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1 Introduction
Machine learning (ML) algorithms are essential ingredients in powering today’s society
[42]. Examples of ML applications include intelligent search engines, recommendation
systems in e-commerce, self-driving cars, chatbots and industrial robots of various kinds.
Furthermore, ML is being more and more applied for solving complex problems in engineering, science, medicine, management and finance, where it can provide good approximations for generally intractable problems. The common factor among all ML algorithms
is that they do not require an exact and explicit specification of the problem at hand.
Instead, they learn through some experience that is often data and evolve themselves on
solving a particular problem [26].
Meanwhile, a totally new computing paradigm, quantum computing, is becoming more
and more a reality [52]. Quantum computing is based on utilizing quantum mechanical
phenomena like superposition and entanglement for computations. While there have been
ideas for quantum computing already for decades, only recently, actual small-scale quantum computing hardware has become available for experimentation. Such hardware is
referred to as noisy intermediate-scale quantum (NISQ) technology meaning noisy quantum computing hardware consisting of 50 to few hundreds of qubits [53].
Quantum computing is often promised to deliver exponential speedups by utilizing quantum mechanical phenomena [11, 50, 55]. While the arguments appear increasingly promising and optimistic, the promise of exponential speedups itself can be highly controversial.
That is, some of the speedup opportunities so far discovered require some strict assumptions to hold [11, 63]. For example, that the necessary input could be provided in an
already prepared superposition or the existence of a quantum RAM (QRAM) that can
store and deliver copies of quantum data [24]. Since some of these assumed requirements
may not be efficiently satisfied in the near future, the promised exponential speedups may
not be immediately achievable [53].
Quantum computing has plenty of promising use cases, especially in solving complex
problems and calculations in chemistry, physics and medicine. Furthermore, a new study
field, quantum machine learning (QML), is also rising from the intersection of machine
learning and quantum computing [11, 13, 58]. QML is an interdisciplinary study field
focusing on enhancing ML methods using quantum computing in the hope of introducing
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quantum speedups or inventing more expressive models. Like ML itself, QML is also
challenging to define as there are many different ways to connect quantum computing
to ML or vice versa. One traditional approach in QML is to consider two directions
that could be quantum: the computing device and the data often originating from some
problem [5]. Most of the currently studied models in QML are generalizations of their
respective classical variants, where a quantum algorithm has replaced some element of
the model [11]. For example, in a recent proposal on quantum support vector machine,
quantum phase estimation and quantum matrix inversion algorithms are used to reduce
the computational complexity to logarithmic [54]. Furthermore, some of these genericlevel algorithms, like the Harrow, Hassidim and Lloyd (HHL) algorithm [29] for solving
linear systems of equations, could be used as a subroutine in a wide range of ML models.
Another interesting area is to consider models whose classical computation is intractable
and requires approximations. Quantum computing could potentially provide a better
way for solving or approximating such models. Particularly with graphical models, the
exact calculations tend to be intractable, and hence approximations are required [40].
For instance, Markov random fields (MRFs) are graphical models suitable for expressing undirected and cyclic dependencies between variables [10, 23, 38]. They are rather
general-level models that can be applied to a wide range of ML tasks. However, training
MRFs like Boltzmann machines (BMs) [2, 31, 33] with maximum likelihood is computationally expensive because it requires evaluating statistics whose calculation tends to scale
exponentially.
The exponential nature of the BMs and the connections to statistical mechanics in physics
suggest that the BMs could be superior models in quantum computing settings given the
exponentially large Hilbert space where the computation is performed. Furthermore, as
some of the studies have shown, the model scales naturally to quantum mechanics and
can be even trained against quantum probability distributions [7, 37, 69]. Realizing a BM
in a quantum setting (quantum Boltzmann machine) is a prime example of QML.
This thesis aims to investigate quantum Boltzmann machines (QBMs) and their training
approaches. Primarily, the focus is on variational quantum Boltzmann machine (VarQBM) [73], a specific variant of QBM, which is examined in this thesis through a set
of experiments. Furthermore, as VarQBM depends heavily on the variational quantum
imaginary time evolution (VarQITE) [46, 72] algorithm, its efficiency and precision are of
particular interest.
The key contributions of this thesis include the following.
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• The survey of the state-of-the-art in QBMs, in Chapter 2, highlights the notable
QBM variants and their training approaches from the literature.
• The implementation and experiments with VarQITE and VarQBM, in Chapter 4,
show how the precision of the VarQITE algorithm can be adjusted and how it reflects
towards the performance of VarQBM. Compared to previous studies on VarQBM
[22, 73], we examine a broader collection of hyperparameters and their impact on
performance. Furthermore, instead of the Bell states [52] and the GreenbergerHorne-Zeilinger (GHZ) states [27] experimented in the original VarQBM study [73],
we use a toy problem of bars and stripes (BAS), representing more multimodal
probability distribution.
The structure of the thesis will go as described in the following. First, we will briefly introduce some fundamental concepts from both ML and quantum computing in Chapter 2.
Having introduced the preliminary concepts and background, we will continue reviewing
the different formulations of QBMs and their training approaches. After the literature
review, we will reimplement VarQITE and VarQBM for experimenting with QBMs. Particularly, we highlight the methods and algorithms we will be using for the experiments
in Chapter 3. Following the implementation, in Chapter 4, we collect the results of the
experiments aiming to answer how the precision of the VarQITE algorithm can be adjusted and how it reflects the performance of VarQBM. Furthermore, we also note how
does VarQBM perform against the BAS dataset. We first experiment only with VarQITE
due to its fundamental role in VarQBM. After which, we experiment with the generative
training of VarQBM for the toy problem of BAS. In Chapter 5, we discuss and analyze the
results and highlight notable limitations of the work. Finally, in Chapter 6, we conclude
the thesis.

2 Background and literature review
This chapter introduces and discusses the background concepts and previous work related
to quantum machine learning (QML) and particularly to quantum Boltzmann machines
(QBMs). Specifically, we introduce models and algorithms in machine learning and quantum computation, covering the background of QBMs. Furthermore, we will highlight
and discuss some of the notable previous work that has been conducted on QBMs and
particularly on their training.

2.1

Machine learning

Machine learning (ML) is a study field focusing on systems improving themselves through
some experience that is often data [35]. The exact definition has become somewhat vague
over the years as there is an enormous amount of different models and algorithms that
belong to ML. As an additional subfield in ML, deep learning (DL) is often used to
characterize ML involving complex nested models usually applied to high-dimensional
problems [42]. Additionally, ML is commonly coupled to artificial intelligence (AI), as it
is powering some of today’s most sophisticated AI solutions in our everyday life. This
section will continue by introducing some essential ML and DL concepts using mainly
the book [26] by Goodfellow et al. and the book [51] by Murphy. For a more thorough
introduction on ML and DL, we refer the readers directly to particular books [26, 51].
There are different ways to categorize ML. Traditionally, ML is divided into supervised and
unsupervised learning based on the training data used to train the model. In supervised
D
learning, the data is a set of N labelled samples, D = {(xi , yi )}N
i , in which xi ∈ R

is a single sample consisting of D features and yi is the respective label. Examples of
supervised ML tasks are regression and classification.
In contrast to supervised learning, in unsupervised learning, the dataset is a set of N
D
unlabelled samples, D = {(xi )}N
is a single sample consisting of D
i , in which xi ∈ R

features. Unsupervised learning is not as well-defined as supervised learning because it is
used in many places for different purposes. Usually, unsupervised methods try to make
sense of the data by discovering some latent structures, hierarchies or connections. That
is, often, unsupervised learning requires the learning of the whole data-generating proba-
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bility distribution. Examples of unsupervised ML tasks are clustering and dimensionality
reduction.
In addition to this categorization, ML models can also be justified based on the probability distribution the model is learning. This way, models are often classified as either
generative or discriminative. The distinction is that generative models learn the full joint
distribution of data p(x, y), while the discriminative models learn the conditional probability distribution p(y|x). It is generally possible to use both kinds of models for tasks
like classification, but only generative models are suitable for generating new samples
(sampling).
The actual learning procedure varies a lot depending on the model and the problem.
However, what is common is that some performance measure or objective function, often
called loss or cost function, is designed, and the learning is about optimizing this measure.
For instance, for model-based supervised learning, this is mathematically often defined as
arg min

∑︂

θ

xi ,yi ∈D

L(f (xi , θ), yi ),

(2.1)

where L is an objective function and f is a θ parameterized function representing the
model. Hence, the learning is about finding the parameters θ, which minimize the objective
function L. For finding the optimal parameters, there exists plenty of different ways.
Often, the methods are based on a gradient that can determine the direction for the best
parameter update.
Having laid out some of the concepts from general ML, we will continue in the following
sections focusing on few specific models used in ML. Notably, we will focus on Markov
Random fields in Section 2.2 and specifically on Boltzmann machines in Section 2.3 as
they are our primary interest in this work.

2.2

Markov random fields

A Markov random field (MRF) [10, 23, 38] is an undirected graphical model described
by an undirected graph G = (V, E) where the nodes V (vertices) represent the random
variables {Xv }v∈V having a Markov property and the edges E represent the dependencies
among the variables. An example of a six-variable MRF is illustrated in Figure 2.1. The
Markov property in a MRF is explained by the neighborhoods in the graph G. Particularly,
an open neighborhood N (a) of node a ∈ V is defined as a set of nodes having an edge to
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Figure 2.1: An example of a Markov random field including six variables. The nodes of the graph
represent the variables having a Markov property, and the edges represent the dependencies between the
variables.

node a
N (a) = {b ∈ V|(a, b) ∈ E}.

(2.2)

In a MRF all the nodes are independent of all the other nodes given the neighborhoods.
Mathematically, the Markov property of a variable Xa , a ∈ V is defined by
Xa ⊥⊥ XV\(N (a)∪a) |XN (a) .

(2.3)

This is also the Markov blanket of Xa , i.e. the minimal set of variables so that Xa is
independent of the other variables.
Furthermore, the graph G describing the MRF can be factorized into cliques over the
variables X1 , . . . , Xn . Using the cliques, the joint probability distribution is defined by
p(x1 , . . . , xn ) =

1 ∏︂
ϕc (xc ),
Z c∈C

(2.4)

where C is the set of cliques in the graph G and ϕc (xc ) is a factor function of a clique c over
the variables xc associated to the nodes of c. Additionally, Z is the normalizing constant,
the partition function, which is defined as a sum over all variable assignments
Z=

∑︂

∏︂

ϕc (xc ).

(2.5)

x1 ,...,xn c∈C

As it is visible from the definition of the normalization constant, it requires calculations
over likely an exponential number of assignments. Hence, the exact calculations tend to
be intractable with MRFs, at least in general cases, and approximations are required [40].

