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Abstract

Many candidate theories for physics beyond the Standard Model predict that the early universe

could have undergone first-order phase transitions. In particular, if new physics exists near the

electroweak scale, the phase transition associated with the electroweak Higgs mechanism could

have been first order. Such electroweak phase transition would be particularly interesting for

cosmology, as it could provide the necessary conditions for baryogenesis and act as a source of

gravitational radiation that could be detected in forthcoming gravitational-wave experiments.

The purpose of this thesis is to build a robust understanding of the thermodynamics associ-

ated with cosmological phase transitions in particle physics models involving new scalars. While

the zero-temperature behavior of such theories is often well described by perturbation theory, at

finite temperatures this methodology breaks down due to severe infrared divergences at temper-

atures close to the phase transition point, making it impossible to reliably probe the order and

other properties of the transition within perturbation theory alone. While estimates for charac-

teristic quantities such as the critical temperature and latent heat can be obtained with pertur-

bative methods, such predictions are typically sensitive to higher-order corrections from light

bosons, and ultimately a non-perturbative solution to the problem is required. The framework

discussed in the thesis avoids these issues by simulating the problematic long-distance physics

non-perturbatively on the lattice, allowing for a rigorous determination of the thermodynamical

parameters that are crucial for making cosmologically interesting predictions related to gravita-

tional waves and baryogenesis.

The thesis presents a theoretical review of the electroweak phase transition and associated

non-perturbative effects and proceeds then to study a selection of popular scalar extensions of

the Standard Model. Strong first-order phase transitions are found also at the non-perturbative

level, but their quantitative properties differ substantially from the leading-order perturbative

predictions. We demonstrate in typical strong-transition scenarios that while the perturbative

method is significantly more accurate once the calculation is extended to the 2-loop level, there

remains a discrepancy of order 10% for the critical temperature and several tens of percents for the

latent heat, relative to the non-perturbative results. Based on our results, the 2-loop improvement

should be considered essential for even order-of-magnitude estimates of the thermodynamical

parameter, and these predictions will likely need non-perturbative verification if accurate results

are needed.
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Chapter 1

Introduction

A recurring theme across various areas of physics is that when a macroscopic number of small

constituents of matter – particles – are brought together, they can exhibit collective phenomena

that bear no immediate resemblance to the behavior of individual, isolated particles. A striking

example is provided by phase transitions, where the macroscopic behavior of the system changes

rapidly, possibly even discontinuously as in a first-order phase transition. Phase transitions can

be triggered by a change in some external parameter, such as the temperature.

The microscopic behavior of matter is described by quantum field theories (QFTs), and cur-

rently the best theory of all known particles is a particular QFT known as the Standard Model

(SM) of particle physics. With the discovery of its last ingredient, the Higgs boson, in 2012 [4, 5],

the SM is a complete framework with no unknown parameters left. Feeling adventurous, we may

ask: How does the matter content of the SM behave when exposed to extreme temperatures, and

does the theory undergo phase transitions as the temperature is varied?

There are two obvious temperature ranges where we may expect interesting physics to arise:

In theQuantum Chromodynamics (QCD) sector at temperatureTQCD ∼ 100 MeV, associated with

the transition between quark-gluon plasma and hadronic matter, and in the electroweak (EW)

sector aroundTEW ∼ 100 GeV in connection with the EWHiggs mechanism. Standard cosmology

predicts that such temperatures were prevalent at very early times, as the expanding universe

cooled down from a hot initial state in the aftermath of cosmic inflation. Thus the question of

phase transitions within the SM is more than a curious thought experiment; it is deeply inter-

twined with early-universe cosmology.

By now, the phase structure of hot SM is well established. There is, in fact, no finite-T phase

transition of any order in QCD [6] nor in the EW sector [7, 8].1 Instead, in both cases the universe

would smoothly interpolate between the low- and high-temperature regimes in a behavior called

crossover. But it is also known that the SM cannot be the final theory of the universe. Indeed,

some of the most obvious indicators are the absence of a dark matter candidate and the the lack

of antimatter in the universe, for which the SM provides no explanation. Since it is extremely

likely that new matter content needs to be introduced as solutions to these problems, there is

1QCD is known to admit a rich phase diagram with first-order transitions at large baryon chemical potentials [9],

but these are extremely small in the early universe and play little role in cosmological phase transitions.
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CHAPTER 1. INTRODUCTION

motivation to investigate how the finite-T phase structure may be affected by new fields in the

theory.

This thesis discusses the possibility of having a first-order phase transition around the EW

scale. Such phase transition would have a number of interesting consequences. First is the mech-

anism of electroweak baryogenesis (EWBG) [10–12], which provides a plausible explanation for

why the universe contains substantially more matter than antimatter [13]. The general condi-

tions for any baryogenesis scenario were identified by Sakharov [14] and are (i) baryon number

non-conservation, (ii) C and CP violation, and (iii) deviations from thermal equilibrium. The SM

fails to fulfill (iii), as it predicts only smooth crossovers in the early universe. The condition (i) is

satisfied at finite temperature by non-perturbative sphaleron transitions that violate the baryon

number through the axial anomaly [15, 16]. C violation appears naturally in the chirally-coupled

EW theory, and CP is violated by Yukawa interactions in the SM.

A first-order electroweak phase transition (EWPT) proceeds through nucleation of expanding

bubbles of the low-T phase, where the Higgs mechanism is active and the rate of sphaleron transi-

tions is exponentially suppressed. In the EWBG scenario, CP-violating scatterings in the vicinity

of bubble walls bias unsuppressed sphalerons to generate a baryonic excess, which gets swept

inside the bubble and is preserved, provided the sphaleron suppression is strong enough. Semi-

classically, this requires that the Higgs vacuum-expectation value, which jumps discontinuously

across the bubble wall, satisfies v � T immediately after the transition. This is the baryogenesis

criterion for a strong EWPT. Realistic models of EWBG should also include additional CP-violating

sources, as the amount of CP violation within the SM alone appears inadequate [17–19]. Reviews

of EWBG can be found in [20–22].

Another important consequence is the production of gravitational waves during the phase

transition. First-order phase transitions are characterized by a discontinuity in the total energy

density. Once bubbles of the low-T phase nucleate in the early universe, most of the released

energy is absorbed by the surrounding primordial plasma or spent in the formation of the bubble

walls. Gravitational waves are produced towards the end of the transition, when bubbles formed

in different regions of space collide and eventually fill the entire universe with the new phase

[23, 24]. The collisions create an anisotropic environment where gravitational radiation is sourced

by shear-stress components of the energy-momentum tensor [25, 26]. Modeling the macroscopic

bubble dynamics with relativistic fluid equations, numerical simulations have revealed that the

dominant gravitational-wave signal arises from long-lived soundwaves in the cosmic plasma after

the bubble collisions [27–30].

The waves interact only weakly with matter and would survive in the present universe as

a stochastic gravitational-wave background. Remarkably, the power spectrum of gravitational

waves from a first-order transition around the EW temperature would be peaked in the millihertz

range, which is within the sensitivity window of the upcoming LISA experiment [31, 32]. Thus if a

first-order EWPT occurred in the early universe, there are promising prospects for detecting grav-

itational relics from it in the near future, in LISA or in other detectors [33–35]. An observation of

such gravitational waves could also be an indirect sign of new physics, acting as a complemen-

tary probe to particle accelerator experiments. Of particular interest also for gravitational-wave

production are strong phase transitions, and the appropriate measure in this context is the latent

2



heat2 [36].

Quite intuitively, achieving a strong EWPT requires drastic modifications to the Higgs po-

tential as the minimal SM does not have even a first-order transition, yet alone a strong one. The

simplest way of turning the EW crossover into a first-order transition is to couple the Higgs to

new scalar fields. It is also intuitively clear that if the resulting beyond the SM (BSM) theory fea-

tures a strong EWPT, the new particles responsible for it cannot be exceedingly heavier than the

SM Higgs and could therefore be probed directly in particle accelerators [37, 38]. Indeed, ongo-

ing and planned collider experiments [39–42] will thoroughly explore the structure of the Higgs

sector, and many candidate theories featuring first-order EWPT are likely to face considerable

restrictions (or in the fortunate case, confirmation) on their allowed particle content. Thus the

EWPT scenario is a testable one, and tightly connected with the phenomenology of BSM models.

Should a stochastic gravitational-wave signal be detected, it becomes important to investi-

gate whether it originates from a cosmological first-order phase transition, or from some other

stochastic source in the early universe [43]. In particular, we may ask whether a specific BSM sce-

nario can explain the observed signal, and investigating this requires reliable methods for com-

puting the gravitational-wave spectrum starting from underlying particle physics. For first-order

transitions specifically, this requires a thorough understanding of the associated thermodynam-

ics (critical temperature and latent heat) and the real-time rate of bubble nucleation, which act as

inputs for the fluid simulations [27–30]. Essentially the same computations are pre-requisites for

understanding prospects for baryogenesis in a given BSM model. Thus there is a clear demand

for robust predictions about the finite-T behavior of these models.

The purpose of this thesis is to describe a non-perturbative framework for studying the EWPT

in BSM scenarios involving additional scalar fields. This approach may seem strange at first, be-

cause the standard EW theory in the vacuum is weakly coupled and described perfectly well by

perturbative methods. This, however, does not carry over to finite temperature, where perturba-

tion theory breaks down at long distances due to high occupation numbers of bosons [44, 45]. The

problem is most severe precisely near the EWPT temperature, and it is not obvious how accurate

perturbative predictions of e.g. the transition strength are. Most phenomenological studies of the

EWPT in BSM settings are based on the 1-loop effective potential: a far from exhaustive list of

references is [46–79]. Yet, extended studies demonstrate that the results can be very sensitive to

higher-order corrections [1–3, 80–84]. For instance, ref. [84] shows several orders of magnitude

uncertainty in the peak gravitational-wave amplitude, arising from residual renormalization-scale

dependence alone. Already establishing the order of the EWPT is, strictly speaking, beyond the

reach of perturbation theory, and it is only because of non-perturbative lattice simulations that

the SM crossover behavior is now understood [7, 8, 85–88]. The methods discussed in this the-

sis are aimed at building a robust understanding of the finite-T behavior of BSM theories, both

through higher-order perturbative calculations but ultimately at the non-perturbative level using

lattice simulations.

More specifically, our approach is a combination of finite-T perturbation theory for degrees

of freedom for which it is reliable, and non-perturbative simulations for the strongly-coupled

2A more general specification of the phase transition strength, as relevant for gravitational-wave production, can

be given in terms of the trace anomaly [30].
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CHAPTER 1. INTRODUCTION

infrared (IR) modes. This separation is achieved by working in the dimensional reduction ap-

proximation at high temperature [89, 90], which isolates the problematic long-distance physics

into an effective three-dimensional (3d) theory and allows for very efficient lattice simulations of

the thermodynamics. The methodology was developed and applied to the SM in [91–93]. Here

we review the theoretical premise of these studies, and discuss some recent results obtained in

various BSM models [1–3, 94–97].

The outline of this thesis is as follows. We begin by reviewing the basic setting of finite-

temperature QFT in chapter 2, introducing also the framework of high-T dimensional reduction

and discuss why thermal perturbation theory fails in the presence of long-wavelength bosons.

Chapter 3 focuses on Euclidean gauge theory and discusses in particular the high-T behavior of

non-abelian gauge fields. This chapter also introduces the lattice formulation of gauge theory,

setting the stage for non-perturbative investigations in later chapters. Chapter 4 is a theory-

driven review of the finite-T phase structure of the standard EW theory, and is a pre-requisite

for understanding the EWPT at the non-perturbative level also in simple extensions of the SM. In

chapter 5 we turn out attention to BSM theories, discuss the perturbative approach to the EWPT

in a singlet-extended model and point out uncertainties associated with the loop expansion. As

a solution to these problems, lattice Monte Carlo simulations are discussed in chapter 6, and

chapter 7 applies these methods to selected BSM models. The final chapter 8 is a brief summary

of the thesis.

Conventions. Thorough the thesis we will use the natural high-energy physics units, setting

c = � = kB = 1. Unless specified otherwise, we work in Euclidean spacetime and summation of

repeated indices is assumed using the Euclidean metric.
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Chapter 2

Quantum field theory at finite

temperature

Describing a QFT at non-vanishing temperature necessitates that in addition to the usual quantum

fluctuations of the vacuum, we account for thermal fluctuations induced by interactions with the

thermal medium. Properties of the system are captured by its correlation functions, or ensemble

averages. We will work in the canonical ensemble, i.e. the system is taken to be in a heat bath of

temperature T . It follows that the Boltzmann weight e−βH , where β = 1/T , takes on the role of a

density operator, and the ensemble average of a generic operator O is obtained as

〈O〉 = 1

Z
TrOe−βH . (2.1)

Here H is the Hamiltonian operator of the system. The normalization factor is the canonical

partition function

Z = Tr e−βH . (2.2)

In statistical physics, the primary quantity of interest is the free energy, which incorporates

the competition between energy and entropy in the system. It is obtained from the partition

function as

F = −T lnZ . (2.3)

More specifically, in the canonical ensemble this equation defines the Helmholtz free energy. In

general, a phase transition occurs if the free energy is non-analytic at some temperature, and in

a first-order transition the derivative ∂F/∂T is discontinuous. Here we review the formalism for

calculating the free energy in the field-theoretical context.

2.1 Imaginary time formalism

Mathematically, the Boltzmann factor has the form of a quantum mechanical time-evolution op-

erator over an imaginary time interval of length 1/T . Indeed, for time-independent Hamiltonians

5



CHAPTER 2. QUANTUM FIELD THEORY AT FINITE TEMPERATURE

the time-evolution operator U (t , t0) = e−iH (t−t0) can be analytically continued to the imaginary

axis by means of aWick rotation, t → τ = it , to obtain

U (−iτ ,−iτ0) = e−(τ−τ0)H = e−βH , (2.4)

where we made the identification τ − τ0 = β . The Wick rotation corresponds to moving from

Minkowskian signature to a Euclidean one. The formulation of thermal field theory based on

analytic continuation of the time coordinate is called imaginary time formalism. It will form the

basis for our discussion of thermodynamics of the SM and its extensions.

The analogue between time evolution and the canonical density operator gives rise to spe-

cific boundary conditions for quantum fields in the imaginary time τ . Consider the two-point

correlation of a Heisenberg-picture operator O between two points in Minkowski spacetime:3

〈O (x, t )O (y, t0)〉 =Z−1 Tr
[
O (x, t )O (y, t0)e−βH

]
=Z−1 Tr

[
O (x, t )e−βHeβHO (y, t0)e−βH

]
=Z−1 Tr

[
O (x, t )e−βHei (−i βH )O (y, t0)e−i (−i βH )

]
=Z−1 Tr

[
O (x, t )e−βHO (y, t0 − iβ )

]
=〈O (y, t0 − iβ )O (x, t )〉, (2.5)

where the last equation follows from cyclicity of the trace. This is the Kubo-Martin-Schwinger

(KMS) relation. In particular, if O is a bosonic (fermionic) field operator satisfying canonical

(anti-)commutation relations, the KMS relation implies that at thermal equilibrium the field is

(anti-)periodic in the imaginary time, with a period of β = 1/T . Equilibrium QFT can therefore

be understood as an Euclidean field theory where one dimension is compactified on a circle of

circumference 1/T .

The Euclidean formulationmakes explicit the fact that Lorentz symmetry is absent in thermal

field theory, because the system is now studied in the rest frame of an external heat bath. But field

theories are generally easier to formulate using Lorentz-invariant Lagrangians and associated

path integrals, rather than in terms of Hamiltonians, and this is also the case for thermal field

theory. The above discussion already points towards a recipe for obtaining the statistical partition

function from a Minkowskian generating functional: we Wick rotate to imaginary time τ ∈ [0, β]
and restrict the functional integration to field configurations that are (anti-)periodic in τ . For

example, the action of a real scalar field is rotated as∫
d4x L =

∫
d4x

[
1

2
(∂tϕ)

2 − 1

2
(∂iϕ)

2 −V (ϕ)
]

t→−iτ−−−−−→ −i
∫ β

0

dτ

∫
d3x

[
− 1

2
(∂τϕ)

2 − 1

2
(∂iϕ)

2 −V (ϕ)
]
≡ i

∫ β

0

dτ

∫
d3x LE , (2.6)

3The Minkowski metric is taken to be дμν = diag(+1,−1,−1,−1). It will play no role in later sections.
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2.1. IMAGINARY TIME FORMALISM

where we defined the Lagrangian in Euclidean signature as LE = −L (t → −iτ ). The generating

functional of zero-temperature QFT turns into

Z =

∫
ϕ (x,β )=ϕ (x,0)

Dϕ (x,τ ) exp[−
∫ β

0

dτ

∫
d3x LE]. (2.7)

As the notation suggests, this expression is in fact equal to the canonical partition function (2.2).

This can be verified by expanding the trace in eq. (2.2) in terms of 〈ϕ | e−βH |ϕ〉 and writing the

matrix elements in a path integral form, see for instance [98, 99]. Thus all finite-temperature

correlation functions can be generated from the partition function by differentiating with respect

to an external source term, just like at zero-temperature.

