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1 Introduction

The subject of this thesis is Liouville quantum field theory and its conformal
symmetry. The Liouville field is a two-dimensional scalar field defined on
a compact orientable surface Σ endowed with a Riemannian metric g. The
classical Liouville field is a real-valued solution to the Liouville equation

∆gφ = 2eφ + Rg . (1.0.1)

Here ∆g is the Laplace–Beltrami operator and Rg is the scalar curvature.
Equation (1.0.1) is the Euler–Lagrange equation of the Liouville action func-
tional

SL(φ, g) =
∫

Σ
(1

2 |dφ|2g + Rgφ + 2eφ)dvg . (1.0.2)

Here | · |g is the norm induced by the metric g, d is the exterior derivative and
dvg is the volume form. The classical theory can be quantized by constructing
a path integral, and the conformal symmetry is revealed by studying how the
theory depends on the background metric g. We will describe this in more
detail in the following chapters.

Conformally symmetric quantum (or statistical) field theories are collec-
tively called conformal field theories (CFTs). Their theory is especially rich in
two dimensions, where the algebra of generators of conformal transforma-
tions is infinite-dimensional. Two-dimensional CFTs appear in many con-
texts, for example in the theory of continuous phase transitions, models of
two-dimensional quantum gravity, string theory and as fixed point of the
renormalization group flow. CFTs are interesting also from a purely mathe-
matical point of view, and they have been an inspiration for a lot of mathe-
matical development.

The study of two-dimensional CFT took a leap forward in a seminal paper
of Belavin–Polyakov–Zamolodchikov (BPZ hereafter) [BPZ84] where the effi-
cacy of the conformal bootstrap hypothesis was demonstrated. In the conformal
bootstrap approach, CFTs are not defined by a path integral. Instead, theories
are defined by a parameter called the central charge, and each CFT has a set of
distinguished fields, called the primary fields, which can be seen as building
blocks for many other physically relevant quantities of the theory. The con-
formal symmetry constrains the correlation functions of the primary fields
strongly, and one hopes that using these constrains one can derive formulae
for the correlation functions. BPZ showed using the bootstrap approach that
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1 Introduction

CFTs with finitely many primary fields, the minimal models, are integrable,
meaning that the correlation functions of the primary fields can be computed
explicitly. A key ingredient in the computation is the representation theory of
the infinite-dimensional symmetry algebra.

The minimal models include for example the CFT describing the scaling
limit of the critical Ising model. The Liouville CFT (LCFT) has a continuum
of primary fields, and thus it is not included in the computation of BPZ.
LCFT has appeared in many different places in theoretical physics, including
worldsheet quantization of non-critical bosonic string theory [Pol81, Alv83,
DHPh86, DHPh88], two-dimensional quantum gravity [Dav88, DiKa89], and
the AGT-conjecture [AGT10]. According to Polyakov, the motivation behind
the work of BPZ on CFT was to solve the LCFT, but they were not success-
full [Pol08]. Soon after, there was a lot of progress in this direction [DoOt94,
ZaZa96, Tes95, Tes01, Tes04].

In recent years there has been spectacular progress in the mathematically
rigorous study of LCFT. In [DKRV16] the path integral quantization was car-
ried out on the sphere, and later on other surfaces in [DRV16,HRV18,GRV16,
Rem18]. The construction of the path integral is based on the theory of Gaus-
sian multiplicative chaos (GMC) developed by Kahane [Kah85]. After the
construction of the path integral, the predictions of the bootstrap approach of
BPZ were proven rigorously in a series of papers [KRV19, KRV20, GKRV20].

The contributions of this thesis concern the stress-energy tensor (SE-tensor)
of LCFT. The SE-tensor describes the response of a field theory to a variation
of the background metric. In Section 2.3 we will explain how conformal sym-
metry in field theory can be expressed in terms of the background metric. A
consequence of this is that conformal symmetry constrains the behaviour of
the SE-tensor. Indeed, BPZ predicted that the correlation functions of the SE-
tensor of a CFT are meromorphic functions whose poles are described by the
conformal Ward identities. Concretely, the conformal Ward identities say that
the correlation functions of the SE-tensor can be expressed in terms of the
correlation functions of the primary fields and their derivatives. The higher
order correlation functions contain higher order derivatives, so smoothness
of the correlation functions of the primary fields is required. The correlation
functions of the primary fields were shown to be smooth in the article [I]. The
article [II] contains a derivation of the conformal Ward identities in LCFT on
the Riemann sphere, and the article [III] extends this result to all compact
Riemann surfaces with genus at least two.
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2 Background

In this chapter we explain some background and history to motivate the
study of the Liouville theory.

2.1 Uniformization of Riemann surfaces and
classical Liouville field theory

The Liouville equation (1.0.1) was studied by Picard and Poincaré [Pic1890,
Pic1893, Pic1905, Poi1898], motivated by the question of uniformization of
Riemann surfaces. The origin of uniformization lies in the following ques-
tion. Consider the equation

F(x, y) = 0 , (2.1.1)

where F is a holomorphic function of two complex variables x and y. The
space of solutions to this equation gives an implicit definition of a Riemann
surface Σ, and we assume that this surface is compact. The question then is
that can one find a holomorphic function f : D → Σ that parametrizes the
surface1. The paramterization can be thought of as an explicit definition of the
surface. The passage from implicit to explicit is called uniformization, because
from equation (2.1.1) one gets a relation x = x(y), which in general defines x
as a multi-valued function of y, and finding the paramterization f amounts
to finding a variable z such that both x and y are single-valued, or uniforme
in French, functions of z (see [Beg15,SaGe16] for expositions of the history of
uniformization). Picard and Poincaré studied the existence of solutions to the
equation (1.0.1), and they both also proved that given a solution φ to (1.0.1)
one can construct a uniformizing map f : D → Σ for the surface Σ, and vice
versa.

Poincaré’s proof emphasized the fact that the equation (1.0.1) can be writ-
ten in terms of objects that are globally defined on the surface Σ, namely,
the Laplace–Beltrami operator and the scalar curvature. If φ is a solution to
(1.0.1), then by using the relation

Reφg = e−φ(Rg − ∆gφ) , (2.1.2)

1In modern language, one looks for holomorphic covering map f .
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2 Background

we see that φ is the function for which the metric eφg has constant scalar cur-
vature −2. Thus, it turns out that uniformization in the algebraic sense is the
same as finding a metric with uniform curvature. Viewed from the calculus of
variations point of view, the uniformization of the algebraically defined sur-
face (2.1.1) boils down to minimizing the Liouville action functional (1.0.2).
However, for example in the case of the Riemann sphere Σ = S2, the action
(1.0.2) has no minimizer. To see this, first recall the Gauss–Bonnet theorem∫

Σ
Rgdvg = 4πχ(Σ) , (2.1.3)

where χ(Σ) is the Euler characteristic of the surface. If we plug in the constant
field φ(z) = c ∈ R into the action (1.0.2), we get

SL(c, g) = 4πχ(Σ)c + 2ec volg(Σ) . (2.1.4)

For the Riemann sphere χ(S2) = 2, so the above function is strictly increasing
in c. It follows that on the sphere the Liouville action has no local extrema.
This comes as no surprise, since if we have a global solution to (1.0.1), then
by integrating the equation over the whole surface, we see that we must have
χ(Σ) < 0. The Euler characteristic is related to the genus g of the surface by
the relation

χ(Σ) = 2− 2g . (2.1.5)

This implies that existence of solutions to the Liouville equation requires the
genus g of the surface has to be at least 2.

For compact surfaces with non-negative Euler characteristic (i.e. for the
Riemann sphere and the tori) one can consider the case where the surface has
punctures. The punctures allow for the metric to have singularities, and we
and we can look for constant negative curvature outside of the singularities.
These punctures show up as extra terms in the Liouville equation (1.0.1) and
the Liouville action (1.0.2). Denote Ĉ = C ∪ {∞} and let (z1, . . . , zn) ∈ Ĉn be
the locations of the punctures, and assume that we insert a spike of curvature
at each of these points, quantified by a tuple of real numbers (χ1, . . . , χn) ∈
Rn. The corresponding Liouville equation now has extra delta sources

∆gφ = 2eφ + Rg − 2π
n

∑
k=1

χkδg,zk , (2.1.6)

where δg,z is the Dirac delta distribution. The reason for the minus sign in
front of χk is that now a positive χk contributes positive curvature at zk, which
can be seen from (2.1.2). The corresponding Liouville action is

SL,(χ,z)(φ, g) =
∫

Σ

(1
2 |dφ|2g + Rgφ + 2eφ

)
dvg − 2π

n

∑
k=1

χkφ(zk) (2.1.7)

=
∫

Σ

(1
2 |dφ|2g + (Rg − 2π

n

∑
k=1

χkδg,zk)φ + 2eφ
)
dvg .
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2.1 Uniformization of Riemann surfaces and classical Liouville field theory

To make the action be bounded from below, we have to assume that
n

∑
k=1

χk > 2χ(Σ) . (2.1.8)

It is straight-forward to check that the solution φ? of (2.1.6) must behave like

φ(z) = −χk log |z− zk|+O(1) , (2.1.9)

as z → zk. To keep the measure eφdvg integrable (and the area of the surface
finite), we need ∫

Bg(r,zk)

1
|z− zk|χk

dvg(z) < ∞ (2.1.10)

for all k and r > 0 small, which requires that

χk < 2 for all k . (2.1.11)

Together the two requirements (2.1.8) and (2.1.11) imply that for the Riemann
sphere we need at least 3 singularities, and for the tori we need at least 1
singularity.

To end this section, we briefly describe how Poincaré used the Liouville
equation to solve the uniformization problem. For more details, see [Beg15,
SaGe16]. Let φ? be a solution to the Liouville equation. We work in a confor-
mal coordinate, denoted by z, so the metric takes the form

g(z) = eσ(z)|dz|2 , (2.1.12)

where |dz|2 = dzdz̄ = 1
2(dz⊗ dz̄ + dz̄⊗ dz) is the Euclidean metric. In terms

of the cartesian coordinates (x, y) we have z = x + iy, z̄ = x − iy. Poincaré
considered the function

Tzz(z) = ∂2
zφ?(z)− 1

2 (∂zφ?(z))2 . (2.1.13)

For later purposes, we mention that this is a component of the stress-energy
tensor (SE-tensor) of the field theory, usually defined as the variation of the
action with respect to the metric. We denote by gαβ the components of the
inverse of the metric g. Let gαβ

ε = gαβ + ε f αβ for some smooth symmetric
tensor field f . Then we define∫

Σ
f αβ(z)Tαβ(z)dvg(z) := −∂ε|0SL,(χ,z)(φ?, gε) . (2.1.14)

It is common to use the shorthand notation

Tαβ(z) = −
δSL,(χ,z)(φ?, g)

δgαβ(z)
. (2.1.15)
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Poincaré showed that if u1 and u2 are two independent solutions of the Fuch-
sian equation

d2u
dz2 +

1
2

Tzz(z)u(z) = 0 , (2.1.16)

then the map f = u1/u2 from D to Σ is a holomorphic covering map (the
uniformizing map). It also satisfies

eφ?(z)|dz|2 = ( f∗gD)(z) =
4| f ′(z)|2

(1− | f (z)|2)2 |dz|2 , (2.1.17)

where gD is the hyperbolic metric on the unit disk and f∗gD is its pushfor-
ward by f .

