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1 Introduction
The computation of the permanent of a matrix is a famous example of a problem that
is #P-hard (Valiant, 1979), implying that it is unlikely for a polynomial time algorithm
for the problem to exist. The problem has a wide range of applications: For example,
it has been used in communication theory (Smith et al., 2002), multi-target tracking
(Kuck et al., 2019; Uhlmann, 2004), and for solving the dimer covering problem of physics
(Beichl and Sullivan, 1999). Combinatorially, the permanent of an adjacency matrix of
a bipartite graph is equal to the number of its perfect matchings, and for adjacency
matrices of directed graphs it corresponds to the number of cycle covers in them (Ben-Dor
and Halevi, 1993).
Some special cases of the permanent problem, like computing the permanent of an integer
matrix modulo 2k (Valiant, 1979) or an adjacency matrix of a planar graph (Kasteleyn,
1967), are solvable in polynomial time. On the other hand, even a simpler variant in
which we wish to compute the permanent of a matrix whose entries are from {0, 1} is
a #P-complete problem (Valiant, 1979). In this thesis, we only consider matrices with
nonnegative entries, which are a class of matrices for which the problem is #P-hard.
In fact, it seems unlikely that the permanent could be approximated with an arbitrary
precision in polynomial time for matrices with negative entries (Jerrum et al., 2004).
The best known exact algorithms run in O (2n n) time for n × n matrices (Glynn, 2010;
Ryser, 1963). The first polynomial time algorithm for approximating the permanent in
arbitrary precision was a Markov chain Monte Carlo algorithm developed by Jerrum et
al. (2004) and later improved by Bezáková et al. (2008). However, they are rather complicated, and their time complexities are O(n10 log2 n) and O(n7 log4 n), respectively, so
they are impractical to implement. To our knowledge, such an algorithm for this problem
has been implemented only once, and its constant factors proved to be too large to be a
computationally feasible solution for it (Newman and Vardi, 2020, Sec. 3.5).
The most promising recent advancements on approximating the permanent are based
on rejection sampling. In rejection sampling, samples are drawn from some distribution
and then either accepted or rejected based on some method to ensure that the samples
come from some other desired distribution. Huber (2006) was the first to apply rejection
sampling on approximating the permanent. However, their analysis and algorithm works
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only for matrices with entries from {0, 1}. This was improved by Huber and Law (2008),
who relaxed the bound so that it works for all matrices with entries in the real interval
[0, 1]. They also made the matrix nearly doubly stochastic to speed up the rejection
sampling process and to prove its worst case time complexity. Recently, Kuck et al.
(2019) introduced the adaptive partitioning method, whose purpose is to enable using
tighter upper bounds in the hope that it makes the sampling succeed more likely.
This thesis focuses on improving the rejection sampling methods. We introduce the deep
rejection sampling method, which precomputes a dynamic programming table to make the
initial upper bound of the rejection sampling tighter and to speed up the sampling process.
We give a detailed description on how the algorithms can be implemented and also the
first analysis of how to implement the adaptive partitioning method work in O(n3 ) time
per trial given certain assumptions.
We will prove an upper bound for the time complexity of approximating permanents
of random matrices when the bound of Huber and Law (2008) is used. The entries of
matrices considered here are independently Bernoulli distributed with a parameter p. The
expected upper bound will then be O(n3/2+c/p ) with high probability, in which c is any
number greater than 1/2. This improves a previously known result O(n1/p−1 ω) by Fürer
and Kasiviswanathan (2004) when p < 1/5, where ω = ω(n) is any function that tends to
infinity as n tends to infinity.
We show empirically that the deep sampling method outperforms all previous rejection
sampling methods by testing the algorithms with different parameters on multiple classes
of matrices. Especially on harder classes of matrices, in which the upper bounds differ
significantly from the actual value of the permanent, our method can approximate permanents of much larger matrices than other known methods. To our understanding, this is
also the first time the effects of preprocessing done by Huber and Law (2008) have been
tested empirically.
The present work is based on the author’s work in professor Mikko Koivisto’s research
group and an unpublished research paper (Harviainen et al., 2021). The author has programmed the implementations and computed the empirical results as well as worked on
some of the proofs. Our implementations will be made available in a GitHub repository (https://github.com/Kalakuh/permanent) once the paper has been accepted to a
journal or a conference.
Chapter 2 explains the necessary preliminaries for understanding the thesis. In Chapter 3,
we discuss rejection sampling methods, their efficient implementations for permanents,
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and optional preprocessing for the matrices. In Chapter 4 we introduce our deep rejection
sampling method and discuss its time complexity for approximating the permanent. In
Chapter 5 we analyze the time complexity of the algorithm for random matrices whose
entries are independently Bernoulli distributed with a parameter p. In Chapter 6 we
compare our deep rejection sampler with different parameters against other approximation
algorithms for the permanent by showing empirical results from testing the methods on
different classes of matrices. Finally, in Chapter 7 we conclude the thesis and discuss
possible future work on the subject.

2 Preliminaries
In this chapter, we will cover the preliminaries required for understanding the rest of the
thesis. We start by defining the basic concepts and discussing the connection between
permanents and perfect bipartite matching. Then, we go through some complexity theory
and give an overview of approximation algorithms for permanents. Finally, we examine one
generic approximation scheme that turns out to be useful in approximating the permanent.

2.1

Permanents

We denote the set of integers {1, 2, . . . , n} by [n] and the set of all permutations of n
elements by Sn . Then, the permanent of an n × n matrix A = (aij ) is defined as
per A =

n
X Y

aσ(i),i .

σ∈Sn i=1

Despite its similarity to the definition of the determinant of a matrix that can be computed
in polynomial time, it is generally believed that there does not exist a polynomial time
algorithm for computing the permanent.
The weight of a permutation σ ∈ Sn in A is the product

Qn

i=1

aσ(i),i . This definition allows

us to interpret the permanent as the sum of the weights of all permutations of n elements.
For matrices with entries from {0, 1}, the (0, 1)-matrices, the permanent is equal to the
number of ways for choosing a single 1 entry from each column such that all of them are
from distinct rows.

2.2

Perfect Bipartite Matchings

Bipartite graphs and matrices are closely related to each other: Consider an n × n matrix
A = (aij ), and define a bipartite graph G = (U, V, E), in which U = {u1 , u2 , . . . , un } and
V = {v1 , v2 , . . . , vn } are independent sets of vertices and E is a set of edges such that
{ui , vj } ∈ E if and only if aij > 0. Let m denote the number of edges in the graph. Define
also a function w : E → R such that w({ui , vj }) = aij . This is called the weight of an edge
{ui , vj }. Then, the matrix is the weighted adjacency matrix of the bipartite graph, and
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thus each nonnegative matrix corresponds to a unique weighted bipartite graph, and vice
versa.
A perfect matching in G is a set of edges of size n such that no two edges have a common
endpoint. Therefore, each perfect matching corresponds to some permutation σ ∈ Sn :
All vertices ui need to be matched with some vertex vj , and they all need to be distinct.
Hence, we can define σ(i) := j, after which every ui is matched with vσ(i) . The weight of
a perfect matching {e1 , e2 , . . . , en } is equal to

Qn

i=1

w(ei ). By these definitions, it is well

known that the permanent of a matrix is equal to the sum of the weights of the perfect
matchings in its corresponding bipartite graph. An immediate consequence of this is that
computing the sum of those weights is as hard as computing the permanent (Valiant,
1979).
Although computing the sum of the weights of the perfect bipartite matchings is a hard
problem, there are many algorithms for finding a single perfect matching in polynomial
time. The fastest currently known algorithm for finding one such matching has time
complexity Õ (m + n1.5 ) (van den Brand et al., 2020), where the Õ means the O-notation
√
in which the logarithmic factors are ignored. However, the O (m n) time Hopcroft–Karp
algorithm (Hopcroft and Karp, 1973) is enough for most purposes. In Chapter 3, we will
use bipartite matchings to preprocess the matrices so that they have desirable properties.

2.3

Complexity Theory

Complexity theory gives us tools for discussing how hard solving or approximating some
problem roughly is. The complexity classes #P, #P-hard, and #P-complete are related to
counting problems, in which we want to count the number of solutions. The terms were
first defined by Valiant (1979) as follows:
Definition 1. A problem Π is in #P if it is equivalent to counting the number of acceptable
solutions computable by a nondeterministic polynomial time Turing machine.
Definition 2. A problem Π is called #P-hard if every problem in #P can be solved by a
deterministic polynomial time Turing machine that has access to an oracle for the problem
Π.
Definition 3. A problem Π is called #P-complete if it is in #P and it is #P-hard.
The term oracle mentioned in the definitions refers to a machine that solves a certain
problem in O(1) time.
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Computing the permanent of a (0, 1)-matrix is a classic example of a #P-complete problem
(Valiant, 1979), and thus the problem is #P-hard for nonnegative matrices. It is generally
assumed that no #P-complete problem is solvable in polynomial time. Sometimes, a single
solution can be found in polynomial time, but counting all of them is a #P-complete
problem, as is the case with the perfect bipartite matching problem (Valiant, 1979).

