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Phase transitions in the early Universe and in condensed matter physics are active fields of research.
During these transitions, objects such as topological solitons and defects are produced by the
breaking of symmetry. Studying such objects more thoroughly could shed light on some of the
modern problems in cosmology such as baryogenesis and explain many aspects in materials research.
One example of such topological solitons are the (1+1) dimensional kinks and their respective higher
dimensional domain walls. The dynamics of kink collisions are complicated and very sensitive to
initial conditions. Making accurate predictions within such a system has proven to be difficult, and
research has been conducted since the 70s. Especially difficult is predicting the location of resonance
windows and giving a proper theoretical explanation for such a structure. Deeper understanding
of these objects is interesting in its own right but can also bring insight in predicting their possibly
generated cosmological signatures.
In this thesis we have summarized the common field theoretic tools and methods for the analytic
treatment of kinks. Homotopy theory and its applications are also covered in the context of classifying topological solitons and defects. We present our numerical simulation scheme and results on
kink-antikink and kink-impurity collisions in the φ4 model. Kink-antikink pair production from a
wobbling kink is also studied, in which case we found that the separation velocity of the produced
kink-antikink pair is directly correlated with the excitation amplitude of the wobbling kink. Direct
annihilation of the produced pair was also observed.
We modify the φ4 model by adding a small linear term δφ3 , which modifies the kinks into accelerating bubble walls. The collision dynamics and pair production of these objects are explored with
the same simulation methods. We observe multiple new effects in kink-antikink collisions, such as
potentially perpetual bouncing and faster bion formation in comparison to the φ4 model. We also
showed that the δ term defines the preferred vacuum by inevitably annihilating any kink-antikink
pair. During pair production we noticed a momentum transfer between the produced bion and the
original kink and that direct annihilation seems unlikely in such processes. For wobbling kink impurity collisions we found an asymmetric spectral wall. Future research prospects and potential
expansions for our analysis are also discussed.
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1

1. Introduction
This introductory chapter gives a short historical overview of the search for solitons and
development of the underlying theory.

1.1

Historical overview

The first recorded observation of solitary waves was done by John Scott Russell in 1834
[1]. He observed a wave in the canals of Edinburgh which travelled for miles without
altering its shape or speed. The most important theoretical formulation for these solitary
waves was done by Diederik Korteweg and Gustav de Vries in 1895 [2] when they deduced
the now famous Korteweg-De Vries (KdV) equation, which has found many applications
in different hydrodynamical and magnetohydrodynamical systems [3].
The discovery of particle-like solitary waves (solitons) was done by Norman Zabusky
and Martin Kruskal in 1965 [4]. They found numerically that the KdV equation allows
for wave solutions which can collide and still keep their shape, a phenomenon reminiscent
of particle collisions. These solitons can be realized in almost all disciplines of physics,
for example in biophysics [5], condensed matter physics [6, 7], optics [8] and in cosmology
[9].
Topological solitons emerge in field theories with degenerate vacuum values which
are the global minima of the potential of the field. These topological solitons can be
thought mathematically as mappings between the distinct vacuum values. Due to the
topology of the system, an infinite amount of energy is needed to continuously transform
a vacuum configuration into another. Two of the main processes for topological soliton
formation are phase transitions and spontaneous breaking of symmetry. The first example
of a topological soliton model of a particle was presented by Tony Skyrme in 1962 [10].
These topological solitons were later dubbed Skyrmions. Many other topological solitons
have been classified throughout the years of research, for example kinks and vortices which
both have been observed in laboratory conditions, such as vortices in liquid crystals during
a phase transition [11] and kinks in polyacetylene chains [12].
Generally speaking, any topological soliton can be dimensionally extended in Rn to
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(a) The positive ground state.

(b) An example of a kink.

Figure 1.1: Two examples of the possible topological configurations in the 1-dimensional Ising model.
The dashed line is a field theoretic representation of the same topology.

form a topological defect1 since the extension does not change the soliton’s topological
characteristics. A prime example is the kink which lives in 1 + 1 dimensions and will form
a domain wall when extended to 1 + 2 dimensions or higher. These domain walls can be
found in many physical systems and models and will work as our main motivation for
the study of kink-dynamics. Domain walls can be realized particularly in ferromagnetic,
condensed matter systems [13, 14] and in the early universe phase transitions [9, 15].

1.2

Topological soliton formation

A motivating example for kink and domain wall formation can be realized with the Ising
model. The Ising model consists of a n-dimensional lattice, where each lattice site has
a discrete variable σ± , representing the site’s spin. At low temperatures the Ising model
has four topologically distinct cases: either all spins are up or down (the ground states),
or the spins go from down to up or from up to down. Two of these are represented for
the n = 1 case in Figure 1.1. The one-dimensional case can be easily extended to higher
dimensions by adding more rows of spins thus expanding also the kink and a domain wall
forms.
A main aspect of topological solitons is the relationship between symmetries and
vacuum (ground) states. The Ising model (without external influence) has two-fold symmetry; the all-up or the all-down ground states are as likely to happen. The location
where this symmetry breaks can be identified as the centre of a kink. The movement of
a kink can thus be seen as the expansion of either spin-state.
The topological aspects can be realized by introducing boundary conditions. In the
Ising model this can be done by locking the first and last lattice sites to a particular spin.
Doing this introduces a topological invariant to the system, which is called the topological
charge. Intuitively it can be thought as the difference between the border states. If the
charge is non-zero, the system hosts permanent topological solitons. Systems with zero
topological charge can host topological solitons and their respective “anti-solitons” in
equal amounts, and they will eventually annihilate each other.
1

One might sometimes find the terms soliton and defect used interchangeably in similar contexts.
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Symmetry breaking and phase transitions

As was mentioned earlier, a common source of defect formation is symmetry breaking
phase transitions. These transitions are ubiquitous in condensed matter systems and
there are well-motivated reasons to believe that they featured in the early evolution of our
Universe [16, 17]. The unification of weak and electromagnetic interactions has been one
of the most important discoveries in modern particle physics. The electroweak transition
occurred at around 100 GeV, when the age of the Universe was around 10−10 s. During
this transition the W and Z bosons acquired their mass through the Higgs mechanism,
thus becoming distinct from the massless photon. The electroweak symmetry group GEW
consists of the union of weak interaction SU(2)W and the electromagnetic interaction
U(1)EM symmetry groups
GEW = SU(2)W × U(1)EM .

