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abstract

Nucleation of liquid, or solid, clusters in the gas phase is ubiquitous in nature. It

plays a major role in various fields of studies, and especially those dealing with

the atmosphere and climate change. A significant portion of atmospheric particles

is formed through nucleation, and these small particles can affect the climate by

either absorbing or scattering sunlight, or acting as seeds for cloud formation. On

the other hand, nucleation can also be used in technologies aiming at climate

change mitigation: e.g., a novel nucleation-based approach using supersonic

separators for CO2 capture provides an environmentally friendly alternative to

traditional approaches involving toxic compounds.

Despite the fact that nucleation has been studied for over a century, the theoretical

picture remains incomplete. In the context of this thesis, nucleation is determined

by kinetics and thermodynamics as special attention needs to be paid to the phase

and energy of the nucleating clusters. These basic aspects of nucleation are not

resolved in most of the measurement methods as the early stages of nucleation

involve sub-nanometer clusters evolving very rapidly in time. Classical nucleation

theories are usually based on simple models and properties of bulk materials,

neglecting atomistic details. Atomistic simulations and numerical modelling, as

employed in this work, can provide valuable insight into the nanoscale details of

nucleation.

In this thesis, our investigations are limited to homogeneous nucleation, and the

studied systems vary from simple Lennard-Jonesium to fully atomistic models of

complex molecular clusters. We have used various state-of-the-art equilibrium

and non-equilibrium computational methods to shed light on the most important

nucleation mechanisms in different conditions. Atomistic interactions were de-

scribed by empirical force fields or quantum chemistry methods, as required by

the system. The simulation results, reviewed in the context of both classical and

non-classical nucleation theory, enabled us to uncover the nucleation pathways,

cluster thermodynamics and structural (and energetic) evolution of the nucleating

clusters.

Based on the results presented in this thesis, molecular-level modelling is

necessary to capture the microscopic effects related to the formation of the clusters.

In addition, predicting nucleation rates of strongly bound atmospheric clusters

requires non-classical treatment of both nucleation pathways and collision rates,

as cluster-cluster collisions (not only monomer-cluster collisions) need to be

accounted for, and the collision rate coefficients are affected by attractive long-

range interactions. For loosely bound clusters, however, we have demonstrated



iv

that these phenomena can be ignored and thus the underlying framework of

classical nucleation theory is working relatively well. We have further analysed

the structural and energetic details of strongly undercooled clusters during the

nucleation stage, and after equilibration.

keywords: homogeneous nucleation, molecular clusters, classical nucleation theory,

atomistic simulations, kinetic modelling, cluster thermodynamics, non-isothermal

nucleation
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Rate enhancement in collisions of sulfuric acid molecules due to long-range

intermolecular forces,

Atmos. Chem. Phys., 21, 13355–13366.

V Dingilian, K. K., Halonen, R., Tikkanen, V., Reischl, B., Vehkamäki, H., and
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Homogeneous nucleation

A physical system is an assembly of matter, and this matter appears in different

states called phases. In everyday life three phases can be observed: gas, liquid

and solid. The presence of a particular phase is dictated by the matter’s inherent

chemical properties and the ambient conditions, namely pressure and temperature.

The conditions at which different phases of a substance are in equilibrium are

represented in a phase diagram, shown in Fig. 1. For example, at atmospheric

pressure, water can exist in a stable liquid state at room temperature, but it will

turn into gas above 100◦C (or 373.15 K). However, one can have an equilibrium

between two or more phases at phase boundaries where the phases coexist. A

piece of matter can maintain its old state for a rather long span of time after the

ambient conditions are altered from the equilibrium conditions of that particular

state. Thus, the matter can exist in a metastable state, and the transition of this

state to the stable phase is hindered by a free energy barrier.

This free energy barrier, or more precisely formation free energy barrier in case

of gas-liquid transition, separating the old and new phases has to be surmounted.

Through statistical fluctuations, small embryos of the new phase, known as nuclei

or clusters, are able to form even though they are thermodynamically unstable.

After a series of lucky fluctuations, a critical cluster may appear which is equally

prone to continue to grow or to turn back towards the old phase. This mechanism

of phase transition through a series of rare events is known as nucleation. The time

Figure 1: Temperature-pressure phase diagram of water. The solid lines represents the

phase boundaries between different phases. Triple point (shown as a filled circle) is located

at the intersection of boundary lines where all three phases can coexist in equilibrium.

Atmospheric pressure is shown as a dashed line.

1



2 Homogeneous nucleation
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Figure 2: Sketch of three different formation free energy curves and whether they are

related to nucleation or phase transition only: (a) Nucleation or phase transition in general

are prohibited by an infinitely high free energy barrier. (b) No barrier exists, and the

clustering is kinetically limited. (c) A free energy barrier hinders the phase transition but

clustering is possible via nucleation. (The figure is adapted from Paper X.)

scale at which the phase transition occurs is related to the height of the barrier:

low barriers are overcame more quickly than the very high ones. Pre-existing

surfaces (in form of physical boundaries or large particles) may help to lower the

barrier, and this mechanism is known as heterogeneous nucleation. However, in

the context of this dissertation, only homogeneous nucleation occurring in absence

of any foreign bodies is considered. Typically, as described here, the formation free

energies are presented as a function of cluster size. Figure 2 shows three possible

barrier types, from which only one (Fig. 2(c)) corresponds, strictly speaking, to a

nucleation process. If the formation free energy increases monotonously with size,

the “new” phase can not be more stable than the “old” phase. Whereas, if the

formation free energy curve is barrierless, the embryos of the new phase start to

emerge immediately with the same rate as the fluctuations in the cluster size. For

the sake of simplicity, in this thesis cluster formation, with or without a barrier, is

generally referred to as nucleation.

Clusters are composed of monomers which are either atoms or molecules. The

size-scale of clusters is typically between two (a dimer) and about one hundred

monomers, and the radius of a cluster is roughly less than one nanometer. Clusters

larger than this are commonly referred as nanoparticles. In a sense, clusters are

intermediates between molecules and nanoparticles: Clusters can have very distinct

geometries, similar to molecules, but the intermolecular bonds are usually much

weaker than the intramolecular ones. This distinct geometry, however, can be

lost or altered when the temperature of a cluster is moderately elevated, while

such behaviour is rare for molecules. On the other hand, small clusters may differ

significantly from nanoparticles mainly due to geometry. Nanoparticles can be

treated quite accurately as a bulk matter with relatively large portion of surface

atoms/molecules.

For almost a century, nucleation has been treated theoretically mostly in terms

of classical nucleation theory, CNT, or its variations (Vehkamäki, 2006). The frame-

work of CNT consists of kinetic and thermodynamic parts, which are related to

the rate of fluctuations and the barrier height of the studied system, respectively.

In CNT the clusters are modelled as microscopic spheres made out of the new

phase sharing its macroscopic thermodynamic properties. However, as already
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stated, the bulk properties are not able to capture the thermodynamic features of

clusters comprising only a handful of monomers. To study such nanoscale sys-

tems accurately, the clusters should be treated as a collection of atoms interacting

with each other under ambient conditions. Obtaining simple but realistic models

for the interatomic interactions is challenging. The fundamental simplification is

the Born-Oppenheimer approximation, which states that the nuclear and electronic

contributions can be separated as the nuclei are much heavier than the electrons

surrounding it. As the electronic motion is orders of magnitude faster, the interaction

energy can be obtained by solving the time-independent Schrödinger equations for

a chosen set of nuclear coordinates. Thus, the interaction energy can be considered

to be a function of the nuclear coordinates. However, calculating the wavefunction

of an interacting many-electron system is a formidable task, and not possible for

many systems of interest. At the density functional theory (DFT) level, the energy

of the system is instead calculated as a functional of the electron density, by solving

the Schrödinger-like Kohn-Sham equations for each electron. When a system does

not involve any electronic processes such as chemical reactions, the interactions

can often be described quite accurately by empirical force fields, at a fraction of

the cost of the electronic structure calculation.1

For the above-mentioned reasons, the experimental and CNT nucleation rates

often differ by many orders of magnitude. To improve the theoretical performance,

different computational approaches to nucleation have been employed. Many of

these approaches are designed to calculate the formation free energy barrier height

while the nucleation kinetics are modelled separately. The kinetic scheme behind

CNT is quite well suited for one-component nucleation where the cluster growth is

dominantly monomeric, yet for atmospherically-relevant nucleation more sophisti-

cated model should be used as the clusters can grow by cluster-cluster collisions.

The free energies used in this thesis are calculated with three different approaches:

Monte Carlo (MC), molecular dynamics (MD) and statistical mechanics. The statis-

tical mechanics approach provides the thermochemical properties according to the

high-level electronic structure calculations, and this approach is often called quan-

tum thermochemistry. Even though the electronic structure calculations describe

the cluster properties very accurately, this approach is limited to rather small clus-

ter sizes and relatively low temperatures. MC and MD simulations can be used

to simulate larger clusters at almost any temperature, however in practical appli-

cations the interactions are described with classical force field methods. The MD

simulations are able to capture both the thermodynamics (namely the formation

free energies) and the kinetics of the nucleating system as in MD simulations the

system evolves in time according to the classical equations of motion.

Finally, on the molecular level, phase transition means transformation of inter-

molecular interactions, e.g. hydrogen bonds between water molecules are broken

when liquid water evaporates. Each bond breaking or forming involves absorption

or release of energy called latent heat. Eventually, this excess energy is absorbed

by the surroundings, but latent heat can momentarily alter the temperature of the

1In this thesis, electronic structure calculations are used in Papers I and II (also in additional

Papers VII–X), whereas the interatomic interactions in Papers III–VI are described with classical

force field methods.
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nucleating clusters. This effect may affect the nucleation process, as the free energy

barrier height is rather sensitive to temperature. Such an effect can be included

in the theoretical framework using the non-isothermal nucleation theory developed

by Feder et al. (1966). Yet, the excess energy may not only influence the cluster

temperature but also the geometry and phase of the cluster.

In this thesis, the nature of nucleation and the nucleating clusters is studied

from multiple angles using various theoretical and computational methods. In Paper

I, the details and a common misconception in the statistical mechanics approach for

free energy calculations are discussed. The focus of Papers II and IV is specifically

on the nucleation kinetics and cluster growth pathways. In Papers III, V and VI,

aspects of nucleation kinetics, cluster thermodynamics and also non-isothermality

are considered. Finally, in Paper VI, the phase of clusters during nucleation and

in equilibrium situation are additionally examined.

clustering in the gas phase

The focus of the present doctoral dissertation is on theoretical and simulation is-

sues of gas-phase cluster science. This area of research involves a multitude of

chemical compounds, ambient conditions and time-scales. What is common for all

these systems is the underlaying mechanism: atoms or molecules in the gas phase

coalesce by collisions. A limiting condition for any chemical reaction (including

clustering) is that molecules must collide, only after this the faith of the product

can be considered. In Paper IV, a collision of two sulfuric acid (H2SO4) molecules

is studied in detail using atomistic trajectory simulations with complementary the-

oretical modelling. According to the calculations, the formation rate of a sulfuric

acid dimer is twice as high as the prediction of the common theory which treats

the colliding molecules as non-interacting hard spheres.

Sulfuric acid is one of the main molecules involved in formation of cloud con-

densation nuclei (CCN) in the Earth’s atmosphere (Kulmala et al., 2004; Kuang

et al., 2008). Without CCN, water vapour is not able to nucleate homogeneously

and form clouds in the boundary layer atmosphere. So, heterogeneous nucleation

of water on CCN is behind one of the most important regulators of Earth’s tem-

perature. CCN are actually rather large particles (diameter about on the order

of 0.1 micrometers), but about half of them originate from homogeneous clustering

of gas phase molecules (Merikanto et al., 2009). Typical nucleation rates in the

atmospheric boundary level are about 10−2 . . . 103 cm−3s−1 (Kuang et al., 2008).

Such rates can not be explained with pure sulfuric acid nucleation (with or without

water), but a suitable additional molecule(s) is required to lower the barrier and

increase the nucleation rate.

Finding an effective accompaniment for sulfuric acid is a field of research of

its own. There is a multitude of possible candidates in the real atmosphere and

their concentrations vary a lot with geographical location. Assessing the nucle-

ation potential of different compounds is done in Paper II (and Papers VIII and IX)

based on the cluster structures and free energies obtained from high-level quantum

chemistry calculations. Rather popular candidates to explain the observed atmo-

spheric nucleation rates are ammonia (NH3) and different amines, which have been
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extensively studied both experimentally (see, e.g., Almeida et al. (2013) and Jen

et al. (2014)) and theoretically (see, e.g., Kurtén et al. (2008) and Papers II, VII,

IX). The nucleation-enhancing potential and clustering mechanisms of three differ-

ent alkylamines together with sulfuric acid (and water) are studied with a cluster

population dynamics model in Paper II. Amines available in the atmosphere often

have an anthropogenic source: human activities related to animal husbandry, fish

processing, sewers, landfills etc. In addition, amines (especially monoethanolamine)

are widely used as chemical absorbent for post-combustion carbon dioxide (CO2)

capture technology, which aim to reduce the greenhouse gas emissions from fossil-

fuelled industry but possible fugitive emissions of used amines can have a negative

impact on the environment (Xie et al. (2014); Paper IX).

A possible amine-free (and an energy-efficient) alternative for CO2 capture are

the supersonic separators in which a gas mixture expands and cools dramatically as

it flows through a nozzle, promoting a transition from the vapour to the condensed

phase via nucleation. Nucleation in a supersonic nozzle has not only industrial

importance, but it serves as a particularly interesting case study of nucleation

at extremely low temperatures: the clustering can occur over 100 degrees below

the triple point of the studied substance as in the homogeneous CO2 nucleation

experiments presented in Paper V. As the experimental resolution is limited to

nanoparticles only, atomistic simulations are needed to provide complementary

information about nucleation and the early stages of cluster growth; in Paper

VI large-scale molecular dynamics simulations are carried out to study both the

kinetics and thermodynamics of homogeneous CO2 nucleation, and the nature of

CO2 clusters during nucleation and in equilibrium.

The more fundamental and methodological aspects of clustering, nucleation

theories and determining the cluster free energies are presented in Papers I and

III.

This dissertation consists of 4 introductory chapters presenting (1) the theoreti-

cal description of the main kinetic processes behind nucleation, (2) the classical and

computational approaches for modelling cluster thermodynamics, (3) a discussion

about the phase and temperature of the nucleating clusters, and (4) a summary of

the main results of the thesis. In between these chapters, three short Interludes are

included. These short passages are intended to shed additional light on discussed

topics and address issues related to the published papers, but which are not in-

cluded in the actual publications. The main results from the six research articles

constituting the body of this dissertation and the author’s contribution to them are

briefly reviewed at the end of the introductory chapters, followed by reprints of the

research articles themselves.
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lennard-jones potential and intermolecular force fields

In this thesis, on multiple occasions, the atom-atom interaction is modelled with
the Lennard-Jones potential. This potential is a function of interatomic distance
r and it is composed of terms for both long-range attractive (∝ r−6) and short-
range repulsive forces (∝ r−12). The potential is given by

U(r) = 4ε

((σ

r

)12
−
(σ

r

)6
)

, (1)

where ε and σ are system-specific energy and length parameters, respectively.
The shape of the potential is shown in Fig. 3. To reduce the computational
workload, the potential is often truncated at some cut-off distance rc and then
shifted by subtracting U(rc) from Eq. (1).

