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1 Introduction
Let us start from studying following Figure 1. If we ask people to describe the data set’s
shape in Figure 1, we will probably get multiple answers. One would say it contains
176 distinct points. Somebody else could say that there is eleven B’s, and the third
describes the shape by saying that there is a letter A. We can perceive, that the answer
depends on the scale. The natural question which comes to mind is which scale is the
most right or most essential. Many times the choice of the scale is up to the user. The
topological data analysis (TDA) studies this phenomenon. One of the main tools of
TDA is persistent homology, which we delve into in this thesis. We will also present one
of its applications, an algorithm for completing fragmented images.

Figure 1: The point set contains 176 points. The shape of this set can also be described
by saying there is eleven B’s or one A. [1]

The persistent homology is a relatively new theory. It is developed in the early 2000s.
The persistent homology has received increasing attention in the last years due to its
applications. Today it is used in many fields. For example, it is lately used to analyze
protein structure, flexibility, and folding, estimate the curvature of shapes, and study
architectural features in cancer [2, 3, 4]. New studies based on the persistent homology
are published frequently.
Persistent homology leans strongly to other homology theories, which histories reach

to the end of the 1800 century. At that time, Bernhard Riemann and Enrico Betti
presented Betti numbers. Traditionally homology has interested only mathematicians,
but the persistent homology and thus theories behind it have received much attention
also, for example, from computer scientists and biologists in the last decade. Many
applications use algorithms, which are developed to compute homology classes’ lifetimes.
To understand how to calculate and utilize these, we have to go through some theory
behind it.
In the first chapter, we go through the theory behind simplicial homology and continue

to study persistent homology. In the second chapter, we focus on tools, alpha-complexes
and alpha-graphs, which we use in our application. In the last chapters, we present our
algorithm and the results we have gotten.
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2 Homology
This section is based on algebraic topology books by Rotman [5], and by Hatcher [6],
articles and books on persistent homology by Edelsbrunner and Harer [7, 8] and by Otter
et al. [9].
Homology theories are algebraic topology, and they are developed to study different

kinds of spaces. For example, simplicial homology is for simplicial complexes. Singular
homology is for general topological spaces and cellular homology for CW-complexes.
These theories have lots of common, and many properties are similar. The interested
reader can found more about these theories, for example, from Rotman’s book [5].
The persistent homology theory is kind of glued on an other homology theory. Thus

we have to pick a theory to build on. From the perspective of computers, simplicial
complexes are the easiest to handle. It is also usually the most suitable choice because
applications are mostly for finite data. That is why we start to study simplicial homology.

2.1 Simplex, Simplicial Complex and Simplicial Homology
Let start to define an affine and a convex set and continue to present a simplex and a
complex.

Definition 2.1. A subset A ⊂ Rn is an affine set if x+ t(y − x) ∈ A for all t ∈ R and
x, y ∈ A.

The definition also allows that an empty set is affine, and also one point sets are
affine. If the line segment between every x ∈ A and y ∈ A is contained in A, then we
are speaking of a convex set. Every affine set is also convex, but all convex sets are not
affine. We see an example of a convex set in Subfigure 2a. On the other hand, this set
is not an affine set. The set in Subfigure 2b is an example of a non-convex set.

(a) (b)

Figure 2: The left side green set is an example of a convex set. A line segment between
every point x and y in this set lies on the set. The right side set is not a convex
set. [10, 11]
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Definition 2.2. A subset X ⊂ Rn is a convex set if tx+ (1− t)y ∈ X for all t ∈ [0, 1]
and x, y ∈ X.

Definition 2.3. A convex set spanned by X ⊂ Rn is the intersection of all convex
sets containing X. We denote this by [X].

A convex set spanned by X is also called a convex hull of X.

Definition 2.4. A convex combination of points p0, p1, . . . , pm ∈ Rn is

t0p0 + t1p1 + · · ·+ tmpm, where
m∑
i=0

ti = 1 and ti ≥ 0 for all i = 0, . . . ,m.

Lemma 2.5. Let P be a set of all convex combinations of points p0, p1, . . . , pm. Then
P is convex.

Proof. Assume α and β belong to P . We can write α and β as convex combinations
of points p0, p1 . . . , pm, i.e., α =

∑m
k=0 akpk and β =

∑m
k=0 bkpk, where

∑m
k=0 ak = 1 =∑m

k=0 bk and ak, bk ≥ 0 for all k = 0, . . . ,m.
Let t ∈ [0, 1]. Now

tα+ (1− t)β = t
m∑
k=0

akpk + (1− t)
m∑
k=0

bkpk

=
m∑
k=0

(takpk + (1− t)bkpk)

=
m∑
k=0

(tak + (1− t)bk)pk.

We notice that for every k, tak + (1− t)bk ≥ 0 since t, ak, bk ≥ 0. Additionally,
m∑
k=0

(tak + (1− t)bk) = t
m∑
k=0

ak + (1− t)
m∑
k=0

bk

= t+ (1− t)
= 1.

We have gotten that tα + (1 − t)β can be written as the convex combination of points
p0, p1, . . . , pm. Thus tα+ (1− t)β ∈ P and furthermore P is convex by definition.

Theorem 2.6. If p0, p1, . . . , pm ∈ Rn, then convex set spanned by {p0, p1, . . . , pm} is the
set of all convex combinations of p0, p1, . . . , pm.

Proof. Denote that S =
[
{p0, p1, . . . , pm}

]
and P is a set of all convex combinations of

p0, . . . , pm. Let us show first that S is a subset of P . It suffices to show that P is convex
and p0, . . . , pm belong to P .

We know by Lemma 2.5 that P is convex. Fix ai = 1 for some i ∈ {0, 1, . . . ,m} and
fix to all others j ∈ {0, 1, . . . ,m}, j 6= i, aj = 0. Then

∑m
k=0 akpk = pi is the convex
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combination and thus pi ∈ P . Since S is the smallest convex set that contains points
p0, p1, . . . , pm and P is the convex set that contains points p0, p1, . . . , pm, it follows that
S is the subset of P .

Next, we will show that P is a subset of S. We will do this by induction with respect
to a number of points in P .
Base case: Suppose that m = 0. Then P = {p0}. Thus clearly P ⊂ S.
Inductive hypothesis: Suppose that P is a subset of S for some m = k − 1, k ≥ 1.
Inductive step: Let γi ≥ 0 and

∑k
i=0 γi = 1. We want to prove that

∑k
i=0 γipi ∈ S.

Assume that

γ =
k−1∑
i=0

γi.

We have to study two cases, γ = 0 and γ 6= 0. If γ = 0, then γ0, γ1, . . . , γk−1 = 0.
Furthermore

k∑
i=0

γipi =
k−1∑
i=0

γipi + γkpk = γkpk = pk ∈ S.

Next we study the case γ 6= 0. Let us denote µi = γi
γ . Then

k−1∑
i=0

µi = 1
γ

k−1∑
i=0

γi =
∑k−1
i=0 γi∑k−1
i=0 γi

= 1

and µi ≥ 0. Thus

q =
k−1∑
i=0

µipi ∈ P

and by the inductive hypothesis, q ∈ S.
Since S is a convex set, then γq + (1− γ)pk ∈ S. Denote, that γk = 1− γ. We notice

that,

γq + (1− γ)pk = γ
k−1∑
i=0

µipi + γkpk

=
k−1∑
i=0

γµipi + γkpk

=
k−1∑
i=0

γipi + γkpk

=
k∑
i=0

γipi.

Hence
∑k
i=0 γipi ∈ S and we conclude that P ⊂ S.
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Definition 2.7. Let A = {p0, p1, . . . , pm} be a subset of Rn. The set A is called an
affine independent if {p1 − p0, p2 − p0, . . . , pm − p0} is a linearly independent subset
of the real vector space Rn.

Definition 2.8. Let A = {p0, p1, . . . , pm} be an affine independent subset of Rn. The
(affine)m-simplex is the convex set spanned by A. This set is denoted by [p0, p1, . . . , pm]
and points p0, p1, . . . , pm are called vertices.

Notice that 0-simplex is a point, 1-simplex is a closed interval, 2-simplex is a triangle
with the interior, and 3-simplex is a tetrahedron with the interior. The affine indepen-
dence ensures that three points are not in the same line. Moreover simplices’ interiors
follow from Theorem 2.6.
We obtain a face of a m-simplex σ = [v0, . . . , vm] by removing one vertex, i.e.,

σ(vi) = [v0, . . . , vi−1, vi+1, . . . , vm]

is the face of σ. For example, if σ = [v0, v1, v2], then

(σ(v2))(v1) = [v0, v1](v1) = [v0]

We can notice that we get the same result with (σ(v2))(v1) if we first remove the vertex
v1 and then the vertex v2,

(σ(v1))(v2) = [v0, v2](v2) = [v0].