(1.1)

During the electroweak transition these gauge groups were split. This process is called
the spontaneous symmetry breaking. This transition was not a true phase transition but
a crossover [18, 19, 20]. Crossover describes a smooth transition between two phases as
opposed to the discontinuous transitions. There is also ongoing research on the extensions
of the Standard Model that could lead to first-order phase transitions at the electroweak
scale [18].
Even though the electroweak transition does not occur with a usual phase transition,
it is still an interesting sign of possible higher structure. In Grand Unified Theories it is
hypothesized that there could have been a phase transition at an earlier time, where the
strong interaction was unified with the electroweak interaction.
GGU T = SU(3)S × SU(2)W × U(1)EM ,

(1.2)

or broken from some higher group. The SU(3)S is the colour symmetry group of quantum
chromodynamics (QCD). There are some well-motivated reasons why this higher structure
could exist due to the convergence of the coupling constants in the Standard Model, but
no direct evidence has been found yet [16, 21, 22].
There are various different defects that could have formed during these cosmological
phase transitions but some of these can be ruled out by observations. Especially the
domain wall case seems unlikely. The Universe is vast, and there are regions of space that
are uncorrelated. This implies that at some areas the choice of vacuum would be different,
and a domain wall is formed at the points where such areas meet. These walls are stable,
containing non-dissipating energy and would dominate all other forms of matter.
One way to include domain walls into more realistic systems is to impose a small
symmetry breaking factor into the model, thus making one choice of vacuum more likely.

5
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This causes one choice of vacuum to be preferred, thus with time, effectively removing the
other vacuum and the walls between them. This modification is explored in Chapter 6.
Monopoles and strings are also defects that have been predicted in many theories beyond
the Standard Model. Their influence in the early Universe is explored for example, in the
study of baryogenesis [23, 24, 25]. There has not been any experimental sign of them in the
cosmic scale [26, 16] but in condensed matter both have been observed [17, 27]. Strings
are especially important in the cosmic scale due to their generality in supersymmetric
Grand Unified Theories [28] and thus will be used as an illuminating example of soliton
classification in Chapters 2 and 3.

1.4

Thesis structure

This thesis aims to provide an introduction to the kinks in the φ4 -model and to the
usual mathematical tools used in topological soliton research, including the methods for
topological soliton categorization. The common results on the collision dynamics and
wobbling kink pair production will be covered. We will also modify the φ4 model with a
linear term and study how the usual dynamics change.
Chapter 2 introduces the basic methods of classical field theory and some aspects of
field symmetries. Chapter 3 goes over homotopy theory and its applications in categorizing
topological solitons. Chapter 4 is reserved for in depth study of the kink itself, followed
by the numerical modelling methods and results in Chapters 5 and 6.

2. Field theory
Throughout this thesis we will be using the natural units c = ~ = 1, for the metric
we will use the “mostly negative” convention g µν = Diag(1, −1, −1, −1) and for partial
derivatives we write ∂µ = ∂/∂xµ . The simplest type of Lagrangian for a relativistic scalar
field is [29]
1
L = (∂µ φ)(∂ µ φ) − V (φ),
2

(2.1)

where the first term is called the kinetic term and the second is the potential. The action
associated with a Lagrangian is
S=

Z

d4 xL(φ, ∂µ φ),

(2.2)

from which we can get the famous Euler-Lagrange equations by using usual calculus of
variation methods
∂L
∂L
− ∂µ
∂φ
∂(∂µ φ)

!

= 0,

(2.3)

Plugging the Lagrangian (2.1) into (2.3) we get the wave equation
∂µ ∂ µ φ + ∂φ V (φ) = 0.

2.1

(2.4)

Derrick’s non-existence theorem

Derrick’s theorem [30] states that there can be no topological solitons with finite energy
within a theory, if the spatially rescaled total energy does not have stationary points with
respect to the rescaling parameter. In this section we shall go over the details of the
theorem.
Consider the total energy of a static scalar field ψ(x) in d-dimensions
E(ψ(x)) =

Z h

i

f (ψ(x))(∇ψ(x))2 + V (ψ(x)) dd x

= Eg + Ep ,

(2.5)
(2.6)

6
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where Eg is the gradient energy, Ep is the potential energy and f (ψ(x)) is some positive
function. Note that both energies are generally positive. The theorem is trivially avoided
in the vacuum case Ep = Eg = 0. Then, consider a spatial rescaling x → λx where
0 < λ < ∞. Then the gradient term rescales as
∇ψ(x) → λ∇ψ(λx)

(2.7)

and the rescaled energy is thus
E(ψ(λx)) =

Z h

i

λ2 f (ψ(λx))(∇ψ(λx))2 + V (ψ(λx)) dd x.

(2.8)

Next we change the integration variable λx = x0 to find
0

E(ψ(x )) =

Z h

i

λ2 f (ψ(x0 ))(∇ψ(x0 ))2 + V (ψ(x0 )) λ−d dd x0

= λ2−d Eg + λ−d Ep .

(2.9)
(2.10)

Then the task is to search for the stationary points of the scaled energy
Eg
Ep
∂E(ψ(x0 ))
= (2 − d) d−1 − d d+1 = 0
∂λ
λ
λ
Eg
Ep
⇒ (d − 2) d−1 + d d+1 = 0.
λ
λ

(2.11)
(2.12)

We can easily see that for d ≥ 3 there are no stationary points since both terms are
positive. For d = 2 once again there are no stationary points since the second term is
still positive, but the theorem can still be evaded if Ep = 0. An example of such kinds of
topological solitons are called sigma model lumps. For d = 1 we can solve the equation
Eg
Ep
(d − 2) d−1 + d d+1
λ
λ



r



=−
d=1

Eg Ep
+ 2 =0
λ0
λ

(2.13)

Ep
to find the first stationary point at λ = E
. Thus, we can find topological solitons for
g
a scalar field theory in one spatial dimension, which we call kinks.
Now, are the only kinds of possible topological solitons the aforementioned sigma
model lumps and kinks? Certainly not, we considered only a specific class of field theories by writing the total energy (2.5) in a specific way. For example, one could consider
higher orders of derivatives, higher powers of ∇ψ or more complex gauge theories. Originally Derrick formulated the theorem for flat spacetimes but there have been attempts
to generalize it for curved spacetimes [31, 32, 33].
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Group symmetries

Let us start by considering a general set of n-fields denoted by Ψ = {ψ1 , ψ2 , ..., ψn }
and its Lagrangian L(Ψ). Let us also assume that this Lagrangian is invariant under
transformations of group G
L(Ψ) = L(gΨ),

(2.14)

where g ∈ G and gΨ is the group action of G on Ψ. If this equation holds for all g and
ψ, it is said that the group G is the symmetry group of the system. Let us consider an
example of a Lagrangian with a single complex field ψ
L(ψ) = ∂ µ ψ ∗ ∂µ ψ − (ψ ∗ ψ − 1)2 .