2.2 Constructive field theory

A classical field theory on a surface Σ with a Riemannian metric g is described
by an action functional (φ, g) 7→ S(φ, g). A natural requirement on the action
is diffeomorphism covariance

S( f ∗φ, f ∗g) = S(φ, g) , f ∈ Diff(Σ) , (2.2.1)

where f ∗ denotes the pullback by the diffeomorphism f . A typical action
functional is of the form

S(φ, g) =
∫

Σ

(1
2 |dφ(z)|2g + V(φ(z))

)
dvg(z) , (2.2.2)

where the function V : R→ R is called the potential. One way to quantize a
classical field theory is to construct a path integral. This amounts to defining
a functional integral of the form2

〈F〉g :=
∫

F
F(φ)e−S(φ,g)dφ , (2.2.3)

where S is the action of the field theory and dφ denotes a formal uniform
measure on the space F of all possible configurations of the field. The con-
struction of path integrals is usually challenging. In mathematics, this ap-
proach to quantum field theory is called constructive field theory. A standard
reference for some classical results is [GlJa86]. For an action functional of the
form (2.2.2), the starting point usually is to split the measure

e−S(φ,g)dφ = e
∫

Σ V(φ)dvg e
1
2
∫

Σ φ∆gφdvgdφ , (2.2.4)

2We work in the Euclidean signature, so there is no specified time dimension at this point
of the construction.
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where ∆g is the Laplace–Beltrami operator and now e
1
2
∫

Σ φ∆gφdvgdφ has the
form of a non-normalized Gaussian measure on some infinite-dimensional
function space. The covariance operator is −∆−1

g , and hence the covariance
kernel is the Green function of−∆g. The centered Gaussian field with covari-
ance operator −∆−1

g is called the Gaussian free field (GFF), and we denote it by
Xg. Now the path integral can be interpreted as∫

F
F(φ)e−S(φ,g)dφ := ZGFF(g)E

[
F(Xg)e−

∫
Σ V(Xg)dvg

]
, (2.2.5)

where E is the expectation with respect to Xg and ZGFF(g) is the so-called par-
tition function of the GFF, and its role is to remove the normalization inherent
to the probability distribution of the GFF.

In two dimensions the GFF almost surely belongs to the negative order
Sobolev space H −s(Σ) for any s > 0 (but not s = 0), see for example [WePo21].
This means that the path integral (2.2.5) as such is ill-defined for most poten-
tials. The reason is that the elements of H −s(Σ) are distributions and not
pointwise defined functions, so they can not be multiplied, meaning for ex-
ample that polynomial potentials V(x) = ∑n

k=3 akxk, n ≥ 3, are problematic
(the n = 2 case can be absorbed to the Gaussian measure as a ”mass term”).
In practice one needs to apply different renormalization techniques, depend-
ing on the potential and the dimension of space. We will consider only the
case V(x) = ex in two dimensions (in Chapter 3).

2.3 Conformal field theory

In this section we explain how conformal symmetry of a field theory can be
expressed in terms of the background metric of the theory. We also review the
BPZ approach to CFT very briefly. Much more comprehensive treatments of
CFT can be found in [Ri14, Gaw].

2.3.1 Conformal symmetry

We say that a diffeomorphism ψ : (Σ1, g1) → (Σ2, g2) is a conformal map if
ψ∗g2 = eωg1 for some smooth function ω : Σ1 → R. In the case (Σ1, g1) =
(Σ2, g2) we call ψ a conformal automorphism. The simplest way to try to
define conformal symmetry in field theory would be to require that the value
of the action does not change when we apply a conformal automorphism to
the field

S(ψ∗φ, g) = S(φ, g) . (2.3.1)

Note that we do not apply ψ on the background metric, like we did in dif-
feomorphism covariance (2.2.1). The symmetry (2.3.1) could be called global
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conformal symmetry. It is well-known that many Riemann surfaces do not
admit global conformal automorphisms. For example on compact hyperbolic
surfaces (genus at least two), there are no conformal Killing fields, which
means that the group of conformal automorphisms is discrete. In fact, generic
such surfaces have no non-trivial conformal automorphisms, and thus (2.3.1)
clearly is not what BPZ meant by infinite-dimensional conformal symmetry.

A more suitable definition of global conformal symmetry can be found by
formulating it in terms of the metric g. Applying diffeomorphism covariance
to a conformal automorphism ψ gives

S(ψ∗φ, eωg) = S(φ, g) . (2.3.2)

Thus, if we want a field theory on Σ with a fixed background metric g to
have conformal symmetry, in addition to diffeomorphism covariance, we
need Weyl invariance

S(φ, eωg) = S(φ, g) (2.3.3)

for any smooth function ω : Σ → R. We call a classical field theory that
satisfies diffeomorphism covariance (2.2.1) and Weyl invariance (2.3.3) a con-
formal field theory. The upshot of this definition is that it makes sense even if
the surface in question does not have any conformal automorphisms. It is also
clear that this symmetry is infinite-dimensional: the generators of diffeomor-
phisms are smooth vector fields, and generators of the Weyl transformations
g 7→ eωg are smooth real scalar fields. Both form an infinite-dimensional Lie
algebra.

Now we see that the conformal invariance in a diffeomorphism covariant
field theory can be expressed in terms of Weyl transformations of the metric.
This suggests that the SE-tensor (2.1.15) is an important object in CFTs. In
the path integral quantized theory we define the expectation value of the SE-
tensor by

〈Tαβ(z)F〉g := 4π
δ

δgαβ(z)
〈F〉g = −4π

∫
F

F(φ)
δS(φ, g)
δgαβ(z)

e−S(φ,g)dφ . (2.3.4)

This definition is natural in view of the classical definition (2.1.15). The corre-
lation functions of the SE-tensor describe an infinitesimal formulation of the
symmetries (2.2.1) and (2.3.3). BPZ argued that the correlation functions of
the Tzz-component are meromorphic functions, and their poles are described
by the conformal Ward identities. We come back to this later.

Let us first study implications of conformal symmetry for the classical SE-
tensor. Note that the diffeomorphism in Equation (2.2.1) acts both on the met-
ric and on the field. If we evaluate the action at the minimizer φ? and a family
of diffeomorphisms ( fε)ε≥0 close to the identity, we get

0 = ∂ε|0S( f ∗ε φ?, f ∗ε g) = ∂ε|0S( f ∗ε φ?, g) + ∂ε|0S(φ?, f ∗ε g) . (2.3.5)

8



2.3 Conformal field theory

The first term on the right-hand side vanishes due to φ? being the stationary
point of the action. We arrive at the equation

∂ε|0S(φ?, f ∗ε g) = 0 . (2.3.6)

The perturbed metric is given by f ∗ε gαβ = gαβ + ε∇αuβ + ε∇βuα + O(ε2),
where uα = ∂ε|0 fε and ∇ is the Levi–Civita connection (i.e. the covariant
derivative). This implies that for the classical SE-tensor, defined like in (2.1.15),
we get

∇αTαβ = 0 . (2.3.7)

The implications of the Weyl invariance (2.3.3) can be probed by considering
the perturbation gε = eεωg = g + εωg +O(ε2), ω ∈ C ∞(Σ). We get

∂ε|0S(φ, gε) = ∂ε|0S(φ, eεωg) = ∂ε|0S(φ, g) = 0 . (2.3.8)

Now by using the definition (2.1.15), we get

gαβTαβ = 0 , (2.3.9)

which just means that in classical CFT the SE-tensor is traceless. Equations
(2.3.7) and (2.3.9) summarize the constrains put on the classical SE-tensor by
conformal symmetry. Together the two equations imply

∂z̄Tzz = 0 , (2.3.10)

meaning that Tzz is holomorphic.

2.3.2 Weyl anomaly

Classical symmetries do not always carry over to the quantized system, and
this is usually true with Weyl invariance. For example the free field action
V = 0 is classically Weyl invariant, but in the quantized theory this symmetry
is broken. We know from Gaussian integration that the partition function of
the free field should be

ZGFF(g) =
(volg(Σ)

det ∆g

)1/2
. (2.3.11)

If the determinant is interpreted as the product of (non-zero) eigenvalues, it
diverges. Instead, one can use the zeta-regularized determinant (see [OPS88]),
defined as follows. We first define for s ∈ C, Re(s) > 1, the g-zeta function

ζg(s) =
∞

∑
j=1

λ−s
g,j , (2.3.12)

9



2 Background

where (−λg,j)
∞
j=0 are the (negative) eigenvalues of the Laplace–Beltrami op-

erator. Then a formal computation shows that we should have

ln det ∆g = −ζ ′g(0) , (2.3.13)

where the right-hand side can be defined by analytic continuation. To see
how this quantity is varied by a Weyl transformation g 7→ eωg, we invoke the
formula

ζg(s) = lim
ε→0

1
Γ(s)

∫ ∞

ε

(
Tr et∆g − 1

)
ts−1dt . (2.3.14)

For Re(s) large enough the limit is well-behaved, but for s = 0 there will be
terms that diverge as ε→ 0. The trace Tr et∆g can be expressed in terms of the
diagonal values of the heat kernel et∆g(z, z′). For short times, the dependency
of the heat kernel on g can be computed by treating g as a perturbation of the
Euclidean metric, see Appendix C in [Alv83]. The result is

et∆g(z, z) =
1

4πt
+

Rg(z)
24π

+O(t) , t→ 0 , (2.3.15)

where Rg is the scalar curvature. From this it follows (see [OPS88]) that (2.3.14)
can be analytically continued to the region Re(s) > −1 and that (recall the
formula (2.1.2))

δ

δω(z)
ζ ′eω g(0) =

(Reω g(z)
48π

− 1
voleω g(Σ)

)
eω(z)

=
Rg(z)− ∆gω(z)

48π
− δ

δω(z)
log volg(Σ) .

The above formula can be integrated to obtain (after using (2.3.11) and (2.3.13))

ZGFF(eωg) = e
1

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg ZGFF(g) , (2.3.16)

which means that Weyl invariance is lost for the quantized free field. This is
called the Weyl anomaly. Now we see by differentiation with respect to ω that
the trace of the quantum SE-tensor is given by

gαβ(z)〈Tαβ(z)〉g = 4π
δ

δω(z)
ZGFF(eωg)|ω=0 =

1
12

Rg(z)ZGFF(g) . (2.3.17)

On the other hand, the GFF is diffeomorphism covariant X f ∗g
d
= f ∗Xg, which

means that the quantized free field remains diffeomorphism covariant. For
the quantum SE-tensor this implies that

∇α〈Tαβ(z)F〉g = 0 . (2.3.18)

10



2.3 Conformal field theory

Thus, at least for the free field the quantization breaks the Weyl invariance,
but not the diffeomorphism covariance. This is true in many other CFTs too.
Thus, we say that a (path integral) quantized field theory is a CFT if the ex-
pectation values

〈F〉g :=
∫

F
F(φ)e−S(φ,g)dφ (2.3.19)

satisfy

〈F〉 f ∗g = 〈 f∗F〉g , f ∈ Diff(Σ) , (2.3.20)

〈F〉eω g = e
c

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg〈F〉g , ω ∈ C ∞(Σ) , (2.3.21)

where ( f∗F)(φ) = F(φ ◦ f ). The number c ∈ R is called the central charge,
and it measures the strength of the Weyl anomaly. The term ”central” comes
from the fact that the central charge arises also in the central extension of
the Witt algebra, which can be interpreted as the Lie algebra of local confor-
mal transformations. The central extension of the Witt algebra is called the
Virasoro algebra, and it consists of the Witt algebra together with a new gen-
erator, often denoted by c, that commutes with everything (i.e. belongs to the
center of the algebra). The Virasoro algebra is closely related to the SE-tensor,
and the Weyl anomaly can also be derived from the commutation relations of
the Virasoro algebra (at least algebraically, the details might be subtle in the
constructive setting, depending on the theory).

2.3.3 Primary fields

Now that we have some idea of what a CFT is, we will briefly describe the
strategy of BPZ for computing correlation functions. From the constructive
field theory point of view the starting point is a field φ whose distribution is
the measure e−S(φ,g)dφ (not necessarily normalized) describing the path inte-
gral. In CFT we build new fields out of the base field φ by considering ”local
functions” of the field. In practice, this means that we call a field anything
that is of the form

O(z) =
∞

∑
k=1

(
akφ(z)k + bk∂zφ(z)k + ck∂z̄φ(z)k + . . .

)
, (2.3.22)

where the dots denote terms with higher order derivatives and ak, bk, ck . . .
are complex numbers. In a CFT one wants to find the so-called primary fields,
denoted by Vα(z). The defining property of a primary field in flat background
g = δ is the following scaling property under conformal transformations ψ :
Σ→ Σ

〈
n

∏
k=1

Vαi(ψ(zi))〉δ =
n

∏
k=1
|ψ′(zi)|−2∆αi 〈

n

∏
k=1

Vαi(zi)〉δ , (2.3.23)

11



2 Background

where ∆α is called the conformal weight of Vα. Thus, formally Vα(z) transforms
as a tensor

Vα(z)|dz|2∆α = Vα(z′)|dz′|2∆α , (2.3.24)

where z′ = ψ(z) and |dz|2 = dzdz̄. As we already emphasized before, for-
mulating conformal symmetry in terms of global conformal transformations
is not geometrically speaking the most natural approach. We can formulate
(2.3.23) in terms of the metric by requiring the Weyl anomaly

Z(eωg)−1〈
n

∏
k=1

Vαi(zi)〉eω g = Z(g)−1e−∑n
k=1 ∆αi ω(zi)〈

n

∏
k=1

Vαi(zi)〉g , (2.3.25)

where Z(g) = 〈1〉g is the partition function. To see the connection with (2.3.23),
note that (ψ∗g)(z) = |ψ′(z)|2(g ◦ ψ)(z) for conformal ψ. Now by first using
the Weyl anomaly (2.3.25) and the diffeomorphism covariance, and then by
redifining Vα(z) → Vα(z)det g(z)∆α/2, we get (2.3.23). Thus, we take (2.3.25)
as the definition of a primary field.