In fact, it is always true that

(σ(vi))(vj) = (σ(vj))(vi).

Notice, that a face of m-simplex is the (m − 1)-simplex. Adding all simplex’s faces
together, we get a boundary of m-simplex. When we take a collection of simplices, we
obtain a complex. Let us define it properly.

Definition 2.9. A simplicial complex K ⊂ P(Rn) is a collection of simplices having
a property that every face of a simplex of K is in K and the intersection of any two
simplices of K is a face of each, or it is empty.

Sometimes a simplicial complex is called a geometrical simplicial complex if it
is wanted to emphasize the shape of the simplices. In Figure 3, we see an example
of a simplicial complex in Subfigure 3a and an example of a collection which is not a
simplicial complex in Subfigure 3b.
As we see in Definition 2.8, we can express a simplex by listing only its vertices. That

leads us to talk about the abstract simplicial complex, which we will define next. The
collection in Subfigure 3b is an example of an abstract simplicial complex. An abstract
simplicial complex releases us from geometrical construction, and thus the abstract sim-
plicial complex is simpler.
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(a) A simplicial complex (b) This collection is not a simplicial
complex since intersection of two 1-
simplex is not the face of the other
2-simplex.

Figure 3: Example of a simplicial complex and collection, which is not a simplicial com-
plex.

Definition 2.10. An abstract simplicial complex K is a family of nonempty subsets
of a finite set V having the following properties

1. if v ∈ V , then {v} ∈ K

2. if s ∈ K and s′ ⊂ s, then s′ ∈ K.

The set V is called vertex set and is denoted Vert(K). The subset s ⊂ V is called
m-simplex if it has m+ 1 distinct vertices.

Every simplicial complex determines an abstract simplicial complex. Then they have
the same vertex set. From now on, we will present simplices using their vertices. Thus
we will drop the word "abstract". In this chapter, we will not make a difference between
those two complexes anymore. Notice, that we can still talk about a face of a m-simplex.
We obtain it still by removing one vertex, i.e.,

σ(vi) = {v0, . . . , vi−1, vi+1, . . . , vm}.

Our goal is to formalize an idea of holes in a complex. To do that, we start from a
vector space of p-simplices.
For each p ∈ N, we denote Kp to be a collection of all p-simplices of simplicial complex

K. Now we can form a vector space Cp(K) such that its basis elements are all p-simplices
in K. The scalar field is usually Z2 in persistent homology applications, but it can also
be some other field F. In this thesis, we will use Z2. Now the general element of Cp(K)
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can be written by a linear combination of p-simplices,∑
σ∈Kp

cσσ, where cσ ∈ Z2 for each σ ∈ Kp.

Elements of vector space Cp(K) are called p-chains.
Since Cp(K) is a vector space having elements of Kp as a basis we may define a

homomorphism for the basis elements,

dp : Cp(K)→ Cp−1(K),

satisfying
dp(σ) =

∑
v∈σ

σ(v), for each σ ∈ Kp.

The linear map dp is called the boundary map since it maps simplex to its boundary.
If we map a boundary with a boundary map, we get 0, i.e., dp ◦ dp+1 = 0. Edelsbrunner
and Harer call this Fundamental Lemma of Homology [8].

Theorem 2.11. We have dp−1 ◦ dp = 0 for all p ≥ 0.

Proof. Let σ = {v0, v1, . . . , vp} be a basis element of Cp(K). Now

dp−1(dp(σ)) = dp−1
∑
v∈σ

σ(v).

Since dp−1 is a linear map, we can move it to inside the sum. Thus

dp−1
∑
v∈σ

σ(v) =
∑
v∈σ

dp−1(σ(v)) =
∑
v∈σ

∑
w∈σ(v)

(σ(v))(w).

If we open the sum notation we get a following sum

(σ(v0))(v1) + · · ·+ (σ(v0))(vp) + (σ(v1))(v0) + (σ(v1))(v2) + · · ·+ (σ(v1))(vp) + · · ·
+(σ(vp−1))(v0)+(σ(vp−1))(v1)+· · ·+(σ(vp−1))(vp)+(σ(vp))(v0)+(σ(vp))(v1)+· · ·+(σ(vp))(vp−1).

Recall that, (σ(v))(w) = (σ(w))(v). Let use this result to the sum above. We can see
that each term appears two times in the sum. Since our coefficient field is Z2, we can
conclude that dp−1 ◦ dp(σ) = 0. Thus dp−1 ◦ dp = 0 for all p ≥ 0.

2.2 Homology of Chain Complexes
We say that the sequence of maps

C∗(K) = 0→ Cn(K) dn−→ Cn−1(K) dn−1−−−→ · · · d2−→ C1(K) d1−→ C0(K) d0−→ 0

is a chain complex.
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We say that σ ∈ Cn(K) is an n-cycle if dn(σ) = 0 and it is an n-boundary if there
is τ ∈ Cn+1(K) for which dn+1(τ) = σ. The set of all n-cycles is denoted by

Zn(K) = ker(dn)

and the set of all n-boundaries is denoted by

Bn(K) = im(dn+1).

All boundaries are cycles but all cycles are not boundaries. The first part follows from
Theorem 2.11. If σ ∈ Cn+1(K) then dn+1(σ) ∈ im(dn+1), i.e., dn+1(σ) is boundary.
Theorem 2.11 says that dn(dn+1(σ)) = 0. Thus dn+1(σ) ∈ ker(dn). Hence

Bn(K) ⊂ Zn(K).

(a) (b)

(c) (d)

Figure 4: Blue edges form boundaries in Subfigures (a) and (b). In Subfigures (c) and
(d) red edges represent cycles which are not boundaries.

We now have all the necessary knowledge to define the homology of chain complexes
C∗(K) which is also called (simplicial) homology of the simplicial complex K.

Definition 2.12. For each p ≥ 0, the p-th (simplicial) homology group of a complex
K is

Hp(K) = Zp(K)/Bp(K).

The cosets of Hp(K) are called homology classes.
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Cycles c1 ∈ Zp(K) and c2 ∈ Zp(K) are in the same homology class if there exists a
boundary b ∈ Bp(K) such that c1 + b = c2. For example, the cycles in Subfigures 4c and
4d, colored in red, belong to different classes. On the otherhand cycles in Subfigures 4a
and 4b, colored in blue, are in same homology class because they are boundaries.
Homology group H1(K) formalizes the idea of holes of the complex K. As we have

seen in Figure 4, it does not capture holes directly. Instead, it focuses on what surrounds
them. Homology groupH0(K) describes 0-dimensional holes, i.e., connected components
and H2(K) describes 2-dimensional holes, i.e., voids.

2.3 Homology with Different Coefficients
We have build up the theory using the coefficients Z2, but we could do it for any abelian
group G. The notation Hn(X;G) is used to separate homology groups with different
coefficients in the literature. Usually in the algebraic topology literature the coefficient
group is Z and the notation Hn(X) means Hn(X;Z). In the persistent homology, the Z2
is more useful, and thus in this thesis, and in many articles, the notation Hn(X) means
Hn(X;Z2). By using Z2, calculations are easier than using, for example, the coefficients
in Z. Using the integers as coefficients, we have to pay attention to the orientation of
simplices. Thus all vertices of simplex are in a fixed order and hence each vertex has
index. The boundary map is slightly different than we have presented,

dp(σ) =
p∑
i=0

(−1)iσ(i).

Here i is the simplex’s vertex’s index and σ(i) means that we remove ith vertex from
σ. The coefficient −1 gives the orientation, and since in Z2 it does not matter, it is not
included in the boundary map.
The theorems are mostly the same for any coefficient group. The difference comes

in calculations. The Universal Coefficient Theorem gives a relationship between the
homology group with coefficient Z and some abelian group G. We will just present the
theorem and will not prove it since it contains tensor and Tor-functor theory. The reader
can found the proof from Rotman’s book [5].

Theorem 2.13. For every chain complex K and every abelian group G, there exist a
sequence for all n ≥ 0

0→ Hn(K;Z)⊗G α−→ Hn(K;G) β−→ Tor(Hn−1(K), G)→ 0,

where imα = kerβ. Additionally,

Hn(K;G) ∼= Hn(K;Z)⊗G⊕ Tor(Hn−1(K), G).

Here Tor(·, ·) is the Tor-functor. IfHn−1(K) orG is torsion-free, then Tor(Hn−1(K), G) =
0. The field Z2 is torsion-free and the Universal Coefficients Theorem says that

Hn(K;Z2) ∼= Hn(K;Z)⊗ Z2.
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As said, homology groups describe holes. To count a number of holes in the simplicial
complex K, we can use Betti numbers.

Definition 2.14. Suppose that Bn(K) and Zn(K) are finite dimensional. The n-th
Betti number βn(K) is the dimension of the n-th homology group,

βn(K) = dim(Hn(K)) = dim(Zn(K))− dim(Bn(K)).

