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Summary
•

Optimisation models of stomatal conductance (g s ) attempt to explain observed stomatal
behaviour in terms of cost-benefit trade-offs. While the benefit of stomatal opening
through increased CO 2 uptake is clear, currently the nature of the associated cost(s)
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remains unclear. We explored the hypothesis that g s maximises leaf photosynthesis,
where the cost of stomatal opening arises from non-stomatal reductions in

We analytically solved two cases, CAP and MES, in which reduced leaf water potential

Author Manuscript

•

photosynthesis induced by leaf water stress.

leads to reductions in, respectively, carboxylation CAPacity and MESophyll
•

conductance (g m ).
Both CAP and MES predict the same one-parameter relationship between the
intercellular-to-atmospheric CO 2 concentration ratio (c i /c a ) and vapour pressure

deficit (D), viz. c i /c a ≈ ξ/(ξ +√D), as that obtained from previous optimisation models,
with the novel feature that the parameter ξ is determined unambiguously as a function
of a small number of photosynthetic and hydraulic variables. These include soil-to-leaf
hydraulic conductance, implying a stomatal closure response to drought. MES also
•

predicts that g s /g m is closely related to c i /c a and is similarly conservative.
These results are consistent with observations, give rise to new testable predictions, and
offer new insights into the covariation of stomatal, mesophyll and hydraulic
conductances.

Key words: hydraulic conductance, mesophyll conductance, model, non-stomatal limitation,
optimisation, photosynthesis, stomatal conductance, trait covariation.

Introduction

Leaf stomata play a central role in mediating the exchange of CO 2 and water vapour between
the atmosphere and the global land surface. Therefore, understanding the responses of stomatal
conductance (g s ) to changes in atmospheric CO 2 concentration, air/soil water deficits and other
environmental variables is crucial to predicting global change impacts on the coupled
climate-vegetation system. The challenge for modellers is that stomatal behaviour cannot be
understood in isolation, because g s is tightly coupled to other plant and soil variables such as
mesophyll conductance (Flexas et al., 2008) and soil-to-leaf hydraulic conductance (Sperry et
al., 1993; Rodriguez-Dominguez et al., 2016), which covary with g s on a range of timescales.
Ultimately a whole-system perspective is called for. Optimisation models provide an
integrative approach to understanding whole-plant responses to global change, in which
adaptation for maximum fitness acts as a guiding organisational principle (e.g. Dewar et al.,
2009; Franklin et al., 2012).
This article is protected by copyright. All rights reserved

Optimisation models of stomatal conductance have shown some success in synthesising
stomatal responses to environmental change (e.g. Cowan, 1977, 1982, 1986; Cowan &
Farquhar, 1977; Givnish, 1986; Hari et al., 1986; Friend, 1991, 1995; Mäkelä et al., 1996;
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Katul et al., 2010; Medlyn et al., 2011, 2013; Manzoni et al., 2013; Prentice et al., 2014; Sperry
et al., 2016; Wang et al., 2016; Wolf et al., 2016; Hölttä et al., 2017), although challenges
remain with regard to modelling responses to CO 2 (Medlyn et al., 2013) and drought (Zhou et
al., 2013). Conceptually, optimisation models of g s are attractive because, unlike empirical
models (e.g. Jarvis, 1976; Ball et al., 1987; Collatz et al., 1991; Leuning, 1995), they offer an
explanation of stomatal behaviour in terms of the trade-off between the costs and benefits of
stomatal opening, while avoiding the complexities and uncertainties of more mechanistic
models whose parameter values are not easily determined experimentally (e.g. Dewar, 1995,
2002; Buckley et al., 2003).

Current uncertainties in stomatal optimisation models
Nevertheless, while the benefit of stomatal opening through increased CO 2 uptake is clear,
currently the specific nature of the associated cost(s) remains unclear. This uncertainty limits
not only the theoretical understanding that optimisation models of g s currently provide, but
also their practical implementation within larger-scale models, such as dynamic vegetation
models for predicting climate change impacts on the biosphere (e.g. Sitch et al., 2008; Fisher et
al., 2010). Two examples of current stomatal optimisation models serve to illustrate these
uncertainties.

First, according to a long-standing hypothesis (Cowan & Farquhar, 1977), the optimal
diurnal variation of stomatal conductance is one that maximises the time integral of A – E/λ,

where A and E are photosynthesis and transpiration, respectively, and λ (mathematically, a

Lagrange multiplier) is equal to the marginal water loss of plant carbon gain (∂E/∂A) at the

optimal operating point. Uncertainty surrounds the determination of λ and its variation over

time. On short timescales λ is often treated as an undetermined constant, while on longer
timescales λ has been determined from various dynamic optimisation arguments as a function

of soil moisture (e.g. Cowan, 1986; Mäkelä et al., 1996; Mazoni et al., 2013). More recent
hypotheses, in which the costs of stomatal opening have been linked in various ways to
hydraulic damage (Sperry et al., 2016; Wolf et al., 2016), may nevertheless be viewed
mathematically as versions of the Cowan–Farquhar (CF) hypothesis in which λ is a function of
This article is protected by copyright. All rights reserved

xylem water potential (and other plant variables).
In addition to these uncertainties in the determination of λ, another issue is that the CF
hypothesis with constant λ predicts an unrealistic stomatal opening response to increased
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atmospheric CO 2 concentration (c a ) at low c a (Hari et al., 1986; Lloyd & Farquhar, 1994;
Katul et al., 2010). Solutions to this problem have been proposed, involving heuristic
assumptions of a dependence of λ on c a (Katul et al., 2010) or A (Sperry et al., 2016), but the
justification for these assumptions remains unclear (Medlyn et al., 2013). Dynamic
optimisation of g s under soil drying predicts that λ varies with c a (Manzoni et al., 2013), but the
predicted dependence of λ on c a does not lead to a realistic decline in g s with increasing c a
(Morison & Gifford, 1983).
A second example is the Least-Cost (LC) hypothesis (Prentice et al., 2014), according to
which the relative cost (a E E + B)/A is minimised, where a E is the sapwood maintenance cost
per unit of transpiration, and B is a constant cost (i.e. independent of g s ) associated with
maintenance of photosynthetic capacity. The LC hypothesis is based on the idea of an optimal
carbon investment in transpiration and photosynthetic capacity which would achieve a given
rate of photosynthesis at least total cost (Wright et al., 2003). While this hypothesis predicts
realistic diurnal stomatal responses to environmental variables (Prentice et al., 2014; Wang et
al., 2016) including the correct closure response to increasing c a , there is clearly a discrepancy
between the timescale on which g s varies and the timescale on which the hypothesised
sapwood maintenance cost a E E varies. Therefore, the explanation of diurnal stomatal
variations provided by the LC hypothesis is not clear.