(2.15)

We notice that the Lagrangian (2.15) is invariant under field transformations
ψ → e−iθ ψ

and

ψ ∗ → eiθ ψ ∗ ,

(2.16)

where θ is a phase angle. This symmetry can be represented by the U(1) symmetry group
which can be parametrized with e−iθ ∈ U(1). These can be thought as rotations around
the origin. We will use this model as a recurring example of a system that has topological
soliton solutions called strings and vortices.

2.3

Vacuum manifold

Let us next define the vacuum manifold of a field. Let a Lagrangian (2.1) be minimized
by a set of fields Ψ0 such that V (Ψ0 ) = 0. Then, if the Lagrangian is symmetric under
group G, it is also minimized by gΨ0 . There will also exist a subgroup H ⊆ G whose
elements keep the vacuum values invariant
hψ0 = ψ0

(2.17)

where h ∈ H and ψ0 ∈ Ψ0 . Since the field configurations gΨ0 have the same energy as
Ψ0 for all g we need a method to distinguish these configurations from each other. Using
the subgroup H we can find these distinct vacuum sets by considering the left cosets of
H in G
gH = {gh|h ∈ H}

(2.18)

and the set of cosets, the (left) coset space
G/H = {gH|g ∈ G}

(2.19)

9
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which we define as the vacuum manifold. Now, every element of the coset space is a
distinct vacuum field configuration.
Let us continue the example from before and find the vacuum manifold of (2.15). We
know that the symmetry group is G = U(1) so the task is to find the subgroup H ⊆ U(1).
Looking at the potential V = (ψ ∗ ψ − 1)2 , we notice that for ψ0 = 1 · e−iθ it is minimized.
We also know that e−2iπn e−iθ = 1 · e−iθ for all n ∈ Z and also e−2iπn = 1 ∈ U(1) so the
subgroup H is simply the trivial group. Thus, the vacuum manifold of this model is
G/H = U(1)/1 = U(1).

(2.20)

Note that e−iπn ∈
/ H since the condition (2.17) enforces that the vacuum values must stay
invariant, not the set of vacuum values.

2.4

Bogomolny method

In this section we shall present a method called the “Bogomolny method” for finding the
equations of motion [34]. The most elementary topological solitons, kinks, occur in one
spatial dimension and involve only a single scalar field of type (2.1) with the solution
(2.4). Let Vmin be the global minimum of the potential V (φ). Since the equations of
motion will not depend on additive constants on the potential, we can always scale the
potential V such that Vmin = 0. The potential energy is
Z ∞ 
1

EV =

−∞

2



(∂x φ)2 + V (φ) dx,

(2.21)

from which we can compute the lower bound of the energy by completing the square
Z ∞



!2

q
1
 √ ∂x φ ∓ V (φ)
EV =
−∞
2

=

Z ∞
−∞

q
1
√ ∂x φ ∓ V (φ)
2

√ Z
≥± 2

φ+

φ−

!2



q
√
± 2∂x φ V (φ) dx

√ Z
dx ± 2

q

V (φ)dφ.

φ(∞)

q

V (φ)dφ

(2.22)
(2.23)

φ(−∞)

(2.24)

To attain equality in the bound, the first term must be zero and thus a solution to the
Bogomolny equation
q
1
√ ∂x φ ∓ V (φ) = 0,
2

(2.25)

where solutions with the − sign are identified as kinks and those with the + sign as
antikinks. The Bogomolny equation implies the equation of motion. This can be seen by

10
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differentiating the equation (2.25) with respect to x
√ √
1
∂φ V
2 V
1
√ ∂x ∂x φ + √ ∂x φ = √ ∂x ∂x φ −
√ ∂φ V = 0
2 V
2
2
2 V
⇒ ∂x ∂x φ − ∂φ V = 0,

(2.26)
(2.27)

which matches (2.4) when taking the metric into account. This reduces the wave equation,
which is a second order differential equation to a more simple and easier to solve first order
differential equation. Even though the Bogomolny equation (2.25) is only spatial, we can
Lorentz boost its solution to obtain a solution to the full wave equation due to its Lorentz
invariance.

3. Homotopy theory and topological
classification
Homotopy theory comes into play when we want to classify topological solitons and which
systems have them. Knowing this before solving the field equations helps us focus on the
possible models and save us time when models are similar on the higher level.
In this chapter we will cover the basic definitions of homotopy, see how homotopy groups
are related to soliton classification and see a concrete example for find strings in a model
with U(1) symmetry which was introduced earlier. This chapter is adapted and derived
from textbooks [9, 21, 29, 35].

3.1

Homotopy groups

First, we must go over some of the basic definitions.
Definition 3.1.1 Let M be a manifold and let I = [0, 1]. A continuous map α : I → M
is called a path with an initial point x0 and an end point x1 , if α(0) = x0 and α(1) = x1
where x0 , x1 ∈ M. If α(0) = α(1) = x0 , the path is called a loop with a base point x0
(also called loop based at x0 ).
Definition 3.1.2 Let α, β : I → M be loops based at x0 . They are homotopic, if there
exists a continuous map f : I × I → M such that
f (s, 0) = α(s),

f (s, 1) = β(s)

f (0, t) = f (1, t) = x0

(3.1)
(3.2)

with ∀s, t ∈ I. The connecting map f is called a homotopy between α and β.
Intuitively these definitions mean that if two loops are homotopic, one could continuously
deform either into the other. In Figure 3.1 one can see how two loops could be nonhomotopic. We can enhance the space of such loops with a loop composition, defined

11
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Figure 3.1: Two maps where their images share a common base point x0 . The two maps ψ1 and ψ2
cannot be continuously deformed into each other, since ψ1 encloses a hole and ψ2 does not, thus the
mappings are not homotopic. Adapted from [36].

by
α◦β =



α(2s),

0≤s≤


β(2s − 1)

1
2

1
2

(3.3)

< s ≤ 1,

which can be thought as first going along the loop α and then β. This enhancement allows
us to build group structure out of these loops. Let us put all loops based at x which are
homotopic to α, into the homotopy class [α]. Then under class multiplication
[α][β] = [α ◦ β]

(3.4)

we have defined a group with an identity element [I], which consists of all loops which
can be contracted to the point x. We denote this group with π1 (M, x) and it is called
the fundamental group (first homotopy group) of M based at x. If the manifold M is a
connected space, then the fundamental group does not depend on the base point. Thus
we can write π1 (M, x) = π1 (M, y) = π1 (M) and omit the base point, since one point can
be continuously moved into any other point. The higher homotopy groups can be defined
similarly by considering the n-th homotopy group, πn (M) as a set of homotopy classes of
maps
γ : Sn → M

(3.5)

for n ≥ 1. Intuition tells us that similarly to the fundamental group, where we considered
the homotopies of the loop (1-sphere), here we consider the homotopies of the n-sphere.
The case for n = 0 will be analysed in Chapter 4.
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Figure 3.2: A kink extended to a domain wall. Figure adapted from [37].