2.3

Boltzmann machine

A Boltzmann machine (BM) [2, 31, 33] is an energy-based model (EBM) and a specific
type of an MRF. Specifically, it is a network of n symmetrically connected stochastic
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Figure 2.2: An example of a Boltzmann machine with both visible and hidden units.

binary units z ∈ {0, 1}n . Learning such a BM where all units are observed is a convex
problem without global optima [31]. Therefore traditionally BMs are defined so that the
units are divided into nv visible units v ∈ {0, 1}nv and nh hidden units h ∈ {0, 1}nh . For
convenience, z denotes the set of both visible and hidden units z = (v, h). In this case
the visible units v are specified by the observed data and hidden units h define the latent
space. An example of a BM consisting of both visible and hidden units is illustrated in
Figure 2.2.
The probability distribution of BM inherits from the definition of total energy, Hamiltonian, in a network specified by the states of its binary units. Furthermore, BM’s distribution will eventually converge to a Boltzmann distribution, given that the BM reaches its
thermal equilibrium. The total energy of a BM in a state z is specified by
E(z) = −

∑︂
i

bi zi −

∑︂

wij zi zj ,

(2.6)

i,j

where zi ∈ {0, 1} is the binary state of unit i, bi is a bias associated to the unit i and wij
is the interaction weight between units i and j. Furthermore, the probability of state z in
the equilibrium is specified completely by the state’s energy E(z) relative to all possible
energies of binary states z ∈ {0, 1}n
P (z) =

eE(z)
eE(z)
= ∑︁ E(z′ ) .
Z
z′ e

(2.7)

It is worth to note the close resemblance to physics, particularly to statistical mechanics,
as Equation 2.6 is similar to the Ising model used for modelling ferromagnetism [8].
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In the more traditional case where the units are divided into both visible and hidden
units as defined earlier. The marginal probability of a visible state v is calculated by
marginalizing over the hidden units (and vice versa for the hidden state)
∑︁

eE(v,h)
.
E(z)
ze

P (v) = ∑︁h

(2.8)

The training of a BM is based on adjusting the model’s parameters so that the probability
distribution of the model would be as close as possible to the unknown true probability
distribution, often determined by some data. In order to compare the distributions, an
objective function is defined for measuring the difference (or similarity) between the distributions; then, the learning can be accomplished by minimizing (or maximizing) this
function, for instance, with gradient-based methods. A standard measure for comparing
such distributions is the Kullback–Leibler (KL) divergence [41]
[︄

DKL

]︄

P (v)data
.
=
P (v)data log
P (v)model
v∈D
∑︂

(2.9)

From the learning perspective, this is the same as minimizing the negative log-likelihood
(cross-entropy)
L=−

∑︂

P (v)data log [P (v)model ] .

(2.10)

v∈D

Finally, the parameter update rules for gradient-based optimization can be derived for
both the weights and the biases
∆wij = ϵ(⟨zi zj ⟩data − ⟨zi zj ⟩model )
∆bi = ϵ(⟨zi ⟩data − ⟨zi ⟩model ),

(2.11)
(2.12)

where ⟨·⟩· denotes the expectation value on the distribution specified in the subscript, and
ϵ is a learning rate (or step size) [2]. For the derivations of the learning rules, we refer
readers to the original study [2]. By dividing units into visible and hidden so that only
visible units are observed and specified by data, the learning rules remain the same [31].
However, similar to MRFs in general, the training of BMs is intractable, as evaluating the
expectations with the exact maximum likelihood method scales exponentially [56].

2.3.1

Restricted Boltzmann machine

A restricted Boltzmann machine (RBM) [60] is a special-kind of BM with two layers of
binary-valued units, visible v ∈ {0, 1}nv and hidden h ∈ {0, 1}nh , but no intra-layer
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Figure 2.3: An example of a restricted Boltzmann machine

connections, i.e. no visible-to-visible nor hidden-to-hidden connections. An example of a
RBM is shown in Figure 2.3.
In the case of RBM the total energy (Equation 2.6 in BM) can be defined with respect to
the visible and hidden units by
E(v, h) = −

∑︂

ai vi −

∑︂

i

j

bj hj −

∑︂

wij vi hj .

(2.13)

i,j

Meanwhile the marginal probabilities are defined similarly as in general BMs (Equation
2.8).
By introducing these restrictions, the hidden units become conditionally independent given
the states of the visible units, making it possible to speed up the evaluation of data
expectation [31]. Furthermore, having such a restriction allows the usage of more efficient
training algorithms compared to general Boltzmann machines. Notably, a procedure,
approximating gradient descent, called the contrastive divergence [32] is commonly used
to train RBMs efficiently.

2.4

Quantum computation

This section introduces concepts from quantum mechanics and quantum computation at
the level required for following the derivations on QML and QBMs. The introduction is
based on the book [52] by Nielsen and Chuang and the book [71] by Wittek.

2.4.1

Qubits and pure states

The fundamental computational elements in quantum computing are qubits representing
the state of a quantum system. A state is essentially an arbitrary unit vector in a Hilbert
space, H, that is often a finite-dimensional inner product complex vector space Cn , n ∈ N.
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Regularly used notation for representing the states is the Dirac notation, in which a
vector is notated by a ket, |ψ⟩. For example, the single-qubit computational basis states
are defined by the following kets
⎡ ⎤

|0⟩ =

⎡ ⎤

1
⎣ ⎦

0
and |1⟩ = ⎣ ⎦ .
1

0

(2.14)

Dual vector of a ket is represented by a bra ⟨ψ| which mathematically is a Hermitian
conjugate of the respective ket so that ⟨ψ| = |ψ⟩† .
Unlike classical bits (0 and 1), quantum states can also be in the linear combination of
computational basis states, traditionally referred to as superpositions
⎡ ⎤

α
|ψ⟩ = α|0⟩ + β|1⟩ = ⎣ ⎦ ,
β

(2.15)

where the coefficients α, β ∈ C are probability amplitudes so that the second axiom of
probability is preserved |α|2 + |β|2 = 1. The notation scales trivially to a multi-qubit case
⎡

|ψ⟩ =

∑︂

αi |xi ⟩ = α1 |x1 ⟩ + α2 |x2 ⟩ + · · · + αn |xn ⟩ =

i

α1

⎤

⎢ ⎥
⎢ ⎥
⎢ α2 ⎥
⎢ ⎥,
⎢ .. ⎥
⎢ . ⎥
⎣ ⎦

(2.16)

αn

where {|xi ⟩} are the computational basis states and αi ∈ C are the respective probability
amplitudes so that

∑︁

i

|αi |2 = 1. It is worth noting that it is up to a measurement that the

state is preserved in such a superposition. Once the state is measured, the state collapses
to one of the computational basis states according to the probability amplitudes specified.
It is also possible that two or more distinct physical systems construct a composite quantum system. Suppose that the states of a component systems are defined by the set of
state vectors {|ψi ⟩} on the respective Hilbert spaces {Hi }. The composite system’s total
state vector is then defined by a tensor product over the component systems’ state vectors
⨂︂

|ψi ⟩ = |ψ1 ⟩ ⊗ |ψ2 ⟩ ⊗ · · · ⊗ |ψn ⟩.

(2.17)

i

For example, two two-dimensional component systems construct a composite system’s
state mathematically by the following tensor product
⎡

α1 β1

⎡

⎤

⎡

⎤

α
β
⎣ 1⎦ ⊗ ⎣ 1⎦
α2

β2

=

⎤

⎢
⎥
⎢
⎥
⎢α1 β2 ⎥
⎢
⎥.
⎢
⎥
⎢α2 β1 ⎥
⎣
⎦

α2 β2

(2.18)
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Figure 2.4: An arbitrary one qubit superposition of |0⟩ and |1⟩ illustrated on a Bloch sphere

It is possible to visualize qubit’s state using a Bloch sphere. The visualization is based on
rephrasing Equation 2.15 so that
)︄

(︄

θ
θ
cos |0⟩ + eiφ sin |1⟩ ,
2
2

iγ

|ψ⟩ = e

(2.19)

in which the variables γ, θ and φ can be interpreted as spherical coordinates. As a side
note, γ is a global phase factor and has such no observable effects. Example of an arbitrary
superposition of |0⟩ and |1⟩ illustrated using a Bloch sphere is shown in Figure 2.4.

2.4.2

Evolution of a quantum system

Evolution of a closed quantum system is determined by an unitary (Hermitian) operator
|ψ ′ ⟩ = Û |ψ⟩.

(2.20)

For instance, in quantum circuits, the gates are unitary operators acting on qubits. We
will discuss the quantum circuits more in Section 2.5.1 including few example unitary
operators (gates).
In the more general case, the evolution can also be defined in continuous time by the
time-dependent Schrödinger equation
iℏ

d
|ψ⟩ = Ĥ|ψ⟩.
dt

(2.21)

The unitary operator Ĥ is commonly referred to as the Hamiltonian (total energy of the
system). Particularly interesting features arise when the Hamiltonian is decomposed to
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its eigenstates and eigenvalues
Ĥ =

∑︂

Ei |Ei ⟩⟨Ei |.

(2.22)

i

The eigenstates |Ei ⟩ are commonly referred to as excited states, and the eigenvalues Ei
are the respective energies of the states. Especially, finding the state corresponding to the
lowest energy, the ground state, is in the interest of many applications.

2.4.3

Density operators and mixed states

Density operators provide an alternative representation to the states. Particularly, a
density operator (sometimes referred to as a density matrix) can be constructed from a
state vector by an outer product
ρ = |ψ⟩⟨ψ|.

(2.23)

Furthermore, a state that can be represented in such a form is a pure state. Additionally,
it makes sense to highlight that pure state formalism does not consider whether the state
is a superposition or not.
Density operators become useful when an ensemble of pure states describes the state of
the system. That is a probabilistic mixture of pure states, called a mixed state
ρ=

∑︂

pi |ψi ⟩⟨ψi |.

(2.24)

i

While density operators introduce different semantics for quantum computing, all the
quantum computing postulates can be defined using both state vectors and density matrices. For instance, the evolution of a system determined by a unitary operator can also
be defined for density operators as
†

ρ ↦→ Û ρÛ ,

(2.25)

or similar to the state vector representation, component systems can also be considered
as a composite system as
ρAB = ρA ⊗ ρB .

(2.26)

To consider the component systems again, particularly convenient is tracing out parts of
the density matrix. The operation is commonly referred to as partial trace, and it is very
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|0⟩

H

X

|0⟩

|0⟩

X

Figure 2.5: An example of a three-qubit circuit with measurements for each qubit in the end.

typical in quantum computing. For instance, with ρAB one could acquire the component
system by doing a partial trace against the other systems

2.5

ρA = TrB (ρAB )

(2.27)

ρB = TrA (ρAB ).

(2.28)

Quantum computing models

This section introduces two well-known quantum computing models: circuit-based quantum computing and adiabatic quantum computing. While there has been work on proving
the equivalence of the models [4], the models work differently due to different kinds of
hardware. Furthermore, these difference can affect the problem formulation and the used
algorithms.