Thus β0 is a number of 0-dimensional holes, i.e., the number of connected components,
β1 is a number of holes, and β2 is a number of 2-dimensional holes, i.e., number of voids.
Notably, changing the scalar field can affect Betti numbers. Thus Betti’s number may
not correspond to our intuitive guess.
For example in Figure 4, the first Betti number is β1(K) = 2. In other words, there

are two cycles that are not boundaries, and other cycles can be presented by using these
two cycles and boundaries. These two cycles can be found, for example, around the
complex’s ’holes’.

2.4 Induced Maps of Homology
Before we can get into persistent homology, we have to go through crucial simplicial
homology properties.
Notice that in the literature, the indices of maps are often omitted, and it has left to

the reader to understand the difference between maps. It simplifies the presentation but
can be easily misleading. For that reason, we present all indices in this thesis.

Definition 2.15. Let K and K ′ be abstract simplicial complexes. A function

f : K → K ′

having the properties that whenever {v0, . . . , vm} is a simplex inK, then {f(v0), . . . , f(vm)}
is a simplex in K ′, is called a simplicial map

Suppose that K and K ′ are simplicial complexes and f : K → K ′ is a simplicial map.
This map induces the following map:

f̃p : Cp(K)→ Cp(K ′),∑
cσσ 7→

∑
cσf(σ).1

Now we get the following important lemmas.

Lemma 2.16. Let f : K → K ′ be a simplicial map. Then dn ◦ f̃n = f̃n−1 ◦ d′n for every
n ≥ 1. That is the diagram

1Some authors, for example, Rotman, uses notation f# in place of f̃ .
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Cn(K) Cn−1(K)

Cn(K ′) Cn−1(K ′)

f̃n

dn

d′n

f̃n−1

commutes.

Proof. Suppose that f : K → K ′ is some simplicial map. Let σ ∈ K be an n-simplex.
Thus σ is a generator of Cn(K). Now

(d′n ◦ f̃n)(σ) = d′n(f(σ)) =
∑

v∈f(σ)
(f(σ))(v) =

∑
v∈σ

f(σ(v))

= f̃n−1
∑
v∈σ

σ(v) = f̃n−1(dn(σ)) = (f̃n−1 ◦ dn)(σ).

Since d′n ◦ f̃n = f̃n−1 ◦ dn holds for every generator of Cn(K) it follows that

d′n ◦ f̃n = f̃n−1 ◦ dn.

Remark. Notice, that the article [9] allows any map instead of simplicial map induce f̃ .
This can imply problems, since above lemma does not hold. Let us give an example.
Let complex K be

{
{v0}, {v1}, {v0, v1}

}
and let complex K ′ be {{v0}, {v1}}. Suppose

f({v0}) = {v0}, f({v1}) = {v1} and f({v0, v1}) = 0. Now d1 ◦ f̃1({v0, v1}) = d1(0) = 0,
but f̃0 ◦ d1({v0, v1}) = f̃0({v0}+ {v1}) = {v0}+ {v1}.

Lemma 2.17. Let f : K → K ′ be a simplicial map. Then

f̃n(Zn(K)) ⊂ Zn(K ′) and f̃n(Bn(K)) ⊂ Bn(K ′)

for every n ≥ 0.

Proof. Let us consider first the proof of f̃n(Zn(K)) ⊂ Zn(K ′). Let α ∈ Zn(K). Then
dn(α) = 0. Thus by Lemma 2.16,

d′nf̃n(α) = f̃n−1
(
dn(α)

)
= f̃n−1(0) = 0.

We conclude that f̃n(α) ∈ Zn(K ′).
Let us consider next proof of f̃n(Bn(K)) ⊂ Bn(K ′). Let β ∈ Bn(K). We want to

prove that f̃n(β) ∈ Bn(K ′) that is by definition of boundary f̃n(β) = d′n+1(σ) for some
σ ∈ Cn+1(K ′). We know that there exist γ ∈ Cn+1(K) such that β = dn+1(γ). Thus
f̃n(β) = f̃n(dn+1(γ)) = d′n+1(f̃n+1(γ)). That proves the latter claim.
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Lemma 2.18. We have a linear map

fn : Hn(K)→ Hn(K ′),

[c] 7→ [f̃n(c)].

Proof. The map is well defined since c is the cycle and we have proved in Lemma 2.17
that f̃n(c) is also a cycle. Also choice of representative does not effect to result. Let us
go through this carefully. If c is representative of some coset then also c+ b, b ∈ Bn(K)
is representative of the same coset. This comes straightly from the defination of coset.
Now f̃n(c+ b) +Bn(K ′) is a coset of Hn(K ′). On the other hand f̃n(c+ b) +Bn(K ′) =
f̃n(c) + f̃n(b) +Bn(K ′). Furthermore f̃n(c) + f̃n(b) +Bn(K ′) = f̃n(c) +Bn(K ′) because
f̃n(Bn(K)) ⊂ Bn(K ′).

Next, we go to a crucial theorem for the definition of persistent homology. This
Theorem is called functoriality in some literature. The theorem says that

(f ◦ g)p = fp ◦ gp.

Theorem 2.19. Suppose that K,K ′ and K ′′ are simplicial complexes. Let f : K → K ′

and g : K ′ → K ′′ be simplicial maps. Then (g ◦ f)p = gp ◦ fp.

Proof. Suppose that [c] ∈ Hp(K). Now,

(g ◦ f)p([c]) = [(̃g ◦ f)p(c)]

Notice, that (̃g ◦ f) = g̃◦f̃ , which follows from definition of f̃ and g̃. Thus, [(̃g ◦ f)p(c)] =
[(g̃p ◦ f̃p)(c)] = [g̃p(f̃p(c))] = gp([f̃p(c)]) = gp(fp([c])), which concludes the proof.

2.5 Persistent Homology
The persistent homology studies the shape of a complex at different scales. One of the
common ways to measure scale is to compute distances between vertices in Rn. If two
vertices are close enough, we can add a 1-simplex, and if three vertices are close enough,
we can add 2-simplex and so on. Changing the meaning of "close enough", we get a
sequence of nested complexes. That leads us to speak about a filtration.
Consider a simplicial complex K. Let us suppose that function ρ : K → R has such

a property that ρ(σ) ≤ ρ(γ) whenever σ is a face of γ. We say that ρ is monotonic.
Now monotonicity yields that set K(a) = ρ−1((−∞, a]

)
is a subcomplex of K for every

a ∈ R.

Definition 2.20. A sequence

∅ = K−1 ⊂ K0 ⊂ K1 ⊂ · · · ⊂ Kn = K,

of subcomplexes of K is a filtration associated to scales −∞ = a−1 < a0 < a1 <
· · · < an, Ki = K(ai) for each i ∈ {−1, . . . , n}.
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Remark. Note that sometimes, especially in applications, the empty set is left out from
a filtration.

Since Ki ⊂ Ki+1 for all i, we have a sequence of inclusion maps.

∅ ↪−→ K0 ↪−→ K1 ↪−→ · · · ↪−→ Kn.

Notice that inclusion map between Ki and Kj is a simplicial map. Thus inclusion
between Ki and Kj induces map,

fi,j : Hp(Ki)→ Hp(Kj).

Furthermore, functoriality implies that

fk,j ◦ fi,k = fi,j for all i ≤ k ≤ j.

Now we have all the necessary information to define persistence homology.

Definition 2.21. Suppose that we have a filtration ∅ = K−1 ⊂ K0 ⊂ K1 ⊂ · · · ⊂ Kn =
K. Let linear maps fi,j : Hp(Ki)→ Hp(Kj) be induced by the inclusion maps Ki to Kj

for all i, j ∈ −1, . . . , n and i ≤ j. We say that the pth persistent homology of K is
the pair (

{Hp(Ki)}−1≤i≤n, {fi,j}−1≤i≤j≤n
)
.

The definition uses inclusions, even if results are valid for any simplicial map. Inclusion
keeps parts of the complex in order, and thus it is more meaningful than some other
map.

Definition 2.22. Let
(
{Hp(Ki)}−1≤i≤l, {fi,j}−1≤i≤j≤k

)
be the pth persistent homology

of K. Let c ∈ Hp(Ki). We say that the homology class c is born at a time i = birth(c) if
it is not in image of fi−1,i. We say that the homology class c dies at a time j = death(c)
if j > i is the smallest index for which fi,j(c) = 0. We call the interval [i, j) a lifetime
and the difference death(c)− birth(c) persistence of c.

Example 2.23. Consider complexes:

As we can see these complexes form part of a filtration, every complex is a subcomplex
of a complex on its right hand side. Let call these subcomplexes from left to right to be
K1,K2,K3,K4,K5 and K6 respectively. Now study the cycle, say γ, in C1(K2) bolded
in figure below.