3.2

Topological soliton classification

In this section we study how the abstract tools covered in the previous section can be
used to classify topological solitons. The first step in the classification is to consider
the vacuum manifold of the model at hand. This process was presented in Chapter
2. Once the vacuum manifold is known, the task is to find the non-trivial homotopy
groups of the vacuum manifold. If none exist, the model does not contain topological
solitons. If multiple exist, then the model contains various different topological solitons.
When applying homotopy theory to physical systems (mainly fields), we have to do some
additional assumptions and modify our definitions.
Consider the total energy of a general Lagrangian for a scalar field φ in d-dimensions
and with a potential V
E(φ) =

Z

dd x



1
(∂µ φ)(∂ µ φ) + V (φ) .
2


(3.6)

Requiring that the topological soliton has finite energy, we need to impose boundary
conditions at infinities. This condition posits that in the limit |x| → ∞ the total energy
(3.6) goes to zero. This limit can be interpreted as
lim φ ∈ M

|x|→∞

(3.7)

where M is the vacuum manifold of the model. This additional assumption does not
change the topology of the system, we only assume that the n-sphere of the n-th homotopy
group in question has infinite radius. Writing this out explicitly, the values of the field
φ∞ at spatial infinity form a mapping
d−1
φ∞ : S∞
→M

(3.8)

where d is the spatial dimension of the field. Thus the relevant homotopy groups for a
spatial dimension d field configuration is πd−1 (M) As was mentioned in the Introduction,
we can “uplift” topological solitons to higher dimensions. This is due to a useful relation
πn (M × N ) = πn (M) × πn (N ).

(3.9)

which applies if the manifolds M, N are connected. Since πn (Rm ) is a trivial group, any
topological soliton can be extended to higher dimensions without losing its topological

14
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Figure 3.3: The red line depicts the string; the dashed line is the loop at the vacuum value at different
phases. Figure adapted from [38].

properties. A good example is the kink, which we will analyse more thoroughly in the
next chapter. In Figure 3.2 we can see how a kink is extended with R1 to a domain wall.
In Table 3.1 are listed a couple of solitons and their respective extensions.
Topological soliton / defect

homotopy group

kink/domain wall
vortices/strings
monopole

π0 (M)
π1 (M)
π2 (M)

Table 3.1: Different topological solitons classified by their non-trivial homotopy group.

3.3

An example: U(1) string

Let us apply the tools presented at previous Chapters to concretely see how topological
solitons emerge. We will continue the example from Section 2.1 by analysing the homotopy
groups of the Lagrangian (2.15) which had U(1) symmetry. We also noted that the vacuum
manifold of such a model is M = U(1)/1 = U(1). We should also note that U(1) ∼
= S 1.
This allows us to apply an important generalization
πn (S n ) = Z,

(3.10)

for n ≥ 1 [35] and Z is the integer group with addition. Thus, our model at hand has the
non-trivial fundamental group π1 (S 1 ) = Z.
How do we interpret this result? Physical intuition can be gained by considering a
cylinder1 and wrapping loops around it. If two loops have been wrapped different number
of times, then they cannot be continuously transformed into each other. This can be
1

A cylinder can be represented as S 1 × R1 thus the fundamental groups are the same according to
equation (3.9).
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experimented in real life by wrapping hair ties around an empty toilet roll. The number
of wrappings n ∈ Z, also called the winding number, is the feature that makes two loops
distinct from each other and thus well represented by the group Z.
Let us next see how topological solitons emerge from such a model. Consider a large
system which is cooled through the transition temperature. At different points in space
an independent choice of the phase θ will be made and thus the symmetry breaks, leaving
areas with different choices of phase. There can exist a large loop where the value of θ
varies from 0 to 2nπ. The centre of such a loop is interpreted as the string. These strings
are either infinite in length or form closed loops. This is depicted in Figure 3.3. We can
deduce from the asymptotic condition (3.7) and from continuity that the field will take
the from
lim φ(r, θ, z) = ηeinθ

r→∞

and

lim φ(r, θ, z) = 0,

r→0

(3.11)

where η is the vacuum value. This information is the maximum we can deduce purely
from topological reasons, the exact form of the field between the asymptotes still has to
be solved from the field equations.

4. Kink solution
The φ4 -kink arises from a model which has an action of the form
S=

Z

#

"

2
λ 2
1
.
d x (∂µ ϕ)(∂ µ ϕ) −
ϕ − η2
2
4
2

From the action we can deduce the mass scale of the model to be
be rescaled with the substitutions
yµ
xµ = √
η λ

ϕ = ηφ,

(4.1)
√

λη. The action can

(4.2)

to make it free of parameters
S=η

2

Z

2
1
1 2
d y (∂µ φ)(∂ µ φ) −
φ −1 .
2
4
2





(4.3)

We have plotted the shape of the potential term U = 14 (φ2 − 1)2 in Figure 4.1. Using the
Euler-Lagrange equations (2.3), we get the equation of motion
φ − φ3 = ∂t2 φ − ∂x2 φ.

(4.4)

We also put the constant η = 1 since it does not change the equations of motions. In the
upcoming sections we will consider the solutions to this equation.

