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To Athena, Goddess of Wisdom
She is the lightsource most brilliant
illuminating our path down to the
dark depths of the yet unknown

Abstract
The interaction of X-rays with matter provides us with a variety of tools to investigate
the properties and dynamics of materials in multiple length scales, from microscopic
to macroscopic ones. By studying the interactions, we can obtain information on
the atomic scale configuration and quantum states of materials, which helps us to
understand why materials behave as they do. The art and science of measuring the
spectral changes of X-rays is known as X-ray spectroscopy.
Most contemporary X-ray spectrometers in the hard X-ray regime with mid-to-high
energy resolution (order of 0.01–1 eV) are based on diffraction of X-rays from crystals
in which the atoms are organised in a periodic structure. To optimise the performance
of such instruments, the crystal optical elements are often bent to collect divergent Xrays over a larger solid angle, monochromatise, and focus them on a detector. Bending,
however, causes internal deformations in the crystal which have an often adverse effect
to its energy-resolving capabilities. To understand the influence of strain in crystal
optics is crucial in optimising the performance of X-ray spectrometers at state-ofart synchrotron and X-ray free electron laser lightsources, and laboratory-scale X-ray
spectrometers which have seen a re-emergence in recent years.
Multiple approaches based on e.g. Takagi-Taupin theory or multilamellar model
have been utilised to understand the influence of bending to X-ray diffraction curves.
The approaches using a so-called depth-dependent strain field for the crystal deformation have been successful in understanding the diffraction curves (i.e. intensity of
diffracted X-rays as a function of the photon energy or angle of incidence) of cylindrically and spherically bent crystal wafers with small surface area. However, using only
the depth-dependent strain field is insufficient to explain experimentally determined
diffraction curves of spherically bent crystal wafers with larger surface area.
This work presents a theoretical approach to model the X-ray diffraction curves of
arbitrarily shaped toroidally bent crystal wafers with large surface areas. The key idea
of the work is to include an in-plane stretching component to the deformation field due
to bending in addition to the depth-dependent part. The work presents two separate
theoretical approaches to calculate the in-plane component: 1) a model based on
geometrical considerations to derive the in-plane component for a circular, elastically
anisotropic spherically bent crystal wafer, and 2) a more general approach to calculate
the aforementioned component for an arbitrarily shaped, anisotropic toroidally bent
crystal wafers based on the minimization of mechanical stretching energy. The validity
of the models is assessed by comparing the predictions with experimentally measured
curves and they are found to explain the observed features in a quantitatively accurate
manner. An open-source Python implementation of the latter approach is provided
for the community for the ease of adoption of the presented method. In addition,
the work introduces a measurement protocol to mitigate the adverse effect of the inplane stretching to the X-ray diffraction curves by utilizing position-sensitive X-ray
detectors providing a higher energy-resolution for instruments equipped with such
detectors without a loss of collected X-ray photons.
i

Tiivistelmä
Röntgensäteilyn ja aineen vuorovaikutus tarjoaa useita erilaisia työkaluja materiaalien ominaisuuksien ja dynamiikan tutkimukseen useassa eri mittakaavassa atomitason ilmiöistä makroskooppisiin rakenteisiin asti. Näitä vuorovaikutuksia tutkimalla on
mahdollista saada tietoa tutkittavan näytteen atomitason rakenteesta ja kvanttimekaanisista viritystiloista. Tämä auttaa ymmärtämään miksi materiaaleilla on niillä
havaittavia ominaisuuksia. Röntgensäteilyn spektrissä tapahtuvien muutosten mittaamiseen käytettävien tutkimusmenetelmien kirjoa kutsutaan röntgenspektroskopiaksi.
Suurin osa nykyaikaisista energian erotuskyvyltään suuruusluokkaa 0.01–1 eV olevista kovien röntgensäteiden alueella toimivista spektrometreista perustuu röntgensäteiden diffraktioon kiteistä, joissa atomit ovat järjestyneet jaksolliseen hilaan. Kyseisissä instrumenteissa käytetyt kideoptiset komponentit ovat usein taivutettuja, jotta
ne keräisivät röntgensäteitä mahdollisimman suuresta avaruuskulmasta sekä monokromatisoisivat ja kohdistaisivat ne ilmaisimelle. Kiteen taivuttaminen aiheuttaa kuitenkin siihen sisäisiä muodonmuutoksia, jotka usein heikentävät kideoptiikan energian
erotuskykyä. Näiden muodonmuutosten vaikutuksen ymmärtäminen on tärkeää sekä
huipputason synkrotronivalonlähteiden ja vapaaelektronilasereiden että laboratoriomittakaavassa käytettävien röntgenspektrometrien suorituskyvyn optimoinnissa.
Taivutuksen vaikutusta kiteiden röntgendiffraktio-ominaisuuksiin on aikaisemmin
mallinnettu useilla eri menetelmillä esimerkiksi Takagi-Taupin -teoriaa ja multilamellaarimallia käyttäen. Menetelmät, joissa on käytetty ns. syvyysriippuvaa venymäkenttää kuvaamaan kiteen sisäisiä muodonmuutoksia ovat antaneet tyydyttäviä tuloksia
sylinteritaivutetuille kidekiekoille sekä pienipinta-alaiselle pallotaivutetuille kidekiekoille, mutta ne eivät ole kyenneet selittämään laajapinta-alaisten pallotaivutettujen
kidekiekkojen diffraktio-ominaisuuksia.
Tässä työssä esitetään teoreettisia laskentamenetelmiä mielivaltaisten muotoisten,
toroidisesti taivutettujen kidekiekkojen röntgendiffraktio-ominaisuuksien mallintamiseksi. Työn pääidea on lisätä syvyysriippuvaan venymäkenttään kiekon tasonsuuntaisesti tapahtuvien venymien vaikutus. Työssä esitetään kaksi erillistä tapaa käyrien
laskemiseksi: 1) geometrinen lähestymistapa ympyränmuotoisten pallotaivutettujen
kidekiekkojen tasonsuuntaisten venymien laskemiseksi, ja 2) yleisempi, mekaanisen
jännitysenergian minimoimiseen perustuva menetelmä mielivaltaisen muotoisen, toroidisesti taivutetun kidekiekon tasonsuuntaisille venymille. Mallien perusteella laskettujen tulosten todetaan vastaavan hyvällä tarkkuudella kokeellisesti mitattuja tuloksia. Jälkimmäinen menetelmä on vapaasti saatavilla avoimena Python-koodina sen
laaja-alaista hyödyntämistä varten. Näiden lisäksi työssä esitetään paikkaherkillä röntgenilmaisimilla varustetuille spektrometreille tarkoitettu mittausprotokolla, jolla tasonsuuntaisten venymien vaikutuksesta instrumentin energian erotuskykyyn voidaan
päästä eroon menettämättä kerätyn röntgensignaalin voimakkuutta.

ii

List of publications and author contributions
This dissertation includes the following scientific articles which are referred to by their
respective Roman numerals I–IV throughout the text:
I A.-P. Honkanen, R. Verbeni, L. Simonelli, M. Moretti Sala, G. Monaco,
and S. Huotari. Study on the reflectivity properties of spherically bent analyser crystals. Journal of Synchrotron Radiation, 21(1):104110, 2014.
doi: 10.1107/S160057751302242X Corrigendum: Journal of Synchrotron Radiation, 24:545546, 2017. doi: 10.1107/S1600577516019287
The original idea of the manuscript, mathematical derivations, figures and illustrations, numerical calculations and data analysis were done by the author.
The author wrote the main fraction of the manuscript and had a minor role in
performing the experiments. The corrigendum was prepared by the author.
II A.-P. Honkanen, R. Verbeni, L. Simonelli, M. Moretti Sala, A. Al-Zein, M. Krisch,
G. Monaco, and S. Huotari. Improving the energy resolution of bent crystal
X-ray spectrometers with position-sensitive detectors. Journal of Synchrotron
Radiation, 21(4):762767, 2014. doi: 10.1107/s1600577514011163
The method presented in the paper was mainly developed by the author. The
simulations and analysis of the experimental data were performed by the author.
All figures and illustrations were made and a large fraction of the text was written
by the author.
III A.-P. Honkanen, G. Monaco, and S. Huotari. A computationally efficient method to solve the Takagi-Taupin equations for a large deformed crystal. Journal of
Applied Crystallography, 49(4):12841289, 2016. doi: 10.1107/s1600576716010402
The original idea of the manuscript, theoretical derivations, numerical calculations and data analysis were performed by the author. The figures and illustrations were made by the author. The manuscript was mainly written by the
author.
IV A.-P. Honkanen and S. Huotari. General method to calculate the elastic deformation and X-ray diffraction properties of bent crystal wafers. IUCrJ, 7,
2020. doi: 10.1107/S2052252520014165
The original idea of the manuscript, theoretical derivations, numerical calculations and data analysis were performed by the author. The associated open source
codes were designed and written by the author. The figures and illustrations were
made by the author. The manuscript was structured and written mainly by the
author. The author had a minor role in measuring the part of the data that was
collected in the same experiments as the data used in Article I.

