of timidity 
are always unfavourable, hence bτ ∗ = 0 and only type II response 
can occur. The supercritical Hopf bifurcation of the ecological dy- 
namics occurs at β(0) = 3 . 5 , above which the ecological environ- 
ment is at a periodic attractor. In Fig. 3 , this bifurcation causes the 
‘hump’ in the boundary of type II response. 

For higher rates of prey capture ( β(0) >  4.1) evolutionary re- 
sponses of types I, III, and IV are also possible. Response of type 
I and IV, however, occurred only rarely. Furthermore, type IV re- 
sponse is unattainable for β(0) >  14.65, while type I is unattain- 
able for β(0) <  14.65. When crossing the intersection between all 
different types I-IV ( β(0) = 14 . 65 , β ′ (0) = −1 . 12 ), the qualitative 
differences of predator evolution occurs at the boundaries bτ = 0 
and bτ = bτ ∗, as described by the definitions above, and for the 
intermediate values cannibalistic predator mutants can invade. 

To explain why cannibalism is more likely to emerge for high 
rates of prey capture, recall that in the present study the only cost 
of cannibalism is the decreased rate of prey capture. Although the 
rate of prey capture is decreased by the same absolute value, the 
relative decrease differs between initially high and low rates. In 
other words, predators who are already unsuccessful in capturing 
the prey have more to lose if they turn to cannibalism. 
4.2. Evolutionary branching 

We now investigate evolutionary branching of the cannibalistic 
predator species. When only predator evolution is present, a lo- 
cally attainable and invasible singularity is an evolutionary branch- 
ing point ( Geritz et al. 1998 ). But when the prey and the predator 
species coevolve, the coexistence of two similar trait types is a sep- 
arate requirement for evolutionary branching ( Kisdi 2006 ). Coevo- 
lution further yields three different types of branching points, since 
the coevolutionary singularity may give rise to branching of either 
the prey or the predator species, or both of them. The numerical 
analysis, however, provides no evidence for evolutionary branching 
of the prey species. Thus, we focus on the conditions under which 
the predator branches into two types with different rates of canni- 
balism. 

Suppose that ( b τ ∗, α∗) is a coevolutionary singularity. For sim- 
plicity, throughout this section we assume that isoclinic stability 
holds for the prey species, so that E 1 + M 1 <  0 . In the numerical 
analysis this inequality was always found to hold. For the singular- 
ity to be a branching point for the predator species, three condi- 
tions must be met. Firstly, the singularity must be locally attain- 
able through evolution. Secondly, mutant predator types with ei- 
ther lower or higher rates of cannibalism must be able to invade, 
so that the selection becomes disruptive. Thirdly, in the vicinity 
of the singularity two predator types must be able to coexist and 
mutually invade each other. Otherwise the mutant type simply re- 
places the resident, and branching is absent even under disruptive 
selection. Thus, the singularity ( b τ ∗, α∗) is an evolutionary branch- 
ing point for the predator species if and only if the following in- 
equalities hold: 
E 2 + M 2 <  A 1 A 2 / (E 1 + M 1 ) , (48) 
E 2 + M 2 <  −(E 1 + M 1 ) ·C/D, (49) 
E 2 >  0 , (50) 
M 2 <  0 . (51) 
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Fig. 4. Graphical illustration of pairwise invasibility plots for the predator in the vicinity of qualitatively different branching points. Gray regions depict where invasion is 
possible, and dark gray depicts where mutual coexistence is possible. In both panels, the coevolutionary singularity is at (bτ ∗, α∗) = (1 . 322 , 1 . 5) , with β(α∗) = 13 . 4858 and 
β ′ (α∗) = −0 . 9194 . Isoclinic stability holds for the prey species, E 1 + M 1 = −0 . 247 , and M 2 = −0 . 003 , A 1 A 2 = −0 . 0 0 01 . Left: β ′′ (α∗) = 0 . 04 , E 2 + M 2 = −0 . 0 013 , hence 
isoclinic stability holds for the predator species. Right: β ′′ (α∗) = 0 . 08 , E 2 + M 2 = 0 . 0 0 02 , hence isoclinic stability is lacking for the predator species. The narrow cone of 
coexistence in the right panel leads to delayed evolutionary branching. Parameters are the same as in Fig. 1 . 
The sign of the product A 1 A 2 affects the conditions that are nec- 
essary for evolutionary branching. When A 1 A 2 >  0 , the inequality 
(48) requires that isoclinic stability necessarily holds for the preda- 
tor species as well, that is, E 2 + M 2 <  0 . In other words, any sin- 
gularity satisfying A 1 A 2 >  0 can be a branching point only if it is 
strongly convergence stable. 

When A 1 A 2 <  0 , isoclinic stability may be lacking for the 
predator species while still resulting in evolutionary branching. 
This is because the sum E 2 + M 2 may be either positive or negative 
and still satisfy (48) . When E 2 + M 2 <  0 and E 2 >  0 , the singular- 
ity is an evolutionary branching point independent of simultaneous 
prey evolution: neither slow nor rapid prey evolution can prevent 
branching of the predator. Rapid prey evolution does, however, 
quicken convergence to the singularity. But when E 2 + M 2 >  0 , si- 
multaneous prey evolution is necessary for the convergence. This 
occurs when either the coefficient C is large or D is small. In other 
words, slow predator evolution can be compensated by rapid prey 
evolution to retain the singularity’s attainability. As a conclusion, 
for A 1 A 2 <  0 weak convergence stability is sufficient for evolu- 
tionary branching of the predator, and depending on the sign of 
E 2 + M 2 , this may require relatively rapid prey evolution. 

Whenever rapid prey evolution is necessary for the singular- 
ity’s attainability, evolutionary branching is predicted to be de- 
layed. This delay concerns the process of converging to the branch- 
ing point and the coevolutionary dynamics between one prey and 
two coexisting predator types after branching. The reasons for the 
delay are as follows. Firstly, when isoclinic stability holds for the 
prey but is lacking for the predator species, every successful mu- 
tant predator type pulls evolutionary trajectories away from the 
singularity. On the other hand, successful prey mutants do the op- 
posite and tend towards the singularity. For sufficiently rapid prey 
evolution, the singularity is attained in the long-run, but these op- 
posing ‘forces’ delay the process. 

The second reason for the delay is that after branching has oc- 
curred, there is only a narrow cone of mutual coexistence (less 
than right angle). This, again, is a consequence of the lack of iso- 
clinic stability. Therefore, any further successful predator mutations 
are likely to appear outside the cone, whereupon the other res- 

ident type goes extinct. In addition, the branching process may 
also cause the environment to exert different selection pressure 
on the prey. If so, the prey evolves away from b τ ∗, which al- 
ters the cone of coexistence so that one of the predator types 
goes extinct. In other words, evolutionary branching is often fol- 
lowed by chance extinction of one of the resident types. Af- 
ter each unsuccessful branching, in which coexistence lasted only 
for a brief moment in the evolutionary timescale, the evolution- 
ary dynamics revert back to the original scenario with one prey 
and predator type present. Eventually this process is expected to 
succeed so that coexistence is unlikely to perish so easily, and 
the two predator types are clearly distinct in their cannibalistic 
behaviour. 

The two panels in Fig. 4 illustrate the difference between typ- 
ical ( left ) and delayed ( right ) evolutionary branching. In both of 
these examples, the level of timidity of the prey is fixed at bτ = 
bτ ∗ and only the predator is evolving. The only difference is the 
assumed trade-off curvature at the singularity. Gray regions depict 
which mutant predator type αm can invade a given resident α, that 
is, s ( αm , β( αm ), b τ ∗, α, β( α)) >  0. Furthermore, dark gray regions 
depict where invasion is also possible if the roles are switched, so 
that s ( α, β( α), b τ ∗, αm , β( αm )) >  0. Mutual coexistence between 
two nearby predator traits is possible only in the dark gray regions. 

In the left panel of Fig. 4 the cones of mutual coexistence are 
broad (greater than right angle), and conversely narrow in the right 
panel. In particular, if one could fix the resident predator trait ex- 
actly at the singular value α = α∗, then in both cases any mutant 
type can invade. For a broad cone, a successful invasion by a mu- 
tant implies coexistence with the resident. However, for a narrow 
cone such coexistence is unattainable when the resident is at α∗. 
This is because any successful mutant would simply replace the 
resident type. Mutual coexistence can hence be achieved only if 
the resident type is slightly away from the singularity, and if the 
successful mutant type belongs to the narrow cone. 

Let us now focus on the role of trade-off curvature. Observe 
that in the conditions (48)–(51) , only the term E 2 depends on 
the trade-off curvature β ′′ ( α∗), as described by (35) . Moreover, the 
conditions for ( b τ ∗, α∗) to be a coevolutionary singularity, (28) and 
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(29) , are also independent of this curvature. This essentially means 
that the trade-off curvature can be treated as a free variable, and 
by varying it we obtain different evolutionary outcomes for the 
same singularity, such as evolutionary branching. 

Whenever the trade-off curvature is sufficiently concave, the 
conditions (48) and (49) are met, and E 2 <  0 . In other words, when 
β ′′ ( α∗) is large negative, the singularity is convergence stable and 
no mutants can invade. By increasing β ′′ ( α∗) the singularity loses 
convergence stability when either (48) or (49) is violated, and 
becomes invasible when E 2 = 0 . Whenever M 2 >  A 1 A 2 / (E 1 + M 1 ) 
holds at singularity, the loss of convergence stability occurs before 
it becomes invasible. If the singularity retains convergence stabil- 
ity at E 2 = 0 , and also M 2 <  0 holds, then there is an interval of 
trade-off curvatures that yield an evolutionary branching point. 

Based on the observations above, we can construct a sim- 
ple recipe for finding evolutionary branching points. First, one 
should seek for evolutionary singularities for which M 2 <  
min { 0 , A 1 A 2 / (E 1 + M 1 ) } . Then, any such singularity can be turned 
into a branching point by tuning the trade-off curvature β ′′ ( α∗) so 
that E 2 becomes small positive. Further increasing the curvature 
causes the singularity to lose convergence stability, whereupon it 
is no longer a branching point. Evolutionary branching occurs for 
the intermediate trade-off curvatures between the possibility of in- 
vasion and the loss of convergence stability. 

In a similar fashion, we can construct a recipe for delayed evo- 
lutionary branching. Recall that at the loss of isoclinic stability, the 
singularity remains convergence stable only when A 1 A 2 <  0 . By 
further increasing trade-off curvature, the convergence stability is 
retained as long as both (48) and (49) hold. In other words, as long 
as (48) holds, the singularity is a delayed evolutionary branching 
point whenever the relation C / D is sufficiently large. 