A similar exercise shows that the analogy between the thermal partition function and Wick-

rotated QFT holds also in theories with more complicated field content. We point out a few

subtleties related to gauge and fermion fields:

• Time components of gauge fields are Wick rotated as At → iAτ to preserve the structure

of covariant derivatives, Dt → iDτ .

• It is useful to introduce Euclidean counterparts of the Dirac matrices, γ μ , through γ E0 = γ
0

and γ E
k
= −iγ k for k = 1, 2, 3. The γ Eμ are Hermitian and satisfy {γ Eμ ,γ Eν } = 2δμν . The

Wick-rotated Lagrangian of a free Dirac field reads LE = ψ̄ [γ
E
μ ∂μ +m]ψ , where ψ̄ = ψ †γ E0 .

Fermion fields are anti-periodic in the imaginary time.

• If the theory is gauge fixed using the Faddeev-Popov procedure, the resulting ghost fields

satisfy periodic boundary conditions at finite temperature, despite their Grassmannian na-

ture. This is because they originate from a functional determinant composed of bosonic

fields.

From this point on, we will consistently work in Euclidean spacetime and will drop the sub- and

superscripts from Euclidean quantities. We also denote Aτ ≡ A0,Dτ ≡ D0.

For perturbation theory it is convenient to transform the fields into momentum space. Be-

cause of the (anti-)periodic boundary conditions at finiteT , the spectrum of Fourier modes in the

imaginary time direction is discrete. The momentum-space decomposition is written as

ϕ (τ , x) = T
∑
n

∫
d3p

(2π )3
ϕ (ωn , p)e

iωnτ e−ixipi , (2.8)

where the Matsubara frequency is ωn = 2πnT for bosons and ωn = (2n + 1)πT for fermions, and

Euclidean four-momenta will be denoted by capital letters, e.g. P = (ωn , p). Feynman rules of

perturbation theory are derived in analogy to zero-temperature QFT, for instance the free prop-

agator 〈ϕ (K )ϕ (P )〉0 for the scalar field theory in eq. (2.7) comes with a δ -function that enforces

K = −P , and

〈ϕ (−P )ϕ (P )〉0 = 1

P2 +m2
. (2.9)

7



CHAPTER 2. QUANTUM FIELD THEORY AT FINITE TEMPERATURE

As is explicit in the decomposition (2.8), loop integrals turn into sum-integrals at finite tempera-

ture. We introduce the following shorthand notation for integrations:

∫
p

≡
(
μ̄2eγE

4π

)ϵ ∫
ddp

(2π )d
(2.10)

∑∫
P

≡ T
∞∑

n=−∞

∫
p

(bosonic ωn ) (2.11)

∑∫
{P}
≡ T

∞∑
n=−∞

∫
p

(fermionic ωn ), (2.12)

where d = 3 − 2ϵ will be used for dimensional regularization and μ̄ is the associated renormal-

ization scale in the MS scheme. Remarkably, the introduction of non-zero temperature has no

effect on ultraviolet (UV) renormalization of the theory [98, 99]. This is because any sum-integral

can be decomposed into T = 0 and T � 0 parts, and the finite-T contribution is suppressed by a

Boltzmann factor e−E/T .

2.2 Dimensional reduction at high temperature

ThebosonicMatsubaramodewithn = 0, the zero mode, plays a special role in thermal field theory.

The zero modes carry no momentum in the imaginary time direction and thus their dynamics is

effectively three dimensional. The modes with non-vanishing Matsubara frequencyωn , including

all fermionic modes, correspond to fluctuations of the field at shorter wavelengths than the zero

mode. This interpretation is evident in the propagator (2.9), where the P0 component suppresses

propagation of non-zero modes by a term ω2
n ∼ (πT )2. The modes with ωn � πT are called hard

modes. The hierarchy between the zero- and non-zero Matsubara modes leads to an effective

description of high-T equilibrium phenomena in terms of a 3d Euclidean field theory: we say the

high-T theory undergoes dimensional reduction [89, 90]. This has important applications for the

study of phase transitions.

The setup of high-T dimensional reduction is similar to Kaluza-Klein reduction of compacti-

fied field theories. In the limit T → ∞, the periodic imaginary time dimension shrinks to a point

and the momentum of all non-zero Matsubara modes becomes formally infinite. Thus the dynam-

ics of these modes decouple from long-distance physics; in particular, static equilibrium proper-

ties of the theory can be described using the 3d Matsubara zero modes only (although there is a

caveat, discussed below). In reality we work at a finite, instead of infinite, temperature, but this

picture is still useful if T is much larger than all other mass scales in the theory. Specifically, if

the zero-mode mass ism 	 πT and the theory is perturbative at the scale πT , we may integrate

out loops involving ωn � 0 modes by absorbing their effects into T -dependent counterterms in

the zero-mode sector.4 In particular, all fermions get integrated out as the fermionic ωn is always

non-vanishing.

4From now on, when referring to the high-T limit we mean that all zero modes havem 	 πT .
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2.2. DIMENSIONAL REDUCTION AT HIGH TEMPERATURE

Let us see how this works in practice. Consider a “toy” scalar theory in dimensional regular-

ization,

S =

∫ 1/T

0

dτ

∫
ddx

[
1

2
(∂μϕ)

2 +
1

2
m2ϕ2 +

1

4!
λϕ4 + Lct

]
, (2.13)

whereLct contains UV counterterms as required to render the theory finite. At high temperatures,

we can integrate over the hard modes to obtain a 3d effective field theory (EFT) with the same

symmetries as (2.13):

S (3d) =
1

T

∫
ddx

⎡⎢⎢⎢⎢⎣c0 (T ) +
1

2
Zϕ (∂μϕ)

2 +
1

2
m̄2Zϕϕ

2 +
1

4!
λ̄Z 2

ϕϕ
4 + L(3d)

ct +
∑
n≥6

cn
T 4−nOn

⎤⎥⎥⎥⎥⎦ . (2.14)

In the above c0 is a T -dependent “cosmological constant” of the 3d theory and corresponds to a

shift in the free energy due toωn � 0 loops [100]. It will be dropped in the following, because only

free-energy differences matter for phase transitions. The sum over n contains higher-dimensional

operators that appear naturally when integrating out heavy fields, but their couplings are sup-

pressed by appropriate powers of πT . The overall factor of 1/T comes from a trivial τ -integral

and could be absorbed in a redefinition of fields and couplings, ϕ → ϕ/
√
T , λ̄ → T λ̄ and so on.

Because the “natural”, rescaled coupling has a positive mass dimension, the 3d theory is super-

renormalizable if the higher-dimensional operators On are dropped by truncation.

In (2.14), the temperature appears merely as an overall scaling of the action and in the def-

initions of the renormalized parameters; for all practical purposes the EFT behaves like a zero-

temperature field theory with Euclidean metric. Carrying out dimensional reduction corresponds

to fixing the parameters Zϕ ,m̄
2, λ̄, cn so that the 3d EFT describes the same IR physics as the

finite-T 4d theory. This can be done by requiring that off-shell Green’s functions for the static

modes match in both theories, for external momenta p 	 πT .5 Integrating out the hard modes

is equivalent to modifying counterterms of the zero modes, so we may solve the 3d parameters

perturbatively by writing

Zϕ = 1 + (δZϕ )T , m̄2 =m2 + (δm2)T , λ̄ = λ + (δλ)T , (2.15)

and treating the “thermal counterterms”, denoted by a subscript T , as additional interactions in

the matching calculation. “Normal” UV counterterms for canceling 1/ϵ poles appear in L(3d)
ct .

The matching of high-T correlators is not fundamentally different from standard EFT match-

ing calculations at zero temperature, so we cut down on technical details here. Let us note that

since the EFT approach makes sense only in the presence of a mass hierarchym 	 πT , we may

safely expand propagators with ωn � 0 in powers ofm/T . This is the high-T expansion of sum-

integrals. Matching the scalar theory at O (λ) and at leading order inm/T gives

m̄2 =m2 +
λT 2

24
(2.16)

λ̄ = λ (2.17)

Zϕ = 1, (2.18)

5To reproduce the static S-matrix it suffices to match one-particle-irreducible (1PI) diagrams only, because it is not

possible to construct reducible diagrams with ωn = 0 in the external legs and an ωn � 0 propagator in a reducible

internal line.
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CHAPTER 2. QUANTUM FIELD THEORY AT FINITE TEMPERATURE

and the higher-dimensional operators in (2.13) do not appear at this order. Eqs. (2.16) through

(2.18) correspond to a 1-loop matching of the two-point function and a tree-level matching of

the ϕ4 interaction. At higher loop orders, one encounters diagrams with both ωn = 0 and hard

modes in the loops, but these are absorbed on the EFT side by loop diagrams containing a “thermal

counterterm” interaction. Detailed examples of matching in the high-T context can be found in

e.g. [3, 93, 95, 99–102].

From (2.16) we see that the zero mode generates a T -dependent mass correction due to its

interaction with the hard modes. m̄2 is called the thermal mass of ϕ and is renormalization group

(RG) invariant at leading order in λ. This is because in 3d, there are no logarithmic divergences

at one loop, and this statement carries over to more realistic theories like the SM. At order O (λ2)
the thermal mass becomes scale dependent, and λ̄ obtains a logarithmic dependence onT . For the

scalar toy model, these corrections are given in [101].

2.3 On the accuracy of high-T dimensional reduction

The generation of a thermal mass has an important consequence for dimensional reduction itself.

For exact dimensional reduction the higher-dimensional operators in (2.14) should vanish asT →
∞.6 But because the mass m̄2 appears in the relevant Green’s functions, the couplings cn are not

independent of T , in fact they can grow without bounds as T → ∞. Therefore there will always

exist a mismatch of order m̄/T (raised to some power) between typical Green’s functions in the

full theory and the truncated EFT [103], except for in some special cases that are discussed in the

reference. This is essentially a finite-T analogue of the hierarchy problem, but differs from the

zero-temperature case in that it cannot be “cured” by fine-tuning the temperature-independent

bare parameters, and in that the problem is not restricted to scalar fields (see section 3.2).

Fortunately, the aforementioned limitation does not render the 3d approach useless. This is

because theT -dependent contribution in m̄2 is proportional to λ, meaning that the errors that do

not vanish at infiniteT are suppressed by powers of the coupling. Thus dimensional reduction can

be accurate if the 4d theory is weakly coupled at the scale where the theories are matched [92], i.e.

around μ̄ ∼ πT .7 It is also easy to see that the operators of dimension six and higher appear first

at O (λ3) and can thus be neglected at low orders of perturbation theory. This counting applies

also to operators containing derivatives, if we assume p ∼ λT for external momenta. Indeed,

at O (λ2) only super-renormalizable operators are needed, and for weakly coupled theories the

higher-order λ3 corrections can be very small [93]. Concrete accuracy estimates are discussed in

section 4.2.

2.4 Infrared sensitivity of finite-T perturbation theory

Dimensional reduction establishes that at highT , the IR behavior of a QFT is governed by super-

renormalizable interactions. This has the pleasant consequence that the 3d EFT renormalizes

6Actually, some dimension-five and six operators (in 4d units) are renormalizable in 3d, and we should demand

T → ∞ decoupling of non-renormalizable operators only.
7The relevantmatching scale in the SM is approximately 7T , corresponding to the averagemomentum of integration

over the hard modes [91].
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nicely, and for instance the RG running can be solved exactly at the 2-loop level [91]. The downside

of super-renormalizability is that perturbation theory is sensitive to IR physics, and will generally

convergemore slowly than at zero temperature. Because the effective coupling in 3d isTλ, to form

a dimensionless expansion parameter we must combine this with a mass scale coming from 3d

loop integrals. The only possible scale is m̄, so perturbation theory for the Matsubara zero modes

is an expansion in Tλ/m̄.

At extremely high temperatures the T 2 term in eq. (2.16) dominates, and the expansion pa-

rameter is

Tλ

m̄
∼ Tλ

T
√
λ
∼ √λ. (2.19)

Thus at high temperature, there is less suppression associated with a loop than in T = 0 per-

turbation theory. Physically, this means that the thermal bath boosts the interaction strengths

of long-wavelength modes, and we can understand this phenomenon by considering particle oc-

cupation numbers (in a renormalized sense, so that virtual particles are not counted). At zero

temperature, the number of particles is low, and the interactions occur between very few parti-

cles at a time. In contrast, at finite temperature the number of bosons participating in collisions

follows the Bose-Einstein distribution

nB (E) =
1

eE/T − 1 , (2.20)

so the effective coupling should be of order λnB (E). Low-energy modes with E 	 T feel enhanced

interactions because then nB (E) ∼ T /E � 1. This discussion also demonstrates that perturbation

theory for fermions, which get integrated out at highT , is insensitive to physics at distances	 T ,

and that the bosonic IR sensitivity is not merely an artifact caused by the effective 3d description.

In scalar theories it may happen that the effective mass m̄ vanishes, due to a cancellation

between the vacuum m2 and the thermal correction. This is precisely the situation in second-

order phase transitions, where the system admits an infinite correlation length at the critical

temperature. But at this temperature, m̄ → 0 and Tλ/m̄ → ∞, and we cannot trust perturbation

theory at all! More generally, there is no small expansion parameter ifm ≤ λT , and the system

needs to be studied non-perturbatively for reliable results. As discussed below, this may happen

even in first-order transitions even though the correlation lengths remain finite.

The conclusion here is that a weakly-coupled theory at zero temperature may become non-

perturbative once the temperature is turned on, but the coupling is strong only for specific long-

wavelength modes that can be isolated in a simplified EFT setting.
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Chapter 3

Aspects of gauge theories

Before discussing the full Standard Model at finite temperature, let us review some well-known

properties of pure gauge theories with and without matter fields, and discuss in particular their

high-T behavior. We also introduce the lattice formulation of gauge theories, which becomes rele-

vant later on when we discuss the electroweak phase transition in a non-perturbative framework.

3.1 The Yang-Mills field

Both QCD and the electroweak theory are based on the notion of non-abelian gauge interaction,

described by Yang-Mills theory. In Euclidean signature, the Yang-Mills Lagrangian reads

LYM =
1

2
Tr Fμν Fμν , where Fμν = ∂μAν − ∂νAμ + iд[Aμ ,Aν ]. (3.1)

In this chapter we take the gauge group to be G = SU(N ), so the gauge field Aμ is a vector in

the associated Lie algebra su(N ). The gauge field can be written in different forms by specifying

a basis of generators T a (R) in the Lie algebra, Aμ = Aa
μT

a (R), and we take the generators to be

Hermitian by convention.

Gauge symmetry refers to invariance of the theory under the local transformations

Aμ (x ) → Ω(x )Aμ (x )Ω
−1 (x ) − i

д
Ω(x )∂μΩ

−1 (x ), (3.2)

where Ω(x ) ∈ SU(N ). Gauge symmetry is to be understood as a redundancy in our description

of the system rather than a true symmetry of the nature. This is evident already classically in

the equations of motion, which specify the evolution of Aμ only up to gauge transformations.

Describing the system in terms of redundant gauge degrees of freedom is nevertheless advanta-

geous because it allows for a concise description of dynamics of (classically) massless spin-1 fields

in terms of a local, Lorentz-invariant Lagrangian.

The presence of a gauge freedom means that only gauge-invariant quantities can be consid-

ered physical. In fact, there exists a theorem, due to Elitzur [104], stating that the expectation

value of any gauge-dependent local quantity vanishes identically in a gauge-symmetric theory.

Heuristically, this result arises because gauge transformations act on the fields locally and involve

only very few degrees of freedom, preventing the formation of long-distance order that could be
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CHAPTER 3. ASPECTS OF GAUGE THEORIES

interpreted as spontaneous breakdown of the local symmetry (there is not even short-range or-

der!). Therefore 〈O〉 = 0 always, if the operator O has non-trivial transformation properties

under gauge transformations. However, it is well known that in order to define gauge theory

in the perturbative context one needs to explicitly remove the gauge redundancy through gauge

fixing; the gauge propagator 〈Aa
μ (x )A

b
ν (y)〉 is not well defined if the gauge symmetry is manifest.

The gauge fixing need not preserve expectation values of generic, gauge-variant operators, as is

evident in e.g. the popular Faddeev-Popov procedure. Thus in a gauge-fixed setting, one can have

〈O〉 � 0 even if O is not a gauge-invariant operator, but such expectation values clearly cannot

be regarded as physical observables.

The gauge field Aμ has a useful geometrical interpretation. Suppose we add a matter field,

ϕ (x ), transforming under some irreducible representation of the gauge group G. The allowed

values of ϕ form a vector space at each spacetime point x , or a fiber. Gauge symmetry means that

the basis vectors of the fiber can be chosen differently at different locations x and y, making a

direct comparison of ϕ (x ) and ϕ (y) meaningless. The role of the gauge field Aμ is to relate fibers

on infinitesimally close spacetime points. In other words, Aμ is a connection that tells us how to

parallel transport the field ϕ at point x to point x + δx . Infinitesimally, the parallel transport of

field ϕ in representation R is

ϕ (x ) →
(
1 − iдδxμAa

μ (x )T
a (R)
)
ϕ (x ), (3.3)

which produces a new vector with similar transformation properties as ϕ (x + δx ). Parallel trans-

ports over longer distances can be constructed by repeated application of eq. (3.3), e.g. the trans-

port from y to x along path C is carried out by the path-ordered exponential

UC (x ,y) = P exp[iд

∫
C

dxμ A
a
μT

a (R)]. (3.4)

The object UC (x ,y) is called a Wilson line along C . Wilson lines are the fundamental degrees of

freedom in lattice gauge theory, as described below.