In practice path integrals are hard to construct, so we could define CFT ax-
iomatically by starting with some abstract correlation functions satisfying dif-
feomorphism covariance and (2.3.25), and then proceed from there. Indeed,
BPZ did not work with a path integral, but rather studied implications of
conformal symmetry on abstract correlation functions. They predicted that
the correlation functions of primary fields satisfy

〈Vα(z)Vα′(z′)
n

∏
k=1

Vαi(zi)〉g = ∑
β∈S

Cβ
αα′(z, z′, ∂z, ∂z̄)〈Vβ(z)

n

∏
k=1

Vαi(zi)〉g ,

(2.3.26)

where the sum is over the spectrum S of the CFT and Cβ
αα′ is a differential

operator. This is called the operator product expansion (OPE, the terminology
comes from the Hilbert space picture). The significance is that on the right-
hand side the correlation function contains one less field than on the left-hand
side, so one can iterate such expansions to reduce higher order correlation
functions to differential operators acting on, say, 3-point functions.

The differential operators Cβ
αα′ are predicted to be completely determined

by the conformal weights {∆α, ∆α′ , ∆β} and the structure constants Cαα′β, which
are defined by

Cαβγ := 〈Vα(z1)Vβ(z2)Vγ(z3)〉g , (2.3.27)

where z1, z2 and z3 are some fixed points of the surface. On the Riemann
sphere one usually takes (z1, z2, z3) = (0, 1, ∞). In view of this, by determin-
ing the spectrum S and the structure constants Cαβγ, one can solve a CFT in

12



2.4 Liouville theory in theoretical physics

the sense that the correlation functions of the primary fields can be computed.
This is called the conformal bootstrap hypothesis.

In practice, the computation of the spectrum requires one to study the rep-
resentations of the Virasoro algebra (symmetry algebra of CFT). In the op-
erator picture, the generators of the Virasoro algebra can be seen as Fourier
modes of the SE-tensor (see [Gaw]), and thus the correlation functions of the
SE-tensor enter the story. BPZ predicted also that the correlation functions
of the SE-tensor can be expressed in terms of a differential operator acting
on correlation functions of the primary fields. For example, on the Riemann
sphere in global conformal coordinates (where g(z) = eσ(z)|dz|2), the confor-
mal Ward identities are

〈
n

∏
k=1

Tzkzk(zk)
N

∏
i=1

Vαi(xi)〉g (2.3.28)

=
1
2

n

∑
j=2

c
(z1 − zj)4 〈

n

∏
k 6=1,j

Tzkzk(zk)
N

∏
i=1

Vαi(xi)〉g

+
n

∑
j=2

( 2
(z1 − zj)2 +

∂zj

z1 − zj

)
〈

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vαi(xi)〉g

+
N

∑
j=1

( ∆αj

(z1 − xj)2 +
∆αj ∂xj σ(xj)

z1 − xj
+

∂xj

z1 − xj

)
〈

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vαi(xi)〉g ,

+
c

12
t(z1)〈

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vαi(xi)〉g ,

where t = 1
2(∂zσ)2 − ∂2

zσ. By iteration, the correlation functions of Tzz re-
duce to the correlation functions of the primary fields and their derivatives.
The conformal Ward identities on other compact Riemann surfaces were de-
rived in [EgOo87]. The bulk of this thesis consists of computing the corre-
lation functions of the SE-tensor in constructive LCFT on compact Riemann
surfaces.

2.4 Liouville theory in theoretical physics

As was mentioned in the beginning, LCFT appears in many different contexts
in theoretical physics. Here we briefly review how Liouville theory appears in
two field theory models: Polyakov’s worldsheet quantization of non-critical
bosonic string theory [Pol81], and two-dimensional quantum gravity cou-
pled to conformal matter field [Dav88, DiKa89]. Our main reference is the re-
cent textbook [Erb]. The worlsheet quantization is also discussed for example
in [Alv83, DHPh86, DHPh88]. We also give a brief review of the physics liter-
ature on CFT properties of Liouville theory, and outline the KPZ-conjecture
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[KPZ88]. Reviews of Liouville theory can be found in [Nak04, Sei90, Ri14].
Since this is a review of physics literature, we make no attempt at keeping
this section mathematically rigorous.

2.4.1 Non-critical String theory

The Liouville action resurfaced in the work of Polyakov on quantization of
non-critical bosonic string theory [Pol81]. Polyakov considered the world-
sheet of a closed string embedded in physical space M (for now M is an ar-
bitrary smooth manifold). The goal was to integrate over all possible metrics
g on the worldsheet Σ and embeddings X : Σ → M of the worldsheet. We
consider the worldsheet to be a compact Riemann surface with fixed genus
g ≥ 0. Polyakov used the action

SP(X, g) =
∫

Σ

(
gαβ∂αXν∂βXν + µ

)
dvg . (2.4.1)

The parameter µ > 0 is called the cosmological constant. The action is dif-
feomorphism covariant, and the transformation law under Weyl transforma-
tions is

SP(X, eωg) = SP(X, g) + µ
∫

Σ
(eω − 1)dvg . (2.4.2)

Especially, for µ = 0 the action is Weyl invariant. The partition function of
the quantized string is then given by the path integral

ZP =
∫

e−SP(X,g)dXdg . (2.4.3)

This cannot be the whole story, since the diffeomorphism covariance (and
Weyl invariance if µ = 0) causes the integral to diverge. Physically speaking,
for any f ∈ Diff(Σ) the configurations ( f ∗X, f ∗g) and (X, g) are equivalent.
In physics parlance, Diff(Σ) is the gauge group, and we are not supposed to
integrate over the whole space of metrics Met(Σ), but only over the quotient
Met(Σ)/ Diff(Σ). In practice, we can achieve this by dividing the integrand
by the volume of the orbit Diff(Σ) · g. Thus, we look at the partition function

ZP =
∫ 1

vol(Diff(Σ) · g) e−SP(X,g)dXdg . (2.4.4)

Next we want to find convenient coordinates for Met(Σ) to make the inte-
gration tractable. On compact Riemann surfaces any metric can be written
as

g = f ∗(eω ĝ(τ)) , (2.4.5)
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2.4 Liouville theory in theoretical physics

where the metrics ĝ(τ) are parametrized by the moduli τ ∈ M(Σ). The di-
mension of the moduli spaceM(Σ) can be expressed in terms of the genus g
by

dimRM(Σ) =


0 , g = 0 ,
2 , g = 1 ,
6g− 6 , g ≥ 2 .

(2.4.6)

We will use ( f , ω, τ) as our coordinates on Met(Σ). The integration measure
dg is the one induced by the L2-inner product on Tg Met(Σ), which is defined
for δg, δg′ ∈ Tg Met(Σ) by

(δg, δg′)Tg Met(Σ) :=
∫

Σ
δgαβδg′αβdvg . (2.4.7)

This inner product depends on the base point g, and thus the resulting mea-
sure dg on Met(Σ) is not uniform. Using the change of variables g 7→ ( f , ω, τ),
we get

dg = dg f dgω dgτ ∆FP( f ∗eω ĝ(τ)) . (2.4.8)

Above ∆FP is the Jacobian of the change of variables, called the Faddeev–
Popov determinant. The measures dgg, dgω and dgτ are not uniform with
respect to the variables ( f , ω, τ), which is emphasized by the sub index g (see
Chapter 2.3. in [Erb] for detailed discussion). The measure on the moduli
space is the one induced by the Weil–Petersson metric, and it is independent
of f and ω, so we denote dgτ = dWPτ. Now, integration over dg f cancels the
volume factor and we are left with

ZP =
∫

∆FP(eω ĝ(τ))e−SP(X,eω ĝ(τ))dXdgωdWPτ . (2.4.9)

The Faddeev–Popov determinant can be expressed as ∆FP(g) =
√

det P∗1 P1,
where P1 is the conformal Killing operator (or the ghost operator), and P∗1 P1
is a second order differential operator resembling the Laplacian. The deter-
minant has a similar Weyl anomaly as the free field, but with central charge
c = −26

∆FP(eωg) = e
−26
48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg ∆FP(g) . (2.4.10)

The integral over the embeddings

ZE(g) =
∫

e−SP(X,g)dX (2.4.11)

is essentially a partition function of a free field taking values in M. For M =
Rd it has the Weyl anomaly (see Section 2.3.2)

ZE(eωg) = e
d

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg+µ

∫
(eω−1)dvg ZE(g) . (2.4.12)
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Now, after shifting the value of µ, we get3

ZP =
∫

e
d−26
48π (SL(ω,ĝ(τ))−µ

∫
Σ dvĝ(τ))∆FP(ĝ(τ))ZE(ĝ(τ))deω ĝ(τ)ω dWPτ , (2.4.13)

where

SL(ω, g) =
∫

Σ

(1
2 |dω|2g + Rgω + µeω

)
dvg , (2.4.14)

is the Liouville action with cosmological constant µ. If we choose d = 26, the
Weyl anomalies cancel and we recover Weyl invariance for µ = 0. In this case
the integrand should also be divided by the volume of the orbit C ∞(Σ) · g
so that the integration over dgω cancels it. Then one ends up with a simple
looking partition function for the critical (d = 26) string. For d 6= 26 the
Liouville action contributes to the integration over the conformal factor ω.

2.4.2 Two-dimensional quantum gravity

The partition function of a model of quantum gravity coupled to a matter
field is of the form

ZQG =
∫

e−SM(φ,g)−SEH(g)dφ dg , (2.4.15)

where SM is the action of the matter field, and SEH is the Einstein–Hilbert
action

SEH(g) =
∫

Σ

(
Rg(z) + µ

)
dvg(z) , (2.4.16)

where Rg is the scalar curvature and µ > 0 is the cosmological constant. In
two-dimensions the Gauss–Bonnet theorem renders the integral over Rg a
topological invariant, so if we consider the topology of the surface fixed, the
Einstein–Hilbert action reduces to just the volume term µ volg(Σ). The path
integral becomes

ZQG =
∫

e−SM(φ,g)−µ volg(Σ)dφ dg . (2.4.17)

To make use of the computations done in the previous section, we assume
that the matter field is a CFT with central charge cM. This is a model of two-
dimensional quantum gravity coupled to conformal matter, initially studied
in [Dav88,DiKa89]. Recall from the previous section the inner product (2.4.7)

3The precise value of µ is not important since a change of variables ω 7→ ω + c, c ∈ R, has
the effect SL,µ(ω + c, g) = SL,ecµ(ω, g) + 4πχ(Σ)c, so the value of µ can be changed at
will at the cost of shifting the action with a constant, which does not affect the physical
picture.
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and the change of variables (2.4.8). The measure dgω is induced by the inner
product

(δω, δω′)TωC ∞(Σ) := (δωg, δω′g)Teω g Met(Σ) =
∫

Σ
δωδω′eωdvg , (2.4.18)

where δω, δω′ ∈ TωC ∞(Σ) = C ∞(Σ) are tangent vectors of the Lie group of
Weyl transformations, and we embed them into Teω ĝ(τ) Met(Σ) by δω 7→ δωg.
In [MaMi89] it was shown that the measure has the Weyl anomaly4

deω ĝ(τ)ω = e
1

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvgdĝ(τ)ω . (2.4.19)

The upshot is that the measure dĝ(τ)ω is uniform with respect to ω. All in all,
the partition function reduces to

ZQG =
∫

e
cM−25

48π

∫
( 1

2 |dω|2g+Rgω+µeω)dvg ∆FP(ĝ(τ))ZM(ĝ(τ))dĝ(τ)ω dWPτ

=
∫

ZL(ĝ(τ))∆FP(ĝ(τ))ZM(ĝ(τ))dWPτ , (2.4.20)

where we denoted

ZL(ĝ(τ)) =
∫

e
cM−25

48π SL(ω,ĝ(τ))dĝ(τ)ω . (2.4.21)