It is usually advantageous to use dimensionless reduced units when simu-
lating Lennard-Jones systems. This means setting the energy and distance
parameters to unity (as well as the atom mass and the Boltzmann constant kB).
Thus, for example, the natural unit for temperature is ε/kB.

0U

−ε

r

σ

FIGURE 3: Potential energy as a func-
tion of distance r for the Lennard-
Jones potential.

Originally, the Lennard-Jones potential
was designed to describe interactions
between noble gas atoms, but this
simple potential has become a sort of
“all-purpose” model in computational
physics and chemistry. It should be noted
that even though the Lennard-Jones
potential is able to represents some of
the physical properties of simple fluids
rather well, it should not be used as a
proxy for real interactions. For example,
“Lennard-Jones argon” has substantially
higher surface tension (an important
property defining the formation free
energy) than real argon (Lee et al., 1974),
and thus the nucleating clusters of these
two argons are not equivalent. However, the Lennard-Jones potential is very
valuable as it has been intensively studied for almost a century, and it is a
versatile toy-model for both numerical and analytical calculations.

Moreover, intermolecular interactions (nonbonded interactions between
two molecules #1 and #2) are often described by the sum of Lennard-Jones
potentials between atoms i and j , and Coulomb interactions between the
partial charges Qi and Qj :

U =

Molec.#1∑

i=1

Molec.#2∑

j=1

[

4εij

((
σij

rij

)12
−

(
σij

rij

)6
)

+
QiQj

4πε0rij

]

, (2)

where ε0 is the permittivity of vacuum. For the interactions between dissimilar
atoms, Lorentz-Berthelot mixing rules are applied,

εij =
√
εiiεjj , and σij =

σii + σjj

2
. (3)

The molecules themselves can be treated as rigid (fixed geometry, e.g. the
TraPPE force field (Potoff and Siepmann, 2001) for CO2 in Paper VI) or flexible
(intramolecular interactions, e.g. the OPLS force field (Jorgensen et al., 1996) for
H2SO4 in Paper IV).



Nucleation kinetics

mathematical models of cluster evolution

The basis of theoretical treatment of nucleation is the kinetic description of the

phenomenon. The standard approach is to consider a vessel where the monomers

and clusters are uniformly distributed in space (i.e. no spatial correlations exist).

The monomers and clusters are free to collide with each other and consequently to

form larger clusters, yet they can spontaneously decay into smaller clusters. The

dynamics of the system can thus be described with thermally averaged collision

and decay rates of different clusters. Hereby the dimensionality of the system is

reduced to only cluster size i.e. number of monomers (or in multicomponent systems

to cluster identity i.e. the number of molecules of all participating species) and time,

as both the positions and velocities of the individual monomers are neglected in

this model.

Cluster growth can be modelled using a variety of mathematical approaches

which are usually based on describing the time evolution of cluster densities with

non-linear differential equations. A general dynamic model (GDM) can be formu-

lated using discrete coagulation-fragmentation equations with possible additional

terms. In the GDM, both coagulation and fragmentation (i.e. collisions between

clusters and decay into smaller clusters, respectively) processes are considered.

The early models of cluster growth, especially the ones used in nucleation studies,

are restricted to monomeric pathways only (this is discussed on pages 8–10). While

modelling atmospherically relevant clustering, the possibility of cluster-cluster col-

lisions should be considered as one is often dealing with substances of strong

intermolecular interactions; at high vapour concentrations the abundance of small

clusters facilitates significant coagulation pathways. In atmospheric conditions, the

most stable (and thus most abundant) clusters are usually aggregations of multiple

different monomer types (typically different acid and base molecules). Moreover,

possible external sinks and sources of monomers/clusters should be taken into con-

sideration if they are known.

After taking into account all the processes mentioned above, the GDM reduces

to the following equation, known as the birth-death equation, for the evolution of

the cluster number density Ni of an i-cluster:

∂Ni

∂t
=
∑

j<i

βi−j,jNjNi−j − Ni

∑

j

βi,jNj +
∑

j

αi+j ,iNi+j − Ni

∑

j<i

αi,j + si − di. (4)

Here the coefficients βi,j and αi,j are the collision rate between clusters i and j , and

the fragmentation rate of an i-cluster into fragments of j and (i − j), respectively.

7
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Rates of external sources and sinks for a cluster are given as si and di. Finding an

analytical solution for a set of equations like Eq. (4) for a large number of clusters

is an impossible task, and it has to be solved numerically. It is worth noticing, that

even though Eq. (4) is rather complex already, it is simplified to only model the

size evolution disregarding any other characteristic changes (e.g. in energy due to

latent heat released into a cluster after a collision) within the clusters which might

affect the reaction rates.

To formulate easily calculable and applicable expressions to describe cluster

growth, GDM has to be simplified to achieve an (exact or approximative) analytical

solution. One famous simplification is to ignore fragmentation/evaporation (“irre-

versible aggregation”) leading to the discrete Smoluchowski coagulation equation

(Smoluchowski, 1916):

∂Ni

∂t
=
∑

j<i

βi−j,jNjNi−j − Ni

∑

j

βi,jNj . (5)

An interesting result is that the Smoluchowski equation has exact analytic solutions

for a limited amount of aggregation kernels i.e. functional forms of collision rate

coefficient β (Wattis, 2006). In fact only three such kernels are known:

β = constant, βi,j ∝ mi +mj and βi,j ∝ mimj, (6)

where mi is the mass of an i-cluster. However, as nucleation mostly takes place

in conditions where fragmentation/evaporation matters, we have to concentrate on

different kind of simplifications. Furthermore, the kernel describing molecular col-

lisions (further discussed on page 15) in relatively thin gas is not included in the

set of kernels given in Eq. (6) and does not allow for the existence of a stationary

solution (Ferreira et al., 2019).

standard kinetic scheme of steady-state nucleation

While considering systems of rather weak intermolecular interactions and low

vapour concentrations, the cluster growth pathways can be assumed to be pre-

dominantly monomeric i.e. only collisions with and fragmentations into monomers

are considered. In this case fragmentation can be called evaporation. Furthermore,

the growth is assumed to take place at constant monomer density in absence of any

foreign particles, walls or other impurities which might absorb clusters. Using these

assumptions as basis, the standard kinetic model for nucleation can be derived. In

this thesis this model is presented for one-component systems only. Historically the

standard model was developed by Farkas (1927)2 and Becker and Döring (1935).

This kinetic approach is an elemental part of classical nucleation theory (CNT),

yet it is independent of the many caveats of CNT related to its thermodynamic

description of clusters.

2Leo Szilard is often referenced alongside Farkas, as Farkas followed Szilard’s idea of chain

reaction in his treatment of nucleation.
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Based on the above-mentioned assumptions, we can express the time evolution

of cluster density as

∂Ni

∂t
= (βi−1,1N1Ni−1 − αi,i−1Ni)
︸ ︷︷ ︸

flux from size i − 1 to i

− (βi,1N1Ni − αi+1,iNi+1)
︸ ︷︷ ︸

flux from size i to i+ 1

= Ii − Ii+1. (7)

Here the fluxes from cluster size i to i+ 1 are defined as

Ii+1 = βi,1N1Ni − αi+1,iNi+1. (8)

In a time-independent steady state (i.e. ∂Ni/∂t = 0), these fluxes are equal to the

nucleation rate, Ii = Ii+1 = J . Now, with some arithmetic trickery and two steady-

state solutions, we are able to derive a convenient expression for J as follows:

The first steady-state solution is achieved by setting the flux between two

adjacent cluster sizes to zero:

βi,1N
sat
1 Nsat

i = αi,i+1N
sat
i+1. (9)

This is known as the equilibrium or saturation steady state (therefore superscript

“sat”). Zero flux corresponds to a true chemical and thermodynamic equilibrium

between the cluster sizes, in the context of this thesis, this means that the vapour

pressure equals the saturation pressure Psat of the nucleating substance.

The second steady-state solution is for non-zero flux as presented in Eq. (8), this

is known as the unbalanced steady state. The cluster densities at the unbalanced

state correspond to the actual densities of nucleating clusters. As it is assumed that

the rate coefficients α and β are fundamental properties at constant temperature,

they are not affected by the state of the system, and hence Eq. (8) becomes

Ii+1 = J = βi,1N1Ni − βi,1Ni+1

Nsat
1 Nsat

i

Nsat
i+1

. (10)

As the saturation ratio is defined as S = P/Psat = N1/N
sat
1 for an ideal gas,

Eq. (10) can be expressed as

J

Si+1βi,1N
sat
1 Nsat

i

=
Ni

SiNsat
i

−
Ni+1

Si+1Nsat
i+1

. (11)

Now a summation of Eq. (11) over i (from 1 to some boundary size n) yields a

telescoping series:

n∑

i=1

J

Si+1βi,1N
sat
1 Nsat

i

=
N1

SNsat
1

−
Nn+1

Sn+1Nsat
n+1

, (12)

where the first term on the right-hand side is unity and the last term is infinitely

small for sufficiently large n (because S > 1 and more specifically Sn+1Nsat
n+1 �

Nn+1). Finally, we can write the nucleation rate as

J =

(
n∑

i=1

1

Siβi,1N1N
sat
i

)−1

. (13)
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For weakly interacting monomers, the collision rates can be quite accurately cal-

culated using kinetic gas theory (the detailed discussion about the collision rate

coefficients starts on page 14).

The kinetic scheme of nucleation, presented here as Eq. (13), is shared by

most of the common nucleation theories. Where the different theories diverge, is

how the equilibrium number densities Nsat
i are estimated. These approaches can

be roughly divided into two: thermodynamical estimation (using known bulk prop-

erties) and statistical mechanical models or atomistic simulations (using molecular

interactions). The main ideas behind both approaches are discussed later in this

thesis.

non-steady-state atmospheric cluster formation

The presented standard kinetic scheme is constrained to one-component systems

where clusters are growing/decaying by monomer addition/removal only. As already

discussed, this is valid for the majority of the nucleation studies dealing with rather

weakly interacting monomers. However, the wide consensus is that the atmospheric

clustering is predominantly driven by strongly bound acid-base clusters at monomer

densities which can lead to relatively high cluster densities. Therefore the cluster

growth dynamics can be fundamentally altered. The presence of multiple monomer

species and possibility of cluster-cluster collisions will add extra dimensions to the

modelling: clusters do not only evolve in size but in composition and the pathways

of formation can be rather complex.

In general, atmospheric cluster formation can be treated as a steady-state situ-

ation: the studied time span is very long, and the monomer densities (or monomer

fluxes into the system) are roughly constant and spatially uniform. Occasionally,

however, we are interested in cluster formation in a genuinely time-dependent

non-steady state. For example, in Paper II the formation of acid-base clusters was

modelled in a system where the reaction time was limited to 3 seconds, a time

period during which steady state is not necessarily achieved.

Overcoming the above-mentioned issues turns out to be relatively easy with

GDM (in principle) if the relevant rate coefficient are known. The time-evolutions

of densities of every cluster included in the system can be obtained by numerically

integrating the birth-death equations (Eq. (4)). In spite of the simple principle,

the execution of this numerical task can be rather tedious: a number of lengthy

equations has to be composed with care. To automate this task and to perform

the numerical integration, the Atmospheric Cluster Dynamics Code (acdc) has been

developed (Mcgrath et al., 2012). In principle, acdc is able to describe the cluster

density evolutions of any system, but some attention has to be paid to the details.

First of all, the fragmentation and coagulation rate coefficients have to be known

with high precision. The availability of these coefficients will limit the set of cluster

sizes and compositions included in the model and consequently limit the monomer

densities and temperatures that can be studied. To adequately model nucleation,

the set of modelled clusters should be such that the growth pathway (starting from

free monomers) can reach at least one stable cluster which is then able to grow

ad infinitum. The bimolecular reaction rates, such as collision rates, are in general
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much easier to be estimated than unimolecular reaction (evaporation/fragmentation)

rates. Practically this means that the bottleneck of these simulations is the clusters’

free energy data used to calculate the fragmentation rate coefficients α (details

about the actual calculations of α are given on page 28).

The “classical” nucleation pathway has only one critical cluster located at the

top of the formation free energy barrier, however, the free energy curves, or surfaces,

related to atmospheric acid-base clusters may differ from this traditional view. There

might be multiple barriers and the dominant growth pathway is determined by the

overall dynamics of the system. Moreover, the formed dimers can be so stable

that the barrier is completely absent, and the model is basically reduced to the

Smoluchowski coagulation equation. Based on the free energy surface, shown in

Fig. 4(a) for sulfuric acid-ammonia clusters, determining the growth pathways can

be rather ambiguous as only the relative difference in stability between clusters

can be read from it: the lower the free energy value, the higher the stability.3

By definition “stable” means that cluster’s likelihood to grow is larger than to

fragment. So, one can not judge directly from the free energy surface whether

the applied cluster set is sufficiently large to have at least one stable cluster

i.e. the critical cluster in it. For example, the free energies might exhibit clear

decrease with increasing cluster size, however this does not automatically mean that

a critical cluster exists within the simulated set of clusters. Instead, by evaluating

the backward and forward transition rates for each of the clusters, the absolute

stabilities are revealed and one can assess the validity of the model under certain

temperature and concentration conditions more rigorously. Assuming that growth

is mostly monomeric, sufficient stability is achieved when
∑

m

βm,iNm �
∑

j<i

αi,j . (14)

Here m is the identity of a monomer. The ratio of forward to backward transition

rates are shown in Fig. 4(b) for different sulfuric acid-ammonia clusters.

When a cluster, included in the simulated set of clusters, grows further into a

cluster composition not included in the set (i.e. a cluster without known fragmen-

tation rates), it has to be considered whether the new cluster is stable enough to

leave the system or will it rather evaporate back to the set instantaneously. In case

of evaporation the monomers of an unstable outlying cluster are introduced back

into the system using the free energy data (the cluster evaporates monomer after

monomer until a residual cluster which is part of the set remains). In case of a

stable outgrowing clusters, they are effectively removed from the simulated system

and the rate of removal is considered as the nucleation rate. According to Fig. 4(b),

one can judge that a possible “outgrowing” cluster is included in the system (the

cluster having 5 acid and 5 base molecules), and furthermore that the fragmentation

rates beyond the simulated system are probably relatively low.