Two optimisation hypotheses incorporating non-stomatal limitation to photosynthesis
What is needed, but is currently lacking, is a more transparent optimisation approach in which
the costs of stomatal opening are more clearly identified and more closely related to the
timescale on which stomatal conductance varies. Zhou et al. (2013) highlighted the need to
include both stomatal and non-stomatal limitations to photosynthesis in modelling short-term
responses to drought. In this paper we explore the hypothesis that the cost of stomatal opening
arises from non-stomatal reductions in photosynthesis induced by lower leaf water potential
(ψ l ). We examine two specific hypotheses (CAP and MES) in which stomatal opening leads
(via decreased ψ l ) to reductions in carboxylation CAPacity and MESophyll conductance,
respectively.
Carboxylation efficiency and capacity have been found to change appreciably in
This article is protected by copyright. All rights reserved

response to both short-term and long-term changes in vapour pressure deficit, soil water
content and salinity conditions (e.g. Mooney et al., 1977; O’Toole et al. 1977; Farquhar & von
Caemmerer, 1982; Ball & Farquhar 1984a,b; Sharkey, 1984; von Caemmerer & Farquhar,

Author Manuscript

1984; Zhou et al. 2013, 2014). Carboxylation efficiency changes diurnally (Guo et al., 2009),
and midday depression of photosynthesis has been attributed to both stomatal and non-stomatal
limitations to photosynthesis, even during nondrought conditions (Zhang & Gao, 2000;
Mediavilla et al., 2002; Nascimento & Marenco, 2013).
Mesophyll conductance (g m ) varies with environmental conditions on time scales as
short as minutes (Flexas et al., 2008, 2012; Kaiser et al., 2015). Moreover, changes in
mesophyll and stomatal conductances appear to be tightly coupled, at least on timescales
associated with soil drying (Flexas & Medrano, 2002; Flexas et al., 2013; Manzoni, 2014;
Zhou et al., 2014; Gago et al., 2016). Although the mechanisms underlying variations in g m are
not well understood, contributing factors possibly include changes in carbonic anhydrase,
aquaporin activity and the area of chloroplasts facing intercellular spaces (Kaiser et al., 2015).
Full details of CAP and MES are given below (see Description). In view of current
uncertainties about the mechanisms underlying non-stomatal limitation (NSL) to
photosynthesis, for this study we viewed CAP and MES as theoretical conjectures for NSL,
and explored their consequences for stomatal behaviour in the spirit of ‘what-if’ analysis, with
the aim of stimulating further theoretical and experimental studies.

Aims

The three main aims of this study were: (1) to examine the extent to which the CAP and MES
hypotheses, based on NSL to photosynthesis, can explain observed stomatal behaviour; (2) to
compare predictions of CAP and MES with those of the LC and CF hypotheses, which do not
involve NSL; (3) to generate new testable predictions from CAP and MES for the covariation
of stomatal, mesophyll and hydraulic conductances.
Stomatal optimisation incorporating NSL to photosynthesis is not a new idea, CAP
being a simplified version of earlier models (Givnish, 1986; Friend, 1991; Hölttä et al., 2017).
However, to our knowledge MES is new. Moreover, a novel feature of our analysis is that we
solved CAP, MES, LC and CF analytically, thereby identifying the key factors that determine
their behaviours. The analytical solutions also enable us to identify potential ways to
experimentally distinguish between these different optimisation hypotheses, and provide
simple formulae for g s that may form a basis for improving land surface models.
This article is protected by copyright. All rights reserved

We applied each optimisation hypothesis to three photosynthesis models: a bi-substrate
(light and CO 2 ) model (Thornley & Johnson, 1990), and the Rubisco- and light-limited
branches of the photosynthesis model of Farquhar et al. (1980). The aim here was to make
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contact with previous applications of CF and LC to the Farquhar model (Medlyn et al., 2011;
Prentice et al., 2014), and to examine how using different photosynthesis models affected the
predicted stomatal behaviour.

Description

Figure 1 depicts the soil–leaf–atmosphere system considered in this study, showing the
steady-state fluxes of CO 2 and H 2 O and their governing equations (Eqns 1–5 below); also
shown are the assumptions underlying the CAP and MES hypotheses for NSL (Eqns 6–8
below). A list of symbol definitions, units and default parameter values is given in Table 1.

Leaf C 3 photosynthesis
The rate of leaf C 3 photosynthesis (A) is assumed to be a saturating function of the chloroplast
CO 2 concentration (c c ):
A= f

cc − Γ *
,
cc + γ

Eqn 1

where f is the CO 2 -saturated rate of photosynthesis (carboxylation capacity), Γ* is the

photorespiratory compensation point, and γ is a Michaelis constant. Previous models of leaf

photosynthesis (Thornley & Johnson, 1990; Farquhar et al., 1980) are recovered as special

cases of Eqn 1 for particular choices of f and γ (Table 2); the dependence of A on leaf irradiance
(Q) may occur through f alone (e.g. the light-limited branch of the model of Farquhar et al.,
1980) or through both f and γ (e.g. the bi-substrate model of Thornley & Johnson, 1990). For
the moment, however, we retain the generic form of Eqn 1 because the analytical predictions
for stomatal conductance derived in Supporting Information Methods S1–S4 are valid for

arbitrary choices of f and γ.
CO 2 and H 2 O transport

For simplicity we ignore leaf mitochondrial respiration and boundary layer resistance. Then, in
steady state, A (Eqn 1) is balanced by the net diffusion of CO 2 between the atmosphere and leaf
This article is protected by copyright. All rights reserved

intercellular air spaces:
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A = g s (ca − ci ) ,

Eqn 2

where c a and c i are, respectively, the atmospheric and leaf intercellular CO 2 mole fractions,
and g s is the stomatal conductance for CO 2 diffusion. We also have
A = g m (ci − cc ) ,

Eqn 3

for diffusion of CO 2 between the intercellular air spaces and the chloroplasts, where c c is the
chloroplast CO 2 mole fraction and g m is the mesophyll conductance. Leaf transpiration (E) is
given by

E = 1.6 g s D ,

Eqn 4

where D is the water vapour pressure deficit (VPD) and the factor 1.6 is the ratio of the
molecular diffusion coefficients for CO 2 and H 2 O. We assume steady-state plant water balance
so that E equals the leaf-specific flux of water from the bulk soil to the leaf:
E = K sl (ψ s − ψ l ) ,

Eqn 5(a)

where ψ s is the bulk soil water potential and K sl is the total hydraulic conductance between the
bulk soil and 1 m2 of leaf. For resistances in series, K sl satisfies
1
1
1
=
+
,
K sl K sr K rl

Eqn 5(b)

where K sr and K rl are the soil-to-root and root-to-leaf hydraulic conductances. K sr is sensitive
to soil water potential (e.g. Campbell & Norman, 2000; Duursma et al., 2008); as shown
below, this leads to a stomatal closure response to drought (see the Results section).
Specifically,
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ψ
K sr = K sr ,sat  sat
 ψs





2+

3
b

Eqn 5(c)
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where K sr,sat and ψ sat are the values of K sr and ψ s for saturated soil, and b depends on soil type.
For simplicity, and in order to focus on NSL, we ignore xylem embolism so that K rl is a
constant, independent of leaf water potential (but see the Discussion section).