Note that we have the symmetry

SL(ω− σ, eσg) = SL(ω, g)−
∫

Σ

(1
2 |dσ|2g + Rgσ

)
dvg . (2.4.22)

This, together with the translation invariance of the measure dĝ(τ)ω and all
the Weyl anomalies, implies that the integrand in (2.4.20) is Weyl invariant.
Let us denote ω = 2

Q ϕ, where

Q =

√
25− cM

6
. (2.4.23)

Then

cM−25
48π SL(ω, ĝ(τ)) =

1
2π

∫
Σ

(
|dϕ|2g + QRg ϕ + µeγc ϕ

)
dvg , (2.4.24)

where we denote γc = 2
Q and redefined Q2

2 µ → µ (recall that the value of
µ can be changed by shifting the field ϕ by a constant). Geometrically, the

4Note that this is identical to the Weyl anomaly of the free field. Indeed, this formula can be
seen as the origin of the Weyl anomaly of the free field. The computation in [MaMi89] is
essentially the same as the computation we outlined in Section 2.3.2, demonstrating that
the Weyl anomaly arises because of the singular nature of the measure dgφ.
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above action is describing a conformal factor eγc ϕ with a background metric
g. A symmetry similar to (2.4.22) implies that it must be equivalent to a con-
formal factor eγc(ϕ+Q

2 σ) in a flat background, where we denote g = eσ|dz|2 in
conformal coordinates. It turns out that in the quantized theory we have to
redefine γc due to a renormalization of the exponential eγc ϕ. The renormal-
ization is of a standard Wick form, meaning that the exponential is replaced
by

: eγϕ(z) :g = eγϕ(z)− γ2
2 Gg(z,z) , (2.4.25)

where Gg(z, z′) is the two-point function of the free field on (Σ, g). In the
quantized theory we replace γc with γ that satisfies

: eγϕ(z) :g dvg(z) = : eγ(ϕ(z)+Q
2 σ(z)) :δ d2z , (2.4.26)

where δ denotes the Euclidean metric. After an application of Gg(z, z′) =

Gδ(z, z′)− 1
2 σ(z) +O(|z− z′|), one finds that the renormalized relation is

Q =
2
γ
+

γ

2
. (2.4.27)

This implies that

γ =

√
25− cM −

√
1− cM√

6
. (2.4.28)

Thus, we end up with the Liouville action

Sγ,µ(ϕ, g) :=
∫

Σ

(
|dϕ|2g + QRg ϕ + µeγϕ

)
dvg , (2.4.29)

where µ > 0 is arbitrary, and γ and Q are related by (2.4.27). The matter
central charge fixes the values of Q and γ. To keep γ real, we assume that
cM ≤ 1. Thus the parameter ranges are

cM ∈ (−∞, 1] ,
Q ∈ [2, ∞) ,
γ ∈ (0, 2] .

The Liouville action Sγ,µ produces a classical Weyl anomaly with central
charge 6Q2 (this is just a restatement of (2.4.22)). Thus, the total central charge
of the quantized Liouville theory is cL = 1 + 6Q2, where the 1 comes from
the Weyl anomaly of the quantized free field (or, equivalently, from the Weyl
anomaly of the measure (2.4.19)). This also means that the partition function
of the quantized Liouville theory has the Wel anomaly

ZL(eωg) = e
cL

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg ZL(g) , (2.4.30)
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implying that Liouville theory is a CFT5. Now we can restate the Weyl invari-
ance of the integrand in (2.4.20) as the relation

cM − 26 + cL = 0 , (2.4.31)

where the −26 comes from the Weyl anomaly of ∆FP.

2.4.3 Liouville conformal field theory

The Liouville theory as a CFT has been studied extensively in the physics
literature, see for example [Tes01, Ri14]. Soon after the work of BPZ [BPZ84],
the spectrum of LCFT was conjectured in [BCT82, CuTh82, GeNe84] to be

SL = {Q + iP : P ∈ R+} , (2.4.32)

where Q = 2
γ + γ

2 and γ is the parameter appearing in the Liouville action
Sγ,µ defined in (2.4.29). The corresponding primary fields are

Vα = eαφ , α ∈ SL , (2.4.33)

and the conformal weights are given by ∆α = α
2 (Q −

α
2 ). A formula for

the structure constants was conjectured in [DoOt94, ZaZa96], now called the
DOZZ-formula. Further evidence for this conjecture was provided by Teschner
[Tes95,Tes01,Tes04]. The DOZZ-formula is symmetric under the substitution
of parameters

γ

2
↔ 2

γ
, µ↔

(µπΓ(γ2

4 ))
4

γ2 Γ(1− 4
γ2 )

πΓ(1− γ2

4 )
4

γ2 Γ( 4
γ2 )

, (2.4.34)

where Γ is the gamma function. The Liouville action does not have this sym-
metry, and the nature of the connection between the path integral quanti-
zation and the conformal bootstrap hypothesis remained unclear for a long
time. The mathematically rigorous study finally settled this question [KRV20,
GKRV20], and the conclusion is that the path integral approach indeed is
equivalent to the conformal bootstrap approach, even though the action does
not have this extra symmetry.

2.4.4 KPZ-conjecture

In [KPZ88], Knizhnik, Polyakov and Zamolodchikov proposed a conjecture
that relates scaling limits of random fields defined on a regular lattice to
scaling limits of random fields defined on random lattices (random planar

5This will be proven rigorously in the next chapter.
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maps). In this section we briefly and very heuristically summarize this con-
jecture following [Var17]. For a mathematical statement of the conjecture,
see [DKRV16].

The starting point is a CFT defined by an action SM and central charge cM <
1. We assume that this CFT has a primary field VM

σ with conformal weight
∆M

σ . We suppose that the correlation function 〈∏n
k=1 VM

σ (xk)〉g is a scaling
limit of a correlation function 〈∏n

k=1 Fσ(xk)〉Λ of a discrete statistical physics
model at critical temperature on a deterministic lattice Λ. We denote by ṼM

σ

the primary field when it is coupled to gravity (i.e. the scaling limit of the
discrete field Fσ(xk) on a suitably random lattice at critical temperature). We
restrict to lattices that are, say, triangulations of the sphere. The probability of
a given lattice Λ is given by

Pµ0,γ(Λ) =
1

Zµ0,γ
e−µ0|Λ|Zγ(Λ) , (2.4.35)

where µ0 > 0, |Λ| is the size of the lattice and Zγ is the partition function
of the statistical physics model on Λ. The parameter γ is related to cM by
(2.4.28) and Zγ(T) is proportional to det ∆−cM/2

Λ , where ∆Λ is the lattice Lapla-
cian. The case (γ, cM) = (2, 1) corresponds to the discrete GFF and the case
(γ, cM) = (

√
8√
3
, 0) to pure gravity, i.e. no coupling to the matter field (the Weyl

anomaly vanishes). The case (γ, cM) = (
√

3, 1
2) is the Ising model. It is con-

jectured in physics [ADJ] that

∑
Λ∈T,|Λ|=N

Zγ(Λ) ∼ N
1− 4

γ2 eµ̄N(1 + o(1)) (2.4.36)

as N → ∞, where T is the set of all triangulations of the sphere and µ̄ > 0
depends on γ. Thus, the measure (2.4.35) is finite for µ0 > µ̄. We also see that
for γ ≥

√
2

Zµ0,γ ∼
∞

∑
N=1

e−(µ0−µ̄)N N
1− 4

γ2 µ0↓µ̄−→ ∞ . (2.4.37)

This means that in the limit µ0 ↓ µ̄ the measure Pµ0,γ samples large triangu-
lations if γ ≥

√
2.

There is a canonical way to view a triangulation of the sphere as a Riemann
surface with the topology of the sphere, see [GiRo13]. Then, by marking three
vertices of the triangulation, there is a canonical way to map this Riemann
surface conformally onto the Riemann sphere Ĉ in such way that the marked
vertices map to some fixed points (z1, z2, z3) ∈ Ĉ. This map also defines a
measure on the sphere if we require that each image of a triangle has a con-
stant area A. We denote this measure by νΛ,A. Denote µ(A) = µ̄ + Aµ for
some fixed µ > 0. It is conjectured that if Λ is sampled according to Pµ(A),γ,
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2.4 Liouville theory in theoretical physics

then in the limit A → 0 the measure νΛ,A converges to a random measure
that is related to Liouville CFT (see [DKRV16] for the precise statement of the
conjecture).

Instead of the partition function Zγ(Λ), we want to consider the discrete
correlation function 〈∏n

k=1 Fσ(xk)〉Λ. With the measure Pµ(A),γ we can study
this observable on a random lattice. By embedding the random lattice Λ onto
the Riemann sphere, we get a random (discrete) field Fσ,z(xk) on the sphere.
We suppose that in the scaling limit A → 0 we get the primary field ṼM

σ,z of
the corresponding CFT coupled to gravity, where z = (z1, z2, z3) emphasizes
the dependency on the fixed points on the sphere.

KPZ then argued that roughly speaking ṼM
σ,z(x) = VM

σ (x)VL
α (x), where

VL
α = eαφ is a primary field of the Liouville CFT. More precisely, they con-

jectured that for γ >
√

2 (i.e. cM ∈ (−2, 1])

〈
n

∏
k=1

ṼM
σ,z(xk)〉 = 〈

n

∏
k=1

VM
σ (xk)〉g

〈VL
γ (z1)VL

γ (z2)VL
γ (z3)∏n

k=1 VL
α (xk)〉γ,µ

〈VL
γ (z1)VL

γ (z2)VL
γ (z3)〉γ,µ

,

(2.4.38)

where 〈F〉γ,µ is expectation with respect to the path integral given by the
Liouville action (2.4.29), and the left-hand side is the scaling limit of the ex-
pectation

Eµ(A),γ[〈
n

∏
k=1

Fσ,z(xk)〉Λ] , (2.4.39)

where the expectation is over the lattice Λ. The additional primary fields VL
γ

come from fixing the embedding onto the sphere. From classical Liouville
theory we know that the additional fields correspond to adding curvature
singularities to the points (z1, z2, z3), which was necessary on the sphere to
make the Liouville action bounded from below. The condition γ >

√
2 is

equivalent to 3γ > 2Q, which is essentially the quantized form of the classical
curvature condition (2.1.8).

The measure ṼM
σ,z(x)d2x on the Riemann sphere is conformally invariant,

so the property (2.3.23) of primary fields implies the KPZ-equation

∆M
σ + ∆L

α = 1 , (2.4.40)

where the conformal weight of Liouville theory is given by ∆L
α = α

2 (Q−
α
2 ).

This means that if ∆M
σ > 1− Q2

4 , there is a unique α < Q that solves (2.4.40),
so the value of α is determined by the conformal invariance. The condition
α < Q is the quantized version of the classical integrability condition (2.1.11).

21





3 Constructive Liouville Conformal
Field Theory

In this chapter we summarize the mathematically rigorous construction of
the path integral

〈F〉g =
∫

F
F(φ)e−

1
4π

∫
Σ(|dφ|2g+QRgφ+4πµeγφ)dvgdgφ (3.0.1)

of Liouville field theory. We also derive the Weyl anomaly and study the SE-
tensor.

3.1 Gaussian free field and multiplicative chaos

Let (Σ, g) be a compact orientable surface with a Riemannian metric g. We
denote the genus of the surface by g and the Euler characteristic by χ(Σ) =
2− 2g. The Laplace–Beltrami operator is a self-adjoint operator with a com-
plete set of eigenfunctions (eg,n)∞

n=0 with eigenvalues (−λg,n)∞
n=0, 0 = λg,0 <

λg,1 < . . .. We denote the zero-mean Green function of ∆g by Gg. For f ∈
L2(Σ) we denote

(Gg f )(z) =
∫

Σ
Gg(z, z′) f (z′)dvg(z′) . (3.1.1)

For f , f ′ ∈ L2(Σ) we denote

( f , f ′)g =
∫

Σ
f (z) f ′(z)dvg(z) . (3.1.2)

The centered Gaussian field Xg on (Σ, g) with covariance operator −∆−1
g is

called the Gaussian free field (GFF). A concrete definition is given by the
random series

Xg =
√

2π
∞

∑
n=1

an√
λg,n

eg,n , (3.1.3)

where (an)∞
n=1 is a sequence of independent standard Gaussian random vari-

ables. The series converges almost surely in negative Sobolev spaces H −s(Σ)
for any s > 0 [WePo21]. We abuse the notation slightly and denote the dual
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3 Constructive Liouville Conformal Field Theory

bracket by (Xg, f )g for f ∈ H s(Σ). The zeroth eigenfunction eg,0, which is
just a constant, has been left out of the series (3.1.3). This has the effect of fix-
ing the average of Xg to be zero. This also means that the covariance kernel
of Xg is Gg

E[(Xg, f )g(Xg, f ′)g] =
∫

Σ×Σ
Gg(z, z′) f (z) f ′(z′)dvg(z, z′) , f , f ′ ∈H s(Σ) .