Quite remarkably, non-abelian gauge theories are strongly coupled in the IR and exhibit con-

finement: the physical spectrum consists of gapped (massive) composite objects. In contrast, at

high energies the coupling is small, and perturbation theory can be reliable above the confine-

ment scale. This is called asymptotic freedom. It is well known (and reviewed in [105]) that at

finite temperature, the pure Yang-Mills theory undergoes a confinement-deconfinement phase

transition that can be associated with spontaneous breakdown of the discrete center symmetry

of the gauge group. However, this notion breaks down when matter fields in fundamental repre-

sentation are present, because these explicitly break the center symmetry at the Lagrangian level.

Indeed, in physical QCD the would-be deconfining transition is merely a smooth crossover [6],

and the confining and deconfining “phases” are actually the same thermodynamical phase.

3.2 Yang-Mills theory at high temperature

In section 2.2 we argued that scalar field theories undergo effective dimensional reduction at

high temperatures. The same is true for gauge fields, but the effective 3d theory admits a richer

structure [90]. Gauge fields in 3d carry three spacetime components, while in 4d there is also the

14



3.2. YANG-MILLS THEORY AT HIGH TEMPERATURE

(imaginary) time component A0. Under static gauge transformations, its transformation law (3.2)

reduces to

A0 → Ω(x )A0 (x )Ω
−1 (x ), (3.5)

which is simply the gauge transformation of a scalar in the adjoint representation of SU(N ). Thus

we expect the high-T equilibrium description of 4d gauge fields to match that of a static theory

with 3d gauge invariance and an adjoint scalar field. In the following we assume the theory to be

sufficiently weakly coupled that perturbation theory makes sense, i.e. we probe energies above

the confinement scale.

The dimensionally-reduced action corresponding to (3.1) reads (before gauge fixing)

S (3d )
E
=

∫
d3x

{
1

2
Tr Fi jFi j + TrDiA0DiA0 +m

2
D TrA2

0 + λA (TrA
2
0)

2 + λ̄A TrA4
0

}
, (3.6)

where we moved directly to the natural 3d scaling of fields and parameters. The subscript in

SE refers to “electrostatic”, and this terminology is explained below. In (3.6), Fi j is the 3d field

strength and DiA0 = ∂iA0 + iд[Ai ,A0] is a covariant derivative in the adjoint representation. The

3d gauge coupling is д̄, and we denote the adjoint scalar by A0 to emphasize its 4d origin. Some

further comments regarding the form of (3.6) are now in order.

• We have dropped higher-dimensional operators from the EFT. By simple power counting,

one can conclude that their leading contribution to the free energy is of order д7.

• Since A0 becomes a scalar field in the dimensionally-reduced EFT, we have written a mass

term for it. But as A0 is also the temporal gauge field in the finite-T theory, it may seem

strange that such mass should emerge. This mass arises through thermal effects and is not

prohibited by Slavnov-Taylor identities, because Lorentz symmetry is not manifest at finite

T .

• In addition to the quartic interactions in eq. (3.6), one could write down a gauge-invariant

cubic term TrA3
0 (although it vanishes identically for SU(2)). However, this operator can

only arise from dimensional reduction in association with non-zero chemical potentials

[106–108].

• For SU(2) and SU(3), the two quartic interactions are not independent because (TrA2
0)

2 =

2 TrA4
0, and it suffices to include only one of them in the action.

• Since fermions get integrated out in dimensional reduction, any fermionic matter content

present in the original 4d theory affects only the matching of parameters in (3.6), not the

form of the EFT itself.

Matching of the high-T and effective theories proceeds analogously to the scalar field case.

In pure SU(N) Yang-Mills, the results at O (д2) are [109]

m2
D =

N

3
д2T 2 (3.7)

д̄2 = д2T (3.8)
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and there is also a correction to field renormalization, while λA and λ̄A do not get matched at

this order. We see that the temporal gauge-field component A0 develops a mass of order дT . This

phenomenon is actually familiar from classical plasma physics. In a thermal medium containing

mobile charge carriers, the interaction potential between two charges, separated by distance r ,

is of the Yukawa form V (r ) ∼ exp[−r μD]/r , instead of the usual 1/r Coulomb behavior. This

is known as Debye screening, and μD is called the Debye screening parameter. In analogy to

electromagnetism, the field A0 is frequently called the “color-electric” field, and we see that at

finiteT the associated interaction is precisely a Yukawa potential with screening parametermD .
8

Wemay askwhether there is screening associated also with the “color-magnetic” fieldsAi . At

the perturbative level, the answer is no: such screening mass is prohibited by 3d gauge invariance.

But in section 2.4 we saw that perturbation theory in 3d breaks down in the presence of light

degrees of freedom. In gauge theory the high-T coupling is д2T , so the expansion parameter

associated with A0 is д2T /mD ∼ д. In contrast, the spatial gauge fields Ai are perturbatively

massless and there is no small expansion parameter. We conclude that the thermodynamics of

Yang-Mills fields is non-perturbative at distances � (д2T )−1, and one expects to find confining

behavior in the IR regime [44, 45]. This is known as the Linde problem of thermal field theory, and

affects the free energy first at order д6.

The scales дT and д2T of electric and magnetic screening are known as the soft and ultrasoft

scales, respectively. Because parametrically д2T 	 дT and because the soft scale is still perturba-

tive, we may simplify the EFT (3.6) by integrating out the screened A0 field. This leaves a 3d EFT

of the pure Yang-Mills type that is valid at the ultrasoft scale,

S (3d )
M
=

∫
d3x

1

2
Tr Fi jFi j , (3.9)

where the squared gauge coupling differs from д2T by corrections of order д3. In this way, the

non-perturbative physics associated with the ultrasoft scale can be studied in a simplified setting.

For SU(3), the EFTs (3.6) and (3.9) are called electrostatic and magnetostatic QCD, respectively.

Their relevance for modern applications in thermal QCD is reviewed in [112].

3.3 Gauge theory on a Euclidean lattice

Because of the IR sensitivity of finite-T field theory, light bosons at finite temperature require non-

perturbative treatment. The appropriate framework for non-perturbative investigations is that of

lattice QFT, which we review here. We will ultimately apply the formalism to dimensionally-

reduced EFTs, which are bosonic by construction, so for the most part our discussion of lattice

fields will be restricted to bosons. We assume a hypercubic Euclidean lattice with homogeneous

spacing a in all directions.9

Putting a QFT on a discrete lattice regulates functional integrals of the type (2.7) at the non-

perturbative level, turning them into ordinary Riemann integrals and giving a precise mathemat-

ical meaning to the path integral measure. We denote the measure by [dϕ] ≡ ∏x dϕ (x ) when

8At higher orders in д the definition of the physical Debye screening parameter is no longer unique, see [110, 111].
9Non-zero temperature can be introduced by making one direction periodic, and often the lattice spacing is cho-

sen differently in this direction. This will not be relevant for our purposes, because the temperature dependence is

accounted for in dimensional reduction.
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referring to a lattice theory, and Dϕ in the continuum context. The lattice spacing also intro-

duces a natural momentum cut-off, as the discretized theory is unable to probe distance scales

shorter than a. Thus the theory is insensitive to fluctuations at energy scales � 1/a and there are

no explicit UV divergences. If we further introduce an IR cutoff, i.e. study the theory in a finite

volume, it becomes possible to evaluate Euclidean correlation functions

〈O〉 =
∫
[dϕ] Oe−S (ϕ )∫
[dϕ] e−S (ϕ )

(3.10)

numerically on a computer, at least in principle, without relying on perturbative expansions. Thus

non-perturbative phenomena can be approached from first principles in a numerical manner via

lattice simulations.

For scalar fields, writing down a lattice analogue of a given continuum QFT is straightfor-

ward. We let the field ϕ (x ) take values on the lattice sites x , substitute derivatives with finite

differences between nearest points and replace
∫
ddx → ad

∑
x . Putting gauge fields on the lat-

tice, on the other hand, is less trivial because a naive replacement of covariant derivatives with

differences turns out to break gauge invariance. A better way is to implement the gauge field not

as a connectionAμ , but directly as a parallel transporterUμ (x ) from site x+μ to x [113]. We adapt

a standard notation where x + μ refers to the next lattice site from x in direction μ. In terms of a

(fundamental) Wilson line (3.4),

Uμ (x ) = U (x ,x + μ ) = eiaдAμ (x ) . (3.11)

The SU(N ) valued objectUμ (x ) is called a gauge link. It transforms under gauge transformations

as

Uμ (x ) → Ω(x )Uμ (x )Ω
−1 (x + μ ). (3.12)

The gauge links can be combined with matter fields to form gauge-invariant objects. For instance,

if ϕ is a scalar in the fundamental representation of SU(N ), the parallel-transported difference

D̂μϕ (x ) ≡ 1

a

(
Uμ (x )ϕ (x + μ ) − ϕ (x )

)
(3.13)

transforms covariantly under gauge transformations, and for small a we have

ad
∑
x,μ

(
D̂μϕ (x )

)† (
D̂μϕ (x )

)
=

∫
ddx (Dμϕ)

† (Dμϕ) + O (a2). (3.14)

So we recover the continuum covariant kinetic term in the limit a → 0.

To account for dynamics of the gauge links we must write down a gauge-invariant operator

that agrees with Tr Fμν Fμν in the continuum limit. The simplest choice is to consider a closed

Wilson loop over an elementary square on the lattice. This is known as theWilson plaquette:

Pμν (x ) = Uμ (x )Uν (x + μ )U
†
μ (x + ν )U

†
ν (x ), (3.15)

which for small a behaves as Pμν ∼ exp[iдa2Fμν ]. The Euclidean SU(N ) Wilson gauge action

reads, in d dimensions,

SW =
2N

д2a4−d
∑
x,i<j

[
1 − 1

N
ReTr Pμν (x )

]
=

∫
ddx

1

2
Tr Fμν Fμν + O (a2д2). (3.16)
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The trace is taken to form a gauge-invariant object. The action (3.16) is the one used in this

thesis and in associated publications. Both the gauge action and the bosonic kinetic term (3.14)

have discretization errors of order a2. It is possible to construct more complicated actions with

smaller cut-off dependence using Symanzik improvement [114], but for bosonic theories in the

dimensionally-reduced context this improvement would typically be overshadowed by O (a) er-
rors in lattice continuum relations. Further discussion appears in section 7.1.

In lattice regularization, the fundamental gauge degrees of freedom are the parallel trans-

porters Uμ (x ), (elements of SU(N )), instead of the Lie-algebra valued “gauge fields” Aμ . For

meaningful functional integration we must specify what is meant by integration over the Uμ (x ).

A natural definition of the integration measure is given by the gauge-invariant Haar measure on

the group manifold (see e.g. [115]). This has an important consequence, as because the functional

integration is now performed over the compact SU(N ) group, it is finite and well defined with-

out the need to single out representatives of the gauge orbit. In other words, there is no need for

gauge fixing in the lattice theory. Therefore the lattice framework provides a formulation of gauge

theory that is unaffected by gauge-fixing difficulties at the non-perturbative level (the Gribov-

Singer ambiguity [116, 117]), unless one is specifically interested in unphysical gauge-dependent

quantities.

Let us mention briefly the role of fermions in lattice gauge theory. Discretization is notori-

ously complicated when fermions are present. In fact, there is no generally accepted lattice formu-

lation of fermions that couple chirally to non-abelian gauge fields in four dimensions [118, 119],

although proposed frameworks exist [120]. This means that no unambiguous lattice formulation

exists for the SM, because the associated SU(2) interaction affects only left-handed fermions. This

shortcoming makes direct lattice simulations of the full EW theory unpractical, but is avoided in

the dimensionally-reduced approach where fermions get integrated out at the perturbative level.
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Chapter 4

The Standard Model at finite

temperature

Mathematically, the StandardModel is a non-abelian chiral gauge theorywith gauge group SU(3)×
SU(2)L × U(1)Y , where the subscript L means that only left-handed fermions transform non-

trivially under the SU(2)L group, and the subscript Y refers to hypercharge. SU(3) corresponds to

the strong QCD interaction while fields charged under SU(2)L×U(1)Y form the electroweak (EW)

sector. A crucial ingredient is the Higgs field ϕ, which enters in the fundamental representation

of SU(2)L and carries hypercharge 1
2 .

At zero temperature, the SU(2)L gauge bosons and fermions (apart from neutrinos) obtain

tree-level masses due to the Higgs mechanism. There are three generations of fermions, but for

the discussion of EWPT we may treat all but the heaviest top quark as being massless. This is

because the masses are proportional to Yukawa couplings, and the top Yukawa yt ∼ 1 is orders of

magnitude larger than that of other fermions and gives by far the dominant loop corrections to

the Higgs potential. The SU(3) sector couples to the Higgs first through two-loop diagrams and

does not play a major role in the following discussion.

The EW Lagrangian is, in Euclidean signature,

LEW =
1

2
Tr Fμν Fμν +

1

4
BμνBμν + |Dμϕ |2 +V (ϕ) + (fermions and Yukawas),

V (ϕ) =m2
ϕϕ
†ϕ + λ(ϕ†ϕ)2, (4.1)

where Dμϕ = (∂μ + iдAμ +
1
2iд
′Bμ )ϕ, and the field strengths are

Fμν = ∂μAν − ∂νAμ + iд[Aμ ,Aν ] (for SU(2)L ) (4.2)

Bμν = ∂μBν − ∂νBμ (for U(1)Y ). (4.3)

To define the quantum theory in a perturbative setting, we must introduce a gauge-fixing con-

dition. This can be e.g. a renormalizable Rξ gauge implemented according to the Faddeev-Popov

procedure, but we will not go into details as the methods are standard. What matters for the

following is that the gauge is now fixed, meaning that gauge-dependent quantities may develop

non-vanishing expectation values without contradicting Elitzur’s theorem.
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CHAPTER 4. THE STANDARD MODEL AT FINITE TEMPERATURE

A further assumption in the SM is thatm2
ϕ
< 0, so that a Higgs mechanism can take place.

At tree level, the ground state of the Higgs potential lies at

ϕ†ϕ = −
m2

ϕ

2λ
. (4.4)

The doublet ϕ may be parametrized as

ϕ =
1√
2

�
G2 + iG1

h − iG3

� (4.5)

and in suitable gauges (such as the Rξ gauge) it is possible to introduce a background field v

through h → h +v , so that

〈ϕ〉 = 1√
2

�
0

v
� . (4.6)

The gauge bosons and fermions then obtain masses proportional tov , and we say the gauge sym-

metry is “spontaneously broken” (in reality the gauge freedom was removed already in gauge

fixing). The fields Gi then resemble Goldstone modes of a broken global symmetry, but we em-

phasize again that this picture is gauge dependent.10 Without gauge fixing, and for instance in

the temporal gauge [122], the Higgs VEV vanishes identically and a different description of the

Higgs mechanism is required.

4.1 Phase structure of the electroweak theory

Consider now the SM at finite temperature. We are interested in what happens in the Higgs

sector once the temperature reaches the GeV range, and this investigation is motivated by the

following observation. Once the temperature is turned on, the Higgs mass parameterm2
ϕ
obtains

a quadratic T -dependent correction (similarly to eq. (2.16)) and remarkably, the correction turns

out to be positive. This means that the thermally-corrected parameter m2
ϕ
(T ) changes sign at

some temperatureTEW, and we expect the minimum ofV (ϕ) to shift to the origin. In other words,

at temperatures T > TEW the Higgs mechanism should be inactive and the SU(2)L gauge bosons

perturbatively massless. The physical Higgs excitation has mass Mh ≈ 125 GeV, fixing the zero-

temperature parameter to bem2
ϕ
∼ (100 GeV)2. Thus the Higgs mechanism should be triggered

at TEW ∼ 100 GeV, and the question is, is there a phase transition at TEW?

Let us simplify the discussion by dropping fermions from the theory and focus only on the

bosonic sector. At finite temperature this simplification is actually justified, because at high-T the

IR physics is governed by a dimensionally-reduced bosonic theory. Fermionic corrections modify

the long-distance coefficients of this effective theory, but we do not expect the phase diagram

to be qualitatively affected. The technical reason for neglecting fermions is that there is then no

ambiguity in formulating the theory non-perturbatively on the lattice, and we can make very

10Depending on the gauge choice, there may remain global “remnant” symmetries that can be broken spontaneously.

However, neither the remnant symmetry group nor the resulting “phase diagram” are unique, i.e. they are gauge

dependent [121].
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4.1. PHASE STRUCTURE OF THE ELECTROWEAK THEORY

general, albeit qualitative statements about the high-T behavior of this idealized SU(2) ×U (1)Y +

Higgs system.