2.5.1

Quantum circuit

The quantum circuit model is a quantum computational model, a language, based on
quantum logic gates acting on a set of qubits. The circuit language makes it possible
to visualize and quantify quantum computation and algorithms easily with network-like
graphs. We will introduce the model using the book [52] by Nielsen and Chuang again as
the primary reference.
The quantum circuit model consists of wires (not necessarily physical) read from left to
right. On the wires, the quantum logic gates represent unitary operators acting on qubits.
The model is relatively similar to the classical Boolean logic gate model (consisting of
gates like NOT, AND and OR). However, due to the nature of quantum computing, quantum logic gates are reversible and are represented by unitary matrices. The reversibility
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Name

Symbol

Pauli-X (X)

X

Pauli-Y (Y)

Y

Pauli-Z (Z)

Z

Hadamard (H)

H

Matrix
[︄

[︄

Controlled-NOT (CNOT)

Phase (S)

S

π/8 (T)

T

0
i

]︄
−i
0

[︄
1
0

]︄
0
−1

[︄
√1
2

⎡
1
⎢
⎢0
⎢
⎢0
⎣
0

]︄
1
0

0
1

1
1

]︄
1
−1

0
0
0
1
[︄
]︄
1 0
0 i

[︄
1
0

0
1
0
0

0

⎤
0
⎥
0⎥
⎥
1⎥
⎦
0

]︄

eiπ/4

Table 2.1: Common quantum logic gates with gate and matrix representation.

makes it impossible to have operations where wires would be joined, as such computation
cannot be reversible. Furthermore, as quantum mechanics prevent the copying of qubits,
a quantum circuit cannot have such copying operation, essentially splitting the wires. An
example of a quantum circuit is illustrated in Figure 2.5.
There exists already plenty of different quantum logic gates for computation. Most gates
are either single qubit or two-qubit gates, but there are also gates acting on more than
two qubits. Notably, many of the multi-qubit gates are just “controlled” versions of some
single-qubit gates. Some of the well-known gates have been summarized in Table 2.1.
Many of the gates may seem first somewhat arbitrary, but they often have some interesting
properties. For instance, the Hadamard gate is a quantum gate that prepares the equal
superposition from the computation basis states.
In addition to the gates shown in Table 2.1, several other gates exist that are applied in
different contexts. Interestingly, many of the more complex gates can be constructed from
a set of simpler gates. Particularly interesting are the sets of gates that can be considered
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to be universal for quantum computation. Those are gate sets capable of approximating
any unitary operation to arbitrary accuracy without requiring any other gates. A standard
gate set of such consists of CNOT, H, S and T -gates.
While the quantum logic gates act as the abstract building blocks of the circuit model, in
practice, it is often relevant to consider which gates a particular hardware implements and
how precisely. Considering the hardware is increasingly important with the small noisy
devices we have today.

2.5.2

Adiabatic quantum computing

Adiabatic quantum computing is a computational model based on adiabatic evolvement
between Hamiltonians [4, 20]. The model relies on the (quantum) adiabatic theorem, which
states that the system resides in the ground state given that the system’s Hamiltonian
evolves slowly enough [6]. The model makes it possible to solve ground states of potentially
complicated Hamiltonians by adiabatically evolving from simple Hamiltonians. Thus if the
ground state of particular Hamiltonian can encode the solution to a problem of interest,
adiabatic quantum computing can solve it.
Mathematically, the quantum system is prepared to the ground state of some initial Hamiltonian, Ĥ init , which should be simple to prepare. Furthermore, the Hamiltonian of the
system is gradually transformed from Ĥ init to the final target Hamiltonian Ĥ final whose
ground state should encode the solution to a problem of interest. Given that the evolution
is done slowly enough, the system remains in the ground state by the adiabatic theorem
[6]. Thus in the end of evolution, the system represents the ground state of Ĥ final and
hence solves the problem of interest.
The adiabatic evolvement of the system can be described by the time-dependent Hamiltonian which is linear transformation between the initial and final Hamiltonian
t
Ĥ(t) = 1 −
T
(︃

)︃

t
Ĥ init +
T
(︃

)︃

Ĥ final ,

(2.29)

where t ∈ [0, T ] is time and T is the total run time. As t → T , by the adiabatic theorem,
the state of the system, |ψ(t)⟩, stays continuously very close to the ground state of Ĥ(t)
and eventually approaches the ground state of Ĥ final thus solving the problem [20].
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2.5.3

Quantum annealing

Quantum annealing [21, 36] is a method for approximating the global optimum of an
objective function by interpreting the function as the energy of a system, Hamiltonian,
and finding the ground state of it. Compared to the traditional simulated annealing [39]
that uses thermal fluctuations, quantum annealing uses quantum fluctuations such as
quantum tunnelling to transition between different states and eventually find the global
optimum. Several studies, such as [17, 30, 36], have shown that quantum annealing can find
the optimum faster and solve a broader range of problems than the traditional simulated
annealing.
D-Wave systems are well-known for being suitable for quantum annealing as they can
find the minimum of the given energy landscape [16]. Particularly, D-Wave systems can
solve problems where the final target Hamiltonian can be expressed as an Ising model or
a quadratic unconstrained binary optimization (QUBO) problem.
The quantum processing unit (QPU) of D-Wave system implements a time-dependent
quantum Hamiltonian
(︄

)︄

⎛

⎞

∑︂
B(s) ⎝∑︂
A(s) ∑︂ x
σ̂ i +
hi σ̂ zi +
Jij σ̂ zi σ̂ zj ⎠,
Ĥ = −
2
2
i
i
⟨i,j⟩
⏞

⏟⏟

⏞

Ĥ init

⏞

⏟⏟

(2.30)

⏞

Ĥ final

where A(s) and B(s) are QPU-specific annealing scheduling functions parameterized by
s=

t
T

in which t ∈ [0, T ] is time and T is the annealing time of single annealing run [16].

At the beginning of an annealing run A(s) ≫ B(s) and the time-dependent Hamiltonian
is entirely defined by the Ĥ init . Thus, the lowest energy state is initially defined by the
qubits being in the equal superposition state of 0 and 1. As the annealing run proceeds
till the end A(s) ≪ B(s) and the time-dependent Hamiltonian is entirely defined by the
Ĥ final which is the Ising model in the case of D-Wave. Thus, the lowest energy state in
the end is the solution for the Ising model.

2.6

Quantum Boltzmann machine

Quantum Boltzmann machine (QBM) [7] is a quantum generalization of the (classical)
Boltzmann machine that we introduced in Section 2.3. However, the definition is not so
unambiguous as the subsequent work has shown different formulations and extensions for
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the QBM, especially when it comes to the training routines. These have naturally inherited
from the different quantum computing models and the diverse purposes that the models
are applied. Furthermore, these ambiguities in the model formulations are a fundamental
root cause of why the definition of QML is generally complex. In this section, we will
introduce the QBM using primarily the model introduced in [7], that is to our knowledge
the first proposal using quantum computing for both the training and the model itself.
Furthermore, we will highlight the notable extensions following that work with additional
references. It is worth to note, though, that there has been a lot of earlier work considering
the Boltzmann machines in quantum setup, i.e. [3, 9]. However, they have not been so
end-to-end complete and considered only a single aspect like training in quantum setup
while the model has still been classical [7].
The QBM introduced in [7] is based on modelling the data using a transverse field Ising
model [62] in thermal equilibrium. The Hamiltonian of the model is then given by
Ĥ = −

∑︂

Jij σ̂ zi σ̂ zj −

⟨i,j⟩
{x,z}

where σ̂ i

∑︂
i

hi σ̂ zi −

∑︂

Γi σ̂ xi ,

(2.31)

i

are the Pauli-X and Z matrices acting on qubits, Jij ∈ R is the interaction

strength and hi , Γi ∈ R are the external field strengths. Especially, Γi is the strength of
the transverse field σix , which provides the quantum fluctuations to the model.
That is, the QBM model is essentially realized from the classical BM by replacing the
(classical) Ising model, which BM is identical to, with a quantum version of the Ising model,
transverse field Ising model. The particular Ising model then represents the system’s total
energy, the Hamiltonian. This energy formalization also illustrates the apparent relation
to the family of energy-based models. The transverse field Ising model is parametrized by
weights and biases similar to the (classical) Ising model or the classical BM we introduced
earlier in Section 2.3. Particularly, it is parameterized by θ = {Jij = wij , hi = bi , Γi } that
are coupling strengths and qubit biases (wij and bi added for notational connection to
(classical) Equation 2.6). Effectively these parameters weigh the Pauli operators that are
acting on the qubits in some state. The coupling strengths are essentially the weights of
two-qubit interactions, while the qubit biases provide the effect that is applied trivially on
single qubits. Intuitively, it could be thought that the qubits in QBM represent the units
of BM when reflecting against the (classical) BM. An example of the transverse field Ising
model for three qubits could be expanded as
Ĥ = J12 σ̂ z1 σ̂ z2 + J13 σ̂ z1 σ̂ z3 + J23 σ̂ z2 σ̂ z3 + h1 σ̂ z1 + h2 σ̂ z2 + h3 σ̂ z3 + Γ1 σ̂ x1 + Γ2 σ̂ x2 + Γ3 σ̂ x3 , (2.32)
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in which the first three terms define the coupling strengths between two qubits and the
rest of the terms define the qubit biases. Especially the Pauli-X operators are providing
the quantum fluctuations to the QBM model. From a mathematical point of view, the
Hamiltonian can be expanded further even to matrix representation, for example for the
first term of Example 2.32
⎡

1 0

J12 σ̂ z1 σ̂ z2 = J12 · σ̂ z ⊗ σ̂ z ⊗ I =

⎢
⎢
⎢0
⎢
⎢
⎢0
⎢
⎢
⎢0
J12 · ⎢
⎢
⎢0
⎢
⎢
⎢0
⎢
⎢
⎢0
⎣

1

⎤

0

0

0

0

0 0

0

0

0

0

0

0

0

0 0⎥
⎥
⎥
0 0⎥
⎥

0 −1
0

0

−1

0

0

0

0

0

−1

0

0

0

0

0

0

0

0

0

0 0

0

0

0

⎥

⎥
⎥

0 0⎥
⎥

⎥.

