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Abstract. We consider Higgs inflation with an αR2 term. It adds a new scalar degree
of freedom, which leads to a two-field model of inflation. We do a complete slow-roll
analysis of the three-dimensional parameter space of the R2 coefficient α, the nonminimal coupling ξ and the Higgs self-coupling λ. We find three classes of inflationary
solutions, but only pure R2 and attractor solutions fit observations. We find that pure
Higgs inflation is impossible when the R2 term is present regardless of how small α is.
However, we can have Higgs-like inflation, where the amplitude of the perturbations
does not depend on α and the predictions as a function of e-folds are the same as
in Higgs inflation, although the inflationary trajectory is curved in field space. The
spectral index is 0.939 < nR < 0.967, and constraining it to the observed range, the
tensor-to-scalar ratio varies from 3.8 × 10−3 to the maximum allowed by observations,
0.079. Observational constraints on isocurvature perturbations contribute to these
limits, whereas non-Gaussianity is automatically in the range allowed by observations.

Contents
1 Introduction

1

2 The
2.1
2.2
2.3

3
3
4
5

set-up
Action and changes of variables
Frame-covariant formalism and the Higgs inflation limit
Inflationary predictions and CMB observables

3 Slow-roll regions
3.1 Analytical treatment
3.2 Numerical results
3.3 Comparison to previous work

7
7
10
12

4 Conclusions

13

1

Introduction

Higgs inflation, based on the only fundamental scalar field in the Standard Model (SM)
of particle physics, is an appealingly simple model of inflation. The potential of the
SM Higgs without gravity is too steep [1–3], but successful inflation is achieved with
the non-minimal coupling ξH † HR of the Higgs doublet H to the Ricci scalar R [4].
Such a coupling is generated by quantum corrections [5]. When this√term is taken
into account, the amplitude of perturbations is right for ξ = 4 × 104 λ (where λ is
the Higgs quartic coupling), and the tree-level predictions for the scalar spectral index
nR = 0.96, its running and the tensor-to-scalar ratio r = 5 × 10−3 agree well with
observations [6]. However, quantum corrections complicate the picture. In most cases,
loop corrections do not change the qualitative behaviour [7], though for tuned values
of the model parameters the Higgs potential may develop an inflection point [7–18],
a hilltop [7, 16, 19] or a degenerate vacuum [20, 21], which can significantly affect
predictions.
In curved spacetime quantum corrections, in addition to changing the effective
Higgs potential as in flat spacetime, also generate higher order curvature terms. Indeed,
the first inflationary model, by Alexei Starobinsky, was based on such terms produced
by the trace anomaly [22]. In general, Riemann tensor terms that do not reduce to
a function of the Ricci scalar (or higher order Lovelock invariants) suffer from the
Ostrogradski instability [23–25]. As is well known, in the metric formulation of general
relativity an F (R) action is equivalent to Einstein–Hilbert gravity plus a scalar field
at the classical level [26], and also at one loop on-shell [27, 28]. If we restrict to terms
of up to dimension four, this reasoning leads to (neglecting the cosmological constant)
F (R) = MPl2 R + αR2 , which is at the background level equivalent to the original trace
anomaly model of Starobinsky. The amplitude of perturbations is right for α = 8×108 ,
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and the predictions as a function of e-folds are the same as in Higgs inflation (although
the number of e-folds is different due to lower reheating temperature [29]).
When both the non-minimal coupling of the Higgs field and the R2 term are
taken into account, we obtain a two-field model of inflation. Indeed, renormalisation
group running implies that, absent fine-tuning, 8π 2 α & (ξ + 61 )2 (different sources
have a slightly different numerical coefficient) [30–33]. Models of inflation with a nonminimally coupled scalar field and the R2 term have been discussed in [30–46] (see also
[47]).
The effect of the R2 term in an extended Higgs inflation model was first discussed
in passing in [34]. In [35] an h-dependent coupling to the R2 term was considered,
focusing on the stability of Starobinsky inflation in the case λ = 0. In [36] the authors
found the attractor solutions, studied the fit to data and estimated the isocurvature
contribution. The attractor solutions were also studied in [37, 39], and it was found that
the spectral index and tensor-to-scalar ratio are close to the pure Higgs or Starobinsky
case and isocurvature perturbations are small. In the recent work [42] the authors
studied different inflationary trajectories analytically, including isocurvature effects,
and found the merging of different inflationary regions and the possibility of large r.
The effect of the R2 term on renormalisation group running was studied in [30–32],
with emphasis on the feature that a large value of ξ will in general induce a large value
of α ∼ ξ 2 /(8π 2 ) (see also [48, 49]). In [40] its effect on the unitarity problem, and via
renormalisation group running to vacuum stability, was considered. In [33] two-loop
corrections were studied in detail, and they found corrections of the order of a few
percent.
We perform a full study of the parameter space of the R2 coefficient α, the nonminimal coupling ξ and the Higgs self-coupling λ. We first study all slow-roll regions
analytically and then scan them numerically, including observational constraints on
the amplitude, spectral index, its running, tensor-to-scalar ratio, non-Gaussianity and
isocurvature perturbations. We find that pure Higgs inflation (meaning the case where
the inflationary trajectory is aligned with the Higgs direction) is not possible, and
identify an inflationary region that mixes the two scalar fields and gives a range of predictions in agreement with the current observational data. In the region where the two
fields mix we can have Higgs-like inflation, where the amplitude of the perturbations
does not depend on α and the predictions as a function of e-folds are the same as in
Higgs inflation.
In section 2 we introduce the action, rewrite it in terms of two scalar fields and
perform a conformal transformation to the Einstein frame. We use the frame-covariant
formalism and show that we do not recover pure Higgs inflation. We also review the
CMB observables and their observational ranges. In section 3 we first look at the
slow-roll regions analytically and then present our numerical results and compare to
previous work. In section 4 we summarise our conclusions.
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2
2.1