2.4

Approximation Algorithms

As no polynomial time exact algorithm is expected to exist for the problem of computing
the permanent, a natural next step is to look for approximation algorithms for the problem.
To discuss them, we will first define some terminology:
Definition 4. A randomized algorithm is an (, δ)-approximation algorithm if it computes
a value that is within a factor of 1 +  of the optimal value with a probability at least 1 − δ
for any problem instance and numbers , δ > 0.
Definition 5. An algorithm is a fully polynomial time randomized approximation scheme
(FPRAS ) if it is an (, δ)-approximation algorithm for any given , δ > 0 and its running
time is polynomial in n and 1/.
The first FPRAS for estimating the permanent of a nonnegative n×n matrix was developed
by Jerrum et al. (2004). Their method uses Markov chain Monte Carlo with a state space
of all perfect and near-perfect matchings, that is, matchings with n − 1 edges. This
approach was later improved by Bezáková et al. (2008), reducing the time complexity
from O(n10 log2 n) to O(n7 log4 n).
One way of computing an (, δ)-approximation of the permanent are Godsil–Gutman type
estimators (1981). The original estimators by Godsil and Gutman create a new matrix by
taking the square root of each entry in the matrix and multiplying them independently
by a random element from {−1, 1}. They then compute the square of the determinant
of the modified matrix to obtain an estimate whose expected value is the permanent of
the original matrix. Later, Karmarkar et al. (1993) introduced a new improved estimator
in which each element is multiplied by a random 3rd root of unity and proved the time
complexity of getting an (, δ)-approximation of the permanent with both estimators to be
exponential in n. Barvinok (1999) used a somewhat similar approach with quaternions,
and later Chien et al. (2003) generalized Godsil–Gutman type estimators for all second
Clifford algebras.
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Chien et al. (2003) also showed that there would exist an FPRAS based on Godsil–Gutman
type estimators if one were able to compute the determinant of matrices with elements
from arbitrary second Clifford algebras in polynomial time. Unfortunately, only the first
two second Clifford algebras are commutative, so no efficient way for computing this
determinant in the general case is known. For more research on estimators based on
noncommutative algebras, see, for example, the works of Arvind and Srinivasan (2010),
Chien et al. (2011), and Moore and Russell (2012).
Even if an FPRAS is unobtainable from Godsil–Gutman type estimators, they are still
quite efficient most of the time for approximating the permanent. A result conjectured by
Karmarkar et al. (1993) and proven by Frieze and Jerrum (1995) shows that for random
matrices O(n) samples tend to be enough. However, they also argue that Godsil–Gutman
type estimators are not as trustworthy as other estimators in a sense that there is no
known way to find out how hard an instance is. To always guarantee getting an (, δ)approximation, we need take a number of samples equal to the worst case scenario, which
is roughly 3n/2 for the estimator based on reals, 2n/2 for complex numbers, and (3/2)n/2
for quaternions.
To approximate the permanent of larger matrices for which the Godsil–Gutman type estimators are not feasible, importance sampling can be used. The basic idea of the importance
sampling is to draw samples from some distribution and then use the probability distribution and the weights of the samples for the estimation. This approach for permanents has
been investigated by, for example, Kuznetsov (1996), Beichl and Sullivan (1999), Smith
and Dawkins (2001), and Chen and Liu (2007). Although importance sampling estimators
can have a smaller variance than Godsil–Gutman type estimators, giving good guarantees
about their performance seems to be hard because the magnitude of variance is hard to
approximate.
Rejection samplers are easier to analyze than the previous estimators. This is because, in a
sense, we simply draw Bernoulli distributed random variables from a specific distribution.
The variables are then used to approximate the permanent using known bounds for sums
of Bernoulli distributed variables. We will cover the rejection samplers in more detail in
the next chapter.
Approximation algorithms that estimate the permanent in polynomial time within a factor  for almost all (0, 1)-matrices have been given by, for example, Rasmussen (1994) and
Fürer and Kasiviswanathan (2004). The Rasmussen estimator produces an approximation
in O(n3 ω) time, where ω = ω(n) is any function that tends to infinity as n tends to infinity.
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The estimator of Fürer and Kasiviswanathan (2004) does the same for matrices that are
Bernoulli distributed with parameter p, yielding time complexities O(n2 ω) for p > 1/3,
O(n2 log2 n · ω) for p = 1/3, and O(n1/p−1 ω) for p < 1/3.

2.5

Gamma Bernoulli Approximation Scheme

Assume that we are interested in approximating some value p with 0 ≤ p ≤ 1, but we can
only draw Bernoulli random variables with parameter p without knowing the parameter.
As we do not know the value of p, it is nontrivial to estimate how many samples we
require to achieve the desired accuracy. For this purpose, we use Huber’s (2017) Gamma
Bernoulli approximation scheme (GBAS), which returns an unbiased estimator p̂ of the
parameter p.
The algorithm requires a parameter k to be computed before running it. This parameter
describes how many successful samples are needed for the desired accuracy. Huber (2017)
shows that p/p̂ ∼ Gamma(k, k − 1) and notes that




Pr (|p̂/p − 1| > ) = Pr p/p̂ < (1 + )−1 or p/p̂ > (1 − )−1 .
Given that we are able to compute the cumulative distribution function of the gamma
distribution, these two properties together provide us a straightforward way for finding
a value k that is guaranteed to give an (, δ)-approximation of p simply by increasing it
until the probability of failure is low enough. In the case that the cumulative distribution
function is not available, Huber gives an upper bound
k ≥ 2−2 (1 − (4/3))−1 ln(2δ −1 )
for the required value of k. Algorithm 1 describes in pseudocode how p̂ is computed for a
given k.
Algorithm 1: GBAS
Input : An integer k
Output: An estimate p̂
s ← 0, r ← 0;
while s 6= k do
X ← Bernoulli(p), A ← Exp(1);
s ← s + X, r ← r + A;
p̂ ← (k − 1)/r;
return p̂;

3 Rejection Sampling
Rejection sampling is a method for estimating some value by repeatedly drawing samples
from a distribution and either rejecting or accepting them. The rejected and accepted
samples then contribute to the estimate in some way. In this chapter, we will start
by discussing how rejection sampling works and how it is applied in approximating the
permanent. Then, we give detailed implementations of the rejection samplers of Huber
and Law (2008) and Kuck et al. (2019), and, finally, we will examine certain preprocessing
techniques for matrices that are sometimes helpful in rejection sampling.

3.1

Nesting Partition Trees

Partition trees provide a mathematical way for formalizing how the rejection sampling
algorithms for the permanent make decisions. The algorithms of Huber (2006) and Huber
and Law (2008) use the same simple fixed partition tree, so the concept is not necessary
there, but for the adaptive partitioning (AdaPart) method of Kuck et al. (2019) it simplifies
the discussion.
Consider a rooted tree T and some arbitrary nonempty set Ω. The tree T is called a
partition tree if each node of the tree has a nonempty subset of Ω associated with it such
that
1. the subset associated with the root of T is Ω,
2. all sets associated with leaf nodes are singletons, and
3. for any internal node and its associated subset Ω0 , the subsets associated with its
children are a partition of Ω0 .
An example of such a tree for the permutations of {1, 2, 3} can be found in Figure 3.1.
Furthermore, assume each element σ ∈ Ω is associated with a weight w(σ). We say
that a partition tree T of Ω is nesting with respect to some function U : P(Ω) → R if
U ({σ}) = w(σ) for all σ ∈ Ω and for all internal nodes v and their children v1 , v2 , . . . , v`
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(1, 2, 3), (1, 3, 2), (2, 1, 3),
(2, 3, 1), (3, 1, 2), (3, 2, 1)

(1, 2, 3), (1, 3, 2)

(1, 2, 3)

(2, 1, 3), (2, 3, 1)

(1, 3, 2)

(2, 1, 3)

(2, 3, 1)

(3, 1, 2), (3, 2, 1)

(3, 1, 2)

(3, 2, 1)

Figure 3.1: An example of a partition tree for the permutations of {1, 2, 3}

with associated sets Ω0 and Ω01 , Ω02 , . . . , Ω0` , respectively, it holds that
U (Ω0 ) ≥

`
X

U (Ω0i ).

i=1

It is worth noting that any upper bound U has at least one nesting partition tree because
U (Ω) ≥

X

U ({σ}).

σ∈Ω

3.2

Rejection Sampling

The basic idea of rejection sampling is to repeatedly take samples from a distribution and
either accept or reject them. Then, the ratio of accepted samples and the total number
of samples is used to estimate some value, which is the permanent in our case. For the
permanent problem, the method was first used by Huber (2006) and later by Huber and
Law (2008) and Kuck et al. (2019).
Assume that we have a partition tree T of Ω that is nesting with respect to a bound U
and that we are in some internal node v of the tree. Denote the subset of Ω associated
with v by Ω0 and the subsets associated with the children v1 , v2 , . . . v` by Ω01 , Ω02 , . . . , Ω0` ,
respectively. We call the number
U (Ω0 ) −

`
X

U (Ω0i )

i=1

the slack of v. The slack is always nonnegative because the partition tree is nesting.
We can use the values U (Ω0i ) to create a probability distribution for moving from v to one
of its children: We move from v to vi with probability
U (Ω0i )
U (Ω0 )

11
and choose the slack with probability
U (Ω0 ) − `i=1 U (Ω0i )
.
U (Ω0 )
P

If the slack is chosen, we reject the sample. If we start from the root and never reject the
sample, we will eventually get to some leaf node v with an associated subset Ω0 . By the
definition of the partition tree, Ω0 is a singleton {σ} for some σ ∈ Ω. This σ will be our
accepted sample. Let Ω1 , Ω2 , . . . , Ω` be the subsets associated with the nodes on the path
from the root of the partition tree to v. Then, the probability of sampling σ is equal to
U (Ω2 ) U (Ω3 )
U (Ω` )
U (Ω` )
w(σ)
·
· ... ·
=
=
.
U (Ω1 ) U (Ω2 )
U (Ω`−1 )
U (Ω1 )
U (Ω)
Therefore, we get an accepted sample with probability
P

w(σ)
.
U (Ω)

σ∈Ω

If R is the ratio of the number of accepted samples and the total number of samples taken
by a rejection sampling algorithm, then
E[R] · U (Ω) =

X

w(σ).

σ∈Ω

This is written as pseudocode in Algorithm 2. By integrating Algorithm 2 with GBAS
such that for an accepted sample we return 1 and for a rejected sample 0, we can compute
an (, δ)-approximation of E[R].
In the context of the permanent of an n × n matrix A, Ω is the set of permutations
of positive weight in A and U = U (A) is some permanental upper bound. Then, the
sum

P

σ∈Ω

w(σ) is equal to the permanent of A. Therefore, by repeatedly generating

permutations step by step, we can try sampling a permutation of positive weight in A.

