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Abstract
The mass of an asteroid is considered one of its fundamental properties. Knowledge
of an asteroid’s mass is, by itself, useful for spacecraft navigation particularly for
space missions planned to the asteroid in question. The gravity of massive asteroids
causes small yet measurable perturbations on the orbits of the Solar System’s planets
such as Earth and Mars and thus knowledge of asteroid masses also contributes to
the development of accurate planetary ephemerides.
However, the mass of an asteroid gives us little scientiﬁcally interesting information on the asteroid by itself. Instead, the main scientiﬁc motivation for asteroid
mass estimation is that the mass, alongside the volume, is one of the two critical parameters required to compute the asteroid’s bulk density: when both parameters are
known, the bulk density can be trivially computed with a simple division operation.
The bulk density, in turn, may be combined with other compositional information of
the asteroid, obtained mainly through spectroscopic observations of the asteroid in
question, and compared to spectra, compositions, and densities of similar meteorites
found on Earth. Such studies, in turn, allow for constraining the bulk composition
and macroporosity, and, by extension, the structure of the asteroid. Thus, it is clear
that knowledge of an asteroid’s mass is critical for all detailed studies of the characteristics of the asteroid’s interior. Besides scientiﬁc interest, such studies may also
have future practical applications for characterizing potential targets for asteroid
mining and for planning asteroid deﬂection in the event of an impact threat.
Asteroid mass estimation is traditionally performed by analyzing an asteroid’s
gravitational interaction with another object, such as a spacecraft, Mars and/or
Earth, or a separate asteroid during an asteroid-asteroid close encounter, or, in the
case of binary asteroids, the orbits of the component asteroids. Recently, an alternative approach of direct density estimation through detection and modeling of
radiative forces, particularly the Yarkovsky eﬀect, has also begun to see use.
This thesis deals with asteroid mass estimation based on asteroid-asteroid close
encounters. It begins with a general overview of the asteroids followed by a more
detailed discussion on the diﬀerent approaches for the estimation of asteroid masses
and densities. Next, I describe our novel application of Markov-chain Monte Carlo
techniques to the mass estimation problem in greater detail. To demonstrate the
ii

progress achieved with each consecutive paper, I highlight mass estimates for the
asteroid (52) Europa beginning with results from my Master’s thesis obtained with
the initial version of the MCMC algorithm, followed by updated results from the ﬁrst,
third and ﬁnally the ﬁfth and ﬁnal paper included in this thesis. Clear improvements
are seen throughout; in particular, the usage of astrometry from the second Gaia
data release in Paper V leads to a signiﬁcant order-of-magnitude reduction of the
uncertainty of the mass. Finally, I brieﬂy discuss future prospects, particularly in
regards to the forthcoming third Gaia data release.
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1 Introduction
As formally deﬁned by the International Astronomical Union (IAU), the asteroids are
small bodies of the inner Solar System that cannot be classiﬁed as planets, comets, or
natural moons. In the past, a certain degree of ambiguity on the precise deﬁnition of
the term arose upon the initial discovery of small bodies in the outer Solar Systems,
i.e. the Centaurs, deﬁned by the IAU as objects with perihelia beyond Jupiter’s
orbit and semi-major axes inside Neptune’s and trans-Neptunian objects, or TNOs,
with semi-major axes beyond the orbit of Neptune. Such objects were found to
diﬀer greatly in composition compared to the to the inner solar system asteroids;
similarly to the comets, they are e.g. rich in volatiles which are not typically found
in signiﬁcant quantities within asteroids. Today, these outer Solar System objects
are explicitly considered separate from asteroids and instead the term ’minor planet’
is used to encompass all these objects.
In total, as of May 2021 there exist approximately a million known minor planets
as listed by the IAU-operated Minor Planet Center (MPC). Thus, asteroids and, in
a broader sense, minor planets, form a signiﬁcant part of our Solar System. Analysis
of the present distribution of minor planets within the Solar System yields signiﬁcant
clues as to it’s formation and evolution (DeMeo and Carry, 2014) and, correspondingly, contributes to our understanding on how Earth, and the Solar System as a
whole, came to be as it is today.
Besides the clear scientiﬁc interest, the study of asteroids may also bear potential
future practical applications. In the future, the much-discussed possibility of asteroid
mining (Dallas et al., 2020) may allow for exploitation of resources found within the
asteroids of the Solar System, with potential applications including extraction of
water and other volatiles for in-situ production of spacecraft propellant, acquiring
materials for in-situ construction projects or importing valuable metals for use on
Earth.
Asteroids may also pose a signiﬁcant threat to humanity and life on Earth through
the potential risk of catastropic asteroid impacts with Earth (Mathias et al., 2017).
The Chicxulub impact of a near-Earth asteroid (NEA) approximately 66 million
1

years ago is a particularly famous and illustrative example, as it is widely believed to
be the cause of the Cretaceous-Paleogene mass extinction in which numerous species,
including the non-avian dinosaurs, became extinct (Renne et al., 2013). While the
population of near-Earth asteroids large enough to cause widespread destruction
on impact is well known and no currently dangerous asteroids have been identiﬁed
(Perna et al., 2013), unexpected impacts from smaller asteroids can and do occur;
the Chelyabinsk meteor is a recent example of an impactor which exploded above
Chelyabinsk in Russia in 2013, causing injuries and material damage (Popova et al.,
2013).
This thesis on asteroid mass estimation consists of an overview where I begin
with a brief summary of the current distribution of the asteroids in the solar system
in Chapter 2. I continue with an overview of asteroid shapes, compositions and
structure, and, ﬁnally, their origins and evolution. In Chapter 3, I continue with a
discussion on asteroid masses, to a lesser extent, volumes, and diﬀerent approaches for
asteroid mass and density estimation. Chapter 4 goes into the problem of asteroid
mass estimation based on asteroid-asteroid close encounters in further detail and
describes our Markov-chain Monte Carlo (MCMC)-based solution to the problem.
In Chapter 5 I highlight example results for the mass of the asteroid (52) Europa
included in Papers I, III, and V of this thesis and analyze the improvements in
consecutive papers on the corresponding results. Papers I-V are then summarized
in Chapter 6 alongside a description of my contribution to each paper. Finally,
Chapter 7 concludes this thesis with an overall summary of this work and a few
words on the future of asteroid mass estimation.

2

2 An overview of asteroids
This chapter focuses on giving the reader a general view of the asteroids, beginning
with an overview of how the asteroids are distributed in the Solar System followed
by a discussion on asteroid shapes, sizes, compositions, and structure and the role
asteroid mass estimation plays in such studies. Finally, the chapter concludes with
a brief overview on the asteroids’ formation and evolution to their present state.

2.1

Present distribution of asteroids within the Solar
System

The majority of the asteroids in the Solar System are primarily concentrated in two
regions. First is the so-called main belt situated between the orbits of Mars and
Jupiter. Asteroids in this region are correspondingly named main belt asteroids
(MBAs). The second noteworthy region is the stable L4 and L5 Lagrange points
along Jupiter’s orbit, often referred to as Jupiter trojans or simply Trojans.
Near-Earth asteroids are deﬁned as asteroids with perihelion distances q ă 1.3 au.
While not nearly as numerous as the previous groups in terms of population, NEAs
are famed for the potential impact risk asteroids with Earth-crossing orbits pose to
life on Earth.
Another noteworthy concentration of asteroids are the Hildas, which are a group
of asteroids situated beyond the main belt, deﬁned as having semi-major axes between 3.8 and 4.1 au and are in a stable 3:2 mean-motion resonance with Jupiter
(Brož and Vokrouhlický, 2008). Mean-motion resonance refers to a phenomenon
where the Hildas’ orbital periods are 2{3 times that of Jupiter’s, which causes them
to have regular, periodic gravitational interactions with Jupiter. Similarly, the Cybeles are a group of asteroids beyond the 2:1 resonance with Jupiter bearing semi-major
axes between 3.27 and 3.70 au (Carruba et al., 2013). The ﬁnal noteworthy group
are the Hungaria asteroids beyond the inner edge of the main belt, which are characterized by high inclinations and relatively low eccentricities (Carruba et al., 2013).
Many smaller groups can further be identiﬁed within these regions as signiﬁcant
3
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Figure 2.1: The orbital distribution of the asteroids in terms of orbital inclination
and heliocentric distance. The number density of known asteroids is depicted such
that yellow color represents the highest density while blue represents the lowest.
Image credit: DeMeo and Carry (2014)

concentrations of asteroids in speciﬁc areas. Such asteroids with similar orbits are
referred to as asteroid families and are often thought to share a common origin, i.e.
being resulting fragments of past cataclysmic asteroid collisions (Nesvorný et al.,
2015; Carruba et al., 2013).
Each of these regions described above can be seen in the illustrative Figure 2.1
(DeMeo and Carry, 2014), which displays the known asteroids in terms of their respective orbital inclinations and heliocentric distances. Several noteworthy features
can clearly be identiﬁed; First, signiﬁcant asteroid families form concentrated clumps
of asteroids, of which the Phocaea family (Carruba et al., 2013) is a clear, easy-to-see
example as the concentration of high-inclination asteroids in the inner main belt The
narrow gaps, in which few asteroids are found, seen at speciﬁc heliocentric distances
within the main belt are the so-called Kirkwood gaps ((Moons and Morbidelli, 1995))
which, as has been done in Figure 2.1, are frequently used to divide the main belt
into the inner, middle, and outer regions. Any asteroids in the regions corresponding to the Kirkwood gaps would be in mean-motion resonances with Jupiter; for
4
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example, the prominent gap at approximately 2.5 au corresponds to the 3:1 resonance, i.e. the orbital period of an object in that region would be 1{3 of Jupiter’s.
Conversely to the Cybeles and Hildas, in these resonances gravitational interactions
with Jupiter destabilize asteroid orbits by means of a steady increase in orbital eccentricity (Moons and Morbidelli, 1995). Inside the 3:1 resonance, other overlapping
resonances, particularly with Mars, also play a role in destabilization of asteroid
orbits (Morbidelli et al., 2002). Several possible fates exist for an asteroid in such
resonances: i) the eccentricity may keep increasing until the asteroid collides with
the Sun, or, less likely, a planet, ii) close encounters with the planets, particularly
Jupiter, may further perturb its orbit and enable it to escape from the Solar System,
iii) the same perturbations may shift the asteroid’s to that of a NEA for an astronomically short timescale of millions of years until it, again, collides with the Sun or
a planet or is ejected from the solar system (Granvik et al., 2018), or iv) NEAs at
low perihelion distances may undergo catastrophic disruption due to thermal forces
and be destroyed as a result (Granvik et al., 2016). Notably, orbital resonances play
a signiﬁcant part in the origins of the NEA population and this mechanism is further
discussed in Section 2.3.

2.2

Shape, composition, and structure of asteroids

While the planets and most moons of the Solar System are known to be approximately spherically shaped, for the vast majority of asteroids this is not the case.
Instead, many diﬀerent and highly irregular shapes can be seen among individual asteroids; to demonstrate, Figure 2.2 shows images of the asteroids (951) Gaspra and
(243) Ida taken by the Galileo spacecraft (Johnson et al., 1992) and (253) Mathilde
taken by the NEAR Shoemaker spacecraft (Cheng, 1997). Elongated and curved
shapes such as that of Ida appear to be common, yet strong angles such as with
Mathilde can also be seen. Craters from past, sometimes ancient, impacts are seen
on many asteroids and, due to lack of geological activity on the asteroids, may be
preserved for a very long time. The irregular shapes are caused by the gravity of the
asteroids being in most cases insuﬃcient to achieve hydrostatic equilibrium, which is
the process causing the round shapes of the planets and the Sun through their individual gravity. Generally speaking, the largest asteroids do achieve close-to-spherical
shapes (Hughes and Cole, 1995) with the most massive asteroid, (1) Ceres, serving as
an excellent counterexample of a nearly spherical asteroid due to its comparatively
high mass. A common method for estimating the shapes of asteroids is through
lightcurve inversion, where a lightcurve refers to a time series of photometric data
5
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for the asteroid, further discussed in Section 3.6.