The set-up
Action and changes of variables

We consider an action with a non-minimally coupled scalar field, which we identify
with the SM Higgs, and a gravitational sector with an F (R) term. We reparametrise
the F (R) term to write the extra degree of freedom in terms of a scalar field, redefine
fields and make a conformal transformation to the Einstein frame.
We begin from the following action for scalar field h and metric gαβ :


Z
√
1
1
1 αβ
4
S=
d x −g F (R) + G(h)R − g ∂α h∂β h − V (h) ,
(2.1)
2
2
2
where g is the determinant of gαβ and R is the Ricci scalar, determined by the metric
and its first two derivatives. The usual Higgs inflation corresponds to [4]
Higgs inflation :

F (R) = MPl R,

G(h) = ξh2 ,

V (h) =

λ 2
2
(h − v 2 ) .
4

(2.2)

In order to exchange F (R) for R plus a scalar field, we rewrite the action (2.1) as [50]


Z
√
1
1
1 αβ
4
0
S = d x −g G(h)R + {F (φ) + F (φ)(R − φ)} − g ∂α h∂β h − V (h) ,
2
2
2
(2.3)
where φ is an auxiliary field. Variation with respect to φ yields (if F 00 6= 0) φ = R,
and if we substitute this result back to (2.3) we recover the original action (2.1). By
redefining the auxiliary field as ϕ ≡ F 0 (φ) we obtain the action


Z
√
1
1 αβ
4
S = d x −g [ϕ + G(h)]R − W (ϕ) − g ∂α h∂β h − V (h) ,
(2.4)
2
2
where the potential for ϕ is
1
W (ϕ) ≡ {φ(ϕ)ϕ − F [φ(ϕ)]} .
2

(2.5)

To obtain minimally coupled fields, we make a conformal transformation to Einstein frame
gαβ → Ω2 gαβ = [ϕ + G(h)]gαβ .
The action then becomes

Z
√
1
3 αβ
4
S=
d x −g R −
g (∂α ϕ∂β ϕ + 2∂α ϕ∂β G + ∂α G∂β G)
2
4Ω4

1 1 αβ
−
g ∂α h∂β h − V̂ (h, ϕ) ,
2 Ω2
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(2.6)