17



A homology class [γ] belongs to H1(K2). On the other hand, it does not belong to the
image of f1,2. Thus we say that [γ] is born at a time 2.
As we continue in a sequence of complexes we notice that in C1(K5) the cycle γ is

a boundary and it is not a boundary in any smaller index. This means f1,5([γ]) = 0.
Hence the homology class [γ] ∈ H1(K2) dies at a time 5.

Now we can calculate the persistence of [γ]. It is 5− 2 = 3.
In some literature, the death of the homology class is defined differently. Next, we

will introduce this definition. Later we will use this definition in our application.

Definition 2.24. Homology classes c′ ∈ Hp(Kk) and c ∈ Hp(Ki), where k < i, merge
at Hp(Kj) for j > i if fk,j(c′) = fi,j(c). We say that c′ is an elder of c.

Definition 2.25. A homology class c ∈ Hp(Ki) dies (in the sense of the elder rule)
at Hp(Kj) if either fi,j(c) = 0 or c merges with an elder at Hp(Kj). We denote death(c)
the smallest index j for which c dies in Hp(Kj).

Remark. Note that there may exist two simultaneously born homology classes c′ and c
in Hp(Ki) which merge at Hp(Kj) but which do not have elders. In that case, we do
not have a formal rule to decide which dies in Hp(Kj). In our application, we make an
arbitrary choice at this point.
The useful tools of the topological data analysis are a persistence diagram and

barcodes. The persistence diagram contains all pairs (birth(c), death(c)) for some pth
persistent homology group. The barcodes contain the same information than the persis-
tence diagram but instead of pairs we present lifetimes, [birth(c),death(c)).

Definition 2.26. Let S be a subset of a metric space (X, d) and ε ≥ 0. The Vietoris-
Rips complex of S at scale ε is the set

V Rε = {σ ⊆ S | diam(σ) ≤ 2ε}.

One example of a persistence diagram is presented in Figure 5. There is a finite set
of points in R2 in Subfigure 5a. A filtration is formed from this data set by increasing
the ε value in the Vietoris-Rips complex’s definition, i.e, V Rε ⊂ V Rε′ , when ε ≤ ε′. The
persistence diagram for 0th and 1th persistent homology are presented in Subfigure 5b.
The blue dots are (birth, death) pairs for 0th homology classes, and orange dots are
correspondingly for 1th homology classes. Any point cannot be below the dashed line
because a class cannot die before it borns.
As we can see, one orange dot is far away from others (birth, death) pairs. We say that

points close to the diagonal dashed line are noise since they have low persistence. These
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(a) A finite set of points in R2 (b) A persistence diagram

Figure 5: Subfigure (a) represent a finite set of points and (b) represent its persistence
diagram.

do not describe well the shape of the data. What does one distinct point describe? Since
the filtration’s complexes are the Vietoris-Rips complexes, we know that it represents
the hole inside the ring. By ring, we mean the shape that data points would seem to
form.
It is pivotal which way we make a filtration. The diagram in Figure 5b is made by

using persistence homology package Ripser. Ripser uses Vietoris-Rips complexes (VR),
which are abstract simplicial complexes. Many other algorithms also use VR, such as
JavaPlex, Dionysus, and Gudhi. There are also other ways to form filtration. In the
next chapter we will introduce alpha-complexes, which we use in our application.
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3 Alpha-complex and Alpha-graph
As we have said earlier, the way we make a filtration is essential in persistent homology.
We start to focus more on the way we form it in the application. Alpha-complexes
and alpha-graphs are useful tools to make filtration and track birth and death times of
certain homology classes.
This section is based on articles and books by Otter et al. [9], Edelsbrunner and Harer

[7, 8], Kurlin [12, 13, 14], and Rahman [15].

3.1 Filtration of Alpha-complexes
We start from a definition of Voronoi cells since we use them to define alpha-complexes.

Definition 3.1. Let S be a set of points in Rn and let u ∈ S. The Voronoi cell of the
point u is the set

V (u) = {q ∈ Rn | d(u, q) ≤ d(v, q), v ∈ S}.

The set
V D(S) = {V (u) | u ∈ S}

is called the Voronoi diagram of S.

The previous definition says that all points, which are at most as close to u than
any other point of the set S, belong to the Voronoi cell. Figure 6 presents the Voronoi
diagrams using different metrics. We will use Euclidean distance later in our application.
The Voronoi diagram is a cover for space Rn. This gives us a way to define a simplicial

complex. If two sets intersect, there will be a 1-simplex. Similarly, if three sets intersect,
there will be a 2-simplex and so on. Let us give a more general definition.

Definition 3.2. Let U = {Ui}i∈I be a non-empty collection of sets. The nerve (com-
plex) of U is the abstract simplicial complex which vertex set is I and p-simplices are
{i0, . . . , ip} if and only if the intersection Ui0 ∩ · · · ∩ Uip is non-empty.

The Voronoi diagram V D(S) of S is a non-empty collection of sets, and it is a cover.
Thus we can form a nerve from it. In this case, we call the nerve complex a Delaunay
complex. A Delaunay complex is called a Delaunay triangulation if we take a set of
points in the plane, S ⊂ R2. The Delaunay triangulation is an abstract complex, and real
triangulation of S [12]. We denote the Delaunay triangulation Del(S). Notice that the
triangulation is not always unique. However, it is used in many applications of scientific
computations since it has excellent geometric properties. There are other equivalent
definitions of the Delaunay triangulation, which uses circumspheres. We will remain in
the Voronoi cells because it gives a relatively direct connection to the alpha-complex.
In order that we can use persistent homology, we need a filtration. Now we have one

complex, the Delaunay triangulation. This will be our largest complex. To form its
subcomplexes, we will define an alpha-complex. Before that, we will recall a definition
of a ball.
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(c) The Voronoi diagram by using
the Euclidean distance [16].

(d) The Voronoi diagram by using
the Manhattan distance [17].

Figure 6: Two Voronoi diagrams using different kinds of distances. The Voronoi cells are
separate from each other by colours.

Definition 3.3. Let (X, d) be a metric space. The (closed) ball of radius r is

B(p, r) = {q | d(p, q) ≤ r}.

Definition 3.4. Let S ⊂ Rn be a finite set and let α ≥ 0. The alpha-complex
K(α) = Kα contains 0-simplices p ∈ S and all j-simplices, {p0, p1, . . . , pj}, pi ∈ S for all
i = 0, . . . , j, for which

V (p0) ∩B(p0, α) ∩ · · · ∩ V (pj) ∩B(pj , α) 6= ∅.2

When alpha is large enough, the alpha-complex is the Delaunay triangulation. De-
creasing alpha will remove simplices from complex, but any simplex is not added. Thus
it is clear that Kαi ⊇ Kαi−1 , when αi > αi−1. When alpha is small enough, the only
simplices are 0-simplices, i.e., points in S. Thus we can form a filtration from alpha-
complexes.

Lemma 3.5. Let S ⊂ R2 be a finite set. Now the Delaunay triangulation Del(S),
alpha-complexes, Kα, α ∈ [0,∞[, and the empty set form a filtration

Del(S) = Kαk
⊃ Kαk−1 ⊃ · · · ⊃ Kα1 ⊃ Kα0 = S ⊃ ∅,

where αi > αi−1.

Since the empty set in a filtration does not provide any significant information, we will
drop it from a filtration. From now on, we consider the nested sequence of complexes

Del(S) = Kαk
⊃ Kαk−1 ⊃ · · · ⊃ Kα1 ⊃ Kα0 = S

2Sometimes, it is useful to use different sizes of balls in alpha-complex. These alpha-complexes are called
weighted alpha-complexes. For example, in RNA or DNA proteins’ models, the ball size depends on
atom type.[8]
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as a filtration.
Recall that a 1-simplex σ = {p, q} in an alpha-complex is an edge, and thus we can

calculate its length, d(σ) = d(p, q), easily using, in our case, Euclidean distance. A
2-simplex is a triangle and thus we can talk about acute, obtuse or right simplices
depending of triangles angles.

Definition 3.6. Suppose that we have a triangle abc which vertices are a, b and c. The
circumradius of abc, circ(abc), is the radius of circle which passes through a, b and c.

There will be cases, when Kαi = Kαi−1 , when αi > αi−1. The α values, when complex
change, are called critical values. There are two cases, when complex change. The
first one is that a 1-simplex s ∈ Kαi but s /∈ Kαi−1 , and other is when acute 2-simplex,
σ ∈ Kαi but σ /∈ Kαi−1 . Let us examine these more closely.
Example 3.7. Suppose that {p, q, r} ∈ Del(S). Suppose furthermore, that d(p, q) = 2α.
Now clearly 1-simplex {p, q} belongs to Kα. Assume that αj < α. Now {p, q} /∈ Kαj .
We observe that α is a critical value.
Assume that {p, q, r} is acute and circ({p, q, r}) = α′. We notice that {p, q, r} ∈ Kα′ .