iii

Other publications
The author has co-authored the following peer-reviewed publications which are related
to but not considered to be a part of this dissertation:
V K. O. Ruotsalainen, A.-P. Honkanen, S. P. Collins, G. Monaco, M. Moretti
Sala, M. Krisch, K. Hämäläinen, M. Hakala, and S. Huotari. Resonant X-ray
emission with a standing wave excitation. Scientific Reports, 6:22648, 2016. doi:
10.1038/srep22648
VI W. Wang, L. Kuai, W. Cao, M. Huttula, S. Ollikkala, T. Ahopelto, A.-P.
Honkanen, S. Huotari, M. Yu, and B. Geng. Mass-Production of Mesoporous MnCo2 O4 Spinels with Manganese(IV)- and Cobalt(II)-Rich Surfaces for
Superior Bifunctional Oxygen Electrocatalysis. Angewandte Chemie (International Edition), 56(47):14977-14981, 2017. doi: 10.1002/anie.201708765
VII C. Rödl, K. O. Ruotsalainen, F. Sottile, A-P. Honkanen, J. M. Ablett, J.-P.
Rueff, F. Sirotti, R. Verbeni, A. Al-Zein, L. Reining, and S. Huotari. Low-energy
electronic excitations and band-gap renormalization in CuO. Physical Review B,
95(19):195142, 2017. doi: 10.1103/PhysRevB.95.195142
VIII L. Kuai, E. Kan, W. Cao, M. Huttula, S. Ollikkala, T. Ahopelto, A-P.
Honkanen, S. Huotari, W. Wang, and B. Geng. Mesoporous LaMnO3+δ perovskite from spray-pyrolysis with superior performance for oxygen reduction reaction and Zn-air battery. Nano Energy, 43:81-90, 2018.
doi: 10.1016/j.nanoen.2017.11.018
IX R. Bès, T. Ahopelto, A-P. Honkanen, S. Huotari, G. Leinders, J. Pakarinen,
and K. Kvashnina. Laboratory-scale X-ray absorption spectroscopy approach
for actinide research: Experiment at the uranium L3 -edge. Journal of Nuclear
Materials, 507:50-53, 2018. doi: 10.1016/j.jnucmat.2018.04.034
X A.-P. Honkanen, C. Ferrero, J.-P. Guigay, and V. Mocella. A finite-element
approach to dynamical diffraction problems in reflection geometry. Journal
of Applied Crystallography, 51:514-525, 2018. doi: 10.1107/S1600576718001930
XI M. Lusa, H. Help, A.-P. Honkanen, J. Knuutinen, J. Parkkonen, D. Kalasová,
and M. Bomberg. The reduction of selenium(IV) by boreal Pseudomonas sp.
strain T5-6-I – Effects on selenium(IV) uptake in Brassica oleracea. Environmental Research, 177:108642, 2019. doi: 10.1016/j.envres.2019.108642
XII A.-P. Honkanen, S. Ollikkala, T. Ahopelto, A.-J. Kallio, M. Blomberg, and
S. Huotari. Johann-type laboratory-scale x-ray absorption spectrometer with
versatile detection modes. Review of Scientific Instruments, 90(3):033107, 2019.
doi: 10.1063/1.5084049
iv

XIII H. Nieminen, V. Miikkulainen, D. Settipani, L. Simonelli, P. Hönicke, C. Zech,
Y. Kayser, B. Beckhoff, A.-P. Honkanen, M. Heikkilä, K. Mizohata, N. K.
Meinander, O. M. E. Ylivaara, S. Huotari, and M. Ritala. Intercalation of Lithium Ions from Gaseous Precursors into β-MnO2 Thin Films Deposited by Atomic
Layer Deposition. Journal of Physical Chemistry C, 123(25):15802-15814, 2019.
doi: 10.1021/acs.jpcc.9b03039
XIV J. G. Moya-Cancino, A.-P. Honkanen, A. M. J. van der Eerden, H. Schaink,
L. Folkertsma, M. Ghiasi, A. Longo, F. M. F. de Groot, F. Meirer, S. Huotari,
and B. M. Weckhuysen. In-situ X-Ray Absorption Near Edge Structure Spectroscopy of a Solid Catalyst using a Laboratory-Based Set-up. ChemCatChem,
11(3):1039-1044, 2019. doi: 10.1002/cctc.201801822
XV K. Suzuki, A.-P. Honkanen, N. Tsuji, K. Jalkanen, J. Koskinen, H. Morimoto,
D. Hiramoto, A. Terasaka, H. Hafiz, Y. Sakurai, M. Kanninen, S. Huotari, A.
Bansil, H. Sakurai, and B. Barbiellini. High-Energy X-Ray Compton Scattering
Imaging of 18650-Type Lithium-Ion Battery Cell. Condensed matter, 4(3):66,
2019. doi: 10.3390/condmat4030066
XVI J. G. Moya-Cancino, A.-P. Honkanen, A. M. J. van der Eerden, H. Schaink,
L. Folkertsma, M. Ghiasi, A. Longo, F. Meirer, F. M. F. de Groot, S. Huotari,
and B. M. Weckhuysen. Elucidating the K-Edge X-Ray Absorption Near-Edge
Structure of Cobalt Carbide. ChemCatChem, 11(13):3042-3045, 2019. doi:
10.1002/cctc.201900434
XVII Y. Sun, Y. Xia, L. Kuai, H. Sun, W. Cao, M. Huttula, A.-P. Honkanen,
M. Viljanen, S. Huotari, and B. Geng. Defect-Driven Enhancement of Electrochemical Oxygen Evolution on Fe-Co-Al Ternary Hydroxides. ChemSusChem,
12(12):2564-2569, 2019. doi: 10.1002/cssc.201900831
XVIII F. Davodi, E. Mühlhausen, D. Settipani, E.-L. Rautama, A.-P. Honkanen,
S. Huotari, G. Marzun, P. Taskinen, and T. Kallio. Comprehensive study to
design advanced metal-carbide@garaphene and metal-carbide@iron oxide nanoparticles with tunable structure by the laser ablation in liquid. Journal of Colloid
and Interface Science, 556:180-192, 2019. doi: 10.1016/j.jcis.2019.08.056

v

Acknowledgements
The path towards a PhD is a long one but that journey does not take place in vacuum.
Therefore I would like to express my thanks to the institutions and the people who
have contributed to this dissertation.
I would like to thank the Department of Physics and the X-ray laboratory of the
University of Helsinki for providing the necessary infrastructure and framework for
the research conducted for this work. I also want to thank the ESRF, where the main
ideas leading to this dissertation were conceived during my internship.
As inspiring as Science is, it is unfortunately impossible to live solely on it alone.
Therefore I would like to thank the University of Helsinki Doctoral programme of
Materials Research and Nanosciences MATRENA, and the Academy of Finland for
providing the funding which has made this work possible, especially the former one for
a fully-funded position for the most of the duration of my PhD studies. In addition,
I would like to give my thanks to Oiva Järityn säätiö (Oiva Järitty Foundation) for
providing financial assistance to me and other youth from my childhood village to help
in the pursuit of secondary and tertiary education.
But great education does not come without great educators. I have had many of
them during all these years but there are two particularly exceptional ones I would
like to single out. In the chronological order, I would first like to express my thanks to
Kalle Vähä-Heikkilä, my high school physics teacher, who was the main inspiration for
me to step on a path of physics. Secondly, I am greatly indebted to my supervisor Prof.
Simo Huotari for the invaluable guidance that I have received during all these years.
Not only has he taught me the major fraction of what I now know about materials
physics and performing experiments at synchrotron lightsources but also, and perhaps
more importantly, how to be a pleasant and considerate member of the international
scientific community. Science is, after all, as much a social institution as it a quest to
unveil the mysteries of the Nature.
With regards to the social side of conducting research, I would like to give cordial
thanks to all my colleagues, particularly the current and former ones at the X-ray
laboratory. My gratitude also goes to the staff and colleagues at the ESRF, especially
Prof. Giulio Monaco, who was the team leader of the group I had the pleasure to work
in at the time.
I would also like to thank my opponent Dr. Yuri Shvyd’ko and the pre-examiners
Drs. Manuel Sánchez del Río and Ingo Uschmann for sparing their time to critically
evaluate this work.
To bring a PhD degree to fruition, a lot of self-cultivation is required by the
candidate themselves. However, speaking as a descendant of farmers, it is impossible
to neglect the importance of being rooted in the fertile soil for the growth. Therefore I
would like express gratitude to my closest family: my parents Raija and Juha and my
maternal grandparents Mirja and late Raimo who have always realised and emphasised
the importance of education, and my brothers Henri, Ismo, Tuomas, and Teemu who
have put up with me along the way.
vi