Figure 2.2: Images of the asteroids (253) Mathilde, (951) Gaspra and (243) Ida.
Mathilde was imaged by the NEAR Shoemaker spacecraft whereas the images of
Gaspra and Ida are from the Galileo spacecraft. All three objects are presented at
the same length scale. Image credit: NSSDCA/NASA
The low mass and, by extension, gravity, of most asteroids has further implications with regards to asteroid structure beyond the often irregular shapes. The
majority of the asteroids are either not diﬀerentiated or are only partially diﬀerentiated (Gaﬀey et al., 2002). Here diﬀerentation refers to the process of newly formed
planetary bodies developing a layered interior structure, primarily caused by molten
higher density materials sinking beneath lower density materials. The Earth itself is
an example of a diﬀerentiated body with a distinct core, mantle and crust.
In addition, asteroids often have signiﬁcant macroporosity in the form of large
internal voids, faults and fractures caused by disruption during past external impacts
(Britt et al., 2002) to the extent where many asteroids are believed to be gravitational
6
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aggregates, or multiple separate fragments held together by gravity, rather than
monolithic, intact bodies. Thus, interior structures of asteroids may be somewhat
ambiguously be split into six separate classes, from the least to the most disrupted: i)
monolithic asteroids, which are intact and have not experienced disruptive impacts,
ii) fractured asteroids, which mostly retain their original structure despite signiﬁcant
fractures, iii) shattered asteroids, which largely retain their original structure yet
have been shattered into several large components and thus are no longer monolihic,
iv) shattered asteroids with rotated components, which are as the previous category
but some individual fragments making up the asteroid have been rotated and/or
displaced, v) rubble piles, which can quite literally be seen as large piles of rubble
loosely held together by gravity, and vi) coherent rubble piles, which are rubble piles
whose components have become somehow attached to one another (Richardson et al.,
2002).
Broadly speaking, less coherent asteroids possess lower relative tensile strengths
than more coherent ones. This leads to gravitational aggregates being more vulnerable to further disruption from long-term stresses such as tidal forces but, on the
other hand, they are more resistant to further disruption from following impacts as
the porous structure can better dampen and absorb such impacts (Richardson et al.,
2002).
In terms of composition, asteroids are often categorized by spectra and albedo
into several diﬀerent taxonomic classes (DeMeo et al., 2009). This is advantageous
as the reﬂectance spectrum, or the amount of reﬂected sunlight at each wavelength,
of an asteroid is dependant on the composition of the asteroid. It has been observed
that many asteroids indeed have similarly shaped spectra which allows us to divide
them into multiple subgroups based on their spectra. The same holds for meteorites
found on Earth (Weisberg et al., 2006) and, as detailed compositional analysis of
meteorites through laboratory measurements is possible, it is in practise much easier
to study their mineralogy in comparison to that of asteroids. Such knowledge learned
from meteorites can be applied to asteroids (Burbine et al., 2002) through linkage of
meteorite classes to asteroid classes with similar spectra under the assumption that
they possess similar surface compositions. The linkage is not necessarily simple as it
is not sometimes easy to diﬀerentiate between subtle features of diﬀerent asteroids.
Additionally, each asteroid type contains objects linked to multiple separate classes
of meteorites (Burbine et al., 2019) and thus there is also no guarantee that two
given asteroids of the same class necessarily share the same composition.
Besides meteorite linkage, direct analysis of features seen in asteroid spectra can
often yield clues to an asteroid’s composition. A well-known, interesting example
is the absorption feature seen around the 3 micron wavelength for some asteroids,
7
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which is commonly thought to be evidence of hydrated minerals and, by extension,
water (Gaﬀey et al., 2002). In some cases, however, features of asteroid spectra
are ambiguous with multiple diﬀerent mineralogical interpretations; (16) Psyche is a
notable example, as it is the target of the upcoming eponymous Psyche space mission
(Elkins-Tanton et al., 2014). The scientiﬁc justiﬁcation the mission partially relies on
the fact that, based on its spectrum, radar albedo and density, Psyche is commonly
thought to be a largely metallic asteroid. Yet other studies (e.g. Viikinkoski et al.
(2018),Paper IV) challenge this interpretation and show that alternative physically
valid interpretations exist for both the spectra and other features (de Kleer et al.,
2021).
Even so, while the aforementioned caveats must be kept in mind, a spectral
classiﬁcation gives us a general idea of an asteroid’s composition. When an asteroid
whose bulk density is known is linked to meteorites of a speciﬁc class, it is possible to
estimate the asteroid’s macroporosity P by comparing their respective bulk densities
under the assumption that their microporosity is the same, via the following equation
(Carry, 2012):
˙
ˆ
ρ
(2.1)
P “ 100% 1 ´
ρm
where ρ corresponds to the bulk density of the asteroid and ρm to the bulk density of
the associated meteorites. Clearly, should the densities be approximately the same,
the macroporosity is very low. Conversely, if an asteroid’s bulk density is half of those
of similar meteorites, the macroporosity can then be estimated to be 50% which hints
to the presence of signiﬁcant voids in the asteroid and, by extension, to the asteroid
likely being a gravitational aggregate.
Historically, multiple diﬀerent schemes for spectral asteroid classiﬁcation have
been utilized. Modern taxonomic classiﬁcations can trace their roots to the study of
Chapman et al. (1975) which divided asteroids into the dark, assumed carbonaceous
C-types, the silicaceous, or stony, S-types, and a third U-type which included all
asteroids that did not ﬁt in the previous two groups. Later classiﬁcations have
since then iterated on this initial study, the Bus-DeMeo classiﬁcation serving as a
noteworthy recent example (DeMeo et al., 2009), which divides asteroids broadly
into the C-complex, the S-complex, the X-complex, and the so-called end members
which contain proportionally low numbers of asteroids and do not cleanly ﬁt into any
of the three main complexes. As in Chapman et al. (1975), in broad terms, asteroids
in the C-complex are considered dark, carbonaceous object and the S-complex rich
in silicates. The compositions seen within the X-complex are considered much more
diverse, and the complex includes e.g. the M-type asteroids thought to be metallic
8
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such as (16) Psyche. Each of the three complexes are further divided into multiple
diﬀerent subtypes based on their spectral features.

2.3

Formation and evolution of asteroids in the Solar System

The asteroids were formed simultaneously with the rest of the solar system some 4.56
billion years ago, likely over an approximately ﬁve million year period from the protoplanetary disk of gas and dust around the Sun (Michel, 2014). The widely accepted
theory holds that the asteroids and planets both formed at approximately the same
time, through the same mechanism: grains of dust accreting through collisions and
thus coalescing into the small bodies called planetesimals. Through further collisions
with other planetesimals and accretion of dust via gravity, the planetesimals that
were not absorbed into others grew in size and mass until all of the material had
been either accreted into the Sun and the planetesimals that became the planets,
moons, and minor planets, or ejected from the solar system by the solar wind and
radiation. Many details regarding the precise mechanism, however, remain unclear;
for instance, the bouncing barrier, where millimeter-to-decimeter scale grains bounce
oﬀ one another rather than accreting, and the meter-size barrier where gas drag is
expected to cause meter-sized boulders to migrate rapidly to the Sun (Morbidelli and
Raymond, 2016). Many further open questions remain, such as the precise formation
time of the planets and the asteroids relative to one another (Johansen et al., 2015).
The formation was followed by a short era of thermal evolution primarily driven
by heating from short-lived radionuclides such as 26 Al, which were abundant in the
early solar system (Bouvier and Wadhwa, 2010) but no longer exist in signiﬁcant
quantities due to their short half-lives. For larger asteroids, radiogenic heating was
suﬃcient to induce partial or complete melting leading to diﬀerentation for asteroids
such as (4) Vesta. Simultaneously, the heat drove chemical reactions such as aqueous
alteration, or reactions between water and minerals, and metamorphism, or changes
of minerals due to heat and pressure (McSween et al., 2002).
After the rapid depletion of 26 Al and other short-lived radionuclides, such processes largely ended. From that point onwards, evolution of the asteroids has been
largely driven by asteroid impacts shattering and disrupting individual asteroids and
sometimes creating new asteroid families from the resulting fragments (see also Section 2.2) and space weathering, or interactions of asteroid surfaces with cosmic rays
and the solar wind. Radiative forces, the Yarkovsky eﬀect in particular, (see also
Section 3.5) have, to various extent, altered the orbits of asteroids and driven some
9
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to orbital resonances with Jupiter, where gravitational interactions have to a certain
extent depleted the main belt of its original population (see also Section 2.1). Due
to the lack of geological activity on the asteroids past the formation era, it is widely
thought that many asteroids largely retain their original compositions from the Solar
System’s formation and thus oﬀer a window to the early era of the Solar System.

10

3 Estimation of asteroid masses and densities
The mass and volume and, by extension, density, are among the most fundamental
properties of the asteroids. Knowledge of an asteroid’s density is critical in order to
study other scientiﬁcally interesting properties such as its composition and interior
structure which, in turn, are critical for essentially every aspect of asteroid science.
And yet, over ﬁve decades after the ﬁrst asteroid mass determination done for the
asteroid (4) Vesta by Hertz (1966), even now we only have estimates for the masses
of a tiny fraction of all known asteroids. In his review article, Carry (2012) ﬁnds that
mass estimates are available for more than 250 asteroids, out of which approximately
half have associated uncertainties above 20%. These numbers have certainly steadily
increased since then and continue to do so, but the fraction of asteroids with well
constrained masses remain low to this day; as of May 2021, the SiMDA database
of asteroid masses and diameters (Kretlow, 2020) includes mass estimates for 428
separate minor planets whereas there currently exist approximately a million known
minor planets in total according to the MPC. The diﬃculty primarily arises from the
fact that masses of all but the largest asteroids are very low; to illustrate, Pitjeva and
Pitjev (2018) estimate a total mass of p4.008 ˘ 0.029q ˆ 10´4 MC , or approximately
3% of the mass of the Moon, for the asteroid belt, and approximately 60% of this
total mass belongs to the largest three asteroids (1) Ceres, (2) Pallas, and (4) Vesta.
Asteroid masses are usually estimated by measuring the eﬀects caused by their
gravitation on the orbits of other bodies. The magnitude of this eﬀect is simply
shown by Newton’s law of gravitation to be proportional to the mass of the perturbing asteroid and inversely proportional to the square of the distance of the objects
involved:
GM m
(3.1)
r2
where G refers to the gravitational constant, M to the mass of the perturbing asteroid, and m to the mass of the test asteroid, i.e. the asteroid being perturbed whereas
F “
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r represents the distance between the two. Notably, as per Newton’s second law of
motion, m is cancelled out when computing the acceleration corresponding to the
force. Clearly, it follows that the less massive the perturbing asteroid is, the weaker
its gravity will be, hence the challenge low masses pose. Furthermore, the longer the
distance between the two asteroids, the weaker the eﬀect of the perturber’s gravity
will be.
This leads to four diﬀerent noteworthy methods for gravity-based asteroid mass
determination, sorted in order by the year in which they were ﬁrst used:
• Perturbations during asteroid-asteroid close encounters
• Asteroid perturbations on the planets
• Orbits of binary asteroid systems
• Perturbations during asteroid-spacecraft encounters
In addition, direct density estimation is sometimes possible, particularly for small
near-Earth asteroids, by measuring the eﬀect of radiative forces, i.e. solar radiation
pressure and the Yarkovsky eﬀect, on the orbit of such an asteroid.
Each of these ﬁve approaches has diﬀerent, sometimes overlapping, sets of individual cases they can be applied towards and thus they serve to complement, rather
than compete with, one another. In what follows, I will discuss and detail each of
these with particular focus on mass estimation via modeling asteroid-asteroid close
encounters as it is the approach we use in this work.