We expect the high-T phase of the theory to resemble that of an asymptotically-free Yang-

Mills theory with matter in fundamental representation. In particular, and as mentioned in sec-

tion 3.1, there exists no symmetry that could distinguish between the confining and deconfining

“phases”. Thus we simply say thatT > TEW is the confining phase, and the spectrum is created by

composite operators.11 In fact, a theorem due to Osterwalder and Seiler [123] (also by Fradkin and

Shenker [124]) states that if the Higgs field is in the fundamental representation, then there is no

clear distinction between the confining and Higgs phases either; they are the same thermodynamical

phase. The proof is based on lattice gauge theory and demonstrates that the confining and Higgs

regimes can be analytically connected, and that no gauge-invariant, local order parameter exists

that could distinguish between confinement and the Higgs mechanism.12 There can, of course,

be quantitative differences between the Higgs and confinement regimes, just like liquid water is

quantitatively different from vapor even though the phases are analytically connected.

This discussion leads to a somewhat unconventional picture of the EW interaction. Because

the confining and Higgs regimes are actually the same phase, the SU(2) sector must, in some

sense, be confined at low temperatures as well, while at the same time the long-distance dynam-

ics is made perturbative by the Higgs mechanism. This is sometimes called Higgs-confinement

complementarity. In particular the spectrum should consist of gapless, SU(2) singlet composite

operators instead of e.g. asymptotic Higgs particles andW , Z bosons.13 Local operators describ-

ing these bound states have been written down in [127–130]. In [129, 130], perturbation theory

based on these gauge-invariant operators was developed, showing for instance that the gauge-

invariant pole masses are in one-to-one correspondence with those predicted by the “standard”

approach obtained by perturbing the Higgs field around a gauge-fixed background. Thus there is

no discrepancy with the standard approach, although the terminology is very different. A review

of these concepts appears in [131].

The main message of this discussion is that the EW theory can be understood as a confining

theory, akin to QCD, where the physical excitations are gauge-invariant composite objects con-

structed from the elementary fields (Aμ ,Bμ ,ϕ, . . . ). The main difference to QCD is that because

of Higgs mechanism, the EW theory admits a reliable perturbative expansion at zero temperature

[129, 130]. These realizations are crucial for understanding the theory at the non-perturbative

level and without referring to gauge-dependent concepts like the Higgs VEV, which carry no

meaning in the manifestly gauge-invariant lattice formulation. Non-perturbative methods, in

turn, are needed at finite temperature due to the Linde problem and the overall IR sensitivity of

finite-T perturbation theory.

11There remains a massless photon from the hypercharge U(1) interaction, which does not confine.
12It has recently been demonstrated that a clear phase boundary can exist if the theory admits an additional global

symmetry that is spontaneously broken in both the confining and Higgs regimes [125]. This mechanism may have

far-reaching consequences also for the EW phase structure in certain BSM extensions.
13One may wonder if the entire spectrum of the SM could be described through genuine strong-coupling effects in

the SU(2) sector, so that the perturbative Higgs mechanism would not be needed. Historically, this was attempted by

the Abbott-Farhi model [126] and leads to vastly different phenomenology from the SM case at energies � 100 GeV.

Thus the correct description of EW interactions seems to require the Higgs mechanism.
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Figure 4.1: Schematic phase diagram for the electroweak theory. If the Higgs excitation was

lighter than around 72 GeV, there would be a first-order phase transition at T ≈ 100 GeV. The

line of first-order transitions ends at a critical point, after which there is only a smooth crossover

from the confinement-like regime to the low-T Higgs regime. There is no qualitative change in

the theory across the crossover, and the spectrum in both regimes is described by gauge-invariant

composite operators.

After this lengthy preamble, let us qualitatively discuss the phase diagram of the standard EW

theory (at vanishing chemical potentials), illustrated in fig. 4.1. For historical and phenomenologi-

cal convenience we express it in a (Mh ,T )-plane, withMh denoting the mass of the physical Higgs

excitation. At small Higgs masses, there exists a first-order transition between the confining and

Higgs regimes, and across this transition the screening masses and various correlation lengths

change discontinuously. This is known from non-perturbative lattice simulations [85, 86, 132],

and in this part of the diagram, finite-T perturbation theory is considered at least qualitatively

reliable [133–135]. Because the “phases” are analytically connected, the line of first-order tran-

sitions must end at a critical endpoint, at which the transition is of second order and the Higgs

field develops an infinite correlation length. Thus a precise determination of this endpoint is an

inherently non-perturbative problem.

According to numerical simulations both in the dimensionally-reduced EFT [7, 87, 136] and

in the 4d SU(2) + Higgs theory [8, 132], the endpoint lies approximately at M (crit)
h

≈ 72 GeV.

Critical behavior at the endpoint belongs to the Ising universality class [137]. For Mh > M (crit)
h

and in particular for the experimentally-confirmed value Mh = 125 GeV, there is no transition

whatsoever, and the finite-T theory resembles a supercritical fluid. Around T ∼ 100 GeV the

theory undergoes rapid but smooth changes in its correlation functions. This behavior is called

the EW crossover, and the associated temperature is typically defined as the point where the

susceptibility of 〈ϕ†ϕ〉 is at maximum. For the physical Higgs mass, the crossover happens at
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TEW ≈ 160 GeV [88].

Very frequently, the high-T confinement-like regime is called the “symmetric phase” and

the low-T Higgs-like regime the “broken phase”. This terminology is notoriously misleading, as

(i) there is only one phase, and (ii) there is no symmetry breaking or restoration. But because

this abuse of language is convenient and common in the literature, we also adapt these labels in

the following discussion. We will also refer to the transition from confinement-like behavior to

the Higgs regime as the electroweak phase transition (EWPT), even if there is actually a smooth

crossover.

4.2 Dimensionally-reduced theory for the hot Standard Model

Let us return to the perturbative setting, so that the gauge-fixed Higgs VEV v is as in (4.6) at

low temperatures and vanishes for T > TEW ∼ 100 GeV. For concreteness, focus now on the

symmetric high-T regime. Calculating the finite-T self-energy correction for the Higgs doublet,

we find that the loop-corrected mass parameter behaves parametrically asm2 (T ) ∼ m2
ϕ
+ д2T 2,

where д2 denotes a generic quartic coupling. The perturbative Higgs mechanism is triggered

whenm2 (T ) ∼ 0, orm2
ϕ
∼ −д2T 2. In other words the scalar excitations are parametrically light

near TEW, while the gauge bosons are perturbatively massless in the symmetric regime. Thus the

theory can be dimensionally-reduced in the IR, at distances� 1/T .

The appropriate 3d EFT is a straightforward generalization of those described in sections 2.2

and 3.2. The time components of gauge fields experience Debye screening, so we include an SU(2)

adjoint scalar A0 =
1
2σ

aAa
0 and a U(1)Y singlet B0. The 3d action is

S (3d) =

∫
d3x

{
1

2
Tr Fi jFi j +

1

4
Bi jBi j + (Diϕ)

† (Diϕ) +
1

2
(DiA

a
0 )

2 +
1

2
(∂iB0)

2

+m2
ϕ,3ϕ

†ϕ + λ3 (ϕ†ϕ)2 +
1

2
m2

DA
a
0A

a
0 +

1

2
(m′D )

2B2
0

+ h1ϕ
†ϕAa

0A
a
0 + h2ϕ

†ϕB2
0 + h3ϕ

†Aa
0σ

aϕB0 + (interactions among A0,B0)
}
. (4.7)

There are no fermions, because they get integrated out in dimensional reduction.

At this stage it is convenient to introduce a schematic power counting for the numerous cou-

pling constants in the EW theory. These are the gauge couplings д,д′, the Higgs quartic coupling
λ and the top Yukawa yt . Renormalization structure suggests the counting λ ∼ y2t ∼ д′2 ∼ д2,

which is not terribly accurate numerically as, for instance, y2t ∼ 1 � 0.4 ∼ д2, but is useful

when discussing parametric corrections from loops. 1-loop dimensional reduction renormalizes

mass parameters at O (д2) and quartic couplings at O (д4), at 2-loop order the mass corrections

are O (д4), and so on. The EFT (4.7) is suitable for describing EW thermodynamics at the soft scale

дT .

The next task it to match the parameters in (4.7) to those in the full 4d theory. At leading д2
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order, the results are [93, 95]:

m2
ϕ,3 =m

2
ϕ +

T 2

16

(
3д2 + д′2 + 4y2t + 8λ

)
(4.8)

m2
D = д

2T 2

(
5

6
+
Nf

3

)
(4.9)

(m′D )
2 = д′2T 2

(
1

6
+
5Nf

9

)
(4.10)

h1 =
1

4
д2T (4.11)

h2 =
1

4
д′2T (4.12)

h3 =
1

2
дд′T , (4.13)

and trivially λ3 = λT , д23 = д2T , (д′3)
2 = д′2T . In the above, Nf = 3 is the number of fermion

generations. For brevity, we do not write down the O (д4) corrections. These are given in [93]

apart from terms of order д2д′2 and д′4, and to full O (д4) accuracy in [95]. Two-loop corrections

to the Debye masses can be read from [138].

Near T ≈ TEW, the thermal Higgs mass m2
ϕ,3

is small because the vacuum contribution m2
ϕ

gets partially canceled by the thermal correction. We express this parametrically asmϕ,3 � д2T .

In the temperature range where this hierarchy holds, the Higgs field is strongly coupled: no small

expansion parameter exists because ratios of the formд2T /mϕ,3 are unsuppressed. Thuswe expect

perturbation theory to break down precisely at the most interesting temperatures! On the other

hand we have the hierarchymϕ,3 � mD ,m
′
D , so the scalars A0 and B0 may be integrated out as in

section 3.2 (this is why we did not bother writing down their interactions in (4.7)). This procedure

corrects the remaining parameters at O (д3) and considerably simplifies the EFT:

S̄ (3d) =

∫
d3x

{
1

2
Tr Fi jFi j +

1

4
Bi jBi j + (Diϕ)

† (Diϕ) + m̄
2
ϕ,3ϕ

†ϕ + λ̄3 (ϕ†ϕ)2
}
. (4.14)

The matching relations for this EFT can be found in [93, 95]. The theory is formally valid at the

ultrasoft scale д2T , and we denote its parameters by an additional overline (д̄3 etc). To summarize,

around T ∼ 100 GeV the equilibrium behavior of the EW theory is that of a 3d SU(2) × U(1)Y +

Higgs system.

The theory (4.14) has been studied non-perturbatively in [85, 86] using lattice simulations.

Its phase structure depends on three dimensionless ratios

x ≡ λ̄3

д̄23
, y ≡

m̄2
ϕ,3

д̄43
, z ≡ (д̄′3)

2

д̄23
. (4.15)

Temperature dependence of x and z is only logarithmic and can be neglected to reasonable ac-

curacy. x depends on Mh according to the relations in [85], and we fix z to its physical value of

roughly z = 0.3. If 0 < x � 0.11, the simulations reveal a first-order EWPT occurring near y ≈ 0.

It is strong for small x � 0.036, and by “strong” we mean the baryogenesis criterion that the
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HEAVY FIELDS?

gauge-fixed VEV has discontinuity Δv/T � 1.14 The transition ends at a critical value xc ≈ 0.11,

and at larger values there is just a smooth crossover. For the physical Higgs mass we find x ≈ 0.3,

and the theory lies deep in the crossover region.

How accurately can we trust the EFT (4.14)? In the perturbative matching calculation it was

implicitly assumed that we can expand around ϕ = 0, i.e. treat gauge fields and fermions as

being massless. In the “symmetric phase” this is a good approximation because the SU(2) sector

is asymptotically free, but for studying transitions between “symmetric” and “broken” regimes it

is crucial that we can trust the 3d description also when the VEV is non-vanishing. But because

the two regimes are analytically connected, there is no fundamental issue in expanding around

ϕ = 0; we only need to make sure that the neglected background-dependent corrections remain

small. These arise from higher-dimensional operators that were dropped in the reduction process.

To be more specific, the true effective theory produced by dimensional reduction is one that

contains all possible operators, including higher-dimensional ones like c6 (ϕ
†ϕ)3. Shifting ϕ†ϕ →

ϕ†ϕ+v2, this operator modifies the coefficients of lower-order operators ϕ†ϕ and (ϕ†ϕ)2 by terms

proportional to c6v
4, c6v

2, but the form of the theory is unchanged. Wemay perform the same shift

in the truncated theory (4.7) (or (4.14)), but modifications from the higher-dimensional operators

will bemissing because theywere dropped in the reduction process. Thus expanding aroundϕ = 0

is equivalent to assuming that the higher-dimensional operators are small enough to be neglected

also after introducing a non-zero background field. In other words, the background-dependent

massesm(v ) should respect the hierarchym(v ) 	 πT .

Because masses in the broken phase are parametricallym(v ) ∼ дv , we clearly cannot expect

the EFT to work deep in the Higgs regime wherev � πT . However, at smaller field values the 3d

approach turns out to work very well. This was estimated perturbatively in [93] by considering

the dominant15 higher-dimensional operator (ϕ†ϕ)3, which appears in the EFT at order д6. For

v ∼ T , this operator causes a relative shift of less than 1% in the Higgs VEV, suggesting that the

truncated theory (4.14) is accurate within one percent for typical quantities in the Higgs regime

near TEW. The error is dominated by the top quark, whose mass is numerically close to T after

the Higgs mechanism. In particular, the neglected higher-order corrections from integrating out

A0 and B0 are completely overshadowed by the O (1%) errors associated with the top Yukawa

coupling.

4.3 First-order electroweak phase transition from parametri-
cally heavy fields?

A convenient property of effective theories is that they admit a degree of universality: different

theories may look qualitatively the same at long distances once heavy excitations are integrated

out. With this realization, we may utilize the EFT (4.14) to make model-independent statements

14This condition is sloppy, andmeaningful only at the (semi-)classical level. For amore physical measure of transition

strength that is relevant for baryogenesis, one has to study discontinuities in gauge-invariant expectation values and

their relation to the suppression of electroweak sphalerons [139].
15There are gauge-invariant operators at dimension five, but these do not arise in dimensional reduction of the SM

[108].
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about the EWPT in theories where the new degrees of freedom are considerably heavier than the

SM Higgs.

Near temperatures TEW ∼ 100 GeV where the phase transition would occur, the theory de-

velops a natural scale hierarchy, д2T 	 дT 	 πT . Here we assume that as the EWPT takes

place, the new field are sufficiently heavy and cannot participate in the long-distance dynamics

of the transition. We may then proceed with the 3d approach, integrating out the hard Matsubara

modes but also the heavy BSM excitations. Specifically, we assume that the new fields have mass

� дT at the phase-transition point. Then the resulting EFT is of the familiar form (4.14), but the

parameters x ,y, z in (4.15) differ from their SM values because of corrections from the BSM fields.

Indeed, the phase transition still happens at y ≈ 0, but at the same time x can be small, and a

first-order EWPT becomes an option.

In this way, near the critical temperature we can reduce any (perturbative) extension of the

SM with parametrically heavy BSM fields to a simple 3d theory of the form (4.14), and recy-

cle the non-perturbative results of [85, 86] to deduce the order of the phase transition. Techni-

cally, this amounts to assuming the new fields to be heavy enough that the neglected higher-

dimensional operators are small and negligible. The meaning of “heavy” here is dependent on

the context. Suppose we have a new scalar Φ, coupled to the Higgs through a quartic interac-

tion of the form λBSMϕ
†ϕΦ2. Integrating Φ out at the soft scale, it contributes to the dominant

dimension-six operator c6 (ϕ
†ϕ)3/T 2 parametrically as c6 ∼ (TλBSM/mBSM)

3, which is small if we

requiremBSM � λBSMT . If the coupling λBSM is large, the new scalar may need to be quite heavy

for the method to be reliable.

We applied this approach to various BSM theories in [94–97]. A common finding was that

the EWPT remains a crossover when the BSM couplings to the Higgs are small, but can become

a first-order transition at larger couplings λBSM ∼ O (1). This is illustrated in fig. 4.2 for a SU(2)-

triplet extended model [96] (the Lagrangian is given in eq. (7.4) below). In the figure, MΣ refers

to the vacuum mass of the neutral BSM excitation and a2 is a quartic coupling with the Higgs.

The method is not very accurate deep in the first-order region, because the higher-dimensional

operators are not negligible anymore when x is small, and the approach breaks down altogether

when x < 0, as the EFT becomes unstable at tree level.16 The boundary between crossover and

first-order transitions can be found with 10% − 30% accuracy.

The paper [97] discusses gravitational-wave production, assuming a strong transition (small

x ) within the IR effective theory (4.14). This analysis utilizes non-perturbative results of [140],

where the real-time rate of bubble nucleation was computed in this EFT, and the fluid simulations

of [30]. Knowing the nucleation rate allows one to determine the duration of the EWPT, or the

temperature range during which bubbles collide and produce gravitational waves. The conclusion

in [97] is that any first-order phase transition described by the super-renormalizable EFT (4.14)

is necessarily too weak and ends too quickly for the resulting gravitational-wave signal to be

observable in LISA, or in other planned detectors.