0 0⎥
⎥

(2.33)

−1 0 0⎥
⎥
⎥

0
0

⎥

1 0⎥
⎦
0 1

These terms of Pauli operators are often referred to as Pauli terms or Pauli strings, and
the whole sum consisting of Pauli strings weighted by coefficients is commonly referred to
as Paulisum.
In some of the subsequent work on QBMs, i.e. [37, 73] more generalized parametrized
Hamiltonians than the transverse field Ising model have been used for QBM models. For
instance, the (Variational) QBM introduced in [73] is suitable with Hamiltonians with
arbitrary Pauli terms weighted by real coefficients, which means that the interactions and
biases can be specified by any combinations of Pauli operators (σ̂ x , σ̂ y and σ̂ z ) acting on
qubits. Additionally, in [37], it is denoted that using the transverse field Ising models for
QBM do not introduce a clear quantum advantage because it is commonly assumed that
quantum Monte Carlo methods can be used for simulating them efficiently.
Nevertheless, these parameters of the Hamiltonians are the ones that finally introduce the
optimization aspect of the QBM model. That being to optimize the parameters so that
the probability distribution determined by the Hamiltonian, such as the transverse field
Ising model, in thermal equilibrium, would be as close as possible to the target probability
distribution defined by the true data.
The QBM notation follows the density matrix representation that we introduced in Section
2.4.3. Specifically, the state of the QBM model in thermal equilibrium, commonly referred
to as the Gibbs state, is represented by a density matrix
ρ=

e−H
,
Tr(e−H )

(2.34)
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in which the diagonal elements represent the Boltzmann probabilities of all 2N possible
basis states of N qubits and particularly H is the Hamiltonian, i.e. in [7] the transverse
field Ising model. Similarly to the classical case, the normalization is guaranteed in the
denominator by the tracing over the exponentiation, thus yielding a valid probability
distribution. In the quantum setup, a useful definition for this was shown in [69] where
the model consists of visible and hidden component systems of qubits. This way, the Gibbs
state of the model is defined by tracing out the hidden subsystem in the numerator also.
After applying the partial trace, the Gibbs state of the visible component system only is
given by
Trh (e−H )
.
(2.35)
Tr(e−H )
It is worth noting that the formulation is actually very close to the classical one shown in
ρv =

Equation 2.8.
Furthermore, the probability of measuring a certain state |v⟩ is given by a projective
measurement against the Gibbs state. That is the probability given by trace
Pv = Tr(Λv ρ)

(2.36)

Λv = |v⟩⟨v| ⊗ Ih ,

(2.37)

using a projector of form

which is essentially a diagonal matrix acting on the visible qubits in state v and all the
qubits in hidden component system.
Up to the model definition, QBMs are defined very similarly across the literature. However,
when it comes to the QBM model training, different setups with different characteristics
and limitations exist. Similarly, as with most ML models, the training of QBM is based
on minimizing an objective function which we already discussed in Section 2.1. In the
following sections, we will introduce some of the well-known methods for training QBMs.
Firstly we begin in Section 2.6.1 by introducing the methods for learning classical distributions with QBM. Then we continue in Section 2.6.2 by introducing the extensions for
learning quantum probability distributions. Finally, in Section 2.6.3, we introduce and
discuss a recent study on a variational learning procedure [73].

2.6.1

Learning classical probability distribution

In this section, we will continue introducing the QBM model training by primarily using
[7] as it mainly focuses on learning classical probability distributions.
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The QBM introduced in [7] uses average negative log-likelihood (NLL) as an objective
function that is essentially the same as cross-entropy in this context
L=−

∑︂

Pvdata log (Pv )

(2.38)

v

Tr(Λv e−H )
.
log
Tr(e−H )
)︄

(︄

=−

∑︂

Pvdata

v

(2.39)

Particularly, the gradient of NLL with respect to model parameters is given by
⎡

∂θ L(θ) =

∑︂

Pvdata ⎣

[︂

Tr Λv ∂θ e−H(θ)

⎡

=

Pvdata ⎣

[︂

Tr Λv ∂θ e−H(θ)
Tr [Λv e−H(θ) ]

v

[︂

−

Tr [Λv e−H(θ) ]

v

∑︂

]︂

Tr ∂θ e−H(θ)

]︂ ⎤

Tr [e−H(θ) ]

⎦

]︂

(2.40)

⎤

− Tr [ρ∂θ H(θ)]⎦

(2.41)

in which the second term inside the main brackets is a parametrized exponential operator;
hence it is possible to derive it further as shown in [70]. Furthermore, it is possible
to evaluate it efficiently by sampling from the Gibbs distribution ρ defined in Equation
2.34. However, the gradient’s first term is particularly troublesome because it requires a
separate calculation for each training sample, meaning, for instance, exact diagonalization
or quantum Monte Carlo sampling [7]. Therefore it is concluded in [7] that the training
of QBM for a large dataset is computationally expensive when using such a gradient.
To overcome the inefficiency in gradient evaluation, two methods are proposed in [7]. The
first one is based on defining an alternative objective function that acts as an upper bound
for the exact NLL objective. Hence, by minimizing this upper bound, the exact NLL is
minimized to some extent and yields a reasonable solution. The upper bound used in [7]
is effectively based on the Golden-Thompson inequality [25, 65]
Tr(eA+B ) ≤ Tr(eA eB ),

(2.42)

where A and B are Hermitian matrices. By first defining the projector in the exponential
form Λv = eln(Λv ) , and then utilizing the Golden-Thompson Inequality 2.42, it is effectively possible to combine the projector eln(Λv ) into the full Hamiltonian exponential eH ,
hence introducing a new bound by the inequality. More precisely, in [7], a new clamped
Hamiltonian Hv is defined that can be used for further defining the upper bound for the
exact loss
⎡

L ≤ L̃ = −

∑︂
v

Pvdata log ⎣

(︂

Tr e−Hv

)︂ ⎤

Tr (e−H )

⎦.

(2.43)
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As there is no more projector inside the trace operation, instead, it is induced into the
clamped Hamiltonian. Hence, it is possible to derive both of the terms inside the gradient’s
sum (Equation 2.40) further on to
⎡

∂θ L̃(θ) =

∑︂
v

=

∑︂

Pvdata ⎣

[︂

Tr ∂θ e−Hv (θ)
Tr [e−Hv (θ) ]

[︂

]︂

−

Tr ∂θ e−H(θ)

]︂ ⎤

Tr [e−H(θ) ]

⎦

Pvdata [Tr(ρv ∂θ Hv (θ)) − Tr(ρ∂θ H(θ))] .

(2.44)
(2.45)

v

Therefore, both of the terms inside the sum can be evaluated efficiently by sampling from
Gibbs distribution. That is, the first one using the clamped Hamiltonian Hv and the
second one using the full Hamiltonian H.
However, while the bounded loss introduces a gradient that is more efficient to evaluate
than the exact objective, it also introduces problems, particularly following two problems
related to the transverse field were highlighted in [7]. Firstly, as the sampling is done on
σiz -basis, one cannot calculate the expectations for σix without doing measurements on
the same basis. Hence, measurements are needed on σix -basis. Secondly, the transverse
field’s coefficients suffer from vanishing gradient, hence effectively yielding them to be
zero. Furthermore, as pointed in [37], it is impossible to learn the transverse field from
classical data without utilizing brute-force techniques that make it hard to find the full
Hamiltonian.
The second solution proposed in [7] is somewhat inherited from classical BM. That is,
introducing restrictions to the connections inside the model. In classical BM typically the
restricted variant is the RBM model that we introduced in Section 2.3.1. However, in [7]
the lateral connection restriction is only applied for the hidden units (commonly referred
as semi-restricted), while in (classical) RBM the restriction is applied to both hidden and
visible units.
Notably, utilizing the bounded loss requires sampling using the clamped Hamiltonian Hv
that needs to be done per data sample; therefore, as highlighted previously for exact
gradient (Equation 2.40), thus setup is computationally expensive for large datasets. In
[7], by applying the restriction, this challenge is overcome as the clamped Hamiltonian Hv
reduces to a simple form of which σiz expectations can be calculated exactly, thus making
learning much more efficient.
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2.6.2

Learning quantum probability distribution

Recently, there has been work, i.e. [37, 69], on generalizing the QBM training to quantum probability distributions. That is essentially learning the non-diagonal entries of the
density matrix. Furthermore, the extensions provide a way to learn the transverse field
from the data, which was not possible in the method proposed in [7] that we introduced
in the previous section. This section will introduce the methods for learning quantum
probability distributions by primarily using [37, 69].
Particularly, in [37], two new approaches for QBM learning are proposed. The first one
is based on using a completely different objective function from the NLL introduced in
previous section. That is the quantum relative entropy (QRE)
[︂

]︂

[︂

]︂

S(ρdata ∥ρ) = Tr ρdata log(ρdata ) − Tr ρdata log(ρ) ,

(2.46)

which is a quantum generalization of the (classical) Kullback–Leibler (KL) divergence. In
fact, QRE reduces to KL-divergence in the case of diagonal matrices, and holds similar
properties to KL-divergence; for example, S(ρ∥σ) = 0 ⇔ ρ = σ. Furthermore, as essentially the first term is constant and defined by the data only, the actual objective comes
from the second term only. Thus, the gradient with respect to the model parameters is
defined by
[︄

∂θ S(ρ

data

∥ρ(θ)) = ∂θ Tr ρ

data

e−H(θ)
log
Tr[e−H(θ) ]

]︄

(2.47)

[︂

[︂

]︂

= −Tr ρdata ∂θ H(θ) +
[︂

]︂

]︂

Tr e−H(θ) ∂θ H(θ)
Tr [e−H(θ) ]

= −Tr ρdata ∂θ H(θ) + Tr [ρ∂θ H(θ)] .

(2.48)
(2.49)

That is, the gradient is effectively determined by the difference between expectations of
Hamiltonian terms in data distribution ρdata and the model distribution ρ. Furthermore, as
pointed out in [37] and is commonly applied practice, it is possible to add a regularization
term to the objective function to penalize large coefficients, for instance, an l2-norm of
the coefficients.
However, the introduced QRE so far is only applicable for an all-visible model without
hidden units. The extension including the hidden units is proposed in [69], and essentially
means replacing the whole state ρ (defined in Equation 2.34) with only the visible state ρv
(defined in Equation 2.35) where hidden component system is traced out. The problem,
however, is that once e−H is replaced by partial trace Trh (e−H ) inside logarithm, it does
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not simplify anymore when evaluating the gradient. In [69], two approaches are proposed
for overcoming this challenge and introducing the hidden units:
1. By assuming a specific form for the Hamiltonian, specifically, that Hamiltonian’s
non-commuting terms only act on visible units and, respectively, commuting terms
act on hidden units, it is possible to define a variational bound for the QRE for
which the derivatives are simple to evaluate.
2. Generic method for approximating the exact gradient by high-order divided difference estimates and Fourier-like approximation.
Both methods are efficient, given that Gibbs state can be prepared efficiently, and Hamiltonian’s matrix elements can be calculated efficiently. We refer the readers to [69] and
especially to the supplementary material in the study for details and the derivations.
The second method proposed in [37] is positive operator-valued measure (POVM)-based
Golden-Thompson training. That is essentially an extension to the bound-based method
proposed in [7]. The realization in [37] is that as the gradients could not be calculated
[︂

]︂

for Equation 2.44 in [7] in the case when Tr ∂θ e−Hv (θ) = 0, POVMs could provide a
better-suited way to express the dataset so that such issues are prevented. It is possible
to circumvent the problem by introducing POVM elements that are non-diagonal [37].
Formally, in [37], the POVM-based training set is defined in Hilbert space H = HV ⊗ HL
consisting of both visible and hidden component systems by probability distribution Pv
and POVM Λ = {Λv } if (i) there exists a bijection between the domain of Pv and Λ, and
(ii) the domain of each Λv is H and it acts nontrivially only on visible component system
HV . The clarifying example presented in [37] is considering the problem of learning to
generate even numbers between 1 and 16. It is possible to define the training set either by
Λn = |2n⟩⟨2n|, 1 ≤ n ≤ 8
Λ0 = I −

8
∑︂
n=1

Λn ,

Pv =

(2.50)
1 − δv,0
8

(2.51)

or
1
(|2⟩ + · · · + |16⟩) (⟨2| + · · · + ⟨16|)
8
Λ0 = I − Λ1 ,
Pv = δv,1 .

Λ1 =

(2.52)
(2.53)

Both of them are essentially similar in terms of the dataset they are representing. However,
as shown in [37], only the second one circumvents the problem of learning the coefficients
of transverse terms.
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Additionally, an exceptional finding was made in [37] that increasing the number of hidden
units in the QBM setup did not benefit similarly as in the classical setup. While the
training set’s simplicity initially explained this observation in [37], a more recent study
[45] investigated this further and showed that the QBMs do not benefit from multiple
hidden units.