The above recipe, together with critical function analysis, pro- 
vided a straightforward method for finding evolutionary branch- 
ing points. After solving critical functions numerically, we simply 
looked for singularities with the desired properties. Recall that crit- 
ical functions are solutions of the differential Eq. (47) . For a simple 
demonstration, consider the critical function corresponding to the 
initial condition (α0 , βcrit (α0 )) = (0 , 15) . The curve of such a criti- 
cal function is visible in the left panel of Fig. 2 , and ceases to ex- 
ist at α∗ = 4 . 85 . The level of timidity of the prey along the critical 
curve ranges from bτ ∗ = 2 . 3865 to bτ ∗ = 0 , respectively, for α∗ = 0 
and α∗ = 4 . 85 . The term M 2 is negative for α∗ <  1.81, and positive 
for α∗ >  1.81. Similarly, the term A 2 is negative for α∗ <  1.43, and 
positive for α∗ >  1.43, while A 1 is always negative. Therefore, one 
readily sees that for the singularities along this critical curve, evo- 
lutionary branching is possible for α∗ <  1.81. For 1.43 <  α∗ <  1.81, 
also delayed evolutionary branching is possible. 

To illustrate how varying the trade-off curvature affects in- 
vasibility and convergence stability, we consider three singulari- 
ties along the critical function of the example above. These ob- 
servations motivate us to choose α∗ = 1 , α∗ = 1 . 5 , and α∗ = 3 , 
since they yield qualitatively different outcomes when the trade- 
off curvature varies. Evolutionary branching is possible in the first 
two singularities, whereas in the third singularity it is impossible. 
Moreover, only the second singularity allows for delayed branch- 
ing. Fig. 5 depicts evolutionary bifurcation diagrams when the 
trade-off curvature β ′′ and the relationship C / D vary. For α∗ = 1 , 
the level of timidity is bτ ∗ = 1 . 631 , and the trade-off has the value 
β(1) = 13 . 9582 and the slope β ′ (1) = −0 . 9714 . The second order 
fitness derivatives have the values A 1 = −0 . 1229 , A 2 = −0 . 00 6 6 , 
E 1 = −0 . 0085 , M 1 = −0 . 1868 , and M 2 = −0 . 0088 . The singularity 
is strongly convergence stable for β ′′ (1) <  0.2288, otherwise it is 
repelling. The singularity is uninvadable for β ′′ (1) <  −0 . 0021 , oth- 
erwise it can be invaded by mutant types. Therefore, evolutionary 
branching occurs for −0 . 0021 <  β ′′ (1) <  0 . 2288 . In this example, 
delayed branching is absent. 

For α∗ = 1 . 5 , the level of timidity is bτ ∗ = 1 . 3223 , and the 
trade-off has the value β(1 . 5) = 13 . 4858 and the slope β ′ (1 . 5) = 
−0 . 9194 . The second order fitness derivatives have the values A 1 = 
−0 . 1383 , A 2 = 0 . 0 0 09 , E 1 = −0 . 010 0 , M 1 = −0 . 2370 , and M 2 = 
−0 . 0030 . The singularity is uninvadable for β ′′ (1 . 5) <  −0 . 0036 , 
and weakly convergence stable for β ′′ (1.5) <  0.0886. Strong conver- 
gence stability occurs for β ′′ (1.5) <  0.0750. Therefore, evolutionary 
branching without delay occurs for −0 . 0036 <  β ′′ (1 . 5) <  0 . 0750 . 
For 0.0750 <  β ′′ (1.5) <  0.0886, the singularity is locally attainable 
only if C / D is sufficiently large, whereupon evolutionary branching 
is delayed. 

Finally, for α∗ = 3 , the level of timidity is bτ ∗ = 0 . 5984 , and 
the trade-off has the value β(3) = 12 . 1909 and the slope β ′ (3) = 
−0 . 8173 . The second order fitness derivatives have the values A 1 = 
−0 . 2236 , A 2 = 0 . 0315 , E 1 = −0 . 0162 , M 1 = −0 . 5597 , and M 2 = 
0 . 0107 . The singularity is uninvadable for β ′′ (3) <  −0 . 0072 , and 
weakly convergence stable for β ′′ (3) <  0.0322. Strong convergence 
stability occurs for β ′′ (3) <  −0 . 287 . Therefore, the singularity can 
be invaded by mutants for −0 . 0072 <  β ′′ (3) <  0 . 0322 . But since 
M 2 is positive, evolutionary branching is absent as nearby mutants 
are unable to coexist with the resident. 
4.3. Evolutionary cycles 

We now investigate evolutionary cycles driven by two quali- 
tatively different mechanisms. First, we analyse genetically driven 
cycles that arise through a supercritical Hopf bifurcation of the 
canonical Eq. (27) . Then, we analyse ecogenetical cycles driven by 
abrupt shifting between alternative ecological attractors. 

Assume that E 1 + M 1 <  0 , as before. Then, a coevolutionary sin- 
gularity ( b τ ∗, α∗) undergoes a supercritical Hopf bifurcation when 
E 2 + M 2 <  A 1 A 2 / (E 1 + M 1 ) , (52) 
E 2 + M 2 = −(E 1 + M 1 ) ·C/D. (53) 
It follows that a Hopf bifurcation is possible only for weakly con- 
vergence stable singularities, because the equations above require 
that E 2 + M 2 >  0 and A 1 A 2 <  0 . Assume that the latter inequal- 
ity holds. Then, by tuning the local trade-off curvature β ′′ , we can 
always find a value of E 2 satisfying (52) . After fixing any such 
value, there exists a unique C / D satisfying (53) . Therefore, when- 
ever A 1 A 2 <  0 holds at a singularity, genetical cycles through Hopf 
bifurcation can always be achieved by tuning β ′′ and C / D . 

The centre and right panels of Fig. 5 illustrate Hopf bifurca- 
tion of the canonical equation for two different singularities. In the 
centre panel, a delayed evolutionary branching point can undergo 
Hopf bifurcation for β ′′ ∈ (0.0750, 0.0886). When β ′′ >  0.0886, the 
inequality (52) is violated and Hopf bifurcation of the canonical 
equation is impossible. In the right panel, evolutionary branch- 
ing is absent and the singularity can undergo Hopf bifurcation for 
β ′′ ∈ (−0 . 2870 , 0 . 0322) . When β ′′ >  0.0322, Hopf bifurcation is im- 
possible. 

Next, we consider ecogenetical cycles driven by ecological at- 
tractor switching. The idea, briefly, is that when evolution causes 
an ecological attractor to disappear through a catastrophic bifur- 
cation, the environment switches to an alternative attractor. Al- 
though the evolving traits have changed only slightly in the pro- 
cess, the selection for the prey and the predator species can 
be substantially different in this alternative environment. Conse- 
quently, the directions of prey and predator evolution can take an 
abrupt and unpredicted shift. Under this alternative environment, 
the process of encountering a catastrophic bifurcation may eventu- 
ally occur yet again, shifting the environment back to the original 
environment. When this whole process occurs recurrently follow- 
ing a distinguishable pattern, the long-term evolution is cycling. 
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Fig. 5. The effect of trade-off curvature and relative speed of evolution on evolutionary outcomes. In all panels, gray areas indicate when the singularity is convergence stable, 
otherwise it is repelling. Dark gray areas correspond to evolutionary branching. Black thick line: E 2 = 0 ; Black dashed line: E 2 + M 2 = 0 ; Red dashed line: Hopf bifurcation 
of the canonical equation. Left: A 1 A 2 >  0 , M 2 <  0 . Centre: A 1 A 2 <  0 , M 2 <  0 . Right: A 1 A 2 <  0 , M 2 >  0 . For definitions of these terms, see (36)–(41) . Parameters are the 
same as in Fig. 1 . 
Such an ecogenetically driven cycle thus comprises two ingredi- 
ents: intermediate phases in different ecological environments, and 
ecological attractor switchings connecting these phases. 

Recall that our ecological model exhibits bistability between pe- 
riodic and equilibrium attractors. When bistability is present, the 
equilibrium environment vanishes through a subcritical Hopf bifur- 
cation on the ecological timescale, and the periodic environment 
similarly vanishes through a fold bifurcation of limit cycles. When 
predator evolution is absent, the evolution of prey is sufficient 
to cause recurrent ecological attractor switching leading to cyclic 
evolution ( Lehtinen and Geritz 2019 ). Lehtinen and Geritz demon- 
strated that to find such attractor switching cycles, one only needs 
to look for branches of ecological attractors in which evolution 
never comes to a stasis. Since runaway selection was absent in that 
model, this implied continual switching between the two ecologi- 
cal attractors through evolution. 

In the case of predator-prey coevolution, ensuring the existence 
of ecogenetically driven cycles is more complicated. This is be- 
cause the existence of ecological bistability is near impossible to 
guarantee without resorting to numerical analysis, even in the ab- 
sence of trade-off ( Lehtinen and Geritz 2019 ). At the same time, 
the trade-off function β( α) affects the global dynamics of evolution 
in a largely unpredictable manner. The task of choosing a trade-off
that satisfies the desired ecological and evolutionary properties is 
hence ever more challenging. In addition, we have no information 
about the coefficients C and D in the canonical Eq. (27) . While crit- 
ical function analysis is useful when dealing with local properties 
of evolutionary singularities, it provides little assistance here as we 
need to know the global shape of the trade-off. 

To find ecogenetical cycles, we rely on graphical phase-plane 
analysis. This is based on investigating the geometries of evolu- 
tionary isoclines, in which either the prey or the predator fitness 
derivative vanishes. The direction of evolution is guided by the fit- 
ness derivatives, and thus the general evolutionary trends are the 
same in the regions bounded by the isoclines. Studying the ge- 
ometries of these isoclines is a fruitful endeavour, as they reveal 
whether evolutionary cycles are possible in the first place. 

By applying the phase-plane analysis for different trade-off
functions, we found many examples of evolutionary cycles driven 
by ecological attractor switching. The trade-off functions were con- 
structed using the Interpolation function of Mathematica ®. Trade- 
off functions that resembled a smoothed step function often pro- 
duced complex isocline geometries and several evolutionary singu- 
larities. As a demonstration, one might construct a trade-off func- 
tion with the following points and slopes: (α, β) = (0 , 22) with 

Fig. 6. Three possible trade-off functions. 
the slope β ′ = −0 . 25 ; (3, 18.5); (5, 17); (7, 15.7); (14, 0) with the 
slope β ′ = 0 ; and (15, 0) with the slope β ′ = 0 . This trade-off
produces three evolutionary singularities and ecological attractor 
switching cycles are also possible (data not shown). In the present 
work, however, we focus on trade-offs for which the isocline ge- 
ometries are considerably simpler. These include a linear trade-off, 
and a trade-off that is initially linear but has a steep tail. Fig. 6 
shows a comparison between the shapes of these three trade-off
functions. 