While these results seem discouraging, they rely on the assumption that BSM effects decou-

ple, to good approximation, from the long-distance physics of the EWPT. At the same time, this

16In the figure, “DR” refers to dimensional reduction, while strictly speaking it is the assumption of a non-dynamical

triplet field that breaks down in the x < 0 region.
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Figure 4.2: Qualitative phase diagram for a real-triplet scalar extension of the SM, obtained by

integrating out the triplet excitations nearTc and applying the non-perturbative results of [85, 86].

First-order EWPT (light green region) is found to occur at relative large values of the Higgs-to-

triplet quartic coupling a2. Dark green region is where the EFT (4.14) is unstable, and integrating

out the triplet is no longer justified. This is reflected by the dashed lines, which measure the

relative importance of neglected higher-dimensional operators, e.g. Δ6 = 10 means that the error

is roughly 10%. The gray region is where the triplet can exhibit a Higgs mechanism of its own,

and was not explored. Figure is from ref. [96], where further details can be found.

model-independent investigation shows that the decoupling is only marginal if the transition is

of first order, because the higher-dimensional operators cannot be neglected in this case. The

results of [97] can be taken as a concrete indicator that a strong first-order EWPT is possible

only if the new fields actively participate in the thermodynamics. Thus there is need to keep the

new fields explicitly present in the 3d EFTs and eventually include them in new non-perturbative

lattice simulations.
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Chapter 5

Perturbative analysis in a real-singlet

extended model

Before attempting fresh non-perturbative investigations in concrete BSMmodels, it is worthwhile

to explore analytical methods for describing the EWPT. Although the transition necessarily in-

volves non-perturbative physics at least in the symmetric phase, we may apply perturbation the-

ory as a first approximation. The motivation here is pragmatic: comprehensive non-perturbative

simulations require immense numerical effort and are not suited for large-scale parameter-space

scans in BSM settings, which often involve more than one free parameter. Here we describe the

conventional perturbative approach to the EWPT using the effective potential and demonstrate

the importance of corrections beyond the 1-loop level. This chapter is based on [3], where we

studied the effective potential at 2-loop order in a model involving a new gauge singlet.

5.1 The singlet model

Perhaps the simplest possible extension of the SM is obtained by adding a real singlet scalar S .

We refer to this model as xSM. The Lagrangian reads

L = LSM +
1

2
(∂μS )

2 + b1S +
1

2
m2

SS
2 +

1

3
b3S

3 +
1

4
b4S

4 +
1

2
a1Sϕ

†ϕ +
1

2
a2S

2ϕ†ϕ . (5.1)

The most general scalar potential contains a linear “tadpole” term b1 and cubic interactions a1,b3,

but one of these can be removed by performing a constant shift in the singlet field. We may, for

instance, demand 〈S〉 = 0 at tree level. Thus the theory contains five free parameters beyond those

that can be fixed by SM measurements.

If we write the Higgs doublet as

ϕ =
1√
2

�
G2 + iG1

v + h − iG3

� , (5.2)

where v is the gauge-fixed VEV, the mass eigenstates h1,h2 will in general be mixtures of h and

S . We write these as


�
h1
h2
� = 
�

cosθ − sinθ
sinθ cosθ

� 
�
h

S
� , (5.3)
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where the mixing angle θ is chosen to diagonalize the scalar mass matrix. This parametrization

is useful because θ and the mass eigenvalues Mh1 ,Mh2 are experimentally more accessible than

the Lagrangian parameters in (5.1). In the limit b1,a1,b3 → 0, the theory admits a Z2 symmetry

under S → −S , and the mixing vanishes. The Z2-symmetric model has a number of interesting

applications in cosmology, see e.g. [141, 142].

The model is constrained experimentally by EW precision measurements and direct searches

for weakly-interacting states; detailed discussions appear in [143, 144]. For sinθ ≈ 0, the singlet-

like eigenstate couples to the SM only through the Higgs, and prospects for detection at colliders

are slim [57]. However, if the theory has a first-order EWPT, one may hope to probe the model

indirectly through gravitational waves. 1-loop studies of the EWPT in this model appear in [49–

51, 56, 57, 59, 60, 67–71, 75–77] and references therein. The analyses suggest that a strong first-

order EWPT (v/T > 1) can occur both in the general model (5.1) but also in its Z2-symmetric

version. Ref. [3] extended this calculation to 2-loop order and investigated the magnitude of 2-

loop effects.

5.2 Thermal effective potential

Within perturbation theory, one may study phase transitions in BSM settings by means of the

effective potential, Veff [145]. It is the quantum analogue of the classical scalar potential, and its

minimum gives the true ground state of the theory. In thermal context, the value of Veff at its

minimum coincides with the free energy [99]. For cosmology one is interested in strong transi-

tions, and we may hope that the perturbative method is at least qualitatively correct if the EWPT

is strongly first order, far from the second-order endpoint where the IR behavior is particularly

problematic.

To calculate Veff, we first introduce homogeneous background fields v and x by shifting

ϕ → ϕ +
1√
2

�
0

v
� , S → S + x , (5.4)

and treat these as free parameters that modify the masses and interaction vertices in the La-

grangian.17 We work in Rξ Landau gauge, ξ = 0, so that Faddeev-Popov ghosts are massless and

decouple from the scalars at tree level. Counting the massive states at tree level, there are two

physical scalars h1,h2, three “Goldstones” that, in Landau gauge, are massless in the tree-level

minimum but massive for general values of v,x , and three massive vector bosonsW ±μ ,Zμ as in

the SM. Fermion masses are proportional to v , and to good approximation we only need the top

quark t (which comes in three QCD colors).

The effective potential can obtained by integrating over all non-zeromomentummodes [150].

The leading correction (“1-loop”) comes from quadratic terms in the Lagrangian and can be ex-

pressed in terms of functional determinants of inverse propagators [146]. Explicitly, the effective

17This choice of v is obviously gauge dependent. In fact, the use of a gauge-dependent background field can lead to

residual gauge dependence in the results [146]. But because the all-orders effective potential is gauge-invariant at its

minima, the residual gauge-dependent corrections can be avoided by a consistent perturbative expansion [147, 148].

However, ref. [147] also discusses that because of IR divergences, this approach is not necessarily useful for the EWPT.

Alternatively, a manifestly gauge-invariant effective potential can be constructed using gauge-invariant background

fields [149].
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potential up to 1-loop order reads

Veff (v,x ) = V0 (v,x ) +V1 (v,x ) (5.5)

V0 (v,x ) =
1

2
m2

ϕv
2 +

1

4
λv4 + b1x +

1

2
m2

Sx
2 +

1

3
b3x

3 +
1

4
b4x

4 +
1

4
a1xv

2 +
1

4
a2x

2v2 (5.6)

V1 (v,x ) = 2d Jb (m
2
W ) + d Jb (m

2
Z ) + Jb (m

2
h1
) + Jb (m

2
h2
) + 3Jb (m

2
G ) − 12Jf (mt ) + const, (5.7)

where the masses inV1 are background-field dependent, and up to 1/ϵ parts the integrals are given

by [82]

Jb (m
2) ≡ 1

2

∑∫
P

ln(P2 +m2)

= −π
2T 4

90
+
m2T 2

24
− (m2)3/2T

12π
− m4

2(4π )2
ln

(
μ̄e−γE
4πT

)
+ O
(
m6

π 4T 2

)
(5.8)

Jf (m
2) ≡ 1

2

∑∫
{P}

ln(P2 +m2)

=
7

8

π 2T 4

90
− m2T 2

48
− m4

2(4π )2
ln

(
μ̄e−γE
πT

)
+ O
(
m6

π 4T 2

)
. (5.9)

In the above, d = 3−2ϵ , μ̄ is the MS renormalization scale and γE ≈ 0.577 is the Euler-Mascheroni

constant. The integrals are given in high-T expansion. Accordingly, we assume that all masses are

parametrically light,m � дT . As discussed earlier, this is typically justified near the phase transi-

tion, but can fail deep in the low-T phase if the ground-state values of v,x are large. Expressions

for the field-dependent masses can be found in [3].

5.3 Resumming the potential

The bosonic sum-integral (5.8) contains a term proportional tom3 that is non-analytic inm2 and

arises from the Matsubara zero modes. It is parametrically O (д3). However, at finite T the ex-

pression (5.7) is not the full O (д3) result. This is because the zero modes obtain quadratic mass

corrections of order (дT )2, which is of the same order of magnitude as the tree-level m2. Thus

the tree-level action is not a good starting point for perturbation theory. The solution is to resum

the zero-mode propagators by replacing the tree-level masses with thermally-corrected ones, i.e.

substitute (m2)3/2 → (m2 + ΠT )
3/2 in the zero-mode part, where ΠT denotes the thermal self-

energy correction. This prescription sums the so-called thermal “daisy” diagrams to all orders of

perturbation theory, correcting the Veff at order д3 [151, 152].

The 2-loop correction to Veff is calculated from 1PI vacuum diagrams. These produce field-

dependent terms at O (д4), meaning that the relative improvement from a resummed 1-loop cal-

culation is only of order д. This reflects the IR sensitivity and slow convergence of finite-T per-

turbation theory. Furthermore, at 2-loop order the required resummations get considerably more

complicated. As explained in [134], resummation at any given order of perturbation theory can

be carried out by first integrating out the hard Matsubara modes, then calculating the effective

potential for the remaining zero modes with modified parameters. But this is precisely the 3d
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description of dimensional reduction! Indeed, by working in the 3d approximation, we automat-

ically implement all required resummations in an easily tractable fashion. However, this clearly

works only in the high-T limit and in fact, resummation becomes ambiguous at 2-loop order if

there is no clear scale hierarchy between the zero and non-zero Matsubara modes. A detailed

discussion of this issue appears in [82]. As before, the validity of this high-T assumption can be

tested by examining the higher-order operators generated in the dimensional reduction.

With the above considerations in mind, our approach in [3] was to first dimensionally reduce

the theory, then compute the effective potential in the 3d EFT to two loops. This gives the full

O (д4) result for Veff.18 The full expression is too lengthy to be reproduced here, but can be read

from [3]. An additional benefit of working in the 3d approach is that the renormalization group

equations can be solved exactly in 3d, allowing for an efficient RG improvement of the perturbative

potential [91].

5.4 Results at 2-loop order

Using the 2-loop potential, we look for temperatures where the Veff admits degenerate minima

with respect to the background fields. This defines the critical temperature Tc . Fig. 5.1 shows the

evolution of the global minimum as a function of T , in three benchmark (BM) points (specifics

can be found in the paper [3]). We also show the 1-loop plots for comparison. In the general

xSM with cubic couplings, the singlet VEV is non-vanishing both in the EW “symmetric” and

“broken” phases. This is adequate for strengthening the phase transition in the Higgs direction,

as the background field x can produce a potential barrier already at tree level.

In contrast, a non-vanishing singlet VEV in the Z2 symmetric model signals spontaneous

breakdown of the discrete symmetry. It can happen that the singlet undergoes a symmetry-

breaking transition at a high T , and the actual EWPT occurs only at a lower temperature. This is

the so-called two-step EWPT scenario [46, 62], demonstrated in the (c) panel of fig. 5.1. The result-

ing EWPT is often very strong and therefore promising both for baryogenesis and gravitational-

wave prospects. However, 1-loop parameter scans performed in [70] suggest that two-step transi-

tions occur only in a very limited region of the parameter space. A further restriction on two-step

transitions is that the rate of bubble nucleation in the second stepmay be too slow to overcome the

expansion rate of the universe, and the EWPT never completes. We do not consider the nucleation

rate here.

As the figure suggests, Tc can be quite sensitive to the 2-loop correction. This is alarming,

because Tc sets the scale for other dimensionful quantities of interest and particularly the latent

heat L. In [3], our 2-loop results for the dimensionless ratio L/T 4 consistently deviated from the

1-loop prediction by at least 20% and in some cases by as much as 100%. L/T 4 is the relevant

measure of transition strength for gravitational-wave studies [36]. Panel (b) of fig. 5.1 further

shows that a transition that looks strong at 1-loop can vanish almost completely at 2-loop order.

18The full xSM involves dimensionful cubic couplings a1,b3 and it is not obvious what power-counting scheme one

should adopt for these. If the scalar masses arem ∼ дT , then naive perturbativity requires a1,b3 ∼ д2T , which is what

we used in [3]. Different counting was adopted in [102], which also considered dimensional reduction of the xSM.
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Figure 5.1: Evolution of the global minimum ofVeff (v,x ) in chosen benchmark points. Panels (a)

and (b) show direct EW symmetric→ broken EWPT while (c) features also spontaneous break-

down of the singlet Z2 symmetry at a high temperature. The dashed lines correspond to 1-loop

predictions.

For baryogenesis, the primary quantity of interest is the discontinuity Δv/T of Higgs VEV

across the transition.19 Fig. 5.2 shows projections of the potential in thev direction and evaluated

atTc . In panels (a) and (c) the EWPT remains strong enough for baryogenesis at 2-loop order. Also

shown is the (in)sensitivity of the 2-loop potential to variations in the RG scale, corresponding to

uncanceled higher-order logarithms. The scale dependence is found to be extremely mild, except

for in the Z2 symmetric model where there is no potential barrier at tree level. Ref. [3] also

studied the leading dimension five and six operators that were neglected from the 3d EFT, with

the conclusion that the accuracy of dimensional reduction should be comparable to the SM case,

19As already discussed, v/T is, strictly speaking, not a very meaningful quantity to measure since v is gauge depen-

dent, and the non-perturbative condition for baryogenesis is much more complicated than Δv/T > 1 (see footnote in

section 4.2). We may instead look at the gauge-invariant condensate 〈ϕ†ϕ〉/T 2 and use its jump across the transition as

a rough estimator of transition strength. This is both gauge- and RG-invariant [92], and is close to the Landau gauge

value of (Δv/T )2 [3, 82].
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Figure 5.2: Shape of the effective potential at Tc , plotted along the Higgs direction. Residual

dependence on the RG scale μ̄3 is depicted by dashed and dotted lines and is non-negligible only

in panel (b), where there is no potential barrier at tree level. Near the local maximum, the potential

develops an imaginary part due to tachyonic scalar modes [153]. The perturbative expansion is

ill-behaved at isolated points where these modes are massless, resulting in the kinks visible in

panels (a) and (c).

despite the presence of relatively heavy excitations in the Higgs phase.

It should be pointed out that both the latent heat and field discontinuities should be evaluated

at a supercooled temperature close to where the phase transition completes, instead of at Tc , for

cosmologically relevant predictions. However, the discrepancy between 1- and 2-loop results in

fig. 5.1 shows no significant improvement at lower temperatures, so it seems likely that the relative

magnitude of 2-loop corrections remains roughly the same there.

5.5 Accuracy of the perturbative approach

As discussed, at finite T the system is inherently non-perturbative in the deep IR, meaning that

all gauge fields are strongly coupled in the symmetric phase where v = 0. This is a problem,
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because knowing the free energy both in the symmetric and broken regime is a pre-requisite for

reliably predicting Tc and other thermodynamical parameters. By parametric counting one sees

that the incalculability due to massless gauge bosons is of order д6 and thus does not affect 2-loop

results. However, there is no a priori reason to trust a low-order calculation if the higher-orders

are non-perturbative. How accurately can we trust the 2-loop predictions?

After the EWPT, all SU(2) gauge fields have masses of order дv . Since the scale of non-

perturbative physics is д2T , one may expect the broken phase to be in perturbative control in the

regime where v � T , i.e. for strong transitions. This, however, applies only to gauge interactions,

for which the high-T expansion parameter is д2T /mW .20 In BSM settings such as the xSM, the

EWPT is produced by scalar loops, and the relevant expansion parameter is instead λBSMT /mscalar,

where λBSM denotes a generic quartic coupling among the scalars. As discussed, the EWPT is

typically associated with relatively large couplings, so there is no guarantee that ratios like this

are small in the vicinity of Tc where the Higgs is parametrically light. Thus we may anticipate

significant corrections at higher loop orders, and perhaps even at the non-perturbative level.

Some intuition can be drawn from non-perturbative studies in other models, particularly

the SM and the Minimally Supersymmetric Standard Model (MSSM). Comparison with lattice

simulations shows that deep in the symmetric or broken phases, perturbation theory is in good

agreement with the non-perturbative results for quantities specific to the Higgs field, but blows

up near the crossover temperature [88]. In the MSSM, the EWPT can be first order and has been

studied on the lattice in [81, 154, 155]. The non-perturbative latent heat was found to differ from

the 2-loop expectation by 50% in ref. [81]. We recently reported on non-perturbative results in

SU(2) doublet [1] and triplet [2] extended models, where 2-loop estimates were found to agree

qualitatively, but differ substantially in the quantitative values. It therefore seems likely that non-

perturbative studies are required to capture the thermodynamics of the EWPT also in the xSM,

and more generally in BSM theories.