2.6.3

Learning using variational principle

In a recent study [73], a completely new variant of QBM is proposed. That is a variational
QBM (VarQBM) based on variational quantum algorithms. VarQBM is compatible with
generic Hamiltonians, including arbitrary Pauli terms parametrized by real coefficients.
Additionally, VarQBM is effectively compatible with the NISQ era quantum hardware,
meaning it should be possible to run QBM calculations with small noisy circuits.
The VarQBM model is defined similarly as QBMs we have discussed so far. Particularly,
projective measurements are done in VarQBM using the similar projectors as defined in
Equation 2.37. In [73], the VarQBM model is mainly being experimented on training
Gibbs states that reflect classical probability distributions in their sampling behaviours.
Hence, the cross-entropy is utilized as a loss function for the model. However, the authors
of VarQBM suggest that their method could be adapted for a quantum probability distribution using an objective function based on QRE that was introduced in Equation 2.46
[73].
In the core of VarQBM is the variational quantum imaginary time evolution (VarQITE)
procedure used for preparing approximations of Hamiltonians’ thermal (Gibbs) states
[46, 72]. The VarQITE routine begins with an expressive variational quantum circuit V
parameterized by ω. Notably, the circuit needs to be initialized to prepare a maximally
mixed state. In [72, 73], this is achieved by dividing the system to two separate component
systems, a and b, where the pairs of qubits between the systems are initially entangled
(Bell states) |Φ+ ⟩ =

√1 (|00⟩ + |11⟩),
2

and the problem Hamiltonian acts only to component

system a. Then tracing out the second component system b from the composite system
produces a maximally mixed state
[︂

]︂

Trb |Φ+ ⟩⊗n =

1
I.
2n

(2.54)

The essential factor for preparing the thermal states is to evolve the state only for a finite
time of τtotal = τ = (2kb T )−1 based on system temperature T . Otherwise, doing it for
τ → ∞, the evolution would converge to the ground state, i.e. the state corresponding
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to the lowest energy (sought in many applications). Furthermore, the evolution is split
into a number of timesteps, Nτ , which essentially defines how many iterations VarQITE
includes and the size of parameter updates δτ = τtotal /Nτ per iteration (timestep).
For actually evolving the maximally mixed state to a thermal state with VarQITE, the
parameter update rules can be derived from McLachlan’s variational principle [48]. For
the derivations, we refer readers to the studies [46, 48, 72]. The derivations lead to a
system of linear equations (adapted to the notation we have introduced so far)
∑︂

Aij ωj = Ci ,

(2.55)

j

in which
[︄

]︄

∂⟨ψ(ω(τ ))| ∂|ψ(ω(τ ))⟩
,
Aij = ℜ
∂ωi
∂ωj
[︄
]︄
∑︂ ∂⟨ψ(ω(τ ))|
θp
Ci = ℜ −
hp |ψ(ω(τ ))⟩ .
∂ωi
p

(2.56)
(2.57)

Here, |ψ(ω(τ ))⟩ is the state parameterized by ω at time τ and hp is a Pauli term of the
problem Hamiltonian having θp as a coefficient. The elements of A and C can be evaluated
using quantum circuits of a specific form and calculating the expectations. However, the
evaluation of matrix A is costly, scaling quadratically to the number of circuit parameters ω
[22]. A recent proposal [22] investigates the possibility of using a stochastic approximation
for evaluating it.
Solving Equation 2.55 for the ω gives the update for the circuit parameters, which can be
applied for instance with Euler method
ω(τ + δτ ) = ω(τ ) + A−1 (τ )C(τ )δτ.

(2.58)

Furthermore, for solving Equation 2.55, which is potentially ill-posed, regularization methods such as Tikhonov regularization [66] can be applied.
After reaching the end of the evolution, the thermal state can be retrieved again by tracing
out the second subsystem b. One of the benefits of VarQITE is that the thermal state
it prepares is inherently normalized; hence the partition function is not needed to be
evaluated explicitly for training VarQBM [73].
Having introduced and discussed VarQITE, the core of the VarQBM model, the following
three steps will outline the three-stage VarQBM training routine proposed in the particular
study [73] (adapted to the notation we have introduced so far).
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1. VarQITE is used to prepare the approximation of the Gibbs state ρω by using a
variational circuit V (ω)
ρω = Trb [|ψ(ω(τ ))⟩⟨ψ(ω(τ ))|] ≈ ρ,

(2.59)

in which |ψ(ω(τ ))⟩ is the trial state propagated by VarQITE using circuit V (ω) for
time τ and Trb the trace over the second component system b. As pointed out in
[73], the approximation is profoundly determined by the representation capabilities
of the parametrized state.
2. For updating the Hamiltonian parameters θ, the gradient of the loss functions with
respect to θ needs to be evaluated
]︄

[︄

∂θ L = ∂θ −

∑︂

Pvdata

log (Pv )

(2.60)

v

=−

∑︂
v

Pvdata

∂ θ Pv
.
Pv

(2.61)

By using the chain rule, ∂θ Pv can be expanded furthermore, so that
∂Pv ∂ω(τ )
∂ω(τ ) ∂θ
∂Tr(Λv ρω ) ∂ω(τ )
,
=
∂ω(τ )
∂θ

∂ θ Pv =

(2.62)
(2.63)

in which the first factor can be calculated by quantum gradient methods [43, 49,
57]. Meanwhile, the second factor can be factorized furthermore depending on the
structure of the quantum circuit V , and it can be evaluated analytically by VarQITE.
Furthermore, for the loss function, Pv can be calculated from the approximated Gibbs
state ρω .
3. After calculating the gradient ∂θ L, the Hamiltonian parameters θ can be updated
using a classical optimizer. After which, the learning continues again from step 1
with updated parameters.
One of the benefits highlighted in [73] is the possibility of using analytic gradients even
through VarQITE and further enable the usage of an automatic differentiation scheme,
which is especially useful in step 2, where chain rule is utilized. However, depending on
the form of Hamiltonian and the number of parameters, it might be more beneficial in
terms of the computational cost to use finite difference methods for evaluating the gradient
[73].

3 Methods and algorithms
3.1

Variational quantum Boltzmann machine

In order to do experiments with QBM, we implemented it from scratch. Particularly, we
decided to implement variational quantum Boltzmann machine (VarQBM) [73], which we
introduced in Section 2.6.3. VarQBM seemed to be the most end-to-end complete for
practical usage, and the study claimed it to be suitable for NISQ era devices, which made
it ideal for us to focus.
The core algorithm on which VarQBM relies is the variational quantum imaginary time
evolution (VarQITE) which we introduced in Section 2.6.3 jointly with VarQBM. In VarQBM, VarQITE is used for preparing the thermal states of problem Hamiltonians. So more
accurate and efficient the VarQITE, the better the results should be for VarQBM itself.
For proceeding with the VarQBM implementation and experiments, we focused initially
on experimenting with VarQITE only as it is a crucial element of VarQBM. After experimenting with VarQITE and finding the optimal setup, we only began the experiments on
VarQBM.

3.2

Experimentation setup

For experimentation setup, we began our study by entirely focusing on VarQITE. Particularly, we focused on identifying first an efficient and well-performing variational circuit
for VarQITE using two different problem Hamiltonians. Those were, firstly, the transverse
field Ising model, which we introduced earlier, as well as the Heisenberg model used for
studying magnetic systems [8]. Using different models provided us with a way to analyze
the VarQITE performance across different Hamiltonians and understand whether different circuit structures could perform differently with diverse Hamiltonians. In addition
to using two different problem Hamiltonians, we repeated the experiments 40 times with
resampled random coefficients for Hamiltonians. For experimenting with various circuit
structures, we considered three directions for variations: layer count, two-qubit gates and
the topologies in which the two-qubit gates act on qubits. Similar to the original VarQBM
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study [73], we fixed our effective temperature kb T = 1 for all the experiments. Furthermore, as we were using VarQITE in VarQBM, where it is run numerous times, we wanted
to achieve relatively precise solutions with as few as possible timesteps. Hence for the VarQITE experiments, we fixed the number of timesteps to 20. However, in the subsequent
experiments, this was also varied by experimenting with even fewer timesteps. For all the
VarQITE experiments, we used general mixed state fidelity
[︃

F (ρ, σ) = Tr

√︂√

√
ρσ ρ

]︃2

(3.1)

,

quantum relative entropy
S(ρ∥σ) = Tr [ρ log(ρ)] − Tr [ρ log(σ)]

(3.2)

and trace distance

√︂
1
T (ρ, σ) = Tr (ρ − σ)† (ρ − σ)
(3.3)
2
as our performance measures, which we calculated against the exact solution obtained
[︃

]︃

from solving the matrix exponential. Mainly, fidelity was used as the primary measure for
comparing the VarQITE models.
After identifying an efficient and well-performing variational circuit for VarQITE, we focused on making the algorithm more efficient, making it run faster. Specifically, we applied
a stochastic approximation method, simultaneous perturbation stochastic approximation
(SPSA) [61], for speeding up the evaluation of the quantum Fisher information (QFI)
matrix (matrix A in Equation 2.55), which is done on every timestep of the VarQITE
process [22]. To evaluate the usage of SPSA for VarQITE, we considered three directions
for variations to evaluate how much we can approximate without sacrificing precision significantly. Particularly, we varied the number of SPSA approximations for the QFI matrix
to average over, the number of timesteps to divide the evolution time in VarQITE and the
amount of perturbation used in SPSA.
Finally, given the efficient and well-performing variational circuit accompanied with SPSA
for providing additional speedups with stochastic approximations, we began the experiments with VarQBM itself. For VarQBM, we decided to use the Ising model as the problem
Hamiltonian because it is a rather expressive model and fairly natural generalization from
the classical Boltzmann machine to quantum setup in terms of formulation. As a dataset,
we used the toy dataset of blocks and stripes (BAS) on four qubits (two by two), which
meant we had to perform simulation on eight qubits. As the data is classical, we decided to
reduce the Hamiltonian only to include the Pauli-Z operators for one-qubit and two-qubit
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interactions. We also tried initially running the same problem on the dataset with three
by three blocks and stripes, but that meant we had to run circuits of 18 qubits, which
became increasingly slow to iterate over with simulators.
Even though VarQBM should be compatible with analytic gradients and automatic differentiation, we decided to use the finite difference approximation to evaluate the gradients.
Based on the original study [73] on VarQBM, using finite difference was mentioned to be
computationally more efficient given that there are more Hamiltonian parameters than
trial state parameters. For updating the Hamiltonian coefficients, we applied standard
vanilla gradient descent. The training process was run a maximum of 60 epochs. However, we used early stopping criteria for terminating non-converging runs.
For experimenting with VarQBM, we chose to experiment with few directions again.
Firstly, we chose to freeze the model in terms of topology and entanglement gates and
try with different layer counts; secondly, we tried with and without SPSA for VarQITE.
Otherwise, we used hyperparameters which worked the best in the VarQITE experiments.