Figure 4.1: The potential of a φ4 kink.
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4.1

φ4 topology and the zeroth homotopy group

In this section we will compute the vacuum manifold of the φ4 kink model explicitly and
then discuss the intricacies of the zeroth homotopy group.
First we must find the symmetry group of the model. We notice that the Lagrangian
in the action (4.3) is only invariant under reflections φ → −φ, thus the symmetry group of
the model is Z2 . Next, we find the vacuum values of the potential by solving the equation
1
U (φ0 ) = (φ20 − 1)2 = 0
4

(4.5)

from which we can easily see that the vacuum values are φ±0 = ±1. We can then also
see that the subgroup H ⊆ Z2 which keeps the vacuum values invariant is the trivial
group H = {1}. Thus, the vacuum manifold (2.19) is also simply the symmetry group
Z2 . Since the kink has one spatial dimension, we will work with the zeroth homotopy
group. Complications arise, since the vacuum manifold is not connected, thus we have to
consider the base points individually. Let us start by finding the maps according to (3.8)
0
φ∞ : S∞
→ Z2

(4.6)

and simply looking at the cardinality of the sets, we can see that there are four maps.
The maps are shown in Figure 4.2 and few of their possible field representations can be
seen in Figure 4.3.
The next step is to represent these maps concisely by considering the homotopies
between the points of the vacuum manifold. Start by picking a base point x0 ∈ Z2 and
0
are mapped to x0 or only
note the two possible situations. Either both points from S∞
one is mapped1 to x0 . Then we notice that these two situations are non-homotopic. The
points at Z2 are not connected, so we cannot continuously move the un-based points to
each other. Thus the zeroth homotopy group is non-trivial and we denote it as π0 (Z2 , x0 ).
The converse is also true if we had chosen the other base point x1 ∈ Z2 , whose zeroth
homotopy group we denote as π0 (Z2 , x1 ). Now we can represent the maps (4.6) concisely
with the group product of these two homotopy groups by writing
π0 (Z2 , x0 ) × π0 (Z2 , x1 ) = π0 (Z2 , 1) × π0 (Z2 , −1),
where the choice of base points was made explicit.

1

The case that neither are mapped is not possible since we already chose the base point.

(4.7)
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(b) Topologically trivial mappings.

(a) Topologically non-trivial mappings.

Figure 4.2: Set theoretic representation of the possible mappings.

(a) Topologically non-trivial fields.

(b) Topologically trivial fields.

Figure 4.3: Few possible mappings

As a short side-track, let us go up a level of abstraction and see how we could
generalize this process to vacuum manifolds with higher cardinality. Consider a vacuum
manifold M with m disjoint points. Then the zeroth homotopy groups of such a manifold
can be written in chain as
π0 (M, x0 ) × π0 (M, x1 ) × ... × π0 (M, xm−1 ),

(4.8)

where xm ∈ M. We have represented this schematically in Figure 4.4. Using this
schematic view, we can quite simply calculate the number of unique kinks (arrows) N
in a model given by the cardinality of the vacuum manifold m ≥ 1:
N = (m − 1) + (m − 2) + (m − 3) + ... + 0 =

m
X

(k − 1) =

k=1

m
(m − 1).
2

(4.9)

As an example, consider the Potts model with four distinct spin states [39]. Then the
number of unique kinks between these states is
4
NP otts4 = (4 − 1) = 6
2

(4.10)

not including also the six associated antikinks. What happens when the cardinality of a
vacuum manifold approaches infinity? As one could expect, the number of unique kinks
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also approaches infinity but the differences between the neighbouring vacuum states also
gets smaller. Plotting the kinks in series forms a staircase-like function and increasing
the cardinality makes the stair steps smaller. This implies that in the continuum limit
the vacuum values are continuously transformable into each other, thus making them
homotopic and connected. This is the reason why trivial π0 implies a connected space
[35].

Figure 4.4: Every arrow from a base point xn to another base point xm is associated with a unique
kink Kn,m . By flipping the arrows, we can find the antikinks K̄m,n . Each base point also has a self-loop
representing the trivial map which were omitted from the figure.

4.2

The kink

The topological mappings define the classes of possible fields, but the specific field configurations of the model still must be solved from the equations of motion. The topology
of the system might allow for solutions that are not solutions to the final equation of
motion. Some of these are so-called lumps, which are presented in Figure 4.3b. Next, we
will finally solve the field equations to get the proper form of the kink.
The fastest way to find the kink solution is by using the Bogomolny equation (2.25)
√

dφ
2 2
=
φ −1 .
(4.11)
dx
2
Let us separate the variables and integrate to get
s

⇒ tanh−1 (φ) =

1
(x − a)
2

(4.12)

and solving for φ, we find
!

x−a
φ(x) = ± tanh √
,
2

(4.13)

where the positive solution is depicts a static kink and the negative solution an antikink,
both centred about x = a. The kink maps the left vacuum (−1) at x = −∞ to the
right vacuum (+1) at x = +∞ as was expected from the set theoretic Figure 4.2. Since
the kink is a solution to the Bogomolny equation, it is said to contain “BPS-ness”, thus
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saturating the lowest BPS-bound (2.24). The antikink doesn’t have this property but the
antikink is still a solution to the full equation of motion.
The full equation of motion is Lorentz invariant so we can Lorentz boost the static
solution to get a moving kink solution
!

γ
φ(t, x) = tanh √ [x − vt − a] ,
2

(4.14)

where γ is the Lorentz factor γ = (1 − v 2 )−1/2 . The energy density of this moving kink is
1
1
E = (φt )2 + (φx )2 + U (φ)
(4.15)
2
2
γ2
1
γ 2v2
sech4 (X) +
sech4 (X) + (tanh2 (X) − 1)2
(4.16)
=
4
4
4


1
= sech4 (X) γ 2 v 2 + γ 2 + 1 ,
(4.17)
4
where we wrote X = √γ2 (x − vt − a) and the fact that tanh2 (X) = 1 − sech2 (X) was
used. The energy density is plotted in (4.5) for the static case. We get the total energy
by integrating over the density,
√
√
!
Z
2 γ 2v2 + γ 2 + 1
2 2
=
γ.
(4.18)
E = Edx =
3
γ
3

Figure 4.5: Kink and its localized energy density in the static case.