As a first example, we choose a linear trade-off function: 
β(α) = 20 −0 . 5 α, when α ∈ [0, 40], otherwise it is zero. Fig. 7 (a) 
provides a phase-plane demonstration of the evolutionary dynam- 
ics. The black arrows indicate the general direction of evolution 
within the regions bounded by the isoclines. For this trade-off, 
there is one evolutionary uninvadable singularity at (bτ ∗, α∗) = 
(0 , 35 . 5) corresponding to the equilibrium environment and with 
β(35 . 5) = 2 . 25 (not shown in the figure). No other singularities 
or boundary attractors exist for this trade-off function. For any 
initial point in the trait-space with α >  8.72, the long-term evo- 
lutionary dynamics always attain that singularity. On the other 
hand, if the threshold value α = 8 . 72 is never encountered, then 
all trajectories that start below that value remain bounded. This 
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Fig. 7. Coevolutionary dynamics of prey and predator traits for two different trade-off functions. Thin dotted lines indicate isoclines of fitness derivatives. Blue lines are 
graphical illustrations of evolutionary cycles driven by ecological attractor switching, where the switches are shown in dashes. The boundaries at which supercritical Hopf, 
subcritical Hopf, and fold bifurcations of ecological dynamics occur are denoted by, respectively, super-H, sub-H, and F. The generalised Hopf is denoted by GH. Parameters 
are the same as in Fig. 1 . 
can be achieved by, for example, assuming that D is negligi- 
ble at α = 8 . 72 . It follows that all evolutionary trajectories be- 
ginning in this bounded region attain a cyclic attractor. There- 
fore, even without any knowledge about the complicated coeffi- 
cients C and D below α = 8 . 72 , we can already deduce the qual- 

itative behaviour of long-term coevolution. Admittedly, the as- 
sumption made about the coefficient C at α = 8 . 72 is unjustifi- 
able, and suggests that the problem of characterising meaning- 
ful conditions resulting in attractor switching cycles is far from 
easy. 
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As a second example, we tune the linear trade-off so that long- 

term coevolution is always cyclic. In particular, we want to re- 
frain from making any assumptions about the coefficients C and D , 
and at the same time, ensure that evolutionary trajectories remain 
bounded. It turns out that this is easily achieved by modifying the 
linear trade-off to have a steep tail. For this purpose, we construct 
a trade-off with the following points and slopes: (α, β) = (0 , 20) 
with the slope β ′ = −0 . 5 ; (2, 19) with the slope β ′ = −0 . 5 ; (5, 
17.5) with the slope β ′ = −0 . 5 ; (6, 17); (10, 8); (14, 0) with the 
slope β ′ = 0 ; and (15,0) with the slope β ′ = 0 . 

Fig. 7 (b) provides a phase-plane demonstration of the evolu- 
tionary dynamics when the initially linear trade-off has a steep 
tail. Naturally, the dynamics are equivalent to the previous exam- 
ple as long as the trade-off is linear. At around α = 4 , the mod- 
ified trade-off begins to deviate gradually from the linear trade- 
off, resulting in slightly different isocline geometries. For α >  7, the 
modified trade-off is sufficiently steep that the predator’s fitness 
derivative is always negative. Hence, evolutionary trajectories re- 
main bounded. As there are neither singularities nor boundary at- 
tractors in the whole trait-space, all evolutionary trajectories con- 
verge to an attractor switching cycle for any C and D . 

The blue lines in Fig. 7 (a) and (b) are graphical illustrations 
of evolutionary cycles driven by ecological attractor switching. 
Dashed lines depict abrupt attractor switchings between alterna- 
tive ecological environments. Many other similar illustrations are 
easy to produce for the same figures, as the recipe for such cycles 
is rather straightforward. One simply has to find two evolution- 
ary trajectories along each ecological environment, as guided by 
the black arrows, so that these trajectories connect at the bifurca- 
tion points and form a closed path. Furthermore, Fig. 7 (a) demon- 
strates two qualitatively different attractor switching cycles, which 
are present simultaneously. A full evolutionary cycle can undergo 
an abrupt attractor switch either once or twice. 

An evolutionary cycle containing only one attractor switch does 
so through subcritical Hopf bifurcation of the ecological dynamics. 
In the trait-space the cycle orbits the generalised Hopf bifurcation 
of the ecological dynamics, and the subcritical Hopf bifurcation 
causes the environment to shift from equilibrium to periodic at- 
tractor. Eventually, the environment shifts back to the equilibrium 
attractor smoothly through supercritical Hopf bifurcation. For the 
evolutionary cycle in 7 (a), the point of supercritical Hopf is very 
close to the generalised Hopf bifurcation. We found these kinds of 
cycles to be rare, and they usually required extreme evolutionary 
trajectories. 

For an evolutionary cycle containing two attractor switches, 
there is no smooth bifurcations nor orbiting around the gener- 
alised Hopf bifurcation of the ecological dynamics. The attractor 
switches are caused in turn by subcritical Hopf and fold bifurca- 
tions. These cycles are also possible in single species evolution, 
where the evolutionary trajectories correspond to either horizon- 
tal or vertical lines in the trait-space. For the linear trade-off of 
Fig. 7 (a), however, only prey evolution allows such a cycle. This is 
because predator evolution is unable to cause subcritical Hopf bi- 
furcation. On the other hand, for the modified trade-off of Fig. 7 (b), 
either prey or predator evolution alone is enough to cause this 
type of attractor switching cycle. 
5. Discussion 

We have left many complications out of our simple model, such 
as a continuum of individual sizes or handling time for cannibal- 
ism. The analysis is, however, sufficient to show that coevolution 
can explain how cannibalism emerges as an evolutionary response 
to timidity of the prey. Also, if cannibalism is steeply traded off
with the prey capture, such behaviour can never emerge through 
predator evolution. Clearly, there is no general rule in nature to say 

that timid prey behaviour would lead to cannibalistic predators, as 
the emergence depends on the properties of both the trade-off re- 
lationship and the ecological environment. Furthermore, long-term 
coevolution easily leads to a wide range of evolutionary outcomes, 
including evolutionary branching and several kinds of evolution- 
ary cycles. Evolutionary cycles are, apparently, a natural outcome 
of coevolution. 

The analysis demonstrates that, for gently sloping trade-offs, 
cannibalism emerges without simultaneous prey evolution, while 
it is necessary when the trade-off is steep. For steeper trade-offs, 
cannibalism is more likely to be only a transient stage of evolu- 
tion than a lasting outcome (type III and IV in Fig. 3 ). Curiously, 
prey evolution towards higher levels of timidity can also make 
cannibalism unfavourable (type I). In other words, this describes 
a scenario in which cannibalism is favourable when the prey are 
always available, while limiting prey availability hinders cannibal- 
ism. These findings may help to explain why cannibalism appears 
in contrasting prevalences between species ( Fox 1975 ). Dercole and 
Rinaldi (2002) came to similar conclusions using a different mod- 
elling approach, in which they found highly cannibalistic predators 
to encounter evolutionary extinction. Unfortunately, the present 
work can only offer an explanation insofar as species behave ac- 
cording to our ecological assumptions. More detailed explanations 
for cannibalism in certain species require models tailor-made for 
their specific ecosystem. 

The trade-off for cannibalism posed in the present work, as de- 
creased success in prey capture, is unlikely to be the only one. 
If the victims of cannibalism are able to defend themselves, the 
potential costs also include risk of injury or death in a fight, as 
in the chimpanzee Pan troglodytes ( Goodall 1977 ). In the larvae 
of several amphibian species, such as the salamander Hynobius 
retardatus , cannibalistic individuals have larger heads that allows 
them to feed on smaller conspecifics. Due to the increased ener- 
getic cost associated with growth, cannibalism tends to be benefi- 
cial only in high-density amphibian populations ( Kohmatsu et al. 
2001; Wakano et al. 2002 ). The present work assumes that the 
victims are sufficiently small so that the handling time is negli- 
gible. But if there is a handling time, the benefits of cannibalism 
are likely hindered by the additional time spent handling ( Getto 
et al. 2005 ). Consequently, cannibalism is less likely to emerge and 
requires high conversion efficiency. 

Evolutionary branching of cannibalistic predators is surprisingly 
common in our model. In contrast, for the evolution of han- 
dling time with a trade-off between conversion efficiency, evolu- 
tionary branching appears less likely ( Geritz et al. 2007 ). While 
Geritz et al. (2007) assumed no cannibalism, it would be inter- 
esting to see whether a fixed rate of cannibalism promotes evolu- 
tionary branching of handling time. Furthermore, the present work 
focuses on the conditions under which evolutionary branching oc- 
curs, but this only scratches the surface. The long-term coevolution 
could, for example, lead to stable coexistence between two preda- 
tor types or further branching into three types. 

To explain coexistence of two predator types, consider a prey 
specialist and a highly voracious cannibal. When only the prey spe- 
cialist is present, there is no competition for their juveniles. Hence 
the voracious cannibal can invade as it utilises this unexploited re- 
source. Conversely, when only the cannibals are present, they are 
unsuccessful in prey capture due to the trade-off of cannibalism. 
Consequently, there is no serious competition for the prey, which 
allows the prey specialist to invade. When the same argument ap- 
plies for certain intermediate types, coexistence is understandable. 
Admittedly, the trade-off properties complicate the situation, but 
the idea of the argument remains valid. 

Critical function analysis of adaptive dynamics provides a 
straightforward method for finding evolutionary branching points 
by tuning local trade-off properties, although additional care is 
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needed because of simultaneous prey evolution. Coevolution fur- 
ther extends the range of trade-off curvatures that result in evo- 
lutionary branching (centre panel of Fig. 5 ). This is because at- 
tainability of the coevolutionary singularity can, to some extent, 
be maintained by rapid prey evolution when predator evolution 
tends away from it. Whenever simultaneous prey evolution is nec- 
essary to the outcome, the singularity is weakly convergence sta- 
ble and branching is predicted to be delayed. The findings of 
Claessen et al. (2007) demonstrated similar delayed evolutionary 
branching, but with a different underlying mechanism based on 
demographic stochasticity in small populations. The authors are 
unaware of any other study with delayed evolutionary branching 
due to weak convergence stability in a coevolutionary setting. 

While critical function analysis is commonly used to find evo- 
lutionary branching points, our analysis extends the method for 
finding evolutionary cycles. Such cycles are genetically driven, and 
arise through Hopf bifurcation of the canonical Eq. (27) . Surpris- 
ingly, Hopf bifurcation is equally possible for different types of evo- 
lutionary singularities (centre and right panels of Fig. 5 ). Hopf bi- 
furcation is easily attained by varying either the trade-off curva- 
ture or the relative speed between prey and predator evolution. 
Without coevolution, however, Hopf bifurcation is impossible as 
the evolutionary dynamics become one-dimensional. 