For atmospherically relevant systems, such as the illustrated sulfuric acid-

ammonia system, the most stable (electrically neutral) clusters usually contain an

3It should be emphasised that the free energies presented in Fig. 4(a) are not equivalent to

formation free energy! However, such free energy surfaces are often used to illustrate the formation

free energy differences between clusters. In Paper X this so-called actual free energy is discussed

in more detail.
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Figure 4: (a) Free energy and (b) the ratio of forward to backward transition rates profiles

for sulfuric acid-ammonia clusters calculated according to quantum thermochemistry. Axis

labels nacid and nbase refer to the number of sulfuric acid and ammonia molecules in a

cluster, respectively. On panel (b), the clusters more prone to grow are highlighted with

black numbers. (The values are calculated at temperature T = 298 K for acid and base

monomer densities of 106 cm−3 and 200 ppt (≈ 2.5×107 cm−3), respectively. Free energies

are given in units of RT , where R is the gas constant ≈ 2× 10−3 kcal/K/mol.)

equal amount of acid and base monomers, and due to computational limitations

related to calculating the fragmentation rate coefficients the largest clusters have

usually 10 or less monomers. To optimise the use of computational resources, a

bit of chemical intuition is used: one should limit the set of simulated clusters to

the most relevant clusters on the pathway. For example, very large one-component

clusters are very prone to evaporate in comparison to multicomponent clusters.

However, one should be careful when deciding not to include some cluster into the

simulation.

To complete the modelling scheme, one can introduce external cluster sink and

source terms to the GDM equation. These terms are obviously related to the studied

setup, for example, monomers and clusters can be lost on the walls of a measure-

ment chamber, or scavenged by a pre-existing population of large particles, or new

monomers can be introduced into the system by chemical reactions. Understanding

the physical nature of existing sinks and sources is the real problem, implementing

them into the model is rather trivial.

In Paper II acdc is used to simulate the kinetics of molecular clusters popula-

tions for sulfuric acid-base-water systems, where the base was either ammonia or

monomethylamine, dimethylamine, or trimethylamine. Based on the quantum ther-

mochemical data, the studied amines stabilise the small sulfuric acid clusters more

than ammonia which leads to about 10 . . . 103 fold acid-base dimer concentrations.

Thus, cluster-cluster collisions (or self-coagulation) is likely to be non-negligible

for the kinetics of sulfuric acid-amine systems. This makes theoretical nucleation
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schemes considering only cluster-monomer interactions, such as the standard ki-

netic scheme, not valid for these systems where a GDM is required to calculate

more accurate cluster formation rates.

non-isothermal nucleation

The physical picture of the discussed growth models is limited to characterising the

cluster size and composition only, and the clusters are considered to be in perfect

thermal equilibrium with the surroundings. However, the cluster formation is a

rather “violent” process: two objects are colliding with high speeds4 while forming

bonds, and thus a significant amount of energy is involved in every growth event.

With only a finite amount of thermalising agent, carrier gas (usually inert gas),

the formed clusters can deviate energetically from the equilibrium as considerable

amount of latent heat is released onto them after every growth event (inversely

evaporations cool them down). Such non-equilibrium dynamics can effect nucleation

substantially, especially if nucleation takes place at low carrier gas pressure and/or

the evaporation is rather rapid.

To consider also the cluster evolution in energy space, the cluster time-evolution

can be expressed as a double integral over phase space of size, i, and energy, E :

∂Ni(E )

∂t
=

∫ ∞

−∞

∫ ∞

1

di′dE′ [Ni′(E
′)K (i, E|i′, E′)−Ni(E )K (i

′, E′|i, E )] . (15)

Here the transition rate from state (i′, E′) to (i, E ) is denoted as K (i, E|i′, E′).

These transitions between size and energy states can be caused by size-changing

events, as well as thermalisation (the latter with transition rates K (i, E′|i, E )). Even

for a one-component system, the introduction of the energy dimension makes the

numerical integration of Eq. (15) a rather tedious task. However, the real difficulty

is to obtain accurate and/or realistic transition rates.

In this thesis the problem of energy fluctuations is not directly studied, but in

Paper III and Paper VI the classical non-isothermal nucleation theory by Feder

et al. (1966) is used to estimated the effect of insufficient thermalisation on nucle-

ation rates. Feder et al. (1966) applied Eq. (15) and equilibrium thermodynamics to

amend the isothermal nucleation rates under conditions of limited amount of carrier

gas. It turns out that the impact of energy fluctuations on steady-state nucleation

rate can be approximated with a simple prefactor on isothermal nucleation rate Jiso:

Jnoniso =
b2

b2 + q2
Jiso. (16)

The energy released upon the addition of a monomer to the critical cluster is quan-

tified by the parameter q in Eq. (16). The relatively size-independent parameter b2

4According to the Maxwell-Boltzmann distribution of molecular velocities in gas, the mean speed

of a sulfuric acid molecule at room temperature is about 250 m/s! A calming quote from Maxwell:

“[. . . ] the only wind which approaches this velocity is that which proceeds from the mouth of a

cannon. How, then, are you and I able to stand here? Only because the molecules happen to be

flying in different directions, so that those which strike against our backs enable us to support the

storm which is beating against our faces.” (Maxwell, 1873)
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is the mean squared energy fluctuation between two size-changing events. Both

collisions with nucleating monomers and carrier gas have an effect, and thus the

total mean squared energy fluctuation can be written as

b2 = 2(kBT )
2 + 2(kBT )

2w, (17)

where w is the average number of carrier gas collisions between the size-changing

events, and this is approximately5

w =
Ncβc,i

N1β1,i
≈

Nc

N1

√
m1

mc

, (18)

where Nc is the carrier gas density, and mc and m1 are the masses of the carrier

gas atoms and nucleating monomers, respectively.

The released energy q is typically of the order of 10 kBT , and thus the mag-

nitude of the non-isothermal correction is rather small compared to the general

uncertainties related to nucleation, usually it leads to one or two orders of mag-

nitude lower nucleation rates. According to Paper III and the previous study by

Wedekind et al. (2007a), this approach is able to describe the nucleation behaviour

quite well at high vapour pressures, however it has not been tested at conditions

corresponding to experimental nucleation studies.

collision rate coefficient

For the different kinetic models of cluster growth, the most elementary quantity (as

demonstrated earlier on page 9 and later on page 28) is the collision rate coefficient

β . It has great significance also in gas-phase chemistry, as a vast majority of

reactions happens as the result of bimolecular collisions. Here the colliding bodies

are simply referred to as particles as they can be either atoms, molecules, clusters

or even nanoparticles. At low (total) pressures, collisions between rather small

particles can be estimated to take place in the free molecular regime i.e. the

two colliding particles are viewed as isolated from the other surrounding particles.

While at high pressures (and in case of very large particles), the collision rates

should be treated differently as the gas appears as a continuous fluid.

The kinetic theory of gases is based on the assumption of colliding particles as

hard spheres: These spheres are not interacting while they are moving towards each

other, and thus their trajectories between collisions are always straight in Euclidean

space. However, the hard spheres experience infinite attraction (or repulsion, if the

spheres bounce elastically) if their surfaces come into contact. This means that

in order to stick together, the distance between the centre-of-mass trajectories of

particles i and j has to be less or equal than the sum of their radii, ri + rj . This

collision distance defines the collision cross section:

Ωi,j = π(ri + rj )
2. (19)

5Here the collision rate coefficients are defined as in Eq. (23). The collision cross sections can

be assumed to be equal for both colliding monomers and carrier gas atoms.
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vΔt

Figure 5: Schematic of the hard-sphere collision cylinder. For a possible collision with

the target, the centre of the projectile (moving with velocity v ) has to be inside the collision

cylinder. The volume of the cylinder is determined by the collision cross section Ω (shown

as a hatched area) and the distance that the projectile moves during some time period Δt .

It is usually assumed that even the nano-sized particles share the bulk number

density ρ of the substance, so if a particle consists of n identical monomers, the

radius is given as

rn =

(
3n

4πρ

)1/3
. (20)

Imagine that the other particle, a moving projectile, is approaching the first

particle, the stationary target. In this coordinate system, the projectile is moving

with relative velocity v between the two particles and its mass is effectively the

reduced mass μ,

μ =
mprojectilemtarget

mprojectile +mtarget

. (21)

Inspection of the dimensions of equations like (4) and (13) reveals that the collision

rate coefficient β is actually a volumetric flow rate as it has the unit of m3/s.

As discussed, the target particle effectively appears as a finite area Ω, and the

requirement for a collision during a time period Δt is that the projectile is located

in a volume V = ΩvΔt known as the collision cylinder. The collision cylinder is

shown in Fig. 5. Thus, the collision rate coefficient (or volume flow rate) is given

as

β(v ) =
V

Δt
= vΩ, (22)

and multiplying this with the system’s projectile particle density (number of identical

projectiles in a unit volume) gives the number of collisions between the target and

projectile particles in a unit time.

The average hard-sphere collision rate coefficient can be calculated by integrat-

ing over the relative velocity distribution f (v ). At thermal equilibrium, the particle

velocities follow the Maxwell-Boltzmann distribution f (v ) = fMB (given later in

Eq. (30)), and the collision rate coefficient or free molecular kernel becomes

βi,j (T ) = Ωi,j

∫ ∞

0

dv vfMB(v ) =

√
8kBT

πμ
Ωi,j . (23)

The thermal hard-sphere collision rate coefficient is thus proportional to T 1/2.
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The hard sphere approach often yields rate coefficients with satisfactory ac-

curacy, but some systems require more rigorous treatment. Unlike hard spheres,

real molecules and clusters exhibit long-range interactions. Including the effect of

these interactions can effectively broaden the collision cross section and change

the temperature-dependency of β .

The formation of any assembly of atoms or molecules is enabled by inter-

molecular interactions which are weaker than the intramolecular forces holding

the molecules together. As molecules are rather complex by construct, the total

intermolecular interaction can be represented by a sum of all interaction compo-

nents related to it. In an ideal case, the total attractive interaction potential can be

modelled as a function of centre-of-mass distance r as

U(r) = −Ar−ν, (24)

where A is a interaction coefficient and the exponent ν > 0. Here is a short

summary of the most important electrostatic, multipole, induction and dispersion

forces between two particles:

! Ion-ion i.e. Coulombic interaction between two charged particles, ν = 1

! Ion-dipole interaction between a charged ion and a polar molecule, ν = 2

(if rotational degrees of freedom are averaged out ν = 4)

! Dipole-dipole i.e. Keesom interaction between two polar molecules, ν = 3

(rot. average: ν = 6)

! Ion-induced dipole interaction between a charged and a nonpolar particle,

ν = 4

! Dipole-induced dipole i.e. Debye interaction between a polar and a nonpolar

particle, ν = 6

! London dispersion between two nonpolar particles, ν = 6

The interactions with ν = 6 are collectively called van der Waals interactions

which are common for atoms/molecules and clusters with no net charge.

To assess the effect of long-range intermolecular interaction, a classical model

of capture in a central field of force can be used. The capture cross section can

be solved analytically for point-like particles with isotropic i.e. orientationally

symmetric interaction. Again, only the projectile is moving, and thus the target

designates the centre of the interaction field. The collision between hard spheres

is defined as a contact of their surfaces, whereas in case of capture, a surfaceless

projectile collapses into the centre of the field.

Initially the projectile is approaching the centre from infinitely far (where po-

tential energy is zero and kinetic energy equals 1⁄2μv2) with some velocity vector

v. The perpendicular distance B between the vector and the centre is called the

impact parameter (the initial collision complex geometry is given in Fig. 6). As
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r

Target

B

v

Projectile

Figure 6: Schematic illustration of the capture model. A projectile is initially moving along

a trajectory set by velocity vector v. The stationary target is located at the centre of the

field of force, the strength of the field is depicted as grey gradient. The impact parameter

B is defined as the perpendicular distance between the target and the initial trajectory.

the system is isolated from other particles, both energy and angular momentum,

L = μvB, must be conserved, and the total energy is given as6

E =
1

2
μv2 = U(r) +

L2

2μr2
︸ ︷︷ ︸
effective potential

+
1

2
μṙ2. (25)

The sum of the potential and centrifugal energy is the effective potential Ueff , this

effectively introduces a centrifugal energy barrier between the colliding parties7.

This centrifugal barrier limits the motion of the projectile, and without it all tra-

jectories with a finite impact parameter would eventually result in overlapping of

the two particles. So, for the projectile to collapse into the centre of the field, the

centrifugal barrier has to be surmounted: at the peak of the barrier the kinetic

energy, 1⁄2μṙ2, has to be positive i.e.

U(r) +
L2

2μr2
−
1

2
μv2 = −

1

2
μṙ2 < 0, (26)

otherwise the path of the projectile will turn away from the target. By solving the

location of the top of the barrier R , the maximum impact parameter Bmax and the

maximum capture cross section, Ωc = πB2max, leading to a capture can be calculated.

In Paper IV, we derive the critical impact parameter for van der Waals inter-

action (ν = 6), but here we can consider a general isotropic attractive potential

decaying exponentially as r−ν . The critical distance R is solved by taking derivative

of the effective potential with respect to r:

∂Ueff

∂r
= 0⇒ R =

(
μv2B2

Aν

) 1
2−ν

. (27)

6As both the target and the projectile are assumed to be point-like particles without any structure,

the energy can not be transferred into rotational or vibrational degrees of freedom.
7Note that this is a pseudo-force, it cannot be seen directly in measurements or simulations.
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By inserting R to Eq. (26) the maximum impact parameter can be solved, and we

obtain the capture cross section:

Ωc = πB2max = πν(ν − 2)
2−ν
ν

(
A

μv2

)2/ν
. (28)

For a reasonable exponent ν , the capture cross section has now rather strong

velocity-dependency unlike the hard-sphere one; the capture cross section is nar-

rowed with increasing velocity. Such behaviour can lead to interesting temperature-

dependencies: according to Eq. (22) the collision rate can on one hand increase

and on the other hand decrease by increasing velocity of molecules. This effect is

further examined in Interlude I on the next page.

The simplicity of this model is slightly deceptive. In reality, the long-range

interaction can be rarely reduced to a simple expression like Eq. (24), where the

coefficient A can be related to well-defined physical properties such as dipole

moment or polarisability. To discover the shape and the magnitude of the interaction,

in Paper IV we had to carry out metadynamics simulations (Barducci et al., 2008) to

evaluate the potential of the mean force (PMF) between two sulfuric acid molecules.

For these molecules, the attractive interaction is rather well captured by ν = 6. It

should be noted that PMF is not only a mechanical property, but is also linked to

thermodynamics as the molecules (or clusters) can rotate and vibrate freely.

Moreover, the interaction potential may be anisotropic i.e. the orientation of

the particles may matter. This is crucial for polar molecules as both ion-dipole

and dipole-dipole interactions have orientation-dependency. For example, the in-

teraction between two dipoles has attractive and repulsive contributions, but the

averaging over orientations yields the attractive Keesom force. These anisotropic

effects on capture rate of point-like ions and two-dimensional rigid rotor dipoles

have been studied intensively using trajectory simulations (Dugan Jr and Magee,

1967; Chesnavich et al., 1980; Maergoiz et al., 1996a,b,c). In case of sulfuric acid

molecules studied in Paper IV, the capture model overestimates the collision rate

coefficient by ∼ 20% when compared to direct atomistic trajectory simulations. This

discrepancy is probably due to the repulsion caused by opposite partial charges

in sulfuric acid molecules. Indeed, the magnitude of the discrepancy is quite in

line with the anisotropic dipole-dipole capture cross section parameterisation by

Maergoiz et al. (1996c).
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interlude i: interaction-dependency of the capture model

Two special cases can be directly seen from the inequality (26) in the presence
of centrifugal energy (L > 0). By definition, the collision is possible only if the dis-
tance r can reach zero. Thus in the limit, r→ 0, the inequality can be expressed
as

Ar2−ν >
L2

2μ
. (29)

As r approaches to zero, this condition can not be satisfied if ν < 2, or if
ν = 2 and A ≤ L2/2μ. So, depending on the interaction field, the capture can
be restricted even if the field is an attractive one. In practise, if ν = 1, the
centrifugal barrier becomes infinitely high and the projectile gets trapped within
the well of the effective potential and rotates around the centre of the field
at a distance R . As the capture model is not restricted to molecular systems
only, the same principle can be applied to other systems in a field of force: as
ν = 1 in the gravitational potential, the reasoning above explains why celestial
bodies stay on their orbits. Surely, molecules with strong long-range Coulombic
interactions can collide as non-Coulombic forces start to contribute more when
the respective electron clouds are closer together. Also a capture of a single
electron by an ion is possible if a finite capture radius is assumed.