(2.7)

where we have chosen units such that the Planck mass is unity, and the new potential
reads
V̂ (h, ϕ) =

V (h) + W (ϕ)
.
Ω4

(2.8)

Note that Ω2 > 0 is a necessary and sufficient condition for neither of the scalar fields
to be ghosts.
Restricting to dimension four terms, we have
F (R) = R + αR2 ,

G(h) = ξh2 ,

V (h) =

λ 2
(h − v 2 )2 ,
4

where α and ξ are constants. For this choice the action becomes

Z
√
3 αβ
1
3ξh αβ
4
S=
d x −g R −
g
∂
ϕ∂
ϕ
−
g ∂α ϕ∂β h
α
β
2
4Ω4
Ω4

Ω2 + 6ξ 2 h2 αβ
−
g ∂α h∂β h − V̂ (h, ϕ) ,
2Ω4

(2.9)

(2.10)

and the potential is
V̂ (h, ϕ) =

λ (h2 − v 2 )2
1 (ϕ − 1)2
+
.
4
Ω4
8α Ω4

(2.11)

If α is negative, the electroweak (EW) vacuum at h = v, ϕ = 1 is a saddle point, so
we take α > 0. The kinetic cross-term could be removed with the field redefinition
Φ = Ω2 = ϕ + ξh2 . However, we cannot have a canonical kinetic term for both fields
at the same time, hence we have to anyway take into account curvature in field space,
which we do with the frame-covariant formalism.
2.2

Frame-covariant formalism and the Higgs inflation limit

In multi-field inflation, all fields cannot be simultaneously canonically normalised if
the field space is curved. This is the case in Higgs–Starobinsky inflation, and various
choices of field coordinates have been used in the literature [33–42]. The exact physical quantities are independent of the chosen frame, but we have to be careful when
making the slow-roll approximation. We follow the frame-covariant formalism introduced in [51, 52] where the slow-roll parameters are frame-covariant, ensuring that
quantities expanded in them are invariant under frame and field reparametrisation, i.e.
independent of the choice coordinates in the space of the metric and the scalar fields.
As noted above, we use the Einstein frame, which simplifies many of the equations.
The field space metric of the action (2.10) reads


1
3/2
3ξh
,
(2.12)
GAB = 4
3ξh Ω2 + 6ξ 2 h2
Ω
where the indices A, B refer to field coordinates that are collectively denoted as
φA = (ϕ, h) .
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(2.13)

The inverse of GAB is GAB , and the two tensors are used to lower and raise indices in
field space.
The first two slow-roll parameters can be expressed as1
1 GAB V,A V,B
2
V2
V,A ,B
,
η = GAB
V 
=

(2.14)

and in general
n+1 = GAB

V,A (n ),B
.
V n

(2.15)

The general expressions for  and η are complicated. In the limit h  1, v  1 we get
4
+ O(h2 )
2
3(ϕ − 1)
8ϕ
η=−
+ O(h2 ) ,
3(ϕ − 1)2
=

(2.16)
(2.17)

which is the usual result for Starobinsky inflation. However, in the limit h  1 we
have (for any value of ϕ)
 
1
4
(2.18)
 = (1 + 6ξ) + O
3
h2
 
1
4ξ
[−6λα + ξ(1 + 6ξ)] + O
,
(2.19)
η=
3λα
h2
so the slow-roll parameters do not reduce to those of Higgs inflation even if ϕ = 1.
Furthermore a constant ϕ is never a solution to the field equations, which implies that
pure Higgs inflation becomes unstable when we add the R2 term. (In contrast, it is
consistent to put h = 0 in the region where the R2 term dominates if we neglect v,
whose effect is insignificant in the inflationary region.) We do not recover pure Higgs
inflation in the limit α → 0 either (unless α is exactly zero, in which case there is only
one scalar degree of freedom, the Higgs field), as we will show in section 3.1.
2.3