Khibnik and Kondrashov (1997) came up with the idea of con- 
structing evolutionary cycles through Hopf bifurcation of a coupled 
eco-genetical model, and inverted an example model with such 
cycles. Their model, however, lacks derivation from individual- 
level processes, providing no information about the underlying be- 
havioural features that cause the outcome. Genetically driven cy- 
cles have also been found using a stochastic simulation model 
( Dieckmann et al. 1995 ) and a numerical bifurcation analysis 
( Dercole et al. 2003 ). The present work incorporates the idea of 
Khibnik and Kondrashov into the critical function analysis of adap- 
tive dynamics, resulting in simple conditions for the appearance 
of a genetically driven evolutionary cycle ( Eqs. (52) and (53) ). The 
major advancement is that our approach allows model derivation 
from individual-level processes with an arbitrary trade-off for the 
evolving trait. Evolutionary cycles are constructed effortlessly at 
the very last step of the analysis. Admittedly, these cycles may ex- 
ist only in a small neighbourhood of the singularity. To find long- 
term genetic cycles, it is necessary to know how the evolving traits 
and the ecological environment affect the relative speeds of prey 
and predator evolution. 

Ecogenetically driven cycles involving abrupt attractor switching 
are easy to understand intuitively, but there is no clear method for 
finding them. Actual demonstrations are few ( Doebeli and Ruxton 
1997; Khibnik and Kondrashov 1997; Dercole et al. 2002; Lehti- 
nen and Geritz 2019 ). Previous demonstrations always involved 
two catastrophic bifurcations of the ecological environment, each 
of which caused a switch to the alternative attractor. Besides the 
present study, we are aware of only one coevolutionary model with 
these kinds of evolutionary cycles ( Khibnik and Kondrashov 1997 ). 
The present analysis also demonstrates that, for coevolving species, 
even just one catastrophic bifurcation is sufficient for the outcome. 
This occurs when evolutionary trajectories of the resident traits or- 
bit around the generalised Hopf bifurcation of the ecological dy- 
namics ( Fig. 7 (a)). It appears that as long as ecological bistability 
is present, many trade-off functions allow the coevolutionary dy- 
namics to involve ecogenetical cycles with two catastrophic bifur- 
cations (subcritical Hopf and fold). Even linear trade-off produces 
such cycles, suggesting that other demonstrations are easy to find. 
Furthermore, initially linear trade-off with a steep tail yields a sit- 
uation, in which attractor switching cycles are the only possible 
long-term outcome of coevolution ( Fig. 7 (b)). 

In the light of these results, we have reason to expect that 
many evolutionary predictions are easily overlooked when analysis 

is restricted to models without ecological bistability. Furthermore, 
for the same ecological setting, coevolutionary dynamics turn out 
to be much richer than prey-only evolution ( Lehtinen and Geritz 
2019 ). The prevailing view among evolutionary researchers, cen- 
tred on single-species evolution, needs to be extended to coevolu- 
tion for a better understanding of the long-term implications for 
the individual behaviour and the ecological environment. 
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Appendix A 

The outline of the following timescale separation follows that of 
Lehtinen and Geritz (2019) . Here, we extend the model to include 
several predator types and the trade-off function β( α). The full dy- 
namical system before scaling the time and the model parameters 
is given by 
dx F i 
dt = −b i x F i / 

j ′ y j ′ + 1 τi x H i −x F i / 
j ′ β(α j ′ ) y S j ′ 

+ x F i G &/ 
i ′ x F i ′ 

'
−µx F i , (A.1) 

dx H i 
dt = b i x F i % 

j ′ y j ′ −
1 
τi x H i −µx H i , (A.2) 

dy S j 
dt = −β(α j ) y S j % 

j ′ x F i ′ + 1 
h y H j −δy S j + 1 

T z j , (A.3) 
dy H j 
dt = β(α j ) y S j % 

j ′ x F i ′ −
1 
h y H j −δy S j , (A.4) 

dz j 
dt = α j λy S j / 

j ′ z j ′ + β(α j ) γ y S j / 
i ′ x F i ′ 

−z j / 
j ′ α j ′ y S j ′ −σ z j − 1 

T z j . (A.5) 
Let ε >  0, and assume the following scalings for the model 

parameters: b = ε −3 b 0 , α j = ε −2 α j, 0 , β(α) = ε −1 β0 (ε 2 α) , σ = 
ε −1 σ0 , T = ε −1 T 0 , x i = ε −1 x i, 0 , y j = ε y j, 0 , τ = ε 2 τ0 , h = ε 2 h 0 , and 
G ( / 

i ′ x F i ′ ) = G 0 (ε / 
i ′ x F i ′ ) . Rewriting the above system using these 

scaled parameters results in 
ε 2 dx F i 

dt = −b i x F i / 
j ′ y j ′ + 1 τi x H i −ε 2 x F i / 

j ′ β(α j ′ ) y S j ′ 
+ ε 2 x F i G &/ 

i ′ x F i ′ 
'

−ε 2 µx F i , (A.6) 

ε 2 dy S j 
dt = −β(α j ) y S j % 

j ′ x F i ′ + 1 
h y H j −ε 2 δy S j + ε 2 

T z j , (A.7) 
ε dz j 
dt = α j λy S j / 

j ′ z j ′ + β(α j ) γ y S j / 
i ′ x F i ′ 

−z j / 
j ′ α j ′ y S j ′ −σ z j − 1 

ε 2 z j , (A.8) 
dx i 
dt = x F i G &% 

i ′ x F i ′ 
'

−µx i −x F i % 
j ′ β(α j ′ ) y S j ′ , (A.9) 

dy j 
dt = 1 

T z j −δy j . (A.10) 
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Here, for convenience, we dropped the subindex zero from the 

scaled parameters, and replaced the equations for hiding prey, x H 
i , 

and handling predators, y H 
j , with their respective total population 

numbers x i and y j . To investigate the above dynamics on different 
timescales, we introduce scaled times t ∗∗ := ε −2 t and t ∗ := ε −1 t . 
The short timescale dynamics is obtained by rewriting the system 
in terms of t ∗∗, and then letting ε → 0 results in 
dx F i 
dt ∗∗ = −b i x F i % 

j ′ y j ′ + 1 
τi x H i , (A.11) 

dy S j 
dt ∗∗ = −β(α j ) y S j % 

i ′ x F i ′ + 1 
h y H j , (A.12) 

which are equivalent to (3) and (4) , and where the variables x , y , 
and z are constants. On this timescale, the population numbers for 
x F 
i and y S j attain quasi-steady states (5) and (6) , respectively. Then, 
the intermediate timescale dynamics is obtained by rewriting the 
full system in terms of t ∗ and the quasi-steady states, and then 
letting ε → 0 results in 
dz j 
dt ∗ = α j λy S j % 

j ′ z j ′ + β(α j ) γ y S j % 
i ′ x F i ′ −z j % 

j ′ α j ′ y S j ′ −σ z j , (A.13) 
which is equivalent to (7) , and where x i and y j are constants. 
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Abstract

In many terrestrial, marine, and freshwater predator-prey communities, young predators can be
vulnerable to attacks by large prey. Frequent prey counter-attacks may hinder the persistence
of predators. Despite the commonness of such role reversals in nature, they have rarely been
addressed in theoretical modelling. We use mechanistic modelling to study how role reversals
affect the ecological and evolutionary dynamics of a predator-prey community. The model re-
veals an Allee effect and catastrophic regime shifts between alternative ecological states caused by
‘saddle-node’, ‘homoclinic’, and ‘subcritical Hopf’ bifurcations. We find that when prey counter-
attacks are frequent, cannibalism is necessary for predator persistence. Predator selection toward
increasing or decreasing cannibalism may trigger a catastrophic shift toward an extinction state
of the predators. Such an evolutionary extinction of the predators may also be caused by prey
selection toward increasing foraging activity because it facilitates encounters with vulnerable,
young predators. Our results suggest that when young predators are vulnerable to prey attacks,
a sudden extinction of the predators may be more common than currently understood. Keywords:
Adaptive dynamics, Antipredator, Bifurcation, Cannibalism, Catastrophic regime shifts

Introduction

Many predator-prey communities demonstrate ontogenetic reversals, in which predator individ-
uals in their early development stages are victims of their future prey (Polis et al. [1989]). In
such communities, cannibalism is commonplace (Fox [1975], Polis [1981]), and individuals of the
same species behave in contrasting ways at various development stages. To reduce the risk of
predation, prey typically tend to avoid adult predators, but they may also confront predators di-
rectly by attacking their vulnerable young (Barkai and McQuaid [1988], Magalhães et al. [2005],
Saito [1986]). In their early lives, predators may hence be victims of larger prey and cannibalistic
predators alike, as larger individuals of a species may prey on smaller individuals of any species
(Janssen et al. [2002], Palomares and Caro [1999], Polis et al. [1989]).

Predator-prey role reversals are the most frequent form of symmetrical intraguild predation
(Polis et al. [1989]) and are commonly observed in terrestrial, marine, and freshwater species,
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including fish (Able et al. [2007], Kneib [1988], Swenson and Smith Jr. [1976]), mites (Choh et al.
[2012], Magalhães et al. [2005], McMurtry and Croft [1997], Saito [1986]), and insects (Janssen
et al. [2002], Sih [1982]). For example, killifish Fundulus heteroclitus larvae and juveniles are eaten
by both conspecific adults and grass shrimp Palaemonetes pugio, while adult killifish prey on the
shrimp (Able et al. [2007], Kneib [1988]); cannibalistic sauger Stizostedion canadense and walleye
Stizostedion vitreum vitreum feed on each other’s young (Swenson and Smith Jr. [1976]); and in
spider mites, Schizotetranychus celarius kill the larvae of its cannibalistic predator Typhlodromus
bambusae (McMurtry and Croft [1997], Saito [1986]). Reduced predation risk from such counter-
attacks may be so advantageous for prey that they even leave the victim unconsumed (Janssen
et al. [2002], Magalhães et al. [2005], Palomares and Caro [1999], Saito [1986]).