3.1

Perturbations during asteroid-asteroid encounters

As discussed above, the closer an asteroid is to another, the stronger the eﬀect of the
asteroid’s gravity on the other asteroid will be. Particularly in regions of the Solar
System densely populated with asteroids, i.e. the main belt, asteroids occasionally
come to within a small distance of one another. During such close encounters, if the
mass of one of the asteroids (henceafter referred to as the perturber) is large enough
and the minimum distance low enough, resulting perturbations can be observed in the
post-encounter orbit of the less massive asteroid (henceafter called the test asteroid)
or potentially both should both asteroids possess a suitably large mass.
Hence, in such cases it is possible to estimate the mass of the perturber through
modeling and observation of the associated perturbations (Carry, 2012). This was
the ﬁrst method to be used for mass estimation in practise by Hertz (1966) who
12
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determined a mass of p1.17˘0.1qˆ10´10 Md for (4) Vesta based on its perturbations
on (197) Arete. This was soon followed by mass estimates of p6.7 ˘ 0.4q ˆ 10´10 Md
for (1) Ceres (Schubart, 1970) and p1.3 ˘ 0.4q ˆ 10´10 Md for (2) Pallas (Schubart,
1974). Since then, the method has been, and today continues to be, applied to many
other asteroids and remains the most productive method in terms of the number of
mass estimates (Carry, 2012).
The primary advantage of this method in comparison to the others is that, at
least in principle, it can be applied to virtually any asteroid. In practise, the limiting
factors for a given asteroid are whether it actually has close encounters with other
asteroids suitable for mass estimation and whether there is suﬃcient observational
data from both before and after the close encounter for both asteroids. As per Equation 3.1, less massive asteroids require smaller minimum distances during the close
encounter and/or smaller relative encounter velocities leading to longer-lasting close
encounters. Thus, in broad terms, more massive asteroids have more suitable close
encounters available than less massive ones and, by extension, small ones often have
none. Thus, to this day, in practise this method can only be applied to estimating
the masses for a tiny fraction of all known asteroids.
For an intuitive understanding of the method, we point to the two-body ballistic
approximation (Figure 3.1). The ﬁgure shows a small and a large asteroid having
a mutual close encounter during which the larger asteroid perturbs the orbit of the
(assumed massless) test asteroid, deﬂecting it by the angle θ. Based on this angle,
the impact parameter b and the relative encounter velocity v, calculating the mass
of the perturber may be trivially done using the following equation (Hilton, 2002):
1
GM
tan θ “ 2
2
v b

(3.2)

In practise, this is an approximation which serves well for understanding the general
idea but is not suitable for use in real-world scenarios for a number of reasons as the
2-body force model does not include the gravity of any other Solar System bodies, the
Sun included, and thus essentially assumes that the encounter occurs in conditions
akin to interstellar space. Furthermore, the approximation is two-dimensional, which
would only hold in the real world if the orbits of both asteroids had the exact same
orientation. I also note that in practise θ is much smaller than shown and, on the
scale of the ﬁgure, may even appear to be close to zero.
In actual real-world scenarios, this approach can be described as a sevendimensional inverse problem at minimum where the aim is to ﬁt the six orbital
elements of the test asteroid corresponding to a given epoch in addition to the perturber’s mass into observations, i.e. astrometry, taken over a long timespan. The
13
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θ

b

Figure 3.1: The two-body ballistic approximation for a close encounter between a
perturbing asteroid and a test asteroid.

seven-dimensional case is also an approximation as it assumes that the orbit of the
perturber itself is ﬁxed which is not the case as there will always be some degree of
uncertainty with the perturber’s orbit, which in turn also plays a role in the global
ﬁt and will map to greater uncertainty of the mass. Hence, for realistic results the
perturber’s orbit must also be simultaneously included in the model, leading to a
13-dimensional problem at minimum. Nonetheless, this seven-dimensional approximation has historically been the standard approach used by many authors (e.g. Baer
et al. (2011a)), and only in recent years have planetary scientists begun to move away
from it (e.g. Baer and Chesley (2017)).
It is well documented that, for a given perturber, the choice of the test asteroid
can have a signiﬁcant impact on the resulting mass of the perturber; to demonstrate, Baer et al. (2011a) reported a mass of p3.9 ˘ 0.38q ˆ 10´12 Md for the asteroid (19) Fortuna based on the test asteroid (3486) Fulchignoni and a mass of
p9.1 ˘ 1.6q ˆ 10´12 Md based on the test asteroid (27799) 1993 FQ23. In comparison,
´12 M and 3.62`3.10 ˆ 10´12 M respecPaper III found masses of 4.29`2.38
d
d
´2.23 ˆ 10
´3.53
tively for the same test asteroids. Particularly in the results of Baer et al. (2011a),
the diﬀerences between the results are striking as the perturber’s true mass must
obviously be the same no matter what test asteroid is used. This phenomenon may
be caused by a number of factors including astrometric noise and potential system14
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atic biases in the data and inaccurate force models such as unmodeled perturbations
caused by other asteroids. Traditionally, the issue has been mitigated by obtaining
separate mass estimates with diﬀerent test asteroids and combining the individual
results by means of a weighted average. This way, Baer et al. (2011a) reported a result of p4.18 ˘ 0.36q ˆ 10´12 Md for (19) Fortuna, a result much more in line with the
average literature value of p4.59 ˘ 1.03q ˆ 10´12 Md (Kretlow, 2020). This approach
assumes that the mass estimates of each test asteroid are wholly independent which
is not necessarily the case particularly when multiple perturbers are simultaneously
involved. A more realistic approach is to include close encounters with multiple separate test asteroids in the ﬁt simultaneously, in which case the resulting mass should
provide an acceptable ﬁt for the orbits of both test asteroids. Using this approach
´12 M for (19) Fortuna based on simultaneous
we found a mass of 3.91`2.11
d
´1.96 ˆ 10
use of the two previously discussed test asteroids (Paper III). Usage of multiple test
asteroids also is advantageous in that it equates to a larger number of observations
being included in the model, which should directly translate to lower uncertainties
in the results.
The above example of (19) Fortuna also demonstrates a separate issue: it is
apparent that, not only are the two cited results of Baer et al. (2011a) diﬀerent, the
corresponding formal uncertainties are quite low and in fact the results contradict one
another. This is a widespread issue that is frequently seen in many mass estimation
studies, and has been noticed and discussed by other authors (e.g. Britt et al.
(2002); Carry (2012)). It is often seen that individual mass estimates reported in
the literature for given asteroids strongly contradict one another, which in turn is
thought to suggest that the reported uncertainties of the asteroid masses involved are
unrealistically low. In comparison, the quoted uncertainties of Paper I and Paper III
tend to be wider, as seen in the examples given. We believe our wider uncertainties
to be more realistic than previous studies as our results appear internally consistent
and do not present such discrepancies.
Our approach will be discussed further in Chapter 4. Next, let us turn our
attention to the other approaches suitable for asteroid mass estimation.
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3.2

Asteroid perturbations on the planets

Ephemerides for the Solar System’s planets are known to a very high precision, which
allows for estimation of asteroid masses based on their perturbations on the orbits
of the planets, particularly Mars and Earth, despite the weak eﬀect on such perturbations. In broad terms, one integrates the orbits of the planets to determine their
corresponding positions over time and compares the results to observed values while
attempting to ﬁt masses for asteroids and other planets that best ﬁt the observations
into the model (Carry, 2012).
The necessary precision is enabled in particular by highly accurate ranging data
of spacecraft and landers such as those studying Mars; indeed, this approach was
ﬁrst used by Standish and Hellings (1989) whom determined masses of p5.0 ˘ 0.2q ˆ
10´10 Md , p1.4˘0.2qˆ10´10 Md , and p1.5˘0.3qˆ10´10 Md for (1) Ceres, (2) Pallas
and (4) Vesta, respectively, whom used data from the Viking landers with a reported
accuracy of 7 meters in addition to observations from a number of other sources,
to compute ephemerides for Mars while including the aforementioned masses as free
parameters. To this day this approach, too, continues to see use, most recently by
Fienga et al. (2020) whom estimated masses for an impressive 103 asteroids with
uncertainties better than 33%.

3.3

Orbits of binary asteroid systems

Analysis of binary asteroids, or systems consisting of two asteroids orbiting one
another, yields arguably the simplest yet very eﬀective method for asteroid mass
estimation (Carry, 2012). Usually, such systems consist of a smaller satellite, or
secondary asteroid, orbiting a larger primary. When the semi-major axis a and the
period P of the satellite asteroid’s orbit around the primary can be determined, a
simple application of Kepler’s third law directly yields the mass of the system:
GpM ` mq
a3
“
(3.3)
4π 2
P2
where M corresponds to the mass of the primary, m to the mass of the satellite, and
a and P the satellite’s orbital period and semi-major axis around the primary. This
method yields the combined mass of system, but the satellite’s mass can often be
assumed to be negligible. I note that triple systems of asteroids also exist and can
be used for mass estimation in the same manner.
This approach ﬁrst saw use by Petit et al. (1997) whom determined a mass
of p2.2 ˘ 0.3q ˆ 10´14 for (243) Ida based on the asteroid’s satellite Dactyl. In
16
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comparison to masses obtained with the previous methods, Ida’s mass is very low
and demonstrates that this method works very well in practise even for asteroids
for which mass estimation with the other approaches is currently diﬃcult or even
impossible. The obvious limitation for this approach is that it can only be applied
to binary asteroids.
Resolving and modeling the binary’s components itself is often challenging due
to the low separation distances and small sizes involved. Traditionally, binary asteroids have been detected via diﬀerent methods such as i) direct imaging through
radar or high-performance adaptive optics observations, ii) modeling of anomalous
lightcurves, or time series of photometric data of an asteroid, directly caused by
the asteroid being a binary, iii) occultation observations or iv) spectroscopy (Margot
et al., 2015).
Most recently, this approach has been used by e.g. Yang et al. (2020) whom
obtained a mass of p8.55 ˘ 1.51q ˆ 10´12 Md for (31) Euphrosyne and Broz, M.
et al. (2021) whom obtained a lower-than-expected mass of p1.49 ˘ 0.16q ˆ 10´12 Md
for (216) Kleopatra which is in fact a triple system. Notably, both studies took the
approach of modeling asteroid lightcurves while making use from adaptive optics data
taken with the VLT/SPHERE instrument in combination with earlier observations.

3.4

Perturbations during asteroid-spacecraft encounters

Modeling asteroid-spacecraft perturbations can be seen as essentially equivalent to
the methods presented in the above sections 3.1 and 3.3 with the exception that
the object inﬂuenced by the perturber is a spacecraft rather than a natural asteroid
(Carry, 2012).
As with the previous cases, a spacecraft may have close encounters with speciﬁc
asteroids (often called ﬂybys) and/or may study a speciﬁc asteroid from its orbit.
The precision of spacecraft positional data obtained via Doppler tracking is unparalleled and thus cannot currently be matched by remote astrometric observations. As
an example to demonstrate the accuracy of such data, the typical noise of Doppler
measurements of the Dawn spacecraft can be as low as „0.05 mm/s and such measurements have allowed for detailed studies of the gravity ﬁelds of (1) Ceres and
(4) Vesta (Konopliv et al., 2012).
This approach was ﬁrst used by Yeomans et al. (1997), whom determined a
mass of p5.19 ˘ 0.02q ˆ 10´14 Md for (253) Mathilde based on data from a ﬂyby
of the NEAR Shoemaker spacecraft. Recent estimates include the aforementioned
results from the Dawn mission which determined masses of p4.7192 ˘ 0.0005q ˆ
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10´10 Md for (1) Ceres (Russell et al., 2016) and p1.302891 ˘ 0.000005q ˆ 10´10 Md
for (4) Vesta (Russell et al., 2012) in addition to the results respectively found by
OSIRIS-REx and Hayabusa2 of p3.686 ˘ 0.005q ˆ 10´20 Md and p2.26 ˘ 0.03q ˆ
10´19 Md for (101955) Bennu (Lauretta et al., 2019) and (162173) Ryugu (Watanabe
et al., 2019). Evidently, these results are extremely accurate and thus demonstrate
that this method yields the best results by far. The disadvantage of this method, in
turn, is that space missions are prohibitively expensive and thus only a small number
of asteroids have been directly studied with such.