Inflationary predictions and CMB observables

Predictions for adiabatic and tensor perturbations. Expanded to lowest order
in slow-roll parameters (2.14), the scalar spectral index, the running of spectral index
and the tensor-to-scalar ratio read
nR = 1 − 2 + η − sin(2Θ)DN TRS
αR = −2η − ηζ − 2 cos(2Θ) cos2 Θ(DN TRS )2 + sin(2Θ)DN DN TRS
r = 16 cos2 Θ ,
1

(2.20)
(2.21)
(2.22)

This definition of η differs by a sign from that in [51, 52], as we find the latter inconsistent with
the equations of the observables r, nR , and αR . Using our convention, in the single field case  and η
relate to the usual slow-roll parameters as  = V , η = 2ηV − 4V , with V = 21 (V 0 /V )2 , ηV = V 00 /V .
This sign issue propagates to the higher order slow-roll parameters n .
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where DN is the frame covariant derivative with respect to the number of e-folds (see
(2.29) in [51]), TRS is the transfer function between the curvature and isocurvature
modes and Θ is the transfer angle. The last two are discussed in more detail below.
Non-Gaussianity, estimated in terms of the amplitude of the bispectrum defined with
the three-point correlator of the comoving curvature perturbation, is
fN L =

5 N ,A N ,B ∇A ∇B N
,
6
(N,A N ,A )2

(2.23)

where ∇A is the covariant derivative in field space.
Predictions for isocurvature perturbations. Let us then consider isocurvature
perturbations. The formal solutions for the comoving curvature and isocurvature perturbations are given in terms of the transfer functions TRS , TSS as
R(t) = R(t∗ ) + TRS (t∗ , t)S(t∗ )
S(t) = R(t∗ ) + TSS (t∗ , t)S(t∗ ) ,

(2.24)
(2.25)

where star denotes quantities calculated at the pivot scale k∗ = 0.05 Mpc−1 . The
solution for the transfer functions in terms of the number of e-folds N reads
Z N
dN 0 A(N 0 )TSS (N∗ , N 0 )
(2.26)
TRS (N∗ , N ) = −
N∗

 Z N
0
0
dN B(N ) ,
(2.27)
TSS (N∗ , N ) = exp −
N∗

where the functions A(N ), B(N ) depend on the model of inflation, and can be written
in terms of various frame-covariant parameters [51, 52]. The effect of the energy transfer
between the curvature and isocurvature modes can then be encoded in the transfer
angle Θ2
1
cos Θ = p
2
1 + TRS

(2.28)

and the isocurvature fraction
βiso =

2
TSS
.
2
2
+ TSS
1 + TRS

(2.29)

Observational values. When comparing to observations we apply the Planck ranges
for the cosmological observables at the pivot scale k∗ = 0.05 Mpc−1 . The Hubble exit
of this scale corresponds to (assuming that reheating lasts 4 e-folds, as in pure Higgs
inflation [54–56], although see [57–59])
N∗ = 52 −

1
r∗
ln
,
4 0.079

2

(2.30)

The transfer angle Θ used in [51, 52] is related to the correlation angle ∆ used in the Planck
analysis [53] as Θ = ∆ + π/2.
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which is also the constraint for the minimum amount of inflation. The number of
e-folds depends on the tensor-to-scalar ratio r∗ at the pivot scale for which we use the
CMB constraint [6]
r∗ < 0.079 .
(2.31)
For the amplitude of scalar perturbations we use the mean value [6]
24π 2 A∗ =

V∗
= 4.97 × 10−7 .
∗ cos2 Θ∗

(2.32)

The 95% confidence limits for the spectral index read [6]
0.9554 < nR < 0.9726 ,

(2.33)

and the running of the spectral index is constrained to
− 0.0207 < αR < 0.0065 .

(2.34)

The limits for the transfer angle Θ are given by [6]
− 0.25 < sin Θ < 0.23 ,

(2.35)

and the upper bound of the isocurvature fraction is
βiso < 0.38 .

(2.36)

For some choices of datasets and likelihoods, the Planck data in fact gives a lower
bound on βiso [6]. If confirmed, this would rule out most of our allowed region on the
(nR , r) plane. Finally, non-Gaussianity is constrained as [60]
− 9.2 < fN L < 10.8 .