In thermal equilibrium, the relative velocities of molecules in a nearly ideal gas
follow the Maxwell-Boltzmann distribution:

fMB(v ) =

√
2

π

(
μ

kBT

)3/2
v2 exp

(

−
μv2

2kBT

)

. (30)

In this case, using a standard integral formulaa the thermal capture rate can
be analytically solved for any interaction decaying with higher exponent than
ν = 2b and expressed as

β(T ) =

√
8π

μ
Γ

(
ν − 2

ν

)(
A(ν − 2)

2

)2/ν
(kBT )

ν−4
2ν . (32)

Note the similarity between the prefactors here and in Eq. (23).

The functional form given in Eq. (32) indicates fundamental change in
temperature-dependency of different interaction exponents. Dependencies
like these have importance especially in kinetically limited gas-phase processes
i.e. in absence of any activation energy barrier. Usually the temperature
accelerates chemical reactions if an activation barrier exists (i.e. Arrhenius
behaviour), but some barrierless reactions manifest elevated reaction rates at
low temperatures (anti-Arrhenius) and according to Eq. (32) this is the case for
exponents 2 ≤ ν < 4. If ν = 4, according to the model, the rate is independent
of temperature (non-Arrhenius).

a In kinetic theory of gases, rather complicated exponentials integrals occur often. Here

the following solution is useful:

∫ ∞

0

dx xa exp(−cx2) =
1

2
Γ

(
a+ 1

2

)

c−
a+1
2 , if a > −1 and c > 0. (31)

bIn case of ν = 2 the gamma function is replaced with (ν − 2)/2 as a gamma function

property of Γ(x + 1) = xΓ(x), where x > 0, is used to derive Eq. (32).





Thermodynamics of nucleation

In the previous chapter two main approaches for nucleation kinetics have been

presented: the numerical integration of the birth-death equations (Eq. (4)) and

the steady-state solution for one-component nucleation rate (Eq. (13)). The latter

approach requires estimates for the equilibrium cluster densities at supersaturation

which can be rather rigorously related to the formation free energies, the key

thermodynamic quantity of nucleation. In case of multicomponent systems, relating

the equilibrium cluster densities to formation free energies is more ambiguous8, but

the evaporation/fragmentation rate coefficients used in Eq. (4) can be calculated

from the reaction free energy. Thus, in this chapter the thermodynamics behind

nucleation is mostly discussed in terms of a one-component system, apart from the

derivation of the fragmentation rate relation on page 28.

classical nucleation theory

In classical nucleation theory (CNT), the standard kinetic scheme (Eq. (13) in par-

ticular) with classical thermodynamics is used to calculate the nucleation rates at

the steady state. Historically, CNT has been widely tested against observed (ex-

perimental and simulation) results, and the theory has had rather mixed success in

predicting the nucleation rates, to say the least. The agreement between the the-

ory and experiments depends on studied substance and temperature. However, the

saturation ratio dependence of the classical nucleation rate is often correct (Wölk

and Strey, 2001; Iland et al., 2004). Despite the possible inaccuracies and caveats

of the theory, CNT is often applied as an analysis tool to predict or interpret the

nucleation rates and their trends.

The equilibrium distribution of cluster densities can be written as (Vehkamäki,

2006)

Neq
n = Θexp

(

−
ΔG

eq
n

kBT

)

, (33)

where ΔG
eq
n is the formation free energy of an n-cluster in a metastable equilib-

rium. The normalisation factor Θ has caused a lot of controversies (Courtney, 1961;

Girshick and Chiu, 1990; Weakliem and Reiss, 1994), however, here the formulation

of CNT follows the work by Saltz (1994). By expressing the normalisation factor

using the density and formation free energy of a monomer,

Θ = N
eq
1 exp

(
ΔG

eq
1

kBT

)

, (34)

8See Paper X for further discussion.
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the reciprocal steady-state nucleation rate (see Eq. (13)) can be written as

J−1 =
∑

n

exp
(
ΔGsatn −ΔGsat1

kBT

)

Snβn,1N1N
sat
1

=
∑

n

exp
(
ΔGsatn −ΔGsat1 −(n−1)kBT lnS

kBT

)

βn,1N
2
1

. (35)

Here the equilibrium state corresponds specifically to the saturated vapour (su-

perscript eq→sat). In Eq. (35), the numerator of the exponent is the so-called

“self-consistent” formation free energy of an n-cluster at supersaturation S (Gir-

shick and Chiu, 1990):

ΔGn = ΔG
sat
n − ΔGsat

1 − (n − 1)kBT lnS = ΔG
sat
n − nkBT lnS − ΔG1. (36)

In classical nucleation theory, the formation free energies are obtained by treat-

ing the clusters as spherical droplets with thermodynamic features of the bulk liquid.

A general liquid drop model can be used to represent the formation free energy as

(McClurg and Flagan, 1998)

ΔGn = An+ Bn2/3 + Cn1/3 + D + · · · (37)

The physical interpretation of Eq. (37) is the following: by creating an n-cluster,

energy is released or consumed upon volume, surface, curvature creation, and the

magnitude of these terms depends on the coefficients A, B and C, respectively.

According to Eq. (36), the volume term is A = −kBT lnS and the constant term is

D = −ΔG1. In CNT, the term C = 0 and the surface-related coefficient is given as

B = A1γ, (38)

where A1 is the surface area of a monomer and γ is the surface tension of the cluster-

vapour interface. Assigning planar surface tension to the microscopic clusters is

one of the most fundamental assumptions made in CNT known as the capillary

approximation. The validity of this assumption is widely disputed.

At suitable conditions, a free energy barrier emerges from the competition of

different terms in Eq. (37). The location of the top of this barrier is called the

critical cluster size, n∗. Clusters smaller than the critical size are more likely to

evaporate than to grow and vice versa. The size of the critical cluster can be found

by setting the derivative of ΔGn with respect to n is equal to zero, and thus the

critical size for the CNT formalism is

n∗ =

(

−
2B

3A

)3
. (39)

If the formation free energy has a distinct maximum, one can assume that only the

region around n∗ contributes to the sum in Eq. (35) as the maximum of exp(ΔGn/kBT )

is very sharp. Thus, the collision rate coefficient can be set constant and by making

the continuum approximation (i.e. n∗ is sufficiently large), Eq. (35) can be written

as

J−1 ≈
1

βn∗,1N
2
1

∫ ∞

0

dn exp

(
ΔGn

kBT

)

. (40)
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Furthermore, the formation free energy can be expanded as a Taylor series around

the critical cluster size:

J−1 =
1

βn∗,1N
2
1

∫ ∞

0

dn exp

(
1

kBT

∑

k=0

1

k !

dkΔGn∗

dnk
(n − n∗)k

)

. (41)

Thus, the nucleation rate can be expressed in its classical form

J = Zβn∗,1N
2
1 exp

(

−
ΔGn∗

kBT

)

, (42)

where the integral of the k ≥ 1 terms are included in the Zeldovich factor9 Z.

extensions and improvements to the classical theory

A series of experimental and theoretical studies of homogeneous nucleation in the

vapour phase has pointed out serious shortcomings of CNT. These shortcomings

are related to the use of the capillary approximation to estimate the thermodynamic

properties of clusters consisting only of a handful of monomers. In addition, missing

translational and rotational degrees of freedom in the classical expression for the

free energy barrier height have been a source of debate since the early days of

nucleation theory (Frenkel, 1946; Lothe and Pound, 1962; Reiss et al., 1997).

The attempts to correct the classical theory are often related to the liquid drop

model. In fact, the formation free energy formulation given in Eq. (36) constitutes

such correction, as in the liquid drop model of the original theory D = 0 which

allows non-zero ΔG1. Lothe and Pound (1962) introduced a rather significant

correction term into the classical free energy expression in order to account for

the translational and rotational degrees of freedom of the cluster. Later, Reiss

et al. (1997) argued that this correction term is in fact much smaller. Finally,

Reguera and Rub́ı (2001) assessed the “translational-rotational” correction term for

the metastable phase.

The other common thermodynamic modification to CNT is to include the size-

dependency of the cluster’s surface tension. Tolman (1949) presented the radius

dependency of surface tension as

γn = γ

(

1 +
2δT

r1n1/3

)−1

, (44)

where δT is the characteristic Tolman length. Expanding as a Taylor series and

truncating after the second term yields

γn = γ

(

1−
2δT

r1n1/3

)

. (45)

9Classically, the Taylor series is truncated after the quadratic term (and the first order term is

by definition zero) and after change of variables the integral is approximately

∫ ∞

−∞

dx exp

(

−
A1γn

∗−4/3

9kBT
x2
)

=

√
9πkBT

A1γn∗−4/3
= Z−1. (43)

The Zeldovich factor takes into account the fact that the overcritical clusters can still decay to

smaller sizes.
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Inserting this expression into Eq. (38) yields an additional term proportional to

n1/3 in the liquid drop model with coefficient C = 8πr1γδT. Various experimental,

theoretical and computational attempts have been carried out to estimate the Tol-

man lengths for different substances. However, the resulting Tolman lengths are

inconsistent, for example, both the size and sign of the Tolman length for water is

uncertain (Holten et al., 2005; Joswiak et al., 2013). It should be noted that rather

often the Tolman length is derived from the formation free energies using the liquid

drop model, when contributions from other possible non-classical terms may need

to be included in δT.

In Paper V and Paper VI, we found that for CO2 clusters, the classical liquid

drop model should be expanded with an extra term −A1γn
1/3, i.e. C = −B .

Although the above-mentioned corrections result in better predictions for some

specific systems, a universal improvement has not been reached. In fact, the more

sophisticated approaches may even worsen the outcome. Such specificity is un-

derstandable, since simplifications like the liquid drop model may not reflect the

features of nanoscopic clusters composed of molecules with unique structures and

interactions.

atomistic details of cluster structures: potential en-

ergy surface and partition function

The often observed failure of CNT (and its modifications) has motivated researches

to develop molecular-level theories of nucleation using statistical mechanics with

aid of computational physics and chemistry. Instead of using secondary properties

such as surface tension while calculating the formation free energies of micro-

scopic clusters, the investigated clusters are constructed according to modelled

inter- and intramolecular forces. The forces dictate the most favourable geometries,

even though a cluster may, in principle, exhibit any geometrical configuration of

atoms/molecules. The configurational energies E c calculated for different geome-

tries form a multidimensional function known as the potential energy surface or

landscape. Such a landscape is depicted schematically in Fig. 7. On this surface,

the most stable configurations are located at the minima10 and in the context of

this thesis, these configurations are called structures. The lowest energy pathway

connecting two structures is represented by a saddle point. The configurations

corresponding to these saddle points are known as the transition states.

As an illustrative example, the three lowest energy structures of a Lennard-

Jones 13-cluster with the respective configurational energies are shown in Fig. 8.

Already the fact that one of the structures is a perfect icosahedron gives away that

it is very strongly bound.

The energetically low-lying clusters are often referred as the most stable clus-

ters, however this statement is strictly true only at T = 0 K. At non-zero tem-

peratures, instead of potential energy, the stability is assessed by minimisation of

free energy. Free energy can be understood as a temperature-related competition

10A minimum energy configuration is in mechanical equilibrium as there is no net force acting on

it i.e. dE/dr = 0.
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Atomistic geometry
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Figure 7: Schematic illustration of the potential energy landscape. There are three dis-

tinct energy regions: ordered (low energy), intermediate, and unordered (high energy).

The magnitude of entropy (or density of microstates) corresponding to different regions is

indicated by the line color: from high entropy (pink) to low (blue).

between energy and entropy S; the Helmholtz free energy is defined as

F = E − T S, (46)

where E is the total energy (including both potential and kinetic contributions). At

low temperatures, the most stable state is located at the bottom of the potential

energy surface, but as the system’s temperature increases, the entropic contribution

may push the system towards higher energies. The clusters’ free energies (and

more importantly the equilibrium distributions of clusters) can be estimated using

partition functions. The canonical partition function of a cluster is defined as a

function of energies Ei of all possible microstates i:

z =
∑

i

exp

(

−
Ei

kBT

)

. (47)

The partition function of a set of N non-interacting and indistinguishable clusters

is

Z =
zN

N !
. (48)

Partition functions are very powerful as any thermodynamic quantity of a system

can be derived from it. For example, for canonical ensemble the total energy of a

E c = −44.33ε E c = −41.47ε E c = −41.44ε

Figure 8: Three lowest energy structure for Lennard-Jones 13-cluster with the respective

configurational energies. The structures are based on results of global optimisation by

Wales et al. (2020).
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cluster is determined as

E = kBT
2

(
∂ ln z

∂T

)

. (49)

and the entropy as

S = kB ln z + kBT

(
∂ ln z

∂T

)

. (50)

In general, loosely bound clusters have larger partition functions than the ener-

getically low-lying, more strongly bound clusters.11 Thus, the entropy increases

with increasing configurational energy. In Fig. 7, this relative difference in en-

tropy is illustrated with the changing line colour. The preferred cluster structures

and their effect on formation free energy at a finite temperature are demonstrated

in Interludes II and III for Lennard-Jones clusters (on page 35 and on page 47,

respectively).

statistical mechanics approach to nucleation

The state-of-the-art computational methods applied in the atmospheric nucleation

studies, namely ab initio12 quantum chemistry, often yield very accurate information

about the configurational energies and molecular geometries of clusters at T = 0 K.

However, these methods do not directly provide any thermodynamical information.

After the minimum energy structure is found, the effect of temperature is included in

ad hoc fashion using statistical mechanics. Essentially this means that the clusters

are assumed to be structurally solid or crystal-like, but at the same time the clusters

have liquid-like ability to find the global energy minimum very rapidly after the

cluster is formed.

Such a molecular model has been used already in 1970’s to study water, ice

and Lennard-Jones clusters (Plummer and Hale, 1972; Hale and Plummer, 1974;

Hoare and Pal, 1975). Nowadays such clusters with relatively simple intermolecular

interactions are treated with more sophisticated methods (e.g. using Monte Carlo or

molecular dynamics simulations, both discussed later in this thesis). The statistical

mechanics approach, however, is still widely used to estimate the thermochemical

properties of rather complex atmospherically relevant clusters due to computational

limitations.