CAP: maximise A assuming leaf water stress-induced reduction in f
According to CAP, A (Eqn 1) is maximised with respect to g s , where the cost of stomatal
opening arises from an assumed reduction in carboxylation capacity (f) induced by a drop in
leaf water potential. Also, mesophyll conductance (g m ) is assumed to be infinite so that c c = c i
(but see the Possible interpretations of CAP and MES subsection below). We assume a

reduction factor φ that decreases linearly from 1 to 0 as the leaf water potential ψ l decreases
from 0 to a critical value ψ c (< 0):
ϕ =1−

ψl
,
ψc

Eqn 6

with φ = 0 if ψ l is less than ψ c . In Eqn 1 we then set
f = ϕf 0

cc = ci ,

Eqn 7(a)

Eqn 7(b)

where f 0 is the value of f in the absence of leaf water stress (ψ l = 0). Eqns 7(a,b) imply that both
the initial slope (carboxylation efficiency) and plateau (carboxylation capacity) of the A-c i
curve are a fraction φ of their values in the absence of NSL (Fig. 2a,b). CAP implicitly assumes
that the timescales for stomatal responses and for reductions in f are similar.
CAP is a simplified version of the PGENv1.0 model (Friend, 1991), which was itself
based on an earlier model of Givnish (1986). In PGENv1.0 the reduction factor φ was assumed
to be a sigmoidal function of leaf water potential. By simplifying φ to a linear function of leaf
water potential (Eqn 6), the optimal solution for g s can be obtained analytically without further
This article is protected by copyright. All rights reserved

approximation. CAP is also a simplified, analytically-tractable version of the stomatal
optimisation model of Hölttä et al. (2017), which includes additional features such as xylem
embolism, NSL linked to phloem sucrose concentration (as an alternative to leaf water
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potential, eqn 6) and, consequently, sink limitation to photosynthesis.

MES: maximise A assuming leaf water stress-induced reduction in g m
Like CAP, MES assumes that A (Eqn 1) is maximised with respect to g s , except that the cost of
stomatal opening arises from an assumed reduction in g m rather than f. Specifically, MES
assumes that
f = f0

cc − Γ * = ϕ(ci − Γ * ) ,

Eqn 8(a)
Eqn 8(b)

where φ is the same reduction factor as in CAP (Eqn 6). Eqn 8(b) expresses the assumed
reduction in g m indirectly in terms of its effect on the relationship between c c and c i , whereby
lower leaf water potential leads to a lower value of c c relative to c i ; the inclusion of Γ* in Eqn

8(b) ensures that c c = c i = Γ* at the CO 2 compensation point, regardless of the value of the leaf
water potential. Our motivation for proposing Eqn 8(b) was two-fold: it is a simple way to
encapsulate an effect of leaf water stress on g m without modelling the underlying mechanistic
details, which are largely unknown; and mathematically it reduces to the CAP hypothesis in the
limit when c c tends to Γ*, when Eqns 1 and 8(a,b) imply that A is proportional to φ(c i – Γ*)f 0 ,
consistent with Eqns 1 and 7(a,b) in the same limit. In other words, the primary motivation for
Eqn 8(b) was model parsimony.
Eqns 8(a,b) imply that the initial slope of the A-c i curve is a fraction φ of its value in the
absence of NSL, whereas the plateau value of A is unaffected (Fig. 2a,b). However, over the
range c i < 300 μmol mol-1 MES and CAP have qualitatively similar effects on the A-c i curve
(Fig. 2a). MES implicitly assumes that the timescales for stomatal responses and for reductions
in g m are similar.

Possible interpretations of CAP and MES
CAP and MES (Eqns 7, 8) represent two extremes within a continuum of possible models of
NSL to photosynthesis, where NSL occurs entirely through f and g m , respectively. However,
This article is protected by copyright. All rights reserved

the interpretation of CAP (Eqns 7a,b) given above, as a reduction in chloroplast carboxylation
capacity f combined with infinite g m , is not the only possibility. By setting c c = c i (Eqn 7b), f in
Eqn 1 may also be interpreted as an apparent intercellular carboxylation capacity in the
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presence of a finite g m , so that Eqn 7(a) may involve reductions in either the actual
carboxylation capacity within the chloroplasts or g m or both. Yet another interpretation of Eqn
7(a) invokes bimodal patchy stomatal closure (Methods S5), in which stomatal-scale
carboxylation capacity is equal to its value in the absence of NSL (f 0 ) and the reduction factor φ
represents the fraction of open stomata, so the effective leaf-scale carboxylation capacity is f =
φf 0 .

As noted above, the key assumption of MES (Eqn 8b) was motivated by parsimony
rather than by a metabolic understanding of g m . Nevertheless it is interesting to re-express this
assumption directly in terms of g m itself. When combined with Eqns 1 and 3, Eqn 8(b) is
equivalent to
gm =

A
ϕ
ϕ
[ ATP ] .
∝
*
1 − ϕ cc − Γ
1− ϕ

Eqn 9

In the last step we have interpreted A/(c c – Γ*) as a measure of the concentration of ATP
produced by the light reactions of photosynthesis and consumed in the dark reactions (e.g.
Thornley & Johnson, 1990, their Eqn 9.12g, where this quantity is denoted X*). Eqn (9)
suggests a metabolic model in which g m is positively correlated with both leaf water status (via
φ) and [ATP], rather than with leaf water status alone.
However, in view of current uncertainties about the underlying mechanisms of NSL, we
do not adopt any particular mechanistic interpretation of Eqns 7 and 8 beyond their effects on
the A-c i curve (Fig. 2). Rather, we consider CAP and MES as parsimonious hypotheses for
NSL to photosynthesis, with the aim of exploring their consequences for stomatal behaviour in
the spirit of ‘what-if’ analysis.

LC: minimise (a E E + B)/A assuming no non-stomatal limitation to A
According to the Least-Cost hypothesis (LC; Prentice et al., 2014), stomatal conductance
minimises the ratio (a E E + b V V cmax,0 )/A, where a E is the sapwood maintenance cost per unit of
transpiration, and b V is the leaf maintenance cost per unit of carboxylation capacity (V cmax,0 ; the
subscript 0 denotes the value of V cmax in the absence of NSL), assuming the Farquhar model for
This article is protected by copyright. All rights reserved

Rubisco-limited photosynthesis (Farquhar et al. 1980, Table 2, Case 7). The total cost C = a E E
+ b V V cmax,0 is expressed relative to leaf photosynthesis (A) in the absence of NSL (i.e. f = f 0 );
Prentice et al. (2014) also implicitly assumed c c = c i .
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Here we extend the LC hypothesis by considering a generalised cost a E E + B consisting
of a component proportional to E and a component B, independent of E, which depends on the
choice of photosynthesis model (Table 2). For the light-limited branch of the Farquhar et al.
(1980) model (Table 2, Case 11) we assume B is proportional to the light-saturated rate of
electron transport (J max,0 ), while for the bi-substrate model (Table 2, Case 3) we assume B is
proportional to the carboxylation conductance (1/r x,0 , i.e. the slope of the linear A-c c

relationship at light saturation, Q → ∞, equivalent to V cmax,0 /k m in the model of Farquhar et al.,
1980). In each case B may be interpreted as the cost of maintaining photosynthetic capacity at
light saturation.

The assumption by Prentice et al. (2014) that the cost term a E E represents maintenance
of sapwood transport structure implies that their version of the LC hypothesis describes
stomatal behaviour on timescales of weeks; despite this, it predicts realistic stomatal behaviour
on shorter timescales (Prentice et al., 2014; Methods S3). In our extended version of the LC
hypothesis, we do not adopt a specific interpretation of the cost term a E E other than that it
represents a cost associated with transpiration. This leaves the possibility of reinterpreting a E E
as some transpiration-related cost on shorter timescales commensurate with CAP and MES.
However, exploration of this possibility lies outside the scope of the present study; our aim
here is restricted to analysing the intrinsic behaviour of the LC hypothesis based on a generic
cost of the form a E E + B.
CF: maximise A – E/λ assuming no non-stomatal limitation to A
This is the Cowan–Farquhar (CF) hypothesis (Cowan & Farquhar, 1977) in which A is given
by Eqn 1 in the absence of NSL (i.e. f = f 0 ) and we assume infinite mesophyll conductance (c c
= c i ; see Volpe et al., 2011 for an application of CF to a model with finite g m ). As already
noted, uncertainties surround the determination of λ and the timescale for its variation. Here,
for the purposes of comparing CF with CAP and MES, which are hypotheses for short-term
stomatal behaviour, we treat λ as an undetermined constant parameter.