3.3

Implementation

For implementing VarQITE and VarQBM, we decided to use Python with Tensorflow
Quantum (TFQ) [12] and Google Cirq [15] -libraries as the core of our implementation. We
chose TFQ as it seemed superior in performance given the highly optimized and somewhat
parallelized C++ backend code. Furthermore, we considered TFQ ideal because of its
tight connections to Tensorflow [1] (core) itself, which we could use further for any custom
tensor calculations, including evaluating Jacobians or Hessians. Additionally, we used
Tensorflow probability [18], Numpy [28], SciPy [67] and Pandas [47, 64] on a few occasions,
and Seaborn [68] together with Matplotlib [14, 34] to produce meaningful figures on the
experiments. In the implementation, we focused heavily on modularity to provide means
for easy experimentation and upgradeability. We also note that the studies related to
evaluating gradients in quantum circuits [43, 49, 57] and higher-order derivatives [44] were
critical from the implementation point of view, even though some of the functionalities
are provided out of the box by TFQ.
We carried out all the experiments mainly on Google Cloud virtual machines where we
had allocated compute-optimized C2 virtual machines for running the experiments. Particularly, we used virtual machines with eight virtual CPUs of the Intel Cascade Lake
-platform and 32GB of RAM.

4 Results
In this chapter, we report the results of the experiments which we described in previous
sections. We will begin with the experiments on VarQITE and continue further with the
VarQBM experiments.

4.1

Preparing thermal states using VarQITE

In our first experiments, we used the VarQITE algorithm for preparing thermal states of
problem Hamiltonians. We began from a similar quantum circuit that was used in the
original VarQBM study [73]. That is, a parameterized quantum circuit having parameterized Y and Z -rotation gates (RY, RZ) applied on each qubit and CNOT gates in chain
topology introducing entanglement between qubits. We shall also once highlight again
that the circuit consists of two sets of qubits: the first half of qubits is for the actual
problem Hamiltonian, while the second half is used for preparing the maximally mixed
state. Particularly, we used a total of eight qubits (4 + 4) in our experiments. The maximally mixed state is prepared using the last rotation gates and the CNOT gates applied
between the two sets of qubits. In our setup, we also introduced additional parameters for
CNOT gates’ exponents in case they would provide additional degrees of freedom to the
model. An example of the described quantum circuit (scaled down to six qubits) is shown
in Figure 4.1.
For experimenting with different quantum circuits, we considered three directions to extend or modify the baseline setup. These were, firstly, increasing the layer count; secondly,
attempting different two-qubit gates for introducing entanglements between qubits; and
finally, applying the two-qubit gates in different topologies. To be more precise, we tried
circuits with one, two, and three layers for layer counts; for two-qubit gates, we experimented with the gates shown in Table 4.1; and for topologies, we applied the topologies
illustrated in Figure 4.2.
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Repeats for the number of layers
|0⟩

Ry (θl00 )

Rz (θl01 )

|0⟩

Ry (θl10 )

Rz (θl11 )

|0⟩

Ry (θl20 )

Rz (θl21 )

|0⟩

Ry (θl30 )

Rz (θl31 )

|0⟩

Ry (θl40 )

Rz (θl41 )

|0⟩

Ry (θl50 )

Rz (θl51 )

X ϕl0
X ϕl1
X ϕl2
X ϕl3
X ϕl4

Ry (θL00 )

Rz (θL01 )

Ry (θL10 )

Rz (θL11 )

Ry (θL20 )

Rz (θL21 )

Ry (θL30 )

Rz (θL31 )

Ry (θL40 )

Rz (θL41 )

Ry (θL50 )

Rz (θL51 )

Figure 4.1: An example of a quantum circuit (three qubits for the problem itself and another three for
the ancillary system) used for VarQITE. The circuit is scaled down to six qubits for convenience.

Gate

Description
The controlled-NOT gate (CNOT) is often
applied for introducing entanglement. The
CNOT is commonly also referred to as the
controlled-X gate (CX).
The controlled-Z gate (CZ) is another controlled Pauli -gate. CZ can be made from CX

Z

by wrapping it with Hadamard -gates (H).
Two qubit interactions (YY and ZZ) are

YY

ZZ

YY

ZZ

made from tensor products of particular
Pauli matrices (σ̂ y ⊗ σ̂ y , σ̂ z ⊗ σ̂ z ). These are
commonly referred to as the parity gates (Yparity and Z-parity).

Table 4.1: Different gate sets that we applied for two-qubit interactions and for introducing entanglements to the model. Parameters (exponents) are omitted for clarity.
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(a) Ring

(b) Chain

(c) Pairs (nearest neighbours)

Figure 4.2: Different topologies we experimented with for two-qubit interactions included (a) ring
topology, (b) chain topology and (c) pairs (nearest neighbours) topology. Parameters (exponents) are
omitted for clarity.

4.1.1

Preparing thermal states of Ising model

As a primary problem Hamiltonian, we considered the transverse field Ising model, which
we introduced previously. For convenience, the exact Hamiltonian is defined as
Ĥ = −

∑︂
⟨i,j⟩

Jij σ̂ zi σ̂ zj −

∑︂
i

hi σ̂ zi −

∑︂

Γi σ̂ xi .

(4.1)

i

For the experiments, we sampled the coefficients from uniform distribution Jij , hi , Γi ∼
U(−1, 1) (half-open interval) to acquire generalized results.
The results of preparing thermal states of the transverse field Ising models with VarQITE
using various model setups are summarized in Figure 4.3 with a grid of plots showing
the fidelity against the exact state (solution) through the evolution. Particularly, the
grid is constructed so that the rows represent the number of layers used, while the different columns represent the different entanglement topologies used. Finally, the different
coloured lines showcase the use of different entanglement gates. From the plots, we extracted the following results:
• None of the models failed to converge or performed poorly as all the model variants
evolved to some peak fidelity value, and the lowest mean value on the last timestep
was 0.905 while the highest was 0.986. Particularly, models using CNOT gates for
entanglement in chain topology seemed to perform the best. Specifically, the threelayer variant using CNOT gates shown in 4.3h was the best model out of all.
• Generally, models did not benefit much from increasing the number of layers, except
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Figure 4.3: Fidelity against the exact thermal states of the transverse field Ising models through VarQITE across all the different circuit setups that we experimented with. The number of layers is varied
on the rows (1, 2 and 3), while entanglement topology is varied on the columns (ring, chain and pairs).
Finally, the three different coloured lines represent the different gates used for entanglement (CNOT, CZ
and YY+ZZ). Furthermore, the solid coloured lines represent the means across all the experiment runs,
and the shaded areas represent the 90% confidence intervals. Additionally, the last values of the means are
highlighted with horizontal lines. The figures indicate that models using CNOT gates for entanglement
in chain topology seemed to perform the best. Specifically, the three-layer variant (h) using CNOT gates
was the best model out of all.
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for the models using CNOT gates and either ring or chain topology for entanglement.
Especially when increasing the number of layers from two to three, the increases in
the fidelities are substantial. For instance, the model using CNOT gates and ring
topology for entanglement had exactly same mean fidelity value in the last timestep
when using three layers compared to two layers.
• The YY-ZZ parity gates for entanglement seemed to perform the same across different amounts of layers and entanglement topologies. At the same time, the particular
model had the lowest fidelity value, 0.905, yet it included most parameters out of all
the models.
• Using the pairs topology for entanglement caused reduced performance for the models using CNOT gates and effectively left the models using CZ gates as the best
models. Also, increasing the number of layers had a minimal effect with pairs topology.
• All the models were relatively stable as the confidence interval remained close to the
mean throughout the evolution process. However, the model using CNOT gates in
the chain topology for entanglement with two layers seemed to have some stability
issues during the last timesteps, as the confidence interval began to expand during
the last steps across the different problem Hamiltonians. Even though this model
was one of the best ones based on fidelity, stability could be a concern when training
VarQBM.
For completeness, we highlight all the metrics of the model having CNOT gates in the
chain topology for entanglement with three layers in Figure 4.4, as it seemed to perform
the best out of all the models. Furthermore, we show an example thermal state using a
heatmap in Figure 4.5 prepared by VarQITE with the particular model.

4.1.2

Preparing thermal states of Heisenberg model

In addition to applying variational quantum imaginary time evolution on preparing the
thermal states of the transverse field Ising model, we experimented with another wellknown model, that is, the Heisenberg model used for studying magnetic systems. Particularly, we used the XYZ extension, which we consider precisely as
Ĥ =

∑︂
⟨i,j⟩

Jx σ̂ xi σ̂ xj + Jy σ̂ yi σ̂ yj + Jz σ̂ zi σ̂ zj +

∑︂
i

hσ̂ zi .

(4.2)
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Figure 4.4: (a) fidelity, (b) quantum relative entropy and (c) trace distance against the exact thermal states of the transverse field Ising models through VarQITE with a quantum circuit having three
parameterized layers with CNOT gates in the chain topology for entanglement. Furthermore, the solid
coloured lines represent the means across all the experiment runs, and the shaded areas represent the
90% confidence intervals. Additionally, the last values of the means are highlighted with horizontal lines.
Examining all the metrics confirms the convergence and the successful VarQITE runs for the model.

(a) Initial maximally mixed state

(b) VarQITE prepared thermal state

(c) Exact thermal state

Figure 4.5: The VarQITE process visualized using an example from a quantum circuit having three
parameterized layers with CNOT -gates in the chain topology for entanglement. (a) the initial maximally
mixed state from which VarQITE begins, and (b) the result of VarQITE with the particular circuit after
the evolution. Furthermore, as a comparison, (c) the exact solution calculated by solving the matrix
exponential. Particularly, for this example, the fidelity between (b) and (c) is 0.973.
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3
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Figure 4.6: The square (2D lattice) connectivity was used to experiment with the thermal state preparation of the Heisenberg model.