Last but not least, I want to thank all my friends I have made in the academia and
other circles. Unfortunately, there are just too many of you to be named here, and I
will not even try to make an attempt because a lot of you would be unfairly left out.
If you are reading these words, then it is highly likely that you belong to that group of
people special to me and I thank you for that. That being said, there is one person who
has had such a significant contribution towards this work that it would be downright
rude to leave it unrecognised. I want give special thanks to Emma Mannfors who has
been an extremely important outlet for cognitively induced frustration, a valuable help
with the English grammar and a fathomless source and sink of feline related content.

vii

viii

Contents
Abstract

i

Tiivistelmä

ii

List of publications and author contributions

iii

Other publications

iv

Acknowledgements

vi

1 Introduction
1.1 X-rays and their spectrometry . . . .
1.2 Crystal optics in X-ray spectroscopy
1.3 Aims of this work . . . . . . . . . . .
1.4 Structure of this work . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

1
1
2
5
6

2 Theory
2.1 Takagi-Taupin theory . . . . . . . . . . . . . . . . .
2.2 Linear elasticity . . . . . . . . . . . . . . . . . . . . .
2.3 Elastic deformation and diffraction curves of TBCAs
2.3.1 Pure bending solution . . . . . . . . . . . . .
2.3.2 Geometric approach . . . . . . . . . . . . . .
2.3.3 Free energy minimization . . . . . . . . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

7
7
11
12
12
14
16

3 Experiments and applications
3.1 Experimental evidence for the theory . . . . . . . . . . . . . . . . . . .
3.2 Measurement protocol to improve resolution . . . . . . . . . . . . . . .
3.3 Python codes for theoretical calculations . . . . . . . . . . . . . . . . .

21
21
23
25

4 Conclusions

27

Epilogue

29

Bibliography

30
ix

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

Chapter 1

Introduction
1.1

X-rays and their spectrometry

In 1895 Wilhelm Conrad Röntgen discovered a new form of radiation which he coined
"X-rays". The news of the discovery spread rapidly leading to an immediate recognition
and applications of X-rays, awarding Röntgen with the inaugural Nobel prize in 1901
[1]. Röntgen can also be credited for the first radiograph ever taken. Seeing the bones
of her hand in the image revealed by X-rays, Anna Bertha Ludwig, Röntgen’s wife,
proclamed in shock that "I have seen my own death" [2]. Morbidly it did not take
long for the dangers of the new radiation to be discovered; the first recorded death
as a result of exposure to X-rays was Clarence Dally, assistant in Thomas Edison’s
laboratory, who died of metastatic carcinoma in 1904 [3].
The dangers of X-rays arise from their capability to transfer a large amount of
energy in a single interaction. The X-ray quanta, or photons, carry energies in the
order of kiloelectronvolts1 which can easily break chemical bonds with binding energies
in the order of eV or less depending on the bond type. The biologically detrimental
effect of ionising radiation arises from this capability to damage chemical bonds of the
DNA either by directly exciting or ionizing the atoms comprising the DNA or indirectly
by creating highly reactive molecules or atoms i.e. free radicals in its vicinity [4,
p. 9]. However, since the wavelengths of X-rays are in the same length scale as the
atomic dimensions and interatomic distances, and the photon energies are in the scale
of the binding energies of core electrons2 , this allows rich interactions between Xrays and materials making X-rays a potent tool to study the atomic structure and
electronic excitations in multiple length scales when issues with the radiation damage
can be averted or mitigated. By measuring the amount of energy and momentum
transferred by X-ray photons to the system under study allows us to obtain information
on electronic and ionic excitations which can be used to make deductions about the
1

Electronvolt (eV) is equivalent to the kinetic energy obtained by an electron when accelerated in
an electric field over a potential difference of 1 volt and is exactly 1.602176634 × 10−19 J as per the
2019 redefinition of the SI base units.
2
Electrons closest to the atomic nucleus

1

atomic scale structure and internal interactions of the system. The art and science of
measuring these changes is called X-ray spectroscopy.
A wide variety of instruments based on different physical principles exist to resolve the energy of X-ray photons. Solid state detectors discriminate the X-ray energy
based on number the electron-hole pairs generated in the semiconductor element by
the absorbed photons. Semiconductor detectors have energy resolutions in the order of
100 eV at 10 keV photon energy [5,6] and are often used in low energy-resolution applications, such as X-ray fluorescence or Compton spectroscopies. A recent development
in the mid-energy resolution are superconducting transition-edge sensors (TES). TES
operate at the superconducting transition temperature at which the electric resistance
of the device is extremely sensitive to tiny changes in the temperature. By measuring
the heating of the superconductor due to the energy of absorbed X-ray photons, TES
can achieve an energy resolution of several eV at 10 keV photon energy [7]. However,
far more often the mid-to-high energy resolution instruments are based on diffraction
of X-rays from gratings and crystals in the soft and hard X-ray regimes, respectively.
Extremely high energy resolutions down to sub-µeV level can be achieved with crystal
Fabry-Pérot resonators [8]. However, since the natural linewidths of many interesting
microscopic phenomena in materials vary from order of meV (e.g. lattice vibrations
and magnetic excitations) to order of eV (e.g. single electron excitations), the typical
energy resolutions for instruments based on crystal optics are in the same range [9–15].

1.2

Crystal optics in X-ray spectroscopy

The term diffraction covers a wide variety of phenomena due to the interference of
waves emitted by multiple sources. In the context of X-ray crystal optics, we understand diffraction more narrowly as coherent scattering of incident X-rays by regularly
arranged atoms forming crystallographic planes. Due to the interference of the waves
scattered from different planes, only a limited set of wavelengths λ are diffracted by
the crystal at a set incidence angle known in this context as the Bragg angle θB .
The kinematic approximation of this relation, which does not take into account the
refraction or interaction between the incident and diffracted waves, is the well-known
Bragg’s law:
nλ = 2d sin θB

(1.1)

where n = 1, 2, 3, ... is the order of the diffraction, and d is the interplanar separation
of the diffracting crystal planes. Equation (1.1) encapsulates the property of a crystal
to discern X-rays of different wavelengths from each other which is the main goal in
spectroscopy. Diffractive crystal optics are the key component of most mid-to-high
energy resolution (order of 0.01–1 eV) X-ray spectrometers in the hard X-ray region
(E & 5 keV) [9, 16, 17] and therefore it is of utmost importance to understand the
physics behind the performance of these optical elements in search for the optimal
instrument performance.
2

In many cases the radiation to be analysed is divergent. Therefore the crystal
analyser, i.e the crystal optical element separating the wavelengths of the radiation is
often curved to increase the collected photon flux [18–22]. To achieve point-to-point
focusing and proper monochromatisation in the diffraction plane3 one can use the
Rowland circle geometries (Fig. 1.1). The source, analyser, and detector are positioned
on an imaginary circle known as the Rowland circle. The incident X-rays impinging on
the crystal face the diffracting crystal planes at the same Bragg angle if the curvature
radius of the planes is twice the radius of the Rowland circle. The X-rays impinging
the crystal at the Rowland circle are diffracted at the same wavelength and focused in
to a single focal point where the X-ray detector is positioned. To achieve this exactly,
the crystal surface has to be shaped to follow the Rowland circle. This is known as
the Johansson geometry [19]. However, the shaping of the surface means additional
manufacturing steps and increases the cost and making time of the analysers. A
simpler alternative is the Johann geometry [20] in which the curvature of the surface
is the same as the curvature of the diffraction planes. Since the surface of the analyser
does not follow the Rowland circle exactly, the focusing and monochromatisation in
the Johann geometry is only approximate. However, this so-called Johann aberration
can be minimized at Bragg angles close to 90◦ i.e. in near-backscattering conditions.
The Rowland circle fixes the curvature radius for the crystal analyser in the diffraction plane, which is called the meridional (curvature) radius of the analyser. The
curvature radius perpendicular to the diffraction plane and the meridional radius is
called the sagittal (curvature) radius of the analyser and can be chosen freely (apart
from mechanical limitations). If a flat crystal wafer is bent only in the meridional
direction, the resulting analyser is called cylindrically bent crystal analyser (CBCA).
Considering the other possible bending schemes, CBCAs are technically the simplest
and used to be the dominant type of bent crystals used in the spectrometers. However, the lack of focusing in the sagittal direction can lead to poor efficiency in photon
collection, especially when the CBCA is collimated out of the diffraction plane to improve its energy resolution [23]. The problem can be addressed by bending the crystal
wafer on a spherical surface; such an analyser is called spherically bent crystal analyser
(SBCA) [24–26]. In addition to large solid angle coverage, SBCAs exhibit point-topoint focusing both meridionally and sagittally at backscattering conditions, which can
be utilized to incorporate imaging capabilities to the spectrometer [27]. Due to these
properties, SBCAs have been widely adopted at inelastic X-ray scattering and X-ray
emission synchrotron and XFEL lightsource end-stations worldwide [11–15, 25, 28–33].
In addition, the high demand for synchrotron access has renewed the interest toward
laboratory-scale X-ray spectrometry based on conventional X-ray tubes and curved
crystal analysers in recent years [23, 34–38]. Also here SBCAs have been shown to
provide a viable alternative to large-scale lightsources in various scientific cases in
different fields [39–52].