4.3

The wobbling kink

A wobbling kink is a combination of the usual φ4 kink with an excited internal mode,
called the shape mode. In this section we shall derive the kink’s internal modes and
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construct the wobbling kink. Let us start by considering first order fluctuations of the
field solution by writing
φ(t, x) = φ0 (x) + ψ(t, x),

(4.19)

where φ0 (x) is the static kink solution and ψ(t, x) is a small fluctuation. Plugging this
into the equation of motion (4.4), we get
∂t2 ψ − ∂x2 ψ + (3φ0 − 1)ψ = 0,

(4.20)

where the fluctuation terms were kept to first order. Next, to find the eigenmodes of the
fluctuations, we make an ansatz
ψ(t, x) = e−iωt f (x)

(4.21)

where ω is the frequency. Plugging the ansatz into equation (4.20) we get a Schrödingertype equation
"

∂2
x−a
− 2 − 1 + 3 tanh2 √
∂x
2

!#

f (x) = ω 2 f (x)

(4.22)

which has solutions
f0 = sech2 (z)

(4.23)

f1 = sech2 (z) sinh(z)

(4.24)

√
fk = eikx (3 tanh2 (z) − 1 − 2k 2 − 3 2ik tanh(z)),

(4.25)

√
where z = (x − a)/ 2. The first solution with ω02 = 0 is called the translational mode
(zero mode) and the second solution with ω12 = 3/2 is called the shape mode. The last
solution is the continuum of states for 2 < ωk2 , with a dispersion relation ωk2 = k 2 + 2.
Details of finding the solutions to this particular potential can be found in Appendix C
of [36] or the general method for these types of Schrödinger equations in Chapter 12.3 of
[40].
A moving wobbling kink is just the combination of a Lorentz boosted kink (4.14)
and the fluctuation (4.21) with the shape mode (4.24):
φ(t, x) = tanh (X) + Ae−iωt sech2 (X) sinh(X),

(4.26)

q
√
where ω = 3/2, X = γ(x − vt − a)/ 2 and A is the amplitude of the excitation. This
oscillatory mode stores and releases energy, giving rise to multiple different phenomena, for
example stimulating kink-antikink pair production [41] and complicating kink-impurity
collisions [42, 43]. The wobbling kink is depicted in Figure 4.6 which we explore more in
depth in the next chapters.
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(a) The real part of (4.26).
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(b) Full simulation of (4.26) using the equation of motion (4.4). Note the slight radiation.

Figure 4.6: A wobbling kink plotted with an amplitude A = 0.4.

5. Kink scattering
Kink collision dynamics have been studied for around 50 years. Many curious, complex
and chaotic interactions can be found even in such a seemingly simple system. In this
chapter we will set the stage by giving a short overview on the past studies, present the
common numerical methods used in simulating these interactions and then replicate few
of these past results.

5.1

Setting the stage

The study of kink-antikink interactions began in the mid 70s. It was then discovered
[44, 45, 46] that during a kink-antikink collision the kink-antikink pair can form a localized and oscillating bound states, which we currently call bions due to their particle-like
behaviour. Bions radiate away energy during this oscillatory motion and annihilate after
finite time, thus bions are quasi-stable objects. Bion formation was found to occur at lowvelocity collisions. Above so-called critical velocity, the kink-antikink pair will not form
a bion but scatter, passing through each other [47, 48]. Between the bionic low velocities
and critical velocity exist so-called resonance windows (bounce windows). Within these
velocity windows the kink-antikink pair bounces multiple times before scattering [49]. We
call specific bounce windows as n-bounces, where n is the number of bounces before the
pair separates. It has also been found that these bounce windows depend fractally on
the impact velocity [50, 51], meaning that near any n-bounce window, there exists new
n + 1-bounce windows and so on.
Proper theoretical explanation or analytical predictions for the resonance windows
continues to elude us. It was hypothesized that this phenomenon was due to energy
exchange between the translational mode and the shape mode [49], but this explanation is
insufficient. The used approximation method, called the collective coordinate method, has
been deemed unable to predict resonance windows properly [52]. Also, counterexamples
have been found for the statement. For example, in modified φ4 and φ6 models without a
shape mode (or a suppressed mode) fractal resonance windows still exist [53, 54]. Though,
it is certain that the complex interactions between modes is a major player in resonance
window creation [55]. Research on other possible modes continue, such as models without
23
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a shape mode but instead a decaying quasi-normal mode [56, 57]. It should be noted that
these quasi-normal modes do not exist in the usual φ4 or sine-Gordon models. Similar
resonance structure exists in kink-impurity interactions as well [58, 59, 60] which makes
them a prime field of study due to their relative simplicity compared to kink-antikink
interactions. One particular modern finding is the existence of spectral walls, which
appear when the normal modes disappear into the continuum [43].

5.2

The numerical scheme

To integrate the equation of motion (4.4) we discretize space and time by using a finite
differences scheme and approximating the second order derivatives as
φk+1
− 2φkj + φk−1
∂2
j
j
φ(tk , xj ) ≈
,
2
2
∂t
dt

φkj+1 − 2φkj + φkj−1
∂2
φ(tk , xj ) ≈
,
∂x2
dx2

(5.1)

where dt and dx are the step-sizes of the temporal and spatial grids respectively. To
ensure stability in the simulation we require dt < dx by the Courant-Friedrichs-Lewy
condition [61]. Using the approximation (5.1) and plugging it to the equation of motion
(4.4), we find the discretized equation of motion
φkj+1 − 2φkj + φkj−1
φk+1
− 2φkj + φk−1
j
j
−
dt2
dx2
dt2
= 2φkj − φk−1
+ 2 (φkj+1 − 2φkj + φkj−1 ) − dt2 ((φ3 )kj − φkj ),
j
dx

φkj − (φ3 )kj =

(5.2)

⇒ φk+1
j

(5.3)

where the field value for the next time step was solved for the sake of programming simplicity. This scheme is not inherently energy conserving, but the error can be compensated
by using sheer computing power and small step-sizes. Comparing the energy densities at
the start of simulation and at the end, we find that the maximum detected deviation is
in the order of 10−4 when using step-sizes dx = 0.005 and dt = 21 dx. This accuracy is
within the same range as in other similar analyses [49, 50, 62]. This energy deviation was
measured for highly oscillating bions. Kink-impurity collisions are generally simpler and
thus accuracy for such interactions is better. To rule out the effect of boundaries from our
results, we ran the simulations with two different types of boundary conditions: Mur’s
absorbing boundary condition [63, 64] and the periodic boundary condition. We found
no qualitative difference between these two conditions. The only observed difference was
in energy conservation, which was expected, since in Mur’s scheme energy gets absorbed
at the boundaries.
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(a) A two-bounce escape found with initial velocity v0 = 0.2.

(b) A bound state with initial
velocity v0 = 0.1.

Figure 5.1: Two examples of kink-antikink collision processes. The plots show the value of the field at
the origin as a function of time φ(t, x = 0).