Table 2 summarises the four optimisation hypotheses and the three photosynthesis
models to which they were applied. We also considered a fifth hypothesis that combines CF
and CAP: that is, maximise A – E/λ where A incorporates NSL to carboxylation capacity (i.e. f
This article is protected by copyright. All rights reserved

= φf 0 ). The purpose here was to examine the effect of adding NSL to CF or, equivalently, of
adding the cost term E/λ to CAP.
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Results
The exact analytical solutions for the CAP, MES, CF and LC hypotheses, applied to the generic
photosynthesis model of Eqn 1, are derived in Methods S1–S4. Table 3 summarises the key

results for stomatal conductance (g s ) and the ratio (c i – Γ*)/(c a – Γ*). For MES, results are also
given for the ratio of stomatal to mesophyll conductances (g s : g m ) and the CO 2 drawdown Δ C
= c i – c c = A/g m between the intercellular airspaces and chloroplasts.
Responses of g s and c i : c a to light, VPD and atmospheric CO 2 concentration
Figs 3 and 4 show the predicted responses of g s and c i : c a to light, VPD and CO 2 when the
CAP, MES, LC and CF hypotheses are applied to the bi-substrate photosynthesis model (Table

2, Cases 1–4). Overall, the predictions of CAP, MES and LC (Figs 3a–c, 4a–c) are consistent
with empirical trends: that is, a saturating stomatal opening response to increasing light (Ng &
Jarvis, 1980; Kaufmann, 1982); a strong, nonlinear stomatal closure response to increasing
VPD (Morison & Gifford, 1983; Leuning, 1995); a strong, nonlinear stomatal closure response
to increasing CO 2 (Morison & Gifford, 1983; Morison, 1987); and a c i : c a ratio that decreases
with increasing VPD but is relatively insensitive to light and CO 2 (Wong et al., 1979, 1985;
Morison & Gifford, 1983; Ball et al., 1987; Leuning, 1995), except at low light and low CO 2
when c i : c a tends to 1 as Q tends to zero (Ball & Critchley, 1982; Eamus et al., 1993) or as c a
tends to the CO 2 compensation point Γ* (Leuning, 1995).

While CF predicts realistic stomatal responses to light and VPD, it predicts an unrealistic
peaked response to CO 2 , with an opening response at low c a and a closure response at high c a
(Fig. 3d). CF predicts realistic responses of c i : c a to light, VPD and CO 2 (Fig. 4d), except as Q
tends to zero. In this limit CF predicts that c i : c a tends downwards to a value less than 1; to an
extent this behaviour is a result of ignoring leaf mitochondrial respiration, in the presence of
which c i : c a would tend to 1 at the light compensation point.
We also note that, without its extension to light-dependent photosynthesis models (Table
2, from Case 7 to Cases 3 or 11), LC does not predict the correct limiting response of c i : c a at

low light. The correct limiting behaviour (c i : c a → 1 as Q → 0) requires that the parameter ξ in
Eqn 10 below becomes very large at low light; this is true only for Cases 1–3 and 9–11 (Tables
2, 4).
This article is protected by copyright. All rights reserved

In contrast to CAP and LC, CF and MES both predict a minimum in c i : c a with respect to
c a (Fig. 4d,b), although the latter minimum is less pronounced than the former. Although c i : c a
is generally observed to be insensitive to c a , except at low c a (e.g. Morison & Gifford, 1983), a
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slightly (+0.03) increase in c i : c a was observed in wheat (Triticum aestivum) as c a increased
from 225 to 350 μmol mol-1 (Polley et al., 1993).
The peaked CO 2 response predicted by CF is a consequence of the cost term E/λ with constant
λ, rather than of the choice of photosynthesis model for A
As shown in Methods S4, the peaked g s -c a relationship predicted by CF (Fig. 3d) is generic to

all photosynthesis models of the form of Eqn 1, irrespective of the values of f and γ. However,

the position of the peak in the g s –c a curve depends on γ, and in the limiting case of large γ

(where A is proportional to c c – Γ*, see Eqn 1) the peaked g s –c a response is replaced by an even

more unrealistic opening response at all values of c a , as found previously (Hari et al., 1986;
Lloyd & Farquhar, 1994). A peaked g s –c a response is also predicted when the CF and CAP
hypotheses are combined (Methods S4, data not shown), that is, when NSL is introduced into
CF or, equivalently, the cost term E/λ is added to CAP.
In other words, the peaked stomatal CO 2 response predicted by CF is a consequence of
the additive cost term E/λ in the CF goal function A – E/λ when λ is constant, rather than of the
choice of photosynthesis model (A). By contrast, for CAP, MES and LC, the benefit and cost
combine multiplicatively, leading to a stomatal closure response to elevated CO 2 at all values
of c a .

Results using the Farquhar et al. (1980) photosynthesis model
Qualitatively similar results to Figs 3 and 4 are obtained using the Rubisco- and light-limited
branches of the Farquhar et al. (1980) photosynthesis model (Table 2, Cases 5–12; data not
shown), except that for Rubisco-limited photosynthesis g s and c i : c a are independent of leaf
irradiance (Q). In other words, these results are generic to all photosynthesis models of the
form given by Eqn 1. However, when applying optimisation to the Farquhar model, additional
smoothing assumptions are required to avoid discontinuities between the solutions for the two
branches (Friend, 1991; Chen et al., 1993; Vico et al., 2013; Buckley et al., 2017).

Further analysis of responses to VPD
A notable feature of the analytical results of Table 3 is that CAP and LC, as well as MES at low
This article is protected by copyright. All rights reserved

c a and CF for large c a , all predict the same one-parameter relationship between the ratio (c i –
Γ*)/(c a – Γ*) and VPD (D),
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ci − Γ *
ξ
=
.
*
ca − Γ
ξ+ D

Eqn 10

The key difference lies in their predictions for the parameter ξ, which depends on the
optimisation hypothesis and the photosynthesis model (Table 4), although CAP and MES (at
low c a ) predict the same ξ. From Eqns 4 and 10 it follows that

ξ  A
g s = 1 +

* .
D  ca − Γ


Eqn 11

In Case 12 (Table 2), for which ξ = 3λΓ * / 1.6 (Table 4), Eqn 11 reproduces the approximate
result for g s (valid for sufficiently high c a ) derived by Medlyn et al. (2011, their Eqn 11 with c a

– Γ* ≈ c a , g 0 = 0 and g1 = ξ ). In Case 7 (Table 2), for which ξ = bV (k m + Γ * ) / 1.6a E (Table 4),
Eqn 10 recovers the exact result for the c i : c a ratio derived by Prentice et al. (2014, their Eqn
8). The present study shows that Eqns 10 and 11 hold more generally, when CAP, MES (for
low c a ), LC (for a general cost function C = a E E + B) and CF (for large c a ) are applied to the
generic photosynthesis model in Eqn 1. In the case of CAP and LC, these results hold exactly at
all values of c a , not just for small or large c a . The reason for the quasi-universality of Eqn 10 is
addressed in the Discussion section.
Medlyn et al. (2011) found that, for a range of woody species, Eqn 11 explained

observed stomatal responses to VPD better than the empirical Ball–Berry model relating g s to
relative humidity (Ball et al., 1987), and as well as the two-parameter Ball–Berry–Leuning
model involving the Lohammar function of VPD (Leuning, 1995). Fig. 5 confirms this result
using 125 gas exchange datasets assembled by Lin et al. (2015).
As already mentioned, Eqns 10 and 11 hold approximately for MES at low c a .