3

Diffraction plane is determined by the wavevectors of the incident and diffracted beam
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Figure 1.1: Johansson and Johann geometries. The curvature radius of the diffracting
crystal planes in the analyser A is twice the radius of the Rowland circle R. When
the X-ray source S is placed on the Rowland circle, the analyser monochromatises
and focuses the X-rays at the focus D on the circle where the detector is placed. The
curvature of the crystal surface follows the Rowland circle in the Johansson geometry.
In the Johann geometry the curvature of the surface is equal to that of crystal planes,
due to which monochromatisation and focusing is only approximate.
A disadvantage of SBCAs is that they exhibit spherical astigmatism [53] which
means that meridional and sagittal focal lengths are different at Bragg angles lower
than 90◦ . This has an adverse effect on the imaging capabilities of the SBCA and can
cause alignment issues with detector with small active areas when the instrument is
operated far away from near-backscattering conditions. If the instrument is operated
typically at around some other Bragg angle, the astigmatism could be mitigated by using an analyser with a specifically chosen sagittal radius. Such analysers with different
meridional and sagittal radii of curvature are called toroidally bent crystal analysers
(TBCA). However, TBCAs are more difficult to manufacture compared to SBCAs or
CBCAs and not as readily available. Moreover, TBCAs are not actually free from
astigmatism; in contrast to SBCAs where the meridional and sagittal focal lengths
become equal at the limit of the back-scattering i.e. when the Bragg angle → 90◦ , for
TBCA the focal lengths are equal at some other Bragg angle. That means a separate
TBCA would be needed for each Bragg angle in the vicinity of which one wishes to
equalise the focal lengths. However, some of these problems could be avoided using
vacuum-forming [54] to shape a flat wafer temporarily to the required toroidal shape.
If vacuum-forming or a similar method could adjust the sagittal radius dynamically
at every Bragg angle, then astigmatism could be avoided completely.
Equation (1.1) captures the basic working principle of a crystal spectrometer but its
utility is rather limited in scope if one wishes to understand the performance of X-ray
spectrometers. A key mathematical concept in modelling the instrument performance
is the impulse response function (IRF) which models how the instrument records an
4

ideally sharp input signal [55, p. 89]. If the instruments response to the input signal
is linear and time-independent, then the convolution of the input signal with the
IRF yields the signal as recorded by the instrument. Since practically IRF induces
broadening of the signal which limits how well the details can be resolved from the
recorded signal, IRF can also be called as the resolution function. Equation (1.1) can
be used to calculate the approximate wavelength of the diffracted X-ray beam at a
given incidence angle but in order to calculate the IRF of the crystal component, we
need to utilize the dynamical diffraction theory [56] to calculate the diffraction curve
of the crystal i.e. the fraction of the incident intensity diffracted as a function of
wavelength or glancing angle. This is the main goal of this work.
When a flat crystal wafer is bent on a curved surface, it undergoes internal deformations to adopt a new shape. These deformations alter the separation of the diffractive
crystal planes, which directly influences the wavelength of the diffracted X-rays, as is
logical on the basis of Eq. (1.1). Typically deformation increases the width of the
diffraction curve, which means that the wavelength resolution of the analyser becomes
worse. To avoid inducing stresses to the crystal, a curved analyser can also be formed
by cutting the wafer into a large number of small cuboids which are then glued on
the curved surface [24, 57, 58]. Such so-called diced or pixelated analysers typically
have very high energy resolutions, especially when used in conjunction with positionsensitive detectors [10]. However, a little amount of deformation is often desirable
because broadening of the diffraction curve may increase its integrated area and thus
increases the collected photon flux. This is often a preferable trade-off since many experiments do not benefit from extremely high photon energy resolution. In addition,
since diced analysers only approximate curved surface, their imaging properties are
sub-par compared to bent crystals.

1.3

Aims of this work

Multiple approaches to calculate the X-ray diffraction curves of deformed crystals
have been presented in the literature [59–66]. In the scope of this work, we utilise
the Takagi-Taupin theory [67–69] which offers a general approach to calculate how
an arbitrary incident wave propagates and diffracts inside deformed periodic medium.
The Takagi-Taupin theory and multilamellar model have been previously applied to
model the diffraction curves of spherically bent crystals with success when the lateral
dimensions of the wafer are small compared to the curvature radius [25, 70]. However, the experimental evidence [24, 26, 71] indicates that the often used pure bending
model [72–76] for the internal strain field of the wafer is insufficient to address the
diffraction properties of large SBCAs adequately. The aim of the work comprising
this dissertations was to develop a theoretical framework to understand the observed
diffraction properties of TBCAs in general.
The scientific content of the accompanying manuscripts I-IV can be summarised
as follows. The initial step forward was taken with Article I of the dissertation where
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the importance of in-plane stretching strain to the X-ray diffraction curve of a large,
circular wafer SBCA was recognized and a method to calculate it for elastically anisotropic crystal was derived from geometrical considerations. Diffraction curves of
a set of Si(660) and Si(553) SBCAs were measured with different sized lead masks
limiting the surface area, and the measured curves were compared with the theoretical
predictions of the model. A satisfactory match between the theory and the experiments was found. Inspired by the ideas behind the geometrical model, Article II
introduced an experimental protocol to minimize the effect of the in-plane stretching
to resolution function of an SBCA based spectrometer utilizing a position-sensitive
detector. The protocol was tested with success by applying the proposed method to
the measured non-resonant inelastic X-ray scattering spectra of 4d → 4f transitions
of La3+ in LaPO4 .
In the previous articles it was assumed based on the kinematic Bragg’s law that
the contribution of the in-plane stretching to the diffraction curve can be taken into
account by convolving its contribution with the diffraction curve calculated only with
the depth-dependent strain component. The validity of this assumption was shown
with rigour in Article III by deriving it from the Takagi-Taupin theory. The result
applies generally to crystals where the strain field has a spatially slowly varying component in the length scale of the diffraction domains which allows computationally
efficient calculations of diffraction curves even for very large crystals.
Article IV is the culmination of the ideas put forward in the preceding articles and
presents a general approach to calculate diffraction curves of TBCAs with arbitrarily
shaped wafers based on the general thermodynamic principle of free energy minimization. Alongside the method analytical models are provided for commonly encountered
special cases and open source computer codes are introduced for easy application of
the method.