3.3

Permanental Upper Bounds

Permanental upper and lower bounds have been researched extensively, as they provide
a straightforward way of getting a somewhat precise approximation of the magnitude of
the permanent. They also play an integral role in rejection sampling for the permanent
problem.
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Algorithm 2: Rejection sampling
Input : The root r of a nesting partition tree and an upper bound U
Output: An accepted sample σ or slack
Let Ω0 be the set associated with r;
while |Ω0 | > 1 do
Let v1 , v2 , . . . , v` be the children of r;
Let Ω0k be the set associated with vk for all k ∈ [`];
S←

P`

k=1

U (Ω0k );

Let X be vk with probability U (Ω0k )/U (Ω0 ) and slack with probability
(U (Ω0 ) − S)/U (Ω0 );
if X = slack then
return slack;
r ← X;
Let Ω0 be the set associated with r;
if |Ω0 | = 0 then
return slack;
Let σ be the only element in Ω0 ;
return σ;

Consider a function U that gives an upper bound for the permanent of any nonnegative
matrix A = (aij ) of size n × n. We call such a bound a permanental upper bound. In other
words, it gives an upper bound for the sum of the weights of all the permutations σ ∈ Sn
with a positive weight in A. The ratio U (A)/ per A is called the fit ratio of A with respect
to U .
With a slight abuse of terminology, for a matrix A with the set of permutations of positive
weight Ω, we call a set of matrices A1 , A2 , . . . , A` such that
1. for every Ak = (a0ij ) it holds that Ak 6= A and either a0ij = 0 or a0ij = aij for all
i, j ∈ [n],
2. any permutation σ ∈ Ω has a positive weight in exactly one matrix Ak , and
a partition of A. If also

Pn

k=1

U (Ak ) ≤ U (A), then we say that this partition of A is

nesting with respect to U .
If every matrix A has a nesting partition, then we have in fact found a way to construct a
nesting partition tree for the permutations of positive weight in any A: Denote the sets of
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permutations of positive weight in A and in its nesting partition A1 , A2 , . . . , A` by Ω and
Ω1 , Ω2 , . . . , Ω` , respectively. After that we can construct a bound U 0 with U 0 (Ω) = U (A)
and U 0 (Ωk ) = U (Ak ) and let the partition of Ω be {Ω1 , Ω2 , . . . , Ω` }. We say that a nesting
partition tree constructed using a permanental upper bound U is a partition tree with
respect to (a permanental upper bound) U.
Let f (A, i, j) denote the matrix where all entries in the i-th row and in the j-th column
have been replaced with zeros in the matrix A = (aij ) with the exception that aij remains
the same. The permanent of a matrix has the property called self-reducibility, which in
this case means that
per A =

n
X

aij per f (A, i, j).

i=1

Note that U (f (A, i, j)) gives an upper bound for the sum of the weights of all σ ∈ Sn in
A with σ(j) = i. Let Ω be the set of permutations of positive weight in A. If we choose
a column j from the matrix and create matrices f (A, 1, j), f (A, 2, j), . . . , f (A, n, j), then
each permutation σ ∈ Ω with σ(j) = i has a positive weight only in f (A, i, j). This
suggests that creating matrices f (A, 1, j), f (A, 2, j), . . . , f (A, n, j) could be a viable way
of partitioning A. We call these matrices the jth column partition of A.
The simplest permanental upper bound for nonnegative matrices is the so-called trivial
bound, which is equal to the product of all row sums of a matrix. Unsurprisingly, the
trivial bound is really weak and mostly interesting only as an example. However, like
other permanental upper bounds, it can be sharpened to make it significantly tighter in
some cases (Soules, 2003). Unfortunately, sharpening bounds tends to be time expensive
and it is hard to guarantee that there are efficiently discoverable partition trees with
respect to sharpened bounds.
One well-known bound for (0, 1)-matrices is the Minc–Brègman bound conjectured by
Minc (1963) and first proven by Brègman (1973). Alternative proofs have been later given
by Schrijver (1978) and Radhakrishnan (1997). We will denote this bound by U M , and it
is defined as follows:
U M (A) =

n
Y

(ri !)1/ri ,

i=1

where ri is the sum of the elements on the i-th row. It is worth noting that the bound
is tight when the rows and columns of a matrix can be permuted such that it becomes a
block diagonal matrix.
One of the tightest currently known permanental bound for nonnegative matrices that is
also efficiently computable was developed by Soules (2005). It is defined by letting a∗ij
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be the jth largest entry on the ith row of A and defining γ(0) = 0, γ(j) = (j!)1/j , and
δ(j) = γ(j) − γ(j − 1). Then, for any nonnegative n × n matrix A, it holds that
per A ≤

n X
n
Y

a∗ij δ(j).

i=1 j=1

We denote this Soules bound by U S (A). For (0, 1)-matrices, the Soules bound reduces to
the Minc–Brègman bound.
Kuck et al. (2019) observed that for most nonnegative matrices A there is at least one
column partition that is nesting when the Soules bound is used. However, this is not
always the case: Consider, for example, the matrix




1 1 1 1



0


1





0 1 1


,

1 0 0


1 1 1 1

√
whose upper bound is 4 6. Whichever column j we choose, the sum of the upper bounds
√ √
√ √
of the matrices in the partition is equal to 2 2 3 6 + 2 3 36 ≈ 9.809, which is greater
√
than 4 6 ≈ 9.798. A similar result follows if we fill the main diagonal of any 4n × 4n
matrix with such 4 × 4 matrices and let the other entries be zeros. This also shows that
the Minc–Brègman does not always nest.
Huber (2006) developed a relaxation of the Brègman–Minc bound for (0, 1)-matrices by
using a recursive formula in which g(0) = 0, g(1) = e and
g(r + 1) = g(r) + 1 +
Then,
U H (A) =

1
0.6
+
.
2g(r) g(r)2

n
Y

g(ri )
e
i=1

is an upper bound for the permanent of a matrix A with row sums r1 , r2 , . . . , rn . For all
r, it holds that γ(r) ≤ g(r). The motivation for this relaxed bound is that all column
partitions of A are nesting with respect to U H .
Later, Huber and Law (2008) found a similar bound for matrices A with entries in [0, 1]:
Let
h(r) =



r + (1/2)ln(r) + e − 1,

r≥1


1 + (e − 1)r,

r ∈ (0, 1)

.

15
Then,
U HL (A) =

n
Y

h(ri )
e
i=1

is an upper bound for A. It is worth noticing that the U HL bound is not as tight as U H ,
but it works for all nonnegative matrices because they can be scaled to contain only entries
in [0, 1].
For more permanental upper bounds, see for example (Gurvits and Samorodnitsky, 2014;
Jurkat and Ryser, 1966; Soules, 2000; Soules, 2003). Also, Soules (2005) has discussed
extensively the history of permanental bounds.

3.4

Huber–Law Sampler

We consider next two rejection sampling methods. The first one is based on the Huber–
Law bound and is straightforward to implement as every row partition is guaranteed to
nest (Huber and Law, 2008). The main idea is that, for a matrix A = (aij ), the upper
bound U S (f (A, i, j)) can be written as
aij ·

h(rs − asj )
.
e
s∈[n]
Y

s6=i

By defining values x0 , x1 , . . . , xn and y1 , y2 , . . . , yn+1 for a fixed column j such that
x0 := 1,

xk :=

h(rk − asj )
· xk−1 for all k ∈ [n],
e

and
yn+1 := 1,

yk :=

h(rk − asj )
· yk+1 for all k ∈ [n],
e

this can be further rewritten as
U S (f (A, i, j)) = aij xi−1 yi+1 .
If the row sums are known beforehand, we can precompute the values xk and yk and then
use them for computing the upper bounds for all i ∈ [n] in O(n) time. The sampler
proceeds column by column and computes the upper bounds whilst keeping track of the
row sums. After the sampler selects row i for the column, A is replaced by f (A, i, j). If a
sample is not rejected in any of the columns, we accept the sample. This is described as
a pseudocode in Algorithm 3. If a sample gets rejected, the code returns slack. The time
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complexity of the algorithm is O(n2 ) due to the O(n2 ) precomputation of the row sums
and O(n) work per column.
Algorithm 3: Huber–Law rejection sampling
Input : An n × n nonnegative matrix A
Output: An accepted permutation σ or slack
ri ←

Pn

j=1

aij for i = 1, . . . , n;

ub ← U (A);
σ ← (null, null, . . . , null);
for j = 1, . . . , n do
x0 ← 1;
yn+1 ← 1;
for i = 1, . . . , n do
xi ← h(ri )/e · xi−1 ;
yn+1−i ← h(ri )/e · xn+2−i ;
Let p(i) be a probability mass function for i = 1, 2, . . . , n and i = slack;
for i = 1, . . . , n do
p(i) ← aij xi−1 yi+1 ;
p(slack) ← ub −

Pn

i=1

p(i);

Select i randomly by using p(i) as a probability mass function;
if i = slack then
return slack;
σ(j) ← i;
ub ← p(i);
A ← f (A, i, j);
for k = 1, . . . , n do
rk ← rk − akj ;
ri ← aij ;
return σ;

3.5

Adaptive partitioning method

The AdaPart method of Kuck et al. (2019) is another way of doing rejection sampling. It
is based on the tighter Soules bound, whose main disadvantage is that it is not guaranteed
to nest in every column, but, as Kuck et al. (2019) observed, there tends to be at least
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column partition in which the bound nests. In AdaPart, we maintain a set of matrices,
starting with {A}. Each iteration until the sum of the upper bounds for matrices in the
set is at most U S (A), we pick a random matrix B from the set, compute the sum of upper
bounds for each column partition, and choose the column with the smallest sum. Then,
we replace B by the matrices of that column partition. Finally, after the maintained set
is a nesting partition of A, a matrix is sampled from the set with probability relative
to its upper bound, and current A is replaced with it. This process is repeated until A
contains exactly one permutation of positive weight or the sample is rejected. Algorithm 4
implements this as pseudocode.
Algorithm 4: Adaptive Partitioning
Input : An n × n nonnegative matrix A
Output: An accepted permutation σ or slack
while there is more than one permutation of positive weight in A do
P ← {A};
ub ← U S (A);
do
Pick B randomly from P ;
for j = 1, . . . , n do
if there is more than 1 positive value in column j then
ubj ←

Pn

i=1

U S (f (B, i, j));

else
ubj ← ∞;
j ← arg min ubi ;
i∈[n]

P ← (P \ {B}) ∪ {f (B, 1, j), f (B, 2, j), . . . , f (B, n, j)};
ub ← ub − U S (B) + ubj ;
while ub ≤ U S (A);
Let A be equal to a matrix C ∈ P with probability U S (C)/U S (A) or slack with
probability 1 − ub/U S (A);
if A = slack then
return slack;
Let σ be the only permutation of positive weight in A;
return σ;
To our understanding, one iteration of the do while loop cannot be implemented to be
faster than O(n2 ). If O(1) iterations are always enough, then this gives an algorithm with
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O(n3 ) time complexity per trial, as at least one new column contains exactly one positive
value each time after the do while loop is completed. It is still unclear if there exists a
class of instances which can be used to force the do while loop to take arbitrarily many
iterations until it completes.
The most complicated part of the implementation is efficiently computing upper bounds
U S (f (A, i, j)) for a matrix A and all i, j ∈ [n]. Again, the basic idea is to write the upper
bound in such a way that we can precompute some values to compute the upper bounds
more efficiently. For this, we maintain a permutation πi for each row i such that πi (t) = j
if aij is the tth largest entry of the row t (ties can be broken arbitrarily). Then, we write
U S (f (A, i, j)) =


−1
(j)−1
Y  πs X
aij
as,πs (t) δ(t) +

s∈[n]
s6=i

t=1

n
X
t=πs−1 (j)+1



as,πs (t) δ(t − 1) .