The ecological effects of intraguild predation with cannibalism have been investigated through
several theoretical models (Abrams [2011], de Roos and Persson [2002], Diehl and Feißel [2000],
Hin and de Roos [2019], Hin et al. [2011], Rudolf [2007], Sánchez-Garduño et al. [2014], Schellekens
and van Kooten [2012], Toscano et al. [2016], van De Wolfshaar et al. [2006]). Frequently, these
investigations predict that intraguild predation and cannibalism hinder the scope of coexistence
and promotes the possibility of alternative ecological states and regime shifts. These studies
largely focused on the basic intraguild predation systems, in which predator juveniles compete
for a shared resource with their future prey. This competition limits recruitment of predator ju-
veniles to the adult stage and results in a juvenile competitive bottleneck effect (Hin and de Roos
[2019], Hin et al. [2011], Persson and Greenberg [1990], Toscano et al. [2016, 2017]). Therefore,
prey can regulate the predator population dynamics via competition and potentially cause a
catastrophic regime shift to predator extinction. In addition to theoretical models, empirical
studies have provided strong evidence for the possibility of catastrophic shifts in natural ecosys-
tems (Barkai and McQuaid [1988], Dakos et al. [2019], Fauchald [2010], Folke et al. [2004], Petraitis
and Dudgeon [1999], Scheffer et al. [2001], Schröder et al. [2005]).

While most theoretical models have focused on the basic intraguild predation systems with
competition for a shared resource, systems with predator-prey role reversals remain largely un-
derstudied. When predators in their early development stages are vulnerable to counter-attacks
by prey, this may also lead to the juvenile bottleneck effect. Consequently, role reversals may
inhibit predator persistence and lead to the possibility of alternative ecological states and catas-
trophic shifts. In particular, an Allee effect (Allee et al. [1949]) may arise through prey counter-
attacks that prevent maturation of young predators; the effect is likely high when prey are abun-
dant and hence more likely to encounter young, vulnerable predators. Given the commonness
of role reversals in nature (Janssen et al. [2002], Magalhães et al. [2005], McMurtry and Croft
[1997], Palomares and Caro [1999], Polis et al. [1989]), this interaction must be incorporated in
theoretical models to better understand natural intraguild predation systems. In particular, the
long-term ecological and evolutionary implications of role reversals are currently poorly under-
stood. Although empirical studies have suggested role reversal as an explanation for catastrophic
shifts, this is notoriously difficult to ascertain without theoretical modelling (Barkai and McQuaid
[1988], Fauchald [2010]).

Here, we explore ecological and evolutionary implications of predator-prey role reversals
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using theoretical modelling. Similarly to earlier intraguild predation models (Rudolf [2007],
Schellekens and van Kooten [2012], Toscano et al. [2017]), we model the population dynamics
using differential equations, and structure the predators into juveniles and adults as separated
by their omnivorous roles. The aim is to keep the model as simple as possible, to allow us to
focus on the ecological consequences of role reversals. However, since cannibalism plays such a
central part in intraguild predation systems (Fox [1975], Polis [1981]), we must incorporate this
interaction in our model. As for the prey behavior, we wish to understand how other predation
related defense mechanisms may affect the occurrence of prey counter-attacks. For example,
prey may avoid adult predators by seeking refuge from them, as in the backswimmer Notonecta
hoffmanni (Sih [1982]). When prey are hiding they do not encounter younger predators either,
which may limit or even prevent the potential Allee effect related to counter-attacks. Therefore,
by focusing only on counter-attacks in a predator-prey model may be insufficient to understand
the ecological effects of role reversals. This is because cannibalism and refuge use may also play
a central role in natural intraguild predation systems with role reversals.

We embed role reversals in a simple predator-prey model that was recently used to investigate
the ecological and evolutionary effects of prey refuge use and predator cannibalism (Lehtinen and
Geritz [2019a,b]). This model is sufficiently complex for investigating the impact of role reversals
yet sufficiently simple for producing generic ecological and evolutionary insights. The model
was derived from the individual-level processes, so that every model parameter has a clear-
cut mechanistic link to the individual behavior. In this way, one can ensure that the resulting
implications are direct consequences of the behaviors of prey and predator individuals. We
incorporate role reversals with a single parameter that represents the per capita rate at which
prey encounter and kill young predators. To demonstrate the effect of role reversals on the
evolutionary dynamics, we investigate the evolution of cannibalism and refuge use. This allows
a direct comparison with the results of the earlier study on the same model but without role
reversals (Lehtinen and Geritz [2019a,b]). In particular, we shall analyze the model with and
without cannibalism and refuge use, to demonstrate the ecological effect of role reversals in
the most transparent manner. In doing so, we are able to address a broad range of ecological
scenarios and investigate how predator persistence is affected by prey counter-attacks. This
simple and biologically motivated model may be used to better understand catastrophic shifts
and extinction in many predator-prey communities.

Model description

(a) Individual-level processes
Consider an ecological environment comprising populations of various prey and predator types,
which are characterized by timidity and cannibalism. Timidity is understood as the prey’s readi-
ness to seek and remain in refuge after detecting an adult predator. We assume that the prey
individual is fully protected from predation in the refuge but is unable to forage or counter-attack
younger predators while hiding. This broad definition of refuge covers a range of scenarios such
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as hiding under a rock or in thick vegetation, or a state of being vigilant.
A prey population of type i is divided into foragers and hiders, xi = xF

i + xH
i , where su-

perscripts F and H are used to indicate the corresponding prey states. Similarly, a predator
population of type j is divided into those who are either searching for prey or handling a prey
capture, yj = yS

j + yH
j , while the vulnerable, young predators have the population zj. To account

for the lack of juvenile prey states, we assume that prey begin their life in a refuge, and are hence
protected from predation until they mature and begin foraging.

Prey detect a predator and move to the refuge at rate bi and are assumed to remain there
for some mean time τi, so that they leave the refuge at rate 1/τi. The product biτi describes the
level of timidity of the prey type i (Geritz and Gyllenberg [2014], Lehtinen and Geritz [2019a,b]).
The prey have a natural death rate µ, which is the same for foraging and hiding prey. The prey
harvest and convert a certain abundant self-generating resource, such as algae or plants, into
the production of new prey at rate r. The prey kill and feed on vulnerable, young predators at
rate a, with a conversion factor c. The per capita birth rate G(∑i xF

i , ∑j zj) of the foraging prey is
self-limited and resembles a logistic functional form, so that the birth rate is zero for densities
above a certain threshold M. This threshold may describe, for example, the maximum number
of breeding sites or territories for the prey. Therefore, on the population level prey are born at a
rate of

xF
i G

(
∑
i′

xF
i′ , ∑

j
zj

)
= xF

i

(
r + ac ∑

j
zj

)(
1 − ∑i′ xF

i′

M

)
, (1)

when ∑i xF
i < M, otherwise it is zero. As expected, in the absence of predators, the prey popula-

tion settles on the carrying capacity, x0, which satisfies G(x0) = µ. In this study we focus on the
limiting case c = 0, and for simplicity, we write the birth rate as G(∑i xF

i ).
Predators cannibalize and capture prey at rates αj and β(αj), respectively. We assume that

cannibalism is traded off with prey capture, so that β′(αj) < 0. For now, we abstain from
choosing any particular shape for the trade-off, assuming merely that adaptation to cannibalism
decreases prey capture success (Lehtinen and Geritz [2019b]). However, as both cannibalism and
prey capture are central to predator fitness, we must choose a trade-off function at a later time to
execute the evolutionary analysis. The handling time and conversion factor of prey capture are h
and γ, respectively. As is the case in most cannibalistic predator species (Fox [1975], Polis [1981]),
we assume that the victims of cannibalism are considerably smaller than the typical prey, so that
the conversion factor of cannibalism, λ, is smaller than that of prey capture, γ. For the sake of
simplicity, we assume that the handling time of cannibalism is negligible. Finally, predators and
their young have natural death rates δ and σ, respectively, and their mean maturation time is T.
Therefore, on the population level young predators mature at rate 1/T.

(b) Predator-prey model
We model the ecological predator-prey dynamics using ordinary differential equations. In nature,
certain ecological processes often occur more frequently than others; a prey may hide repeatedly
before falling victim to predation, an adult predator is likely to capture many prey and give
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birth to several young before dying, and only few young predators reach maturity. Therefore, we
assume that the full ecological dynamics are separable into short and long timescales. The short
timescale comprises juvenile predators life-history interactions and transitions between different
prey and adult predator states. The long timescale comprises birth and death of prey, and
maturation and death of adult predators. The technical details behind this timescale separation
can be found in Appendix A.

We use the notations t′ and t to indicate short and long timescales, where t′ is smaller than t.
On the short timescale the population dynamics equations read

dxF
i

dt′
= − bixF

i ∑
j′

yj′ +
1
τi

xH
i , (2)

dyS
j

dt′
= − β(αj)yS

j ∑
i′

xF
i′ +

1
h

yH
j , (3)

dzj

dt′
= γβ(αj)yS

j ∑
i′

xF
i′ + λαjyS

j ∑
j′

zj′ − azj ∑
i′

xF
i′ − zj ∑

j′
αj′yS

j′ − σzj (4)

which have the following equilibrium state

xF
i =

xi
1 + biτi ∑j′ yj′

, (5)

yS
j =

yj

1 + β(αj)h ∑i′ xF
i′

, (6)

zj = yS
j

γβ(αj)∑i′ xF
i′ + λαj ∑j′ zj′

σ + ∑j′ αj′yS
j′ + a ∑i′ xF

i′
, (7)

where the sum of all juvenile predator populations reads

∑
j

zj =
γ ∑i xF

i ∑j β(αj)yS
j

σ + a ∑i xF
i + (1 − λ)∑j αjyS

j
. (8)

Assuming that these fast variables xF
i , yS

j , and zj have attained their respective equilibrium states,
the long timescale dynamics of prey and adult predator populations, xi and yj, reads

dxi
dt

= xF
i G

(
∑
i′

xF
i′
)
− µxi − xF

i ∑
j′

β(αj′)yS
j′ , (9)

dyj

dt
=

1
T

zj − δyj. (10)

(c) Evolutionary framework
We investigate the evolution of timidity and cannibalism using the framework of adaptive dy-
namics (Geritz et al. [1998]). The invasion fitness of a novel mutant trait is defined as the long-
term exponential growth rate of the mutant population in an environment set by resident pop-
ulations. For mutant prey and predator traits bmτm and αm, the instantaneous per capita growth
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rates are, respectively,

1
xm

dxm

dt
=

G
(
∑i xF

i
)
− ∑j β(αj)yS

j

1 + bmτm ∑j yj
− µ,

1
ym

dym

dt
=

1
T

γβ(αm)∑i xF
i + λαm ∑j zj

σ + ∑j αjyS
j + a ∑i xF

i
· 1

1 + β(αm)h ∑i xF
i
− δ.