However, as shown in Table 3 and Methods S2, MES also predicts the exact relationship
ci − Γ *
E
=1−
,
*
Emax
ca − Γ
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Eqn 12

equivalent to
 A
,

*
 ca − Γ
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E
g s =  max
 E

Eqn 13

where E max = K sl (ψ s – ψ c ) is the maximum value of E attained when the leaf water potential
equals its critical value (ψ l = ψ c , see Eqn 5a); this occurs in the limit of large VPD. Substituting
E = 1.6Dg s into Eqn 13 and rearranging in terms of g s yields the alternative form (cf Eqn 11)
gs =

Emax
A
.
1.6 D ca − Γ *

Eqn 14

In summary, Eqns 11 and 14, which are exact for CAP and MES, respectively, provide testable
predictions by which these two hypotheses might be distinguished.

Relationship between stomatal and hydraulic conductances predicted by CAP and MES, and its
implications for drought responses
As shown in Figs 3 and 4, CAP and MES both predict that g s and c i : c a are increasing
functions of the soil-to-leaf hydraulic conductance (K sl ). The dependence on K sl occurs
through the parameter ξ that appears in Eqns 10 and 11 – see Table 4. Algebraic analysis of the
results in Table 3 shows that, for both CAP and MES, g s is to a very good approximation
proportional to K sl0.5 . This result was also obtained numerically from the more complex version
of CAP that includes xylem embolism and sink limitation to photosynthesis (Hölttä et al.,
2017).

This relationship has implications for the response of g s to drought, because K sl is

sensitive to reductions in soil water content (Eqns 5b,c). This effect is in addition to the direct
dependence of g s on soil water potential through the parameter a = 1 – ψ s /ψ c (Table 3) which
comes from the NSL reduction factor (Eqn 6). Fig. 6(a) shows that the indirect effect of
drought on g s through a reduction in K sl dominates the direct effect through a reduction in the
NSL-related parameter a.
Fig. 6(b) shows that under air or soil drying, leaf water potential never decreases
below the critical value ψ c at which the NSL factor φ is zero (Eqn 6; Fig. 1). This result
This article is protected by copyright. All rights reserved

suggests that the extent to which plants exhibit so-called isohydric vs anisohydric drought
responses may relate to the NSL reduction factor (φ, Eqn 6), with more anisohydric behaviour
corresponding to lower values of ψ c . This would imply that isohydric and anisohydric
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behaviours are not discrete possibilities but, rather, belong to a continuum of possible
behaviours (parameterised here by ψ c ), as observations suggest (Klein, 2014).
MES predicts coordination of g s and g m
As shown in Fig. 3(b,e), MES predicts that g s and g m respond similarly under variations in
light, VPD and CO 2 , broadly consistent with observations (Flexas & Medrano, 2002; Flexas et
al., 2008, 2013; Manzoni, 2014; Zhou et al., 2014; Gago et al., 2016; Loucos et al., 2017). The
predicted responses of g m to light and CO 2 in part reflect the underlying assumption of MES
(Eqn 8b), which is equivalent to a correlation between g m , leaf water potential and A/(c c – Γ*)
(Eqn 9), and in part they reflect the outcome of optimising g s . Further analysis of the results in
Table 3 reveals that g m is, like g s , approximately proportional to K sl0.5 . This implies a drought
response for both g s and g m , as observed (e.g. Galle et al., 2009). The co-ordination of g m and
g s predicted by MES makes intuitive sense as the emergent outcome of maximising A through
an optimal trade-off between increasing g s and decreasing g m .
As a result, the stomatal-to-mesophyll conductance ratio (g s : g m ) is relatively

conservative (Fig. 7). Table 3 shows that g s : g m is a simple function of the dimensionless
parameters x = (c i – Γ*)/(c a – Γ*) and a = 1 − ψ s / ψ c given by
g s x(1 − ax)
=
.
1− x
gm

Eqn 15

Eqn 15 implies that g s : g m is an increasing function of c i , consistent with the observed negative
response of g m to increasing c i being faster than that of g s (Flexas et al., 2007; Vrábl et al.

2009). For well-watered soils (ψ s ≈ 0 MPa so that a ≈ 1), Eqn 15 reduces to the particularly
simple result

g s ci − Γ *
≈
,
g m ca − Γ *

(well-watered soil)
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Eqn 16

so that g s : g m is even more conservative under these conditions (Fig. 7b).
MES also makes the following prediction for Δ C = c i – c c = A/g m , the CO 2 drawdown
between the intercellular air spaces and chloroplasts (Table 3):
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∆ C = (ca − Γ * ) x(1 − ax) .

Eqn 17

Eqn 17 describes a peaked function of x with a maximum at x = 1/2a. Thus Δ C may increase,
decrease or remain relatively constant in response to environmental or physiological changes.
In a meta-analysis of data from 10 studies of 21 herb, shrub and tree species, Δ C increased in
response to drought in 16 out of 23 cases, while Δ C was approximately constant across four
temperate conifer stands with contrasting height (Niinemets et al., 2009). Eqn 17 offers a
theoretical basis for explaining these varied responses, through the dependences of x and a on
soil-to-leaf hydraulic conductance (K sl ) and soil water potential (ψ s ).
In summary, Eqns 15–17 provide novel testable predictions of the MES

hypothesis.

Discussion

A quasi-universal relationship between c i : c a and VPD
Intriguingly CAP and LC, as well as MES at low c a and CF at large c a , all predict the same
VPD dependence for (c i – Γ*)/(c a – Γ*) (Eqn 10) using quite different goal functions; their

predictions differ only in the parameter ξ (Table 4). An explanation for this result is given in
Methods S6, which shows that Eqn 10 is a general consequence of optimisation applied to the
generic photosynthesis model of Eqn 1, regardless of the specific nature of the optimisation
hypothesis. However, only for certain types of optimisation hypotheses is the parameter ξ

conservative, leading to conservative behaviour for (c i – Γ*)/(c a – Γ*). Methods S6 reveals that,
among a large class of conceivable optimisation hypotheses, CAP (in which φ declines linearly
with leaf water potential as in Eqn 6) and LC are unique in being the only hypotheses,

respectively with and without NSL, that predict strictly conservative behaviour for (c i – Γ*)/(c a

– Γ*). In other words, if stomatal behaviour is indeed the result of optimisation, the observed
conservative behaviour of (c i – Γ*)/(c a – Γ*) implies that the underlying goal function must be

of the CAP or LC type, or close approximations to these (e.g. MES at low c a , CF at high c a ).
However, because the observed c i : c a ratio is not strictly conservative, this
This article is protected by copyright. All rights reserved

theoretical result is probably over-restrictive, and there remains considerable uncertainty
regarding the precise nature of the costs underlying stomatal opening. In other words, obtaining
good fits of Eqn 10 or 11 to observations (Fig. 5) does not, by itself, strongly discriminate
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between different optimisation hypotheses. Rather, hypotheses differ in their predictions of the
parameter ξ in Eqn 10.
Prospects for discriminating between CAP and LC
For the LC hypothesis applied to Rubisco-limited photosynthesis (Table 2, Case 7; Table 4), ξ
is proportional to (bV / a E ) 0.5 . Prentice et al. (2014) suggested that b V (maintenance cost per unit
of carboxylation capacity) was fairly conservative, and defined a E to be the sapwood
maintenance respiration cost per unit of transpiration, leading to an expression for a E in terms

of various sapwood characteristics with the result that ξ LC ∝ k s0.5 / h , where k s (m2) is sapwood

permeability and h (m) is tree height. The analogous prediction of CAP is ξ CAP ∝ K sl0.5 (Table 2,
Case 5; Table 4).