This allows us to use a similar method as with the Huber–Law bound. By defining


x0j := 1,

πs−1 (j)−1

X

xsj := 


n
X

as,πs (t) δ(t) +

t=1

t=πs−1 (j)+1



as,πs (t) δ(t − 1) · xs−1,j for all s ∈ [n]


and


πs−1 (j)−1

yn+1,j := 1,

X


ysj := 

t=1

as,πs (t) δ(t) +

n
X
t=πs−1 (j)+1



as,πs (t) δ(t − 1) · ys+1,j for all s ∈ [n],


we can write
U S (f (A, i, j)) = aij xi−1,j yi+1,j .
If we incrementally precompute the 2n2 sums
k
X

as,πs (t) δ(t), for k ∈ {0, 1, . . . , n − 1} , s ∈ [n]

t=1

and

n
X

as,πs (t) δ(t − 1), for k ∈ {2, 3, . . . , n + 1} , s ∈ [n]

t=k

in O(n2 ) time, we can compute the values xsj and ysj in O(n2 ) time. After computing
these, it is trivial to get any upper bound U S (f (A, i, j)) in constant time.
It is worth noting that we cannot actually keep the matrices in the set of matrices P .
Instead, we need to keep track of how A and any B ∈ P differ. Let B0 , B1 , . . . , B` with
B0 = A and B` = B be matrices such that each Bk belongs to the set of matrices to which
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Bk−1 partitioned at some point of time. This means that Bk = f (Bk−1 , i, j) for some i
and j, so we can transform Bk−1 into Bk in O(n) time. Therefore, instead of keeping the
matrices in P , we keep there lists of pairs of the form (i, j) required for transforming A
into B. If ` is always guaranteed to be O(1), then we do this transformation in O(n) time
as well.
However, we need to maintain the permutations πi when transforming the matrices. Precomputing the necessary variables for computing the upper bounds requires O(n2 ) time,
so if we can update the permutations faster than that, it does not become a bottleneck
in the algorithm. The most efficient data structure for this seems to be a linked list
containing the values πi (1), πi (2), . . . , πi (n) for each i. Whenever we transform Bk−1 into
Bk = f (Bk−1 , i, j), we move the node containing πs−1 (j) to the end of the list if s 6= i.
If s = i, we move the node containing πs−1 (j) to the beginning of the list. This requires
O(n) time and these operations are easy to undo in the same time complexity when we
are done. Even in the worst case, where ` = n, the total time required for maintaining
the permutations whilst transforming A into B is O(n2 ). Transforming A into C in the
while loop is done the same way. Overall, this gives a O(n3 f (n)) time complexity per
trial, where f (n) is the worst possible number of iterations of the do while loop for the
instance.

3.6

Dealing with Large Numbers

The order of magnitude of permanents and upper bounds can increase (or decrease) quite
fast as n increases, and therefore we need to take this into consideration when implementing
the algorithms. A natural solution for this is using logarithms as they allow us to present
exponentially large (and small) numbers with a decent precision and have been researched
extensively. However, this introduces new problems: We need a way for summing two
variables when we only know their logarithms, and we need to be able to draw a weighted
sample when only the logarithm of each probability is known. One possibility for solving
these problems is using two well-known tricks called the log–sum–exp trick (Blanchard
et al., 2019) and the Gumbel–Max trick (Gumbel, 1954; Maddison et al., 2014).
Assume that we only know logarithms ln x and ln y for some values x and y, and we wish
to compute the logarithm of their sum ln(x + y). If x and y are large numbers, naively
computing ln(exp(ln x) + exp(ln y)) may overflow. However, note that
exp(ln x) + exp(ln y) = exp(z)(exp(ln(x) − z) + exp(ln(y) − z))
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for any z. Without loss of generality, assume that x ≥ y. By choosing z = ln x, we get
that
ln(x + y) = ln(x) + ln(1 + exp(ln(y) − ln(x))).
Because x ≥ y, the difference ln(y) − ln(x) has to be nonpositive, and thus the natural
exponent of it is between zero and one and cannot overflow. This log–sum–exp trick
generalizes for any number of logarithms.
The other problem caused by logarithms is that we need a way for doing weighted sampling while only having the logarithms of the weights. In other words, we have logarithms
of weights w1 , w2 , . . . , wn , and we want to select an item number k with a probability
Pn

wk / (

i=1

wi ). This problem is solvable with the Gumbel-Max trick (Gumbel, 1954; Mad-

dison et al., 2014), in which we take n samples u1 , u2 , . . . , un from the Uniform[0, 1] distribution, and let K be the value that maximizes −ln(−ln(uK )) + ln(wK ). It can be shown
Pn

that then Pr(K = k) is equal to wk / (

i=1

wi ), which provides us a straightforward way

for weighted sampling without having to worry about large numbers.

3.7

Tassa’s Algorithm

Sometimes a matrix contains entries that do not belong to any permutation of positive
weight. Replacing any such entries by zeros does not change the permanent of the matrix,
and doing so has been suggested in (Chen and Liu, 2007; Sullivan and Beichl, 2014).
Before explaining an efficient way for doing this, we give several definitions to simplify
further discussion:
Definition 6. A positive entry aij in a nonnegative n × n matrix A = (aij ) is said to
be supported if there exists a permutation σ ∈ Sn that has a positive weight in A and
σ(j) = i.
Definition 7. A nonnegative n × n matrix A = (aij ) is said to have total support if every
positive entry in A is supported.
The most efficient known way to remove entries that are not supported is to transform the
matrix into its corresponding bipartite graph and run Tassa’s algorithm (Tassa, 2012),
which deletes all edges that are not a part of any perfect matching. Tassa’s algorithm
works in linear time with respect to the number of vertices and edges of the graph assuming
that we know one perfect matching beforehand. There exists a randomized algorithm for
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finding a perfect bipartite matching in Õ (m + n1.5 ) time (van den Brand et al., 2020), but
√
often the simpler O (m n)-time Hopcroft–Karp algorithm (Hopcroft and Karp, 1973) is
fast enough.
Let G = (V, W, E) be a bipartite graph with independent vertex sets V = {v1 , v2 , . . . , vn }
and W = {w1 , w2 , . . . , wn } and a set of edges E connecting them. Without loss of generality, assume that our perfect matching is {{v1 , w1 } , {v2 , w2 } , . . . , {vn , wn }}, which is
easy to achieve for any perfect matching by simply permuting the indices of W . Algorithm 5 describes Tassa’s algorithm for G under this assumption. The pseudocode requires
finding the strongly connected components of a directed graph, and this can be done in
linear time with, for example, Tarjan’s algorithm (Tarjan, 1972) or the Kosaraju–Sharir
algorithm (Sharir, 1981).
Algorithm 5: Tassa’s algorithm
Input : A bipartite graph G = (V, W, E) with V = {v1 , v2 , . . . , vn } and
W = {w1 , w2 , . . . , wn }
Output: A bipartite graph G0 containing only the edges that are in some perfect
matching in G
0

Let G = (V 0 , W 0 , E 0 ) with V 0 = V , W 0 = W and E 0 = ∅;
Let H = (U, F ) be a directed graph with U = {u1 , u2 , . . . , un } and F = ∅;
for {vi , wj } ∈ E do
if i 6= j then
Add a directed edge (ui , uj ) to H;
Find strongly connected components of H;
for {vi , wj } ∈ E do
if i = j or ui and uj are in the same strongly connected component then
Add an undirected edge {vi , wj } to G0 ;
return G0 ;
Consider for example an n × n matrix A = (aij ) in which aij = 1 if j ≤ i and aij = 0
otherwise. Such matrices are suspected to have one of the worst possible fit ratios on some
upper bounds (Soules, 2003), as their permanent is equal to one but the number of ones
grows quadratically in n. However, by applying Tassa’s algorithm, all ones that are not
on the main diagonal are removed so most upper bounds become equal to one.
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3.8

Doubly Stochastic Matrices

Matrices whose column and row sums are all equal to one are called doubly stochastic.
The permanent of a doubly stochastic n × n matrix is at least n!/nn ≈ en , as conjectured
by van der Waerden and later proven in (Egorychev, 1981; Falikman, 1981). This lower
bound can be used for proving time complexities of rejection sampling algorithms (see
for example (Huber, 2006; Huber and Law, 2008)). The properties of doubly stochastic
matrices have proven to be useful in importance sampling as well (Beichl and Sullivan,
1999; Sullivan and Beichl, 2014).
Sinkhorn balancing, the method of making a matrix nearly doubly stochastic by alternating between dividing each row and each column by their sums, has been studied in for
example (Brualdi et al., 1966; Sinkhorn, 1964; Sinkhorn and Knopp, 1967). The most
important result for our purposes is that a sufficient condition for that the Sinkhorn balancing converges linearly is that the matrix has total support (Soules, 1991). Tassa’s
algorithm is a straightforward way to ensure that the matrix has total support without
changing the value of the permanent (Sullivan and Beichl, 2014). The fit ratio can be
super-exponential in n for some classes of matrices, so making the matrix nearly doubly
stochastic guarantees an exponential fit ratio.
The ellipsoid method is an alternative method for making the matrix nearly doubly
stochastic, and it is faster than Sinkhorn balancing. However, Sullivan and Beichl (2014)
suggest that repeating Sinkhorn balancing for n2 iterations should be enough for obtaining a nearly doubly stochastic matrix, so we will use that method in our tests due to its
simplicity.
After making the matrix nearly doubly stochastic, Huber and Law (2008) also divide each
row vector by its largest entry l. This is done because multiplying that row vector by 1/l
increases the permanent by a factor of 1/l and the Huber–Law bound by a factor of at
most 1/l, and therefore it can only tighten the fit ratio. For the Soules bound, this last
step has no effect.
As an example, consider a class of n × n (0, 1)-matrices An = (aij ) where aij = 1 if and
only if i + j ≤ n + 2, which were analyzed by Soules (2003). The permanent of any An
is equal to 2n−1 (Soules, 2003), but both the Huber–Law bound and the Soules bound for
them are super-exponential in n. Any such matrix has total support, so Tassa’s algorithm
does not simplify it, but this means that the Sinkhorn balancing for An converges to some
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matrix Bn = (bij ) such that

(bij ) =




2i+j−n−3 ,






2j−n−1 ,

i > 1, j > 1,
i = 1, j > 1,



2i−n−1 ,






21−n ,

i > 1, j = 1,
i = 1, j = 1.