(11)

To calculate invasion fitnesses in an ecological limit cycle, we need to integrate the above equa-
tions over the length of the cycle; in an ecological equilibrium invasion fitnesses are simply the
above equations substituted by the population equilibria. If the invasion fitness is positive, the
mutant population can grow in the resident environment. Therefore, a mutant with positive
fitness can invade and substitute the resident population. Random mutations are assumed to
have small phenotypic effects and occur so rarely, that only one mutant type can be present at
any moment. In addition, we assume that the resident population has settled on an ecological
attractor before the mutant appears. Therefore, these mutation-invasion events change both the
resident trait type and also the resident environment (Geritz [2005]). Although each of these
trait-substitution sequences are realizations of an underlying stochastic mutation process, the
adaptive dynamics framework provides analytical methods to investigate long-term evolution-
ary dynamics. When alternative stable states are present for the same trait values, the fitness of
the mutant is generally different in those states.

During these mutation-invasion events, the resident environments generally tend to track a
branch of similar ecological states such as an equilibrium or a limit cycle (Geritz et al. [2002]).
On rare occasions, however, an invasive mutant tips the ecosystem so that it shifts to another
ecological state. In dynamical systems, discontinuous bifurcations mark the threshold trait values
that cause an ecological state to undergo a ‘catastrophic’ regime shift, after which the trajectories
of the ecological dynamics are attracted to an alternative ecological state. This generates a sudden
switch between alternative ecological states. A sudden ecological switch may change the general
direction of evolution (Lehtinen and Geritz [2019a,b]) or result in the extinction of a species.
More details of using catastrophic bifurcations to describe evolutionary extinction may be found
in the studies by Webb [2003] and Parvinen [2005].

Results

(a) Ecological dynamics
When only one prey and one predator type are present, the ecological model (9)-(10) simplifies
into

dx
dt

= xFG
(

xF)− µx − β(α)xFy
1 + β(α)hxF , (12)

dy
dt

=
γ

T
β(α)xFy

(σ + axF)(1 + β(α)hxF) + (1 − λ)αy
− δy, (13)
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Figure 1: Phase portraits of different ecological scenarios found in the ecological model (12)-(13).
Thin lines indicate isoclines of the ecological dynamics, and dashed curves indicate unstable
orbits that separate the regions of attraction. Open and closed dots indicate, respectively, unstable
and stable equilibria. Solid closed orbits indicate stable periodic orbits. An Allee effect is present
in scenarios IV-VII, and the predator is always extinct in scenarios VIII-IX.
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where xF = x/(1+ bτy). In the limiting case when cannibalism, timidity and prey counter-attack
are absent, α = bτ = a = 0, we recover the classical Rosenzweig-MacArthur model (Rosenzweig
and MacArthur [1963]). In this model, the populations are known to display global coexistence,
which occurs either at an equilibrium or a limit cycle. These two ecological scenarios may be
illustrated by phase portraits of the ecological dynamics, as in panels I and II of figure 1.

Recent studies have investigated the roles of cannibalism and timidity on the ecological
model (12)-(13) without prey counter-attacks (Geritz and Gyllenberg [2014], Lehtinen and Geritz
[2019a,b]). Increasing prey timidity level hinders the occurrence of limit cycles but generates
no additional ecological scenarios. Cannibalism, on the other hand, strongly influences the eco-
logical dynamics, to the extent that a coexistence equilibrium and limit cycle may be present
simultaneously. Panel III of figure 1 illustrates the phase portrait of this ecological scenario in
which the dashed line is an unstable limit cycle that marks the basins of attractions between the
coexistence states. The coexistence equilibrium is set in the midst of the unstable limit cycle,
and this is surrounded by the coexistence limit cycle. The trajectories of the ecological dynamics
approach some coexistence state whenever the growth rate of nearly extinct predators is positive,
and this is independent of cannibalism and timidity. Indeed, when predatory adults are nearly
extinct, the prey effectively never hide from them, and young predators are unlikely to fall victim
to cannibalism.

When prey and cannibalistic predators coexist and counter-attacks are absent, two types of
abrupt regime shifts between alternative ecological states are possible due to gradual parameter
changes. Firstly, the unstable limit cycle may grow while the surrounding coexistence limit cycle
shrinks, so that eventually they collide and annihilate each other (‘fold’ bifurcation). After the
two cycles have vanished, the trajectories approach the coexistence equilibrium, which is now
globally stable because there are no other possible attractors. In the process, the phase portrait of
the ecological dynamics switches from panel III to I in figure 1. Secondly, the unstable limit cycle
may shrink onto the coexistence equilibrium, so that eventually the equilibrium is destabilized
(‘subcritical Hopf’ bifurcation). After the destabilization occurs, the trajectories approach the
coexistence limit cycle, and the phase portrait switches from panel III to II in figure 1.

Here we find that when prey counter-attacks are present, the above ecological scenarios and
regime shifts can occur even in the absence of cannibalism (figure 2). Furthermore, when counter-
attacks are sufficiently frequent, the ecological dynamics display an Allee effect, so that coexis-
tence is possible although nearly extinct predators have a negative growth rate. This yields
several additional ecological scenarios, and the phase portraits are illustrated in panels IV–IX of
figure 1. The parameter diagram in figure 2 shows how varying the rate of counter-attacks and
the level of timidity affects the occurrence of various ecological scenarios. By increasing the rate
of counter-attacks, the predator extinction state becomes stable and an unstable saddle equilib-
rium appears in the ecological dynamics (‘transcritical’ bifurcation). Because stabilization of the
extinction state occurs on the boundary of the ecological dynamics, this process is separate from
possible coexistence. However, after the extinction state is stabilized, a further disappearance of a
coexistence state is potentially dangerous for predator persistence. This is because the trajectories
may then approach the stable predator extinction state.
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Table 1: Ecological scenarios of the present model.

Scenario Coexistence state Allee effect
Equilibrium Cycle

I Yes No No
II No Yes No
III Yes Yes No
IV, V Yes No Yes
VI No Yes Yes
VII Yes Yes Yes
VIII, IX No No No

When there is an Allee effect, three different bifurcations of the ecological model (12)-(13)
may lead to catastrophic shift to predator extinction. Firstly, a coexistence and unstable saddle
equilibria may collide and annihilate each other (‘saddle-node’ bifurcation). After the equilibria
have disappeared, there are no other possible coexistence states and the population trajectories
approach the predator extinction state. The phase portrait concurrently switches from panel IV
to IX in figure 1. Secondly, when an unstable limit cycle shrinks onto a coexistence equilibrium
(‘subcritical Hopf’ bifurcation), the equilibrium is destabilized. Then, if there are no other sur-
rounding coexistence states, the trajectories approach the predator extinction state. The phase
portrait concurrently switches from panel V to VIII, as illustrated in figure 3c. Thirdly, a coexis-
tence limit cycle may approach and collide with the saddle (‘homoclinic’ bifurcation). This occurs
if changing parameters cause the limit cycle to grow, so that eventually it ‘touches’ the saddle
and momentarily resembles a homoclinic loop before falling apart. After the coexistence limit
cycle disappears, the trajectories approach the predator extinction state. In the present model,
two ecological scenarios can lead to this kind of extinction: the phase portrait switches either
from panel VI to VIII or from panel VII to V. These kinds of disappearances of the limit cycle are
illustrated in figures 3a,b.

(b) Ecological scenarios
A simple classification of qualitatively different ecological scenarios is constructed from three
ingredients. The first depends on the presence of coexistence states, such as an equilibrium or a
limit cycle, and the second on the stability of the predator extinction state. The third ingredient
depends on the presence of unstable equilibria and cycles. In doing so, we find a total of nine
ecological scenarios in the present model. These are catalogued in table 1, and the phase portraits
are illustrated in figure 1. The ecological dynamics always attain coexistence in scenarios I–III;
both coexistence and predator extinction are possible in scenarios IV–VII; and the predator always
goes extinct in scenarios VIII and IX.

In scenarios IV and V there is an Allee effect and coexistence can only occur at an equilibrium
state. From the ecological point of view these differences may seem only minor; in both cases the
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coexistence equilibrium is locally stable and it can undergo a catastrophic shift to extinction. The
differences only become apparent when investigating the two unstable separatrices that separate
the basins of attraction between coexistence and extinction. In the phase portrait of scenario IV,
this basin is marked by two unstable separatrices that connect at the unstable saddle equilib-
rium. These separatrices form a ‘tube’ that describes the basin of attraction for the coexistence
equilibrium. This tube stretches to the infinity and becomes ever narrower (figure 1; panel IV).
All trajectories inside this tube approach the coexistence equilibrium, while trajectories outside
the tube approach the predator extinction state. Therefore, a predator may invade the system
only if the initial population belongs inside this tube. Between the phase portraits of scenarios
IV and V, the two separatrices have ‘dislocated’ from the saddle (‘homoclinic’ bifurcation) after
which they form an unstable cycle that surrounds the coexistence equilibrium (figure 1; panel
V). Therefore, in scenario V the trajectories inside the unstable cycle approach the coexistence
equilibrium, while all other trajectories approach the extinction state.

In scenarios VI and VII, the basin of attraction for the extinction state is separated by a ‘tube’
similarly to scenario IV (figure 1). The coexistence occurs at a limit cycle in scenario VI, and
otherwise it is the same as scenario IV. In scenario VII, however, coexistence may occur either at
a limit cycle or an equilibrium. The basins of attraction between these two coexistence states are
separated by an unstable limit cycle, similarly to scenario III. Therefore, scenario VII has three
simultaneously stable ecological states: a coexistence equilibrium, a coexistence limit cycle and
the extinction state of the predators. In panel VII of figure 1, the phase portrait illustrates the
series of stable ecological states and unstable separatrices: the coexistence equilibrium is set in
the midst of the unstable limit cycle, the unstable limit cycle is surrounded by the coexistence
limit cycle and the coexistence limit cycle is surrounded by the unstable tube. The region outside
the tube is the basin of attraction for the extinction state of the predators.

Finally, in scenarios VIII and IX coexistence is impossible, so that predator extinction state
is globally stable. However, there is a subtle difference between these scenarios, namely, the
presence of unstable equilibria. Scenario VIII has two equilibria, i.e. a saddle and an unstable
node or focus, while scenario IX has none. From the ecological point of view, these differences
only affect the path of trajectories as they approach predator extinction (figure 1).