3
3.1

(2.37)

Slow-roll regions
Analytical treatment

We find that the viable slow-roll area in field space divides into two parts. The first
one is the Starobinsky region where h  1 and ϕ  1. The second one is a region
centered around a positively curved parabola in field space. The value of ξ determines
whether these regions are attractors or repellers. Let us look at the regions analytically
before going to the numerical results.
Let us first consider the case when ξ is positive. There are then four slow-roll
regions, two of which can lead to successful inflation. The first region is the one around
the parabola
ϕ = 1 + b + ch2 ,
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(3.1)

Figure 1. Field trajectories for c = 1
and d = 0.18 (ξ = 2λα ≈ 0.01). We show
only trajectories for which the observables
are in the allowed ranges (2.33) to (2.37).
Only solutions near the attractor satisfy
these criteria. The red line is the analytical approximation (3.1) for the attractor,
which is not very good for the small value
of ξ used. The coloured region shows the
area where ||, |η| < 1.

Figure 2. Field trajectories for c = 1
and d = 0.36 (ξ = 2λα ≈ 0.2). We show
only trajectories for which the observables
are in the allowed ranges (2.33) to (2.37).
The red line is the analytical approximation (3.1) for the attractor. We have
chosen a small value of ξ for representation purposes (for larger ξ the region
around the attractor becomes too thin).
The coloured region shows the area where
||, |η| < 1.

with
2λα
c
=
2
12λαξ + ξ (1 + 6ξ)
(c + d)(1 − 6d)
2λα
c=
ξ
1
d=ξ+ .
6
b=−

(3.2)

This region is an attractor: the field rolls towards the parabola and then along it to
the EW minimum. The parameter c determines the location of this region while d
controls its width.
The second region is the Starobinsky region. It corresponds to a hill in the h
direction and is hence a repeller. The field rolls away from the line h = 0 towards the
attractor (3.1) and then along it to the EW minimum. For ξ & 1, the slow-roll region
around the Starobinsky solution is narrow and yields typically less than one e-fold of
inflation. Hence it does not give a viable model (except in the fine-tuned case when
we are right on the Starobinsky solution). However, for ξ  1 the Starobinsky region
grows wider and merges with the region around the parabola. We then have a broad
connected slow-roll region, giving a third class of inflationary solutions in addition to
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the attractor and Starobinsky inflation. There are successful initial field values also
near the line h = 0. However, the observational constraints on the transfer angle (2.35)
restrict the initial field values either to a region close to the attractor or essentially to
the Starobinsky solution at h = 0. This situation is illustrated in figure 1, with field
trajectories starting from different points in field space. We show in figure 2 how the
viable region becomes smaller and disconnected with increasing ξ.
For positive ξ, the remaining non-successful slow-roll regions correspond to a
region near the parabola
ϕ = −dh2 .

(3.3)

and a region where h  1 and ϕ < 0. Note that in these regions Ω2 < 0, so the scalar
fields are ghosts. The first region is neither an attractor nor a repeller while the second
is a repeller. In both cases the field rolls away from the EW minimum.
Let us then consider the case when
ξ is negative. Now the Starobinsky region is the only successful slow-roll region. The Starobinsky solution is an attractor and the field rolls towards it, as
shown in figure 3. The region around the
parabola (3.1), which now opens downward, is a repeller. The second parabola
(3.3) has a negative slope for values above
the conformal value −1/6 < ξ < 0 and
a positive slope for more negative values. In both cases the region around it
is neither an attractor nor a repeller. Finally, the region with h  1 and ϕ < 0 is
an attractor, but the field rolls away from
the EW minimum.
Figure 3. Field trajectories for c = −1
and d = 0.16 (ξ = 2λα ≈ −7 × 10−3 ) in
the slow-roll region. We show only trajectories for which the observables are
in the allowed ranges (2.33) to (2.37).
The coloured region shows the area where
||, |η| < 1.