This matrix can be obtained by dividing each row i by 2(n+3)/2−max{2,i} and each column
j by 2(n+3)/2−max{2,j} . A simple induction on n shows that the permanent of Bn is equal
to 1/2n−1 , and Huber–Law upper bound states that the permanent is at most 1.
The largest entry of each row in Bn is 1/2, so we divide each row vector by it to get a matrix
Cn . The permanent of Cn is equal to 2 and its Huber–Law upper bound is h(2)n < 1.623n .
Hence, by making the matrix nearly doubly stochastic and multiplying each row by 2,
we get the ratio of the upper bound and the permanent from super-exponential to O(2n )
and finally to O(1.623n ). Even though the improvements are not always this good, this
example shows how significant doubly stochastic matrices and dividing the rows vectors
can be in speeding up the rejection sampling.
However, this can be harmful as well sometimes. Consider a 3 × 3 matrix




1 1 1


0


.
1 1



1 0 1

Its fit ratio with respect to the Huber–Law bound is approximately 1.44. On the other
hand, it can be shown that the matrix after making it doubly stochastic and dividing the
row vectors is





1 1 1/φ


0


,
1 1/φ



1 0 1/φ

where φ is the golden ratio. The fit ratio of this matrix is approximately 1.66, which is
greater than the fit ratio of the original matrix.

4 Deep Rejection Sampling
In this chapter, we introduce our deep rejection sampling method, whose basic idea is to
try improving the permanental upper bound by replacing it with a linear combination of
upper bounds for subproblems. We start by discussing the Gamma Bernoulli approximation scheme used for getting a desired accuracy and certain preprocessing algorithms we
use in some of the tests. After that, we present the deep sampling table, which is the
main component of our method. We show how the table is computed, how its values are
interpreted, and how it can be used to sample a set of rows in linear time to jump-start
the permutation sampling process.

4.1

Deep Sampling Table

The main new idea of the present work is the deep sampling table (DST), which speeds
up the rejection sampling in two ways: it gives a better initial upper bound and enables
faster sampling for the first columns. Let A be an n × n matrix, U a permanental upper
bound, d a fixed positive integer, and J ⊆ [n] with |J| = d. Denote a submatrix of A that
contains only its rows R ⊆ [n] and columns C ⊆ [n] by ARC . For a set S ⊆ [n], denote
the set [n] \ S by S̄. Then,
per A =

X

per AIJ per AI¯J¯

I⊆[n]
|I|=d

≤

X

per AIJ U (AI¯J¯)

I⊆[n]
|I|=d

=: Ud (A),
which we call the depth-d variant of the bound U . The bound is a linear combination of
upper bounds for a set of subproblems. Denote the ith row of A[n]J¯ by a0i and assume that
the upper bound for AI¯J¯ is of the form

0
i∈I¯ γ(ai )

Q

for some function γ. Next, define the

entries DS,i of the deep sampling table recursively as follows for all nonempty sets S ⊆ J
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and integers i ∈ [n]:
if S = {j} , i = 1,

D{j},1 = a1,j ,

if S is not of the form {j} , i = 1,

DS,1 = 0,
i−1
Y

D{j},i = γ(a0i ) · DS,i−1 + aij

γ(a0k ),

if S = {j} , i > 1,

k=1

DS,i = γ(a0i ) · DS,i−1 +

X

aij · DS\{j},i−1 ,

if S is not of the form {j} , i > 1.

j∈S

This is somewhat similar to what Björklund et al. (2010) compute for getting the permanent of a rectangular matrix. It is easy to see that the table can be computed in O(2d nd)
operations. The following theorem proves some of the properties of the table.
Theorem 1. For any nonempty S ⊆ J and i ∈ [n], it holds that

X

DS,i =



per AIS

I⊆[i]
|I|=|S|

γ(a0k ) .

Y
k∈[i]\I

Especially,
DJ,n =

X

per AIJ U (AI¯J¯) = Ud (A).

I⊆[n]
|I|=d

Proof. Proof by induction on i. Consider first the case that i = 1. If S is not of the form
{j}, then DS,1 = 0 as there can be no sets I ⊆ [1] of size S because |S| > 1. For a set
S = {j} with j ∈ J, the value of DS,i is clearly a1,j · 1 = a1,j since I has to be {1}.
Assume now that i > 1 and S = {j} for some j ∈ J. Then, each I is either equal to {i}
or equal to {k} for some k < i. In the former case,
per AIS

Y

γ(a0k ) = aij ·

k∈[i]\I

i−1
Y

γ(a0k ),

k=1

and in the latter case
per AIS

Y

γ(a0k ) = γ(a0i ) per AIS

k∈[i]\I

γ(a0k ).

Y
k∈[i−1]\I

Therefore,

X
I⊆[i]
|I|=|S|

per AIS


Y

γ(a0k ) = aij ·

i−1
Y
k=1

k∈[i]\I

= aij ·

i−1
Y
k=1

= DS,i .



γ(a0k ) + γ(a0i ) ·

X
I⊆[i−1]
|I|=|S|

γ(a0k ) + γ(a0i ) · DS,i−1

per AIS


Y
k∈[i−1]\I

γ(a0k )
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Finally, consider the case in which i > 1 and S is not of the form {J}. Again, either i ∈ I
or i 6∈ I. If i ∈ I, then, by self-reducibility,
γ(a0k ) =

Y

per AIS

X
j∈S

k∈[i]\I

γ(a0k ).

Y

aij per AI\{i},S\{j}

k∈[i−1]\(I\{i})

The case i 6∈ I goes similarly as to when S = {j}, i.e.,
γ(a0k ) = γ(a0i ) per AIS

Y

per AIS

k∈[i]\I

γ(a0k ).

Y
k∈[i−1]\I

Consider now the sums


X



per AIS

I⊆[i]
|I|=|S|
i∈I

and

γ(a0k )

Y
k∈[i]\I


X



per AIS

I⊆[i]
|I|=|S|
i6∈I

γ(a0k ) .

Y
k∈[i]\I

The former one becomes



X

per AIS

γ(a0k ) =

Y

=

=

X

k∈[i−1]\(I\{i})

X

aij

γ(a0k )

Y

aij per AI\{i},S\{j}

I⊆[i] j∈S
|I|=|S|
i∈I

k∈[i]\I

I⊆[i]
|I|=|S|
i∈I

X X

j∈S

I⊆[i−1]
|I|=|S\{j}|

X

aij · DS\{j},i−1 ,

γ(a0k )

Y

per AI,S\{j}

k∈[i−1]\I

j∈S

and the latter one is simply

X



per AIS

I⊆[i]
|I|=|S|
i6∈I

γ(a0k ) = γ(a0i ) ·

Y
k∈[i]\I

X

Y

per AIS

I⊆[i]
|I|=|S|
i6∈I

γ(a0k )

k∈[i−1]\I

= γ(a0i ) · DS,i−1 .
Hence,



X
I⊆[i]
|I|=|S|

per AIS

Y



γ(a0k ) =

k∈[i]\I

X
I⊆[i]
|I|=|S|
i∈I

=

X

per AIS


Y
k∈[i]\I

γ(a0k ) +


X
I⊆[i]
|I|=|S|
i6∈I

aij · DS\{j},i−1 + γ(a0i ) · DS,i−1

j∈S

= DS,i .

per AIS


Y
k∈[i]\I

γ(a0k )
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This proves that the recurrence formula computes the values of DS,i as is stated in the
theorem. Most notably,
DJ,n =

X

per AIJ U (AI¯J¯) = Ud (A).

I⊆[n]
|I|=d

4.2

Stochastic Bactracking

We use standard stochastic backtracking to build a set of rows I based on the values in
the deep sampling table. This is presented as pseudocode in Algorithm 6. The algorithm
is presented in a bit more general way than what is actually necessary: usually we are
only interested in the case in which S = J and i0 = n. The more general form is given to
simplify proving the theorem related to it. In Theorem 2, we prove that the algorithm can
be used to sample I with a probability relative to how much it contributes to the upper
bound of A. If we set σ(i) = j whenever we replace S by S \ {j}, we can use the algorithm
to sample a value σ −1 (j) for every j ∈ J.
Theorem 2. For a set of rows I ⊆ [i0 ], with a slight abuse of earlier notation, denote
¯ Assume that |S| ≤ i0 and the sum
[i0 ] \ I by I.
X

per ARS U (AR̄J¯)

R⊆[i0 ]
|R|=|S|

is positive. Then, Algorithm 6 samples I ⊆ [i0 ] with probability
per AIS U (AI¯J¯)
.
per ARS U (AR̄J¯)

P

R⊆[i0 ]
|R|=|S|

Most notably, when i0 = n and S = J, the algorithm samples I with probability
per AIJ U (AI¯J¯)
.
per ARJ U (AR̄J¯)

P

R⊆[n]
|R|=|J|
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Algorithm 6: Stochastic backtracking in DST
Input : A nonnegative n × n matrix A = (aij ), a set of columns J, their deep
sampling table D, a nonempty set of columns S ⊆ J, and a positive integer
i0 ≤ n
Output: A set of rows I
I ← ∅;
for i = i0 , . . . , 1 do
if S 6= ∅ then
if i 6= 1 then
X ← Bernoulli(DS,i−1 · γ(a0i )/DS,i );
if X = 0 then
I ← I ∪ {i};
if S is not of the form {j} then
Let p(j) be a probability mass function for every j ∈ S;
for j ∈ S do
p(j) ← aij · DS\{j},i−1 ;
Select j randomly by using p(j) as the probability mass function;
S ← S \ {j};
else
S ← S \ {j}, where j is the only element of S;
else
I ← I ∪ {1};
S ← S \ {j}, where j is the only element of S;
return I;

Proof. Proof by induction on i0 . Consider first the case i0 = 1. As S is nonempty and
|S| ≤ i0 , |S| has to contain exactly one element j. By the pseudocode of the algorithm, the
set I returned by it has to be {1}. It is also the only set for which I ⊆ [i0 ] and |I| = |S|,
so the ratio

per AIS U (AI¯J¯)
per ARS U (AR̄J¯)

P

R⊆[i0 ]
|R|=|S|

is indeed equal to 1.
Assume now that i0 > 1. Two factors need to be considered: is i0 ∈ I or not and whether
S is of the form {j} for some j ∈ J or not? If i0 ∈ I and S is of the form {j}, the
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probability of sampling I is

DS,i0 −1 · γ(a0i0 )
.
DS,i0
By the recurrence formulas, this is equal to
1−

0 −1
DS,i0 −1 · γ(a0i0 )
ai0 ,j ik=1
γ(a0k )
=
.
1−
Q
Q 0 −1
0 −1
DS,i0 −1 · γ(a0i0 ) + ai0 ,j ik=1
γ(a0k )
DS,i0 −1 · γ(a0i0 ) + ai0 ,j ik=1
γ(a0k )

Q

It is easy to see




γ(a0k ) = per A{i},S · U A{i},
¯ J¯

Y

aij

k∈[i0 ]
k6=i

and, by induction, that
DS,i0 −1 · γ(a0i0 ) + ai0 ,j

iY
0 −1

γ(a0k ) =

i0
X

aij

i=1

k=1

Y

γ(a0k ).

k∈[i0 ]
k6=i

Hence, the statement of the theorem holds for this case.
If i0 ∈ I and S is not of the form {j}, then, by the induction assumption, the probability
of sampling I is the probability that X = 0 on the first iteration of the for-loop and the
algorithm samples I \ {i0 } if the initial parameter i0 is decreased by one. This is equal to
X
DS,i0 −1 · γ(a0i0 )
ai0 ,j · DS\{j},i0 −1
1−
·
·
P
DS,i0
k∈S ai0 ,k · DS\{k},i0 −1
j∈S
!

per A(I\{i0 })(S\{j}) U (AI¯J¯)
.
P
per AR(S\{j}) U (AR̄J¯)

R⊆[i0 −1]
|R|=|S\{j}|

By applying Theorem 1, this simplifies to
X
DS,i0 −1 · γ(a0i0 )
ai0 ,j · DS\{j},i0 −1
per A(I\{i0 })(S\{j}) U (AI¯J¯)
1−
·
·
P
DS,i0
DS\{j},i0 −1
k∈S ai0 ,k · DS\{k},i0 −1
j∈S
!