On the other hand when αi < α′, {p, q, r} /∈ Kαi . Hence α′ is a critical value.
It is important to realize the difference between acute and non-acute triangles. As we

can see in Figure 7, the circumcenter lies outside of the triangle of the obtuse triangle.
It is on the hypotenuse of the right triangle and inside the triangle of the acute triangle.
That is always the case with these types of triangles. Thus disappearance of non-acute
2-simplex does not add new critical value.
Taking only the critical values, we end up with the filtration with a finite number of

complexes. From the perspective of computation, this is useful. Instead of going through
all possible α values, we have to check only the critical values. From now on, we will
use only critical values in filtrations.

Figure 7: Circumcenters lies outside, on or inside of the triangle depending whether the
triangle is obtuse, right or acute.

Recall that the Delaunay triangulation can be considered as a real triangulation, i.e.,
as a geometrical simplicial complex. Thus all alpha-complexes in filtrations are also
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geometrical simplicial complexes. In the application, these are easier to handle than
abstract complexes. Thus we will focus on real triangulations, i.e., geometrical simplicial
complexes. As a summary, we form a filtration of geometrical simplicial complexes on
critical values, and the empty set is left out from a filtration.
We have all the necessary tools to calculate homology classes’ persistences. On the

other hand, these tools are not particularly easy to use in an application. To make
computations and implementations easier, we will define a regional complement of dual
alpha-graph. Later in this chapter, we will introduce a remark, which gives a nice relation
between a regional complement of dual alpha-graphs components and homology classes.

3.2 Graphs
Definition 3.8. Let Kα be a subcomplex of Del(S). A 1-simplex σ is an outer edge
of Kα if there exists exactly one 2-simplex s ∈ Kα so that σ ⊂ s. A 1-simplex σ is an
inner edge of Kα if there exists exactly two 2-simplex c, s ∈ Kα so that σ ⊂ c and
σ ⊂ s.

Since Del(S) is a real triangulation, each 1-simplex is inner or outer simplex if each
1-simplex is a face of 2-simplex.

Recall a definition of a graph and its component. Then we will define the dual graph.

Definition 3.9. A graph is a pair (N,L), where N is set of elements called nodes and
L =

{
{n,m} | n,m ∈ N

}
is a set of links. A graph (N ′, L) is a subgraph of (N,L) if

N ′ ⊂ N and L′ ⊂ L.

Definition 3.10. Let G = (N,E) be a graph. A path from node a to node b in G is
an ordered sequence

a = n0, . . . , nm = b,

where n0, . . . , nm ∈ N and {ni, ni+1} ∈ E for all i = 0, . . . ,m − 1. If there is a path
from node a to node b, then we say that a is reachable from b. If each node in G is
reachable from each other node, then G is connected.

Definition 3.11. The connected subgraph H of G is a component of G if there is not
a connected subgraph L ⊂ G so that H ( L.

Definition 3.12. The dual graph of the (simplicial) complex K, DG(K) = (N,L),
is a graph that has the following properties.

1. N = {σ | σ is a 2-simplex in K} ∪ {e}, where e is an abstract node called the
external node and other nodes are called inner nodes.

2. Let σ and δ be inner nodes in N . The link {σ, δ} belongs to L if there is an inner
edge in K which is contained in σ and δ in K.

3. Let σ be an inner node and e be the external node. A link {σ, e} belongs to L if
there is an outer edge in K which is contained in σ in K.

23



The dual graph of the Delaunay triangulation is shortened to the dual Delaunay
graph. Correspondingly, the dual graphs of alpha-complexes are shortened to the dual
alpha-graphs. The dual alpha-graph is a subgraph of the dual Delaunay graph, and
it has the maximal subset of links. Next, we define the regional complement of dual
alpha-graph.

Definition 3.13. Let DG(Del(S)) = (N,L) and DG(Kα) = (Nα, Lα). The regional
complement of dual alpha-graph, RG(Kα) = (M,E) is a graph that has following
properties.

1. The external node e and all nodes that are not in Nα belong to M , i.e.,

M = (N \Nα) ∪ {e}

2. Let σ and δ be inner nodes in M . A link {σ, δ} belongs to E if there is an inner
edge s ∈ Del(S) which is contained in σ and δ but s /∈ Kα.

3. Let σ be an inner node in M and e be the external node. A link {σ, e} belongs to
E if there is an outer edge s of Del(S), which is contained in σ but s /∈ Kα.

(a) The Delaunay triangulation
and its dual graph.

(b) The alpha-complex, its dual
graph, and regional complement

of the dual graph.

Figure 8: The alpha complex’s dual graph and the regional complement of the dual graph
are subgraphs of the dual Delaunay graph.

In Subfigure 8a we can see an example of the Delaunay triangulation and its dual
graph. Each inner node is placed on its corresponding 2-simplex. The external node is
outside of the complex. In Subfigure 8b there is the alpha-complex which is a subcomplex
of the Delaunay triangulation in Subfigure 8a. The alpha-complex’s dual alpha-graph is
colored in red, and the regional complement of the dual graph is colored in blue. The
external node belongs to the dual graph and its regional complement. As we can see,
both graphs are subgraphs of the dual Delaunay graph.
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3.3 Components and Homology Classes Duality
Our goal is to find the relation between components and homology classes. The following
definition and lemma will give it, but before those, we define an external component and
inner components.
We call a component of RG(K) an external component if external node belongs to

the component and otherwise an inner component. We denote Comp(K) the set of
components of RG(K). As we can see, there is one inner component in Figure 8b.

Definition 3.14. Suppose that c is an inner component of RG(Kα). Let σ1, . . . , σn be
the nodes of c. The cycle

d2(
∑
v∈σ1

σ
(v)
1 ) + · · ·+ d2(

∑
v∈σn

σ(v)
n ) ∈ C1(Kα)

is called the boundary contour.

(a) The alpha-complex K and its regional
complement of the dual alpha-graph
RG(K).

(b) The component of RG(K) marked in
blue correspond the boundary contour
in C1(K) marked in blue.

(c) The component of RG(K) marked in
green correspond the boundary contour
in C1(K) marked in green.

(d) The component of RG(K) marked in
red correspond the boundary contour
in C1(K) marked in red.

Figure 9: Boundary contours and regional complements of dual alpha-graph’s compo-
nents have a one-to-one correspondence.

Lemma 3.15. The set {[s] ∈ H1(Kα) | s ∈ C1(Kα) is a boundary contour} is a gener-
ating set of the group H1(Kα).
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We omit the proof and adopt the above statement as a fact.
For now on a boundary contour s ∈ C1(K) is identified with the homology class

[s] ∈ H1(K). On the other hand, we have a one-to-one correspondence with inner
components in RG(Kα) and boundary contours in C1(Kα). There are examples of
corresponding boundary contours and components in Subfigures 9b, 9c, and 9d.
In article [12], the duality between boundary contours and components is formalized

to lemma (duality between C and C∗), but its proof contains some issues. We will go
through those problems in the next example.
Example 3.16. Consider a set S = {(0, 2), (3, 0), (3, 4), (5, 0), (5, 4), (8.2, 2)} ⊂ R2. The
Delaunay triangulation of this set contains 2-simplices σ1 = [(0, 2), (3, 0), (3, 4)], σ2 =
[(3, 0), (3, 4), (5, 0)], σ3 = [(3, 4), (5, 0), (5, 4)], and σ4 = [(5, 0), (5, 4), (8.2, 2)].

We denote that the number 1 means the boundary d1(σ1), and similarly the number
2 means d1(σ2), 3 means d1(σ3), and 4 means d1(σ4). Analogously, for example, the
number 14 means d1(σ1 + σ4) and 123 means d1(σ1 + σ2 + σ3).

We can form a filtration of alpha-complexes. We present part of the filtration in
the following diagram. The topmost complex is the Delaunay complex. When we go
downward, there are the subcomplexes at the smaller critical values.
To make easier to talk about these complexes we denote them K6 to K1, Del(S) =

K6 ⊃ K5 ⊃ · · · ⊃ K1. On the right side of the complex Ki, i = 1, . . . , 6, there are
presented all homology classes of H1(Ki). The arrow from a homology class c ∈ H1(Ki)
points to that homology class c′ ∈ H1(Ki+1), for which fi,i+1(c) = c′.
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Del(S) = K6

K5

K4

K3

K2

K1

[0]

[0] [1] [4] [14] [1234]

[1234]

[234] [23] [123]

[0] [234] [23][4]

[0] [23]

[0]

[0]

Next, we will go through the proof of duality presented in [12]. Notice that some
notations are changed to correspond to the notations used in this thesis.
The proof says that when we decrease the scale, the birth of a boundary contour in the

complex Kαi means that a small hole appears around the center of an acute 2-simplex
σ. In other words, it means that 2-simplex does not belong to Kαi but it belongs to
Kαi+1 . The proof says that at the same time node σ enters to RG(Kαi), i.e, σ is a node
in RG(Kαi) but not in RG(Kαi+1). Then the node σ forms a component in RG(Kαi).
This claim can be misleading. Firstly it can be confusing to say that a boundary

contour is born in a complex Kαi . This is because boundary contour s is identified with
homology class [s]. As we can see from our example, for example, the homology class
[4] ∈ H1(K4) is not born at H1(K4). It can be that the author wanted to emphasize
with the word ’birth’ that a boundary contour is not a boundary contour on any larger
scale. If this was the purpose, to evade the confusion in further studies, the word choice
could be different.
Suppose that a boundary contour s is a sum of 1-simplices s1, . . . , sn. The proof

says that the death of a boundary contour in Kαj means that 1-simplex si, for which
d(si) = max{d(s1), . . . , d(sn)}, does not belong to Kαj . The similar reasons than with
the birth of boundary contour, this claim can be misleading.
So we have found the connection between components and some homology classes.