If we ignore soil hydraulic resistance (well-watered soil) and assume the same

relationship of root-to-leaf resistance to sapwood characteristics as Prentice et al. (2014), we

obtain ξ CAP ∝ (ν H k s /h)0.5 where ν H is the Huber value (sapwood:leaf area ratio). The extra

factor of 1/h0.5 in ξ LC compared with ξ CAP reflects the assumption of LC that sapwood
maintenance respiration is proportional to h. Also ξ LC does not depend on the Huber value ν H
because this cancels from the ratio of sapwood maintenance respiration to E.

These contrasting predictions might be discriminated using empirical estimates of

ξ obtained from fitting Eqn 11 – which is exact for both CAP and LC – to data for trees of
different heights and Huber values. However, this comparison may not be valid in drought
conditions, when the soil hydraulic conductance becomes an important limiting component of
K sl . Moreover, even in well-watered soil, K sl may not scale with h and ν H as simply as assumed
above if, for example, the majority of hydraulic resistance resides elsewhere than in the main
stem (Tyree & Ewers, 1991). Therefore, the more direct test of CAP remains the prediction
ξ CAP ∝ K sl0.5 . Another avenue for discriminating between CAP (or MES) and LC would be to

compare their predicted responses to temperature and altitude (Prentice et al., 2014; Wang et
al. 2016), taking into account the difference in timescales on which these two hypotheses may
operate.
This article is protected by copyright. All rights reserved

Prospects for discriminating between CAP and MES
Eqns 10 and 11 on the one hand, and Eqns 12 and 14 on the other hand, are exact predictions of
CAP and MES, respectively. These predictions are identical at low c a , as c c tends towards Γ*
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and A becomes proportional to φ(c c – Γ*)f 0 in both hypotheses. However, it may be possible to
discriminate between these predictions at high c a . The basic NSL assumptions of CAP and
MES (Eqns 7, 8, Fig. 2) should also be testable directly.

Perspectives for further model development
In the more complex version of CAP solved numerically by Hölttä et al. (2017), which
includes a xylem vulnerability curve, the model avoided catastrophic xylem cavitation. Also,
under drought, soil hydraulic resistance dominated plant resistance. Xylem cavitation therefore
had a marginal effect on model behaviour in that study. Indeed, Hölttä et al. (2017) found that
g s ∝ K sl0.5 in agreement with the analytical results for CAP and MES obtained here in the

absence of cavitation. Nevertheless it would be of interest to examine the combined effects of
NSL and xylem embolism more generally. In particular, the emergent minimum leaf water
potential (cf Fig. 6b) might be expected to reflect the more limiting process, NSL or xylem
cavitation, that is, whichever has the least negative critical leaf water potential.
Hölttä et al. (2017) also considered the hypothesis that the NSL factor φ depends

on the phloem sucrose concentration in the source, rather than leaf water potential (Eqn 6),
although the two are closely related. This led to additional dependences of g s on sink strength
and phloem hydraulic conductance. It would be of interest to develop an analytically-tractable
version of this hypothesis, extended also to MES, in order to gain further insights into its
theoretical consequences, in the spirit of the ‘what-if’ analysis presented here. The effects of
including dark respiration, boundary layer conductance and temperature might also be
explored.

Conclusion

With reference to the three main aims of the study (see the Introduction section): (1)
optimisation hypotheses incorporating NSL to photosynthesis (CAP, MES) predict stomatal
and mesophyll conductance responses to above- and below-ground environmental variables
that are in broad agreement with observed trends. (2) In a comparison with hypotheses that do
not incorporate NSL to photosynthesis (LC, CF), the stomatal responses to aboveground
environmental variables predicted by LC are broadly similar to those predicted by CAP and
This article is protected by copyright. All rights reserved

MES. CF predicts an unrealistic stomatal response to atmospheric CO 2 concentration, even
with NSL to carboxylation capacity included. (3) While it is not yet possible to discriminate
between CAP, MES and LC on the basis of current knowledge or data, CAP and MES give rise
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to novel predictions from which such discrimination may be possible. In particular, MES
predicts close coordination of stomatal, mesophyll and hydraulic conductances in forms that
are open to further experimental test.
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Fig. 1 Schematic depiction of the soil-leaf-atmosphere system, with corresponding CO 2
concentrations (c a , c i , c c ), vapour pressure deficit (D), water potentials (ψ l , ψ s ) and
conductances (g s , g m , K sl ). Model Eqns 1–5 govern the steady-state fluxes of CO 2 (A, red
arrows) and H 2 O (E, blue arrows). Also shown are Eqns 6–8 describing the assumptions
underlying the CAP and MES hypotheses of non-stomatal limitation (NSL, dashed arrows and
grey box). f, carboxylation capacity; f 0 , value of f in the absence of NSL; ψ c , critical leaf water
potential at which the NSL reduction factor φ is zero; Γ*, CO 2 photorespiratory compensation
point; γ, Michaelis constant for CO 2 fixation. See Table 1 for units and parameter values.
Fig. 2 Hypothesised effects of non-stomatal limitation (NSL) on the curve of leaf
This article is protected by copyright. All rights reserved

photosynthesis (A) vs intercellular CO 2 concentration (c i ) for (a) 0 < c i < 300 μmol mol-1 and
(b) 0 < c i < 2000 μmol mol-1. Curves are shown for the bi-substrate photosynthesis model
(Table 2) with leaf water potential ψ l = 0 MPa (black, no NSL) or ψ l = –1 MPa for MES
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(orange) and CAP (blue), with all other parameter values given in Table 1. For CAP (Eqns
7a,b), both the initial slope (carboxylation efficiency) and plateau (carboxylation capacity) of
the A-c i curve are a fraction φ (Eqn 6, here 50%) of their values in the absence of NSL. For
MES (Eqns 8a,b), the initial slope is reduced as for CAP but the plateau is unchanged.

Fig. 3 Theoretical responses of optimal stomatal (g s ) and mesophyll (g m ) conductances to leaf
irradiance (Q, orange), vapour pressure deficit (D, blue) and atmospheric CO 2 concentration
(c a , red). Results for g s calculated from the exact analytical expressions in Table 3 are shown
for the (a) CAP, (b) MES, (c) LC and (d) CF optimisation hypotheses applied to the
bi-substrate photosynthesis model (Table 2, Cases 1–4). Also shown for CAP and MES are
optimal stomatal responses to changes in soil-to-leaf hydraulic conductance (K sl , dashed
black), which also imply stomatal responses to soil drying (see Fig. 6). For both CAP and MES,
to a very good approximation g s is proportional to K sl0.5 (except when K sl is very close to zero,
where the relationship is linear). (e) Corresponding results for g m predicted by MES. Each
variable was varied independently while all other parameters were kept constant at their default
values (Table 1; Q = 500 μmol m-2 s-1, D = 10-2 mol mol-1, c a = 400 μmol mol-1, K sl = 0.01 mol
m-2 s-1 MPa-1).