1.4

Structure of this work

This dissertation is structured as follows. Chapter 2 presents a brief introduction to the
theories of X-ray diffraction and mechanical deformations, and explains how they were
used in the articles to calculate the elastic deformation and X-ray diffraction curves
of thin anisotropic crystal wafers under toroidal bending. Chapter 3 presents the experimental verification of the method and its application to mitigate the detrimental
effects of the deformation to the diffraction curves. In addition, the open-source Python implementation to apply the theoretical results of this work are briefly discussed.
Chapter 4 provides the concluding remarks.
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Chapter 2

Theory
2.1

Takagi-Taupin theory

Since the electromagnetic field is quantised, the most correct way to handle it would be
to use quantum electrodynamics. A fully quantum field description of X-ray diffraction
by crystals has been developed by Ashkin and Kuriyama [66, 77]. However, since its
results are essentially identical to that of the classical field theory, it is more practical
to work with the latter framework due to its simpler form.
The wave equation describing the propagation of classical electromagnetic field in
a medium is [72]
∇2 D + ∇ × ∇ × (χD) + k 2 D = 0,
(2.1)
where D is the electric flux density,1 χ is the electric susceptibility, and k = 2π/λ is
the wavenumber in vacuum. χ arises from the polarisability of the atoms constituting
the medium. When the energy of the X-ray photons is far away from the absorption
edges, χ can be written as a function of position r as [78]
χ(r) = −

1 e2 λ2
ρ(r),
4π 2 0 mc2

(2.2)

where e is the elementary charge, λ is the wavelength of X-rays, mc2 is the rest
energy of the electron, and ρ(r) is the (number) density of electrons. For a periodic
crystalline
P medium, Eq. (2.2) can be written inside the medium as a Fourier series
χ(r) = h χh exp (ih · r), where the sum is taken over all reciprocal vectors h. The
coefficients of the series are
re λ2
χh = −
Fh ,
(2.3)
πv
where re = e2 /4π0 mc2 is the classical electron radius and Fh is the so-called structure
factor
Z
Fh = dr ρ(r)e−ih·r ,
(2.4)
v
1

Also called electric displacement field.
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where the integration domain is the unit cell volume v. In the X-ray regime it is
reasonable to consider the atoms of the crystal as independent scatterers [79], and
thus write Fh in terms of atomic scattering factors fn so that
X
Fh =
fn e−ih·rn ,
(2.5)
n

where the sum is taken over the atoms n with their positions rn in the unit cell.
However, χ as given by Eq. (2.2) is generally not sufficiently accurate by itself since
it does not take into account absorption edges. The influence of resonant behaviour,
known in the literature as anomalous scattering, is taken in to account by applying
the so-called Hönl corrections to the atomic scattering factor [78]
X
Fh =
(fn + fn0 + ifn00 )e−ih·rn .
(2.6)
n

The real part fn0 includes the effect of resonance and the imaginary part fn00 includes the
contribution due to the photoabsorption. The atomic scattering factors are available,
for example, in the EPDL97 library [80]. Equation (2.6) is valid for a perfect crystal
at zero temperature. At non-zero temperatures each atomic scattering factor should
2 2
be multiplied with the Debye-Waller factors e−h hun i/6 where hu2n i is the mean squared
displacement of the nth atom due to thermal motion [81, pp. 186–188].
In the Takagi-Taupin (TT) theory [67–69], the following key assumptions are made
to solve Equation (2.1). First, the effect of a possible deformation of the medium is
included by assuming that the value of the susceptibility at an arbitrary point of a
body is the same as it would be in the undeformed body at the site where the point
was before deformation, i.e.,
χ(r) = χ(0) (r − u),
(2.7)
where χ(0) is the susceptibility of the undeformed body and u = u(r) is the displacement vector field which is discussed in detail in the next section. Second, the
periodicity of the crystal is utilized by expressing χ in the following form
X
χ(r) =
χh eih·(r−u) ,
(2.8)
h

where χh are given by Eq. (2.3). Assuming a monochromatic radiation field2 with the
wavelength λ, the radiation field can be expanded in a similar manner
X
D(r) =
Dh (r)ei(k0 +h)·r−ih·u ,
(2.9)
h

where Dh (r) are slowly varying functions of position (in comparison to the exponential
functions) often referred to as pseudoamplitudes. The constant wavevector k0 could
2

A polychromatic beam is simply a linear combination of monochromatic waves since the wave
equation Eq. (2.1) is linear with respect to D.
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Figure 2.1: Illustration of the diffraction nomenclature. The definitions of the symbols
are given in the main text.
be in principle chosen arbitrarily but in this work it is taken to be the wavevector
of the incident modulated plane wave3 in vacuum. Substituting Eqs. (2.8) and (2.9)
to Eq. (2.1) allows to get rid of the rapidly oscillating exponential terms producing
a group of partial differential equations from which the pseudoamplitudes Dh can be
solved. These equations are the starting point for most X-ray and neutron crystal
optics simulations.
In practice only a small number of Dh are non-zero at a time. The most commonly
encountered and most useful is the two-beam case, in which only a single diffracted
wave Dh is present in addition to the incident wave D0 . For linearly polarized X-rays,
the TT-equations in the two-beam case for the expansion of D(r) given by Eq. (2.9)
can be written as [82, 83]

∂D0


= ic0 D0 + ich Dh
(2.10a)

∂s0


∂Dh
∂(h · u)



= i c0 + β +
Dh + ich D0 ,
(2.10b)
∂sh
∂sh
where the pseudoamplitudes D0 and Dh are now presented as complex numbers D0
and Dh , respectively. s0 and sh are now coordinates in an oblique coordinate system
aligned with the wavevectors k0 and kh = k0 + h, respectively (see Fig. 2.1). The
coefficients c0,h,h are given by
c0 =

kχ0
2

ch,h =

kCχh,h
2

,

(2.11)

3
Any incident wave, be it plane, cylindrical, spherical, etc., can be written in form D(r) exp(k0 · r)
where the deviation from a true plane wave with a wavevector k0 is included in D(r) (often entailing
simply an additional position-dependent phase factor.)
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where χh = χh , and χh = χ−h . The polarization factor C = 1 for when polarization
is perpendicular to the diffraction plane (σ-polarization) and C = cos 2θB for when
polarization is in the diffraction plane (π-polarization). The deviation parameter β =
(k 2 − |kh |2 )/2|kh | can be written as


λ
β = h sin θ −
,
(2.12)
2dh
where h = 2π/dh and θ is the incidence angle between the diffracting planes and k0
(alternatively, θ = h·k0 /hk−π/2). One often sees β approximated as β ≈ k∆θ sin 2θB .
From the historical point of view this makes sense since on older computers subtracting
two numbers that are close to each other in Eq. (2.12) would have lead to a loss of
precision. However, since for differences needed for diffraction calculations this is
not a problem with modern 32- or 64-bit floating point operations, and since the
approximation breaks down near θ = π/2, the form in Eq. (2.12) is preferred in this
work.
As seen in Fig. 2.1, the partial derivatives with respect to s0 and sh can be written
in terms of Cartesian coordinates as
∂
∂
∂
= cos α0
− sin α0
∂s0
∂x
∂z

∂
∂
∂
= cos αh
+ sin αh .
∂sh
∂x
∂z

(2.13)

The incidence and exit angles α0 and αh with respect to the crystal surface are related
to θ by α0 = θ + ϕ and αh = θ − ϕ, where ϕ is the asymmetry angle. When the
amplitudes D0 and Dh can be written as a function of depth z only, we may drop the
x-derivatives from Eq. (2.13) and thus can write Eqs. (2.10a) and (2.10b) as

dD0


= −iγ0 c0 D0 − iγ0 ch Dh
(2.14a)

dz


dDh
∂(h · u)


= iγh c0 + β +
Dh + iγh ch D0 ,
(2.14b)

dz
∂sh
where γ0 = 1/ sin α0 and γh = 1/ sin αh are known in the literature as the direction
cosines (due to alternative definition of incidence and exit angles). By defining ξ =
Dh /D0 , the equations can be written as a single ordinary differential equation


dξ
∂(h · u)
2
= iγ0 ch ξ + i (γ0 + γh )c0 + γh β + γh
ξ + iγh ch .
(2.15)
dz
∂sh
Eq. (2.15) is often referred to as the 1D or depth-dependent Takagi-Taupin equation. When ξ is known, the incident wave D0 in the crystal can be then solved from
Eq. (2.14a)

dD0
= −i γ0 c0 + γ0 ch ξ D0 .
(2.16)
dz
which then can be used to calculate Dh = ξD0 . However, for the diffraction calculations the relative amplitude ξ often suffices. The details of solving and the boundary
conditions of TT-equations are discussed elsewhere e.g. in [72, 83].
10

The reader should be aware that conventions for the Fourier expansions and wavevector definitions vary wildly in the literature. Regrettably this work does not help
to alleviate the confusion since different conventions where used in the publications.
To clarify the matter, Articles I–III and the associated simulation codes are based on
TT-equations as presented in [72] where the form of plane waves used in the Fourier
expansions is exp(−2πik · r). In contrast the convention adopted in this section is uses
plane waves of form exp(ik · r) where the factor of 2π is included in k. This is also
the convention used in Article IV and its accompanying Python codes.

2.2

Linear elasticity

Let us now consider a body that undergoes a deformation. Suppose that r is a position
vector of an arbitrarily chosen point of the body which is moved due to the deformation
to a new position r0 = r0 (r). This change in positions of the points of the body is
described by the displacement vector field u = u(r) defined by
u(r) = r0 (r) − r.