DS,i0 −1 · γ(a0i0 )
= 1−
·
DS,i0

! P

j∈S

ai0 ,j · per A(I\{i0 })(S\{j}) U (AI¯J¯)
.
P
k∈S ai0 ,k · DS\{k},i0 −1

By the self-reducibility of the permanent, this is equal to
DS,i0 −1 · γ(a0i0 )
per AIS U (AI¯J¯)
1−
·P
.
DS,i0
k∈S ai0 ,k · DS\{k},i0 −1
!

Next, we apply the recurrence equations to get
DS,i0 −

!

ai0 ,j · DS\{j},i0 −1
per AIS U (AI¯J¯)
·P
1−
DS,i0
k∈S ai0 ,k · DS\{k},i0 −1
P
ai ,j · DS\{j},i0 −1
per AIS U (AI¯J¯)
= j∈S 0
·P
DS,i0
k∈S ai0 ,k · DS\{k},i0 −1
per AIS U (AI¯J¯)
=
DS,i0
P

j∈S
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Applying Theorem 1 on DS,i0 proves the statement for this case.
Finally, if i0 6∈ I, the probability of sampling I is equal to the probability that X is 1 on
the first iteration of the for-loop and the algorithm samples I when the initial parameter
i0 is decreased by one. By the induction assumption, this is equal to
γ(a0i0 )

DS,i0 −1 ·
DS,i0





per AIS U A(I\{i
¯ 0 })J¯

·



P
R⊆[i0 −1]
|R|=|S|

.

per ARS U A(R̄\{i0 })J¯

By applying Theorem 1, this becomes
γ(a0i0 )

DS,i0 −1 ·
DS,i0



·



per AIS U A(I\{i
¯ 0 })J¯
DS,i0 −1

=

per AIS U (AI¯J¯)
.
DS,i0

By applying it once more on DS,i0 , we can see that the statement of the theorem holds
here.
After sampling I using Algorithm 6, we only need to run the regular rejection sampling
on AI¯J¯ and accept or reject the sample depending on its result. Algorithm 7 combines all
discussed algorithms together
Algorithm 7: Deep Rejection Sampler
Input : A nonnegative n × n matrix A, precision (, δ), a depth d, a permanental
upper bound U , a set of columns J
Output: An (, δ)-approximation of the permanent of A
Compute the value of k used by GBAS;
Compute the deep sampling table DS,j ;
s ← 0;
r ← 0;
while s 6= k do
Run Algorithm 6 to sample a set of rows I;
Run a rejection sampler based on U on AI¯J¯;
Let X be 1 if the sample was accepted 0 otherwise;
A ← Exp(1);
s ← s + X;
r ← r + A;
p̂ ← (k − 1)/r;
return p̂ · Ud (A);
Now, all that remains to be shown is that Algorithm 7 returns an (, δ)-approximation.
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Theorem 3. Algorithm 7 returns an (, δ)-approximation of the permanent of A with
expected running time O(2d dn + Ud (A)/ per A · f (n)−2 log δ −1 ) time, where f (n) is the
time needed for one trial of rejection sampling with bound U .
Proof. We need to show that the variable X follows a Bernoulli distribution with parameter
per A/Ud (A). The probability of sampling I is
per AIJ U (AI¯J¯)
Ud (A)
and the probability of getting an accepted sample from AI¯J¯ is per AI¯J¯/U (AI¯J¯), so the
probability that they both happen is
per AIJ per AI¯J¯
.
Ud (A)
By the law of total probability, the probability that X is 1 is per A/Ud (A). Therefore,
GBAS is guaranteed to give an (, δ)-approximation of per A/Ud (A), and multiplying this
by the precomputed value of Ud (A) gives an (, δ)-approximation of per A.
All instances have to do O(2d dn) precomputing for the deep sampling table. Factors −2
and log δ −1 come from the upper bound for the number of accepted samples required in
GBAS,
k ≥ 2−2 (1 − (4/3))−1 ln(2δ −1 ).
The expected number of trials required for an accepted sample is Ud (A)/ per A, and each
of those requires f (n) time. Combining all of these gives us the expected running time
O(2d dn + Ud / per A · f (n)−2 log δ −1 ).
One may wish to apply certain preprocessing on A, that is, run Tassa’s algorithm on A so
that it has total support, apply Sinkhorn balancing n2 times on A, and divide each row
vector by its largest entry. In such a case, we need to divide the estimate returned by the
algorithm by the product of values by which the rows and columns were scaled. This is
due to the fact that multiplying a row or a column of a matrix by some value multiplies
its permanent by the same value, and all changes to the permanent of A in preprocessing
come from multiplying its rows and columns, so doing this in a reverse direction negates
these changes. The preprocessing has time complexity O(n4 ).

5 Running Time for Random Matrices
In this chapter, we will give a high probability upper bound for the expected time complexity of getting an (, δ)-approximation for the permanent of a random matrix whose entries
are Bernoulli distributed with parameter p. We prove the bound by giving a high probability upper bound for the ratio UdHL (A)/ per A and then combining it with Theorem 3.
Our bound is equal to O(n3/2+c/p ), where c is any number greater than 1/2. This improves
the earlier bound O(n1−1/p ω) of Fürer and Kasiviswanathan (2004) when p < 1/5, where
ω is any function that tends to infinity. Our bound loses to the O(ng(n))-time bound
of Godsil–Gutman type estimators (Frieze and Jerrum, 1995) that holds for almost all
matrices, where g(n) is the time required for computing the determinant. However, in the
same spirit as Frieze and Jerrum argued, our bound is more trustworthy.
We structure the proof in three parts. First, we introduce the inequalities used in the
proofs. Then, we give an upper bound for the expected value of the depth-d variant of the
Huber–Law bound UdHL and the expected value for the permanent. Finally, we combine
these results to give a high probability upper bound for the expected time complexity.
In all following proofs, let A = (aij ) be a random n × n (0, 1)-matrix whose entries are
independent and follow Bernoulli distribution with parameter p = p(n) such that p2 n
tends to infinity as n tends to infinity. We use M to denote the number of ones in A.
Frieze and Jerrum (1995) observed that the number of ones in A is more significant to the
magnitude of permanent than their locations in A, so we try working with M instead of
p.

5.1

Inequalities

In this section, we give a list of several well-known inequalities that are used in the later
proofs. Unless otherwise specified, the lemmas in this section are from a textbook by
Mitzenmacher and Upfal (2017). We start with the exponential inequality, which is sometimes useful in simplifying inequalities.
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Lemma 1 (Exponential inequality). For any x,
1 + x ≤ ex .
The next two inequalities are concentration inequalities for a random variable.
Lemma 2 (Markov’s inequality). For a nonnegative random variable X and a > 0,
Pr(X ≥ a) ≤

E[X]
.
a

Lemma 3 (Chebyshev’s inequality). For a random variable X and a > 0,
Pr(|X − E[X]| ≥ a) ≤

Var[X]
.
a2

For a concave function f , Jensen’s inequality gives an upper bound for its expected value.
Definition 8. A function f (x) is concave if for any x, y and α ∈ [0, 1],
f (αx + (1 − α)y) ≥ αf (x) + (1 − α)f (y).
Lemma 4 (Jensen’s inequality). For a concave function f and a random variable X,
E[f (x)] ≤ f (E[X]).
Stirling’s formula can be used to get rid of factorials.
Lemma 5 (Stirling’s formula). For n > 0,
√

2πn

√
nn
nn
≤
n!
≤
2
.
2πn
en
en

Finally, we need the multiplicative form of Chernoff bound.
Lemma 6 (Angluin and Valiant, 1979). For any a > 0 and independent random variables
X1 , X2 , . . . , X` following Bernoulli distribution with parameter p,
Pr

`
X
k=1

!

n

o

Xk ≤ (1 − a)`p ≤ exp −a2 `p/2 .
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5.2

Expected Time Complexity

In this section, we give a high probability upper bound for the expected time complexity
of the algorithm. We start by giving a probabilistic lower bound for M using a Chernoff
bound.
Lemma 7. The probability that M is below m0 := n2 p − a is at most δ if we choose
q

a := n 2p ln(δ −1 ).
Proof. We note that M is a sum of n2 random variables following Bernoulli distribution
with parameter p. Therefore, by Lemma 6,




n

o

Pr M ≤ (1 − an−2 p−1 )n2 p ≤ exp −a2 n−2 p−1 /2 = δ.

In the rest of the proofs, unless otherwise specified, we are assuming M = m for some
m > m0 . Next, given the previous assumption, we will show that n3 m−2 tends to zero as
n tends to infinity.
Lemma 8. The product n3 m−2 tends to zero as n tends to infinity.
Proof. By the assumption, m > m0 = n2 p − a. Therefore,
n3 m−2 = (n−3/2 m)−2
≤ (n−3/2 m0 )−2
= (n1/2 p − n−3/2 a)−2 .
We note that n1/2 p tends to infinity by the assumption that p2 n tends to infinity and that
q

n−3/2 a tends to zero because a ≤ n 2 ln(δ −1 ). Hence, the square of the inverse of the
subtraction has to tend to zero as n tends to infinity.
To be able to analyze the upper bound for the expected value of the Huber–Law bound,
we need two more lemmas to allow us to move from a fixed number of ones back to a
binomially distributed number of ones.
Lemma 9. Let X be a discrete nonnegative random variable and let X̃ be its median.
Then, X̃ ≤ 2E[X].
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Proof. By definition, X̃ is a value for which Pr(X ≤ X̃) ≥ 1/2 and Pr(X ≥ X̃) ≥ 1/2.
Then, by Markov’s inequality,
X̃ ≤ 2X̃ Pr(X ≥ X̃)
E[X]
X̃
= 2E[X]
≤ 2X̃ ·

Lemma 10. Let p = mn−2 . Then,
h

i

h

i

E UdHL (A) | M = m ≤ 2E UdHL (A) .
Proof. The median of a binomial distribution with parameters n2 and p is n2 p = m, so
the median of M is m. By applying Lemma 9, we get that
h

i

h

i

E UdHL (A) | M = m ≤ 2E UdHL (A) .