(3.1.4)

The exponential of Xg can be defined by using Wick renormalization

eγXg(z)dvg(z) := lim
ε→0

ε
γ2
2 eγXg,ε(z)dvg(z) = lim

ε→0
ρg,γ(z)eγXg,ε(z)− γ2

2 Gg,ε(z,z)dvg(z) ,

(3.1.5)

where Xg,ε and Gg,ε are smooth mollificatios of Xg and Gg, respectively, and
ρg,γ is a deterministic smooth function. The second equality in (3.1.5) follows
from

Gg,ε(z, z′) = − ln ε +O(1) , (3.1.6)

as dg(z, z′) → 0. The limit (3.1.5) exists weakly in distribution for γ ∈ (0, 2).
For the value γ = 2 a different renormalization is required [DRSV14]. We
denote

Mg,γ(dz) := eγXg(z)dvg(z) . (3.1.7)

Mg,γ is a random measures defined as an exponential of a logarithmically cor-
related Gaussian field. Such measures are called Gaussian multiplicative chaos
(GMC) and they go back to Kahane [Kah85]. Modern treatments of GMC the-
ory can be found in [Ber17,RV14]. We will later see that the study of moments
of certain observables of the GMC measure will be crucial for constructive
LCFT.

3.2 Gaussian integration

In this section we review a few basic properties of Gaussian integrals in
infinite-dimensional spaces. We start with the Girsanov theorem.

Theorem 3.2.1. Let F : H −1(Σ) → R be continuous and bounded. Then for all
f ∈ C ∞(Σ) we have

E
[
e(Xg, f )g− 1

2 ( f ,Gg f )g F(Xg)
]
= E

[
F(Xg + Gg f )

]
.
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3.2 Gaussian integration

Proof. First, take F(Xg) = e(Xg, f )g for f ∈ C ∞(Σ). Then the formula

E[e(Xg, f )g ] = e
1
2 E[(Xg, f )2

g] = e
1
2 ( f ,Gg f )g (3.2.1)

implies the result for such F. The Bochner–Minlos theorem implies that the
probability distribution of the probability measures

Ẽ[F(Xg)] := E
[
e(Xg, f )g− 1

2 ( f ,Gg f )g F(Xg)
]

,

Ê[F(Xg)] := E[F(Xg + Gg f )] ,

are characterized by their characteristic functions. Thus, by (3.2.1) the mea-
sures must be the same.

As a corolalry of the Girsanov theorem, we prove the Gaussian integration
by parts formula

Corollary 3.2.2. Let F : H −1(Σ)→ R be of the form

F(X) =
n

∏
i=1

(Xg, fi)ge(Xg, f )g , (3.2.2)

where f , fi ∈ C ∞(Σ). Then

E[(Xg, f )gF(Xg)] =
∫

Σ
(Gg f )(z)E

[
δ

δXg(z)
F(Xg)

]
d2z . (3.2.3)

Proof. We have

∂α|α=0E
[
eα(Xg, f )g− α2

2 ( f ,Gg f )g F(Xg)
]
= E[(Xg, f )gF(Xg)] .

The Girsanov theorem then implies that

E[(Xg, f )gF(Xg)] = ∂α|α=0E[F(Xg + αGg f )]

= E
[ ∫

Σ
(Gg f )(z) δ

δXg(y)
F(Xg)dvg(z)

]
,

where in the second equality we the definition of the functional derivative.
Now the result follows by applying Fubini’s theorem.

Finally, we recall the infinitesimal change of covariance formula for Gaussian
measures.

Proposition 3.2.3. Let (gε)ε≥0 be a smooth family of metrics on Σ and let F :
H −1(Σ)→ R be of the form (3.2.2). Then

∂εE[F(Xgε)] =
1
2

∫
Σ2

∂εGgε(z, z′)E
[

δ2

δXgε (z)δXgε (z′)
F(Xgε)

]
dvg(z, z′) . (3.2.4)

Proof. For F(X) = e(Xg, f )g the formula follows by a direct computation with
the formula for the characteristic function of a Gaussian measure. The gener-
alization to (3.2.2) follows by considering e(Xg, f )g+∑i αi(Xg, fi)g and differentiat-
ing with respect to the αi’s.
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3 Constructive Liouville Conformal Field Theory

3.3 Definition of the path integral

The path integral quantization of Liouville field theory starts by interpreting
the free field part e−

1
4π

∫
|dφ|2gdvgdgφ as the probability distribution of the GFF.

Then the term with the exponential interaction e−4πµ
∫

eγφdvg can be expressed
in terms of the GMC measure. Recalling also that the definition of the GFF
(3.1.3) left out the constant eigenfunction eg,0, we add this to the field by hand,
i.e. we consider φg = Xg + c, where c is just a constant distributed according
to the Lebesgue measure (which means that φg is not a random variable).
Now we arrive at the definition of the path integral of Liouville field theory,
formulated by David–Kupiainen–Rhodes–Vargas (DKRV) in [DKRV16]

〈F〉g := ZGFF(g)
∫

R
E
[
F(Xg + c)e−

Q
4π (Xg+c,Rg)g−µeγc Mg,γ(Σ)

]
dc . (3.3.1)

For now, we assume that g has constant curvature. Then the zero-mean prop-
erty of the GFF and the Gauss–Bonnet (2.1.3) theorem simplify the curvature
integral

− Q
4π

(Xg + c, Rg)g = −Qχ(Σ)c . (3.3.2)

We can study the characteristic function of the measure (3.3.1) by setting F =

e(Xg+c, f )g , f ∈ C ∞(Σ). We get

〈e(Xg+c, f )g〉g = ZGFF(g)
∫

R
ec((1, f )g−Qχ(Σ))Eg

[
e(Xg, f )−µeγc Mg,γ(Σ)

]
dc . (3.3.3)

The random variable Mg,γ(Σ) belongs to (0, ∞) almost surely [RV14], so for
the c-integral to converge, we need (1, f )g − Qχ(Σ) > 0. Note that for sur-
faces with g ≥ 2 the partition function (i.e. f = 0) satisfies this condition. To
gain a firmer grasp of the measure, we can evaluate the c-integral to obtain

〈e(Xg, f )g〉g = ZGFF(g)
Γ(s( f ))
γµs( f )

Eg
[
e(Xg, f )g Mg,γ(Σ)−s( f )] , (3.3.4)

where s( f ) = (1, f )g−Qχ(Σ)
γ and Γ is the gamma function. Next, an application

of the Girsanov Theorem 3.2.1 gives

Eg
[
e(Xg, f )g Mg,γ(Σ)−s( f )] = e

1
2 ( f ,Gg f )gEg

[( ∫
Σ

eγ(Gg f )(z)Mg,γ(dz)
)−s( f )] .

(3.3.5)

Now we see that the characteristic function of the Liouville field is essentially
the characteristic function of the Gaussian free field e

1
2 ( f ,Gg f )g times a moment

of a GMC observable. This strongly suggests that studying the Liouville mea-
sure reduces to the study of the random variables

∫
Σ eγ(Gg f )(z)Mg,γ(dz). This

observation goes back to DKRV.
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3.4 Weyl anomaly and diffeomorphism covariance

3.4 Weyl anomaly and diffeomorphism covariance

In this section we show that the path integral (3.3.1) defines a CFT. To this
end, we need to show that the path integral is diffeomorphism covariant and
derive its Weyl anomaly

Recall that the field φg described by the Liouville action is interpreted as a
conformal factor eγφg g for a background metric g. Thus, if we apply a Weyl
transformation on the background metric g′ = eωg, classically the Liouville
field should transform as φ′g = φg − 1

γ ω, so that eγφ′g g′ = eγφg g. In Section
2.4.2 we observed that classically the relation between the Q and the γ pa-
rameters is Qc = 2

γ , so φ′g = φg − Qc
2 ω. We also heuristically explained that

in the quantized theory one has the renormalized relation Q = 2
γ + γ

2 . This
indeed is correct, which is shown by the following result.

Proposition 3.4.1. Let F : H −1(Σ)→ R be continuous and bounded. Then for all
ω ∈ C ∞(Σ) we have the Weyl anomaly

〈F〉eω g = ecL A(ω,g)〈F(· − Q
2 ω)〉g , (3.4.1)

where cL = 1 + 6Q2 and A(ω, g) = 1
48π

∫
( 1

2 |dω|2g + Rgω)dvg.
Furthermore, for all ψ ∈ Diff(Σ), we have the diffeomorphism covariance

〈F〉ψ∗g = 〈ψ∗F〉g , (3.4.2)

where (ψ∗F)(X) = F(X ◦ ψ).

Remark 3.4.2. We get the usual Weyl anomaly without the shift in F if we instead
use the shifted measure

〈F〉′g := 〈F(·+ Q
2

√
det g)〉g . (3.4.3)

Proof. The proof is based on the Girsanov theorem and the Weyl transforma-
tion law for the GFF and the GMC. By definition

〈F〉eω ϕ = ZGFF(eωg)
∫

R
E
[
F(Xg + c)e−

Q
4π (Xeω g+c,Reω g)eω g−µeγc Meω g,γ(Σ)

]
dc .

Denote m( f ) = 1
volg(Σ)

∫
Σ f dvg. Next we use the formulae (see [DKRV16])

Xeω g
law
= Xg −meω g(Xg) ,

Meω g,γ(Σ)
law
=
∫

Σ
eγ(Q

2 ω−meω g(Xg))dMg,γ ,

Reω g = e−ω(Rg − ∆gω) .
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3 Constructive Liouville Conformal Field Theory

We get

〈F〉eω ϕ

= ZGFF(eωg)

×
∫

R
E
[
F(Xg + c)e−

Q
4π (c+Xg−meω g(Xg),Rg−∆gω)g−µe

γ(c−meω g(Xg)) ∫ e
γQ
2 ωdMg,γ

]
dc .

Next we shift the c-integral by meω g(Xg)

〈F〉eω ϕ

= ZGFF(eωg)
∫

R
E
[
F(Xg + c)e−

Q
4π (c+Xg,Rg−∆gω)g−µeγc ∫ e

γQ
2 ωdMg,γ

]
dc

= ZGFF(eωg)
∫

R
E
[
F(Xg + c)e

Q
4π (Xg,∆gω)e−

Q
4π (c+Xg,Rg)g−µeγc ∫ eγ

Q
2 ωdMg,γ

]
dc .

We apply the Girsanov Theorem 3.2.1 on the e
Q
4π (Xg,∆gω) to shift the Gaussian

measure

〈F〉eω ϕ = ZGFF(eωg)e
Q2

16π2 (∆gω,Gg∆gω)+ Q2

16π2 (Gg∆gω,Rg)

×
∫

R
E
[
F(Xg + c + Q

4π Gg∆gω)e−
Q
4π (Xg+c,Rg)g−µeγc Mg,γ(e

γ( Q
2 ω− Q

4π
Gg∆gω))

]
dc

= e
1+6Q2

48π

∫
Σ(

1
2 |dω|2g+Rgω)dvg〈F(Xg + c− Q

2 ω)〉g ,

where in the last equality we used the Weyl anomaly of the GFF and we
shifted the c-integral by Q

2 mg(ω) because of

∆g(Ggω)(z) = −2π
(
ω(z)−mg(ω)

)
. (3.4.4)

Now the Weyl anomaly is established.
The diffeomorphism covariance follows directly from the diffeomorphism

covariance of the Green function and the scalar curvature.