(2.17)

Displacement vector defined as such includes also the rigid translations and rotations
of the body which are not interesting when the deformation of the body is concerned.
Therefore a more practical mathematical concept is the strain tensor, which in the
scope of linear elasticity is given by [84, p. 3]


1 ∂ui ∂uj
uij =
+
(2.18)
2 ∂rj
∂ri
where ui are the components of u(r) and ri are components of the position vector r in
Cartesian coordinates.4 Following the same logic the linear elasticity does not concern
directly the forces acting on the body but the (Cauchy) stress tensor σij instead. The
force per unit volume F and σij are related by [84, p. 5]
Fi =

X ∂σik
k

∂rk

(2.19)

where Fi are the Cartesian components of F and the sum is taken over all the Cartesian
coordinates.
For small deformations the stress and strain are connected by Hooke’s law
X
uij =
sijkl σkl
(2.20)
k,l
4
Note that since the components of u and r are contravariant, uij is technically a mixed tensor.
However, since in this work we apply the linear elasticity only in the Cartesian systems, we can neglect
this for simplicity.
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where sijkl is the compliance tensor of the crystal. Both uij and σij are symmetric
tensors which implies that sijkl is highly symmetric as well, i.e., sijkl = sjikl = sijlk =
sklij . Therefore it is customary to present the fourth order tensor sijkl as a symmetric
6 × 6 matrix Sij . The choice of representation is not unique so in this work we adopted
the Voigt notation [85], in which the pair of indices ij or kl is replaced with a single
index m as follows: 11 → 1; 22 → 2; 33 → 3; 23, 32 → 4; 13, 31 → 5 and 12, 21 → 6.
The compliance matrix S in the Voigt notation is given in terms of the compliance
tensor s so that Smn = (2 − δij )(2 − δkl )sijkl , where ij and kl are any pairs of indices
corresponding to m and n, respectively, and δ is the Kronecker delta.

2.3
2.3.1

Elastic deformation and diffraction curves of TBCAs
Pure bending solution

Figure 2.2: Arbitrarily shaped wafer of thickness d bent by two orthogonal torques µx
and µy . The origin O of the coordinate systems presented on the right is situated at
the middle of wafer. Reproduced from Article IV licensed under CC-BY 4.0.
When the dimensions of the crystal are small compared to the bending radii, the
internal strain of the crystal wafer is given by the well-known pure bending solution [74]
z2
yz
+ (S61 µx + S62 µy )
2
2
2
z
xz
uB
+ (S61 µx + S62 µy )
y = (S21 µx + S22 µy )yz + (S41 µx + S42 µy )
2
2
2
2
y
x
− (S21 µx + S22 µy )
uB
z = −(S11 µx + S12 µy )
2
2
xy
z2
− (S61 µx + S62 µy )
+ (S31 µx + S32 µy )
2
2

uB
x = (S11 µx + S12 µy )xz + (S51 µx + S52 µy )

(2.21)
(2.22)

(2.23)

where µx and µy are scaled torques acting on the wafer and causing the deformation,
and Sij are the components of the compliance matrix as used in the Voigt notation.
As presented in Figure 2.2, the subscript of the scaled torques refers to the direction
along which the torque primarily bends the crystal. From Eq. (2.23), we see that the
two torques µx and µy causes the wafer to adopt a paraboloidal shape. For small wafer
12

Figure 2.3: Illustration of the general toroidal bending given by Eq. (2.24). Reproduced from Article IV licensed under CC-BY 4.0.

dimensions with respect to the bending radii, this approximates the toroidal bending
as follows
cos2 φ sin2 φ
+
R1
R2

ζ(x, y) =



x2
− sin 2φ
2

sin2 φ cos2 φ
+
R1
R2

y2
2
(2.24)
where R1 and R2 are the bending radii, and φ is the rotation angle of the bending
radii with respect to the coordinate axes as presented in Figure 2.3.
The toroidal bending caused by the torques can be found by comparing Eq. (2.23)
at z = 0 to Eq. (2.24) and solving R1 , R2 , and φ. However, to find µx and µy needed
to cause a specific bending is more difficult. Since R1 , R2 , and φ can be chosen freely,
we must add another degree of freedom to the model in addition to µx and µy . In
Article IV, we solved this by allowing in-plane joint rotation of µx and µy . As a result,
for toroidal bending with the bending radii aligned with the Cartesian coordinate axis,
i.e.,


ζ(x, y) =



1
1
−
R1 R2



xy
+
2



x2
y2
+
2R1 2R2



(2.25)

we find the following derivatives of the displacement vector
∂uB
z
∂uB
x
∂uB
x
z
z
0
0
=−
=
= (S31
µx + S32
µy )z
∂x
R1
∂x
R1
∂z
 0

∂uB
x
x
0
0
0
=−
+ (S51
µx + S52
µy ) cos α − (S41
µx + S42
µy ) sin α z
∂z
R1
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(2.26)

where

α=




0,

if S61 = S62 = 0, S11 = S22 ,
and S11 + S22 − 2S12 − S66 = 0



1
D
(R
+
R
)
−
B
(R
−
R
)

α
1
2
α
1
2

, otherwise
 arctan
2
Aα (R1 − R2 ) − Cα (R1 + R2 )
(2.27)

with
Aα = S66 (S11 + S22 + 2S12 ) − (S61 + S62 )2

(2.28)

Bα = 2 [S62 (S12 + S11 ) − S61 (S12 + S22 )]

(2.29)

Cα = S66 (S22 − S11 ) +

2
S61

−

2
S62

Dα = 2 [S62 (S12 − S11 ) + S61 (S12 − S22 )] .

(2.30)
(2.31)

The scaled torques are given by
0 − S 0 )(R + R ) + (S 0 + S 0 )(R − R ) cos 2α
(S12
1
2
1
2
22
12
22
0 S 0 − S 0 S 0 )R R
2(S11
1 2
22
12 12
0 − S 0 )(R + R ) − (S 0 + S 0 )(R − R ) cos 2α
(S12
1
2
1
2
11
12
11
µy =
0
0
0
0
2(S11 S22 − S12 S12 )R1 R2

µx =

(2.32)
(2.33)

0 are constructed according to the Voigt notation from the rotated
and the primed Sij
compliance tensor
X
s0ijkl =
Qip Qjq Qkr Qls spqrs
(2.34)
p,q,r,s

where

2.3.2



cos α − sin α 0
Q =  sin α cos α 0 .
0
0
1

(2.35)

Geometric approach

We presented the original geometric method to calculate the in-plane stretching component of the strain field of the anisotropic circular SBCA in Article I. The main idea
behind the approach is presented in Figure 2.4. Consider a flat circular wafer. When
the wafer is bent on a spherical surface with the curvature radius R, the circumference
of a circle of radius l on the wafer has to contract from 2πl to 2πl0 in order to fit on a
spherical surface. This means that the mean angular stretching strain of the wafer is
huSφφ i =

2πl0
sin α
r2
−1=
−1≈− 2
2πl
α
6R

(2.36)

where (r, φ, z) is the cylindrical coordinate system with the origin centred on the wafer.
Since in the scope of linear elasticity the stress and strain are linearly connected, this
invites to postulate that the angular stress is of form
S
σφφ
= −Dr2 .
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(2.37)

Figure 2.4: Illustration of the nomenclature in the geometric approach. Reproduced
from Article I with permission of the International Union of Crystallography.
The components σrz = σφz = σzz are set zero under the assumption that the wafer is
S = 0, since otherwise the wafer would be twisted in-plane about
thin. Additionally, σrφ
the z-axis. Under these assumptions, we find from the equilibrium equations that the
remaining component
D
S
σrr
= − r2 .
(2.38)
3
D can be determined by calculating uSφφ from Hooke’s law with the ansatz of the
stress tensor, taking its angular average, and equating it with Eq. (2.36). By this
method, the relevant strain tensor component for the diffraction curve calculations for
the symmetric Bragg case is found to be
uSzz = Ar2 [1 + B cos(2φ + β)],

(2.39)

where
p
(S32 − S31 )2 + S36
B=
2(S31 + S32 )
S36
β = arctan
.
S32 − S31

4
S31 + S32
A=− 2
3R 5(S11 + S22 ) + 6S12 + S66

(2.40)
(2.41)

The influence of the stretching stress was included in the diffraction curve calculations as follows. Assume that in the absence of the stretching stress component,
the diffraction curve is influenced only by the pure bending strain [Eqs. (2.21)–(2.23)]
and is measured as a function of wavelength of the crystal measured with a tightly
collimated beam at (r, φ) that has a centroid wavelength λ. Even though the crystal is
bent, we assume that Bragg’s law holds for this λ and θB allowing us to calculate the
corresponding d. Now, the effect of the stretching stress uSzz is included by modifying
15

this distance by d → d(1 + uSzz ), which according to Bragg’s law changes the centroid
wavelength by
∆λ
∆λ = 2duSzz sin θB ⇒
= uSzz .
(2.42)
λ
Similar reasoning is used in the residual stress analysis using X-ray diffraction [86,
pp. 558–559]. The diffraction curve of the full analyser is obtained by calculating the
distribution of ∆λ and convolving the original pure bending diffraction curve with
it. The calculation can be performed alternatively for the rocking angle when the
wavelength is kept constant. The predictions of the geometric approach are discussed
later in Section 3.1.