First of all, it is assumed that the different modes of motion are uncoupled, and

therefore the partition function of an n-cluster (or a monomer) can be divided into

sub-partition functions of the translational motion of the centre of mass, ztrn , and the

internal motion (including the configurational energy) that conserve the position of

the centre of mass of the cluster, zintn . Due to the uncoupling, the sum in Eq. (47)

can be written as

zn =
∑

i

exp

(

−
E tri
kBT

)∑

j

exp

(

−
E intj

kBT

)

= ztrn z
int
n . (51)

11As in the case of the hypothetical spring obeying Hooke’s law, the vibrational frequencies ω

are higher for strong bonds, and the relation between z and ω is given further in Eq. (87).
12Meaning from first principles. Ab initio methods are based on solving the Schrödinger (or

Kohn-Sham) equations without any empirical or experimental input.
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In same manner, the internal partition function is written as

z intn = zrotn zvibn zcn, (52)

where rigid rotor (RR) and harmonic oscillator (HO) approximations are commonly

used to calculate the rotational and vibrational partition functions, zrot and zvib.

The partition function related to the configurational energy E cn of an n-cluster is

expressed as

zcn = exp

(

−
E cn
kBT

)

. (53)

According to Eqs. (46), (49) and (50), the Helmholtz free energy of a system13

of N identical clusters can be related to the cluster’s partition function z as

F

kBT
= − lnZ = −N ln

z

N
−N, (54)

where Eq. (48) and the Stirling approximation14 have been used. The second law

of thermodynamics states that the entropy of the system reaches its maximum at

equilibrium. This is equivalent to the system reaching its free energy minimum.

Thus for a one-component case, a system consisting of N1 and Nn free monomers

and n-clusters, respectively, is at equilibrium with respect to the number of n-

clusters when

∂ lnZ

∂Nn

=
∂

∂Nn

ln(Z1Zn) =
∂

∂Nn

ln

(
zNn
n

Nn!

zN1

1

N1!

)

= 0. (55)

Using the Stirling approximation and keeping the total number of monomers (i.e.

Ntot = N1 + nNn) constant results in the law of mass action:

Nn

zn
=

(
N1

z1

)n

. (56)

Assuming that ΔG1 = 0, the equilibrium distribution of a one-component cluster

can be given as

Nn = N1 exp

(

−
ΔGn

kBT

)

. (57)

According to Eqs. (56) and (57), the formation free energy can be expressed as

ΔGn

kBT
= n ln z1 − ln zn − (n − 1) lnN1. (58)

The translational partition function is proportional to the occupied volume of the

system:

ztrn =
V

Λ3n
, (59)

13 As a population of clusters is considered, the partition function in Eqs. (49) and (50) is Z

instead of z . Note that for free energies of some population calligraphic symbol is used. In case of

“free energy per cluster” a normal capital letter is used instead.
14ln x! ≈ x ln x − x , when x � 1.
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where Λn is the thermal de Broglie wavelength of the cluster, defined as

Λn =

√
h2

2πnm1kBT
. (60)

Assuming the vapour is close to an ideal gas (i.e. P1V = N1kBT ), the pressure-

dependency of the formation free energy becomes evident:

ΔGn

kBT
= n ln Λ−3

1 zint1 − ln Λ−3
n zintn − (n − 1) ln

P1

kBT
. (61)

The last term of the equation resembles the (n−1)kBT lnS term of Eq. (36), here the

equilibrium vapour pressure is virtually included in the internal partition functions.

In addition, several previous studies (see, e.g., Hoare and Pal (1975); McClurg and

Flagan (1998)) have demonstrated that the other leading term of the formation free

energy expression is roughly proportional to n2/3.

Whereas the presented derivation is valid for one component systems only, the

law of mass action can be used to determine the fragmentation rate coefficients for

multicomponent clusters just as easily. At equilibrium, the forward (from reactants

to product) and the backward (from product to reactants) fluxes are equal:

βi,jN
eq
i N

eq
j = αi+jN

eq
i+j . (62)

By considering the number of reactants (clusters i and j) and products ((i + j)-

cluster) in the same volume V (i.e. Ni = N
eq
i V ), Eq. (56) can be expressed as

N
eq
i N

eq
j

N
eq
i+j

=
1

V

zizj

zi+j
=

αi+j

βi,j

. (63)

For an ideal gas, the system’s Gibbs free energy is G = F + PV , and thus the

Gibbs free energy per monomer/cluster can be written as

G

kBT
=

F

NkBT
+

PV

NkBT
= − ln

z

N
. (64)

If the Gibbs free energies of the reactants and the product are calculated for some

equal N (= Ni = Nj = Ni+j ), Eq. (63) can be expressed as

αi+j = βi,j

N

V
exp

(
Gi+j − Gi − Gj

kBT

)

, (65)

where the numerator of the exponent is the free energy of the reaction of adding

the reactants together. The reason for expressing the fragmentation rates via Gibbs

free energies (instead of partition functions) is purely practical as these rates are

often used as coefficients in GDM related to atmospheric processes, and in at-

mospheric computational chemistry, Gibbs free energy is the standard thermody-

namic potential. The Gibbs free energies are calculated at reference pressure of

P = NkBT /V = 101325 Pa by default.

Finally, as mentioned already on page 24, one cluster can have multiple min-

imum energy structures; two clusters containing exactly the same monomers are
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not necessarily identical. Different structures of the same cluster differ not only

in their configurational energies but also in rotational and vibrational motion. The

change in the vibrational frequencies typically affect the free energy the most. As

the partition function is a sum over all the microstates, the multistructure partition

function can be expressed as

z =
∑

k

∑

i

exp

(

−
Ek,i

kBT

)

=
∑

k

zk , (66)

where index k runs over all minimum energy structures. The contribution of the

local minima becomes significant especially at high temperatures: the less bound

structures tend to have lower vibrational frequencies which produce larger partition

function.

In Paper I, we have demonstrated by using Eq. (66) how to account for multi-

ple minimum energy configurations while calculating free energies for atmospheric

clusters. This study was motivated by the erroneous use of Boltzmann averaging of

free energy over the different minima in recent literature. Instead of calculating a

weighted average of free energies of different configurations (the average Gibbs free

energy is thus larger or equal to the global minimum value), one should consider

the local minima as incremental microstates which should decrease the Gibbs free

energy i.e. stabilise the cluster.

configurational integral and monte carlo sampling

Whereas the quantum chemical calculations are able to describe the intermolecular

interactions with a high level of accuracy, the partition function is typically limited

to the global minimum energy structure and the assumption of harmonic vibrational

motion and uncoupled modes. While this might be a suitable approach for small,

strongly bound systems at relatively low temperatures, such as atmospheric acid-

base clusters, for many systems the full configurational space should be studied.

For example, it is clear that a liquid-like cluster is not structurally static, but

it can rather freely move from one structure to an other while behaving rather

anharmonically.

Instead of considering just a single “rigid-rotor-harmonic-oscillator” structure

(or even structures), a volume of imperfect vapour (containing free monomers and

clusters) withN identical monomers (with mass m1) can be described by the Hamil-

tonian containing the sum of the kinetic and potential energy of the system:

H =
1

2m1

N∑

i

p2i + U(r1, . . . , rN ), (67)

where pi and ri are the momentum and the coordinate vector of monomer i, respec-

tively. The exponential summation of the Hamiltonian over all microstates (i.e. all

monomer positions and momenta) results in the canonical partition function of the
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system, and can be expressed as15

Z =
1

N !

∑

i

exp

(

−
Hi

kBT

)

= Λ−3N
1 Z c, (69)

where Z c is the configurational integral of the system:

Z c =
1

N !

∫

. . .

∫

dr1, . . . , drN exp

(

−
U(r1, . . . , rN )

kBT

)

. (70)

As the imperfect vapour is composed of free monomers and a set of different sized

clusters, by assuming that the clusters (or free monomers) do not interact with each

other, the configurational integral can be expressed as (Lee et al., 1973)

Z c =
∑

Nn

∏

n

(zcn)
Nn

Nn!
. (71)

Here Nn is the number of n-clusters in the system, which satisfies the following

constraint: ∑

n

nNn = N. (72)

The cluster-specific configurational integral is

zcn =
1

n!

∫

. . .

∫

dr1, . . . , drn exp

(

−
U(r1, . . . , rn)

kBT

)

. (73)

In fact, Eqs. (71) and (72) lead to the law of mass action (Lee et al., 1973):16

Nn

zcn
=

(
N1

zc1

)n

. (74)

Ideally, the formation free energies could be evaluated by computing Eq. (73)

through “brute force”. It would be possible to confine n monomers into some vol-

ume and generate random locations for them and then calculate the configurational

energy. This is known as the brute-force Monte Carlo method. Probing the whole

space, however, is practically impossible as the number of evaluations reach astro-

nomical levels even for the smallest clusters. Furthermore, numerical integration

over some finite volume of phase space is very inefficient as most of the evaluated

integrands have negligible value and it is highly probable that the points that have

substantial contributions to the integral are missed.

15In classical treatment, the sum translates to volume integral over the phase space:

∑

i

→
1

h3N

∫

. . .

∫

dr1, dp1, . . . , drN , dpN . (68)

Furthermore, the integral over momenta results in Gaussian integrals which can be reduced to the

de Broglie wavelength of a monomer.
16Equations (56) and (74) are identical as zn = Λ

−3n
1 zcn.
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A very effective solution for exploring the points in space where the integrand

is non-vanishing is the Metropolis algorithm. The underlying idea is to randomly

probe the configurational space but preferring the points with most substantial

contribution17. In the brute-force approach, the subsequent set of points {r1, . . . , rn}

are independent of each other, whereas in the Metropolis scheme the sampling

follows a random walk through a path where the integrant is non-negligible. The

caveat of the Metropolis approach is that the sampling is energetically biased and it

samples only the “important” parts of the phase space. Thus, the partition functions

zcn can not be directly calculated.

However, the Metropolis sampling will converge to equilibrium distribution. In

equilibrium, the detailed balance is assumed between states i and j :

PiK (j |i) = PjK (i|j), (75)

where P is the probability density of the state, and K (j |i) is the transition rate

from state i to j . In the canonical ensemble, Pi ∝ exp(−U(r1, . . . , rn)/kBT ) and the

probability that a monomer at position r1 is moved to r′1 is min[1,M(r1 → r′1)], where

M(r1 → r′1) = exp

(

−
U(r1, . . . , rn)− U(r′1, . . . , rn)

kBT

)

. (76)

In similar fashion, the simulation step can be a random creation or annihilation of

a monomer when considering a grand canonical ensemble. After calculating the

total probabilities of transition (creation and annihilation) per Monte Carlo step

for different n-cluster configurations, the canonical ensemble averages for growth,

〈P
g
n〉, and decay, 〈Pd

n〉, probabilities can be computed. It turns out that these prob-

abilities can be connected to the kinetic collision and evaporation rate coefficients

(Merikanto et al., 2004): with the aid of Eqs. (57) and (62), the formation free energy

can be written as

ΔGn

kBT
= ln

N
eq
1

N
eq
n

= ln

(
N
eq
1

N
eq
2

. . .
N
eq
n−1

N
eq
n

)

=

n−1∑

i=1

ln
αi+1,1

N
eq
1 βi,1

≡

n−1∑

i=1

ln
〈Pd

i+1〉

〈P
g
i 〉

. (77)

So, by carrying out a semi-grand canonical Monte Carlo simulation based on

Metropolis sampling, the formation free energies can be calculated. This approach

is used in Paper III, and the full description and derivation can be found from

papers by Merikanto et al. (2004) and Vehkamäki and Ford (2000). It is worth

mentioning that a number of different approaches have been developed to estimate

cluster formation free energies, and the semi-grand canonical method is just one of

many (see, e.g., Oh and Zeng (2000); Chen et al. (2001); Hale and DiMattio (2004)).

17One could say that the Metropolis sampling generates states with a probability exp(−U/kBT )

which are then treated equally, whereas the brute-force Monte Carlo generates states with equal

probability which are then weighted with exp(−U/kBT ).
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direct molecular dynamics simulations of nucleation

Whereas in Monte Carlo simulations the phase space is explored stochastically

based on the configurational potential energy, in Molecular Dynamics (MD) sim-

ulations the kinetic part of the Hamiltonian is directly included. In MD the time

evolution of a many-body system is studied, and the motion of an atom in the

system obeys Hamilton’s equations (which are equivalent to Newton’s equations of

motion):
dpi

dt
= −

∂H

∂ri
= −

∂U

∂ri
= Fi, (78)

and
dri

dt
=

∂H

∂pi

=
pi

m1

= vi. (79)

Integration of these equations will yield the trajectory describing the positions and

velocities of the atoms in the system during some period of time. However, the

integration of many-body equations has to be executed numerically step-by-step.

To ensure stable integration, the integration time step has to be small enough to

resolve the fastest degrees of freedom of the system, typically of the order of one

femtosecond.

It follows from Hamilton’s equations that the Hamiltonian given by Eq. (67) is

conserved over time,
dH

dt
= 0, (80)

and the Hamiltonian represents a microcanonical ensemble, i.e. an isolated system

in which total energy is conserved. To achieve a canonical ensemble, the Hamilto-

nian has to be expanded to include additional degrees of freedom which connect the

system to a heat bath (Nosé, 1984). Now the total energy of the simulated atoms is

allowed to fluctuate, but the expanded Hamiltonian is conserved. This is known as

thermostatting. Ideally, a Monte Carlo phase space sampling and gathering data

over a sufficiently long MD simulation should yield identical results for a system

in thermal equilibrium (this is known as the ergodic hypothesis).

However, in the context of nucleation, MD simulations are rarely used to directly

compute equilibrium properties of clusters, but to simulate the metastable vapour.

The actual time evolution of free monomers is followed until large, stable clusters are

observed as the system is approaching equilibrium. This change of focus enables the

shift from thermal equilibrium to non-equilibrium, which is desirable as nucleation

is fundamentally a non-equilibrium process. In addition, unlike the free energy

methods, the nucleation kinetics is inherent to the MD simulations as monomers

and clusters freely collide with each other in the simulation box18. Yet, the caveat

of brute-force MD are related to computational resources. Firstly, the nucleation

has to happen spontaneously within the simulated time which is typically less than

one microsecond. Secondly, multiple nucleation events i.e. over-critical clusters

should be observed to ensure sufficient statistics. This requirement can be ensured

by using one very large system (∼ 105 . . . 109 monomers) or several small ones

(< 1000 monomers). As nucleation is a rare event, fulfilling both requirements will

18Periodic boundary conditions are imposed to simulate continuous bulk system.
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“Integration

of Hamilton’s

equations of motion”

Figure 9: Illustration of a typical molecular dynamics simulation of nucleation. The initial

system (on left) consists only of free monomers (shown as grey dots) in cubic space. During

the simulations the time-evolution of the monomer positions and velocities are solved by

integrating Hamilton’s equations of motion after every simulation time step. After a sufficient

amount of steps, several nucleation events have occurred, as shown on right. Clusters larger

than ten monomers are highlighted as black.

practically limit the MD simulations to relatively high nucleation rates. Moreover,

as the interatomic forces have to be evaluated for thousands of atoms after every

time step, the studied atomistic interactions have to be relatively simple or the

molecular interactions have to be coarse-grained.