In the XYZ variant, the coefficients are free from each other so that Jx ̸= Jy ̸= Jz ,
while in the XXX variant the coefficients would be as Jx = Jy = Jz , or in the XXZ as
Jx = Jy ̸= Jz [19]. Furthermore, we defined the interaction on a square (2D lattice) of four
qubits illustrated in Figure 4.6. Similarly, as we did for the experiments with the Ising
model, for each experiment run, we sampled the coefficients from uniform distribution
Jx , Jy , Jz ∼ U(−1, 1) (half-open interval) to acquire generalized results.
The results of preparing thermal states of the Heisenberg (XYZ) models with VarQITE
using various model setups are summarized in Figure 4.7 with a grid of plots showing the
fidelity through the evolution similarly as we previously showed for the Ising model in
Figure 4.3. From the plots, we again extracted the following results and connected some
of the results with the previous notions:
• Generally, the Heisenberg model turned out to be more complicated than the Ising
model as problem Hamiltonian, as the mean fidelity values in the last timesteps were
generally worse than in the Ising model across the models. The lowest mean value
on the last timestep was 0.837, while the highest was 0.932. Furthermore, there
seemed to be much more deviation or instabilities as the confidence intervals were
also wider.
• Models using pairs as the entanglement topology seemed to perform generally poorly.
Especially, the models using CZ or YY-ZZ as the entangling gates performed unsuccessfully, as the mean fidelity values were only reaching 0.837 in the last timesteps.
• The stability issues which we noted earlier for the model using CNOT gates in the
chain topology for entanglement with two or three layers were more evident in the
Heisenberg model than in the Ising model, as in the Heisenberg model, even the
mean line collapses before reaching the last timesteps.
• Similarly to the Ising model, increasing the layer count provided again only substantial advantage, with few exceptions being again the models using CNOT as
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Figure 4.7: Fidelity against the exact thermal states of the Heisenberg (XYZ) models through VarQITE
across all the different circuit setups that we experimented with. The number of layers is varied on the
rows (1, 2 and 3), while entanglement topology is varied on the columns (ring, chain and pairs). Finally,
the three different coloured lines represent the different gates used for entanglement (CNOT, CZ and
YY+ZZ). Furthermore, the solid coloured lines represent the means across all the experiment runs, and
the shaded areas represent the 90% confidence intervals. Additionally, the last values of the means are
highlighted with horizontal lines. The figures indicate that models using CNOT gates for entanglement
in chain topology continued to perform the best. Specifically, the three-layer variant shown in Figure (h)
was again the best model out of all. Compared to the transverse field Ising model, Heisenberg (XYZ)
model turned out to be more difficult as the fidelities are overall smaller than in Figure 4.3.
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Figure 4.8: (a) fidelity, (b) quantum relative entropy and (c) trace distance against the exact thermal
states of the Heisenberg (XYZ) models through VarQITE with a quantum circuit having three parameterized layers with CNOT gates in the chain topology for entanglement. Furthermore, the solid coloured lines
represent the means across all the experiment runs, and the shaded areas represent the 90% confidence
intervals. Additionally, the last values of the means are highlighted with horizontal lines. Examining all
the metrics confirms the convergence and the moderately successful VarQITE runs for the model.

the entangling gates. Furthermore, some minor increases were also visible with the
models using CZ as the entangling gates when layer count was increased.
We again, for completeness, highlight all the metrics of the model having CNOT gates
in the chain topology for entanglement with three layers in Figure 4.8, as it seemed to
perform the best out of all the models for the Heisenberg model.

4.2

Efficient approximation using stochasticity

As noted earlier in the literature review, VarQITE requires evaluating the quantum Fisher
information (QFI) matrix (matrix A in Equation 2.55), which is a computationally expensive task scaling at least quadratically with respect to circuit parameters [22]. A
recent proposal [22], experimented with simultaneous perturbation stochastic approximation (SPSA) [61] for speeding up the evaluation of QFI matrix. We decided to employ
similar kind of experiments for our setup if we could have achieved speedups from the
stochastic approximation.
Mainly, we experimented with the number of SPSA approximations for the QFI matrix
to average over (50, 200 and 800), the number of timesteps to divide the evolution time
π
in VarQITE (10, 20 and 40) and the amount of perturbation used in SPSA ( 20
,
π
).
80

π
40

and

The results of employing SPSA for evaluating the QFI in VarQITE are summarized
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in Figure 4.9 with a grid of plots showing the fidelity against the exact state (solution)
through the evolution. Particularly, the grid is constructed so that the rows represent the
number of timesteps to which the evolution was split, while the different columns represent
the different perturbation amounts used. Finally, the different coloured lines showcase
the different amounts of SPSA approximations for the QFI matrix. In contrast to the
previous plots, we highlight the peak values rather than the last values with horizontal
lines. Furthermore, the “None” variant plotted with a dashed line is the reference for the
model that was not using the stochastic approximation.
The results on employing SPSA were well aligned with the expectations. Notably, using
more SPSA resamplings for building the approximations of the QFIs provided more precise results, and higher fidelities were achieved at the end of the evolution. Furthermore,
more timesteps yielded generally more precise evolution, and hence higher fidelities were
achieved. Then again, using larger values for perturbation caused the evaluation to peak
before the end of the evolution, even though the perturbation amount should have normalized it. This early peaking caused the evolution to fail and likely continue to the next
excited state yielding bad results at the end of VarQITE. For completeness, we highlight
all the metrics of the SPSA setup using 40 timesteps, 800 SPSA resamplings for QFI approximation and minimal perturbation of

π
80

in Figure 4.10, as it seemed to perform the

best out of all the setups.

4.3

Training quantum Boltzmann machine

Having done thorough experimentation with the VarQITE procedure, we proceeded with
experimenting with VarQBM. As already noted, our goal was to do generative training
with VarQBM using the blocks and stripes (BAS) dataset illustrated in Figure 4.11. Particularly, the BAS dataset represents a state with sampling probabilities as
1
1
1
1
1
1
= , 0, 0, , 0, , 0, 0, 0, 0, , 0, , 0, 0, .
6
6
6
6
6
6
[︃

pBAS

]︃

(4.3)

This probability distribution is multimodal as there is a total of 6 peaks (out of 16 possible
values) with probabilities of

1
6

for each.

After conducting the experiments on VarQITE, we already noticed that the runtime would
be a bottleneck for experimenting VarQBM through the enormous hyperparameter space.
Hence, we decided to use the best performing model variants from the VarQITE experiments, which were the models using CNOT gates in the chain topology, and only vary the
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Figure 4.9: Fidelity against the exact thermal state through VarQITE across all the different SPSA
hyperparameter setups that we experimented with. The amount of timesteps is varied on the rows (10,
π
π
π
20 and 40), while the perturbation amount is varied on the columns ( 20
, 40
and 80
). Finally, the three
different coloured lines represent the different amounts of SPSA approximations for the QFI matrix (50,
200 and 800), and the black dashed line is a reference for comparing the same model without using SPSA.
Furthermore, the solid coloured lines represent the means across all the experiment runs, and the shaded
areas represent the 90% confidence intervals. Additionally, the peak values of the means are highlighted
with horizontal lines. The figure validates that increasing the number of SPSA approximations yields
better results.
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Figure 4.10: (a) fidelity, (b) quantum relative entropy and (c) trace distance against the exact thermal
states of the transverse field Ising models through VarQITE with 40 timesteps and SPSA with perturbation
π
of 80
and 800 SPSA resamplings for QFI approximation. The black dashed line is a reference for comparing
the same model without using SPSA. Furthermore, the solid coloured lines represent the means across all
the experiment runs, and the shaded areas represent the 90% confidence intervals. Additionally, the last
values of the means are highlighted with horizontal lines. Examining all the metrics confirms the model
convergence with SPSA. However, the results with SPSA are not as good as without SPSA, which is to
be expected.
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Figure 4.12: The cross-entropy loss between the probability distribution represented by VarQBM’s state
and the probability distribution represented by the BAS dataset with (a) the 1-layer variational circuit,
(b) the 2-layer variational circuit and (c) the 3-layer variational circuit. Below the loss, the mean of
fidelities against the exact thermal states in the last timesteps of VarQITE. Particularly, the fidelities
are for the same VarQBM runs with (d) the 1-layer variational circuit, (e) the 2-layer variational circuit
and (f) the 3-layer variational circuit. Furthermore, different colours show whether SPSA was used for
VarQITE. None of the models performed considerably well, given that a perfect model would get a loss of
approximately 1.79. Nevertheless, convergence is visible, especially with models having two or three layers
in the quantum circuit. Particularly, the model using the three-layer variational circuit was converging
very well, but the sudden collapse in VarQITE terminated the training after epoch 37.

number of layers. Furthermore, we decided to try with and without employing SPSA for
VarQITE. Particularly for the SPSA variants, we used the best performing variant having
π
80

perturbation and 800 resamplings for QFI. After conducting a few initial rounds of

experimenting using SPSA, we quickly confirmed that utilizing SPSA would require additional averaging for thermal state preparation to be stable enough. The same condition
was also noted in the numerical tests of the original study [22]. Similarly, as in [22], we
decide to use ten resamplings for the thermal state.
The results on training VarQBM against the BAS dataset using the described parameters
are summarized in Figure 4.12. From the particular figure, we extracted the following
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results and enhanced some of the previous notions:
• None of the models ended up being particularly successful in terms of loss, given that
a perfect model would get a cross-entropy loss of approximately 1.79. Nevertheless,
the model using a three-layer variational circuit ended up being the best, with the
final loss of 2.18. Based on the curvature, we predict that this model would have
achieved better results, given that we could have accounted for the sudden collapse
in VarQITE (shown in the fidelity).
• All of the models eventually failed, as VarQITE suddenly produced poor approximations of the thermal states (collapsing). As we were using the finite-difference
method, this failure most often meant that the gradient exploded in some direction,
causing increasingly high-magnitude Hamiltonian parameters.
• Related to the previous point, we noticed that the higher the magnitude was for the
Hamiltonian parameters, the bigger the chance was for failures in VarQITE. This
fragility was troublesome because it is natural for the training process that the magnitude of specific parameters increases quite large, and that should be manageable.
Outside the primary experiments, we verified that this fragility could be accounted
for by increasing the number of timesteps used for the VarQITE.
• SPSA was able to provide reasonably good approximations for models having a twoor three-layer circuit. However, we note that we had to use a considerable amount of
resamplings for both the QFI and thermal state to account for the precision, so the
actual benefit of using SPSA may be substantial. For the model having a one-layer
variational circuit, the experiment was inconclusive with SPSA.
• The one-layer model without SPSA could converge very stably, but it lacked representation capabilities and was left relatively high in terms of loss.
For the sake of completeness, we show the visualization between the exact probability
distribution that the BAS dataset represents and the probability distribution that the
state of the best performing VarQBM represents in Figure 4.13. Furthermore, to enable
comparison against less multimodal probability distributions, we show the final results
of training VarQBM against simpler (less multimodal) probability distributions in Figure
4.14. Those are a simpler BAS dataset with no blank or fully filled samples and the
probability distribution represented by the 4-qubit GHZ state.
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Figure 4.13: The final probability distribution represented by the state of the VarQBM model compared
to the probability distribution represented by the BAS dataset. Particular VarQBM model has the
three-layer variational quantum circuit and was trained without the usage of SPSA for VarQITE. The
comparison shows that the model could not capture the probability distribution thoroughly and is rather
noisy. However, considering only the (six) peak values of valid BAS samples, the model was able to
capture them correctly as they are also the peaks of the probability distribution represented by the state
of the VarQBM.
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Figure 4.14: The data distribution and the distribution represented by VarQBM’s state after training the
model against (a) the simple BAS dataset where blank and completely filled samples are considered invalid,
and (b) the probability distribution represented by the 4-qubit GHZ state. Particular VarQBM model has
the three-layer variational quantum circuit and was trained without the usage of SPSA for VarQITE. The
comparisons show that the fewer there are peaks in the data distribution (less multimodal), the better
VarQBM can capture those and learn them.
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The comparisons in Figure 4.13 and Figure 4.14 confirm that multimodal datasets are more
challenging to learn for all-visible VarQBMs. Particularly, training against the probability
distribution of the 4-qubit GHZ state (2 peaks) performs rather successfully with few
minimal outliers in Figure 4.14b. In contrast, training against the BAS datasets, VarQBM
performed less successfully and there are clear outliers in Figure 4.13 and Figure 4.14a.
Especially, the default BAS dataset with six valid values was more complicated than the
simplified BAS dataset with only four valid values.