2.3.3

Free energy minimization

The geometric approach has appeal due to its intuitiveness but it has a few issues. The
first one is that since it relies heavily on the cylindrical symmetry of the system, it is
difficult to generalize to other shapes of wafer or toroidal bending. Another problem
arises with the integrated contact force between the wafer and the surface which does
not integrate to zero in the model; a significant issue from a physical point of view
since the contact force should keep the wafer in place.
In Article IV we presented a solution to both of these problems using a very general
thermodynamic principle of minimizing the energy associated with the deformation.
The total elastic energy of the wafer is
Z
X
1
F=
dV
σij uij ,
(2.43)
2
i,j

where the integration goes over the volume of the wafer. σij and uij are the Cauchy
stress tensor and the strain tensor, respectively. When the wafer is thin, the total
elastic energy can be written as a sum of pure bending and stretching energy F =
F B + F S (see Article IV and [84]). Therefore it is possible to minimize the bending
and stretching energies separately. Since we already know that in absence of stretching
the solution to the problem is the pure bending strain given by Eqs. (2.21)–(2.23), it
suffices to find the stretching stress and strain tensors which minimize F S .
Using the Hooke’s law [Eq. (2.20)] and the Voigt notation to present the compliance
tensor as a matrix, we can write the stretching energy as
Z
h



d
S
S 2
S 2
S 2
F =
dΩ S11 σxx
+ S22 σyy
+ S66 σxy
2 Ω
i
S S
S S
S S
+2S12 σxx
σyy + 2S16 σxx
σxy + 2S26 σyy
σxy ,
(2.44)
where d is the thickness of the wafer and the integration is performed over the area Ω of
S can be fulfilled by writing the stretching
the wafer. The equilibrium condition for σij
stress tensor in terms of the Airy stress function χ(x, y) so that
S
σxx
=

∂2χ
∂y 2

S
σxy
=−
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∂2χ
∂x∂y

S
σyy
=

∂2χ
.
∂x2

(2.45)

The minimization of Eq. (2.44) is performed under two constraints. The first one
is the requirement that the wafer has to follow the toroidal shape which is enforced
by the constraint
1
fc = D4 χ +
,
(2.46)
R1 R2
where
D4 = S11

∂4
∂4
∂4
∂4
∂4
+
(2S
+
S
)
+
S
−
2S
−
2S
. (2.47)
12
66
22
16
26
∂y 4
∂x2 ∂y 2
∂x4
∂x∂y 3
∂x3 ∂y

The second constraint requires that the contact force between the wafer and the surface
integrates to zero since it is the only external force acting on the wafer. This is given
by
!
Z
S
S
σyy
σxx
Fc = − dΩ
+
= 0.
(2.48)
R1
R2
Ω
The solution to the problem can be now found by writing χ as a series expansion
 i  j
X
x
y
χ=
Cij
.
(2.49)
R1
R2
i,j=0

Assuming that the dimensions of the wafer are small compared to the bending radii,
we may truncate the series after the few lowest order terms. Limiting χ to the fourth
order, the constraint fc is constant in terms of x and y, allowing us to define a new
functional L = F S + λ1 fc + λ2 Fc where λ1,2 are Lagrange multipliers. Thus we can
transform the minimization problem to a linear system

∂L


=0

∂Cij
(2.50)
∂L



=0
∂λ1,2
S and uS .
The solution to Eq. (2.50) determines σij
ij
S
In principle, the total strain field uij = uB
ij + uij could be substituted to the
two-beam TT-equations (2.10a) and (2.10b) and solved numerically to obtain the diffraction curve of the whole crystal. However, since the TT-equations are stiff partial
differential equations, they are computationally demanding to solve over a large diffraction domain. In the geometric model, it was assumed that the influence of uSij can
be taken into account utilising Bragg’s law. The validity of this approach was rigorously shown in Article III where we showed by examining the TT-equations that the
presence of a constant strain tensor component can be taken into account by altering
the wavelength of the diffraction curve by

∂(u · ĥ) ∂(u · ĥ)
∆λ
=
+
cot θB ,
λ
∂sk
∂s⊥
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(2.51)

where sk is a coordinate along h and s⊥ is a coordinate perpendicular to it. Since uSij
changes fairly slowly along the surface, we may assume it is approximately constant
along the beam path and may write
∆λ
= uSzz cos2 ϕ + 2uSxz sin ϕ cos ϕ + uSxx sin2 ϕ
λ



− uSzz − uSxx sin ϕ cos ϕ + 2uSxz sin2 ϕ cot θB ,

(2.52)

where ϕ is the asymmetry angle. In the symmetric Bragg case Eq. (2.52) simplifies
to Eq. (2.42) used in the geometric approach. The diffraction curve of a full analyser
is constructed by convolving the pure bending 1D TT-curve with the distribution of
shifts calculated over the analyser surface.
In Article IV we applied the general method to calculate the stretching stress
and strains for isotropic and anisotropic circular and rectangular TBCAs. In the
anisotropic circular case, the stress tensor components of a circular wafer with diameter
L are
 2

 2

E0
L
E0
L
S
2
S
S
2
σrr =
−r
σrφ = 0
σφφ =
− 3r
(2.53)
16R1 R2 4
16R1 R2 4
and the most important component of the strain tensor, uSzz was found to be
"
0
E
L2
uSzz =
(S31 + S32 )
16R1 R2
4

 #
q
2 cos(2φ + β) r 2
− 2(S31 + S32 ) + (S32 − S31 )2 + S36
where
E0 =

8
3(S11 + S22 ) + 2S12 + S66

β = arctan

S36
.
S32 − S31

(2.54)

(2.55)

Compared to the solution obtained with the geometric approach, the free energy solution is similar but not identical. The main qualitative difference is that the stress
tensor components in Eqs. (2.53) are not purely compressive but also extend the wafer
at the center. Since the new solution fixes the issue with the integrated contact force,
it is expected to be physically more realistic. However, as seen in Section 3.1, the
practical differences between the solutions are rather small. To quickly estimate the
resolution of a circular TBCA, the standard deviation of wavelength shifts is
r
σ∆λ
ν 0 L2
K2
= √
1+
(2.56)
λ
2
32 3R1 R2
where
p
2
(S32 − S31 )2 + S36
K=−
.
S31 + S32

4(S31 + S32 )
ν =−
3(S11 + S22 ) + 2S12 + S66
0
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(2.57)

For the isotropic circular case the exact solution was found by making use of
the Mitchell solution. The anisotropic circular model, which was found using the
fourth order polynomial ansatz for χ, reduces to this exact solution when an isotropic
compliance matrix is used.
For the isotropic rectangular wafer with side lengths a and b (aligned with x- and
y-axes, respectively), the stretching stress tensor components are found
 2

 2

E
a
1+ν
a2 1 − ν a4
b
S
2
2
σxx =
−x +
+5 2 +
−y
(2.58)
gR1 R2 12
2
b
2 b4
12
 2

 2

E
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1+ν
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1 − ν b4
a
S
2
2
σyy =
−y +
+5 2 +
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(2.59)
gR1 R2 12
2
a
2 a4
12
2E
S
σxy
=
xy,
(2.60)
gR1 R2
where

g = 8 + 10
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+ 2
2
b
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+ (1 − ν)

a2
b2
− 2
2
b
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2
.

and the relevant strain tensor component for the diffraction calculations is
"


ν
3+ν
b2
1 − ν b4
a2
S
2
uzz =
+5 2 +
x −
gR1 R2
2
a
2 a4
12



#
3+ν
a2 1 − ν a4
b2
2
+
+5 2 +
y −
2
b
2 b4
12

(2.61)

(2.62)

The standard deviation of the wavelength distribution is approximately given by
p
1 + 0.4e1
σ∆λ
νab
≈ √
(2.63)
λ
12 2R1 R2 1 + e1
where

a2
b2
+
.
(2.64)
b2
a2
Eq. (2.63) is accurate within a few precent over the range 0 < ν < 1 being near exact
for ν = 0.5.
For the anisotropic rectangular case, there is unfortunately no analytical solution
that could be presented as a reasonably neat expression, and therefore is best solved
numerically. However, based on a small number of tested crystal directions it appears that the most important factors influencing the diffraction curve are the wafer
dimensions a and b and the effective Poisson’s ratio that can be obtained by averaging
Poisson’s ratio calculated from the anisotropic compliance over 2π in-plane rotation,
allowing the utilisation of the isotropic model as an approximation.
e1 =
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Chapter 3