3.5

Direct density estimates through radiative forces

Now we have discussed and elaborated on each individual approach for asteroid
mass estimation through gravitational modeling. It is not, however, the only possible
approach; let us next turn our attention to modeling acceleration caused by radiative
forces such as solar radiation pressure and Yarkovsky drift.
The Yarkovsky drift is a phenomenon directly caused by the correspondingly
named Yarkovsky eﬀect which induces a secular drift of the semi-major axis of smaller
asteroids in particular and is caused by recoil due to the emission of thermal photons
in preferential directions (Bottke et al., 2002). In simpler terms, due to the rotation
and thermal inertia of an asteroid, the warmest part of its surface at any point in time
is turned slightly away from the Sun as it cools down through thermal emission. This
emission leads to a tiny yet on longer timescales sometimes measurable accelerative
force upon the asteroid.
The Yarkovsky eﬀect is greater for asteroids closer to the Sun (due to stronger
solar radiation), i.e. near-Earth asteroids or NEAs. Its magnitude is additionally
inﬂuenced by several parameters including the shape, spin rate, surface thermal conductivity and the bulk density of the asteroid in question. Thus, when an asteroid’s
spin is already known and accurate size and shape models already exist for the asteroid, succesful measurement of the Yarkovsky drift for a given asteroid allows for
estimation of the surface thermal conductivity and the bulk density of the asteroid
in question.
The ﬁrst direct detection of the Yarkovsky eﬀect in practise was done by Chesley
et al. (2003) who studied the near-Earth asteroid (6489) Golevka via planetary radar
3
observations. The authors successfully estimated a bulk density of 2.7`0.4
´0.6 g/cm for
this asteroid by modeling its Yarkovsky drift.
Radiation pressure, on the other hand, is simply momentum transferred from
photons to an asteroid upon contact which thus also leads to tiny yet sometimes
18
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measurable acceleration. Direct acceleration due to radiation pressure has been observed primarily in smaller objects close to the Earth, and densities of such objects
have been determined based on the observed acceleration. As an example of such
an object, WT1190F was a temporarily captured satellite that impacted the Earth
in 2015. The object was initially of great interest to the scientiﬁc community, as
even now, very few of such natural satellites (Granvik et al., 2012), also called minimoons, have ever been observed in practise. Observations of radiative acceleration
of WT1190F permitted a density estimate of „0.1 g/cm3 (Micheli et al., 2018).
Based on this value, which was unrealistically low for a natural object, WT1190F
was characterized to in fact be hollow, artiﬁcial space debris.
Even for small NEAs, the acceleration caused by radiative eﬀects is, as one might
imagine, very weak and thus their detection requires high precision astrometry. Traditionally, planetary radar observations have been used for this purpose. These
observations output astrometric data of far greater accuracy than traditional optical telescopes, but are, for the most part, currently only practical for near-Earth
objects due to the attenuation of radar signals over longer distances. Due to these
reasons, so far these methods have largely been applied to near-Earth objects alone
for which, on the other hand, mass estimation via e.g. close enounter modeling is
often impractical due to the low number density of NEAs in comparison to MBAs.
Besides radar observations, the accuracy and number of Gaia observations and
occultational observations of the asteroids are also expected to be more than adequate
for this purpose.

3.6

Asteroid volume estimation

In addition to the mass, knowledge of an asteroid’s volume is necessary in order to
estimate the asteroid’s bulk density. Asteroid sizes are typically estimated through
thermophysical modeling based on observations in the near infrared (Delbo et al.,
2015), particularly with data observed through satellite surveys such as IRAS (Matson et al., 1986) and WISE (Wright et al., 2010). These size estimates are often
combined with asteroid shape models for the purpose of volume estimation.
In turn, asteroid shape models are obtained through lightcurve inversion, where
a lightcurve again refers to a time series of photometric data for an asteroid. The
brightness of an asteroid is not constant over time; rather, more or less regular temporal variation is seen in practise. This eﬀect is directly caused by the shape of the
asteroid and, potentially, nonuniform surface composition. As an illustrative, simpliﬁed example, consider a theoretical, narrow cylindrically shaped asteroid. When
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the base of the cylinder is rotated towards the Earth, a smaller amount of surface
area is seen as opposed to the side of the cylinder. In the former case, there is less
sunlight-reﬂecting surface facing us in comparison to latter, which directly leads to
less reﬂected sunlight reaching us. Thus, the asteroid’s brightness depends on its
geometry and orientation and consequently through lightcurve inversion it is possible to ﬁt asteroid shape models such as triaxial ellipsoids into lightcurves and thus
obtain an estimate of the asteroid’s shape (Muinonen et al., 2015).
Currently, there are signiﬁcant eﬀorts to develop advanced lightcurve inversion
algorithms such as the MPCD (Capanna et al., 2013; Jorda et al., 2016), ADAM
(Viikinkoski et al., 2015), and SAGE algorithms (Bartczak and Dudziński, 2018). Simultaneously, new instrumentation and surveys are providing us with more accurate
photometric data than ever before, such as photometry from the second Gaia data
release which is already being used for lightcurve inversion (Martikainen et al., 2021)
and adaptive optics images from the VLT/SPHERE/ZIMPOL instrument which has
recently provided new shape models for e.g. the asteroids (16) Psyche (Ferrais et al.,
2020) and (7) Iris (Dudziński et al., 2020) in addition to also providing mass estimates for binary asteroids (Section 3.3). Together with developments in asteroid
mass estimation, such eﬀorts will play a signiﬁcant part in providing more accurate
asteroid density estimates.

3.7

Summarizing the chapter

I have now described the practical approaches for the estimation of asteroid masses
and volumes. It seems clear that each approach for asteroid mass estimation has its
own constraints as to which asteroids it can be applied to. Correspondingly, there
are many asteroids for which only one of the methods can be used, and many more
where none of them can be.
In the case of asteroids for which multiple diﬀerent methods can be used, these
methods can be used to validate the results of one another as, if the true mass is
the same, the resulting masses obtained from diﬀerent approaches should agree with
one another. (1) Ceres and (4) Vesta are of particular interest here due to the highly
accurate results of the Dawn mission whose uncertainties, in comparison to those
of other methods, can essentially be approximated to be zero. Thus, it can be said
that, for these asteroids, we have direct ground truth values to which results from
studies utilizing other methods can be compared in order to ascertain the validity
of the results they provide. In particular, both the close encounter and planetary
ephemeris approaches can and have been used for these objects.
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In this chapter, I discuss asteroid mass estimation through asteroid-asteroid close
encounters in greater detail. I begin with a general mathematical description of the
inverse problem, followed by a general description of the observations and data treatment used and issues with these and ﬁnally conclude with a description of MCMC
in general alongside the speciﬁc approach we use for our mass-estimation algorithm
implemented into the OpenOrb asteroid-orbit-computation software1 (Granvik et al.,
2009).

4.1

Problem statement

As described in Section 3.1, asteroid mass estimation based on asteroid-asteroid close
encounters may be described as a multidimensional inverse problem where the aim
is to simultaneously solve for both the mass of the perturbing asteroid(s) alongside
six-dimensional orbits for both the perturbing and test asteroids, thus leading to a
13-dimensional problem at minimum. In a sense, the problem can be seen as an
extension of the classical orbit determination problem; only instead of ﬁtting a sixdimensional orbit for a single asteroid, one simultaneously ﬁts orbits for multiple
asteroids while including asteroid masses as additional model parameters.
While alternate representations such as Keplerian orbital elements are possible, we describe the orbits of each asteroid as Cartesian state vectors in the heliocentric equatorial frame, i.e. Si “ pt0 , x, y, z, x,
9 y,
9 zq,
9 where px, y, zq and px,
9 y,
9 zq
9
are the position and velocity vectors of the asteroid corresponding to the epoch
t0 . The entire set of free parameters in the model can be thus be described as
P “ pS1 , S2 , . . . , SNobj , M1 , M2 , . . . , MNper q, where Mi is the mass of the ith perturber, Nobj is the total number of asteroids included in the model, and Nper is the
number of perturbers considered. Hence, Nobj ě Nper .
Traditional astrometric observations for asteroids measure an asteroid’s on-sky
coordinates in spherical coordinates, i.e. Right Ascension α and Declination δ in the
1

https://www.github.com/oorb/oorb
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equatorial frame at time t as observed from the location Sobs . Hence, an individual
observation j for asteroid i can be described as Oi,j “ pα, δ, tj , Sobs q. As is the
case with every scientiﬁc observation, in principle each parameter has an associated
uncertainty σ, yet in practise due to the precision of modern clocks and GPS systems
the uncertainties of t and Sobs are negligible and assumed to be zero.
On a cursory glance, it is not at all clear how well the observation Oi,j corresponds
to the parameters Si . Evidently, some means of quantifying the goodness of ﬁt is
required. To this end, we make use of the widely used χ2 statistic in its matrix
formulation. The χ2 value for an entire ﬁt is computed by summing the individual
χ2 values of each individual observation for each individual asteroid as follows:
ÿ

χ2 “

Nobj Nobs,i ”

ÿ ÿ

Ti,j Σ´1
i,j i,j

ı
(4.1)

i“1 j“1

Here Σ´1
i,j is the the inverse of the covariance matrix, also called the information
matrix, of a given observation whereas i,j is a vector that consists of observed
minus computed (O ´ C) residuals:
` 0
˘T
0
0
´ αi,j pP qq cos δi,j
, δi,j
´ δi,j pP q
i,j pα, δq “ pαi,j

(4.2)