To utilize this connection in the persistent homology applications, we need to know the
connection between births and deaths of homology classes and components. Due to that,
we need to define components’ births and deaths.
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Definition 3.17. For i > j, let

ri,j : Comp(Kαi)→ Comp(Kαj )

be the map determined by c ⊂ ri,j(c) for each c ∈ Comp(Kαi). This map is called a
component map.

Definition 3.18. We say that an inner component c in RG(Kαi) is born at αi =
birth∗(c), if it is not in image of component map ri,i−1. We say that a component dies
at αj = death∗(c) if αj < αi is the largest index for which there does not exist component
c′ in RG(Kαk

) with k > i such that rk,j(c′) = ri,j(c). We say that external component
is born at infinity and dies at 0.

The component’s birth time may look odd since we say it is born before any of its
nodes is contained to the regional complement of the dual alpha graph. Notice also that
birth∗(c) > death∗(c). The reason for this transpires from the following remark.
Now we can present the relation between components’ and homology classes’ births

and deaths. We will give this relation as a remark since it is based on the execution
of the application and claims the author tells in [12]. This relation is not formalized in
materials, and thus the proof is omitted.
Remark. Suppose that component c in RG(Kαi) is born at αi+1 and dies at αj . Then
the component’s ri,j(c) corresponding boundary contour s is born at αj and dies at αi+1,
i.e.,

birth∗(c) = death([s]) and death∗(c) = birth([s]).

The main observation is that we find for each component a homology class, which
birth and death times corresponds to the component’s birth and death times. These
homology classes die when they map to 0, i.e., they do not merge with elders. We
call these homology classes the essential homology classes. In Example 3.16 there
are three essential homology classes. These are [1234] ∈ H1(K2), [1] ∈ H1(K3) and
[4] ∈ H1(K3).

3.4 Widest Gap, Persistent Contour and Persistent Region
Next, we define the widest gap and a persistent region following [12]. These definitions
are not commonly used. We will define them since we used them in the application. The
definition of the persistent region uses the widest gap. Thus we will examine it first.

Definition 3.19. Suppose that we have some filtration of alpha-complexes

Del(S) ⊃ Kαk
⊃ · · · ⊃ Kα0 = S.

Consider now the persistent diagram of the pth persistent homology of Del(S). Suppose
it contains (birth,death) pairs (x1, y1), . . . , (xn, yn) for which c1 = y1 − x1, . . . , cn =
yn−xn and c1 ≥ c2 ≥ · · · ≥ cn. The widest gap is the set of all points (x, y), for which
ci < x − y < ci+1 with largest difference ci − ci+1, i ∈ 1, . . . , n− 1. If there is multiple
gaps with same width, we say that the widest gap is the highest one.
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Figure 10: A persistent diagram with the widest gap

The widest gap is a diagonal strip. There is an example of the widest gap in Figure
10.
The essential homology classes’ persistence diagram is the subdiagram of the persis-

tence diagram. This diagram contains only (birth, death) pairs of essential homology
classes. We call this the essential persistence diagram.
Recall that we have considered the Delaunay triangulation and alpha-complexes as

geometrical simplicial complexes. Since a boundary contour s is a sum of 1-simplices,
σ1, . . . , σn ⊂ R2, we can identify s with union of 1-simplices σ1 ∪ · · · ∪ σn. Now we can
move boundary contours in different vector spaces to R2 and take a union of them.

Definition 3.20. Suppose that we have some filtration of alpha-complexes Del(S) ⊃
Kαk

⊃ · · · ⊃ Kα0 = S. Consider now the essential persistent diagram of the pth persis-
tent homology of Del(S). Suppose that pairs (birth[s1], death[s1]), . . . , (birth[sn],death[sn]),
where s1, . . . , sn are boundary contours, are above the widest gap. The boundary con-
tours s1, · · · , sn are called persistent contours. Connected regions in R2 which are
bounded by union of persistent contours are called persistent regions.

Notice that we combine observation from multiple complexes at different scales to
form persistent regions. This is useful in the application. In this way, we can combine
features in different complexes. Thus we do not have to pick one scale to describe the
shape of the data.
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4 Data Structures and Algorithm
Our goal is to create an algorithm which can complete two-dimensional image using
persistent homology. For example, consider Figure 11. As we can see the lines are not
connected and and thus we can say image is fragmented. The algorithm aims to fill the
gaps between lines.
The algorithm is based on Kurlin’s work [12], and it can be also used to color persistent

regions. We use persistent contours to complete this task. Furthermore, the idea is to
find persistent contours above widest gap, and combine them into one image.
We have built theoretical background for this application in previous chapters. In this

chapter, we will go through the data structures we will use in our algorithm and then
explain the algorithm.

Figure 11: Fragmented image

4.1 Data Structures: Tree, Forest and Map
First, we go through a data structure called a tree. A tree is, in fact, a graph that
has certain properties. Properties can change depending on usage, and we will present
properties that are useful in our application. This data structure is widely used in
computer science.

Definition 4.1. A graph (N,L) is called as a tree if it has following properties:

1. The graph is connected.

2. The links are directed. We say that link (n,m) ∈ L is directed from the node
n ∈ N to the node m ∈ N . The node n is called the parent of m, and it is denoted
parent(m) = n. The node m is the child of n. We denote that children(n) is a
set of node’s n children. If m is a child of n, and n is a child of r, then we say
m is the child of r. The node can have only one parent, and if it does not have a
parent, then it is called a root. We denote that root(n) is the tree’s root, where
n belongs.

The definition gives that a tree can have only one root because it has to be connected,
and all nodes can have only one parent. In Figure 12, we can see an example of a tree.
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Green balls present nodes, and arrows are directed links. As we can see, node A is the
root of this tree. We can find a root from any node. It succeeds when we go up along
parents. We have found a root when we reach a node which has no parent.

Figure 12: Tree is a data structure.[18]

We can create trees from all connected components of the regional complement of
dual alpha-graph RG(Kα). The tree contains all same nodes than the component of the
regional complement of dual alpha-graph. By considering the tree, we cannot deduce the
exact links of components, but it is not necessary in this application because we want
to find birth and death times of components. Instead, the relevant information is that
which nodes belong to the component. From now on, we identify the component with
the tree with same nodes. The idea is to pick some node as root and save all essential
information about the component, for example, the birth time, to the root node.
Forest is a data structure where we storage essential information about nodes and

components of the regional complements of dual alpha-graphs. Forest is a mutable
data structure, which means we update the information it contains along the algorithm
process.
Each element of Forest corresponds to a node of the regional complements of the dual

alpha-graphs, and each node has attributes. We will store the information when the
component, where n belongs firstly, is born. We denote this birth∗(n). We also save
node’s parent, parent(n) and children, children(n). We will also save the information
to which component node belongs. We will denote this by bar(n). We will discuss this
more later. First, we have to introduce another data structure called Map. Notice, that
we will not save all possible information if it is not relevant later. Most of the time,
we have to store information to the root nodes. As a summary elements of Forest are
nodes and each element n has following attributes: birth∗(n), parent(n), children(n),
and bar(n).

All components of the regional complement of dual alpha-graphs, which have birth
and death times, are saved to Map. Since at first we do not know these components,
Map is empty. Map is also mutable data structure and we add component when we find
it. Suppose that c is some component. When the component dies, it will merge with an
other component. In this stage we add it to the Map. We want to save the absorbing
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component’s root node. In this way, we can later find the corresponding component in
Map. We will denote this heir(c). We will save birth∗(c),death∗(c) and heir(c) to Map.
We will also save the nodes, which belong to the component. We will denote the subset
of this set by core(c). It is a subset since it contains only the nodes which did not belong
to any other component. Each component have unique index, ind(c). In the end, each
node belongs to some component, and thus all bar(n) points to some index of Map. As a
summary elements of Maps are components and each element c has following attributes:
birth∗(c), death∗(c), heir(c), core(c), and ind(c).
In conclusion, we find components by using Forest and save them to Map.