3.5 Primary fields

In the previous section we showed that Liouville theory is a CFT. Next we
show that the correlation functions of the primary fields are given by the
fields

eα(Xg(z)+c) . (3.5.1)

Similarly to the GMC measure, these exponentials have to be Wick renormal-
ized, so we define

Vg,α(z) := lim
ε→0

ε
α2
2 eα(c+Xg,ε(z)) = lim

ε→0
ρg,α(z)eα(c+Xg,ε(z))− α2

2 Gg,ε(z,z) , (3.5.2)
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3.5 Primary fields

where Xg,ε and Gg,ε are geodesic circle average regularizations of Xg and Gg,
respectively, and ρg,α is a deterministic smooth function. By applying the re-
sults of Section 3.3 to

f =
N

∑
i=1

αiδg,zi (3.5.3)

where δg,z is the Dirac delta measure on (Σ, g) at z ∈ Σ, we get

〈
N

∏
i=1

Vg,αi(zi)〉g (3.5.4)

= ZGFF(g)
Γ(s)
γµs ∏

j<k
eαjαkGg(zj,zk)E

[( ∫
Σ

eγ ∑N
i=1 αiGg(zi,z)Mg,γ(dz)

)−s] ,

where now s = ∑N
i=1 αi−Qχ(Σ)

γ . The behaviour of Gg close to the diagonal is

Gg(x, y) = − ln dg(x, y) +O(1) , (3.5.5)

where dg is the distance function. Thus the expectation in Equation (3.5.4) is
essentially

E
[( ∫

Σ

N

∏
i=1

1
dg(zi, z)γαi

Mg,γ(dz)
)−s] . (3.5.6)

There are two main things to consider: is the singularity dg(zi, z)−γαi inte-
grable with respect to the measure Mg,γ, and does the moment of order −s
exist for the random variable

∫
dg(zi, z)−γαi dMg,γ. These questions were an-

swered in [DKRV16], and it turns out that the singularity is integrable if and
only if

γαi < 2 +
γ2

2
= γQ , (3.5.7)

and the moment of order p of
∫

dg(zi, z)−γαi dMg,γ exists if and only if

p < min
i
{2(Q− αi)

γ
,

4
γ2} . (3.5.8)

We earlier remarked that the convergence of the c-integral requires s > 0, i.e.

N

∑
i=1

αi > Qχ(Σ) . (3.5.9)

Thus the moment (3.5.6) exists. Together the conditions (3.5.7) and (3.5.9) are
called the Seiberg bounds. They are the quantized versions of the classical con-
ditions (2.1.8) and (2.1.11). Together the Seiberg bounds imply that on the
sphere we need N ≥ 3 and on the torus N ≥ 1. We have arrived at the fol-
lowing result.
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3 Constructive Liouville Conformal Field Theory

Proposition 3.5.1. Let (z1, . . . , zN) ∈ ΣN be non-coinciding points. The correlation
functions 〈∏N

i=1 Vg,αi(zi)〉g exist if the bound (3.5.9) holds, and they are non-zero if
and only if the bound (3.5.7) holds.

One can always find local coordinates where ln dg(zi, z) = ln |zi − z|+O(1)
as z→ zi. Thus, the integrability condition (3.5.7) says that the GMC measure
Mg,γ(dz) can integrate a stronger singularity than the Lebesgue measure d2z,
and the parameter γ ∈ (0, 2) quantifies this difference. If we denote αi =
χi
γ like in the classical case (Section 2.1), the condition (3.5.9) now says that

∑i χi > (2 + γ2/2)χ(Σ). If we interpret χi as curvature as we did in Section
2.1, this means that on the sphere we need to add more positive curvature to
the singularities as γ grows. The condition (3.5.9) translates to χi < 2 + γ2

2 ,
telling us that we can not put too much curvature in a single singularity. Now
we have seen how the classical geometry picture translates into integrability
properties of the GMC measure via the path integral.

In conclusion, one can define the correlation function of the primary fields

〈
N

∏
i=1

Vg,αi(zi)〉g (3.5.10)

as long as the conditions (3.5.7) and (3.5.9) hold. Geometrically, the quan-
tity (3.5.10) is the partition function of a random surface (Σ, eγφg) where the
distribution of φ is ∏N

i=1 Vαi(zi)e−SL(φ,g)dgφ, defined rigorously by (3.5.4). It
describes fluctuations around the hyperbolic surface (Σ, eγφ?g), where φ? is
the minimizer of the Liouville action. The surface has conical singularities at
the points zi with curvature singularities with weights χi = αi

γ . As a corol-
lary of the Seiberg bounds we see that on surfaces with g ≥ 2 one can define
the partition function without any singularities, but on the sphere one needs
N ≥ 3 and on the torus N ≥ 1.

We finally check that Vg,α really is a primary field. This is achieved by the
following result.

Proposition 3.5.2. Let ω ∈ C ∞(Σ) and ψ ∈ Diff(Σ). Then

〈
N

∏
i=1

Veω g,αi(zi)〉eω g = ecL A(ω,g)−∑N
i=1 ∆αi ϕ(zi)〈

N

∏
i=1

Vg,αi(zi)〉g , (3.5.11)

〈
N

∏
i=1

Vψ∗g,αi(zi)〉ψ∗g = 〈
N

∏
i=1

Vg,αi(ψ(zi))〉g , (3.5.12)

where the Liouville central charge is cL = 1+ 6Q2 and A(ω, g) = 1
48π

∫
( 1

2 |dω|2g +
Rgω)dvg. These two properties establish that the quantized Liouville theory is a CFT
with primary fields given by (3.5.2).
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3.6 Stress-energy tensor

Proof. The proof is a small modification of the proof of Proposition 3.4.1 after
one takes into account the transformation property (see [DKRV16])

Veω g,α = e
α2
4 ωVg,α . (3.5.13)

The correlation functions of primary fields with conformal weight α = γ have
the following peculiar integrability property, called the KPZ-identity.

Proposition 3.5.3. (KPZ-identity)

∫
Σ
〈Vg,γ(z)

N

∏
i=1

Vg,αi(zi)〉gdvg(z) =
∑N

i=1 αi − χ(Σ)Q
µγ

〈
N

∏
i=1

Vg,αi(zi)〉g .

Proof. A change of variables c′ = c + γ−1 ln µ in the c-integral gives

〈
N

∏
i=1

Vg,αi(zi)〉g = ZGFF(g)µ
χ(Σ)Q−∑i αi

γ

∫
R

e−χ(Σ)QcE
[ N

∏
i=1

Vg,αi(zi)e−eγc Mg,γ(Σ)
]
dc .

(3.5.14)

The result follows by differentiating both sides with respect to µ.

3.6 Stress-energy tensor

With the diffeomorphism covariance and anomalous Weyl invariance we are
ready to study the SE-tensor of LCFT. The correlation functions of the SE-
tensor are defined by taking functional derivatives with respect to the (in-
verse of the) metric of the path integral

n

∏
k=1
〈Tαkβk(zk) F〉g := (4π)n

n

∏
k=1

δ

δgαkβk(zk)
〈F〉g , (3.6.1)

where gαβ is the (α, β) component of the inverse of g. We will mostly focus
on the Tzz-component. The functional derivative above is a short-hand for∫

Σn

n

∏
k=1

f αkβk
k (z)〈

n

∏
k=1

Tαkβk(zk)F〉gdvg(z) := (4π)n
n

∏
k=1

∂εk〈F〉gε

∣∣
ε=0 , (3.6.2)

where z = (z1, . . . , zn), ε = (ε1, . . . , εn) and

gαβ
ε = gαβ +

n

∑
k=1

εk f αβ
k (3.6.3)
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3 Constructive Liouville Conformal Field Theory

for some smooth symmetric tensor fields fk. We also use the Einstein summa-
tion convention in (3.6.2).

A formal computation involving Corollary 3.2.2, Proposition 3.2.3 and a
variation formula of the scalar curvature gives

4π
δ

δgzz(z)
〈F〉g = 〈

(
Q∂2

zφg(z)− : (∂zφg(z))2 :g
)

F〉g , (3.6.4)

where φg = Xg +
Q
2

√
det g and : (∂zφg(z))2 :g denotes Wick ordering (a di-

verging term is removed). In [KRV19] the authors used the right-hand side
of (3.6.4) as the definition of the SE-tensor, and derived the first and second
order correlation functions for it. This approach emphasizes that Tzz is a field
in the sense of CFT described in Section 2.3. The Weyl anomaly in Proposition
4.3.1 shows that Tzz is not a primary field.

Let (ψε)ε≥0 be a smooth family of diffeomorphisms with ψ0 = IdΣ and

F =
N

∏
i=1

Vψ∗ε g,αi(zi) , (3.6.5)

we immediately see that the correlation functions of the SE-tensor (3.6.1) will
contain derivatives of the correlation functions of the primary fields (3.5.10).
Indeed, by setting gε = ψ∗ε g and denoting u := ∂ε|0ψε, we get

∂ε|0〈
N

∏
i=1

Vgε,αi(xi)〉gε = ∂ε|0〈
N

∏
i=1

Vg,αi(ψε(xi))〉g =
N

∑
j=1

u(xj)∂xj〈
N

∏
i=1

Vg,αi(xi)〉g ,

(3.6.6)

Thus, 〈Tαβ(z)∏N
i=1 Vg,αi(xi)〉g will contain first-order xj-derivatives of the cor-

relation function 〈∏N
i=1 Vg,αi(xi)〉g if gαβ + ε f αβ = (ψ∗ε g)αβ. We will later see

that the correlation functions of Tzz and Tz̄z̄ will, indeed, contain derivatives
of the correlation functions of the primary fields. Thus, for the derivation of
the conformal Ward identities for Tzz, we must establish that 〈∏N

i=1 Vg,αi(xi)〉g
is a smooth function of the xi’s when xi 6= xj for i 6= j. This was proven in [I],
and then the conformal Ward identities on the sphere were derived in [II],
and on compact surfaces with g ≥ 2 in [III]. In the next chapter we review
these works.

3.7 Recent progress and outlook

To end this chapter, we review the literature on constructive LCFT and men-
tion some perspectives. The construction of the path integral on different
surfaces is done in [DKRV16, DRV16, GRV16, HRV18, Rem18]. In [KRV19,
KRV20] it was shown that the structure constants of LCFT are given by the
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3.7 Recent progress and outlook

DOZZ-formula (see [KRV18, Var17] for review). Similar integrability results
in boundary LCFT were proven in [Rem20, ReZh20a, ReZh20b]. An integra-
bility result on the disk was proven in [ARS21] using methods originating
from the Duplantier–Miller–Sheffield (DMS) approach to random geometry
[DMS14]. More on the connection between constructive LCFT and the work
of DMS can be found in [AHS17, Cer19a]. Semiclassical limit of LCFT has
been studied in [LRV19].

Some evidence for the conformal bootstrap hypothesis was provided in
[Bav19, BaWo18]. The conformal bootstrap hypothesis was proven on the
sphere in [GKRV20], where the authors construct the physical Hilbert space
of LCFT (see also [Kup]) and study the spectrum of the Hamiltonian. In an
on-going work [GKRV21+] the same authors prove the conformal bootstrap
hypothesis on general compact Riemann surfaces and show that LCFT satis-
fies the Segal axioms1 [GKRV21+]. A GMC-based construction of the confor-
mal blocks2 on the torus was discovered in [GRSS20].

Other mathematical results include the derivation of the higher order BPZ-
equations [Zhu20], construction of Liouville-type theory in higher (even) di-
mensional spaces [Cer19b,DHKS21] where the GFF is replaced by a different
log-correlated field, and a stochastic PDE approach to LCFT [Gar20,ORTW20].
Constructive approach to Toda field theories3 was initiated in the recent pa-
pers [CRV21, CeHu21], inspired by the methods used in constructive Liou-
ville theory.

Promising outlooks include generalizing the integrability results to sur-
faces with boundary and to Toda field theories. More ambitious outlooks
would be to understand better the conformal blocks and to make mathemat-
ical progress towards the AGT-conjecture [AGT10].

1Segal axioms are an alternative way to define a CFT, see [Seg04].
2The conformal blocks are certain functions that pop up when computing correlation func-

tions using the conformal bootstrap.
3Toda field theories are generalizations of Liouville theory, where the field is Lie algebra

valued, and the Virasoro symmetry algebra is replaced by a bigger symmetry algebra,
called W-algebra.
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4 Contributions of this thesis

In this chapter we give brief outlines of the articles [I, II, III] included in the
thesis.

4.1 Smoothness of correlation functions [I]

We start the study of smoothness by formally calculating ∂zj〈∏
N
i=1 Vg,αi(zi)〉g.