0 and δ 0
where Nobs,i is the number of observations used for the asteroid i, αi,j
i,j
respectively are the observed Right Ascension (RA) and Declination (Dec) of the
asteroid i at time tj , while αi,j pP q and δi,j pP q are the RA and Dec of asteroid i at
time tj as predicted by the model with parameters P .
Given that the covariance matrices for each observation Σi,j are constant, χ2 is
a function of the O ´ C residuals i,j alone. As one can see, the lower the residuals
or the stronger the agreement between the model and the observations, the lower
the χ2 value is, and thus a lower value corresponds to a better ﬁt. Equation 1 of
Paper I presents an alternative, yet mathematically equivalent, formulation for the
χ2 statistic which I note here has unfortunate typographical errors: ﬁrst, the RA and
Dec terms are in fact summed rather than subtracted, and second, both fractions
are squared. These errors did not exist in the actual code the results were computed
with.
The next question, then, is: how are αi,j pP q and δi,j pP q determined from the
model P ? The answer is conceptually simple, though mathematically not necessarily so. Through the use of Newtonian mechanics, one applies a n-body numerical
integration scheme to the inital parameter set P in order to compute the Cartesian
coordinates of each asteroid i corresponding to the epoch of each observation tj . The
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resulting Cartesian coordinates can then be transformed to spherical coordinates in
the frame of the observer Sobs , thus directly yielding the coordinates αi,j pP q and
δi,j pP q.
There exist a large number of diﬀerent integrators that can be applied to this
purpose. OpenOrb in particular contains both a rigorously tested implementation
of the Bulirsch-Stoer algorithm (Stoer and Bulirsch, 2002) in addition to the GaussRadau scheme. While all of the publications in this thesis solely use the former, my
experience based on limited testing is that both integrators within OpenOrb produce
equivalent results in terms of the mass at the cost of the Gauss-Radau integrator
being slower in terms of computation time.
Numerical integration requires a so-called force model which describes the forces
acting upon each asteroid at any given point in time and, by extension, the acceleration felt by the asteroid as a function of time. The force model we use includes the
Newtonian gravity of the Sun, the Moon, the eight planets and Pluto through the
DE430 ephemerides (Folkner et al., 2014) and the most massive asteroids featured
in the BC430 ephemeris (Baer and Chesley, 2017) in addition to the perturbing asteroids whose mass is being estimated. Radiative forces, i.e. the Yarkovsky eﬀect
and radiation pressure as described in Section 3.5 are assumed to be negligible in
comparison for main-belt asteroids which we have solely studied so far. They are not
currently supported by OpenOrb and are thus currently ignored by the force model,
but the matter may warrant further investigation in future work.
Now we have everything necessary for computing the goodness of ﬁt χ2 for each
asteroid included in the model. No matter the exact mass estimation algorithm used,
these fundamentals are largely the same. The next question, then, is: how does one
put the above into practise and actually estimate the mass of the perturber? The
classical approach, which, as far as I am aware, has been used by every previous
author besides myself, is to utilize least-squares methods which, shortly put, aim to
minimize the so-called cost function, which is essentially equivalent to the matrix
formulation of χ2 statistic (Equation. 4.1, see also e.g. Baer and Chesley (2017)). In
ideal circumstances, such an approach will thus converge into the best-ﬁt values for
the asteroids’ orbits and masses while providing symmetric uncertainty estimates.
There exist a number of approaches, both linear and non-linear, towards this
end, a detailed review of which is beyond the scope of this thesis. For orbit and
mass determination in particular, the classical approach involves linearizing the nonlinear case via the so-called diﬀerential correction scheme which in fact was initially
developed by Gauss for the explicit purpose of asteroid orbit determination.
In this approach the general idea is to iteratively apply small corrections ΔS to
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the orbits S which are computed with the following equation until convergence:
ΔS “ ´pH T Σ´1 Hq´1 H T Σ´1 

(4.3)

where H is called the Jacobian matrix H “ d{dS. As a recent practical example, Baer and Chesley (2017) used approach for asteroid mass estimation, which is
documented in much greater detail in their work. For a more detailed review of leastsquares algorithms in general, diﬀerential correction included, I point the reader to
e.g. Crassidis and Junkins (2011).
In contrast, Markov-chain Monte Carlo, or MCMC, methods represent a statistical approach that aim to draw n samples from the parameters’ underlying probability distributions, also called the posterior distributions. In theory, with a suﬃciently
large n, the samples will approximate the true probability distribution whatever its
shape may be. Analysis of this distribution directly yields the maximum a posteriori
(or alternatively, maximum likelihood in case of a non-informative prior) mass as the
peak of the probability distribution whereas the corresponding uncertainties, which
may or may not be asymmetric, are determined from the width of the distribution.
A Markov chain is a mathematical sequence in which each consecutive element
is generated based on. and depends solely on, the previous element of the chain. A
trivial example would be a sequence in which each consecutive element is the previous
element plus one with 40% probability, the previous element minus one with 40%
probability, or equal to the previous element with 20% probability. Monte Carlo
methods, in turn, are numerical algorithms that obtain results through sampling
random numbers.
As suggested by the name itself, MCMC combines the above two methods. In
MCMC, a Markov chain is constructed where each consecutive element, or proposal,
is generated by drawing random deviates from the so-called proposal distribution
for each model parameter and adding these deviates to each parameter, followed by
comparing the newly generated proposal to the previously accepted one and accepting
the move with probability p. Should the new proposal be rejected, the previous one is
instead accepted again as the next element of the chain. Numerous diﬀerent MCMC
algorithms exist and describing each of them is beyond the scope of this summary.
For a more general review I point the reader to e.g. Feigelson and Babu (2012).
Instead, let us turn our attention to the MCMC algorithms we have utilized in this
work.
My ﬁrst study (Paper I) makes use of the Adaptive Metropolis (AM) algorithm
(Haario et al., 2001). AM is an extension of the classical Metropolis-Hastings algorithm with the addition that in AM the proposal distribution is constantly updated
by constructing an empirical covariance matrix based on each element of the chain
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after each consecutive step of the chain whereas in Metropolis-Hastings the proposal
distribution is constant. This is advantageous if the initial proposal distribution is
suboptimal for some reason, which was initially found to pose a signiﬁcant problem in my Master’s thesis (Siltala, 2016) resulting in poor convergence and mixing
of the MCMC chains. Paper I found that usage of AM essentially corrected these
issues. Paper III explored the usage of two alternative adaptive algorithms: global
adaptive scaling with adaptive Metropolis (GASWAM; Andrieu and Thoms, 2008,
Algorithm 4) and robust adaptive Metropolis (RAM; Vihola, 2012), both of which
will be further detailed in the following section.

4.2

Problem solution: asteroid mass estimation in practise

In this section, I guide the reader step by step through the inner workings of our
mass estimation algorithm in practise accompanied by explanations of each step.

4.2.1

Encounter detection and selection

Before the actual mass estimation process can be initiated, the ﬁrst step is to identify
and select the asteroid-asteroid close encounters to be used. To this end, Papers I,
III and IV focus solely on close encounters previously reported and often studied
by other authors (e.g. Galád (2001); Galád and Gray (2002); Fienga et al. (2003);
Baer et al. (2011a); Baer and Chesley (2017)). Besides the mass of the perturber
itself, the magnitude of the perturbations during a close encounter logically depends
on the encounter distance, as gravity is stronger at shorter distances, and the relative encounter velocity, as lower velocities lead to a longer-lasting close enounters.
However, relying on previous studies alone comes with several disadvantages. In
practise, it is not always clear to see which published encounters are optimal in the
sense that the signal of the perturbations is particularly strongly visible in the astrometry. It is conceivable that a weaker close encounter may in practise be superior
to a stronger one if more and/or higher quality observational data is available for the
former before and/or after the close enounter. In practise, studies focused on detecting close encounters usually report parameters such as the encounter epoch, velocity,
and minimum distance but do not take the actual astrometry that is available into
account. On the other hand, studies such as Baer and Chesley (2017) that focus on
the mass estimation itself sometimes report separate results for each individual close
encounter. In such cases, one can determine the optimal encounters to use by com25
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parison of the uncertainties of each individual result; it seems a safe assumption to
make that close encounters previously associated with lower uncertainties would also
provide lower uncertainties in the future. However, it is again conceivable that this
may change with additional observations taken after the study in question, particularly for close encounters which have occurred in the recent past and thus do not yet
have adequate post-encounter astrometry available. Finally, we have observed that,
in practise, diﬀerent studies often report diﬀerent close encounters with sometimes
very little overlap between the lists and, for many asteroids, no close encounters at
all. These facts led us to question whether such studies have indeed detected all
existing close encounters.
Considering these issues, we opted to develop a brute-force algorithm of our own
for ﬁnding close encounters suitable for mass estimation (Paper V). Our approach
begins by utilizing OpenOrb to integrate the orbits of each known asteroid across
a long timespan thus providing Cartesian positions for each asteroid as a function
of time. This step is computationally demanding but only needs to be done once
unless one wishes to update the initial orbits used for the computation. A target
perturbing asteroid is then speciﬁed and the algorithm then computes the Euclidean
distances between the target and every other asteroid as a function of time and thus
directly detects the asteroids with the closest approaches to the target. Next, the
pipeline automatically downloads all available astrometry from the IAU-operated
Minor Planet Center2 for the detected close encounters and applies the marching
algorithm (Paper I) to each. The marching algorithm is an approximation that
samples a range of diﬀerent perturber masses and analyzes its impact on the goodness
of ﬁt, thus reducing the problem to one dimension. The output masses are not
necessarily reliable for scientiﬁc purposes, but the algorithm does allow one to gauge
the strength of signal of each close encounter from the strength of the correlation
between the χ2 value and the mass of the perturber at a minimum of computational
cost. Thus, our approach’s advantage in comparison to previous studies in that it
trivializes the selection of optimal close encounters to use and can easily be re-ran
to take the latest available astrometry into account if desired. This approach is
explained in further detail in Paper V.

4.2.2

Astrometry and data treatment

In the planetary science community, all signiﬁcant surveys and observatories submit
their astrometric observations to the Minor Planet Center where it is freely available to the public. Thus it serves as an excellent source of data useful for purposes
2

https://minorplanetcenter.net/
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such as mass and orbit estimation. The MPC additionally provides the MPCORB
asteroid orbit database which includes pre-computed orbits for every minor planet
relevant for our use cases. Astrometry obtained from the MPC has an unfortunate
drawback in that, while there are plans to do so in the future, the MPC does not
currently provide any weights or uncertainty estimates for the observations even if
the observers themselves have shared the associated uncertainties with the MPC.
In practise, observations from diﬀerent observatories and/or time periods can and
do have diﬀerent uncertainties and thus assuming a constant weight for every observation is hardly accurate. Thus, at least for the moment, an external weighting
scheme is required. To this end, there fortunately exist a number of observational
error models based on statistical analysis of astrometry of separate observatories, e.g.
Baer et al. (2011b). We thus utilize such models to serve as the basis for the weights
of astrometry. Additionally, due to otherwise unmodeled correlations, we multiply
the astrometric uncertainties, i.e. standard
? deviations, of N same-night observations
from a single observatory by a factor of N which can further improve the results
(Farnocchia et al., 2015a). The ﬁnal weights, as shown in Equation 4.1, are the inverses of the variances of each observation, i.e. 1{pN σ 2 q where σ is the observation’s
astrometric uncertainty provided by the error model in use.
Another known issue with a large portion of MPC astrometry is systematic astrometric biases directly caused by corresponding biases in the star catalogues used for
data reduction. In the modern era, this problem has been essentially solved by the
highly accurate Gaia star catalogue, the use of which thus avoids such biases. However, for older observations reduced before the Gaia era, such biases can and should
be corrected with a model developed for this purpose such as that of Farnocchia
et al. (2015a).
Besides the above caveats, there are two further issues on the OpenOrb side:
OpenOrb currently lacks support for extremely accurate planetary radar observations
and as such, radar data available on the MPC cannot be used for mass estimation
with OpenOrb. This is not currently a signiﬁcant issue, as there are very few main
belt asteroids for which such data exists in the ﬁrst place. In addition, when one
wishes to use appropriately weighted data within OpenOrb, the Pan-STARRS DES
data format currently needs to be used as the current MPC format does not allow
for manually specifying the weights. This format in turn does not support satellite
or spacecraft observations and thus they cannot be included. Gaia is the exception,
which I will next discuss.
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4.2.3