It is important to emphasize that the above comparisons with lattice results were performed

using 2-loop (or 3-loop as in [88]) effective potentials. On the contrary, almost all EWPT studies

in BSM settings are based on 1-loop calculations [46–79], and as our analysis in the xSM demon-

strates, the 2-loop correction can have a very substantial effect (see also [1, 82]). For instance,

there is virtually no reason to trust gravitational-wave predictions based on 1-loop calculations

if the central quantity L/T 4 changes by O (100%) once 2-loop corrections are incorporated. These

considerations strongly motivate improved analyses in the xSM at 2-loop, and eventually at the

non-perturbative level.

20In the minimal SM, dominant contributions toVeff arise from gauge loops because the Higgs self-coupling is small

[134].
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Chapter 6

Lattice Monte Carlo simulations of

the electroweak phase transition

Non-perturbative lattice simulations are the state-of-art approach to EW thermodynamics. Ul-

timately, the validity of perturbative results in a high-T setting can only be addressed in a non-

perturbative framework, and in this chapter we describe how the EWPT can be tackled using

numerical simulations in lattice QFT. As the volume will be finite in simulations, we must spec-

ify how the fields behave at the boundaries. We will adopt periodic boundary conditions in the

following, which are convenient for preserving translational invariance.

On a discrete and finite-volume lattice, all QFT expectation are nothing more than ordinary

Riemann integrals over field configurations and in principle, can be evaluated using numerical

integration techniques. The dimensionality of these integrals is huge, number of lattice sites times

the number of field degrees of freedom. This fact renders many “standard” integrators, such as the

trapezoidal rule, practically useless for the task. Instead, the go-to method is that of Monte Carlo

integration, where the integral is approximated by sampling randomly-generated values for the

integrand based on some probability distribution.

In our case the integrals are of the form

〈O〉 =
∫
[dϕ] Oe−S (ϕ )∫
[dϕ] e−S (ϕ )

= Z−1
∫

[dϕ] Oe−S (ϕ ) (6.1)

and are strongly peaked according to the “canonical” distribution p (ϕ) ∼ e−S[ϕ], so the expecta-

tion values obtain dominant contributions from field configurations where the action S evaluates

to a value close to its global minimum. Configurations for which the action is large provide only

exponentially small corrections. Thus the numerical estimation of expectation values (6.1) using

Monte Carlo necessitates importance sampling of field configurations: we must evaluate the inte-

grand near its peak more frequently than elsewhere in the domain of integration. The purpose of

a Monte Carlo simulation is generate field configurations according to a desired distribution.

6.1 Markov chains

A typical Monte Carlo simulation proceeds as follows. Starting from an initial field configura-

tion ϕ1, we modify the field variables according to some stochastic process P to obtain a new
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configuration of fields, ϕ2. Repeated applications of P produce a chain of configurations,

ϕ1
P�→ ϕ2

P�→ ϕ3
P�→ ϕ4

P�→ · · · . (6.2)

A simple choice for the process P is one where the transition probability P (ϕi �→ ϕi+1) depends

only on the present configuration ϕi , and not on earlier elements in the chain. With this prop-

erty, the chain (6.2) is called a Markov chain and P its associated Markov process. In computer

simulations, the mapping ϕi �→ ϕi+1 is often referred to as an update step. Updating fields on all

lattice sites is called an update sweep.

Suppose our transition probabilities are so that the probability distribution of ϕi is p (ϕ) =

Z−1e−S (ϕ ) , i.e. the configurations come from the canonical ensemble. If we measure a quantity

Oi = O[ϕi ] from each configuration, the ensemble average (6.1) can be estimated by

ŌN =
1

N

N∑
i=1

Oi . (6.3)

We will refer to the set of measurements Oi as a sample and ŌN is the sample mean, which co-

incides with the ensemble average 〈O〉 for N → ∞. The sample mean can be thought of as a

random variable fluctuating around 〈O〉. From the central limit theorem it follows that for large

N , the distribution of ŌN tends to a Gaussian if all measurements are statistically independent,

with variance σ 2
N = s

2/N . The coefficient s2 is simply the variance of the measurementsOi (sam-

ple variance). In reality the measurements are often correlated and the error estimate is more

involved. This is discussed in Section 6.2 below.

How should the probabilities P (ϕi �→ ϕi+1) be chosen in order to achieve the equilibrium

distribution peq (ϕ) ∝ e−S? It is important to realize that the probability distribution need not

remain unchanged at different stages of theMarkov chain. In fact, applyingP to all configurations

in the ensemble shows that the distribution changes as

pi (ϕi ) �→ pi+1 (ϕi+1) ≡
∫

dϕ pi (ϕ)P (ϕ �→ ϕi+1), (6.4)

and we denote pi (ϕi )
P�→ pi+1 (ϕi+1). We will make two intuitive assumptions about the Markov

process P:

1. The equilibrium distribution is a fixed point of P, peq (ϕi ) P�→ peq (ϕi+1).

2. The process P is ergodic: Any field configuration is accessible from an arbitrary initial

configuration by a repeated application of P.
Ergodicity guarantees that the fixed point is unique. Remarkably, the fixed point is also a limiting

distribution of the Markov chain. In other words, starting from any initial configuration ϕi and

repeatedly applying P will get us arbitrarily close to the equilibrium distribution. A proof of these

properties can be found in [156].
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6.2 Autocorrelation and statistical errors

The reliability of Monte Carlo integration hinges on our ability to obtain statistically independent

measurements of a given quantity. But subsequent configurations generated by a Markov process

are not necessarily uncorrelated, as often the new configuration is just a small modification of the

old one. Thus it is crucial to estimate the statistical errors associated with our Monte Carlo results.

A proper mathematical treatment of the uncertainty associated with correlated measurements

requires careful time series analysis (time series in this case being the measurementsOi associated

with a Markov chain). Here we give just a practical overview of the main results.

The correlation of measurements Oi is described by the autocorrelation function,

CO (t ) = 〈OiOi+t 〉 − 〈Oi 〉〈Oi+t 〉 = 〈OiOi+t 〉 − 〈O〉2
=
〈(
Oi − 〈O〉

) (
Oi+t − 〈O〉

)〉
, (6.5)

where 〈·〉 refers to the expectation value of infinitely many measurements. In the language of

statistics, autocorrelation is the covariance of random variables Oi and Oi+t . We also define the

normalized autocorrelation function ρO (t ) = CO (t )/CO (0), which decays exponentially for typi-

cal observables [157],

ρO (t ) ∼ e−|t |/τ for large t . (6.6)

The decay of autocorrelation is characterized by the exponential autocorrelation time τexp (“time”

here refers to the simulation time labeling configurations ormeasurements). In principle, different

observables can exhibit different autocorrelations, andτexp is usually defined as the relaxation time

of the slowest mode in the system, formally

τexp = sup
O

lim
t→∞

t

− ln |ρO (t ) | . (6.7)

The exponential autocorrelation time is a measure of when field configurations generated by the

Markov process become thoroughly uncorrelated. In fact, τexp is also the characteristic time scale

needed to reach the equilibrium distribution from a given non-equilibrium configuration [158].

We can write the variance σ 2
N of the sample mean in terms of the autocorrelation function:

σ 2
N =
〈
(ŌN − 〈O〉)2

〉
=

〈
1

N 2

N∑
i, j=1

(Oi − 〈O〉)
(
O j − 〈O〉

) 〉

=
1

N 2

N∑
i, j=1

CO (i − j ) = 1

N

N−1∑
t=−(N−1)

(
1 − |t |

N

)
CO (t ) (6.8)

where the last equality is a summation identity. For large N � τexp, the variance behaves as

σ 2
N

N→∞−−−−−→ CO (0)
2τint,O
N
, (6.9)

where the integrated autocorrelation time associated with O is defined as

τint,O =
1

2

∞∑
t=−∞

ρO (t )

(
1 − |t |

N

)
. (6.10)
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The subleading term |t |/N is often dropped in the literature, and the conventional factor 1/2

ensures that τint,O ≈ τexp if the normalized autocorrelation function is purely exponential [157].

Because CO (0) is simply the variance of Oi , we see that the true variance of ŌN in the presence

of autocorrelations is 2τint,O times larger than if the measurements were uncorrelated. In other

words, there are effectively N /(2τint,O) independent measurements of O . The error of a Monte

Carlo average is typically given as a one-σ error.

In real applications, our sample Oi is finite (size N ) and the autocorrelation needs to be es-

timated accordingly. There are N − |t | measurements of OiOi+t , so a natural estimator of (6.5)

is

C̄O (t ) ≈ 1

N − |t |
N−|t |∑
i=1

OiOi+t − ŌiŌi+t (6.11)

where we defined

Ōi =
1

N − |t |
N−|t |∑
i=1

Oi , Ōi+t =
1

N − |t |
N−|t |∑
i=1

Oi+t . (6.12)

To calculate the integrated autocorrelation time from a finite sample, we first note that the “nat-

ural” estimate of (6.10),

τ (naive)int,O =
1

2

N−1∑
t=−(N−1)

C̄O (t )

C̄O (0)

N − |t |
N

(6.13)

is extremely noisy for |t | � τexp because the signal falls off exponentially. A better estimator is

obtained by truncating the sum to values |t | < M , e.g.

τ̄int,O =
1

2

∑
|t |<M

C̄O (t )

C̄O (0)

N − |t |
N

=
1

2
+

M∑
t=1

C̄O (t )

C̄O (0)

N − t
N
, (6.14)

and M is chosen to retain most of the signal while discarding the noise. We assumed invariance

under time translations in the above, which obviously holds in equilibrium.

Assuming τexp 	 M 	 N , this estimator has variance

σ 2
τ̄int,O
≈ 2(2M + 1)

N
τ 2int,O , (6.15)

and the cutoff M introduces a bias of order 1/N [159]. Thus a good choice of M is one that

provides reasonable balance between bias and variance. In practice, we use a “self-consistent”

value of M = 6τ̄int,O . Ideally, if ρ (t ) were a pure exponential this would lead to an error of order

e−6 ≈ 10−3. This procedure is known to work well at least for large data sets (N � 1000τint,O )

[157].

In addition to ensemble averages 〈O〉, we will often want to calculate functions of the type

f (〈O〉). The Monte Carlo estimate is naturally f (ŌN ), but the above analysis is not suitable for

calculating the error δ f for non-linear functions. A convenient way to compute the statistical

uncertainty of f (ŌN ) is through standard jackknife analysis; we refer to [160] for details. In this

thesis and associated publications, statistical errors of “primary” quantities like ŌN are estimated

based on the integrated autocorrelation times (6.14), while for “secondary” quantities (functions

like f (ŌN )) we apply the jackknife method. In fact, the jackknife and related resampling tech-

niques could be used to estimate τint as well, see e.g. [161].
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6.3 Implementing field update algorithms

It remains to construct an explicit field update algorithm that is ergodic and has peq as its fixed

point. The distribution of field configurations produced by any such algorithm will tend to the

canonical one irrespectively of how the starting configuration was chosen; we say that the sys-

tem thermalizes to equilibrium on a time scale of order τexp. The magnitude of autocorrelations

naturally depends on details of the chosen algorithm.

Often one considers updates that are reversible at the microscopic level,

P (ϕ �→ ϕ ′)peq (ϕ) = P (ϕ ′ �→ ϕ)peq (ϕ
′), (6.16)

as it is easy to show that peq is a fixed point of such an update. The condition (6.16) is called

detailed balance. One of the most common updates is the Metropolis algorithm [162], defined (up

to a normalization) by

P (ϕ �→ ϕ ′) =
⎧⎪⎪⎨⎪⎪⎩
e−δS if δS > 0

1 otherwise,
(6.17)

where δS = S (ϕ ′)−S (ϕ) is the change in the action. This update is obviously ergodic and satisfies

detailed balance, so its limiting distribution is the canonical one. The Metropolis update depends

only on the difference δS , which is readily calculable in a typical simulation program. Hence, the

Metropolis algorithm can be applied to almost any system.

For many systems (those describable in terms of local Lagrangians), the Metropolis update

can be implemented as a local operation: The change δS due to a field update at point x can be

calculated using only fields at point x and its nearest neighbors, and the fields can be updated in

a site-by-site fashion. A simple implementation of the local Metropolis update is the following

(for concreteness, take ϕ to be a real scalar):

1. Choose a lattice site x and evaluate Sx (ϕ), the contribution to the action due to ϕ at site x .

2. Pull a (pseudo-)random number X from a uniform distribution, X ∈ [0, 1]. Choose new

ϕ ′x = ϕx +C (X − 0.5), where C is a tunable constant.

3. Evaluate the local change in the action, δSx = Sx (ϕ
′) − Sx (ϕ), and accept the update with

probability min(e−δSx , 1). If rejected, keep the old value ϕx .

A Metropolis update sweep consists of steps 1. through 3. applied once to all sites on the lattice.

Because local field updates at neighboring sites are generally not independent, one needs to

make sure that the ordering of updates is consistent with ergodicity and detailed balance. All

simulations in this thesis use a “checkerboard” ordering, where we associate a parity label to each

lattice site. A site has even (odd) parity if the sum of its coordinates (x1,x2, . . . ) is even (odd), and

the update sweep is carried out by first performing local updates on all even sites, followed by

local updates on odd sites. Since there are only nearest-neighbor interactions, the checkerboard

ordering guarantees that the odd sites are updated independently of even sites.

It is also possible to perform the update globally, i.e. simultaneously on all sites, but local

algorithms are usually more efficient. This is because global updates to fields are more likely to
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move the system out of equilibrium and are thus prone to high rejection rates, unless the fields

are changed only slightly, which in turn requires many update sweeps to produce statistically

independent configurations. The acceptance rate of the Metropolis update can be adjusted by

tuning the constant C , and a rate of ∼ 50% is typically suitable.

A plethora of more model dependent update algorithms exist in the literature. Many of

these are optimized to reduce autocorrelations more effectively than the Metropolis update, while

still exhibiting high acceptance rates. We mention in particular the SU(2) heatbath algorithm of

ref. [163] and the Higgs overrelaxation update described in [85, 154]. Both of these can be applied

locally and generalize easily to the BSM context. The update sweep used in simulations described

in this thesis consists of a heatbath update of the gauge links, followed by five overrelaxation and

one Metropolis update of the scalars. The Metropolis step is needed because the overrelaxation

update by itself is not ergodic.

6.4 First-order transitions in simulations

Once our simulation has accumulated many measurements of some quantityOi , it is often inter-

esting to look not only at the sample mean Ō , but also the distribution of the measurements (i.e.

the histogram). It corresponds to the actual probability distribution of the quantity, provided that

the simulation is able to probe the whole ensemble of configurations without e.g. getting stuck in

one region of the configuration space due to a strong energy barrier. Such barriers actually com-

plicate simulations of first-order phase transitions, and an algorithm designed for overcoming

these difficulties is described in section 6.5 below.

0.5 0.6 0.7
a(φ†φ)V

10−6

10−4

10−2

p
( (φ

† φ
) V
)

A B

C

24x24x112

32x32x132

38x38x156

Figure 6.1: Sample histograms at different volumes for the volume average of ϕ†ϕ (in natural

lattice units). Regions A and B correspond to pure-phase field configurations and C to mixed-

phase configurations, as described in the text. Data is from the simulations discussed in section

7.2.
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In first-order transitions we are particularly interested in order-parameter like quantities that

are discontinuous21 across the phase boundary, for instance the gauge-invariant expectation value

〈ϕ†ϕ〉. Let us define the volume average of a local quantityO as the mean across all Ns lattice sites,

(O )V ≡ 1

Ns

∑
x

O (x ). (6.18)

Near the critical temperature, the distributions of such quantities have a characteristic two-peak

structure.22 A sample distribution of (ϕ†ϕ)V at different volumes is shown in fig. 6.1. We follow

[140] in discussing its properties.

Configurations where the quantity ϕ†ϕ evaluates to a value within the peak A or B are those

where the entire lattice is “in one phase”, in the sense that the coarse-grained quantity ϕ†ϕ is

spatially homogeneous. The peaks A and B are the “pure” or “bulk” phases. More specifically,

the composite operator ϕ†ϕ is UV divergent and fluctuates from point to point, but the coarse-

grained operator obtained by averaging over distances longer than the bulk correlation length is

approximately homogeneous. In the SM case, the peakA at smaller values of (ϕ†ϕ)V corresponds

to the EW-symmetric phase and peak B is the broken Higgs phase. At the critical temperature

Tc , it is equally probable the find the system in either of the phases. In contrast, configurations

for which the volume average (ϕ†ϕ)V lies in between the peaks are exponentially rare: region C

in the figure. This is essentially the statement that the phases A and B are separated by a first-

order transition. Thus to find Tc , we look for a temperature where the integrated areas of A and

B are equal.23 Note that because configurations in region C are suppressed, it is exponentially

unimportant how the separation point between A and B is chosen.

Crucially, the exponential suppression of configurations in region C increases with growing

lattice volume, as shown in the figure. Naively, this is because the free-energy cost of configu-

rations, in which (the coarse-grained) ϕ†ϕ is homogeneous and far from the equilibrium value,

scales extensively with the volume. But it costs less free energy to form inhomogeneous configu-

rations where part of the volume is in phase A and the other part in phase B, so that (ϕ†ϕ)V takes

a value in region C. For these “mixed” configurations the disfavored values of ϕ†ϕ appear only

in the interface separating the phases, so the free-energy cost scales instead with the interface

area. Thus the majority of configurations in region C are actually inhomogeneous mixed-phase

configurations.