5 Discussion
In this chapter, we will primarily discuss the results of our experiments and highlight
the findings of our study. Furthermore, we will reflect the results against the original
VarQBM study [73], which was the primary method that we experimented with for the
QBM. Moreover, we will highlight any limitations that we faced during the study and
discuss future directions to which this work could be extended.

5.1

Analysis of the results

Considering the results of thermal state preparation in Section 4.1, we were able to confirm
a set of factors that affect the performance of VarQITE. Those were the number of layers in
the variational circuit, the entangling gates and the two-qubit gate placement topologies.
However, within the variation that we experimented with, some of the results came as
a surprise. For instance, increasing the number of layers did not always benefit, or the
benefit was only substantial. Furthermore, the models having YY-ZZ gates as two-qubit
gates performed the same across all the other variations.
The difference in performance between the transverse field Ising model and Heisenberg
(XYZ) model also came somewhat as a surprise. Specifically, the Heisenberg model turned
out to be much more difficult based on the measures we collected. We suspect that the
additional two-qubit operators in the Hamiltonian made it more complex even though the
parameters were partly shared between the operators.
Overall, we concluded that the models having CNOT gates in the chain topology worked
out the best. Furthermore, particular models did benefit from increasing the number of
layers, while the benefits were rather substantial when increasing the number of layers from
two to three. With the two-layer model having CNOT gates in the chain topology, we
also noted a sudden drop or collapse during the last timesteps of VarQITE. We could not
fully understand the reason behind this collapsing. However, we suspect that it is related
to the limited number of timesteps used for evolution or that VarQITE was overshooting
the evolution. We also noticed similar behaviour occasionally with other models. To rule
out the possibility of exceeding the thermal state in the evolution, we decided to tweak
the parameter update rule as there would be an extra timestep that is not run at all. This
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way, we could minimize the possibility that the evolution would go beyond the thermal
state.
The failures in VarQITE turned out to be fatal in the VarQBM training process, particularly when evaluating the gradient for the Hamiltonian parameters. As we were using the
finite difference methods to evaluate the gradient, if any of the finite difference runs failed,
it often caused the gradient to explode in some direction. Furthermore, exploding gradients potentially lead to numerical instabilities and completely failing the training process.
We also noticed in the VarQBM training that as the training proceeded, Hamiltonian parameters’ magnitude tended to increase. Furthermore, as the magnitude of the parameters
increased, we saw more failures in VarQITE and generally worse results in our measures,
which indicated that the thermal state preparation became difficult. By increasing the
number of timesteps, we were able to overcome this challenge to some extent.
We did not find that this kind of failures in VarQITE would have been noted in the original
VarQBM study [73]. Also, the studies focusing on VarQITE [46, 72] focused primarily on
ground state preparation, so we did not have much to compare against our experiments
of thermal state preparation.
For the results of stochastic approximation experiments in Section 4.2, we were able to
acquire results somewhat similar to those reported in the original study [22]. However,
one unusual thing which we could not explain was noticed by experimenting with the perturbation amount in SPSA. By increasing the perturbation amount, VarQITE overshot
the evolution and reached the thermal state prematurely. While this initially seemed like
a defect in implementation and some normalization against perturbation amount would
be missing, we could not find such deficiency in the implementation. Thus this finding
remained unresolved. Furthermore, the conclusion was that decreasing the perturbation
amount made the evolution match more towards the VarQITE evolution without SPSA.
Additionally, we noticed that increasing the number of resamplings yield better approximations and better final measures, as is to be expected.
In the VarQBM training results, in Section 4.3, the obvious observation was that the
dataset of blocks and stripes (BAS) turned out to be more difficult than the Bell states
and the GHZ states experimented in the original studies [22, 73]. Hence, we could not
achieve results as good as we hoped for and were in previous work. We see that the
multimodality of the BAS dataset made it more challenging to learn. To be more precise,
the GHZ states and the Bell states are bimodal distributions having two distinctive peaks
with probabilities of 0.5. Meanwhile, the BAS dataset (two by two) has six valid values,
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giving a probability of

1
6

for each of the valid values (or four valid values with

1
4

probability

for each, if blank and filled are not considered to be valid). We think these smaller and
less emphasized peaks in the probability distribution made it a more difficult task for
VarQBM to learn. Furthermore, we think that the noise introduced by NISQ hardware
could make the learning much more difficult or even impossible if the peaks would end up
lost in the noise of the hardware. We already see some hints of such behaviour once we
applied SPSA, which naturally introduces noise to the optimization process.
While we noticed many challenges in learning the BAS dataset, especially with SPSA and
simpler models, we could still achieve relatively successful runs. Using enough timesteps for
evolution, we were able to generate precise approximations of thermal states without the
fear of failures. Furthermore, the three-layer model having CNOTs in chain topology for
entanglement turned out to have good representation capabilities for VarQBM. Potentially
by increasing the number of timesteps and designing a more powerful variational circuit,
even better results could be achieved. However, as highlighted, the simulation times tend
to scale with more timesteps and more powerful models.

5.2

Limitations of the study

After conducting the experiments, we noticed two significant limitations. Firstly, the size
of hyperparameter space was already large for VarQITE and became even larger for VarQBM. Therefore, we were forced to limit our experiments only to a set of hyperparameters.
Those were the number of layers on the quantum circuit model and usage of SPSA as a
stochastic approximation. Furthermore, in the VarQBM experiments, we decided to use
only the VarQITE setups, which performed the best. However, we see that exploring more
combinations in the hyperparameter space would be relevant to study for analyzing the
performance of VarQBM. Also, the VarQBM models which we experimented with were
fully visible with no hidden units. Hence, it would be crucial to determine which kind of
effects the hidden units introduce to the VarQBM model.
The second significant limitation was related to the runtime of the model training. Simulating a model with eight qubits and especially with many layers quickly took hours. For
instance, for VarQITE, we experimented with 54 different model setups, each for 40 runs,
yielding a total of 2160 VarQITE experiments without even considering the SPSA experiments. Moreover, simulating a single VarQITE run took some minutes quickly, especially
on models with many layers. Furthermore, for training a single VarQBM, VarQITE had
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to be run several times during the training process, which quickly increased the training
time to some hours. Spending a tremendous amount of time on a single model made it
impossible for us to repeat the experiments with different random initial parameter setups.
Thus the generalisability is potentially compromised if the results are not repeatable with
different initial parameter assignments. The same is also one reason for the first point and
why we could try only a limited set of models in the large hyperparameter space.

5.3

Future work

As already mentioned in previous sections, many directions for future investigation rose
during the experiments. Firstly, we see that trying out more different kinds of variational
circuits would be an essential factor in fine-tuning VarQITE and VarQBM. For instance,
the different models experimented in [59] could be tried in the context of VarQBM. Furthermore, it should be considered together by introducing the hidden (latent) state to the
model to analyze how the representation capability of the model changes. Also, we used
only a vanilla gradient descent with no decaying or other adjustments, so trying out different optimizers (both gradient and gradient-free) is a direction that should be examined
in future, especially with larger datasets.
Secondly, as the hardware in NISQ era is rather noisy, it would be crucial to try out
the VarQBM training process and apply a noise model to it. Especially with multimodal
distributions where the probability distributions’ peaks are not so distinctive, it could very
well be so that the model fails to learn such distributions as the peaks could end up lost
into the noise. We already saw some hints on this with models having only a single layer
and using the noisy SPSA for approximation.
Considering only VarQITE for thermal state preparation, we also noted few future directions to consider. First of all, as we noticed, the thermal state preparation got difficult
as the magnitude of the Hamiltonian parameters ended up larger during the training process. However, this problem was somewhat mitigated by splitting the evolution into more
timesteps. A future study could consider this relation more carefully and especially identify how to minimize the number of time steps required for a successful VarQITE run on
thermal state preparation with sufficient precision. Especially, this should be considered
with Hamiltonians having high-magnitude coefficients as those tended to be more difficult.
Furthermore, it would be ideal to recognize when VarQITE is failing roughly. As we
noticed, in some cases, the evolution was collapsing likely to some other exciting state,
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thus yielding an incorrect approximation for the thermal state. It would be vital to identify
such failing VarQITE runs and drop them out of the VarQBM training process, as they
could potentially lead to exploding gradients or other fatal issues.

6 Conclusion
Quantum computing has plenty of use cases across the industries and is particularly suitable for problems that are intractable for classical computation. Especially in machine
learning, specific models have suffered from exponentially scaling computational cost and
have settled mostly for approximating methods. Boltzmann machines belong to the family
of energy-based graphical models, which are well known to suffer from exponentially scaling computation. Generalizing Boltzmann machines to quantum computing has already
been investigated rather extensively with various studies.
In this thesis, we examined quantum Boltzmann machines (QBMs) and their training routines through a literature review and experimented with variational quantum Boltzmann
machine (VarQBM), a variant of QBM. Particular focus was on variational quantum imaginary time evolution (VarQITE), an algorithm in the core of VarQBM, used for thermal
state preparation. The experiments were considered with a more extensive set of hyperparameters compared to previous studies [22, 73]. Furthermore, a dataset of blocks and
stripes (BAS) was used for training the VarQBM. Compared to the Bell states and the
Greenberger-Horne-Zeilinger (GHZ) states used in earlier studies, the BAS dataset is more
multimodal and turned up being a difficult task for VarQBM.
We observe that the multimodality of data makes the probability distribution peaks less
distinctive, hence harder to learn. Furthermore, by combining the noise of the near-term
quantum hardware, these peaks of the distribution could potentially end up completely
lost in the noise. Nevertheless, we see that including the hidden (latent) state could be
a crucial element in learning the BAS dataset, given the patterns and structures that the
latent state could potentially capture.
Before conducting the experiments with VarQBM, we examined profoundly how the performance of VarQITE can be altered by adjusting various hyperparameters and potentially speed up with a stochastic approximation. Especially different circuit topologies
and gate combinations were examined. We confirmed that variational quantum circuits
having CNOT gates in the chain topology perform well in preparing the thermal states
of different Hamiltonians. However, we noticed that as the magnitude of the Hamiltonians’ parameters increases, VarQITE could become fragile, and the precision suffers. The
fragility could be mitigated by splitting the evolution into more timesteps, causing an
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increase in the overall runtime. Nevertheless, poorly performing VarQITE has fatal effects
on VarQBM, especially if it leads to exploding gradients in training.
As for applying the stochastic approximations for VarQITE using simultaneous perturbation stochastic approximation (SPSA), we were able to verify similar results as in the
original study [22]. However, the benefits of using SPSA for approximation in VarQITE
may be substantial if it requires an increasing amount of resamplings to produce precise
enough approximations.
Generally, we conclude VarQBM to be a particularly appealing model for NISQ era with
much potential. However, more studies are required for revealing its true power with
more significant and more complex problems. Especially, optimizing the VarQITE routine
through the whole training process is an essential factor when scaling the modal to realworld tasks.
Whether it is VarQBM or some other QBM model variant, QBMs continue to be a promising model in quantum machine learning. However, it is up to the future to show what
kind of innovations there can be in quantum computing and quantum machine learning.
Especially, realizing more stable hardware with more qubits and concepts like quantum
RAM should enable further studies with more significant problems.
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