The Gaia spacecraft

The currently operating Gaia space telescope promises and with their second data
release (DR2) (Gaia Collaboration et al., 2018a) has already delivered astrometry
of unparalleled milliarcsecond-scale accuracy for the asteroids of the Solar System.
Logically, more accurate astrometry should lead to more accurate results, and thus
it follows that Gaia astrometry will allow us to determine asteroid orbits and masses
with unparalleled accuracy especially when combined with Earth-based astrometry
from all available sources. Indeed, asteroid mass estimation and detection of the
Yarkovsky drift are seen as the two main scientiﬁc applications of the Gaia Solar
System astrometry (Paper II).
In comparison to traditional astrometry, Gaia, by design, has a number of unique
features. The CCD array of Gaia’s astrometric ﬁeld consists of nine strips of CCDs,
such that the focal plane is aligned with the nine strips. Gaia observes objects
as they pass through the CCD strips and potentially provides a individual data
points strip as the object passes through them. In other words, Gaia observes in the
Along-scan (AL)-Across-scan (AC) plane where the AL direction is aligned along
the nine CCD strips whereas the AC direction is approximately perpendicular to
AL. The milliarcsecond precision is only achieved in AL whereas in the AC direction
the precision of Gaia observations is generally comparable to an average Earthbased astrometric survey. These AL-AC observations can then be transformed into
standard spherical coordinates, in which strong correlations can be seen between RA
and Dec which must be included in the corresponding covariance matrices of each
observation.
OpenOrb has full support for Gaia astrometry, both in combination with other
sources of astrometry and by itself. Our results indicate that orbit determination
with the MCMC algorithm implemented in OpenOrb outperforms the code used
in for orbit determination in the DR2 performance veriﬁcation paper (Paper II) in
terms of O ´ C residuals of Gaia astrometry (Paper V).
This is demonstrated by Figure 4.1 which shows O ´C residuals corresponding to
the maximum-likelihood MCMC solution for the orbit of the asteroid (367) Amicitia
in the AL-AC plane, in addition to the same residuals transformed to RA and Dec.
Amicitia was previously used as a test case in the DR2 performance veriﬁcation paper
(Figure 23, Paper II) which found a standard deviation of 0.86 milliarcseconds for the
AL residuals whereas our results ﬁnd a standard deviation of 0.71 milliarcseconds for
the same. This can also be seen upon visual inspection of the ﬁgures; for instance, the
DR2 paper shows 15 data points with AL residuals below -1 milliarcseconds whereas
our results show ﬁve. In terms of AC, on the other hand, a negative systematic

28

Chapter 4. Theory and methods

400
300
0.4

100
(O − C)δ ( )

(O − C)AC ( /1000)

200
0
−100
−200
−300

0.0

−0.4

−400

−0.5
0.0
(O − C)α cos δ ( )

−500
−600
−2 −1 0
1
2
(O − C)AL ( /1000)

Figure 4.1: Residuals of DR2 observations for an orbital ﬁt of (367) Amicitia corresponding to the maximum-likelihood MCMC solution in terms of AL and AC (left)
and in terms of RA and Dec (right). The unﬁlled circles correspond to data rejected
as outliers.

bias is seen in the residuals. This is a known feature of DR2 astrometry of asteroids
and was also observed in the DR2 performance veriﬁcation paper (Paper II), which
explains it by the residuals following the direction of Gaia’s velocity vectors. Thus
the eﬀect is not a cause for concern.

4.2.4

Initial values

One last step remains to be done before the MCMC algorithm can be used: initial
values are required for both the perturber masses and the orbits of each asteroid
involved in addition to a covariance matrix of the model parameters. We obtain
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the initial orbits and the corresponding covariance matrices via OpenOrb’s leastsquares orbit determination algorithm while using the MPCORB orbit database as
the initial orbits for the least-squares solver itself. The least-squares solver does not
as of yet support asteroid mass estimation. At the same time, due to the nature
of the problem it is known that observable perturbations exist on the orbits of the
chosen test asteroids. Thus, when determining initial orbits for test asteroids, we
include the corresponding asteroidal perturbations via the BC430 ephemeris (Baer
and Chesley, 2017) wherever possible so as to obtain initial orbits that are as accurate
as possible.
For determining initial masses, another approach currently needs to be used due
to the aforementioned lack of mass estimation support in OpenOrb’s least-squares
solver. We have used three diﬀerent approaches to this end,the simplest of which
and generally most realistic is to use prior literature values from other studies as the
initial mass since such values should be realistic and thus already be close to the
target probability distribution. This comes with the disadvantage that the approach
cannot be used for asteroids that do not already have existing mass estimates. Even
for asteroids that do have existing mass estimates, there are cases in which the
literature values may be outright rejected as physically unrealistic. (445) Edna serves
as one example; for this asteroid, past mass estimates include p1.75˘0.39qˆ10´12 Md
(Fienga et al., 2010) and p2.1 ˘ 0.6q ˆ 10´12 Md (Goﬃn, 2014). Using a volumeequivalent diameter of p88.6 ˘ 4.10q km (Carry, 2012), these masses correspond to
bulk densities of 9.55 ˘ 2.51 g/cm3 and 11.46 ˘ 3.64 g/cm3 . Such results can be
rejected outright as unrealistic as they are above even that of pure iron (7.8 g/cm3 ).
However, Fienga et al. (2020) more recently estimated a mass of p1.59 ˘ 0.79q ˆ
10´13 Md for this asteroid which would correspond to a more realistic density of
0.87˘0.45 g/cm3 . This value is in line in comparison to other asteroids of comparable
size and spectral class (Carry, 2012). Even so, these earlier estimates show that
published literature values for asteroid masses are not necessarily always reliable.
An analytic approach that requires no prior knowledge of the mass is to make
a series of crude approximations: by assuming a value of 0.15 for the asteroid’s geometric albedo pV and a spherical shape, one can then compute the corresponding
diameter in combination with the H magnitude known from photometric observations (Chesley et al., 2002):
´1{2

D “ 1329 ˆ 10´H{5 pV

km

(4.4)

Assuming a bulk density ρ of 2.5 g/cm3 , it is then possible to trivially calculate the
mass with the following (Chesley et al., 2002):
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π
ρD3
(4.5)
6
This is a rough approximation at best but, in our experience, often suﬃcient to serve
as the initial value and is sometimes surprisingly close to the true mass.
The third approach is the usage of the previously described marching algorithm
(Paper I) which reduces the problem to one-dimensional by including the perturber
mass as the sole free parameter and sampling across a range of possible masses
and computing the χ2 statistic corresponding to each mass. The resulting best-ﬁt
mass is often suﬃcient to be used as the initial value for the MCMC algorithm.
The disadvantages to this approach are the high sensitivity to the ﬁxed input orbits
occasionally resulting in a useless best-ﬁt mass of zero and the additional fact that
it cannot currently be simultaneously used for more than one perturber.
None of these three approaches provide covariance matrices for the mass, and
thus some other means must be applied for that purpose. We assume an arbitrarily
chosen, small variance for the mass while assuming that the correlations of the mass
and every other element are zero. Obviously, these assumptions do not hold in
practise and result in suboptimal initial covariance matrices but, as we will see in
the next subsection, this does not matter much in practise as the adaptive MCMC
algorithms used will rapidly update the matrix to more realistic values.
Minit “

4.2.5

MCMC algorithms

Now that the close encounters to be studied have been selected, the astrometry has
been retrieved and processed, and the initial values have been determined, we have
everything necessary to use the MCMC algorithm. Broadly speaking, the previous
steps would similarly be necessary for other mass estimation algorithms such as the
classical least-squares approach. Now, for an intuitive understanding of the MCMC
approach, let us go through the algorithm step by step.
A single step of the chain begins by generating a new set of proposed model
parameters P 1 , henceforth simply called a proposal, by adding randomly generated
deviates ΔP to the parameters of the previous proposal P i with P 1 corresponding
to the initial set of values:
P 1 “ P i ` ΔP

(4.6)

where the deviates are computed as
ΔP “ Ai R
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where Ai is the Cholesky decomposition of the proposal distribution S i , which can
be simply described as the distribution the deviates are sampled from while R is a
vector consisting of Gaussian-distributed random numbers Rj “ r0, 1s and of length
equal to the number of free parameters d in the model.
The proposal distribution S i can in principle be arbitrarily chosen and it is
the single tunable parameter of the algorithm besides the starting values and in
a standard non-adaptive MCMC algorithm is assumed to be contant. In practise,
a poor proposal distribution may lead to issues such as the possibility of the chain
getting stuck in a local minimum and being unable to generate new acceptable moves,
or poor mixing and/or slow convergence for certain parameters. A common approach
is to directly use the parameters’ covariance matrix as the proposal distribution
S i ; e.g. Siltala (2016) used the initial input covariance matrix directly for this
purpose. Adaptive algorithms, on the other hand, continuously update the proposal
distribution S i after every consecutive step of the chain with the intent of optimizing
the proposal distribution itself. By deﬁnition, such an adaptive approach is no longer
strictly speaking Markovian, making the term MCMC somewhat of a misnomer.
Regardless, such algorithms are frequently referred to as MCMC algorithms in the
literature and thus I opt to do the same.
Whether adaptation is used or not, next we must determine whether the newly
generated proposal P 1 is acceptable. First, the so-called posterior probability density
(p) is computed based on the χ2 statistic:
1
ppP 1 q9 expp´ χ2 pP 1 qq
(4.8)
2
The acceptance probability, then, is simply the posterior probability density of the
proposed move p divided by the probability density of the previous accepted proposal
ppP i ):
˙
ˆ
ˆ
˙
˘
1` 2 1
ppP 1 q
2
ar “ min 1,
“ min 1, expp´ χ pP q ´ χ pP i q q
(4.9)
ppP i q
2
Thus, if the goodness of ﬁt is superior or equal to P i , the acceptance probability will
be unity and thus the new proposal is automatically accepted. Otherwise, the less
likely χ2 pP 1 q is in comparison to χ2 pP i q, the lower the acceptance probability will
be, with signiﬁcantly worse proposals quickly reaching an acceptance probability of
approximately zero. In this case, the previous proposal will be accepted once more,
i.e. P i`1 “ P i . Occasional acceptance of moves to lower likelihood parameter sets
is an important part of MCMC; if only moves to higher likelihood areas were ever
accepted, the chain would converge to a minimum and stop there. On the other
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hand, occasional acceptance of worse proposals is what permits MCMC to sample
across the entire underlying probability distribution.
In Equation 4.8, the ﬁtting only considers the information coming from the observations. Through the Bayesian approach, the proposal distribution can be obtained
by using the formulation ppP 1 q 9 expp´ 12 χ2 pP 1 qqP 0 pP 1 q where P 0 describes our
prior information. Thus, a question remains yet to be answered: What is the prior
distribution used as it is not explicitly shown? My choice of prior is such that a
proposed move P 1 is immediately rejected as physically impossible should it include
a negative mass for any perturbing asteroid. For positive masses I utilize a uniform
prior distribution of unity for both the orbital state vectors (in au and au per day)
and the masses (in solar masses) in Equation 4.8. This choice has been shown to
provide good results for orbit determination (Farnocchia et al., 2015b; Solin and
Granvik, 2018). We also expect that the choice of the prior will not signiﬁcantly
impact the results as the posterior distribution is already well constrained by the
extensive astrometry including thousands of individual observations.
In any case, if the new proposal is accepted, P i`1 is set to P 1 . Should adaptation
not be in use, at this point the chain moves to the next step and generates a new
proposal based on the previously accepted one, repeating the process for as long as
desired. Otherwise, the relevant adaptation formula is applied.
I note here that the terminology in the papers included in this thesis may be
misleading in the sense that accepted moves P 1 alone are referred to as ’accepted
proposals’ whereas in reality, as described above, if a proposed move is rejected, the
previously accepted proposal is instead accepted. Thus, the term ’accepted moves’
would be more appropriate in the papers this thesis consists of. This has been
correctly taken to account in the results of each paper, i.e. all accepted proposals are
considered, not merely accepted moves. In this thesis overview, ’accepted proposal’
refers to every element of the chain whether a move was involved or not.
In Adaptive Metropolis (AM; Haario et al., 2001) and global adaptive scaling with
adaptive Metropolis (GASWAM; Andrieu and Thoms, 2008, Algorithm 4) the new
proposal distribution is computed based on the empirical covariance matrix which, in
turn, is constructed from each element in the chain and multiplied by a scale factor
λ. In both algorithms the covariance matrix is updated after each consecutive step
in the chain:
i
1 ÿ
S i “ λi
pP j ´ PqpP j ´ PqT ` Id
(4.10)
i ´ 1 j“1
where P j represents the entire chain so far while P corresponds to the mean of the
values of each parameter in the chain so far, Id is the d-dimensional identity matrix
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whereas is a small parameter which has the role of ensuring that the matrix will not
become singular. It can be arbitrarily chosen, and we opted for “ 10´26 which we
found to be adequate. According to our observations, the results are not particularly
sensitive to its exact value. Even “ 0 may work in practice, but the ergodicity has
only been mathematically proven for ą 0 (Haario et al., 2001) and thus we include
the term to avoid potential issues.
During the preparation of this thesis, it became apparent that from Paper I
onwards, there has been an error in our AM implementation where the proposal
distribution was only updated after each accepted move which may theoretically have
led to less-than-optimal proposal distributions. The results in Papers III, IV and V
are not aﬀected as a diﬀerent algorithm is used. Furthermore, Paper I demonstrates
that, despite the issue that was unknown at the time, the chains were well behaved
throughout the paper. Upon being notiﬁed of the issue, I promptly corrected it
and, to gauge any potential impact it may have had on the results, applied our AM
implementation to the purely synthetic test case previously studied in Paper I with
both the erroneous and the corrected AM algorithms with a ﬁxed random number
generator, i.e. a constant seed was used. The resulting probability distributions for
the mass are shown in Figure 4.2 which demonstrates that the resulting probability
distributions are practically the same. I thus conclude that even in Paper I, it is
unlikely for the issue to have led to any noteworthy impact in the ﬁnal results.
In AM, the scaling parameter λ is a constant that can in principle also be freely
chosen. We compute λ “ 2.42 {d as in Haario et al. (2001), whom note that this choice
optimizes the proposal distribution for Gaussian targets and proposals (Gelman et al.,
1996). In GASWAM, on the other hand, the scaling parameter is also adapted after
each step with the formula (Andrieu and Thoms, 2008)
λi “ λi´1 ` i´0.5 ˆ par ´ a˚ q