We are now able to give an upper bound for the expected value of the Huber–Law bound
for A.
Lemma 11. Let p = mn−2 . Then, for the depth-d variant of the Huber–Law bound UdHL ,
it holds that
E

h

UdHL (A)

!

n
|M =m ≤2
d!ed−n pd h (p(n − d))n−d
d
i

Proof. From Lemma 10 we get immediately that
h

i

h

i

E UdHL (A) | M = m ≤ 2E UdHL (A) .
By the definition of UdHL and linearity of expectation,

h



X



i

2E UdHL (A) = 2E 

I⊆[n]
|I|=k

=2

X
I⊆[n]
|I|=k





per AIJ · U HL (AI¯J¯)
h

i

E per AIJ · U HL (AI¯J¯) .
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The expected value is the same for all sets I, and therefore it is enough to do the analysis
for a fixed set I ⊆ [n] with |I| = k. Then,
!

h
i
n
=2
E per AIJ · U HL (AI¯J¯) .
k

2E[UdHL (A)]
As all entries are independent,

h

E[per AIJ · U HL (AI¯J¯)] = E[per AIJ ] · E U HL (AI¯J¯).

i

Now E[per AIJ ] is simply d!(m/n2 )d by linearity of expectation. Let R be a random
variable equal to the row sum of the first row of AI¯J¯. Because the row sums of AI¯J¯ are
independent,
h

i

E U HL (AI¯J¯) = E[h(R)/e]n−d .
Note that h is a concave function. It is clearly concave in [0, 1) and (1, ∞). By letting
f (r) = 1 + (e − 1)r and g(r) = e − 1 + r + ln(r)/2, we have f (1) = g(1) and f 0 (r) = e − 1.
For all r ≥ 1, we have g 0 (r) = 1 + 1/(2r) ≤ 3/2 < e − 1, so h is concave in [0, ∞). Thus,
we can apply Jensen’s inequality to get
n−d

E[h(R)/e]

d−n

≤e

m(n − d)
h
n2

!n−d

.

Hence,
!

n
E[UdHL (A) | M = m] ≤ 2
d!ed−n pd h (p(n − d))n−d
d

Next, we combine these lemmas to give an upper bound for the ratio of the expected value
of the upper bound and the permanent.
Lemma 12. Let p∗ = mn−2 . Then,
h

i

E UdHL (A) | M = m
E [per A | M = m]

n

o



≤ exp O(n3 m−2 ) (πe(n − d)/2)−1/2 e2e−1 p∗ (n − d)

Proof. Given that m = σ(n3/2 ), Frieze and Jerrum (1995) show that
m
E [per A | M = m] = n! 2
n


n

(

n2
1
n3
exp −
+ +O
2m 2
m2

!)

.

1/(2p∗ )

.
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This and Lemma 11 give us
 

2 nd d!pd∗ h (p∗ (n − d))n−d
E[UdHL (A) | M = m]
n
 3 o
≤  m n
n2
n
E[per A | M = m]
+ 12 + O m
n! n2 exp − 2m
2
=

2
n

(n − d)! exp − 2p1∗ + 12 + O

Applying Stirling’s lower bound n! ≥

√

n



n3
m2

o

!n−d

.

2πnnn e−n results in

2
(n − d)! exp − 2p1∗ + 21 + O



h (p∗ (n − d))
p∗

n3
m2

o

h (p∗ (n − d))
p∗

s

1
2
n
 o
≤
·
1
π(n − d) exp − + 1 + O n32
2p∗
2
m

!n−d

eh (p∗ (n − d))
p∗ (n − d)

!n−d

e − 1 + 12 ln (p∗ (n − d))
2
1
n
 3 o 1 +
=
·
π(n − d) exp − 1 + 1 + O n 2
p∗ (n − d)
2p∗
2
m
s

!n−d

.

Using the exponential inequality 1 + x ≤ ex gives us that
s

s

≤

e − 1 + 12 ln (p∗ (n − d))
2
1
n
 3 o 1 +
·
π(n − d) exp − 1 + 1 + O n 2
p∗ (n − d)
2p∗
2
m
2
·
π(n − d)

!n−d

o1/p∗

n

exp e − 1 + 12 ln (p∗ (n − d))
n

exp − 2p1∗ + 21 + O



n3
m2

.

o

Finally, after some rewriting,
s

o1/p∗

n

exp e − 1 + 12 ln (p∗ (n − d))
2
n
 3 o
·
n
π(n − d)
exp − 2p1∗ + 12 + O m
2
n

o



1/(2p∗ )

= exp O(n3 m−2 ) (πe(n − d)/2)−1/2 e2e−1 p∗ (n − d)

.

The next lemmas are used to show that our estimates of the expected values tend to be
close enough to the actual values.
Lemma 13. Assume that M = m. Then, for all α, β, with 0 < α, β < 1, we have with
probability at least 1 − α − β −2 O (n3 m−2 ) that
UdHL (A) ≤ α−1 E[UdHL (A)|M = m]
and
per A ≥ (1 − β)E[UdHL (A)|M = m].
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Proof. Applying Markov’s inequality gives us that
Pr(Uk (A) ≥ α−1 E[Uk (A)] | M = m) ≤ α.
Assuming that m = ω(n3/2 ), as is the case because n3 m−2 tends to zero as n tends to
infinity, Frieze and Jerrum (1995) show that
!

n3
E[(per A)2 | M = m]
=
1
+
O
.
E[per A | M = m]2
m2
This immediately implies that
!

n3
,
Var[per A | M = m] = E[per A | M = m] · O
m2
2

and, by Chebyshev’s inequality, we get that
Pr(per A ≤ (1 − β)E[per A] | M = m)
= Pr (E[per A] − per A ≥ βE[per A] | M = m)
≤ Pr (|E[per A] − per A| ≥ βE[per A] | M = m)
Var[per A | M = m]
β 2 E[per A | M = m]2
!
2
−2 E[(per A) | M = m]
−1 .
=β
E[per A | M = m]2

≤

By applying the result of Frieze and Jerrum again, we get that
!

Pr(per A ≤ (1 − β)E[per A] | M = m) ≤ β

−2

n3
O
.
m2

Finally, we get that the probability that neither of the events happen is at least
!

1−α−β

−2

n3
,
O
m2

by Boole’s inequality.
Lemma 14. For any δ > 0, we can select α and β with 0 < α, β < 1 such that
α+β

−2

n3
O
m2

!

≤ δ,

and
n

o

α−1 (1 − β)−1 exp O(n3 m−2 ) (e/2)−1/2 ≤ δ −1 ,
for all sufficiently large values of n.

39
Proof. By Lemma 8, the product n3 m−2 tends to zero as n tends to infinity. Therefore, for
any c > 0, there exists n0 such that for all n > n0 it holds that n3 m−2 < c. By the definition
of O notation, the same property holds for any nonnegative function f (n) = O(n3 m−2 ).
Similarly, we have that exp {f (n)} tends to one as n tends to infinity.
Let α ≤ δ. Whichever constant β we choose, the first inequality will always hold for
sufficiently large values of n. For the second inequality, we note that (e/2)−1/2 < 0.86.
Thus, for example, if we let α = 0.9δ, we have
α−1 (e/2)−1/2 < δ −1 .
Finally, we can choose β arbitrarily close to 0 to have (1−β)−1 be as close to 1 as we want.
The factor exp {O(n3 m−2 )} gets arbitrarily close to 1 as n increases, which completes the
proof.
Theorem 4. Let δ > 0 and d be a constant with 0 ≤ d ≤ n. Then, it holds with
probability 1 − 2δ for sufficiently large n that

1/(2p0 )
UdHL (A)
,
≤ δ −1 (π(n − d))−1/2 e2e−1 (n − d)p0
per A
√
where p0 := p − n−1 2p ln δ −1 .

Proof. Let δ > 0 and p∗ = mn−2 . Assume that M = m and that α and β are numbers
that fulfill both inequalities of Lemma 14. Then, with probability 1 − δ,
α−1 E[UdHL (A) | M = m]
UdHL (A)
≤
.
per A
(1 − β)E[per A | M = m]
By Lemma 12, this is at most
n

o



1/(2p∗ )

α−1 (1 − β)−1 exp O(n3 m−2 ) (πe(n − d)/2)−1/2 e2e−1 p∗ (n − d)

,

which is at most


δ −1 (π(n − d))−1/2 e2e−1 (n − d)p∗

1/(2p∗ )

by the assumptions. Note that the bound increases asymptotically as m decreases.
According to Lemma 7, M is at least m0 := n2 p − a with probability at least 1 − δ if we
q

choose a := n 2p∗ ln(δ −1 ). We note that
m0 n−2 = p∗ − an−2
q

= p∗ − n−1 2p∗ ln(δ −1 ),
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which is p0 if we substitute m0 to m. Hence, by Boole’s inequality and substituting m0 to
m, we have with probability at least 1 − 2δ that for sufficiently large values of n,

1/(2p0 )
UdHL (A)
.
≤ δ −1 (π(n − d))−1/2 e2e−1 (n − d)p0
per A

Theorem 5. For constants δ, , d, and c, with δ,  > 0, 0 ≤ d ≤ n, and c > 1/2, the
expected time complexity for computing an (, δ)-approximation of the permanent of A
using the depth-d variant of the Huber–Law bound is with high probability O(n1.5+c/p ).
Proof. By Theorem 3, the expected running time for computing an (, δ)-approximation
is O(2d dn + UdHL (A)/ per A · n2 −2 log δ −1 ), and as d, , and δ are constants, this simplifies
to O(UdHL (A)/ per A · n2 ).
On the other hand, with probability 1 − 2n(1/2−c)/p , we have that

1/(2p0 )
UdHL (A)
≤ n(c−1/2)/p (π(n − d))−1/2 e2e−1 (n − d)p0
,
per A
√
where p0 := p − n−1 2p ln δ −1 . The value 1/(2p0 ) gets arbitrarily close to 1/(2p) as n

increases, and thus it is at most 1/(2p) + (c − 1/2)/p after a certain point. Therefore, the
probabilistic fit ratio can be written as
O(n(1/2−c)/p · n−1/2 · n1/(2p)+(c−1/2)/p )
and further simplified to O(n−1/2+c/p ). Combining these two results yields the high probability expected running time O(n1.5+c/p ).