φ4 kink scattering dynamics

5.3

Let us demonstrate the qualitative effects of kink-antikink collisions by starting a simulation with an initial state








φ(0, x) = tanh X0+ − tanh X0− − 1,

(5.4)

√
where X0± = γ(x ∓ 5)/ 2 and varying the initial velocity to find bion formations and
bounces. We have plotted an example of a two-bounce in 5.1a and a bion formation
if 5.1b. Next, we shall reproduce the qualitative processes present in kink - impurity
collisions. Quantitative analysis of similar processes can be found in [62]. Similarly to the
kink-antikink interactions, three qualitatively different processes for a collision between a
kink and an attractive impurity can be found [58]: either the kink passes, gets reflected
or captured by the impurity. It should be noted that not all of these three processes
will exist for all impurity shapes [65]. Commonly, sharp normal distributions or delta
function-like impurities are used for such collisions. To replicate these processes, we will
consider a wider Lorentzian impurity, which is a type of Cauchy distribution, to see if the
width of the impurity impacts the results. We modify our equation of motion (5.3) to
include an impurity term
φk+1
= 2φkj − φk−1
+
j
j

dt2 k
(φj+1 − 2φkj + φkj−1 ) − dt2 ((φ3 )kj − φkj )(1 − σ(x)),
2
dx

(5.5)

where
σ(x) =

1
α
,
2
π x + α2

(5.6)

where α represents the inverse strength of the impurity and the 1/π factor is added to
normalize the impurity to unity. The sign of α defines the attractiveness or repulsiveness
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Figure 5.2: Two impurities plotted of the form (5.6).

of the impurity for positive and negative values respectively. Two different potentials are
depicted in Figure 5.2. We will start the analysis by considering multiple different initial
velocities of a kink to compare how the dynamics change. The simulations are started
with the sole kink centred at a = 5
!

γ
φ(0, x) = tanh √ (x − 5) .
2

(5.7)

In Figure 5.3a the case v0 = 0.131 depicts a situation where the kink gets captured by the
impurity and starts oscillating. In Figure 5.3b the cases for α = 0.2, 0.3 depict situations
where the kink gets super-captured within the impurity and does not return to either of
its vacuum values. This effect requires a fairly strong attractive impurity [62]. As we can
also see, the frequency of the oscillation is directly proportional to α. In Figures 5.3a and
5.3b, we notice another property of the attractive impurity: for the cases v0 = 0.226 and
α = 0.5 the impurity is too weak to capture the kink and the kink only passes through,
leaving behind a weak, long living bion state.
Next, let us consider the cases for a repulsive impurity. Qualitatively there are only two
cases: reflections and pass-throughs. These are again represented in the Figure 5.3c.
When the kink velocity is sufficiently high, the kink passes the impurity, losing some
kinetic energy as radiation. For low velocities the kink gets reflected.

5.4

Pair production and the numerical velocity limit

Let us next study the wobbling kink pair production in depth. A wobbling kink can
be thought as a bound state of a pair of kinks and an antikink [41, 66]. Increasing the
excitation of the shape mode will split the wobbling kink apart into the aforementioned
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(a) A capture, a reflection and a pass-through with varying initial
velocities and impurity strength α = 1.0.

(b) Super-captures and a pass-through with varying impurity
strengths and initial velocity v0 = 0.2.

(c) Kink reflection and a pass-through with different initial velocities
and with impurity strength α = −3.5.

Figure 5.3: Kink interactions with an impurity with different parameters.
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(a) Pair production and direct annihilation with A ≈ 1.37

(b) Pair production at A ≈ 1.39.

(c) Pair production at A ≈ 1.47.

Figure 5.4: Comparison between three different excitation amplitudes.

three solitons. We start the simulation with a wobbling kink
φ(0, x) = tanh (X0 ) + A0 sech2 (X0 ) sinh(X0 ),

(5.8)

√
where X0 = γx/ 2 such that the kink is centred at a = 0. By varying the initial
amplitude A0 we will find different effects.
For amplitude values A < 1.34 an imperfect pair production occurs. For these
states the pair produced “kinks” do not have the proper vacuum values of +1, −1 and
thus the system is indistinguishable from the usual wobbling kink. Between amplitude
values Ada ≈ 1.34 − 1.38, a direct annihilation occurs. The pair produced kinks separate
for a limited time and get pulled back to the antikink due to inter-kink forces, creating
a short lived bion state, which annihilates, leaving behind the original kink and a lot of
released radiation. This process is pictured in the Figure 5.4a.
When the amplitude of the wobbling kink is raised above the critical amplitude
Acr ≈ 1.38 the kink pair will separate, leaving behind an antikink and forming a threesoliton system. This process can be seen in Figures 5.4b and 5.4c. The separation velocity
of the two kinks depends on the amplitude of the excitation. We have plotted the absolute
value of the separation velocity of one of the kinks in Figure 5.5. We notice that the
maximum separation velocity plateaus at vmax ≈ 0.67. This will be considered as the
numerical velocity limit of the simulation. The used grid is too sparse to correctly account
for the effects of Lorentz contraction on the kink and thus the kink is not able to accelerate
beyond a certain point [67]. This effect was confirmed by running the same analysis with
a denser grid which raised the limit. Only results and phenomena that occur well below
this limit are reported.
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Figure 5.5: Separation velocities v as the function of excitation amplitude A. We note that the maximum
separation velocity plateaus at vmax ≈ 0.67.

6. The linear modification
Modifying our original Lagrangian (4.3) to include a linear term creates an asymmetric
potential
2
1
1 2
δ
L = (∂µ φ)(∂ µ φ) −
φ − 1 − φ3 ,
2
4
3

(6.1)

where δ acts as the strength of “kink acceleration”, or as the strength of supercooling.
The potential is plotted in Figure 6.1a. The equations of motion are then also modified
to be
φ − φ3 − δφ2 = ∂t2 φ − ∂x2 φ,

(6.2)

which, using the same discretization scheme as in (5.1) yields
φk+1
= 2φkj − φk−1
+
j
j

dt2 k
(φ − 2φkj + φkj−1 ) − dt2 ((φ3 )kj − φkj + δ(φ2 )kj ).
dx2 j+1

(6.3)

The linear modification makes the analysis of the system a lot more complicated by
introducing a new variable δ and making the system dependent on initial positions. Thus,
our main focus is to explore new possible phenomena and confirming the existence of old
phenomena in this modified model.
The linear term shifts the false and true vacua. Let us define a related shift factor,
which can be calculated from the potential U (φ) = 41 (φ2 − 1)2 + 3δ φ3 by first finding the
vacua
∂U (φ)
= φ3 − φ + δφ2 = 0
∂φ
from which we can solve the minima by using the quadratic formula

1 √ 2
φ± =
± δ +4−δ .
2

(6.4)

(6.5)

Then, let us pick either of the minima φ± and define the shift factor
β = φ± ∓ 1.

