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Relations Between Greedy and Bit-Optimal
LZ77 Encodings

Dmitry Kosolobov
University of Helsinki, Helsinki, Finland
dkosolobov@mail.ru

Abstract
This paper investigates the size in bits of the LZ77 encoding, which is the most popular and
e�cient variant of the Lempel�Ziv encodings used in data compression. We prove that, for a
wide natural class of variable-length encoders for LZ77 phrases, the size of the greedily construc-
ted LZ77 encoding on constant alphabets is within a factorO( log n

log log log n ) of the optimal LZ77
encoding, wheren is the length of the processed string. We describe a series of examples showing
that, surprisingly, this bound is tight, thus improving both the previously known upper and lower
bounds. Further, we obtain a more detailed boundO(min f z; log n

log log z g), which uses the number
z of phrases in the greedy LZ77 encoding as a parameter, and construct a series of examples
showing that this bound is tight even for binary alphabet. We then investigate the problem on
non-constant alphabets: we show that the knownO(log n) bound is tight even for alphabets of
logarithmic size, and provide tight bounds for some other important cases.
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1 Introduction

The Lempel�Ziv encoding [23] (LZ77 for short) is one of the most popular and e�cient
compression techniques used in data compression, stringology, and algorithms in general.
The LZ77 encoding lies at the heart of common compressors such asgzip , 7zip , pkzip , rar ,
etc. and serves as a basis for modern compressed text indexes on highly repetitive data (e.g.,
see [12, 15, 18]).

Numerous papers on LZ77 have been published during the last 40 years. In these works,
it was proved that LZ77 is superior compared to many other compression schemes both in
practice and in theory. For instance, in [14, 24, 22] it was shown that LZ77 is asymptotically
optimal with respect to di�erent entropy-related measures; further, in [ 4] it was proved that
many other reference based encoders (including LZ78 [24]) use polynomially (in the length
of the uncompressed data) more space than LZ77 in the worst case and, in a sense, are
never signi�cantly better than LZ77. However, many problems related to LZ77 are still not
completely solved. In this paper we investigate how good is the popular greedy LZ77 encoder
in a class of practically motivated models with variable-length encoders for LZ77 phrases;
to formulate the problem that we study more accurately, let us �rst discuss what is known
about di�erent LZ77 encoders.

LZ77 is a dictionary based compression scheme that replaces a string with phrases that
are actually references to strings in a dictionary. Each phrase of an LZ77 encoding can be
viewed as a triple hd; `; ci , where ` is the length of the phrase,d is the distance to a string
of length `� 1 from the dictionary such that this string is a pre�x of the phrase, and c is
the last letter of the phrase (the precise de�nition follows); we use the de�nition from [23]
but all our results can be adapted for the version of LZ77 from [21], in which phrases are
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encoded by pairshd; `i (throughout the paper, we provide the reader with separate remarks
in cases where such adaptation is not straightforward). The same string can have many
di�erent LZ77 encodings. It is well known that the greedily constructed LZ77 encoding,
which builds the encoding from left to right making each phrase as long as possible during
this process, is optimal in the sense that it produces the minimal number of phrases among
all LZ77 encodings of this string (see [4, 20, 21]). The same optimality property holds for
the versions of LZ77 with �sliding window� [ 9], which is a restriction that is important for
practical applications.

However, in practice, compressors usually use variable-length encoders for phrases and,
in this case, it is not clear whether the greedy LZ77 encoder is optimal in the sense that
it outputs the minimal number of bits. The question of �nding an optimal LZ77 encoding
for variable-length phrase encoders was raised in [19] and the �rst attempts to solve this
problem were given in [11]. The authors of [11] also conducted the �rst theoretical studies to
�nd how bad is the greedy LZ77 encoding compared to an optimal LZ77 encoding. Such
questions make sense only if we state formally which kinds of phrase encoders are used
in the LZ77 encoder. As in [11], we investigate encoders that encode each phrasehd; `; ci
using �( logd + log` + logc) bits1 (see a more formal discussion below). This class of phrase
encoders includes a broad range of practically used encoders and, among others, Elias's [10]
and Levenshtein's [17] encoders, which produce asymptotically optimal universal codes for
the numbers d; `; c; we refer the reader to [11] for further discussions on the motivation.

In the described model, there are two ways how to optimize the size of the produced
LZ77 encoding. The �rst way is to minimize d in the triples hd; `; ci . This problem was
addressed already in [11] for the greedy LZ77 encoder, where one must �nd the rightmost
occurrence of the referenced part of each phrase; several improvements on this result of [11]
and related questions were given in [1, 2, 3, 8, 16]. The second way is to consider both
parameters` and d, i.e., to build an optimal LZ77 encoding. There are very few works in this
direction (see [7] and [11]) and there is still a room for improvements in such results. Due to
the overall di�culty of the problem of �nding an optimal LZ77 encoding, real compressors
usually construct an LZ77 encoding greedily. Thus, this raises the following question: how
bad can the produced greedy LZ77 encoding be compared to an optimal LZ77 encoding?

For a given string of length n, denote by LZgr and LZopt the sizes in bits of, respectively,
the greedily constructed and an optimal LZ77 encodings from the special class of encodings
that we consider in this paper (see clari�cations in Section 2). We investigate the ratio LZgr

LZopt
.

Upper bounds on this ratio are provided in terms of the parametersn, z, and � , where z
is the number of phrases in the greedy LZ77 encoding of the considered string (it is well
known that any other LZ77 encoding contains at leastz phrases; see [4, 20, 21]) and � is
the alphabet size. We are also interested in upper bounds that use only the parameter
n. In [11] it was proved that LZgr

LZopt
= O(logn) and there is a series of examples on which

LZgr

LZopt
= 
( log n

log log n ). In this paper we improve these results and our bounds in many cases are
tight in the sense that there are series of examples on which these bound are attained; our
main contributions are summarized in Table 1.

First, we study the case of constant alphabets and completely solve it. Namely, in
Theorem 7, we �nd the following detailed upper bound on the ratio LZgr

LZopt
(note that this

bound is also applicable for arbitrary alphabets): LZgr

LZopt
= O(minf z; log n

log log � z g): In the case of

constant alphabets this upper bound degenerates toO(minf z; log n
log log z g). In Theorem 10 we

1 Throughout the paper all logarithms have base 2 if it is not explicitly stated otherwise.


