6 Empirical Results
In this chapter we compare the deep rejection sampling method with the rejection samplers
of Huber and Law (2008) and Kuck et al. (2019) and the Godsil–Gutman type estimators
based on real numbers (Godsil and Gutman, 1981), complex numbers (Karmarkar et al.,
1993), and quaternions (Chien et al., 2003). The schemes are tested on multiple classes
of matrices and some instances based on real-world data. We start by discussing the test
setup, after which we present our empirical results.

6.1

Test Setup

We will consider three types of approximation schemes HL-d, AdaPart-d, and GG-t.
HL-d is a rejection sample using the depth-d Huber–Law bound, and it is implemented
like Algorithm 3. Similarly, AdaPart-d uses the depth-d Soules bound and is implemented like Algorithm 4. GG-t approximates the permanent using Godsil–Gutman type
estimators based on reals, complex numbers, and quaternions, and these are denoted by
replacing t with r, c, and q, respectively. We also tested the variants of AdaPart-d
and HL-d in which we apply the preprocessing on the input as discussed at the end of
Section 4.1. These schemes are denoted by ”-DS” at the end of the name of the scheme.
Finally, we compared the original implementation AdaPart of the AdaPart scheme by
Kuck et al. (2019) with AdaPart-0.
In our tests, we tried approximating the time required for getting an (, δ)-approximation
with  = 0.1 and δ = 0.05. For the rejection samplers, getting this precision is equivalent to
getting 388 successful samples using the aforementioned GBAS (Huber, 2017). However,
to speed up the testing and to be able to estimate the time usage for larger values of n,
we stopped sampling after getting 65 successful samples and multiplied the time used for
sampling by 388/65.
Let X be the output of one trial of a Godsil–Gutman type estimator for an n×n matrix A.
Then, the number of trials required for achieving an (, 1/4)-approximation is equal to
4E[X 2 ]
,
2 E[X]2
which can be proven with Chebyshev’s inequality (Karmarkar et al., 1993). Chernoff
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bounds give that repeating the experiment 22ln(δ −1 ) times and taking the median results
in an (, δ)-approximation algorithm. The fraction E[X 2 ]/E[X]2 is called the critical
ratio of the estimator (Karmarkar et al., 1993), and it is at most 3n/2 for the estimator
based on real numbers, 2n/2 for complex numbers (Karmarkar et al., 1993), and (3/2)n/2
for quaternions (Chien et al., 2003). For computing the determinant, we use Gaussian
elimination, whose time complexity is O(n3 ), despite the fact that there are some faster
methods (for example, Strassen’s algorithm (Strassen, 1969)). This was done because the
rejection samplers outperform the Godsil–Gutman type estimators so considerably that
a slightly faster implementation would not have changed the results significantly, as we
shall soon see. Similarly to rejection samplers, we take only 65 samples and scale the time
required for this to be an estimate of taking all required samples.
We tested the algorithms with randomly generated instances from several classes of matrices as well as with non-random instances. The considered matrix classes were Uniform,
Block Diagonal, and Bernoulli(p). In Uniform, each entry is chosen uniformly at random
from [0, 1]. The main diagonal of matrices in Block Diagonal consists of blocks (last of
which might not be whole) of 5 × 5 matrices with entries uniformly at random from [0, 1]
and the other entries are zeros. Bernoulli(p) is the class of matrices whose entries follow
Bernoulli distribution with parameter p.
Five of the non-random instances ENZYMES-g192, ENZYMES-g230, ENZYMES-g479,
cage5, and bcspwr01 are real-world instances are from the Network Repository
(http://networkrepository.com, licensed under CC BY-SA) of Rossi and Ahmed (2015).
They are the same instances Kuck et al. (2019) tested, and albeit their connection to the
permanents does not seem obvious, we included them so that one may compare our and
their times if one so desires. In addition to that, we tested the algorithms on instances
Staircase-n with n = 30 and n = 45 that are defined such that A = (aij ) is a n × n binary
matrix that has aij = 1 if and only if i + j ≤ n + 2. These serve as an extremely hard
case for rejection samplers as discussed in Section 3.8, and around n = 30 computing their
exact value using Ryser’s algorithm starts becoming impractical.
Each test instance had a time limit of 4825 second. This number is motivated by the fact
that the estimated running time would be over eight hours if this time limit is exceeded.
For the randomly generated instances, we sampled one instance for each value of n between
1 and 200 and ran the approximation scheme on them starting from n = 1. If the scheme
exceeded the time limit for some n × n matrix, it was not tested on matrices of the same
matrix class larger than that to save computational resources. Tests for random instances
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excluding the comparison of AdaPart implementations were run on a computer cluster
on one CPU (Sandy Bridge, 2.66 GHz) with a memory limit of 2 GiB. The non-random
instances and comparison of AdaPart implementations were run on a laptop with one CPU
(Kaby Lake R, 1.60 GHz) with a memory limit of 8 GiB.

6.2

Estimated Running Times

Figure 6.1 contains the comparison of AdaPart and AdaPart-0 for matrices whose
entries are uniformly distributed. As both schemes use the Soules bound, the differences in
the estimated running times are mostly due to the implementation details. Our AdaPart0 is about 50 times faster than AdaPart, so we will not include AdaPart in further
testing.

Figure 6.1: Comparison of AdaPart and AdaPart-0.

Similar results can be observed for the Godsil–Gutman type estimators. The performance
of schemes GG-r, GG-c, and GG-q is compared with HL-0 on three classes of randomly
generated matrices in Figure 6.2. HL-0 was chosen because it performed the worst among
the rejection samplers for these classes. These results suggest that Godsil–Gutman type
estimators are not worth comparing in further testing.
In Figure 6.3 we compare the rejection sampling models AdaPart-d, AdaPart-d-DS,
HL-d, and HL-d-DS with d = 0 and d = 20 on three classes of matrices. The columns
represent the classes of matrices and rows represent the schemes based on the Huber–Law
bound and the Soules bound, respectively. For matrices in Uniform, the deep rejection
sampling does not appear to be useful at the depth 20. This is largely due to the fact
their fit ratio tends to increase rather slowly. However, schemes based on the Huber–Law
bound seem to be one order of magnitude faster than the ones based on the Soules bound.
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Figure 6.2: Comparison of Godsil–Gutman type estimators and HL-0.

For classes Block Diagonal and Bernoulli(0.2), the depth-20 bounds yield improvements of
two orders of magnitude. Quite interestingly, the schemes with preprocessing outperform
their respective schemes without preprocessing by approximately 1–2 orders of magnitude
in Block Diagonal whilst in Bernoulli(0.2) the preprocessing seems to have a negative
impact on the time consumption. The AdaPart method appears advantageous in Block
Diagonal, and in Bernoulli(0.2) models of both bounds perform approximately the same.

Figure 6.3: Comparison of rejection sampling schemes.

Finally, Table 6.1 contains the estimated running times for the non-random instances. The
fastest models are bolded on each row. Depth-20 models beat their depth-0 counterparts
by at least 1–3 orders of magnitude in every tested instance. The differences between
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different models of the same depth are rather small in all tested instances but cage5 and
Staircase-45. The former one is due to cage5 being a matrix with some row sums less than
1, so HL-d suffers from its relaxed permanental upper bound. The latter one is caused by
the preprocessing which decreases the fit ratio from super-exponential to exponential, like
we discussed in Section 3.8.
Table 6.1: Estimates of expected running times for non-random instances.

AdaPart-d

d=0

d=0

d = 20

ENZYMES-g192 31 2 · 102 1 · 101 8 · 102

1 · 101

1 · 102 1 · 101 6 · 102

2 · 101

ENZYMES-g230 32 3 · 102

2 · 101

1 · 103

1 · 101

2 · 102 1 · 101 1 · 103

2 · 101

ENZYMES-g479 28 3 · 102

8 · 100

1 · 103

8 · 100

1 · 102 7 · 100 7 · 102

9 · 100

37 2 · 103

2 · 101

1 · 103

1 · 101

> 104

9 · 102

2 · 101

39 6 · 102 1 · 101 4 · 103

2 · 101

3 · 102 1 · 101 2 · 103

2 · 101

Staircase-30

30 > 104

2 · 101

9 · 103

8 · 100

> 104

2 · 101

3 · 103 7 · 100

Staircase-45

45 > 104

> 104

> 104

2 · 103

> 104

> 104

> 104

bcspwr01

d = 20

d = 20

HL-d-DS

d = 20

cage5

d=0

HL-d

d=0

Instance

n

AdaPart-d-DS

5 · 103

8 · 102

7 Conclusions
In this thesis, we developed the deep rejection sampling method based on deep variants of
the permanental upper bounds, continuing the recent trend of applying rejection sampling
on approximating the permanent. We proved a new high probability upper bound for
the expected time complexity of computing an (, δ)-approximation of a random matrix
whose entries follow Bernoulli distribution with parameter p using the depth-d Huber–Law
bound. We noted that this bound improves an earlier result when p < 1/5, and, albeit
Godsil–Gutman estimators need only a linear number of samples with high probability
(Frieze and Jerrum, 1995), our bound is more ”trustworthy”.
In empirical testing, our deep rejection sampling method proved to be superior compared
to other rejection sampling methods and Godsil–Gutman type estimators, beating them
by multiple orders of magnitude especially on harder instances, in which the ratio of the
permanental upper bound and the permanent is large. To our knowledge, this was the
first time the effects of making a matrix nearly doubly stochastic and dividing the rows
by their largest entries have been tested empirically. The results for this showed that this
preprocessing can be both helpful and harmful depending on the instance.
We also gave the first detailed implementation of the adaptive partitioning method of
Kuck et al. (2019) that has O(n3 ) time complexity per trial assuming there is a column
partition on which the Soules bound is nesting. Our implementation was 1–2 orders of
magnitude faster than their implementation.
Still, many intriguing questions remain. For example, different values of d work the best in
different instances. When the upper bound and the permanent are close to each other, a
smaller d tends to be better, while in harder instances higher precomputation time caused
by a higher d is often worth taking. A natural question is that could a nearly optimal
value of d be guessed efficiently. The set of columns J affects the running time as well and
thus choosing it optimally should be explored more.
Kuck et al. (2019) explored the possibility of improving rejection sampling by tightening
a bound whenever slack was encountered and propagating that upwards in the partition
tree. They reported that this improved the bound to roughly two thirds (64–89%) of
the original bound after 1000 trials. This technique seems hard to apply on the deep
rejection sampling method, as there is no obvious way for updating the deep sampling
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table efficiently, but might still be worth investigating.
Sharpened upper bounds discussed by Soules (2003, 2005) provide another potential way
of improving rejection sampling, as they can decrease the fit ratio of a matrix massively.
Unfortunately, it seems to be rather hard to find any nesting partition trees for such
bounds in feasible time.
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