We work with a metric g with constant curvature. The definition (3.5.2) im-
plies that

∂zj〈
N

∏
i=1

Vg,αi(zi)〉g = αj〈Xg(zj)
N

∏
i=1

Vg,αi(zi)〉g . (4.1.1)

The above is of the form E[XF(X)] where X is a Gaussian random variable.
Thus, we can use Gaussian integration by parts (Corollary 3.2.2) to obtain

αj〈Xg(zj)
N

∏
i=1

Vg,αi(zi)〉g (4.1.2)

= ZGFF(g)αj

×
∫

Σ
∂zj Gg(zj, z)

∫
R

E
[

δ
δXg(z)

N

∏
i=1

Vg,αi(zi)e−Qχ(Σ)c−µeγc Mg,γ(Σ)
]
dc dvg(z)

= ∑
i 6=j

αjαi∂zj Gg(zj, zi)〈
N

∏
i=1

Vg,αi(zi)〉g

− µγαj

∫
Σ

∂zj Gg(zj, z)〈Vg,γ(z)
N

∏
i=1

Vg,αi(zi)〉gdvg(z) ,

where in the second equality we used eγcMg,γ(Σ) =
∫

Vg,γ(z)dvg(z). The first
term on the right-hand side is well-defined, since zi 6= zj for i 6= j. However,
the second term is problematic. The reason is that as z → zj, the correlation
function 〈Vγ(z)∏N

i=1 Vαi(zi)〉g behaves as dg(z, zj)
−2+δ for δ > 0 arbitrarily

small as γ gets closer to 2 (see the fusion estimates in [KRV19]). Thus, when
we add the extra singularity ∂zj Gg(zj, z), we lose integrability. The conclusion
is that to get differentiability, we have to study the following integral trans-
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4 Contributions of this thesis

form

lim
ε→0

∫
Bg(zj,r)

∂zj Gg,ε(zj, z)〈V(ε)
g,γ(z)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z) , j ∈ {1, . . . , N} .

(4.1.3)

where V(ε)
g,α = ε

α2
2 eα(Xg,ε+c), Xg,ε and Gg,ε are circle average regularizations,

and

〈F〉g,ε = ZGFF(g)
∫

R
E[F(Xg + c)e−Qχ(Σ)c−µeγc ∫

Σ V(ε)
g,γdvg ] . (4.1.4)

To relate this singular integral to convergent ones, we use the following trick
that first appeared in [KRV19], in a slightly different form. We start by fixing
a conformal coordinate z in a ball Bg(zj, r) and we consider the integral

∫
Bg(zj,r)

∂z〈V(ε)
g,γ(z)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z) . (4.1.5)

If we integrate by parts, we get a boundary term whose ε→ 0 limit exists. On
the other hand, if we compute the derivative as we did before, we get

∫
Bg(zj,r)

∂z〈V(ε)
g,γ(z)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z) (4.1.6)

=
N

∑
i=1

αjγ
∫

Bg(zj,r)
∂zGg,ε(z, zi)〈V

(ε)
g,γ(z)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z)

− αjµγ
∫

Bg(zj,r)

∫
Σ

∂zGg,ε,ε(z, z′)〈V(ε)
g,γ(z)V

(ε)
g,γ(z′)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z, z′) ,

where Gg,ε,ε denotes the Green function that has been regularized in both
variables. On the right-hand side in the summation the i = j term is the
integral from (4.1.3), i.e. the term whose ε → 0 limit we want to find. It turns
out that all the other terms in this equation have a limit, so we can relate the
singular integral to convergent integrals. To see this, first observe that because
in the first term on the right-hand side the integration is over Bg(zi, r), the
j 6= i terms have a limit by dominated convergence (recall the KPZ-identity
3.5.3). To see that the double integral term has a limit, we manipulate it a
bit. We split the z′ integration into integrations over the ball Bg(zj, r) and its
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4.1 Smoothness of correlation functions [I]

complement. For the first part we get∫
Bg(zj,r)2

∂zGg,ε,ε(z, z′)〈V(ε)
g,γ(z)V

(ε)
g,γ(z′)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z, z′)

=
1
2

∫
Bg(zj,r)2

(
∂zGg,ε,ε(z, z′) + ∂z′Gg,ε,ε(z′, z)

)
× 〈V(ε)

g,γ(z)V
(ε)
g,γ(z′)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z, z′) .

Now the singular part coming from the Green function cancels due to anti-
symmetry of the singular term 1

z−z′ (in conformal coordinates). Thus, this
term has a limit by the KPZ-identity and dominated convergence. Only term
left is the integral∫

Bg(zj,r)×Bg(zj,r)c
∂zGg,ε,ε(z, z′)〈V(ε)

g,γ(z)V
(ε)
g,γ(z′)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z, z′) .

(4.1.7)

When z is close to zj (and thus z is away from z′), the limit of the Green
function is bounded, and thus this part of the integral has a limit by the KPZ-
identity and dominated convergence. The points z and z′ get close to each
other at the boundary ∂Bg(zj, r). By choosing r small enough, the boundary
stays away from the points (zi)

N
i=1. The fusion estimates in [KRV19] tell us

that

〈Vg,γ(z)Vg,γ(z′)
N

∏
i=1

Vg,αi(zi)〉g ≤ C|z− z′|−2+δ (4.1.8)

as |z− z′| → 0 for δ > 0 depending on γ. It holds that for any a < 3 and r > 0
that ∫

B(0,2r)2

1B(0,r)(z)1B(0,r)c(z′)
|z− z′|a d2zd2z′ < ∞ . (4.1.9)

This implies that in (4.1.7) the ε → 0 limit of the integrand is integrable in
the region where z and z′ are close to each other. All in all, the limε→0 can
be taken inside the integral in (4.1.7) and the resulting integral converges.
The end result is that we can solve for (4.1.3) in the equation (4.1.6). To see
that ∂zj〈∏

N
i=1 Vg,αi(zi)〉g,ε converges uniformly in zj over compact subsets of

C \ {zi; i 6= j} as ε→ 0, it is enough to show this for∫
C2

1B(0,r)∩A(z)1B(0,r)c∩A(z′)
|z− z′| 〈V(ε)

g,γ(z)V
(ε)
g,γ(z′)

N

∏
i=1

Vg,αi(zi)〉g,εdvg(z, z′) ,

(4.1.10)
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where A is a small annulus around ∂B(0, r). When z or z′ is not in A, the
integrand is a bounded function times the correlation function, which be-
haves well due to the KPZ-identity 3.5.3. Now, the uniform convergence for
(4.1.10) follows from an observation that the constant C in (4.1.8) is uniformly
bounded in zj in compact subsets of C \ {zi, i 6= j}. The uniform convergence
of the derivatives of the regularized correlation functions then imply that the
non-regularized correlation functions are differentiable.

To show that the higher order derivatives of the correlation functions exist,
one has to setup a rather complicated looking induction. The main idea is
already present in the C1-argument, although extra care is required. As an
input for the induction, one also needs a generalization of the fusion estimate
(4.1.8). In [I] it was shown that

〈
M

∏
j=1

Vg,γ(yj)Vg,γ(y′j)
N

∏
i=1

Vg,αi(zi)〉g ≤ C
M

∏
j=1
|yj − y′j|−2+δ (4.1.11)

as yj and y′j merge pairwise, meaning that |yj − y′j| → 0 for all j, and the
pairs (yj, y′j), (yk, y′k), j 6= k, stay away from each other while also all the
points (yj, y′j)

M
j=1 stay away from the points (zi)

N
i=1. The constant C depends

on mini 6=j |zi − zj| and on the αi’s. With this estimate, the induction to show
that the correlation functions are infinitely many times differentiable goes
through. The main result in [I] then is the following.

Theorem 4.1.1. (Theorem 1.1. in [I]) Assume that the tuple (αi)
N
i=1 ∈ RN satisfies

the Seiberg bounds (3.5.7) and (3.5.9). Then the functions

(z1, . . . , zN) 7→ 〈
N

∏
i=1

Vg,αi(zi)〉g

belong to C ∞(UN), where UN = {(z1, . . . , zN) ∈ ΣN : zi 6= zj for all i 6= j}.

4.2 Differentiability with respect to metric [II, III]

Any metric g on a compact Riemann surface Σ can be written as

g = eϕψ∗ ĝ(τ) , (4.2.1)

where ϕ ∈ C ∞(Σ), ψ ∈ Diff(Σ), and (ĝ(τ))τ∈M(Σ) is a fixed family of metrics
parametrized by the moduli spaceM(Σ), which has the dimension

dimM(Σ) =


0 , g = 0 ,
2 , g = 1 ,
6g− 6 , g ≥ 2 .
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4.2 Differentiability with respect to metric [II, III]

The metrics ĝ(τ) can be chosen so that they have constant curvature. Because
Liouville theory is a CFT, it is natural to use the decomposition (4.2.1) for the
perturbed metric (3.6.3) (for now, we take n = 1), yielding gε = eϕε ψ∗ε ĝ(τε).
Now computing the derivative (3.6.2) becomes easier, because we can use the
symmetries from Proposition 3.5.2. We get

∂ε〈
N

∏
i=1

Vgε,αi(zi)〉gε = ∂ε

(
ecL A(ϕε,ψ∗ε ĝ(τε))−∑N

i=1 ∆αi ϕε(zi)〈
N

∏
i=1

Vĝ(τε),αi
(ψε(zi))〉ĝ(τε)

)
.

(4.2.2)

To show that the derivative exists, we need differentiability in τ in addition
to differentiability in zi of 〈∏N

i=1 Vĝ(τ),αi
(zi)〉ĝ(τ). The derivatives of ϕε and ψε

can be computed explicitly, which we postpone to Section 4.3.

The differentiability with respect to τ can be shown by directly differenti-
ating the Gaussian measure using Proposition 3.2.3. We assume that g ≥ 1,1

and choose a smooth family (ĝ(τε))ε≥0 of metrics from the moduli space with
ĝ(τ0) = g. The metrics gε = ĝ(τε) have constant curvature. By Proposition
3.2.3 we get

∂ε〈
N

∏
i=1

Vgε,αi(zi)〉gε (4.2.3)

= ZGFF(g)
2

∫
∂εGgε(x, y)

×
∫

R
Eg
[

δ2

δX(x)δX(y)

N

∏
i=1

Vg,αi(zi)e−µ
∫

Σ Vg,γdvg
]
e−χ(Σ)Qcdc dvg(x, y)

+ 〈∂ε

N

∏
i=1

Vgε,αi(zi)〉gε ,

where the latter term includes the contribution coming from the g-dependency
of the regularization of Xg in (3.5.2). To be able to compute the functional

derivatives in (4.2.3), we work with the regularizations V(δ)
g,α and the regular-

1Recall that on the sphere the moduli space is trivial, meaning that there is no variable τ.
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ized expectation 〈F〉g,δ. We get

∂ε〈
N

∏
i=1

V(δ)
gε,αi(zi)〉gε,δ (4.2.4)

=
1
2

N

∑
i,j=1

αiαj
(
∂εGgε,δ,δ(zi, zj)

)
〈

N

∏
i=1

V(δ)
gε,αi(zi)〉gε,δ

− µγ
N

∑
i=1

αi

∫
Σ

(
∂εGgε,δ,δ(zi, y)

)
〈V(δ)

gε,γ(y)〈
N

∏
i=1

V(δ)
gε,αi(zi)〉gε,δdvgε(y)

+ µ2γ2
∫

Σ2

(
∂εGgε,δ,δ(y, y′)

)
〈V(δ)

gε,γ(y)V
(δ)
gε,γ(y

′)〈
N

∏
i=1

V(δ)
gε,αi(zi)〉gε,δdvgε(y, y′)

− µγ2
∫

Σ

(
∂εGgε,δ,δ(y, y)

)
〈V(δ)

gε,γ(y)〈
N

∏
i=1

V(δ)
gε,αi(zi)〉gε,δdvgε(y) ,

where Gg,δ,δ is the circle average regularization (in both variables) of Gg. The
function

Ġg(z, z′) := lim
δ→0

∂ε|0Ggε,δ,δ(z, z′) (4.2.5)

is bounded on Σ × Σ (Proposition 4.4. in [III]). It follows that the δ → 0
limits of the integrals in (4.2.4) evaluated at ε = 0 exist, and we see that
〈∏N

i=1 Vĝ(τ),αi
(zi)〉ĝ(τ) is differentiable with respect to τ. This concludes that

the derivative (4.2.2) exists.
Once we start to consider higher order correlation functions of the SE-

tensor, we have to take higher order derivatives with respect to the metric.
Let gε be as in (3.6.3). By Proposition (3.5.2)

n

∏
k=1

∂εk〈
N

∏
i=1

Vgε,αi(zi)〉gε (4.2.6)

=
n

∏
k=1

∂ε j

(
ecL A(ϕε,ψ∗ε ĝ(τε))−∑N

i=1 ∆αi ϕε(zi)〈
N

∏
i=1

Vĝ(τε),αi
(ψε(zi))〉ĝ(τε)

)
.