Higgs inflation limit. Let us now take
a closer look at solutions on the attractor
(3.1). When c decreases, the parabola becomes wider. In the c → 0 limit it becomes the line ϕ = 1, which we might
expect to correspond to pure Higgs inflation, given that the action (2.10) reduces
to the usual Higgs case in this limit. When the field lies on the parabola, we can
calculate the slow-roll parameters analytically. In the limit dh2  1 (i.e. ξh2  1),
when c > 1 we obtain
9(c + d)
+ O(N −3 )
2(6c + 6d − 1)N 2
2
η = − + O(N −2 ) .
N
=
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(3.4)
(3.5)

It might seem that the predictions reduce to the pure Higgs inflation case for d  c.
For c & 1 this is indeed the case, but inflation is not driven by the Higgs field alone
(the field rolls also in the ϕ direction). We do not recover pure Higgs inflation in the
limit c → 0 (i.e. α → 0) either. For c  1 the slow-roll parameters are, to leading
order in c,
9(c + d)
+ O(c)
2(6c + 6d − 1)N 2
3d
+ O(1) .
η=
2c(1 − 6d)2 N 2
=

(3.6)
(3.7)

We see that η diverges as c approaches zero.3 The divergence is due to the fact that
the second derivative of the potential with respect to ϕ is divergent. This derivative
is present in all of the higher order slow-roll parameters, which diverge as 1/c. As a
result the running of the spectral index diverges as 1/c2 , and higher order corrections
diverge even faster. This implies that pure Higgs inflation is impossible when the R2
term is present in the action regardless of the value of α.4 Because the theory with
α 6= 0 has an extra scalar degree of freedom, it is not a small perturbation of the case
α = 0, regardless of how small α is. The limit α → 0 is singular, and it does not
commute with solving the equations of motion, as is also the case in pure Starobinsky
inflation [23].
However, as long as 1 . c  d, we can still have Higgs-like inflation at the
attractor. We define a solution to be Higgs-like if the amplitude of perturbations does
not depend on α and the predictions as a function of e-folds are the same as in pure
Higgs inflation. However, the trajectory is a parabola in field space, instead of a line
with constant ϕ. Similarly, we define a solution to be Starobinsky-like if the amplitude
is determined by α and the predictions as a function of e-folds are the same as in pure
Starobinsky inflation.
3.2

Numerical results

We have performed a comprehensive scan of the parameter space of the slow-roll regions. Overall we have six parameters (α, ξ, λ, N and two field coordinates at the
pivot scale) and three constraints for the field evolution (the constraint on e-folds,
the amplitude at the pivot scale and the condition that at the end of inflation either
|| = 1 or |η| = 1, whichever occurs first5 ). When written in terms of the parameters
c and d, the slow-roll parameters and the number of e-folds are independent of λ and
3
In [36] it was claimed that inflation along the valley approaches the pure Higgs case when
MPl /M → 0 (c → 0 in our notation). However, when the c → 0 limit is taken before the ξh2  1
limit (in pure Higgs inflation ξh2 is finite but c = 0), the divergence (3.7) persists.
4
One could argue that the analytical approximation breaks down in the limit ξ → 0. However, our
numerical results show that while the attractor approaches the line ϕ = 1 in this limit, the slow-roll
parameters become larger than one.
5
These do not correspond to the usual conditions for the end of slow-roll in single-field inflation, but
give a slightly later point in time. The difference in the number of e-folds depends on the parameters,
varying from negligibly small to 1.4, comparable to the effect of reheating.
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Figure 4. Numerical results in field
space. Each dot corresponds to the pivot
scale for one solution that satisfies the
observational constraints on r, nR , αR ,
Θ and fN L . Red points denote solutions that lie on the attractor (3.1). The
black curve is a negatively curved parabola given by ϕ = 76 − 0.17h2 , and it is
approximately the ξ → 0 limit. The EW
minimum is in the bottom left corner. For
representation purposes we have included
only some of the datapoints used in figure 5.