4.2 Algorithm
4.2.1 Initial Steps

Suppose that we have a finite data set S ⊂ R2. It is our input of the algorithm.
Now, points in S will define our complexs’ 0-simplices. We start from the Delaunay
triangulation Del(S). Notice that we do not allow 2-simplices’ interiors overlapping, i.e.,
it is a real triangulation. This leads to the fact that used Delaunay triangulation is
not unique. However, in this application, the choice of triangulation does not affect the
result.
We have a filtration

Del(S) ⊃ Kαk
⊃ Kαk−1 ⊃ · · · ⊃ Kα1 ⊃ Kα0 = S,

where αi, i = 0, . . . , k are critical values. Our goal is to find persistent contours.
As we have learned, we can find persistent contours using regional complements of

dual alpha-graphs’ components. We start to study how components of the regional
complements of dual alpha-graphs change when α decrease, i.e., we study the sequence

({e}, ∅) = RG(Del(S)) ⊂ RG(Kαk−1) ⊂ · · · ⊂ RG(Kα1) ⊂ RG(Kα0) = DG(Del(S)).

We start by adding all nodes of the dual Delaunay graph, DG(Del(S)), to Forest,
because we know that at the end of filtration the regional complement of the dual alpha-
graph RG(Kαk

) = DG(Del(S)). In other words, we add all 2-simplices of Del(S) and
the external node to Forest. In this stage, we make sure that we know which 2-simplex
corresponds to which node and which is the external node. We will denote e the external
node.
We update birth∗(σ) to Forest for all those nodes, which have that σ is acute. This is

because these nodes will form their own component in some stage. Thus it is essential
to know these components’ birth times. Recall that birth∗(σ) = circ(σ).
Since we do not know at this stage in which component a non-acute 2-simplex σ will

belong, and they do not form a component by themselves, we will save to Forest, that
birth∗(σ) = 0. For external node we set birth∗(e) = ∞. Notice that we will change
these birth times when the information becomes relevant. We also set that all nodes are
their own parents. In this way, it is easy to check when we have found the root of the
component. Also, we add that each node is its own child.
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We know that critical values are halves of the lengths of Delaunay triangulation’s 1-
simplices and circumradii of acute 2-simplices. We have already saved acute 2-simplices
circumradii values, i.e., birth times of corresponding components, to the Forest. Now
we have to calculate all lengths of 1-simplices. When this is done, we save 1-simplices
from longest to shortest. We start to go through these simplices in decreasing order. If
two 1-simplices have the same lengths, we will make an arbitrary choice which one we
handle first.

4.2.2 Main Steps

Let say that 1-simplex s is in turn. Now s is either an outer or an inner edge of Del(S).
Now there is the link (σ, γ) in the dual Delaunay graph, where s ⊂ σ ∈ Del(S) and
s ⊂ γ ∈ Del(S) if s is an inner edge and otherwise γ = e.
Denote that αi is half of the length of s, i.e, αi = 1

2d(s). We will study the alpha-
complex Kαi and the graph RG(Kαi). Furthermore, we study especially the nodes σ
and γ. We also consider the following complex in the filtration, Kαi−1 , and the graph
RG(Kαi−1), and what kind of changes happens to the nodes. We get four possible cases,
and we will go through these cases below. First, we have to find the roots of the trees
where σ and γ belong, because they contain all the important information. We denote
these root(σ) and root(γ). We find these by going along the parents. We have found
the root, when parent(n) = n.

(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

Figure 13: There are four possible stages of a complex before removing 1-simplex.

33



Case 1:

In case 1, the nodes σ and γ belong already in the same component before removing
the 1-simplex s. We see an example of this situation in Subfigure 13a. In other words
root(σ) = root(γ) in RG(Kαi). Thus the link (σ, γ) in RG(Kαi−1) does not provide us
any new information. Hence we will not make any changes to Forest or to Map.

Case 2:

In the case 2, γ is a node ofRG(Kαi) and σ is not a node ofRG(Kαi). We see an example
of this situation in Subfigure 13b. It means birth∗(root(γ)) > 0 and birth∗(root(σ)) = 0.
Since s /∈ Kαi−1 , there will be a link (σ, γ) ∈ RG(Kαi−1). That means the γ and σ
belong to same component in RG(Kαi−1). We set that parent(σ) is root(γ). We add σ
to children(root(γ)).
It is possible that σ merge to a dead component. If this is the case, then bar(γ) is

defined, and we update that bar(σ) is bar(γ). We add σ to the core of bar(γ).
See the pseudo-code of this case below.

Algorithm 1: Case 2
parent(σ) ← root(γ);
if bar(γ) > −1 then

bar(σ)← bar(γ);
add σ to core(bar(γ));

else
add σ to children(root(γ));

end

Notice, that we do not set that parent(σ) is γ. This is because we can reach root
faster by setting parent(σ) is root(γ).

Case 3:

In case 3, σ and γ do not belong to RG(Kαi). In practice, this means that 2-simplices
σ and γ are right angle triangles and thus birth∗(root(σ)) = birth∗(root(γ)) = 0. We
see an example of this situation in Subfigure 13c. Simplices σ and γ cannot be obtuse
because they would share their longest edge, and other simplex’s circumcircle would
enclose another simplex. That is not possible in Delaunay triangulation. On the other
hand, they can not be acute because then the nodes σ and γ belong to RG(Kαi). Thus
σ and γ must be the right angle simplices.
Notice also that we have found a new component and its birth time. Since both nodes

are born at the same time, we can choose either one as a root. We set that γ is the
parent of σ. It is not necessary to save birth time to both nodes. We set it only to the
root node, i.e., birth∗(γ) is αi. We also add σ to set children(γ).
See the pseudo code of this case below.
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Algorithm 2: Case 3
parent(γ)← σ ;
birth∗(γ)← αi ;
add σ to children(γ) ;

Case 4:

In case 4, σ and γ belong to RG(Kαi) but they are in different components. We see
an example of this situation in Subfigure 13d. This means birth∗(root(γ)) > 0 and
birth∗(root(σ)) > 0, but root(γ) 6= root(σ). That is the case when other component dies
and components of σ and γ merge to one component. The component having smallet
birth time will die. If the birth times are equal, we make arbitrary choice, see Remark
2.5.
Let us say that component of σ will die. This is the case when we add new entry c

to Map with an unique index, ind(c). We set that the birth∗(c) = birth∗(root(σ)) and
death∗(c) = αi.
Since we do not know yet which Map’s entry will merge c we save that heir(c) =

γ. Thus we know that c merged to the component where γ belonged. We also copy
children(root(σ)) to core(c). Now we update the bar values of children(root(σ)). We set
that for each n in children(root(σ)), bar(n) = ind(c).

For simplicity, we update that parent(root(σ)) is root(γ). In this stage, we could
optimize algorithm by setting parent(root(γ)) is root(σ) if the tree of root(σ) is higher
than tree of root(γ). In that way, we could keep trees’ heights minimal. Reader can
found more about this from the paper [12].

See the pseudo-code of this case below.

Algorithm 3: Case 4
Create a new entry c to Map ;
birth∗(c)← birth∗(root(σ)) ;
death∗(c)← αi ;
core(c)← children(root(σ));
update for each σ′ ∈ children(root(σ)) bar(σ′)← ind(c);
heir(c) = γ;
parent(root(σ))← root(γ) ;

Before we move to the final steps, let us go through one example. In case 2 we claimed
that node can merge to the dead component. The following example presents a situation,
where this is the case.
Example 4.2. Suppose that we have the Delaunay triangulation, and it contains two
1-simplices s1 and s2 with the same lengths 2αi, i.e, d(s1) = d(s2) = 2αi. Suppose that
s1 is an inner edge and it is shared by σ1 and γ. Assume, that σ1 and γ belongs to
RG(Kαi), but they are in different components. Furthermore, assume, that s2 is also
an inner edge, and s2 is contained in 2-simplices σ2 and λ. The corresponding node σ2
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belongs to same component with σ1 ∈ RG(Kαi), but λ /∈ RG(Kαi). See the following
figure.

Suppose that the component c2 which contains γ is older than the component c1 which
node is σ1. Let say the 1-simplex s1 is in turn before s2. As we said before s2 is shared
by σ1 and γ. Since corresponding nodes belongs to different components, we will run
the case 4, i.e, the component c1 will die. Now bar(σ2) > 0. When move to s2, we will
notice that λ will merge to the dead component.