6.5 Multicanonical algorithm for first-order transitions

The exponential suppression of mixed-phase configurations means that common simulation al-

gorithms sampling configurations in the canonical ensemble will very rarely end up in region C

of the probability distribution in fig. 6.1. In practice, on large lattices the simulation will thermal-

ize to either phase A or B and remain stuck there for a very long time, as an exponentially rare

21Strictly speaking, there are no phase transitions in a finite system, and the order parameters are only “almost”

discontinuous as is evident from fig. 6.1. There is no ambiguity in stating that a true phase transition exists if the

almost discontinuous behavior persists, and grows stronger, as the volume is increased indefinitely.
22At a triple point there would be three peaks, and so on.
23This is the “equal weight” criterion for Tc . Different criteria were considered in ref. [85], all of which agree on

large lattices within small statistical errors.
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fluctuation is needed to start the “tunneling” process. However, to determine the critical temper-

ature we must compare the statistical weights of both phases, and it is crucial that the simulation

can probe the entire range of order parameter values. Clearly, sampling algorithms based on the

canonical ensemble are inadequate for simulating first-order transitions.

The standard solution to the problem is to apply multicanonical simulations [164, 165]. Sup-

pose O is an order-parameter like observable that can distinguish between the different phases.

The multicanonical method modifies the ensemble by a suitable weight functionW (O ), so that

the probability of mixed-phase configurations is enhanced. The distributions change as

pcan (O ) ∝ e−S → pmulti (O ) ∝ e−S−W (O ) ∝ pcane−W (O ) . (6.19)

Ideally, one would chooseW so that the distribution is flat everywhere in the range of interest, as

then the simulation would freely probe the entire configuration space in a random-walk fashion.

But this ideal choice corresponds toW (O ) = lnpcan (O ), which is the unknown quantity we want

to obtain! Thus we must approximateW by a function that is close to the canonical distribution

and allows for efficient tunneling between the bulk phases.

Recursive algorithms for approximating pcan have been introduced for instance in [85, 154,

164, 166]. For the simulations in this thesis we use a minor modification of the method of [166].

The field update algorithm must also be modified to sample configurations according to pmulti

instead of the canonical distribution. However, the weight is typically a function of some global

quantity (for example the volume average (ϕ†ϕ)V ), and calculatingW multiple times in an update

sweep can be costly. The multicanonical simulation can be optimized by performing the local

updates using standard canonical algorithms, then accounting for the weight function by a global

Metropolis acceptance step.

Measurements from a multicanonical simulation are distributed according to pmulti, but ul-

timately we are interested in distributions with respect to the more physical canonical ensem-

ble. Once the weight function has been fixed, we may simply invert (6.19) to get pcan (O ) ∝
pmulti (O )eW (O ) . This is an example of the more general reweighting technique described in [167].

We may apply reweighting also to individual measurements Oi produced by the multicanonical

simulation. The canonical Monte Carlo expectation value is then obtained as [85]

Ōcan
N =

∑N
i=1Oie

W (Oi )∑N
i=1 e

W (Oi )
. (6.20)

Apart from small-volume runs, all simulation results for first-order transitions presented in this

thesis utilize the multicanonical method.

6.6 Thermodynamical parameters from the simulations

A number of thermodynamical observables can be extracted from the two-peak histogram. We

already described the criterion for Tc , and let us next discuss the latent heat L. By definition, it is

the energy density difference between the low- and high-T phases:

L =
1

V
Z−1Δ

(
TrHe−H /T

)
=
T 2

V
Δ

(
d

dT
lnZ

)
= Δf −T dΔf

dT
, (6.21)
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where f is the free-energy density, f = F/V . However, from the 3d point of view there is no

explicit temperature in the simulations; the theory is purely spatial andT appears only in defini-

tions of the parameters. Instead of f , the appropriate quantity is thus the vacuum energy density

of the 3d EFT,

ϵ3 = − 1
V

lnZ , (6.22)

which is related to the free-energy density as f = Tϵ3, plus a “cosmological constant” (as in

Eq. (2.14)) that is irrelevant for phase transitions.

The vacuum energy is a function of the parameters appearing in the action, e.g. ϵ3 = ϵ3 (m
2
3,д

2
3,

λ3,a) for a lattice-regulated version of the EFT in eq. (4.14) (ignoring the U(1)Y coupling for

brevity). Its derivatives generate correlation functions of local operators, or condensates, that

constitute the action [92]:

∂ϵ3

∂m̄2
3

= 〈ϕ†ϕ〉, ∂ϵ3

∂λ̄3
= 〈(ϕ†ϕ)2〉, (6.23)

and so on. Using ϵ3, the latent heat can be expressed in a convenient form:

L

T 4
=

1

T 2

d (Δϵ3)

dT
=

1

T 2

(
dm̄3

2

dT
Δ〈ϕ†ϕ〉 + dλ̄3

dT
Δ〈(ϕ†ϕ)2〉 + · · ·

)
, (6.24)

where the ellipsis refer to other operators in the action. Generalization to BSM theories is straight-

forward. Thus to determine L, we must measure jumps of various local expectation values across

the transition, and these are readily obtained from the histograms. The condensates by themselves

are unphysical as their values depend on the renormalization point, but because the renormaliza-

tion is additive the jumps in eq. (6.24) are RG invariant [92]. The quantity Δϕ†ϕ is also relevant

for estimating the suppression of sphaleron transitions in the broken phase [139].

Another quantity for characterizing the transition strength is the interface tension σ of the

phase boundary. It has practical use in estimating the bubble nucleation rate in the “thin-wall”

approximation [168]. The interface carries free energy Finterface = σA, if A is the interface area,

and we may utilize the inhomogeneous configurations in region C of the histogram to measure

the tension σ . At large volumes, the suppression mixed-phase configurations is almost solely due

to the interface tension and is proportional to exp(−σA/T ).
From the histogram we can measure the probability of finding the system in a mixed config-

uration relative to the probability of a bulk configuration in phase A (or B, since PA = PB at Tc ).

Thus, the interface tension is given by [169]

σ

T
= − 1

2A
ln

PC
PA
, (6.25)

up to corrections that vanish atV → ∞. The factor of 2 appears because on a periodic lattice, there

are actually two interfaces. A practical way of measuring this is to make the lattice long in, say,

the z-direction, so that Lx = Ly 	 Lz , in which case the free energy due to a phase boundary is

minimized if the interface forms perpendicular to the z-axis. For very long lattices, the histogram

becomes flat in the region between bulk phases [140]. The formula (6.25) can be optimized by

finite-size analysis as described in [170].

45



CHAPTER 6. LATTICE MONTE CARLO SIMULATIONS OF THE ELECTROWEAK

PHASE TRANSITION

46



Chapter 7

Non-perturbative results in selected

models

This chapter summarizes the key findings in associated publications [1] and [2], where we per-

formed lattice studies of strong EWPT in two different models. The basic pipeline in both publi-

cations consists of high-T dimensional reduction of the BSM model onto an effective 3d theory,

which is then simulated on the lattice. Simulations are used to obtain a realistic picture of the

EWPT in these models and to benchmark the performance of perturbation theory. The results

back up the discussion of section 5.5 that higher-order effects are indeed significant in typical

BSM scenarios.

7.1 Dimensionally-reduced theories on the lattice

High-T perturbation theory is unreliable at distances 	 1/T due to long-wavelength bosons.

Conversely, at energy scales ∼ πT there is no obstacle to applying perturbative methods, and we

may always dimensionally reduce a given BSM model in the high-T limit if the underlyingT = 0

theory is weakly coupled. Thus the study of BSM thermodynamics separates into two indepen-

dent steps: perturbative dimensional reduction of the finite-T theory, and non-perturbative lattice

simulations carried out in the 3d EFT.

But why not simply simulate the full 4d theory directly? There are several reasons why the

3d approach is both more efficient and often also more accurate [92]:

• Any realistic extension of the EW theory necessarily contains chirally-coupled fermions,

for which no satisfactory lattice formulation exists as of date [118]. The top quark in partic-

ular has a significant “renormalizing” effect on the long-distance coefficients in the Higgs

potential (c.f. equation (4.8)), and neglecting it does not seem a viable option for precision

studies of the EWPT.

• Dimensional reduction removes excitations at the hard scale πT from the spectrum, mak-

ing it possible to use coarser lattices than in 4d simulations without cutting out impor-

tant physics at scales � πT . Thus it is easier to simultaneously fit both short- and long-

wavelength modes on the lattice by first integrating out the hard scale.
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• It is substantially easier tomake connectionwith continuum physics in 3d than in 4d. This is

because often the dimensionally-reduced theory can be truncated to super-renormalizable

operators, making it possible to obtain exact lattice-continuum relations with analytical

methods [171, 172]. This point is discussed in more detail below.

There is also the obvious numerical cost associated with one extra dimension in 4d simulations.

For these reasons, state-of-art simulations of the EWPT mostly utilize the 3d approach. Direct

finite-T simulations in 4d exist for the SU(2) + Higgs system [8, 173, 174] and for a supersym-

metric extension [175], but generally feature larger statistical and systematical errors than the

3d counterparts [85, 154, 155]. Nevertheless, the fact that (bosonic) 4d and 3d simulations agree

within statistical errors strongly suggests that the perturbative dimensional reduction for hard

Matsubara modes is a perfectly valid procedure.

In section 3.3 we described how to formulate gauge theories on the lattice. Following the dis-

cussion there, wemay immediatelywrite down a lattice action corresponding to the dimensionally-

reduced SM:

Slat = βG
∑
x,i<j

[
1 − 1

2
Re Tr Pi j (x )

]
+ 2a
∑
x,i

[
ϕ†ϕ − Reϕ† (x )Ui (x )ϕ (x + i )

]
+ a3
∑
x

[
m̄2

Lϕ
†ϕ + λ̄3 (ϕ†ϕ)2

]
(7.1)

where βG = 4/(д̄23a) and Pi j is the SU(2)Wilson plaquette from (3.15). Apart from the hypercharge

U(1)Y content, this action reduces to eq. (4.14) in the continuum limit. Non-perturbative effects

related to the hypercharge field are known to be small, affecting the transition strength by less

than 10% [86]. Thus, to good approximation we may drop it from the lattice action to simplify the

simulations. In practice, the lattice spacing is fixed by specifying the dimensionless βG and the

3d gauge coupling д̄23, which follows from dimensional reduction.

All parameters appearing in the lattice action (7.1) are the unrenormalized (bare) ones. How-

ever, this theory is super-renormalizable and in particular the couplings λ̄3, д̄
2
3 suffer no logarith-

mic divergences; up to O (a) corrections they are equal to the couplings of the continuum theory.

But the same is not true for the mass parameter m̄2
L , which is formally infinite if the UV cut-

off is removed. But as physical predictions must not depend on the cutoff a, we must specify a

renormalization condition that fixes m̄2
L at a given lattice spacing while preserving the physics at

distances � a. In principle we could proceed by calculating (non-perturbatively) some physical

quantity, e.g. the mass of a Higgs excitation, at different spacings, and adjust m̄2
L so that the result

remains the same.

Fortunately, there is a better way of fixing the lattice mass parameter. From dimensional re-

duction we obtain the corresponding continuum parameter m̄2
3 in some renormalization scheme,

usually MS. The problem is then to find a counterterm on the lattice side such that the theories

have the same IR behavior, and m̄2
L = m̄

2
3 + δm̄

2
L . Because of super-renormalizability, mass diver-

gences appear only up to a finite order of perturbation theory. By simple dimensional analysis,

the mass has a linear divergence at 1-loop and logarithmic divergence at 2-loop, and at higher

orders the corrections are O (a). Thus we may fix the counterterm exactly, up to terms that vanish
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in the continuum limit, by computing a physical quantity at 2-loop level.24 This has been done in

[171, 172] for a variety of 3d theories using the effective potential, whose minimum determines

the physical equation of state. Thus the lattice results can very effectively be related to continuum

physics within the 3d framework.25 This can be contrasted to the situation in the renormalizable

4d theory, where a separate renormalization condition is required for each parameter in the ac-

tion, and no analytical all-orders relations exist between the lattice and continuum parameters.

7.2 Electroweak phase transition with two Higgs doublets

In paper [1], we investigated the EWPT in the two-Higgs-doublet model (2HDM), which is a

minimalistic extension of the SM containing two SU(2) scalar doublets with hypercharge 1
2 . The

Higgs potential of this theory reads

V (ϕ1,ϕ2) = μ211ϕ
†
1ϕ1 + μ

2
22ϕ
†
2ϕ2 + μ

2
12

[
ϕ†1ϕ2 + h.c .

]
+ λ1 (ϕ

†
1ϕ1)

2 + λ2 (ϕ
†
2ϕ2)

2

+ λ3 (ϕ
†
1ϕ1) (ϕ

†
2ϕ2) + λ4 (ϕ

†
1ϕ2) (ϕ

†
2ϕ1) +

λ5
2

[
(ϕ†1ϕ2)

2 + h.c .
]

(7.2)

where we restricted λ5 and μ212 to be real, and have dropped the so-called hard Z2-violating oper-

ators (ϕ†1ϕ1) (ϕ
†
1ϕ2) and (ϕ†2ϕ2) (ϕ

†
1ϕ2). We further assume a Type-I alignment of Yukawa interac-

tions, in which only the doublet ϕ2 couples to the fermions. This avoids flavor-changing neutral

currents at tree level [179], which are severely constrained by experiment. Thus we identify ϕ2 as

the more SM-like doublet in the following. The parameters in (7.2) are fixed by giving as inputs

the pole masses of the BSM scalars and two mixing angles, c.f. [1] for details. A comprehensive

review of two-Higgs-doublet models appears in [180].

Prospects for strong EWPT in the 2HDM have been investigated at 1-loop level in [47, 48,

52, 55, 58, 61, 64–66, 72, 73, 78, 79] and at 2-loop in [82]. Two-Higgs-doublet potentials appear

also in supersymmetric extensions of the SM and the associated phase transition has been studied

non-perturbatively in [155, 175]. However, the results of supersymmetric models are not directly

applicable to the more minimal model in (7.2) as the explored range of parameters is very differ-

ent. For instance, supersymmetry restricts all of the couplings λi to be small, while very strong

transitions can appear in the model defined by (7.2) if the couplings are allowed to take O (1)
values [52, 55, 58, 61, 64, 65, 72, 78, 79, 82]. Given that such large couplings may invalidate pertur-

bative methods even without IR issues at finite temperature [181], it is important to investigate

the strong-EWPT scenario in the 2HDM also at the non-perturbative level.

Dimensional reduction for the 2HDMwas worked out to full order д4, λ2i accuracy in [95]. In

24There is no issue in solving the counterterm using perturbation theory because strong-coupling effects appear

only in the IR.
25It is also possible, but highly non-trivial, to derive improved relations so that the error becomes O (a2), see [176–

178].
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Figure 7.1: Left: Non-perturbative scalar condensates in 3d, converted to MS scheme using rela-

tions given in [172] (the condensates can become negative because of the additive renormaliza-

tion). The discontinuity around T ≈ 115 GeV signals a first-order phase transition. Data are from

a 483 lattice with βG = 4/(д̄2a) = 16, and statistical errors are too small to be visible at this scale.

Right: Continuum extrapolation of the critical temperature. Results forTc from different volumes

fall almost on top of each other.

lattice formulation, the 3d EFT reads

S (3d)2HDM = SW − 2a
∑
x,i

Re
[
ϕ†1 (x )Ui (x )ϕ1 (x + i ) + ϕ

†
2 (x )Ui (x )ϕ2 (x + i )

]
+
∑
x

a3
[ (

6

a2
+ m̄2

11

)
ϕ†1ϕ1 +

(
6

a2
+ m̄2

22

)
ϕ†2ϕ2 + m̄

2
12

(
ϕ†1ϕ2 + ϕ

†
2ϕ1

)

+ λ̄1 (ϕ
†
1ϕ1)

2 + λ̄2 (ϕ
†
2ϕ2)

2 + λ̄3 (ϕ
†
1ϕ1) (ϕ

†
2ϕ2) + λ̄4 (ϕ

†
1ϕ2) (ϕ

†
2ϕ1)

+
λ̄5
2

(
(ϕ†1ϕ2)

2 + (ϕ†2ϕ1)
2
) ]
, (7.3)

where SW is theWilson gauge action akin to (7.1) andwe neglect the hypercharge interaction. The

mass parameters appearing in (7.3) are the unrenormalized ones, and their relations to continuum

MS parameters are given in [155].