Due to the overall computational cost of MD simulations, the application of

such simulations to experimentally observed nucleation is challenging. Even the

highest experimentally observed nucleation rates are practically too low to study

with MD. However, even if the MD simulations are often not directly comparable

with experiments, they can still shed light on the basic mechanisms and features of

nucleation. In some cases, the direct MD simulations can give valuable insight into

atomistic details of nucleating clusters, which cannot be probed experimentally.

In a large simulation system, multiple nucleation events occur and the nucleation

rate can be obtained from a single simulation run using the Yasuoka-Matsumoto

threshold method (Yasuoka and Matsumoto, 1998). In this method the number of

clusters exceeding some threshold size are monitored during the simulation and

plotted against simulation time. For threshold sizes larger than the critical cluster

size, the resulting plots should show linear trends with equal slopes. The nucle-

ation rate is then obtained by dividing this slope by the simulation box volume.

Alternatively, if single nucleation events are observed in multiple simulation runs,

the mean first-passage time (MFPT) approach can be used to calculate the nucle-

ation rate (Wedekind et al., 2007b). Here the average time to observe an n-cluster

for the first time, τ(n), follows a relation derived from the Fokker-Planck equation,

τ(n) =
1

2JV

[
1 + erf(

√
πZ(n − n∗))

]
, (81)

where erf(. . . ) denotes the error function. Using Eq. (81) to analyse the recorded

cluster data, the nucleation rate, critical cluster size and even the Zeldovich factor

are deduced as the three fitting parameters. However, due to the stochastic nature

of nucleation, a great number of individual simulations is needed to get sufficient
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statistics for τ(n). Chkonia et al. (2009) have demonstrated that both Yasuoka-

Matsumoto and MFPT approaches result in rather similar nucleation rates.

As the actual number densities of different clusters sizes, Ni, are stored through-

out a nucleation simulation, the formation free energy can be evaluated using the

principle of detailed balance (as in Eq. (62)). According to detailed balance, at

“supersaturated equilibrium” there should be zero net flux between adjacent cluster

sizes,

βi−1,1N
eq
1 N

eq
i−1 − αiN

eq
i = 0, (82)

and in the nucleation stage the flux should be non-zero (see Eq. (8)). Assuming that

N1 = N
eq
1 , using Eqs. (8), (33) and (82), the following relationship can be derived

ΔGi − ΔGi−1 = δΔGi = −kBT

(

lnNi + ln

(

Ni−1 −
J

βi−1,1N1

))

. (83)

Since the monomer density is selected to be equal at supersaturated equilibrium

and during nucleation (i.e. ΔG1 = 0), the formation free energy can be computed

as

ΔGn ≡

n∑

i=1

δΔGi. (84)

This free energy procedure assumes cluster size to change one monomer at a time.

In case of simple, rather weakly interacting monomers this assumption is valid

even at relatively high densities; in Paper VI, we have demonstrated that during

nucleation the number of CO2 dimers is only a fraction of the number of monomers,

and thus the dimer-cluster collisions can be neglected.

While simulating a system in equilibrium (i.e. in absence of any notable

phase transition) thermalisation can be achieved using an expanded Hamiltonian

(or crudely scaling the atom velocities after every time step) which controls the

heat flow in and out of the whole system. Such global thermostatting, however, is

not well-suited for nucleation MD simulations. During clustering, latent heat is

released as new bonds are formed between monomers, and thus the excess energy

is localised in a specific cluster. In this case, thermostatting would remove energy

not only from monomers possessing the excess energy, but from all monomers in

the system. Such a treatment of latent heat results in density-dependent bias on

the nucleation rate. The effect of global thermostatting is studied in Paper III. To

circumvent thermostatting, a carrier gas can be incorporated in the simulation, and

only these additional atoms are then connected to a thermostat. Obviously, this

approach comes with an extra computational cost: the number of simulated atoms

is roughly doubled as the required ratio of nucleating monomers to carrier gas is

unity.

Moreover, MD simulations can be used to study underlying bimolecular colli-

sions in detail and in isolation, i.e. in the microcanonical ensemble. The Hamil-

tonian given in Eq. (67) governs the dynamics of the entire system. Using such

simulations, in Paper IV different collision trajectories of sulfuric acid molecules

were studied by varying the initial velocities and impact parameters.
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interlude ii: formation free energies of lennard-jones clusters

As discussed, the formation free energies of a cluster can be estimated based
on its global minimum energy and configuration using Eq. (61). The lowest en-
ergy structures of Lennard-Jones clusters are well studied and easily accessible.a

The contribution of different modes of motion of the cluster are treated indepen-
dently using text-book partition functions for translational, rotational and vibra-
tional contributions. The translational partition function is already included in
Eq. (61), and this equation can be further simplified for a monatomic n-cluster
(for which zint1 = 1) at monomer density N1:

ΔGn

kBT
=

Ecn
kBT

− ln zrotn zvibn −
3

2
lnn − (n − 1) lnN1Λ

3
1. (85)

The rotational partition function of a rigid, nonlinear cluster is

zrotn =

√
π

σr

(
8π2kBT

h2

)3/2 √
Ixx IyyIzz , (86)

where σr is the symmetry number of the cluster, and Ixx , Iyy and Izz are the three
principal moments of inertia which can be calculated from the 3D cluster struc-
ture. The (harmonic) vibrational partition function is

zvibn =

3n−6∏

i=1

exp
(
− hωi

2kBT

)

1− exp
(
− hωi

kBT

) , (87)

where ωi is the vibrational frequency of the ith normal mode and h is the Planck
constant. These frequencies can be found from the standard normal mode
analysis by constructing the Hessian (i.e. a 3n×3n matrix, whose elements are
∂2U/∂ri∂rj) for the minimum energy positions of the monomers.

FIGURE 10: Formation free en-
ergies of Lennard-Jones clus-
ters (n=6, 13 and 55) as a
function of temperature. The
dashed lines correspond to the
statistical mechanics approach
using only one configuration,
whereas the solid lines show the
Monte Carlo simulated values.

The results from Eq. (85) for three different
cluster sizes (n = 6, 13 and 55) are shown
in Fig. 10 with the corresponding results from
Monte Carlo simulations at monomer den-
sity N1=0.0012σ−3. The MC data is the same
that was used in Paper III. At low temper-
atures both approaches yield rather similar
formation free energies, but the statistical
model constrained to the minimum energy
(i.e. solid) configuration gives much higher
ΔG values as temperature increases. At
high temperatures both anharmonicity and
rotational-vibrational coupling are more pro-
nounced and this is not captured by the sta-
tistical model. Moreover, as discussed in the
next chapter (and shown in Interlude III on
page 47), these clusters prefer the liquid state
over the solid state above T ≈ 0.3ε/kB.

As the nucleation rate is proportional to
exp(−ΔG/kBT ), even deviations of this magni-
tude result in many orders of magnitude different nucleation rates. Based on Pa-
per III the MC data describes homogeneous Lennard-Jones nucleation rather
accurately at T=0.3. . . 0.65 ε/kB, and this implies that the statistical mechanics
approach is not applicable for rather loosely bound monatomic systems at tem-
peratures relevant for nucleation.

aThe Cambridge Cluster Database offers a variety of optimised cluster energies and struc-

tures in a downloadable form (Wales et al., 2020).





Undercooling and phase of nucleating clusters

undercooling and nucleation in supersonic nozzles

The rate of nucleation is extremely sensitive to temperature, as for a constant

vapour pressure the saturation ratio S increases with decreasing temperature. The

probability of nucleation, thus, increases when a system is cooled down, and if the

cooling rate is high enough a metastable system can be cooled down rather far

without undergoing a phase transition. This is known as super- or undercooling. A

classical example is undercooling of liquid water: pure water can be cooled down

well below its melting point, 273 K, without it turning into ice. The emphasis is on

the word pure, as existing impurities or surfaces enable heterogeneous nucleation

at higher temperatures. Essentially, near the melting point the nucleation rate is

extremely low and the phase transition would not happen within a reasonable time

span19 and the liquid water phase can be maintained until the temperature reaches

∼ 235 K.

Undercooling does not only exist in liquids, but also vapour can be undercooled

with respect to the solid. Experimentally, a very significant undercooling of vapour

can be achieved especially in supersonic nozzles, where an initially warm, under-

saturated gas mixture (nucleating vapour + carrier gas) expands adiabatically as it

flows through the nozzle from a plenum into a vacuum chamber. An adiabatic pro-

cess does not involve any heat transfer between the system and the surroundings,

thus the expansion causes increase of potential energy and consequently decrease

of kinetic energy i.e. temperature drop which eventually initiates nucleation. The

temperature drop is so rapid that very high supersaturations and nucleation rates

can be achieved. The phase transition process in a nozzle is illustrated in Fig. 11.

In supersonic nozzle experiments, the nucleation rate is rather constant but the

onset temperatures or pressures for nucleation are not directly regulated. Different

onset pressures and temperatures for nucleation can be obtained by changing the

mixing ratios of the gas in the plenum.

In Fig. 12 (known as the Wilson plot), a collection of measured homogeneous nu-

cleation conditions for both H2O and CO2 are shown on their temperature-pressure

phase diagrams. Due to the differences in used measurement techniques, at constant

temperature the nucleation can be observed at different pressures as the nucleation

rate in different experimental setups can vary by several orders of magnitude. How-

ever, in case of the CO2 measurements, the nucleation rates are rather consistent

(at least for data points below the triple point). The Wilson plot shows that the

19Sanz et al. (2013) estimated that at T = 253 K appearance of one(!) critical ice cluster in a

volume equivalent to the hydrosphere’s water content would take the age of the universe!

37
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Figure 11: Illustration of nucleation in a supersonic nozzle (the experimental setup used

in Paper V). The cooling of the vapour is depicted as colour gradient from hot (magenta)

to cold (blue). Formed clusters and nanoparticles are shown as circles and pentagons for

liquid- and solid-like particles, respectively. In the study, Fourier transform infrared (FTIR)

spectroscopy was used to measure the vibrational spectra of the nanoparticles.

experimental temperature-pressure conditions at which nucleation occurs are often

in the region where solid is the thermodynamically stable phase. For H2O, a large

portion of the measurements are conducted at an undercooling of ∼ 40 . . . 70 K

i.e. below the homogeneous ice nucleation temperature. The situation can be even

more drastic for CO2. In the experiments related to Paper V, an undercooling of

142 K was reached. Such extreme nucleation conditions raise the question: are

the nucleating clusters liquid- or solid-like?

Knowing the phase of the nucleating clusters is essential for modelling. First, if

nucleation is modelled using “classical” thermodynamics, the thermophysical prop-

erties (surface tension above all) has to be known accurately for the appropriate

phase of the critical cluster. Usually these properties are parameterised using data

measured near20 equilibrium conditions and then extrapolated into the metastable

region. Secondly, computational free energy methods (such as canonical Monte

Carlo simulations or the statistical mechanics approach discussed on pages 29–31

and on pages 26–28, respectively) often assume either thermal or mechanical equi-

librium and the resulting free energies may not capture the true cluster properties

if the nucleating clusters deviate dramatically from assumed equilibrium (this is

demonstrated in Interlude II for Lennard-Jones clusters on page 35).

Experimentally characterising clusters with respect to their structure in situ is

rather difficult. In Paper V, the vibrational spectra of imperfect CO2 vapour flowing

through the supersonic nozzle was measured using Fourier transform infrared (FTIR)

spectroscopy. The measurable wavenumber range was restricted between 1000 and

4000 cm−1, which is suitable to probe the asymmetrical stretching mode of a CO2
molecule (∼ 2345 cm−1). This band is optimal for monitoring the change in particle

size, shape and structure (Isenor et al., 2013). As the distance between the FTIR

instrument and the throat of the nozzle can be varied, different particle sizes can be

20Due to undercooling the metastable regions can be explored in state-of-the-art measurements,

for example thermophysical properties of water can be directly studied at T ≈ 240 K (Vinš et al.,

2020).
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Figure 12: Phase diagrams of water (left) and carbon dioxide (right). The black lines show

the gas-solid, gas-liquid and liquid-solid equilibrium phase boundaries. The intercept of

these lines is the triple point (273.15 K for H2O and 216.55 K for CO2). The markers

correspond to the supersaturated conditions at which various homogeneous nucleation ex-

periments21 are carried out. The crosses highlight the supersonic nozzle experiments. For

H2O, the homogeneous ice nucleation temperature (235 K) is depicted as a grey line.

studied as the average particle size increases the farther they travel from the throat

of the nozzle. However, near the throat the gas phase spectra caused interference

and a clear signal from the smallest clusters could not be observed. At distances

from the throat where firm signals from non-gaseous particles can be obtained, the

clusters have already grown to nanoparticles. The experimental data suggest that

the overcritical CO2 clusters eventually become solid-like nanoparticles. But the

structural details of the nucleating clusters are lacking.

In a similar setup, Manka et al. (2012) and Amaya and Wyslouzil (2018) were

able to identify undercooled H2O nanoparticles (with radii r ≈ 3 . . . 10 nm) below

the bulk homogeneous ice nucleation limit (T ≈ 235 K). For these nanoparticles,

they observed a rapid transformation from the liquid to the solid state. However,

the studied temperatures were relatively close to the ice nucleation limit (between

202 and 225 K in both studies), whereas the CO2 nucleation temperatures reported

in Paper V are over 70 K below the highest homogeneous crystal nucleation tem-

perature reported for CO2 (Leyssale et al., 2005).

21The H2O data is from Miller et al. (1983); Viisanen et al. (1993); Lujiten et al. (1997); Wölk

and Strey (2001); Mikheev et al. (2002); Wyslouzil et al. (2007); Manka et al. (2007); Brus et al.

(2008, 2009); Manka et al. (2010). The CO2 data is from Paper V, Duff (1966); Lettieri et al. (2018);

Lippe et al. (2019).
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melting point depression of equilibrium clusters

In 1909, Pawlow (1909) predicted that at a certain temperature micron-sized parti-

cles could behave in a liquid-like manner whereas the bulk matter would be solid.

This is known as the melting point depression. Melting is not conceptually any

different to nucleation, again the phase transition (from solid to liquid) is deter-

mined by the free energy difference between the two phases, but now the number

of atoms is kept constant. Thermodynamically, the melting point corresponds to the

temperature at which the free energies of the solid and liquid phases are equal, as

illustrated in Fig. 13(a). For a nanoparticles with radius r , this point is achieved at

melting temperatures Tm(r) ≤ Tm,∞ (where Tm,∞ is the bulk melting point), because

the surface-to-volume ratio increases with decreasing size. Due to the relatively

high number of surface atoms/molecules the surface tension is high, and for a solid,

the cost of having a surface is usually higher than for a liquid. For nanoparticles, the

Gibbs-Thomson equation rather adequately predicts the melting point depression

as a function radius r:
Tm(r)

Tm,∞
= 1−

2γsl

rΔH
, (88)

where γsl is the solid-liquid surface tension and ΔH is the bulk enthalpy difference

between liquid and solid i.e. the latent heat of fusion. For spherical nanoparticles

the melting point depression given by Eq. (88) can be expressed as a general

relation as a function of size n

Tm(n)

Tm,∞
= 1− gn−1/3, (89)

where g is a substance-specific coefficient. In this approach the nanoparticles

are assumed to share the dominant structure and surface properties with the bulk

medium. However, the monotonous melting point depression trend given by the

Gibbs-Thomson equation is often lost for clusters smaller than r < 1 nm. This is

demonstrated with Lennard-Jones clusters in Fig. 13(b): large clusters (n > 300)

follow the relation given by Eq. (89), whereas smaller clusters do not show so

drastic melting point depression. In some extreme cases, the smallest clusters can

stay solid even above the bulk melting temperature (Neal et al., 2007).