Experiments and applications
3.1

Experimental evidence for the theory

No matter how sophisticated or elegant our models and theories are, it is in the end
up to the Nature to decide whether they describe our reality of not. For that reason
experiments are the key element to physics as to any other field of natural sciences.
Figure 3.1 presents the predictions for the diffraction curves of circular Si(660) and
Si(553) SBCAs calculated using the geometric approach and the free energy minimization together with experimental curves measured at the inelastic scattering beamline
ID161 of the ESRF. The bending radii of the analysers were 1 m, the diameters of the
wafers were 100 mm, and the wafer thicknesses 300 µm. The curves were measured
with the full analyser and with two lead masks with circular apertures of diameters
30 mm and 60 mm. Despite their differences, both models predict the observed curves
accurately. Largest differences are observed at the low energy tails of 100 mm curves,
which may be due to mechanical imperfections in the bonding at the edge of the wafer
or slight deviation from the exact Rowland circle position.
Further evidence for the model was provided by Rovezzi et al. who provided the
experimental curves of Si(553) SBCAs with bending radii of 0.5 m and 1 m at two
different Bragg angles [26]. General agreement between the shape and the width of
the curves is observed in Fig. 3.2. However, compared to Fig. 3.1 there is considerable
differences in the details of the experimental and theoretical curves. The most likely
explanation to this is that in the experiment the FWHMs of the curves was optimized
by adjusting the Rowland circle radius. This may lead to some cancellation of broadening due to changes in the Johann aberration which is not included in the simulated
curves.
Rovezzi et al. also reported diffraction curves of 0.5 m strip-bent Si(555) SBCA
with the strip width of 15 mm. The prediction of the free energy minimization model
indicates that the stretching strain begins to have an influence to the diffraction curve
after the strip width surpasses 20 mm. The reported curve is in accordance with
1

The inelastic scattering beamline ID16 has since been relocated to ID20.
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the prediction but unfortunately it also makes the detailed comparison uninformative,
especially when the effect of the Rowland circle radius adjustment is present.
Overall, the method presented in this dissertation can explain the experimentally
reported diffraction curves of large SBCAs in a quantitative manner. However, further
experiments designed specifically to validate or refute the results of this work are
needed.

Figure 3.1: Theoretical predictions of diffraction curves of 100 mm circular Si(660)
and Si(555) SBCAs with bending radii of 1 m. The three sets of curves correspond to
curves measured from the full analyser and with lead masks with 30 mm and 60 mm
circular apertures. Experimental curves were measured from 3 Si(660) and 2 Si(555)
analysers. "Previous work" refers to the predictions of the geometrical model presented
in Article I and "current work" to the newer method based on the energy minimzation
presented in Article IV. The experimental data was first presented in Article I. The
figure is reproduced from Article IV licensed under CC-BY 4.0.
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Figure 3.2: Theoretical predictions of diffraction curves of 100 mm circular Si(555)
SBCAs with bending radii of 0.5 m and 1 m at two different Bragg angles. The data
was first published by Rovezzi et al. [26]. The figure is reproduced from Article IV
licensed under CC-BY 4.0.

3.2

Measurement protocol to improve resolution

Since the stretching component of the strain does not affect the width of the diffraction
curve locally but only changes its centroid energy or angle, a lower resolution curve
of the full TBCA can be thought to be consisted of large number of small high resolution analysers with different centroid energies/angles. When the signal is measured
separately from different positions of the analyser surface, the differences in centroid
energies can be corrected and the local resolution recover for the full analyser without
a loss of signal strength.
Based on this idea we presented an experimental procedure to increase the energy
resolution of SBCAs in Article II. As shown in Figure 3.3, the surface of the analyser
can be resolved using a position-sensitive detector which is moved off the focal point
of X-rays to resolve the surface of the analyser. By applying the compensation to resolution function of the analyser, the energy resolution of the elastic line was improved
by a factor of two as presented in the left panel of Fig. 3.4. The application of the
method to an actual spectral measurement yielded similar improvement but not quite
as good as for the elastic line which might be an indication (Fig. 3.4 right panel) of
the underlying line width.
The compensation can also be performed by displacing the analyser crystal instead
of the detector as has been demonstrated in [14]. Using the same instrument with
the analysers masked to 80 mm aperture the energy resolution was improved from
23

0.65–0.75 eV to 0.45 eV approximately, which is equal in performance with the original
method.

Figure 3.3: The experimental protocol for off-focus imaging. Moving the positionsensitive detector either inward or outward the focal point allows to resolve the X-rays
diffracted by different parts of the analyser surface spatially. The figure is reproduced
from Article II with permission of the International Union of Crystallography.

Figure 3.4: Left: The measured resolution function of the instrument with and without
off-focus compensation. The numbers in the legend indicate the FWHM of the curves.
Right: Compensated and uncompensated La+3 4d → 4f spectra measured from
LaPO4 . The numbers in the legend indicate the FWHM of the peak at 105.5 eV.
The graphs are reproduced from Article II with permission of the International Union
of Crystallography.
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3.3

Python codes for theoretical calculations

For a low-threshold adoption of the free energy minimisation method presented in
Article IV, we provided two open source Python packages, pyTTE and tbcalc,
licensed under the MIT license.
pyTTE calculates 1D Takagi-Taupin diffraction curves of elastically anisotropic
crystals with the depth-depended pure bending models Eqs (2.21)–(2.23) and Eq. (2.26)
in Bragg and Laue geometries by solving the 1D Takagi-Taupin equation [Eq. (2.15)]
using the variable-coeffient ordinary differential equation solver (VODE) with backward differential formula (BDF) method [87] as implemented in the SciPy library [88].
The xraylib library [89, 90] is used for X-ray diffraction and crystallographic data.
Elastic matrix data is obtained from [91].
tbcalc implements the toroidal bending models derived using free energy minimization to calculate the stretching stress and strain fields and their effect to the
diffraction curves of isotropic and anisotropic circular and rectangular wafers and
strip-bent analysers. The source codes are freely available online at https://github.
com/aripekka/pyTTE and https://github.com/aripekka/tbcalc.
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Chapter 4

Conclusions
In this dissertation I have briefly discussed the importance of curved crystal optics
in the X-ray spectroscopic instrumentation and brought together the theoretical development published in four original, peer-reviewed manuscripts to understand the
diffraction curves of toroidally and spherically bent Johann-type crystal analysers.
To summarise the work, Article I introduced a method to calculate the diffraction
curves of circular, spherically bent crystal analysers that was derived using geometrical
arguments. By comparing the results of the model to experimentally determined
diffraction curves, the model was found to be able to explain quantitatively most of the
previously poorly understood features of the diffraction curves. Article II presented
a measurement protocol inspired by the model to improve the energy resolution of
the spherically bent crystal analysers by utilising a position-sensitive detector. The
procedure was shown to improve the energy resolution of the instrument approximately
by a factor of two in the studied test case. In Article III it was shown in rigour that
a constant component of the strain tensor does not alter the shape of the resolution
curve of a crystal but only changes its diffraction energy or angle. The result further
validated one of the main assumptions made in the model but also sets a foundation
for computationally efficient way to calculate diffraction curves of large crystals with
sufficiently slowly varying strain fields. Article IV introduced a general method to
calculate internal stress and strain fields and diffraction curves of arbitrarily shaped,
toroidally bent single crystals. The new model was derived using a general principle
of thermodynamic potential minimisation and greatly expands the utility of ideas first
introduced in the previous articles. Two open-source Python codes were developed
as a part of the project to allow a low-threshold utilisation of the diffraction curve
calculations based on the new model.
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Epilogue
During the years 1665–1666 the city of London was ravaged by the Great Plague
which forced the University of Cambridge to temporarily close down and drove thenunknown natural philosopher Isaac Newton in exile to his family estate. During that
time he made significant discoveries with regards to calculus, optics, and gravitation;
easily justifying the year 1666 to be called Newton’s annus mirabilis [92, p. 159].
By modestly comparing myself to one of the greatest scientists of all time, I cannot
help but note the parallels between Newton’s situation back then and the coronavirus
pandemic that is sweeping over the world right now. Surely, the work you are reading
right now will not revolutionise the physics as we know it (nor am I ready to consider
2020 to be the greatest year of my scientific career) but right now, at a personal level,
its completion feels like reaching the top of a mountain from which to leap towards
the stars.

Natura philosophiae magistra altissima

Helsinki, 2 December 2020

Ari-Pekka Honkanen
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