Panel (a) of fig. 7.1 shows the evolution of quadratic scalar condensates (in 3d units, so that

ϕ†ϕ/T is dimensionless) as function of T , measured in the global probability maximum in one

benchmark point. The input parameters are given in [1]. According to perturbation theory, this

point admits a strong transition withV /Tc ≈ 1.5 at 1-loop [61] and a somewhat weaker transition

(v/Tc ≈ 1 ) at 2-loop [82]. A first-order transition is clearly visible also in the lattice result shown

in fig. 7.1; however, this is at fixed volume and lattice spacing, and does not necessarily reflect

the continuum theory in infinite volume. To quantify these finite-size effects, we have performed

repeated simulations at different volumes and spacings a ∝ β−1G , and verified that the transition

remains first order asV → ∞,a → 0. For the critical temperatureTc , volume dependence is found

to be extremely mild, but there is linear dependence on β−1G . The extrapolation a → 0 is shown in

panel (b) on fig. 7.1. Statistical errors are extremely small, as shown by the error bars.
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Figure 7.2: Extrapolations of the ϕ†2ϕ2 condensate discontinuity to infinite volume (left) and to

continuum (right). The right-hand plot uses the V → ∞ extrapolations and shows both linear

(dotted) and quadratic (dashed) fits, which agree within statistical errors.

In contrast, the EWPT strength in this benchmark point is sensitive to the volume and ex-

hibits strong lattice spacing dependence. This is depicted for the 〈ϕ†2ϕ2〉 discontinuity in fig. 7.2.

Panel (a) shows volume dependence and V → ∞ extrapolations at different lattice spacings, and

the continuum extrapolation is shown in panel (b). The behavior of 〈ϕ†1ϕ1〉 is similar, but its dis-

continuity is much smaller. We observe that the 〈ϕ†2ϕ2〉 discontinuity varies by over a factor of two
between the coarsest and finest lattices. The dependence on a is larger than in the MSSM study

of [155] and substantially more severe than in the SU(2)+ Higgs theory [85]. This may hint at the

presence of heavy BSM excitations that become fully dynamical only at small a. Another source

of a-dependence arises from our lattice-continuum relations, which are exact up to perturbative

O (a) corrections [155]. But in this case our largest coupling is, at zero temperature, λ3 ≈ 2.7,

which is much larger than couplings in the MSSM.Therefore, enhanced sensitivity to the missing

O (a) terms is to be expected.

The above discussion demonstrates that lattice-spacing effects can be a serious source of

uncertainty in BSM theories. This is not a fundamental obstacle for non-perturbative studies,

but can increase the numerical cost of simulations as more lattice sites are needed at small a to

properly capture the IR dynamics. Our results in the 2HDM indicate that finite-volume effects are

mostly overshadowed by the sensitivity to a, and this is true also for the latent heat and surface

tension, for which extrapolations can be found in [1]. We also repeated the lattice analysis for

an another set of 2HDM parameters with slightly stronger EWPT, where finite-size effects of the

same magnitude were found.

It is interesting to compare the non-perturbative results to those obtained with perturbative

methods. The numbers for Tc ,v/Tc
26 and latent heat L in two benchmark points are listed in ta-

26The lattice value for Δv/T refers to

√
2Δ〈ϕ†2ϕ2〉/T while the perturbative quantity is the jump ofv/T =

√
v21 +v

2
2/T

in Rξ Landau gauge, where v1 and v2 are VEVs of the neutral scalar components of ϕ1 and ϕ2 rescaled to 4d units. On

the lattice there is also a small jump in 〈ϕ†1ϕ1〉, which we neglect here.
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Method Tc /GeV L/T 4
c Δv/Tc L/GeV4

BM1

1-loop Parwani resum. 134.0 ± 8.75 0.396 ± 0.002 1.01 ± 0.06 1.27 × 108
1-loop A-E resum. 142.4 ± 6.88 0.33 ± 0.02 1.00 ± 0.07 1.37 × 108
2-loop in 3d 111.6 ± 2.30 0.57 ± 0.10 0.98 ± 0.09 0.89 × 108
3d lattice 116.40 ± 0.005 0.60 ± 0.02 1.08 ± 0.02 1.11 × 108

BM2

1-loop Parwani resum. 142.6 ± 18.0 0.29 ± 0.04 0.91 ± 0.06 1.19 × 108
1-loop A-E resum. 162.5 ± 21.0 0.20 ± 0.03 0.88 ± 0.05 1.36 × 108
2-loop in 3d 104.9 ± 2.30 0.61 ± 0.10 0.97 ± 0.06 0.74 × 108
3d lattice 112.5 ± 0.01 0.81 ± 0.05 1.09 ± 0.03 1.29 × 108

Table 7.1: Comparison of perturbative and non-perturbative results in two 2HDM benchmark

points admitting a first-order EWPT. The 1-loop calculations differ by the choice of resummation

prescription as described in the text. Error bars for the perturbative results are obtained by varying

the RG scale. Input parameters for the benchmark points are given in [1].

ble 7.1. We give 1-loop predictions using two different resummation prescriptions that appear

frequently in the literature. First is the “Parwani” method which adds thermal masses to all Mat-

subara modes [152], whereas the second “Arnold-Espinosa” (A-E) method resums only zero-mode

propagators [134] and is thus equivalent to the 3d approach. In the high-T limit, the difference

between the 1-loop calculations is formally of 2-loop order. Error bars in perturbative results cor-

respond to residual RG-scale sensitivity as described in the paper [1], and for lattice results we

show the statistical errors. For brevity, only the central value is shown for L.

The 1-loop potentials are seen to seriously overestimate the critical temperature, resulting

in too small values for L/T 4
c . 2-loop results in contrast are within ∼ 10% of the non-perturbative

values, suggesting that the 2-loop potential should be reasonably accurate at least for the equilib-

rium quantities Tc and L/T
4
c in the 2HDM, when the EWPT is strongly first order. Thus there are

prospects for improved graviational-wave and baryogenesis studies at the 2-loop level, at least

until lattice results in broader regions of the free parameter space become available.

7.3 Two-step electroweak phase transition on the lattice

In chapter 5 we mentioned that in BSM theories the EWPT can occur in two stages. The first

step at T > TEW is the transition into a phase characterized by non-zero VEV of some BSM field,

and as the universe cools down, the usual Higgs mechanism takes place at TEW and the theory

ends up in the standard EW vacuum. If the BSM field is charged under the EW symmetry, the

theory then undergoes a two-step Higgs mechanism where the EW symmetry is “spontaneously

broken” already in the intermediate phase.27 This scenario is motivated by prospects for baryo-

genesis, as the baryon asymmetry could be generated already during the first transition, but also

because the second transition would naturally occur through a tree-level saddle point and could

27The discussion of section 4.1 naturally applies here as well: the different “phases” may actually be analytically

connected.
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be very strongly first order, and thus favorable for gravitational-wave production. Cosmologi-

cal consequences of two-step EWPTs have been investigated perturbatively in different models

[46, 53, 54, 62, 63, 74]. In paper [2], we studied two-step EWPTs non-perturbatively in a triplet-

extended model (the “ΣSM”).

The model in question is defined by the Lagrangian

L = LSM +
1

2
(DμΣ

a )2 +
1

2
m2

ΣΣ
aΣa +

1

4
b4 (Σ

aΣa )2 +
1

2
a2ϕ

†ϕΣaΣa , (7.4)

where Σa are components of a real-valued SU(2) triplet, Σ = 1
2Σ

aσa . In other words, Σ is an ad-

joint scalar field. The covariant derivative is DμΣ
a = ∂μΣ

a − iдϵabcAb
μΣ

c . This form of the scalar

potential is symmetric under the Z2 transformation Σ → −Σ, which ensures that the model is

consistent with experimental bounds on the EW ρ parameter [182]. There are three BSM exci-

tations with degenerate masses at tree level; in the following we denote the electrically-neutral

component mass byMΣ. Phenomenological studies of the model at T = 0 appear in [182–184].

Two-step EWPTs in the triplet model were studied first at 1-loop level in [53]. The calcu-

lations are straightforwardly extended to 2-loop level using dimensional reduction, which was

carried out in [96]. Lattice simulations were performed in [2]. Neglecting again the hypercharge

interaction, the dimensionally-reduced theory in lattice discretization is

S (3d)ΣSM = SW + 2a
∑
x,i

[
ϕ†ϕ − Reϕ† (x )Ui (x )ϕ (x + i ) + Tr Σ

2 − Tr Σ(x )Ui (x )Σ(x + i )U
†
i (x )

]
+ a3
∑
x

[
m̄2

ϕϕ
†ϕ + m̄2

Σ Tr Σ
2 + λ̄(ϕ†ϕ)2 + b̄4

(
Tr Σ2

)2
+ ā2ϕ

†ϕ Tr Σ2
]
. (7.5)

The relevant lattice-continuum relations can be read from [171].

Two-step EWPT occurs if the triplet field condenses at a higher temperature than the Higgs

doublet. As a first approximation, wemay scan the parameter space for two-step transitions using

the perturbative effective potential. The scans reveal a narrow band in (MΣ,a2) plane where two-

step transitions are realized, in agreement with the 1-loop study of [53]. This is shown in fig. 7.3,

which combines also results of [2] to distinguish between direct one-step first-order and crossover

transitions. The two-step EWPT is, in some sense, a rather rare occurrence, as the majority of the

allowed parameter space has only direct transitions into the EW Higgs regime. The two-step

scenario is constrained by the requirement that the EW vacuum should be the global minimum

of the T = 0 potential, and this is not satisfied in most of the parameter space where Σ can

condense.28 Nevertheless, it is interesting to consider two-step EWPTs also in non-perturbative

detail.

The crosses in fig. 7.3 show points where we have carried out lattice simulations in the EFT

(7.5). Two-step EWPT are indeed found in the narrow band predicted by 2-loop perturbation

theory, but the nature of these transitions can differ drastically from perturbative predictions.

The intermediate phase where Σ is condensed admits a perturbatively massless photon-like exci-

tation, corresponding to a residual U(1) symmetry. However, at the non-perturbative level this

phase contains ’t Hooft-Polyakov magnetic monopoles [185, 186], and the photon is replaced by

28Further constraints come from real-time considerations of bubble nucleations in the expanding universe and are

not considered here.
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Figure 7.3: Phase diagram for the triplet model at fixed b4 = 0.25. Regions II-V correspond

to different types of phase transitions starting from the symmetric phase O and ending in the

EW Higgs phase. In regions II and III there exists an intermediate phase where the triplet field

condenses. The O → Σ phase transition terminates somewhere in the gray region, and in region

II this transition is a smooth crossover. In region I the EW vacuum is not the global minimum of

the T = 0 effective potential. The crosses indicate non-perturbative lattice benchmark points.

a massive pseudoscalar excitation. Consequently, the Σ phase is actually analytically connected

to the symmetric phase, so that the first transition may be a crossover [107].

For small MΣ and a2, we indeed we find crossovers in the first step. This is demonstrated

in fig. 7.4, which plots the dimensionless susceptibility of Tr Σ2 in one point (BM1 in fig. 7.3),

specifically

χ (Σ2) = VT
[
〈(Tr Σ2)2V 〉 − 〈(Tr Σ2)V 〉2

]
, (7.6)

where the subscript denotes volume averaging. This susceptibility is discontinuous in first-order

transitions, and diverges with a critical exponent as V → ∞ if the transition is second order. Ac-

cording to fig. 7.4, the peak susceptibility converges to a finite value at large volumes, consistent

with crossover behavior. The symmetric→ Σ transitions are crossovers in region II of fig. 7.3, but

turn into first-order transitions in region III.There is a line of second-order transitions somewhere

in the gray region between II and III, but we have not attempted a more precise determination

of this end line. A two-step baryogenesis scenario as sketched in [53] necessitates a first-order

phase transition in the Σ direction and is thus ruled out in region II. In contrast, the second tran-

sition between Σ and ϕ regimes is found to always be first order, in agreement with perturbative

expectations.

In the previous section we found that the lattice results can contain severe O (a) errors, pre-
sumably because the scalar potential contains relatively large couplings. We have performed a

similar investigation of lattice artifacts also in the triplet-extended model, and some extrapola-

tions are shown in fig. 7.5. The data is for the Σ → ϕ transition in point BM2 of fig. 7.3, which is

54



7.3. TWO-STEP ELECTROWEAK PHASE TRANSITION ON THE LATTICE

140 141 142 143 144 145

T / GeV

0

5

10

15

20

χ
(Σ

2
)

483

543

603

683

Figure 7.4: The susceptibility of eq. (7.6) plotted at different volumes on a βG = 24 lattice. The

large-volume behavior is consistent with crossover behavior in the symmetric→ Σ step.
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Figure 7.5: Infinite volume extrapolations for the latter transition in point BM2 at different lattice

spacings.

strongly first order. The critical temperature in panel (a) is fairly insensitive both to βG and the

volume, while the latent heat in panel (b) shows considerable sensitivity to the lattice spacing.

However, overall the discretization errors are milder than in the 2HDM benchmarks and satisfac-

tory convergence to the continuum result is seen for βG � 20. We do not show separate plots for

a → 0 extrapolations.

Let us conclude with a comparison to perturbative results. Fig. 7.6 shows the evolution of

quadratic scalar condensates in points BM1 and BM2, together with 2-loop estimates. The in-

termediate Σ phase is clearly visible in both points. The perturbative curves have been obtained
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Figure 7.6: Higgs and triplet condensates as obtained from lattice simulations (βG = 24,V = 603)

and from 2-loop effective potential (solid lines). The condensates are scheme dependent and given

in here in the MS scheme. The relations for converting between lattice and MS condensates are

given in [171].

using the gauge-invariant approach of [148], which unfortunately fails near the first transition

because of an explicit IR divergence at 2-loop level [147]. This is visible as the “spikes” in the Σ2

condensate nearTc . Apart from this issue, 2-loop perturbation theory is seen to deviate by ∼ 10%

in its predictions for the critical temperatures, and the condensate jumps are slightly underesti-

mated. The quantity L/T 4 differs by 30%− 40% from the lattice results. Thus the non-perturbative

approach seems necessary also for two-step EWPT if the strength needs to be known at better

than 40% accuracy.

Frequently in the literature, it is assumed that loop corrections should be small or even neg-

ligible for the second transition into the ϕ phase, because the potential barrier is present already

in the tree-level potential. This is overly optimistic, as is obvious from our results. The reason is

easily understood based already on the discussion of section 5.5. The expansion parameter asso-

ciated with scalar loops is parametrically a2T /m, where m is the lightest field appearing in the

loops. Because a2 is large, the scalars would need to be relatively heavy for this ratio to be small.

Indeed, numerically computing the thermal masses near the second transition and accounting

also for the contribution from background fields, we find that the expansion parameter is > 1.

Thus there is no a priori reason to believe that a low-order perturbative result would be even

qualitatively correct.
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Chapter 8

Summary and outlook

The study of finite-T phase transitions in particle physics models is an exciting topic, not least for

the cosmological implications associatedwith possible first-order transitions in the early universe.

This thesis has discussed phase transitions in the Higgs sector and the methodology required to

rigorously establish both the existence and basic thermodynamics of such transitions from first

principles. We have described the absence of an electroweak phase transition of any order in

the Standard Model, and argued that already minimal modifications to the Higgs potential can

catalyze a first-order transition in the electroweak sector. The fundamentally non-perturbative

nature of these transitions has been emphasized, and as a solution we advocated a combination

of finite-T perturbation theory for the weakly-coupled field modes, and lattice Monte Carlo sim-

ulations for the non-perturbative long-wavelength excitations.

The non-perturbative approach was applied to a selection of well-motivated theories beyond

the Standard Model to build a robust understanding of the phase transition in these models. Al-

though the required numerical effort forced us to mostly concentrate the analysis on selected

benchmark points, we believe the results to be valuable both as a non-perturbative confirmation

that the models can exhibit a strongly first-order electroweak phase transition, but also as a test-

ing ground for other, less reliable methods of computation. In particular, we consistently found

considerable deviations from 2-loop perturbative predictions in bothv/T and the critical temper-

ature. We demonstrated that this error amounts to uncertainty of several tens of percents in the

transition strength as measured by the latent heat, L/T 4. This uncertainty propagates in particu-

lar to predictions of gravitational-wave spectra, which are notoriously sensitive to the underlying

thermodynamical parameters [83, 84]. We therefore anticipate that non-perturbative determina-

tion of these quantities will be necessary for solid estimates related to gravitational waves, and

possibly for baryogenesis calculations as well.

Most existing studies of the electroweak phase transition and associated cosmological ap-

plications work only at the 1-loop level [46–79], even though the 2-loop improvement has been

shown to be very significant [1, 3, 82]. While inferior to a proper non-perturbative treatment, the

2-loop potential is numerically much more manageable than large-scale Monte Carlo simulations.

Based on the results of [1, 3], one may even hope to obtain Tc and v/Tc within ∼ 10% of the non-

perturbative value using the 2-loop effective potential. With these observations, we believe there

are strong motivations to extend past investigations of the phase transition in theories beyond
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the Standard Model to at least the 2-loop level.

Besides the equilibrium parameters Tc ,v/T ,L/T
4, for physical applications it is necessary to

study also the real-time dynamics of the transition. Looking ahead, the next logical step is to

apply the non-perturbative techniques to study the bubble nucleation rate. In fact, the frame-

work of dimensionally-reduced theories is appropriate also for this quantity [140]. Given that

the nucleation rate is poorly understood even in the analytical approximation [84], we expect the

non-perturbative methodology described in this thesis to play a major role also in future studies

of cosmological phase transitions.
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