4.2.3 Final Steps

After running through all 1-simplices, we add the external component ce to Map. The
external node’s children are the nodes that are connected to the external component
directly instead of belonging to some other component. We copy children(e) to core(ce).
Similarly than in case 4, we update the bar values of children(e). We set that for each
n in children(e), bar(n) = ind(ce). Other information are not relevant. Notice that
components’ cores contain only the nodes that did not belong to any other component
before merging. Hence cores are distinct in Map.
Now we can calculate the persistence for all essential homology classes, i.e., compo-

nents, excluding the external component. We order the components from highest persis-
tence to lowest. Now we can easily calculate the widest gap by calculating the difference
between subsequent components in this new order. Now we know which components,
i.e., homology classes, are above the widest gap.
As we notices, Map elements’ core sets are distinct. Since we have kept track which

components merge to which, we also know all nodes before components died. In this
way, we can easily locate the bounded and connected regions, i.e., persistent regions, of
the complete image, which is useful in auto-coloring applications.
We start from component c, which has the lowest persistence. Suppose the compo-

nent’s c heir is the node n. Next, we check the bar value of n. That way, we find the
component c′, which contains n. Now the component c′ is the component that merged
with c. We add all nodes of core(c) to core(c′). We move to the next component and
repeat the process as long as we reached the component which is above the widest gap.
Now each node is added to some component above the widest gap or to the external
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component. These new cores of components above the widest gap form persistent re-
gions.
The final step is to draw the final output, i.e., persistent contours. Since we know

persistent regions, we know that the boundaries of those correspond to the union of
persistent contours. We go through again all 1-simplices of the Delaunay triangulation.
We want to know which 1-simplices are part of the union, i.e., in the output.
Let say s is in turn. Assume that it is outer edge, then s is contained to 2-simplex

σ. If the node σ is an external component’s core, s is not in the output. If it is not in
the external component’s core, then it will be in the output. Assume then that s is an
inner edge. Now s is contained to 2-simplices σ and γ. If σ and γ belong to the same
component’s core, s is not included in the output. Otherwise, s is in the output.
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5 Image Data
The algorithm presented in Chapter 4 was tested with datasets and images. Datasets
contained distinct points in R2 and images were contained curves.
We wanted to interpret images also as two-dimensional datasets. We studied images’

RGBmatrices, which were three-dimensional matrices. Each layer was a two-dimensional
matrix and told the value of red, green, and blue pixels. Since our images were grayscaled,
we were interested only in black pixels. It was enough to study one layer of RGB matrix,
since black pixels’ RGB values were (0, 0, 0). We saved all coordinate pairs (x, y), where
x was the row index and y was the column index of black pixel. In this way, we could
transform images to R2 data sets.

The input data sets are presented in Figure 14 and the images after transformation to
R2 data sets are presented in Figure 16. You can see the original images in Figure 15.

(a) Data 1

(b) Data 2 (c) Data 3

Figure 14: Data sets that were used as inputs.
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(a) Image 1 (b) Image 2

(c) Image 3 (d) Image 3

Figure 15: Original images that was used to test the algorithm.

(a) Image data 1 (b) Image data 2

(c) Image data 3 (d) Image data 4

Figure 16: Images after transformation to R2 subsets.
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6 Results
The goal was to find an image completion algorithm that uses persistent homology. We
presented the algorithm in Chapter 4. The algorithm was tested with multiple data sets
and images, which are presented in Chapter 5. As results, we got persistent contours. To
support the observations, we also printed the Delaunay triangulations and the essential
persistence diagrams.
First, we used as input data presented in Figure 14a. The algorithm firstly formed the

Delaunay triangulation presented in Figure 17a. The algorithm found essential homology
classes, and the essential persistent diagram is presented in Figure 17c. There is one
essential homology class above the widest gap, as can see in Figure 17c. This class’s
defining boundary contour is drawn, and the result is in Figure 17b.

(a) The Delaunay triangulation
of Data 1

(b) The persistent contour of
Data 1

(c) The essential persistence diagram of Data
1

Figure 17

We used as input data presented in Figure 14b. The algorithm formed the Delau-
nay triangulation presented in Figure 18a. It found essential homology classes, and the
essential persistent diagram is presented in Figure 18c. There are three essential homol-
ogy classes above the widest gap, as we can see in 18c. These classes defining boundary
contours are drawn, and the result is in Figure 18b.

(a) The Delaunay triangulation
of Data 2

(b) The persistent contours of
Data 2

(c) The essential persistence diagram of Data
2

Figure 18

Data presented in Figure 14c was used as input. The Delaunay triangulation is pre-
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sented in Figure 19a. The essential persistence diagram is in Figure 19c. There is one
essential homology class above the widest gap, and other homology classes are close to
the green line, where birth = death. The result contains one persistent contour, see
Figure 19b.

(a) The Delaunay triangulation
of Data 3

(b) The persistent contour of
Data 3

(c) The essential persistence diagram of Data
3

Figure 19

Image data 1 presented in Figure 16a was used as input. The Delaunay triangulation
of this data is presented in Figure 20a. Final output, Figure 20b, contains two persistent
regions, i.e., two persistent contours. Corresponding essential homology classes are above
the widest gap and close to each other, as can see in Figure 20c.

(a) The Delaunay triangulation
of Image Data 1

(b) The persistent contours of
Image Data 1

(c) The essential persistence diagram of Image
Data 1

Figure 20

Image data 2 presented in Figure 16b was used as input. The Delaunay triangulation
of this data is presented in Figure 21a. Final output, Figure 21b, contains 16 persis-
tent regions and their bounding persistent contours. Corresponding essential homology
classes are above the widest gap. Other essential homology classes are close to the green
line, see Figure 21c.
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(a) The Delaunay triangulation
of Image Data 2

(b) The persistent contours of
Image Data 2

(c) The essential persistence diagram of Image
Data 2

Figure 21

Image data 3, presented in Figure 16c, was used as input. The Delaunay triangulation
of this data is presented in Subfigure 22a. Final output, Figure 22b, contains two per-
sistent regions, i.e., two persistent contours. Corresponding essential homology classes
are above the widest gap. There are multiple homology classes below the widest gap but
clearly off from the green line. Furthermore, there are multiple homology classes close
to the green line. See the essential persistence diagram in Figure 22c.

(a) The Delaunay triangulation
of Image Data 3

(b) The persistent contours of
Image Data 3

(c) The essential persistence diagram of Image
Data 3

Figure 22

Image data 4, presented in Figure 16d was used as input. The Delaunay triangulation
of this data is presented in Figure 23a. Final output, Figure 23b, contains three persistent
regions, i.e., three persistent contours. Corresponding essential homology classes are
above the widest gap, and those birth times are close to each other. There are three
homology classes below the widest gap and off from the green line which birth times
are close to the birth times of homology classes above the widest gap. Furthermore,
there are multiple homology classes close to the green line. See the essential persistence
diagram in Figure 23c.
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(a) The Delaunay triangulation
of Image Data 4

(b) The persistent contours of
Image Data 4

(c) The essential persistence diagram of Image
Data 4

Figure 23
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7 Conclusion
In this thesis, we introduced persistent homology using simplicial homology. We started
from basic definitions and properties of simplices and complexes and continue to sim-
plicial homology. We considered the induced maps between homology groups and filtra-
tions, which led us to the definition of persistent homology. We defined birth time and
death time for homology classes.
After studying persistent homology, we moved to alpha-complexes. In application, we

made a filtration from alpha-complexes using critical values. We defined the regional
complement of the alpha-graph and found the duality between its components and essen-
tial homology classes. We mentioned the relation between components’ and homology
classes’ births and deaths, but the proof was omitted. We noticed that we could find
essential homology classes using components.
Our goal was to complete a fragmented image or data set. We constructed an algo-

rithm based on Kurlin’s work. The execution used two data structures called Forest
and Map. We started the algorithm from the Delaunay triangulation and considered
alpha-complexes in decreasing order. The algorithm found persistent regions, and the
persistent contours formed the complete image.
The algorithm results demonstrated that the algorithm’s execution is promising de-

spite lacking theory. The algorithm performs well, giving good results, and the outputs
were mainly parallel with expectations. However, surprisingly the results of Image data
3 and 4 were not as expected. It was expected that there are two smaller areas in the
output of Image data 3, but now it contains only one smaller area. Similarly, it was
expected that smaller bounded regions would locate inside every ’circle’ in the output
of Image data 4. However, now the smaller areas are missing from the output. It seems
like the algorithm was not sensitive enough in these cases. The findings are directly in
line with Kurlin’s findings. In the article [13], Kurlin presented a way to raise sensitivity
by using the 2nd widest gap. This method could be tested in further studies.
It is worth noticing that the algorithm did not need any training or other input

parameters except the data. Therefore the results are repeatable and can be explained
rigorously. All things considered, we speculate that the algorithm can be useful in
medicine or other fields where the result’s traceability is important.
The algorithm worked only for two-dimensional data. This limitation restricts possible

applications. The future direction could be to expand the theory and the algorithm
execution also for three-dimensional spaces. The other possible direction could be testing
the algorithm with larger data sets since now it was tested for relatively small sets.
Probably, in that case, a more efficient approach could be needed if the algorithm running
time is wanted to keep in a reasonable time.
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