The reason for this irregular size-dependency arises from the finite-size effects:

unlike the nanoparticles, the atomic/molecular clusters can not be treated as “mini

bulk” especially in case of crystalline clusters. For example, crystalline solids usu-

ally have a well-defined minimum energy structure or motif (such crystal motifs

are, e.g., face-centred cubic (fcc) and body-centered cubic (bcc) structures). How-

ever these motifs can be transformed at cluster-level, as by changing the motif a

more energy-efficient surface is created. Thus the overall configurational energy is

optimised, but entropic effects might further change the structure at finite temper-

atures. Maybe the most famous example is the 13-cluster: material that exhibits

bulk fcc motif finds an icosahedral global minimum energy configuration when it is

reduced to a cluster with 13 monomers. This is true, e.g., for solid Lennard-Jones

and CO2-TraPPE clusters (studied in Paper VI). In Interlude III on page 47, the

melting temperature of a Lennard-Jones 13-cluster is estimated using the three
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Figure 13: (a) Illustration of the temperature dependencies of free energy for both liq-

uid and solid phases. The intersection, where the free energies are equal, indicates

the melting point temperature Tm. (b) Melting point depression of Lennard-Jones clus-

ters. The melting point of an n-cluster with respect to the bulk melting point is shown

as a function of n−1/3. Here the solid line corresponds to the general relation given

as Eq. (89). The simulated melting points are represented as points for cluster sizes

n = {13, 55, 147, 309, 561, 923, 6606} (Rytkönen et al., 1997; Van Sang et al., 2013).

approaches introduced in the previous chapter (MC, MD and statistical mechan-

ics). Other icosahedral magic numbers are 55, 147, 309. . . 22 These clusters have

very compact structures, and thus they tend to be much more stable than their

neighbouring sizes.

The change in stability is not solely a feature of the “magic clusters”, but other

clusters can exhibit rather peculiar behaviour as well. In the context of melting

point, most of the molecular clusters consisting of less than 100 monomers do not

follow the depression proportional to n−1/3, even though their melting points are

below the bulk value. Thus, even if the clusters are undercooled with respect to the

bulk solid, they are not necessarily in a metastable state as their melting point is

drastically lower. For example, the estimated melting temperatures for small H2O

clusters (less than 20 molecules) are below 200 K (Kaneko et al., 2011), and based

on Fig. 12(a) it is likely that the experimental nucleation pathways involve only

liquid-like H2O clusters.

In Paper VI, the equilibrium states of CO2 clusters over the size range of n =

5 . . . 315 were studied using molecular dynamics at three temperatures: T = 75,

90 and 105 K. Determining the exact melting points was out of the scope of the

study. The results showed that only the smallest clusters (n < 10) preferred the

liquid state over the solid one at 75 K. Intermediate clusters (n = 13 . . . 60) melted

between T = 90 and 105 K, whereas the largest clusters preferred the solid state

throughout the temperature range.

22 The size of an icosahedron with i shells can be calculated as

nico =
10

3
i3 + 5i2 +

11

3
i+ 1. (90)
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excess energy of newborn clusters

A transition to a state that is more ordered than the original state generates energy

and vice versa.23 For example, condensation releases heat to the environment, thus

it is called an exothermic process. However, before latent heat is absorbed by

the surroundings, the heat is located momentarily at the condensate (or the cluster

in case of nucleation) as the heat transfer takes place at a finite rate. If the

heat transfer is relatively slow, latent heat leads to change of temperature of the

condensate. As discussed on pages 13–14, this is an effect that should be taken

into account while studying nucleation as the formation free energy is extremely

sensitive to temperature. Furthermore, elevated temperature might affect the phase

of the nucleating clusters.

Both kinetic and potential energy (apart from configurational energy) of a system

are distributed over different degrees of freedom. According to the principle of

equipartition, every available degree of freedom should possess 1⁄2kBT of energy in

thermal equilibrium. Without any constraints, a system consisting of N atoms has

3N degrees of freedom which are related to translational, rotational and vibrational

motion. A freely moving body has three translational degrees of freedom (one for

every spatial dimension), and drot rotational degrees of freedom. Thus, there are

3N − 3 − drot degrees of freedom left for the vibrational modes. The vibrational

energy oscillates between kinetic and potential energy which are both associated

with average energy of 1⁄2kBT per mode. However, some of the vibrational modes

can be “turned off” if the vibrational frequency is too high and the temperature

too low.24 In most cases, all of the intermolecular vibrational modes of a cluster

are excited as the bonds between monomers are rather weak and the vibrational

frequencies are low.

The amount of energy released by adding a monomer into an n-cluster, qn+1, can

be calculated using the principle of energy conservation as the colliding complex is

treated in vacuo. If the reactants and the product are represented by their average

total energies E at some temperature T , the total energy of the system can be

given as

En + E1 = En+1 + qn+1. (91)

By dividing the total energies into the respective thermal energy components,

Eq. (91) becomes

E cn+Rn+Vn+Tn+E c1 +R1 +V1 +T1 = E cn+1+Rn+1+Vn+1+Tn+1+qn+1, (92)

where E cn is the configurational energy, Rn the rotational energy, Vn the vibrational

energy, Tn the translational energy of an n-cluster.

First of all, the translational energy difference, Tn + T1 − Tn+1, reduces into
3⁄2kBT . So, part of the initial translational energy is transformed into excess energy.

An n-cluster, composed of identical monomers with M atoms, has 3nM−drotn − 3

23Release of latent heat is characteristic for first-order phase transitions. In second-order phase

transitions latent heat is zero.
24Or the modes are ignored in a molecular model. For example, in Paper V and Paper VI the

chosen CO2 model had rigid structure and thus an n-cluster has only 5n− 6 vibrational degrees of

freedom instead of 9n − 6.
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vibrational degrees of freedom. Hence part of the energy is given to vibrational

modes of the (n + 1)-cluster, because 3 + drotn + drot1 − drotn+1 additional vibrational

modes are introduced by the collision. Based on equipartition, the excess energy

can be expressed as

qn+1 = E cn + E c1 − E cn+1 −
3 + drotn + drot1 − drotn+1

2
kBT . (93)

In Paper VI, the potential energies of simulated clusters are used instead of con-

figurational energy, in other words the potential energy portion of the vibrational

energy is included in Un. Thus, Eq. (93) simplifies into

qn+1 = Un + U1 − Un+1. (94)

This approach is very practical for nucleation studies conducted with atomistic sim-

ulations as the configurational or potential energies are easily accessible properties

of the studied clusters. However, such cluster-specific values are not often available

if nucleation is treated classically using macroscopic thermophysics.

In the original non-isothermal nucleation theory by Feder et al. (1966), the

excess energy is treated using macroscopic properties. So, the surface energy

contribution is subtracted from the internal energy of a bulk liquid, and the excess

energy can be expressed as

qn = ΔH −
1

2
kBT −

∂Anγ

∂n
, (95)

where ΔH is the heat of vaporisation per monomer. One can notice that the last

term of the equation translates into kBT lnS when qn is calculated for the critical

cluster size n∗. It should be noted that the last term of Eq. (95) does not exactly

correspond to the surface energy as the use of surface tension γ introduces surface

entropy25 in this expression (Kuni et al., 1998; Barrett, 1994).

temperature of nucleating clusters

As demonstrated, the nucleating clusters possess a substantial amount of excess

energy right after a new monomer is added to them. As already discussed on

pages 13–14, this energy is only dissipated through evaporations or via collisions

with thermalising chemically inert carrier gas atoms or molecules at constant tem-

perature. Thus, the level of thermalisation is determined by the cluster’s collision

rates with clustering monomers and carrier gas: effectively the former means adding

energy and the latter removing it. The process is depicted schematically in Fig. 14.

In the non-isothermal nucleation theory by Feder et al. (1966), these two compet-

ing factors are quantified as parameters q and b, respectively. According to the

non-isothermal theory, the temperature difference between the nucleating n-cluster

and the bath temperature can be expressed as (Feder et al., 1966; Wedekind et al.,

2007a)

ΔTn = −T
q

b2 + q2

(
∂ΔGn

∂n

)

, (96)

25 As surface tension is surface free energy, the surface energy can be expressed as γ−T (∂γ/∂T ).
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Figure 14: Schematic example of the energy evolution of a 6-cluster. The solid arrows

show the heating/cooling by adding/removing a monomer from the cluster. The collisions

with carrier gas (dashed arrows) does not change the size of the cluster, but transfer heat

in and out. The red arrow represents energy gain and black ones energy loss.

where T is the temperature of the heat bath. Note, here the excess energy q is

given for the critical cluster size, similarly as in Eq. (16). For the critical size

∂ΔGn/∂n = 0, by definition, and based on Eq. (96) the critical cluster is in thermal

balance with the heat bath. Moreover, the theory suggests that the temperature of

the subcritical clusters should be below the bath temperature.

However, it has been a subject of a long debate whether the subcritical clus-

ters are indeed colder than the bath temperature or hotter just like the rest of the

clusters in a non-isothermal system. Following the seminal study by Feder et al.

(1966), the “cool cluster” hypothesis has both been supported (Wedekind et al.,

2007a; Ter Horst et al., 2011; Toxvaerd, 2016) and opposed (Wyslouzil and Sein-

feld, 1992; Barrett et al., 1993; Barrett, 2011; Schmelzer et al., 2013). The observed

discrepancy between the simulated and theoretical cluster temperature shift may at

first appear as a failure of the non-isothermal theory (namely Eq. (16)), however, as

already briefly discussed by Feder et al. (1966), the observed ΔTn might always be

positive. A possible reason is that even if the majority of the subcritical clusters are

above the bath temperature, the nucleation is mainly promoted by the rare “cold”

and stable clusters. An additional issue related to the cluster temperatures is the

possible deviation from expected Gaussian distributions; the smallest nucleating

clusters may have non-Gaussian temperature distributions and thus the whole def-

inition of temperature should be treated with care (McFee, 1973; Mandelbrot, 1989;

Wedekind et al., 2007a). Using MD simulations to study Lennard-Jones nucleation,

Wedekind et al. (2007a) found that temperature distributions were in fact skewed

for the small cluster sizes. And instead of the mean temperature, they calculated

the most likely cluster temperatures which lead to the same cluster temperature

behaviour as predicted by Eq. (96).
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In Paper VI, the temperatures of the nucleating CO2 clusters were studied

extensively. The results were strikingly in disagreement with Wedekind et al.

(2007a): all observed cluster temperatures (n > 4) were above the bath temperature

but the temperature distributions resembled almost perfect Gaussian distributions.

Clearly, such current and historical ambivalence about the cluster temperatures

calls for further investigations!26

phase of nucleating clusters

So, are the nucleating clusters liquid- or solid-like? As discussed on pages 40–

41, even though a bulk system prefers the solid phase when undercooled, the

clusters and nanoparticles may exist as stable liquid even at extreme undercooling.

In addition, the phase boundaries are not exactly sharp for finite systems as the

magnitude of the mean square temperature fluctuations 〈δT 2〉 depend on the system

size n (Landau and Lifshitz, 1980; Imry, 1980):

〈δT 2〉 ∝
1

n
. (97)

Thus, the phases separated by these boundaries can coexist27 on a narrow temper-

ature band with non-zero width. This is demonstrated in Interlude III on page 47.

Because of these two reasons, the phase diagrams can be very different for clusters

as the phase boundaries are shifted and broadened due to the finite-size effects. In

fact, the question about the phase of the nucleating clusters becomes rather trivial

if the melting temperature of near-critical clusters is below the bath temperature.

The more complicated factor related to the phase of the nucleating clusters is

the excess energy released during cluster formation. Often the amount of carrier

gas in the studied system is comparable with number of nucleating monomers, thus

the thermalisation is rather far from a instantaneous process. If the temperature of a

cluster is elevated due to the released heat, the otherwise favourable transition can

be prohibited. Even though the critical clusters observed in the molecular dynamics

simulations of homogeneous CO2 nucleation (Paper VI) were small enough to be

stable liquid in the studied temperatures, the formed postcritical clusters stayed

liquid-like up to sizes above 100 molecules. Based on their melting points, these

postcritical clusters should have turned into solid.

In fact, there is nothing strange about metastable liquid-like clusters. Already in

1897, Ostwald (1897) formulated his well-known step rule for crystal polymorphism:

a phase transition occurs through metastable states until the most stable state is

reached. This multistep phase transition is illustrated in Fig. 15. However, the step

towards the final state can be limited at small clusters size, the excess energy is

preventing the transition to the solid phase. A certain degree of thermalisation is

needed to bring a nucleating cluster down to a temperature at which the further

solidification is possible. A minor additional factor is the latent heat released

26Unfortunately, this is not investigated further here.
27Here coexistence is meant in a dynamic sense (in a population of clusters, different phases are

possible) not in static (multiple phases in one cluster).
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Figure 15: Schematic illustration of Ostwald’s rule and two-step nucleation. The transition

from the highest free energy (metastable I, e.g., vapour) state to the lowest (stable, e.g.,

solid) state occurs through an intermediate (metastable II, e.g., liquid) state by two steps.

In vapour-to-solid transition the first step is nucleation and the second one solidification.

The second step might be require additional thermalisation, the heat transfer is illustrated

by a wavy arrow.

during liquid-to-solid phase transition. The latent heat is now less than what is

released in vapour-to-liquid transition, but not negligible and effectively raises the

temperature of the cluster.

To conclude, clustering from supersaturated vapour at temperatures below the

triple point occurs through a liquid-like critical cluster, at least if the critical size

is rather small. As demonstrated in Paper VI, even at extreme undercooling, the

simulated CO2 clusters kept the liquid-like structure until they reached a size over

100 monomers. The liquid phase of the nucleating clusters is maintained mainly

by the excess energy released by collisions and the size-dependent lowering of the

melting points.
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interlude iii: melting temperature of a cluster

Here three different approaches to determine the melting temperature Tm are
briefly demonstrated. The approaches are based on the atomistic models
discussed in the previous chapter: (1) statistical mechanics, (2) Monte Carlo
and (3) molecular dynamics simulations.