Fig. 4 Theoretical responses of the optimal ratio of intercellular to atmospheric CO 2
concentration (c : c a ) to leaf irradiance (Q, orange), vapour pressure deficit (D, blue) and
atmospheric CO 2 concentration (c a , red). Results calculated from the exact analytical
expressions in Table 3 are shown for the (a) CAP, (b) MES, (c) LC and (d) CF optimisation
hypotheses applied to the bi-substrate photosynthesis model (Table 2, Cases 1–4). Also shown
for CAP and MES are responses of c i : c a to changes in soil-to-leaf hydraulic conductance (K sl ,
dashed black). Each variable was varied independently while all other parameters were kept
constant at their default values (Table 1; Q = 500 μmol m-2 s-1, D = 10-2 mol mol-1, c a = 400
μmol mol-1, K sl = 0.01 mol m-2 s-1 MPa-1).
Fig. 5 Comparison of R2 values for fits of (a) the empirical Ball–Berry model (BB; Ball et al.,
1987), (b) the empirical Ball–Berry–Leuning model (BBL; Leuning, 1995), and the
This article is protected by copyright. All rights reserved

optimisation-based relationship of Eqn 11 (with Γ* = 0) to 125 gas exchange datasets
assembled by Lin et al. (2015). For BBL, the parameter D 0 in the VPD-dependent Lohammar
function 1/(1 + D/D 0 ) was held constant at 0.03 mol mol-1. Median R2 values are: BB, 0.594;
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BBL, 0.648; Eqn 11, 0.646.
Fig. 6 Theoretical responses of optimal stomatal conductance (g s ) and leaf water potential (ψ l )
to soil water potential (ψ s ) and vapour pressure deficit (D). Results are shown for the MES
optimisation hypothesis applied to the bi-substrate photosynthesis model (Table 2, Case 2).
Similar results are obtained with CAP (Table 2, Case 1, data not shown). (a) Short-dashed
curve, direct response of g s to ψ s through variation in the parameter a = 1 – ψ s /ψ c , with
soil-to-leaf hydraulic conductance (K sl ) held fixed; solid curve, total response of g s to ψ s
including variations in both a and K sl (Eqns 5b,c). All other parameters were set to their default
values (Table 1). (b) Solid curves, corresponding responses of ψ l to D for ψ s = –0.1, –0.5 and
–1.0 MPa (assuming variable K sl ); dashed line, critical leaf water potential (ψ c ) at which the
non-stomatal limitation factor (φ, Eqn 6) is zero.
Fig. 7 Theoretical responses of the ratio of stomatal to mesophyll conductances (g s /g m ) to leaf
irradiance (Q, orange), vapour pressure deficit (D, blue), atmospheric CO 2 concentration (c a ,
red) and soil-to-leaf hydraulic conductance (K sl , dashed black) predicted by MES applied to
the bi-substrate photosynthesis model (Table 2, Case 2). (a) ψ s = –0.1 MPa: results correspond
to the default responses shown in Fig. 3(b) (g s ) and Fig. 3(e) (g m ), with g s : g m given by Eqn 15.
(b) ψ s = 0.0 MPa: in this case g s /g m = (c i – Γ*)/(c a – Γ*) (Eqn 16). Each variable was varied
independently while all other parameters were kept constant at their default values (Table 1; Q
= 500 μmol m-2 s-1, D = 10-2 mol mol-1, c a = 400 μmol mol-1, K sl = 0.01 mol m-2 s-1 MPa-1).

Table 1 List of symbol definitions, units and default parameter values used in the main text
Symbol

Definition (with Eqn/Table reference)

a

Dimensionless parameter 1 – ψ s /ψ c (Table 3)

Units/default value
-

C cost per unit transpiration (LC, Tables 2, 4)

1.0 mol CO 2 mol-1 H 2 O

Leaf photosynthesis (Eqn 1)

mol m-2 s-1

b

Soil parameter (Eqn 5c)

4

bJ

C cost per unit J max,0 (LC, Tables 2, 4)

mol mol-1 e-

aE
A
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C cost per unit V cmax,0 (LC, Tables 2, 4)

-

br

C cost per unit 1/r x,0 (LC, Tables 2, 4)

-

B

Constant C cost (LC, Table 2)

ca

Atmospheric CO 2 concentration (Eqn 2)

cc
ci
D
E
E max
f
f0
gs
gm
J(Q)
J 0 (Q)
J max
J max,0
km
K rl
K sl
K sr
K sr,sat
Q
rx
r x,0
V cmax
V cmax,0
w
x
y
z CF
z LC
z CAP
α
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bV

0.05 mol m-2 s-1

400 × 10-6 mol mol-1

Chloroplast CO 2 concentration (Eqns 1, 3)

mol mol-1

Leaf intercellular CO 2 concentration (Eqns 2, 3)

mol mol-1

Atmospheric water vapour pressure deficit (Eqn 4)

0.01 mol mol-1

Leaf transpiration (Eqns 4, 5a)

mol m-2 s-1

K sl (ψ s – ψ c ), maximum value of E (Eqn 5a; Table 3)

mol m-2 s-1

CO 2 -saturated value of A (Eqns 1, 7a)

mol m-2 s-1

Value of f in the absence of NSL (Eqn 7a)

mol m-2 s-1

Stomatal conductance for CO 2 diffusion (Eqn 2, 4)

mol m-2 s-1

Mesophyll conductance (Eqn 3)

mol m-2 s-1

Electron transport rate (Table 2)

mol e- m-2 s-1

Value of J(Q) in the absence of NSL (Table 4)

mol e- m-2 s-1

Light-saturated value of J(Q)

mol e- m-2 s-1

Value of J max in the absence of NSL (Tables 2, 4)

mol e- m-2 s-1

Michaelis constant for CO 2 (Tables 2, 4)

mol mol-1

Root-to-leaf xylem hydraulic conductance (Eqn 5b)

0.01 mol m-2 s-1 MPa-1

Soil-to-leaf hydraulic conductance (Eqn 5a,b)

0.01 mol m-2 s-1 MPa-1

Soil-to-root hydraulic conductance (Eqn 5b,c)

mol m-2 s-1 MPa-1

Value of K sr for saturated soil (Eqn 5b)

104 mol m-2 s-1 MPa-1

Leaf photosynthetic photon flux density (Table 2)

500×10-6 mol m-2 s-1

Carboxylation resistance (Table 2)

mol-1 m2 s

Value of r x in the absence of NSL (Tables 2, 4)

2 mol-1 m2 s

Carboxylation capacity (Table 2)

mol m-2 s-1

Value of V cmax in the absence of NSL (Tables 2, 4)

mol m-2 s-1

Parameter in all four analytical solutions (Table 3)
Ratio (c i – Γ*)/(c a – Γ*) (Eqn 10; Table 3)

-

Parameter in CF solution (Table 3)

-

Parameter in CF solution (Table 3)

-

Parameter in LC solution (Table 3)

-

Parameter in CAP and MES solutions (Table 3)

-

Photosynthetic quantum yield (Table 2)
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-

mol mol-1

Value of α in the absence of NSL (Tables 2, 4)

β

Parameter E/E max in MES solution (Table 3)