Figure 5. Numerical results for spectral index nR and tensor-to-scalar ratio
r. Red points denote solutions that lie
on the attractor (3.1). The black star is
the pure Starobinsky solution, whose predictions agree with pure Higgs inflation.
All values of r from the Starobinsky case
r = 3.8 × 10−3 up to the observational
upper limit r < 0.079 are allowed, and
the spectral index is 0.939 < nR < 0.967.
Other observables are not single-valued on
this plane.

the amplitude is linear in λ. Hence we keep c, d and one of the field coordinates at
the pivot scale as free parameters, and solve λ from the normalisation condition. For
the numerical analysis we chose some representative values of c and varied the field
coordinate and the parameter d. We checked that the results converge to analytical
estimates in various limits to make sure that we have included all relevant values in
our scan.
Our results are illustrated in figures 4 and 5. Figure 4 shows the solutions in
field space. Each dot corresponds to the pivot scale for one solution that satisfies the
above three constraints and also agrees with all of the observational constraints (2.34)
to (2.37). The solutions fall into three categories: those near the Starobinsky solution
(top of the black curve at h = 0), those on the downward opening parabola (traced by
the black curve), and those on the paths going down from the black curve towards the
EW minimum on the bottom left corner.
The first category corresponds to Starobinsky inflation. When |ξ|  1, the
Starobinsky region becomes wider (for ξ = 0 the first correction to the slow-roll parameters is O(λαh4 ) as opposed to O(ξh2 )), and we can have Starobinsky-like solutions
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even for h  1. However, only solutions with h . 1 are allowed by the constraint on
the transfer angle (2.35).
The second category corresponds to solutions near the attractor with a small ξ.
When the value of ξ becomes small enough, the region around the attractor merges with
the region around the Starobinsky solution, and the field can roll from the Starobinsky
region to the attractor, while maintaining slow-roll. However, the constraint on the
transfer angle restricts the field to values that are basically at the attractor. For these
solutions, the tensor-to-scalar ratio can be large, r ∼ 0.1, and they constitute most of
the allowed region in figure 5.
The third category corresponds to solutions near the attractor when ξ & 0.1,
with different paths having different values of c = 2λα/ξ (recall that c determines the
location of the attractor). The values of d and λ increase when approaching the EW
minimum on the bottom left corner. The spectral index is the same as in the pure
Starobinsky case, but r can be larger for c  1 and d . 1 (note that the analytical
approximation (3.1) for the attractor breaks down at small values of c and the exact
attractor does not approach the line ϕ = 1).
Figure 5 shows our results for the spectral index nR and the tensor-to-scalar ratio
r. Each dot represents again a single solution, and red points denote solutions on
the attractor (3.1). We only show the allowed region, because the parameters and
observables are degenerate (i.e. we can obtain the same predictions for r and nR with
multiple parameter values). We have constrained αs , fN L and sin Θ to agree with the
observed values. The black star shows the tree-level prediction of pure Higgs inflation
(which coincides with the prediction of pure Starobinsky inflation). The solutions
around the attractor in the case of small ξ constitute a large part of the allowed
region. The spectral index nR is in the range 0.939 < nR < 0.967 and tensor-to-scalar
ratio r ranges from the pure Starobinsky value 3.8 × 10−3 to the current observational
upper limit r < 0.079, considering all inflationary regions. The attractor solution has
0.946 < nR < 0.964 and the same range of r. The values of r close to the upper limit
are obtained near the attractor when ξ  1. These numbers can be compared to the
analytical predictions of pure tree-level Higgs or Starobinsky inflation: nR = 0.96 and
r = 5 × 10−3 .
Non-Gaussianity is small, −9.4 × 10−5 < fN L < 0.021. For positive ξ, the isocurvature fraction is βiso < 0.017, while for negative ξ, βiso can reach 0.24. Tightening the observational constraint on Θ would narrow down the allowed region in the
nR direction, but r could still be large. Note that if all forms of matter produced
at preheating reach thermal equilibrium, isocurvature perturbations are converted to
adiabatic perturbations and these limits disappear.
3.3