(4.11)

where ar represents the acceptance probability of the previous proposal (Equation 4.9), i the total number of elements in the chain so far, and a˚ the desired
mean acceptance probability. Essentially, this approach strives to coerce the mean
acceptance probability towards a˚ . We set a˚ “ 0.234 which has been shown to
theoretically be optimal for multi-dimensional cases (Roberts et al., 1997). Here λi
is a scalar value but in practise it may be the case that the optimal scaling factor
may be diﬀerent for diﬀerent parameters. Alternative algorithms exist that compute
separate values for λ for each parameter (Andrieu and Thoms, 2008, Algorithms 5
& 6) which are likely to be theoretically superior yet come at the cost of massively
increased computation time due to the need of multiple separate evaluations of the
acceptance ratio ar which we deemed impractical for our use case due to CPU time
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Figure 4.2: Probability distributions for the mass of an unnamed synthetic perturbing
asteroid previously studied in (Paper I). The blue colored distribution was computed
with an incorrectly implemented AM algorithm whereas in the red distribution, the
algorithm was corrected.

constraints. The robust adaptive Metropolis algorithm (RAM; Vihola, 2012) achieves
a similar result with the its formula
ˆ
˙
ΔP i ΔP Ti
S i “ Ai ATi “ Ai´1 Id ` ηi par ´ a˚ q
ATi´1
(4.12)
ΔP i 2
which is also applied after each step of the chain. Here ηi is a step size sequence
which may be arbitrarily chosen. We set ηi “ i´0.5 as suggested by Vihola (2012).
ΔP refers to the deviates of the latest proposal (Equation 4.7) whereas ar , a˚ , Id
and i, respectively, refer to the acceptance probability of the previous proposal, the
desired acceptance rate, the identity matrix, and the total number of elements in the
chain so far.
This proposal distribution can no longer be considered be characterized by a
covariance matrix, but it is computationally simple and has been shown to be highly
competitive with the AM and ASWAM approaches (Vihola, 2012) and consequently
is the main approach we use from Paper III onwards.
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No matter which scheme is used, the process is repeated until the desired N
accepted moves have been achieved. A larger N will, with diminishing returns,
better approximate the true underlying probability distributions in comparison to
a smaller N . Typically, we set N “ 50, 000 as a practical compromise between
computation time and suﬃciently accurate proposal distributions.

4.2.6

Analysis of the results

Once the MCMC computation has ﬁnished, the next and ﬁnal step is to analyze the
results. Initially, the so-called burn-in period in the beginning of the chain must
be removed. Burn-in refers to a period where the chain is still converging to the
target distribution. While there exist methods for both automatically detecting the
optimal N and the length of the burn-in period such as the Raftery-Lewis algorithm
(Raftery and Lewis, 1995), they are not directly compatible with the adaptive MCMC
methods. Instead, we visually inspect the traces, or graphs representing the evolution
of the values of each parameter in order to identify the burn-in period. While the
length can in practise vary heavily, in most of our cases we have found the length to
be typically 5, 000 moves or less.
As an demonstrative example, let us examine a MCMC run for the synthetic
test case previously studied by Paper I based on artiﬁcially generated orbits and
observations with a single perturbing asteroid and a single test asteroid. Figure 4.3
shows a trace of the perturber mass in this example case. Upon visual examination,
one can see that the starting value for the mass at i “ 1 is unrealistically low. As the
chain progresses, the mass rapidly overshoots past the true probability distribution
to values above 1.0 ˆ 10´11 Md before converging to the area corresponding to the
true distribution. This part is the burn-in period, and, in this case, we observe that
it has a length of approximately 1, 000 moves. The rest of the chain is a textbook
example of a well behaved MCMC run as the chain evenly samples the posterior
probability distribution of the mass.
With the burn-in period (of 1, 000 moves in this speciﬁc case) removed, the probability distributions of each parameter can then be constructed by creating histograms
of the elements in the chain for each parameter. Kernel density estimates can also
be applied to the data points to better estimate the shape of the distribution, and
the maximum likelihood mass will then correspond to the peak of the distribution.
Asymmetric 1σ uncertainty estimates may be determined by computing the interval
of the area around the maximum-likelihood mass within which the 68.27% highest
likelihood masses fall. In the same manner, the 3σ interval corresponds to the area
within which the 99.73% highest likelihood masses fall.
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Figure 4.3: The trace of the mass resulting from a MCMC run utilizing the GASWAM
algorithm for a synthetic test case. The y-axis shows the mass of the perturber in
solar masses whereas the x-axis shows the sequential numbers of each accepted move.

This is demonstrated in Figure 4.4 which shows the probability distribution of
the mass in this synthetic test case as both a histogram of the accepted proposals of
the mass and a kernel density estimate ﬁtted into the same. Clearly, the distribution
in this case is quite symmetric, and an analysis of the kernel density estimate yields
a mass of p6.05 ˘ 0.95q ˆ 10´11 Md for this synthetic perturbing asteroid. At this
point, the mass estimation process is ﬁnally complete.
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Figure 4.4: Proposal distribution of the mass resulting from a MCMC run utilizing
the GASWAM algorithm for a synthetic test case. The x-axis shows the mass of the
perturber in solar masses. The solid curve corresponds to a kernel density estimate
ﬁtted in the data whereas the dashed vertical lines represent the 1σ uncertainty
boundaries.
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5 Highlighted results and discussion for
(52) Europa
In this chapter, I highlight and discuss some example results of our mass estimation
studies. (52) Europa serves as a suitable example to demonstrate the improvements
to asteroid masses achieved over the course of this research.
We ﬁrst studied Europa as one of several target asteroids in my Master’s thesis
(Siltala, 2016). These results were never published in a peer-reviewed paper and
are not part of the thesis proper, but they nonetheless oﬀer an interesting historical
view on the improvements made throughout my work on this thesis. In my Master’s
thesis, we found a highly asymmetric probability distribution for Europa’s mass
characterized by a very low maximum-likelihood value and a long tail in the upper
´12 M rendered practically useless by
end with the resulting mass of 2.67`5.31
d
´1.23 ˆ 10
the extremely high uncertainty.
(52) Europa was studied further in Papers I, III and V of this thesis. Paper I
made signiﬁcant algorithmic improvements in comparison to that used in (Siltala,
2016), correcting certain ineﬃciencies in the original algorithm particularly through
´12 M
the implementation of the AM algorithm and found a mass of 8.93`10.2
d
´0.661 ˆ 10
for (52) Europa based on the same close encounter. While the 1σ uncertainties
remained very high, the upper 3σ uncertainty was reduced to half of that in my
Master’s thesis due to the tail on the upper end being signiﬁcantly shortened. The
maximum-likelihood value of the mass itself shifted much closer towards the average
literature value of p1.28 ˘ 0.41q ˆ 10´11 Md (Kretlow, 2020).
Further upgrades, including algorithmic improvements, asteroidal perturbations
via the BC430 ephemerides (Baer and Chesley, 2017), appropriate error and astrometric debiasing models (Baer and Chesley, 2017; Farnocchia et al., 2015a) and the
ability to use multiple test asteroids simultaneously were then implemented in Paper
´11 M
III. With these updates, we computed a new mass estimate of 1.24`2.05
d
´1.24 ˆ 10
for (52) Europa based on simultaneous use of two separate test asteroids and observed
the new maximum-likelihood mass to be essentially equal to the average literature
value. The high uncertainties were explained by looser weights for many observa39

?
tions resulting from the new error model with the N factor (further discussed in
Section 4.2.2) having a particularly strong inﬂuence.
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Figure 5.1: Probability distribution for the mass of (52) Europa based on ﬁve test
asteroids. The red distribution corresponds to a case where Gaia data was combined
with Earth data for three out of ﬁve test asteroids whereas the blue distribution
corresponds to the equivalent case where only Earth data was used for all ﬁve test
asteroids. The corresponding densities on the upper x-axis were computed assuming
a volume-equivalent diameter of 313 km (Kretlow, 2020). We note that, for the Gaia
case, the uncertainty of the density is dominated by the uncertainty of the diameter,
which is not taken into account in this ﬁgure.
Finally, Paper V studied (52) Europa once more. In this work, further improvements were made on the algorithm itself whereas the astrometric debiasing model was
upgraded to a new model based on the Gaia star catalogue (Tanga et al., 2020, Tanga
et al, in preparation) simultaneously accompanied by an upgrade of the astrometric
error model (Tanga et al., 2020; Ferreira et al., 2020, Spoto et al, in preparation).
For the ﬁrst time, this study combined Earth-based data was combined with
´11 M
Gaia astrometry for mass estimation. We found a mass of 0.602`0.395
d
´0.373 ˆ 10
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for Europa, this time based on ﬁve test asteroids, with Earth-based data alone. In
the same paper, the usage of Gaia astrometry for three of the ﬁve test asteroids in
combination with Earth-based data led to a dramatic reduction of the uncertainty
´11 M was thus found. Such a
of Europa’s mass, and a mass of 1.511`0.0486
d
´0.0492 ˆ 10
value is higher than the aforementioned average literature value but well within its
uncertainties and strongly in line with recent individual studies, such as Baer and
Chesley (2017).
The corresponding probability distributions for both cases are shown in Figure 5.1, which makes the diﬀerence in uncertainty clear. Evidently, the result with
DR2 included is beyond the 1σ uncertainties of the result based on Earth-based
astrometry alone, but nonetheless well within the 3σ boundaries.
(15) Eunomia and (29) Amphitrite, both of which were also included in each
aforementioned study, demonstrated similar order-of-magnitude improvements to the
uncertainty with the inclusion of Gaia astrometry. In conclusion, while our initial
results were plagued by high yet realistic uncertainties, improvements were made
in each consecutive paper until, at the conclusion of this work, our approach was
demonstrably capable of providing realistic mass estimates of impressive accuracy in
no small part due to the use of Gaia astrometry.
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6 Summary of the publications
The thesis consists of ﬁve journal publications, which are summarized below. My
contribution to each paper is described at the end of their corresponding sections.