(c) Prey evolution
We begin the evolutionary analysis with the prey species. The aim of this section is to show how,
in the presence of prey counter-attacks, selection toward decreasing timidity disrupts predator
persistence and leads to their extinction. The intuitive idea is that when prey are less timid, then
on average, they are foraging a higher proportion of their time. This facilitates the overall rate
of encounters with vulnerable, young predators, which consequently inhibits their persistence as
fewer predators can mature. To ensure that this result is a direct consequence of counter-attacks,
we assume the absence of cannibalism, α = 0. Recall that the timidity level, bτ, is quantified by
the product of two inheritable parameters b and τ that can be subject to natural selection (Geritz
and Gyllenberg [2014], Lehtinen and Geritz [2019a,b]). For convenience, we make no distinction
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Figure 2: Parameter diagram of ecological scenarios together with prey evolution, the direction
of which is described by arrows. An Allee effect is present in the light gray region, while the
predator is always extinct in the white region. Blue lines are the local extinction boundaries at
which the ecological model (12)-(13) undergoes a catastrophic shift, in which one coexistence state
switches to predator extinction (dashed and solid lines, respectively, for cycling and equilibrium
states). Purple line depicts the evolutionarily stable timidity level which marks the endpoint of
prey evolution. Parameters: r = 2, c = 0, M = 1, µ = 1, λ = 0.6, γ = 3, δ = 1, T = 1, h = 1,
σ = 0.7, β = 15, α = 0.
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between different prey types that have the same timidity level.
The evolution of prey timidity may cause the extinction of the predators via several paths,

which depend on the ecological scenario prior to the catastrophic loss of coexistence and shift
to extinction. Figure 2 presents a parameter diagram of the ecological scenarios model together
with prey evolution. The vertical arrows indicate the direction of prey selection. The predator is
always extinct in the white region, while in the gray region there is possible coexistence and an
Allee effect. For sufficiently low rates of counter-attacks (a < 3.91), the predator always coexists
with the prey, and timidity attains an evolutionarily stable level (purple line). Whenever the rate
of counter-attacks is sufficiently high (a > 3.91), there is an Allee effect and selection is always
toward decreasing timidity. Eventually, selection causes timidity level to cross an extinction
boundary in the parameter diagram (figure 2, blue lines), at which the coexistence environment
undergoes a catastrophic regime shift to predator extinction. In the process the coexistence
state, either an equilibrium or a limit cycle, disappears and the trajectories approach predator
extinction. In figure 2 the local extinction boundaries for different kinds of coexistence states are
depicted by blue lines (dashed for limit cycle, solid for equilibrium). These cases can correspond
ecological scenarios V, VI, and VII of figure 1. Figures 3a,b,c depict the phase portraits of the
ecological dynamics before and after crossing the extinction boundary.

Figures 3a,b depict the phase portraits leading towards evolutionary extinction when the
populations reside at the coexistence limit cycle (3.91 < a < 7.84 in figure 2). In both figures,
selection toward decreasing timidity causes the coexistence limit cycle to expand in the phase
portrait and to eventually collide with the saddle (‘homoclinic’ bifurcation). This causes the
limit cycle to fall apart, after which trajectories belong to the basin of attraction of the predator
extinction state. For smaller rates of counter-attacks (3.91 < a < 5.4, scenario VI), the limit
cycle is the only possible coexistence state, while for larger rates (5.4 < a < 7.84, scenario VII )
there is bistability between a coexistence equilibrium. In the latter case, the basins of attraction
between coexistence equilibrium and cycle are separated by an unstable cycle that surrounds
the equilibrium. However, mere presence of an alternative coexistence equilibrium is unable to
‘save’ the cycling predator population from going extinct. Figure 3b illustrates that as the limit
cycle vanishes, the trajectories belong to the basin of attraction of the predator extinction state.
In other words, the predators could have avoided extinction only if they originally resided at the
coexistence equilibrium instead of the limit cycle.

Figure 3c depicts the phase portraits leading towards evolutionary extinction when the pop-
ulations reside at the coexistence equilibrium. In figure 2, the extinction boundary of this case
corresponds to the solid blue line (a > 5.43). Selection toward decreasing timidity causes the
unstable limit cycle to shrink onto the coexistence equilibrium. Eventually the equilibrium be-
comes unstable (‘subcritical Hopf’ bifurcation), after which the trajectories belong to the basin
of attraction of the predator extinction state. In the process, the phase portraits switches from
ecological scenario V to VIII, in which the predator is always extinct and the prey population
settles on the carrying capacity x0.

For certain counter-attack rates (5.43 < a < 7.84 in figure 2), the above two descriptions of
prey evolution to predator extinction are simultaneously possible. As expected, this requires that
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Figure 3: Three detailed examples of prey evolution to predator extinction, extracted from fig-
ure 2. (a) Populations reside at the cycle, which vanishes via homoclinic bifurcation as the prey
timidity level approaches bτ = 3.0. After the bifurcation occurs, all trajectories approach the
predator extinction state. (b) Bistability between cycle and coexistence equilibrium. In this exam-
ple, populations reside at the cycle instead of the coexistence equilibrium. As the prey timidity
level approaches bτ = 4.1, the cycle vanishes via homoclinic bifurcation, after which the nearby
trajectories approach the predator extinction state. The coexistence equilibrium remains outside
the region of attraction. (c) Populations reside at the coexistence equilibrium, which vanishes via
subcritical Hopf bifurcation as the prey timidity level approaches bτ = 5.6. After the bifurcation
occurs, all trajectories approach the predator extinction state.

coexistence equilibrium and limit cycle are simultaneously present. Then, the threshold timidity
level for the catastrophic shift depends on whether the environment resides at the equilibrium or
the limit cycle. As timidity level is decreasing, the coexistence limit cycle is the first to disappear
(figure 2; dashed blue line), while the coexistence equilibrium disappears last (figure 2; solid blue
line). When the coexistence cycle disappears, the trajectories belong to the basin of attraction of
the extinction state instead of the coexistence equilibrium (3b). In other words, the predators
eventually become extinct irrespective of whether the populations reside at the equilibrium or
limit cycle. However, if the populations reside at the equilibrium instead of the cycle, then on
the evolutionary timescale the catastrophic shift to extinction is delayed. In the example of figure
3b, the coexistence cycle disappears at bτ = 4.1 (‘homoclinic’ bifurcation) while the coexistence
equilibrium disappears at bτ = 4.0. Depending on the mutation step size and variance, it may
require many mutation-invasion events for the timidity level to go from bτ = 4.1 to bτ = 4.0.

(d) Predator evolution
We continue the evolutionary analysis with the predator species. The aim of this section is to
show how, in the presence of prey counter-attacks, cannibalism may be necessary for predator
persistence. Then, selection toward increasing or decreasing cannibalism may trigger a catas-
trophic shift and disrupt predator persistence, leading to their extinction. The process of a species
evolving to its own extinction in this way is known as ‘evolutionary suicide’ (Parvinen [2005])
and ‘Darwinian extinction’ (Webb [2003]). To ensure that this result is a direct consequence of
counter-attacks, we assume the absence of prey timidity, bτ = 0. The rate of cannibalism, α,
is the trait under natural selection which is traded off with the rate of prey capture, β(α). To
demonstrate how the shape of the trade-off affects the evolutionary dynamics, we investigate the
evolution of cannibalism under four simple trade-off functions.

From the parameter diagram in figure 2 we see that combinations of low timidity and frequent
counter-attacks tend to be detrimental for predator persistence (white region). In the example of
figure 2, cannibalism was absent. Here, we find that for the same example, increasing cannibalism
may facilitate predator persistence. Figure 4a presents a parameter diagram for various rates of
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cannibalism and prey capture for a fixed rate of counter-attacks. Predators may persist only for
rather specific parameter combinations, indicated by the grey cone, otherwise they are extinct.
The boundaries of the grey cone depict threshold parameters at which the coexistence state
undergoes a catastrophic shifts to predator extinction. In particular, positive rates of cannibalism
are necessary for the predator persistence, although the persistence fails if cannibalism is too
frequent. Therefore, if predator selection causes the rate of cannibalism to become too frequent
or infrequent, this would tip the parameters over the extinction threshold and consequently cause
evolutionary suicide of the predators.

We choose a shallow, linear trade-off function, β(α) = 13 − 0.5α, as the first example for
predator evolution to extinction. For this trade-off, predators may persist only if the rate of can-
nibalism is within the interval 6.80 < α < 8.35. Catastrophic shifts of the ecological dynamics
occur at the boundaries of that interval so that crossing either of them results in a sudden ex-
tinction of the predators. As illustrated in the pairwise invasibility plot of figure 4b, selection is
toward increasing cannibalism for all viable traits. The solid, blue arrow in figure 4a indicates the
evolutionary path across the parameter diagram. At the lower end of the parameter interval, the
populations reside at a coexistence limit cycle (scenario VI). During the path to extinction, selec-
tion first causes the limit cycle to shrink smoothly onto the coexistence equilibrium at α = 7.64,
and the phase panel switches from scenario VI to IV in figure 1 (‘supercritical Hopf’ bifurcation).
Because this is a ‘smooth’ bifurcation, it does not yet cause a catastrophic shift. However, as can-
nibalism further increases, the coexistence equilibrium moves towards the saddle in the phase
portrait of the ecological dynamics (panel IV in figure 1). Eventually, selection causes the param-
eters to be near the extinction boundary (figure 4a, black line between gray and white regions).
But even then, a mutant with a lower rate of cannibalism has positive fitness. This mutant would
not be viable alone, but it disrupts the system such that it shifts the populations away from the
coexistence equilibrium, after which the trajectories approach predator extinction state. In other
words, selection causes evolutionary suicide of the predator. In the phase portraits of the ecolog-
ical dynamics, the coexistence equilibrium collide with the unstable saddle and annihilate each
other at α = 8.35 (‘saddle-node’ bifurcation), and the portrait switches from panel IV to IX in
figure 1.

We choose a steep, linear trade-off function, β(α) = 25 − 2α, as the second example for
predator evolution to extinction. For this trade-off, predators may persist only if the rate of
cannibalism is within the interval 7.46 < α < 8.12, and as in the first example, catastrophic shifts
occur at the boundaries of that interval. As illustrated in the pairwise invasibility plot of figure
4b, selection is toward decreasing cannibalism for all viable traits. The dashed, blue arrow in
figure 4a indicates the evolutionary path across the parameter diagram. At the higher end of the
parameter interval, the populations reside at the coexistence equilibrium. Selection causes the
equilibrium environment to become cyclic at α = 7.86, and these cycles are initially arbitrarily
close to the equilibrium (‘supercritical Hopf’ bifurcation). As cannibalism further decreases, the
coexistence limit cycle expands and approaches the unstable saddle equilibrium. Eventually as
the cycle ‘touches’ the saddle at α = 7.46 (‘homoclinic’ bifurcation), it momentarily resembles a
homoclinic loop before falling apart. Then, all trajectories belong to the basin of attraction of the
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(a)

(b)

Figure 4: Predator evolution for four different trade-offs of cannibalism. (a) Parameter diagram
of ecological scenarios together with the trade-offs. In the white regions the predator is always
extinct. In the gray regions there is an Allee effect and the predator can coexist with the prey
either at an equilibrium or a limit cycle. Blue lines correspond to shallow, steep, and convex
trade-offs that all lead to evolutionary suicide. The purple line depicts the concave trade-off
that prevents evolutionary suicide. (b) Pairwise invasibility plots for the different trade-offs.
Parameters: bτ = 0, a = 5, and the rest are the same as in figure 2.
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predator extinction state. In other words, selection causes evolutionary suicide of the predator. In
the process, the phase portrait switches from scenario VI to VIII. Recall that this path to predator
extinction was the same with prey evolution in the earlier section, as illustrated in figure 3a.