(6.6)

This factor will be used to shift the vacuum values of the kink to fit the new, modified
vacua. If this shift is not done, the kink will oscillate around the vacua. This can be seen
in Figures 6.1a and 6.1b. The oscillation also gets stronger as |δ| is increased.
30
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(a) Intuition for the oscillation effect for a kink with vacuum values at ±1.

(b) Oscillation around the new vacuum value at the negative side. The straight line is the kink with the shift factor
and the dashed line is without.

Figure 6.1: The oscillation around the vacuum values.

Only small values are considered |δ| ∼ 0.01 in the analysis. For higher values of |δ|
it was found that within the used timescale the kink accelerates too fast and reaches the
numerical velocity limit addressed in Section 5.3, thus making the results unreliable.

6.1

Kink - antikink collision

We start the simulations with similar initial conditions as in (5.4) but with the addition
of the shift factor








φ(0, x) = tanh X0+ − tanh X0− − 1 + β,

(6.7)

√
where again X0± = γ(x ∓ 5)/ 2.
In the case of δ > 0, the kink-antikink pair will always get pulled together after
sufficiently long time. Thus, previously simple bounces are now more complicated. We
find that there are two different situations that can occur at each interaction. Either the
pair forms a bion or the pair bounces, gets pulled back and interact again. The main
difference compared to the pure φ4 model is that this bouncing could continue for an
arbitrary long time. This process is very similar to trapping [68]. These processes are
depicted in Figures 6.2. If the pair forms a bion it will stay as a bion regardless of the
strength of δ but increasing δ seems to cause the bion to annihilate more quickly, on
average. In the case of δ < 0 the kink and the antikink will be pulled away from each
other, making their interaction dependent on their initial velocities and position. If these
initial parameters are within certain values, the kink - antikink pair can interact, forming
a bion or separating after bouncing, similarly to the pure φ4 model. These processes are
shown in Figure 6.3. We also found one-bounces and three-bounces, so the existence of
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(a) A one-bounce with
δ ≈ 0.0034

(b) Potentially perpetual bouncing
with δ ≈ 0.0046

(c) A two-bounce with
δ ≈ 0.0048

Figure 6.2: Three different processes with an initial velocity v0 = 0.3.

(a) No interaction with v0 ≈ 0.226

(b) Bion with v0 ≈ 0.261

(c) Two-bounce with v0 ≈ 0.297

Figure 6.3: Three different processes for δ = −0.015.

fractal structure could very well exist in this model as well.

6.2

Wobbling kink dynamics in the linear modification

In this section we will explore how the linear extension affects the dynamics of wobbling
kink pair production and impurity collisions. As before, we start the simulation with the
usual wobbling kink and the addition of the shift factor
φ(0, x) = tanh (X0 ) + A0 sech2 (X0 ) sinh(X0 ) + β,

(6.8)

√
where X0 = γx/ 2. The dynamics of pair production changed qualitatively compared
to the pure φ4 model. One major difference is that the system will not split into three
separate solitons but depending on the sign of δ, into a (anti)kink and a bion. A bion
will always form, since the kink-antikink pair will always accelerate towards each other.
The bion will not experience acceleration due to having neutral topological charge or
more intuitively, the kink-antikink pair will both get pulled with same strength to the
opposite directions and the forces are cancelled. There does not seem to exist a direct
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(a) A weak bion separating with A =
1.28

(b) A fling with A ≈ 1.291

(c) A bion separating with zero velocity
with A ≈ 1.312.

Figure 6.4: Three different processes for δ = 0.01.

annihilation process as in the pure φ4 model. A fling is similar to the reflection effect in
the attractive impurity models. Some of the bion’s momentum is transferred to the kink
and it gets flung along the bion’s original direction of movement. During this process the
bion’s movement also gets flipped similarly. These processes are shown in Figure 6.4.
In wobbling kink - impurity collisions some new processes are found. Similarly to
[43], we have found that the amplitude of the excitation has major impact in the resulting
dynamics. For attractive impurities we find a similar spectral wall like structure as in [43].
In our simulations the spectral wall appears to be asymmetric, which could be expected
due to the broken symmetry of the model. The results are shown in Figure 6.5 where
we have plotted the centres of wobbling kinks in multiple kink-impurity collisions with
differing amplitudes. For repulsive impurities no similar processes were found.
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Figure 6.5: Multiple kink-impurity collisions with different initial amplitudes. The lines are the centres
of the kinks at different times φ(t, x) = 0. The dashed line points to the approximate location of the
spectral wall. Used parameters were δ = 0.001 and α = 0.5

7. Summary and conclusions
In this thesis we have summarized the common methods for the analytic treatment of
kinks and the mathematical groundwork for classifying topological solitons and defects.
The derivation of kink normal modes was summarized as well. We also replicated typical
kink - impurity and kink - antikink scattering processes found in modern literature.
The pair production caused by the high excitation of the shape mode was studied
more thoroughly. We found how the separation velocity of the kink pair was dependent on
the amplitude of the shape mode and found the amplitude window for direct annihilation.
The numerical velocity limit was also discussed in this context.
We presented the linear modification to the usual φ4 kink model and studied how the
dynamics change due to the addition of a linear term. We found that the usual processes
for kink-antikink collisions, such as the bion formation, and that resonance windows exist
in this modified model. The perpetual bouncing phenomena was a notable difference
compared to the φ4 model. We also found that there were no qualitative differences
in kink-impurity collisions, but these results were not reported in this work. For the
wobbling kink dynamics, we presented the spectral wall phenomenon, which we found to
be asymmetric. In pair production we found new processes such as the fling and bion
separations with different velocities.
We discussed in the Introduction that one possible method for including domain
walls to cosmological situations was to have a small symmetry breaking term in the
potential. Our results showed that depending on the sign of δ either vacuum will inevitably
be chosen due to the unavoidable annihilation of the kink-antikink pair regardless of the
sign. In our model the positive sign made the (−1) vacuum preferable and the negative
sign made the positive vacuum (+1) preferable.
These results introduce some open ideas for future research. Expanding the linear
modification to other models such as the sine-Gordon model and higher φn models could
be explored, especially models that are cosmologically well motivated. We also noticed
indication of successive pair production: the excited kink seems to create an antikink-kink
pair periodically when the shape mode amplitude is high enough. This effect should be
confirmed with more accurate simulation methods. The prediction that spectral walls are
a generic phenomenon should also be explored further [43].
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