Comparison to previous work

Let us compare our results to previous papers that have studied non-minimally coupled
scalar field inflation with the R2 term, concentrating on those that use the SM Higgs
potential. In [36] the authors found the attractor solutions and studied the fit to the
data, finding that it is possible to obtain r > 0.03. They also estimated the isocurvature
contribution, finding it can be large when ξ and (in our notation) c are small, which
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agrees with our results. In [39], the attractor solution was also studied, finding that
the results for the spectral index and tensor-to-scalar ratio are basically the same as
in the pure Higgs or Starobinsky case and isocurvature perturbations are small. Our
results for the attractor solution agree with [36, 37, 39], when all the constraints are
taken into account.
In the recent work [42], which appeared as we were preparing this paper for publication, the authors studied different inflationary trajectories analytically, including
the isocurvature contribution, backed by numerical studies in some cases. They paid
particular attention to the effect of initial conditions, finding that the field quickly
settles onto the slow-roll trajectory, though with possible interesting wiggles when inflation starts from a hilltop. They also noted that the limit α → 0 is singular and found
the merging of the two inflationary regions in the limit of small ξ, and the possibility
of large r. We have done a comprehensive numerical study of the slow-roll trajectories, and compared to observational constraints in detail, including the running of the
spectral index and non-Gaussianity. Where our work overlaps, we are in agreement.

4

Conclusions

We have done a systematic study of inflation in the case when both the non-minimally
coupled Standard Model Higgs field and the R2 term are present. We have analysed all
slow-roll regions, examined the full parameter space and taken into account constraints
from observations.
There are three classes of solutions: Starobinsky inflation driven by the R2 term,
an attractor region that is curved in field space, and a third region where these two
merge together at small values of the non-minimal coupling ξ. The solutions in the third
class are excluded by the constraints on the transfer angle (2.35). We find that Higgs–
Starobinsky inflation can produce a spectral index bounded as 0.939 < nR < 0.967
(on the attractor 0.946 < nR < 0.964) and, constraining nR to the observed range,
the tensor-to-scalar ratio varies from r = 3.8 × 10−3 up to the current upper limit
r < 0.079, reaching the upper limit when ξ  1. These solutions also agree with the
observational limits on the amplitude of perturbations, running of the spectral index,
isocurvature fraction, isocurvature transfer angle and non-Gaussianity. Of these, the
isocurvature fraction and non-Gaussianity are automatically within the observational
range and provide no extra constraints, whereas the running of the spectral index and
isocurvature transfer angle contribute to the limits. The results extend the analytical
prediction of pure tree-level Higgs or Starobinsky inflation, nR = 0.96, r = 5 × 10−3 .
We also find that ξ can be much smaller than in pure Higgs inflation (all points shown
in figure 5 can be reached with ξ < 1), which can help with the unitarity issue of Higgs
inflation [40, 61–78].
Extending previous studies, we have taken into account the observational limits for
the running of the spectral index, non-Gaussianity and isocurvature in detail. Notably,
we find that there is no pure Higgs inflation limit when the R2 term is present, no
matter how small its coefficient α is. This is related to the fact that the limit α → 0
is singular, as noted in [39, 42]. One way to avoid this destabilisation is to use the
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Palatini formulation of general relativity, where the R2 term does not generate a new
scalar degree of freedom [26, 44, 45].
We have relied on the standard description of reheating for the pure Higgs inflation
case [54–56]. The reheating temperature is lower in Starobinsky inflation [29], reducing
the number of e-folds. Reheating in the mixed Higgs–Starobinsky model requires a
dedicated study, continuing along the lines of [79]. We expect changes in reheating to
affect the allowed region in the model parameter space (i.e. the values of α, λ and
ξ may change), but the overall picture remains the same: parameters can be found
to match the observations. The main difference would likely be a small shift in the
allowed region: for longer reheating nR is smaller and r is larger.
A more careful analysis would also take into account quantum corrections. In
[33] small corrections at the level of a few percent, rising with λ, were found at two
loops. Standard Model particles other than the radial Higgs mode (the top quark in
particular) should also be included in the analysis, because they affect the running of
the Higgs self-coupling, as in pure Higgs inflation.
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