To demonstrate that the above results are not artifacts of linear trade-offs, we also investigate
how non-linear trade-offs may change the evolutionary dynamics of cannibalism. In particular,
we wish to understand what kind of trade-offs would favor selection toward intermediate rates of
cannibalism, instead of evolving all the way to the extinction boundary. Perhaps the simplest way
to achieve this is to construct functions that near the extinction boundaries have exactly the same
values and slopes as the linear trade-offs. This ensures that the evolutionary dynamics near the
extinction boundaries remain unchanged, and the only differences may occur for the intermediate
values. We construct non-linear trade-offs using the Interpolation function of Mathematica R⃝.

We choose a convex trade-off to demonstrate that both of the aforementioned cases leading
to evolutionary suicide can be simultaneously possible. We construct this trade-off using the
following points and slopes: (α, β) = (7.46, 10.08) with the slope β′(α) = −2; and (8.35, 8.83) with
the slope β′(α) = −0.5. For this trade-off, predators may persist only if the rate of cannibalism
is within the interval 7.46 < α < 8.35, and as in the earlier examples, catastrophic shifts occur at
the boundaries of that interval. The dashed, blue arrow in figure 4a indicates the evolutionary
path across the parameter diagram. The pairwise invasibility plot of figure 4b illustrates that,
depending on the initial trait value, selection is either toward decreasing cannibalism (α < 8.25)
or increasing cannibalism (α > 8.25). Both cases cause evolutionary suicide of the predator.

We choose a concave trade-off to demonstrate that evolutionary suicide can be prevented.
We construct this trade-off using the following points and slopes: (α, β) = (6.8, 9.6) with the
slope β′(α) = −0.5; and (8.12, 8.76) with the slope β′(α) = −2. For this trade-off, predators may
persist only if the rate of cannibalism is within the interval 6.8 < α < 8.12, and as in the earlier
examples, catastrophic shifts occur at the boundaries of that interval. The purple arrow in figure
4a indicates the evolutionary path across the parameter diagram. The pairwise invasibility plot
of figure 4b illustrates that selection is toward intermediate rates of cannibalism for all viable
trait values. Eventually, cannibalism attains an evolutionarily stable rate at α = 7.75. It follows
that evolutionary suicide is prevented for all concave trade-offs that have the same values and
slopes at the endpoints of this interval, because evolutionary dynamics are predetermined near
the extinction boundaries.

Discussion

In this study, we used mechanistic modelling to investigate the ecological and evolutionary im-
plications of predator-prey role reversals. These reversals are often reported as vulnerability of
young predators to attack by their future prey (Polis et al. [1989]), and this is precisely what we
have done here. The model developed here is an extended version of the model by Lehtinen and
Geritz (Lehtinen and Geritz [2019a,b]), who investigated the evolution of cannibalistic predators
and timid prey. In their analysis, they found that natural selection triggers catastrophic shifts
between alternative ecological states, but these shifts never led to the evolutionary extinction of
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a species. Here, we found that predator-prey role reversals facilitate the Allee effect, whereupon
predators are unable to persist at low populations. We further demonstrated that when the Allee
effect is present, the natural selection of either prey or predator species can cause a catastrophic
ecological shift from stable coexistence to predator’s extinction.

The earliest theoretical example of evolution to extinction was found by Matsuda and Abrams
(Matsuda and Abrams [1994]), in which the prey went extinct because of runaway selection
toward decreasing foraging activity. The present model, built on the ideas of recent studies
(Geritz and Gyllenberg [2014], Lehtinen and Geritz [2019a,b]), enhances the ecological realism of
the model of Matsuda and Abrams (Matsuda and Abrams [1994]) in two major aspects. Firstly,
timidity is a dynamical trait that allows prey to respond to the present predator population.
Instead of foraging activity being an evolving trait per se, it results from the timidity level of the
prey. In the absence of predators, even timid prey make no use of refuges and are always active,
unlike in the original model (Matsuda and Abrams [1994]) where foraging activity is a fixed
proportion of time. Secondly, predator population changes in relation to that of the prey, while
Matsuda and Abrams (Matsuda and Abrams [1994]) assume a constant predator population that
is possibly kept at the same level by an alternative prey species (Vitale and Kisdi [2019]). But
even if the predator population is maintained in this manner, recent studies indicate that the
natural selection is always toward decreasing timidity in equilibrium environments (Geritz and
Gyllenberg [2014]).

We found that when counter-attacks are frequent, prey selection toward decreasing timidity
often causes predator extinction. To better understand this finding, recall that young predators
are vulnerable to counter-attacks only by active prey; hiding prey pose no threat to young preda-
tors. Therefore, decreasing timidity effectively increases the frequency of prey counter-attacks.
Intuitively, this means that selection toward decreasing timidity also decreases the adult preda-
tor population, as fewer young predators may mature. Eventually, the adult predator population
falls below the Allee threshold and shifts the entire predator population extinction. However,
without such an Allee effect, prey selection would fail to drive the predator species all the way
to extinction. Indeed, when predators are nearly extinct, predation is effectively negligible and
prey mutants with either higher or lower timidity are selectively neutral. An Allee effect is hence
necessary in this model for evolutionary extinction of the predators to occur due to selection
toward decreasing timidity.

While our results indicate that cannibalism may be necessary for the persistence of predators
when role reversals are present, the evolution of cannibalism may be a double-edged sword.
Predators that are either prey specialists or voracious cannibals are unable to persist. Therefore,
selection toward either of these extremes causes evolution to extinction. A shallow trade-off fa-
vors cannibalism, as these generalists may broaden their diet with seemingly negligible costs. But
as prey and predator individuals differ in their physiology, a steeper trade-off is more realistic.
A steep trade-off favors prey specialization, as prey individuals provide higher energetic returns
than young predators. These observations suggest that only intermediate trade-offs may prevent
the ‘evolutionary suicide’ of the predators, and this is precisely what we have demonstrated with
the concave trade-off. On the other hand, any trade-off with a slope that is always more ‘shallow’
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or ‘steep’ than our linear trade-offs appears to result in evolutionary suicide. Such a trade-off
need not be linear, but it can also be concave as our results demonstrated.

The evolution of cannibalism promoting extinction seems to be at odds with the predictions
of Hin and de Roos (Hin and de Roos [2019]). Indeed, they found that cannibalism prevents
‘evolutionary suicide’ of the predators. We suspect that the conflicting predictions emerge from
symmetric intraguild predation observed in the present study. Instead of young predators being
victims of direct encounters with adult prey, they compete for a shared resource in the model
of Hin and de Roos (Hin and de Roos [2019]). Then, predators whose young lack competitive
advantage are unable to persist among abundant prey. Although the model differences mostly
concern these early developmental stages, the resulting evolutionary implications are contrasting.

We may have overestimated the impact of role reversals by overestimating the rate of prey
counter-attacks. However, such an overestimation would not affect the qualitative ecological and
evolutionary insights that arise from the model. Previous studies on the same model but without
role reversals excluded Allee effect and evolutionary extinction as possible outcomes (Lehtinen
and Geritz [2019a,b]). Prey counter-attacks were the only new feature of the present model,
so that Allee effect and evolutionary extinction become solely dependent on the prey counter-
attacks. The matter on overestimation would become important only if the model was used to
predict extinction in natural communities in which prey counter-attacks may be insufficiently
frequent to bring about an Allee effect.

The model assumes that the rate of prey counter-attacks remains fixed as the other predation-
related traits evolve, but in reality this rate is expected to evolve as well. Then, the question
arises whether the counter-attacks would even reach sufficiently high rates to bring about an
Allee effect. To investigate this question, it becomes important to assess the potential trade-offs,
such as reduced foraging efficiency because of time invested in counter-attacks and the risks
of counter-attacks. For example, in spider mites, the prey are observed killing predator eggs
in the nest even in the presence of the protective predator mother (Saito [1986]). Although the
prey may die in these attacks, successful juveniles of the attacker benefit from reduced predation
risk. To explain the emergence of counter-attacks in such cases, the model may need to be
extended to account for a spatial structure. In other natural communities, various modelling
approaches may be more suitable for investigating the evolution of counter-attacks, such as a
trade-off for decreased foraging efficiency but with additional energetic benefits gained from
consuming younger predators.

In conclusion, we investigated role reversals in a mechanistic predator-prey model that was
intentionally simple, ignoring complex size and spatial structures. However, it incorporates a
key biological mechanism that also produces qualitatively the same predictions in more complex
models. Fitting the model parameters to data in various natural communities is desirable for
evaluating the generality of our predictions. Our model could be used as a basis to build upon
more realistic models for predator-prey communities in which role reversals are present.
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Appendix A: Timescale separation

The outline of the following timescale separation follows those of Geritz and Gyllenberg [2014],
Lehtinen and Geritz [2019a,b]. Here, we extend the model to include prey counter-attacks. The
full dynamical system between all prey and predator individual-states reads
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Let ε > 0 be an arbitrary but small and dimensionless scaling parameter, and assume that yj, zj,
τ, and h are small and of order ε; a, β and σ are large and of order ε−1; and that α and b are
even larger and of order ε−2. Write these scaled parameters and population numbers as follows:
a = ε−1a0, b = ε−2b0, αj = ε−2αj,0, β(α) = ε−1β0(ε2α), σ = ε−1σ0, yS

j = εyS
j,0, yH

j = εyH
j,0, zj = εzj,0,

τ = ετ0, h = εh0. Now, by substituting these scalings in the above system using results in the
following fast-slow system,
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Here, for convenience, we dropped the subindex zero from the scaled parameters, and replaced
the equations for hiding prey, xH

i , and handling predators, yH
j , with their respective total pop-

ulation numbers xi and yj. We study the fast dynamics of variables xF
i , yS

j , and zj on the short
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timescale, t′ := ε−1t. Then, by letting ε → 0 results in the short timescale system
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which is equivalent to (2)-(4). On this timescale, population numbers for xF
i , yS

j and zj attain
the respective equilibria equilibrium states (5)-(7), respectively. Finally, the dynamics of the slow
variables xi and yj on the long timescale is given by equations (A9) and (A10), where xH

i , yS
j , and

zj are replaced by their respective equilibrium states. This results in the equations (9) and (10).
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