ΔC

CO 2 drawdown (Eqn 17)

mol mol-1

Michaelis constant for CO 2 (Eqn 1)

mol mol-1

γ

Γ*
λ

ξ
φ
ψc
ψl
ψs
ψ sat
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α0

0.1 mol mol-1
-

CO 2 photorespiratory compensation point (Eqn 1)

40×10-6 mol mol-1

Marginal water loss per C gain (CF, Tables 2, 4)

103 mol mol-1

Parameter in eqn (10) (Table 4)

mol0.5 mol-0.5

NSL reduction factor (Eqns 6, 7a, 8b)

-

Critical leaf water potential (Eqn 6)

–2 MPa

Leaf water potential (Eqns 5a, 6)

MPa

Soil water potential (Eqns 5a,c)

–2×10-3 MPa

Soil water potential at saturation (Eqn 5c)

–2×10-3 MPa

C, carbon; NSL, non-stomatal limitation. Parameter values are illustrative only, and do not affect the
key conclusions of this study.
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Table 2 Twelve basic combinations of optimisation hypotheses and photosynthesis models
considered in this study (Cases 1-12)
Bi-substrate

Author Manuscript

model

A=

1

α Q ( cc − Γ * )
cc + αQrx + Γ*

Farquhar model
(Rubisco-limited)

A = Vc max

cc − Γ *
cc + k m

Farquhar model
2

(light-limited)2

A = 14 J (Q)

cc − Γ *
cc + 2Γ *

( f = αQ, γ = αQrx + Γ * )

( f = Vc max , γ = k m )

( f = 14 J (Q), γ = 2Γ * )

Case 1

Case 5

Case 9

Case 2

Case 6

Case 10

LC4: min C/A

Case 3

Case 7

Case 11

C=a E E+B, f = f 0 , c c =c i

(B=b r /r x,0 )

(B=b V V cmax,0 )

(B=b J J max,0 )

Case 4

Case 8

Case 12

CAP3: max A
f=φf 0 , c c =c i

MES: max A

f = f 0 , c c –Γ*=φ(c i –Γ*)

CF5: max A – E/λ
f = f 0 , c c =c i

Each photosynthesis model corresponds to the generic model A = f(c c –Γ*)/(c c +γ) (Eqn 1; c c , chloroplast
CO 2 concentration) with different choices for f and γ as indicated. φ, non-stomatal limitation (NSL)
factor (Eqn 6); subscript 0 denotes parameter values in the absence of NSL; c i , intercellular CO 2
concentration. In CAP, carboxylation capacity (f) is subject to NSL (f = φf 0 ) but γ is not: thus α = φα 0
and r x = r x,0 /φ so that αr x = α 0 r x,0 is constant (Case 1), V cmax = φV cmax,0 (Case 5) and J max = φJ max,0 (Case
9); c c = c i (CAP, LC, CF) implies infinite mesophyll conductance. In MES, c c –Γ*=φ(c i –Γ*) describes
the assumed effect of NSL to mesophyll conductance on the relationship between c c and c i ; LC =
Least-Cost hypothesis in which the constant cost (B) depends on the photosynthesis model as indicated
(Cases 3, 7 and 11); CF, Cowan–Farquhar hypothesis. See Table 1 for other symbol definitions.
1

Thornley & Johnson (1990, Eqn 9.12i); 2Farquhar et al. (1980); 3adapted from Friend (1991) and

Hölttä et al. (2017); 4extension of Case 7 (Prentice et al., 2014) to Cases 3 and 11; 5Cowan & Farquhar
(1977).
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Table 3 Exact expressions for x = (c i – Γ*)/(c a – Γ*) predicted by the CAP, MES, LC and CF
optimisation hypotheses (Table 2), and the corresponding stomatal conductance (g s )
x=
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CAP

1 + zCAP

x =1− β

LC

CF


 1+

x≈
1 −


2

 β 

− 
1− β 

zCAP
zCAP
aw + 1

x=
≈

gs =

2

∆C =

(aw + 1 >> zCAP )

gs =

1

1 + z LC

1 − zCF + y (1 − zCF )
1 − zCF

1

1 + zCF

f 0 (1 − x)a
γ + Γ* zCAP

g s x(1 − ax)
=
1− x
gm

(aw << 1)

1

x=

f0
xa
*
γ + Γ xzCAP + (1 − x)( xw + 1)

where

awβ = zCAP

MES

gs =

1

gs =

(y <<1)

A
= (ca − Γ* ) x(1 − ax)
gm

f0
x
*
γ + Γ (1 − x)( xw + 1)

f0
x
*
γ + Γ (1 − x)( xw + 1)

In the case of CAP, LC and CF, the expressions for g s as functions of x are generally valid
independently of optimisation, and depend only on the photosynthesis model and Fick’s law; in the case
of MES the expression for g s is only valid at the optimal value of x. These hypotheses are applied to the
generic photosynthesis model A = f(c c –Γ*)/(c c +γ) (Eqn 1), and the predictions for x and g s are expressed
as functions of the dimensionless parameters (see Table 1 for symbol definitions) a = 1 – ψ s /ψ c , β =

E/E max , w = (c a – Γ*)/(γ + Γ*), y = 1.6D/λ(c a – Γ*), z CAP = 1.6Df 0 /K sl ψ c (γ + Γ*), z CF = 1.6D/λ(γ + Γ*),

and z LC = 1.6Da E f 0 /B(γ + Γ*). Approximate expressions for x are also given for the MES and CF
hypotheses (valid for small aw and small y, respectively) which have the same general form

x = 1 /(1 + z ) as that predicted (exactly) by CAP and LC; this expression is equivalent to

x = ξ /(ξ + D ) (Eqn 10) where ξ = D / z . MES also predicts the optimal stomatal-to-mesophyll
conductance ratio (g s : g m ) and the CO 2 drawdown between the intercellular air spaces and chloroplasts
(Δ C = A/g m = c i – c c ) as simple functions of x and a. Table 4 gives expressions for ξ for each of the 12
cases in Table 2. See Supporting Information Methods S1–S4 for details of the mathematical
derivations.

Table

4

Expressions

for

the

parameter

ξ
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in

the

generic

prediction

(ci − Γ * ) /(ca − Γ * ) = ξ /(ξ + D ) (Table 3; Eqn 10) for each of the 12 cases in Table 2
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CAP (exact)
and

MES (for aw << 1)
LC (exact)

CF (for y << 1)

Bi-substrate

Farquhar model

Farquhar model

model

(Rubisco-limited)

(light-limited)

K sl ψ c 
2Γ * 
 rx ,0 +

1.6 
α 0 Q 

K sl ψ c k m + Γ *
1.6 Vc max,0

K sl ψ c 12Γ *
1.6 J 0 (Q)

br / rx ,0 
2Γ * 
 rx ,0 +

α 0Q 
1.6a E 

bV (k m + Γ * )
1.6a E

bJ J max,0 12Γ *
1.6a E J 0 (Q)

λ(k m + Γ* )
1.6

3λΓ *
1.6

λ(α 0 Qrx ,0 + 2Γ * )
1.6

See Table 1 for symbol definitions; subscript 0 denotes parameter values in the absence of non-stomatal
limitation. This prediction (Eqn 10) is exact for CAP and LC, and approximate for MES and CF (valid
for small aw and small y, respectively, where a, w and y are defined in Table 3). For each photosynthesis
model, CAP and MES (for aw << 1) predict the same ξ.
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