(1) A fundamental assumption in statistical mechanics is that the proba-
bility of a state to be occupied is a function of the state’s energy and
temperature. Such probability distribution is known as the Boltzmann distribu-
tion. The probability of having a cluster with a specific structure k out of ns
structures of the same cluster size can be calculated by

Pk =
zk∑ns
i zi

=
zintk∑ns
i zinti

, (98)

as for equal size clusters the translational motion is identical. The probability
Pk changes with temperature as the contributions from the rotational and
vibrational partition functions become more substantial at high temperatures
and the binding energy loses its dominance.

(2) As melting is a transition from ordered to unordered state, the poten-
tial energy should change drastically when the solid-like structure is lost. To
calculate the mean potential energy of a cluster at some temperature,
canonical Metropolis sampling can be used. An arbitrary cluster configuration
is first generated, and the transition to a new configuration is simulated using the
“moving” scheme presented on page 31: the new configuration is produced
by moving one monomer to position r′1 and the acceptance of the transition is
decided randomly according to the probability min[1,M(r1 → r′1)]. This procedure
is repeated until a reasonable number of configurations is found. Because
the found states are in accordance with the probability function, the mean
potential energy 〈U〉 is reduced to an arithmetic mean:

〈U〉 =

∑nc
i Ui

nc
, (99)

where nc is the number of generated configurations.

(3) The molten and solid states can be distinguished by the amplitude of
system’s atomic thermal motion. A measure of this is the Lindemann index. For
a system of n atoms, the Lindemann index, ΔL, is defined as

ΔL =
1

n(n − 1)

n∑

j �=i

√
〈r2i,j 〉 − 〈ri,j 〉2

〈ri,j 〉
, (100)

where ri,j is the distance between atoms i and j , and 〈. . .〉 denotes a time
average. Typically, a threshold value ΔL ≈ 0.1 . . . 0.2 is used to separate liquid
and solid phases. Canonical molecular dynamics simulations can be used to
obtain the time-dependent trajectories of a cluster. The simulated cluster is
connected to a thermostat that ensures a canonical ensemble. The Linde-
mann index can be estimated at different temperatures by starting from the
minimum energy structure and gradually increasing the temperature set by the
thermostat. Especially in case of small clusters, the rate of heating is crucial:
too slow heating may lead to unwanted evaporation of the cluster at high
temperatures, but too high heating rate may cause superheating of the solid.

. . . continued on next page.
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All three calculations are relatively easy to carry out, however the statistical
mechanic approach is after all most demanding as a large number of local
minima is needed. Fortunately, for the Lennard-Jones 13-cluster, 1510 different
energy minima structures can be found from the Cambridge Energy Landscape
Database (Wales et al., 2020). The partition functions of internal motion are
calculated using the RRHO approximation. Here a rather arbitrary definition
for melting is used: the melting occurs when the probability of finding a cluster
with the global minimum energy structure, i.e. P1, is below 0.5. As shown in
Fig. 16(a), the probability P1 is unity until T ≈ 0.17ε/kB and drops smoothly from
there. The melting point is about Tm = 0.23ε/kB. Above T ≈ 0.3ε/kB, finding the
global minimum structure is thermodynamically almost impossible.

In Fig. 16(b), the caloric curve obtained from the canonical Monte Carlo
simulations is shown. At low temperatures the simulated potential energies
coincide with the energy of the minimum energy structure. To include the
thermal contribution, the vibrational potential energy of the minimum energy
cluster can be treated with the harmonic approximation:

Un = Ecn +
3n − 6

2
kBT , (101)

for the 13-cluster Ec13 = −44.33ε. Above T ≈ 0.2ε/kB the Monte Carlo simulated
potential energies start to deviate from the minimum potential energy. At
T ≈ 0.26ε/kB, the slope of the caloric curve changes and this can be considered
as the melting point.

In the MD simulations, the minimum energy cluster was heated with two
different rates: elevation of 0.01ε/kB in temperature per 105 (fast) and 2.5 × 105

(slow) simulation time steps. The temperature evolutions of the calculated
Lindemann indices are shown in Fig. 16(c). To obtain reasonably good statistics,
one hundred individual heating simulations were carried out. The melting point
is defined by a threshold size ΔL = 0.2: the phase transition happens at ∼ 0.27ε/kB
for both slow and fast systems. The fast system resulted in only slightly higher
melting point than the slow one.

FIGURE 16: Melting point of the 13-
cluster. (a) Probability of having the
global energy minimum structure (solid
line) or any local minimum structure
(dot-dashed line) as a function of tem-
perature. (b) Monte Carlo simulated
caloric curve (solid line). (c) Lindemann
indices calculated for both slow and
fast molecular dynamics simulations.

The melting point temperature is not
well-defined in either of the ap-
proaches, and according to Fig. 16,
the temperature range at which the
phase transition occurs is rather wide.
The finite-size temperature broaden-
ing of a first-order phase transition can
be estimated as (Imry, 1980)

δT ≈
kBT

2
m

nΔH
, (102)

where ΔH is the latent heat of melt-
ing per monomer, based on the sim-
ulations ΔH ≈ 0.17ε. So, for the 13-
cluster δT ≈ 0.03ε/kB. This prediction
is in good agreement with the calcu-
lations: the cluster’s phase is rather
uncertain over a temperature range
of Tm ± 0.03ε/kB (illustrated as the grey
area in Fig. 16).
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three aspects of nucleation

Even though the first theory for critical cluster formation in a supersaturated vapour

was presented by J. W. Gibbs almost 150 years ago (Gibbs, 1875), the theoretical

picture of the nucleation phenomenon is still far from complete. Yet, the various

theoretical and computational approaches with a myriad of system-specific issues

make nucleation so fascinating to study.

The present doctoral thesis is a collection of six studies. All of them are system-

and method-wise different, but they deal with the same phenomenon, clustering in

the gas phase. Due to the multitude of studied systems and used methods, the thesis

provides a rather comprehensive (but still very partisan) overview of the modelling

of gas phase cluster formation.

As reflected by the structure of the introductory part of the thesis, the theo-

retical treatment of nucleation can be divided into three main parts: (1) kinetics,

(2) thermodynamics involved in cluster formation, and (3) cluster phase and non-

isothermality. These basic aspects are very much elusive to most of the measurement

methods. In order to decipher the mechanisms of cluster formation, homogeneous

nucleation is an ideal playground as fewer species and interactions are involved

than in heterogeneous nucleation. The atomistic simulations and kinetic modelling

used in this work allowed us to investigate the details of nucleation mechanisms.

The investigation of the three different aspects of nucleation in the papers included

in this thesis can be summarised as follows:

1. Kinetics: The standard kinetic scheme of nucleation (Eq. (13)) as-

sumes that clusters evolve only via addition or removal of monomers. In

Paper III the validity of this scheme is tested using Monte Carlo-based

formation free energies to predict the nucleation rates calculated with

direct molecular dynamics simulations. The standard kinetic scheme

predicts the nucleation rate within a factor of two, and to our knowl-

edge, this is currently the most accurate test of the scheme. In addition,

the results from the MD nucleation simulations of CO2 presented in

Paper VI support the validity of the scheme for relatively weakly in-

teracting monomers. However, as demonstrated in Paper II, in case

of atmospherically relevant strongly bound clusters, the collisions be-

tween clusters are non-negligible for the studied sulfuric acid-amine

systems. This makes the standard kinetic scheme not applicable for

these systems and a full GDM-style modelling is required to describe

49
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the clustering dynamics properly. The key factor shared by the differ-

ent kinetic models is the collision rate coefficient, which for electrically

neutral molecules and clusters is usually estimated assuming they are

non-interacting hard spheres. In Paper IV, based on extensive tra-

jectory simulations, it is revealed that sulfuric acid dimer formation is

about twice faster than the hard-sphere kinetics predicts. Recently,

Stolzenburg et al. (2020) have shown that such enhancement to the

formation rate of sulfuric acid clusters increases the predicted particle

(larger than 3 nm) number concentrations in the upper free troposphere

by more than 50%.

2. Thermodynamics: The free energy of cluster formation or fragmen-

tation is often calculated using a thermodynamical formula describing

an equilibrium system as in Papers I-III. Based on the results of Pa-

per II, the statistical mechanics approach constrained to the minimum

energy configuration (i.e. solid-like cluster structure) results in reason-

able agreement between modelling and experiments involving strongly

bound clusters. If multiple low-lying configurations exist, the contri-

butions to the free energy from these minima should be accounted.

The theoretical and practical details of multi-configurational free en-

ergy calculations are given in Paper I. For liquid-like clusters the as-

sumptions used in the statistical mechanics approach are invalid, and

in Paper III the formation free energies of liquid Lennard-Jones clus-

ters at rather high temperatures are thus calculated using semi-grand

canonical Monte Carlo simulations. In addition, the thermodynamics

features of non-equilibrium systems are studied in Paper VI where the

formation free energies are retrieved from the direct molecular dynam-

ics simulations, and based on the retrieved data an additional term is

introduced to the free energy expression of CNT.

3. Cluster phase and non-isothermality: Even if nucleation occurs

at extreme undercooling, the nucleating cluster can exhibit liquid-like

configurations. There are at least two factors causing such behaviour:

the equilibrium phase of the clusters may differ from the bulk phase,

or the transition to the equilibrium phase is not possible due to the

excess energy released by collisions. In Paper VI molecular dynamics

simulations are used extensively to study the phases of both nucleating

and equilibrated CO2 clusters. To account for any non-isothermal effects

on nucleation, in Papers III, V and VI the classical non-isothermal

nucleation theory by Feder et al. (1966) has been used. The non-

isothermal theory is able to capture the dependency of the nucleation

rate on the relative carrier gas concentration relatively well. However,

whether or not the subcritical clusters are hotter or colder than the

bath temperature during nucleation is still in dispute.
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To summarise, nucleation in the gas phase is a well-established and mature field

of study, and as demonstrated, the common theoretical apparatus is working overall

relatively well to predict the rates of cluster formation. However, it is important to

fine-tune the approach to a specific problem to capture the important physics of

the system in the model/theory used.

future perspectives

Based on the research presented in this thesis, at least two new research questions

in gas phase cluster formation could be considered next:

1. As mentioned on page 44, the temperatures of critical (and subcriti-

cal) clusters compared to the bath temperature are still debated in lit-

erature. We believe that the issue could be addressed with large-scale

non-equilibrium molecular dynamics simulations by carefully tracing

the emerged clusters back in time. The kinetic (and potential) energy

distributions of the nucleating clusters as opposed to those clusters

that evaporate will help to understand the nature of non-isothermal

nucleation

2. In Paper IV, collisions between two interacting neutral molecules

were investigated on the molecular level using trajectory simulations

in order to calculate the collision rate enhancement over the kinetic

theory of gases. The long-range interactions, however, are even more

important for ion-ion or ion-dipole collisions. Trajectory simulations

can be used to study these systems as well. By studying represen-

tative set of different colliding molecules and clusters in this fashion,

a simplified theoretical approach could be developed to predict more

accurate collision rate coefficients based on simple physicochemical

properties of molecules and clusters. Previously similar simulations

(and the related parameterisations) have been carried out only using

simplified interactions and particles without any structure (Dugan Jr

and Magee, 1967; Chesnavich et al., 1980; Su and Chesnavich, 1982;

Maergoiz et al., 1996a,b,c)
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Calligraphic symbols

A, B , C, D . . . Liquid drop model coefficients

F . . . . . . . . . . Helmholtz free energy of a population

G . . . . . . . . . . . Gibbs free energy of a population

M . . . . . . . . . . Number of atoms in a molecule

N . . . . . . . . . . Number of particles

P . . . . . . . . . . . Probability

R . . . . . . . . . . Rotational energy

S . . . . . . . . . . . Entropy

T . . . . . . . . . . Translational energy

V . . . . . . . . . . . Vibrational energy

Z . . . . . . . . . . . Zeldovich factor

Greek symbols

α . . . . . . . . . . . Evaporation rate coefficient

β . . . . . . . . . . . Collision rate coefficient

ΔG . . . . . . . . . Formation free energy

ΔH . . . . . . . . . Latent heat of transition

δT . . . . . . . . . Temperature fluctuation

ΔL . . . . . . . . . . Lindemann index

δT . . . . . . . . . . Tolman length

ε . . . . . . . . . . . Lennard-Jones energy parameter

ε0 . . . . . . . . . . Vacuum permittivity

Γ . . . . . . . . . . . Gamma function

γ . . . . . . . . . . . Surface tension of the cluster-vapour interface

γsl . . . . . . . . . . Solid-liquid surface tension

Λ . . . . . . . . . . . de Broglie wavelength

μ . . . . . . . . . . . Reduced mass

ν . . . . . . . . . . . Interaction exponent

Ω . . . . . . . . . . . Collision cross section

ω . . . . . . . . . . . Vibrational frequency

ρ . . . . . . . . . . . Density

σ . . . . . . . . . . . Lennard-Jones distance parameter

σr . . . . . . . . . . Symmetry number

Θ . . . . . . . . . . . Normalisation factor for equilibrium cluster distribution

Roman symbols

F . . . . . . . . . . . Force

p . . . . . . . . . . . Momentum

A . . . . . . . . . . . Interaction coefficient

An . . . . . . . . . . Surface area of an n-cluster

B . . . . . . . . . . . Impact parameter

b . . . . . . . . . . . Energy fluctuation as a result of collisions

d . . . . . . . . . . . Sink coefficient
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drot . . . . . . . . . Rotational degrees of freedom
E . . . . . . . . . . . Energy
Ec . . . . . . . . . . Configurational energy
F . . . . . . . . . . . Helmholtz free energy
f . . . . . . . . . . . Distribution function
G . . . . . . . . . . . Gibbs free energy
g . . . . . . . . . . . Melting point depression coefficient
H . . . . . . . . . . Hamiltonian
h . . . . . . . . . . . Planck constant
I . . . . . . . . . . . Flux
i, j , k . . . . . . . General indices
Ixx . . . . . . . . . . Principal moment of inertia about the x-axis
J . . . . . . . . . . . Nucleation rate
K . . . . . . . . . . Transition rate
kB . . . . . . . . . . Boltzmann constant
L . . . . . . . . . . . Angular momentum
m . . . . . . . . . . . Monomer type
mi . . . . . . . . . . Mass of particle i
N . . . . . . . . . . Number density
n . . . . . . . . . . . Cluster size
n∗ . . . . . . . . . . Critical cluster size
P . . . . . . . . . . . Pressure
Pd . . . . . . . . . . Decay probability
Pg . . . . . . . . . . Growth probability
Q . . . . . . . . . . . Partial charge
q . . . . . . . . . . . Excess energy
R . . . . . . . . . . . Gas constant
r . . . . . . . . . . . Distance or radius
S . . . . . . . . . . . Saturation ratio
s . . . . . . . . . . . Source coefficient
T . . . . . . . . . . . Temperature
t . . . . . . . . . . . Time
Tm . . . . . . . . . . Melting temperature
U . . . . . . . . . . . Potential energy
Ueff . . . . . . . . . Effective potential
V . . . . . . . . . . . Volume
v . . . . . . . . . . . Velocity
w . . . . . . . . . . Number of carrier gas collisions between the size-changing events
Z . . . . . . . . . . . Partition function of a population
z . . . . . . . . . . . Partition function
erf . . . . . . . . . . Error function
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