6.1

Paper I

Siltala, L. & Granvik, M. (2017). Asteroid mass estimation using Markov-chain
Monte Carlo. Icarus 297:149-159
Paper I explores new algorithms for asteroid mass estimation based on gravitational perturbations during asteroid–asteroid close encounters. We introduce three
separate algorithms: i) the marching algorithm which reduces the problem to one
dimension by computing the goodness of ﬁt for the massless test asteroid across a
range of diﬀerent perturber masses while keeping the orbital elements at the initial epoch for both ﬁxed, ii) an implementation of the Nelder-Mead simplex method
(Nelder and Mead, 1965), and, most signiﬁcantly, iii) a MCMC algorithm based on
the Adaptive Metropolis (AM) scheme of Haario et al. (2001). We study each algorithm by applying them to both a single synthetic test case and nine real-world close
encounters and compares the results to past literature values with a particular focus
on the AM algorithm. Recently, a minor error in the AM implementation used in
this paper came to light, which is discussed in Section 4.2.5. It is unlikely to have led
to any noteworthy issues in the results themselves, as is demonstrated in the same
section.
I wrote most of the paper with editing by M. Granvik, created all the ﬁgures,
performed all the computations and analysis and implemented each algorithm by
revising and adapting older code initially written by M. Granvik.
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6.2

Paper II

Gaia Collaboration, Spoto, F., Tanga, P., Mignard, F., and 621 co-authors, including
Siltala, L. (2018). Gaia Data Release 2. Observations of solar system objects.
Astronomy & Astrophysics 616:A13.
Paper II is one of multiple publications describing the second Gaia data release.
We describe high-precision astrometry and photometry published for 14,099 Solar
System objects while thoroughly documenting the properties of this data. The photometry is validated by means of utilizing existing high-resolution shape models for
the asteroids (21) Lutetia and (2867) Šteins to reproduce the Gaia photometry for
these asteroids, which is successful. The astrometry is studied in greater detail and
validated by ﬁtting orbits for each included asteroid into the DR2 astrometric data
and analyzing the corresponding DR2 residuals. The accuracy of the resulting orbits is simularly analyzed and compared to orbits computed with Earth-based data.
We ﬁnd that, while certain caveats exist in the data, the Gaia astrometry reaches
the promised milliarcsecond-scale accuracy and surpasses all previous astrometry
obtained at optical wavelengths.
I am a member of the Gaia Data Processing and Analysis Consortium (DPAC)
and, through the DPAC, the Gaia Collaboration. In this work, I played a small part
in the astrometric validation through orbit computation with DR2 astrometry with
OpenOrb.

6.3

Paper III

Siltala, L. & Granvik, M. (2020). Asteroid mass estimation with the robust
adaptive Metropolis algorithm. Astronomy & Astrophysics 633:A46.
Paper III builds upon the work introduced in Paper I by switching from the previous Adaptive Metropolis scheme to a combination of the global adaptive scaling with
adaptive Metropolis (Andrieu and Thoms, 2008) and the robust adaptive Metropolis
algorithm (Vihola, 2012) which are found to outperform AM in some situations. We
implemented the ability to consider multiple perturbers and test asteroids simultaneously which directly led to improvements in the results due to a larger number of
astrometry used in the computations.
Additionally, we overhauled the outlier detection algorithm; while Paper I rejected outlier observations based on their residuals computed solely based on the
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starting values used with the MCMC algorithm, in Paper III we analyze residuals
for each observation on the ﬂy during the MCMC run itself and repeatedly re-run
the outlier detection algorithm which now utilizes a criterion based on Mahalanobis
distance (Mahalanobis, 1936).
Paper III also introduces usage of proper observational weights based on the
observational error model of Baer and Chesley (2017) and utilizes the debiasing
scheme of Farnocchia et al. (2015a) to correct systematic biases astrometry caused
by biases in the star catalogues used in the reduction process. We also implemented
support for the BC430 ephemerides (Baer and Chesley, 2017) into OpenOrb which
allows for including perturbations by massive asteroids not otherwise included in the
MCMC computations.
Finally, we test the upgraded algorithm by applying it to a variety of both synthetic and real-world test cases accompanied by a thorough analysis of the results.
As expected, the results are superior to Paper I and Paper III supersedes Paper I
in every way. Of particular interest are the results for the asteroid (16) Psyche,
for which our two separate results with two test asteroids each led to densities of
`0.98
3
2.68`1.21
´1.22 and 2.54´0.98 g/cm which were unusually low in comparison to previous
literature values. The paper also demonstrated our capability of making ephemeris
predictions for the test asteroids depending on Psyche’s mass, and predicted that
observations of (151878) 2003 PZ4 during the summer of 2019 would signiﬁcantly
narrow down the uncertainty of Psyche’s mass should that test asteroid be used.
I wrote most of the paper with editing by M. Granvik, created all the ﬁgures,
performed all the computations and analysis of the results and wrote all of the new
code.

6.4

Paper IV

Siltala, L. & Granvik, M. (2021). Mass and Density of Asteroid (16) Psyche. The
Astrophysical Journal Letters 904:L14.
Paper IV continues on the work of Paper III by studying the asteroid (16) Psyche
in further detail, as we deemed it of signiﬁcant interest both due to Paper III’s unexpected results for Psyche and it being the target of a soon-to-be-launched NASA
space mission (Elkins-Tanton et al., 2014). We study Psyche in greater detail by
computing a mass estimate for it with as many as 10 simultaneously used test asteroids and included recent astrometry for (151878) PZ4 both from survey telescopes
and a fast-track programme observed with the Nordic Optical Telescope during the
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summer of 2019 due to Paper III previously predicting that such observations would
contribute to signiﬁcantly narrower uncertainties for Psyche’s mass. In addition, we
estimate masses for (1) Ceres and (4) Vesta based on two test asteroids each and
compare the results to Dawn values to validate the algorithm. The results are found
to be in line with those of Dawn.
We ﬁnd a mass of p1.117 ˘ 0.039q ˆ 10´11 Md for (16) Psyche which is more in
line with previous studies but still on the lower end. Based on the volume computed
by Ferrais et al. (2020), the result implies a bulk density of p3.88 ˘ 0.25q g/cm3 .
We then explore the potential physical implications of such a value and ﬁnd that it
appears diﬃcult to reconcile Psyche’s bulk density with that of iron meteorites found
on Earth, thus suggesting that the asteroid is unlikely to be an iron core as proposed
by some authors. On the other hand, the possibility of Psyche being the parent body
of stony-iron meteorites as proposed by Viikinkoski et al. (2018) remains possible yet
statistically unlikely due to lower than expected densities. At the same time, the
result is found to be perfectly in line with the ferrovolcanism theory of Johnson et al.
(2020).
The author wrote most of the paper with editing by M. Granvik, created all the
ﬁgures, wrote the NOT fast-track proposal, planned the observations, performed the
data reduction and all the computations and analysis of the results and wrote all of
the new code.

6.5

Paper V

Siltala, L. & Granvik, M. (2021). Masses, bulk densities, and macroporosities of
asteroids (15) Eunomia, (29) Amphitrite, (52) Europa, and (445) Edna based on
Gaia astrometry. Submitted to Astronomy & Astrophysics.
Paper V demonstrates for the ﬁrst time the practical impact of asteroid astrometry of the Gaia mission for the purpose of asteroid mass estimation, which has been
described as one of the main scientiﬁc applications of this data (Paper II).
The treatment of Earth-based data is improved by an upgrade to a new astrometric debiasing model based on the Gaia star catalogue (Tanga et al., 2020, Tanga
et al, in preparation) in combination with a new astrometric error model (Tanga
et al., 2020; Ferreira et al., 2020, Spoto et al, in preparation).
We validate our algorithm and our data treatment by applying our MCMC algorithm, with further optimizations beyond those of Paper IV, to orbit computation
of the asteroid (367) Amicitia which was previously used as a test case in the DR2
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performance veriﬁcation paper (Paper II). We compute orbits separately with DR2
data alone and with a combination of DR2 and Earth-based data alone, and ﬁnd
that our approach produces more accurate results to those of Paper II in terms of
O ´ C residuals.
Next, the paper’s attention turns towards mass estimation by studying the mass
of (445) Edna based on a past close encounter with (1764) Cogshall which occurred
during the DR2 timespan. We compute masses for (445) Edna with DR2 data alone,
Earth-based data alone, and a combination thereof and ﬁnd that DR2 data by itself
is insuﬃcient to obtain masses with acceptable uncertainty estimates but, when
combined with Earth-based data, provides a signiﬁcant reduction of the uncertainty
in comparison with mass estimates with Earth-based data alone. We compute the
corresponding bulk density and ﬁnd it and, by extension, the mass, to be physically
realistic.
Finally, the masses of (15) Eunomia, (29) Amphitrite, (52) Europa and
(445) Edna are studied separately with multiple simultaneously used test asteroids
both with a combination of DR2 and Earth-based data and with Earth-based alone.
We ﬁnd that usage of DR2 data leads to order-of-magnitude improvements to the
uncertainties of the masses of (15) Eunomia, (29) Amphitrite, (52) Europa and ﬁnd
the results to be physically realistic and in line with previous studies. We compute
the corresponding bulk densities and macroporosities and brieﬂy discuss their physical implications and note that with the low mass uncertainties enabled by Gaia , the
uncertainty of the density estimates is dominated by the uncertainty of the volume.
We conclude that DR2 is handicapped by the relatively low number of asteroids
included, which does not include many interesting perturbers and test asteroids, but
note that for asteroids for which it can be utilized, DR2 delivers vastly improved mass
estimates in comparison to the pre-DR2 era. We note that the forthcoming third
Gaia data release will largely correct this caveat in addition to providing further
astrometry to the asteroids already included in DR2, and expect DR3 to enable a
wave of new asteroid mass estimations of unprecedented accuracy.
The author wrote most of the paper with editing by M. Granvik, created all the
ﬁgures, performed all the computations and analysis of the results and wrote all of
the code with the exception of OpenOrb’s initial support for Gaia observations which
was implemented by M. Granvik.
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7 Concluding remarks
This thesis, focused on asteroid mass estimation by modeling asteroidal perturbations
during asteroid-asteroid close encounters, is the conclusion of many years of work.
For the most part, the reported uncertainties of our studies have been relatively high
in comparison to past studies. However, this is not necessarily a disadvantage as
the uncertainties of most mass estimates are indeed believed to be underestimated
(Carry, 2012). This thesis also shows that, particularly in noisier cases, the uncertainties are not necessarily entirely Gaussian or symmetric as is traditionally assumed
with mass estimation based on least-squares algorithms. Thus, to some extent, this
work invalidates such assumptions which our MCMC approach need not make.
Each consecutive paper brings improvements to the preceding one by improving
on both the algorithms used and the data treatment schemes. Paper V, which for
the ﬁrst time demonstrates the practical impact of the second Gaia data release
to asteroid mass estimation, can be considered the highlight of this thesis, where
Gaia has allowed us to drastically narrow down the uncertainties of asteroid masses.
We observe that, while traditionally these have dominated the uncertainties of the
corresponding bulk densities (Kretlow, 2020), thanks to Gaia DR2 this is no longer
the case; rather, uncertainties of the volume have become the dominant term. There
are also ongoing eﬀorts to improve the estimates of asteroid shape models and thus
volumes (e.g. Ferrais et al. (2020); Dudziński et al. (2020); Martikainen et al. (2021)).
Gaia DR2 still has caveats for asteroid mass estimation in that the relatively low
number of 14,099 asteroids included in the data release excludes many interesting
asteroids useful for mass estimation thus limiting its usage in practise. Furthermore,
the observational timespan remains relatively short and there exist certain known
but minor issues with DR2 such as an incorrectly applied relativistic light bending
correction (Paper II). We expect that the forthcoming third Gaia data release and
consequent releases will remedy these issues and thus allow for a wave of new asteroid
mass estimations for a larger number of asteroids with unprecedented accuracy. In
that sense, this thesis serves as a taste of things to come, and sets the stage for a
bright future for mass and density estimation to come in the years ahead.
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