The main difference with the above and (4.2.2) is that, first, we get higher or-
der zi-derivatives of the correlation functions and, second, we get derivatives
in zi’s of the functions

∏
k∈K

∂εk〈
N

∏
i=1

Vĝ(τε),αi
(zi)〉ĝ(τε) , K ⊂ {1, . . . , n} . (4.2.7)

Thus, on top of the smoothness in zi of the correlation functions of the pri-
mary fields, we need smoothness in zi of the τ-derivatives of the correla-
tion functions of the primary fields. This turns out not to be hard, since the
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higher order τ-derivatives of 〈∏N
i=1 Vĝ(τε),αi

(zi)〉ĝ(τε) can be computed by it-
erating (4.2.4). The result contains integrals of correlation functions against
bounded functions, which are always convergent. Then, by slightly modify-
ing the smoothness argument outlined in Section 4.1 and proven in [I], one
obtains smoothness in zi of (4.2.7). Finally, the derivatives of ϕε and ψε can
be computed explicitly (we comment on this in the next section). The con-
clusion is that the derivatives (4.2.6) exist. This was proven on the sphere in
Propositoin 3.3. of [II], and on surfaces with g ≥ 2 in Proposition 5.1. of [III].

4.3 Conformal Ward identities [II, III]

To derive the conformal Ward identities, we have to evaluate the derivative
(4.2.6). Let g = ĝ(τ0) be some constant curvature metric from the moduli
space. We split the perturbation f of the metric gαβ

ε = gαβ + ε f αβ into three
parts

f = ftr + fd + fm . (4.3.1)

The first term is the trace part

ftr =
1
2

trg( f )g , (4.3.2)

and it generates the conformal scaling eϕε

gαβ + ε f αβ
tr = e−ϕε gαβ +O(ε2) . (4.3.3)

The second term on the right-hand side of (4.3.1) is the diffeomorphism part

( fd)αβ = ∇αuβ +∇βuα − gγδ∇γuδgαβ , (4.3.4)

where u is a smooth vector field on Σ. This generates the pullback of the
metric ψ∗ε g, meaning that there exists ψε ∈ Diff(Σ) such that

ψ∗ε g = g + ε fd +O(ε2) , (4.3.5)

and the relation between u and ψ is u = ∂ε|0ψε.
The final compoment fm generates a deformation of the conformal struc-

ture, meaning that

ĝ(τε) = ĝ(τ) + ε fm +O(ε2) . (4.3.6)

The perturbation f belongs to the tangent space Tg Met(Σ) of the space of
metrics, which we endow with the L2-inner product

( f , f ′)Tg Met(Σ) :=
∫

Σ
f αβ f ′αβdvg . (4.3.7)
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The decomposition (4.3.1) is orthogonal with respect to this inner product.
We can solve for the f -dependency of the map ψε from the equation

gε = eϕε ψ∗ε ĝ(τε) . (4.3.8)

If fm = 0 (which is always the case on the sphere), (4.3.8) implies that ψε

solves the standard Beltrami equation

∂z̄ψε = µε(z)∂zψε(z) , (4.3.9)

where

µε(z) =
(γε)z̄z̄

1
2 + (γε)zz̄

, γε =
gε√

det gε

, (4.3.10)

written in a conformal coordinate z where g(z) = eσ(z)|dz|2. It follows that

µε(z) = −
ε

4
eσ(z) f zz(z) +O(ε2) . (4.3.11)

Let us work, for now, on the sphere in a global conformal coordinate given by
the stereographic projection. Then standard methods (see [AIM]) imply that
the solution of (4.3.9) is given in terms of the Cauchy and Beurling transforms

(C f )(z) =
1
π

∫
C

f (z′)
z− z′

d2z′ , (4.3.12)

(B f )(z) = ∂z(C f )(z) .

by the series (see [AIM] or Proposition 3.1. in [II])

ψε(z) = z + C
∞

∑
k=0

(µεB)kµε . (4.3.13)

In Proposition 3.1. of [II] it was also shown that (ε, z) 7→ ψε(z) is smooth.
We want to compute the correlation function of the Tzz-component, which

correspond to setting f zz̄ = 0. This means that f is traceless. A quick compu-
tation implies that

u(z) := ∂ε|0ψε(z) = −
1
4
C(eσ f zz)(z) , (4.3.14)

and

∂ε|0ϕε(z) = −∂zu(z)− u(z)∂zσ(z) . (4.3.15)
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We are ready to compute the first conformal Ward identity on the sphere. We
have

∂ε|0〈
N

∏
i=1

Vgε,αi(zi)〉gε = ∂ε|0
(

ecL A(ϕε,ψ∗ε ĝ(τ))−∑N
i=1 ∆αi ϕε(zi)〈

N

∏
i=1

Vĝ(τ),αi
(ψε(zi))〉ĝ(τ)

)
(4.3.16)

= cL∂ε|0A
(

ϕε, ψ∗ε ĝ(τ)
)
〈

N

∏
i=1

Vĝ(τ),αi
(zi)〉ĝ(τ)

−
N

∑
i=1

∆αi(−∂zu− u∂zσ)〈
N

∏
i=1

Vĝ(τ),αi
(zi)〉ĝ(τ)

+
N

∑
i=1

u(zi)∂zi〈
N

∏
i=1

Vĝ(τ),αi
(zi)〉ĝ(τ) .

A direct computation gives

∂ε|0A
(

ϕε, ψ∗ε ĝ(τ)
)
= −

∫
C

f zz(∂2
zσ− 1

2 (∂zσ)2)dvg . (4.3.17)

By plugging the formulae (4.3.17) and (4.3.14) into (4.3.16), and by stripping
out the arbitrary function f zz, we obtain

〈Tzz(z)
N

∏
i=1

Vg,αi(zi)〉g =
(1

2 (∂zσ(z))2 − ∂2
zσ(z)

)
〈

N

∏
i=1

Vg,αi(zi)〉g

+
N

∑
j=1

( ∆αj

(z− xj)2 +
∆αj ∂zσ(xj)

z− xj
+

∂xj

z− xj

)
〈

N

∏
i=1

Vg,αi(zi)〉g .

For the spherical metric eσ(z) = 4
(1+|z|2)2 the function (∂zσ(z))2 − ∂2

zσ(z) van-
ishes.

The higher conformal Ward identities are derived in a similar way after
one establishes the Weyl anomaly and the diffeomorphism covariance for the
correlation functions of the SE-tensor (Proposition 3.5. in [II] and Proposition
6.5. in [III]). The result (formulated for the Tzz-component) is the following.

Proposition 4.3.1. Let (xi, . . . , xN) ∈ ΣN and (z1, . . . , zn) ∈ (Σ \ {xi}N
i=1)

n be
tuples of non-coinciding points. Then for all ω ∈ C ∞(Σ)

〈
n

∏
k=1

Tzkzk(zk)
N

∏
i=1

Veω g,αi(xi)〉eω g

= ecL A(ω,g)−∑N
i=1 ∆αi ω(xi)〈

n

∏
k=1

(
Tzkzk(zk) + azkzk(zk, ω, g)

) N

∏
i=1

Vg,αi(xi)〉g ,
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where azz(z, ω, g) = δ
δgzz(z) A(ω, g), and for all ψ ∈ Diff(Σ)

〈
n

∏
k=1

Tzkzk(zk)
N

∏
i=1

Vψ∗g,αi(xi)〉ψ∗g = 〈
n

∏
k=1

(ψ∗T)zkzk(zk)
N

∏
i=1

Vg,αi(ψ(xi))〉g .

Now the conformal Ward identities on the sphere follow by a direct compu-
tation.

Theorem 4.3.2. (Theorem 1.1. in [II]) Let (x1, . . . , xN) ∈ (S2)N, with N ≥ 3, be
a tuple of non-coinciding points and assume that the numbers (α1, . . . , αN) ∈ RN

satisfy the Seiberg bounds (3.5.7) and (3.5.9). Then the LCFT correlation functions
〈∏N

i=1 Vg,αi(xi)〉g are smooth with respect to the metric and the functional deriva-
tives (3.6.1) in the case F = ∏N

i=1 Vg,αi(xi) are given by the conformal Ward identi-
ties (2.3.28) with c = 1 + 6Q2.

When g ≥ 1, we also deform the conformal structure, i.e. fm 6= 0. The main
complication is that in the differentiation (4.2.6) we get terms of the form

∂ε j |0∂εk |0〈
N

∏
i=1

Vĝ(τεk ),αi
(ψε j(zi))〉ĝ(τεk )

,

which produces a zj-derivative of a τ-derivative of the correlation function.
This is why we need to show that the τ-derivatives of the correlation func-
tions are smooth in the zi’s, as was discussed in the end of the previous sec-
tion. This can be proven by the method described in Section 4.1, see Proposi-
tion 5.2. in [III].

With fm 6= 0 the equation (4.3.8) leads to the modified Beltrami equation
(see [AIM])

∂z̄ψε(z) = µε(z)∂zψε(z)− νε(z)∂zψε(z) , (4.3.18)

where

µε =
g̃ε,z̄z̄

g̃ε,zz̄ + h̃ε,zz̄
, νε =

h̃ε,z̄z̄

g̃ε,zz̄ + h̃ε,zz̄
,

g̃ε =
gε√

det gε

, h̃ε =
ĝ(τε) ◦ ψε√

det ĝ(τε) ◦ ψε

.

Using results from [AIM], it can be shown that ψε can be locally written as
ψε = ψ−1

2,ε ◦ ψ1,ε, where ψi,ε, i = 1, 2, are solutions to a Beltrami equation of
the standard form (4.3.9). From this it follows that the map (z, ε) 7→ ψε(z) is
smooth (Proposition 6.1. in [III]). On the sphere, in global coordinates we
used the Cauchy tansform (4.3.12). In the more general setting, its role is
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played by the integral transform2

(G f )z(z) :=
∫

Σ
Gz

αβ f αβ(z′)dvg(z′) , (4.3.19)

that maps symmetric traceless tensors into vector fields. The integral kernel
Gα

βγ is the Green function of the conformal Killing operator P1, briefly men-
tioned in Section 2.4.1. It is defined on 1-forms θ by

P1θ = 2S∇θ − trg(S∇θ)g , (4.3.20)

where S denotes symmetrization, and ∇ is the Levi–Civita connection. By
raising indices one gets the corresponding operator on vector fields. In con-
formal coordinates we have

Gz
ww(z, w) =

1
4π

1
z− w

+R(z, w) , (4.3.21)

whereR is smooth. On the sphereR = 0, and one recovers the Cauchy kernel
(4.3.12). See Section 2.1. in [III] for more information on P1 and G.

Now, if gε is of the form (3.6.3) and the fk’s are symmetric and traceless, the
functions ψε and ϕε in (4.3.8) satisfy

∂εk |ε=0ψε = −G fk , (4.3.22)
∂εk |ε=0ϕε = −∇z(G fk)

z . (4.3.23)

Note that ∇zvz = (∂z + ∂zσ)vz, so the analogy with (4.3.14) and (4.3.15) is
clear. Now by using the Weyl anomaly and diffeomorphism covariance of
the SE-tensor (Proposition 4.3.1), the conformal Ward identities for surfaces
with g ≥ 2 can be computed similarly as on the sphere, modulo some minor
complications due to the presence of the non-trivial moduli space (see Section
6.2. of [III]). The end result is the following.

Theorem 4.3.3. (Theorem 1.1. in [III]) Let (Σ, g) be a Riemann surface with g ≥ 2
and let g be a metric with Rg = −2. Let (x1, . . . , xN) ∈ ΣN be non-coinciding
points. Assume that (α1, . . . , αN) ∈ RN satisfy the Seiberg bounds (3.5.7) and
(3.5.9). Then the LCFT correlation functions 〈∏N

k=1 Vg,αi(xi)〉g are smooth with
respect to the metric g and the functional derivatives (3.6.1) of the primary fields

2On the sphere we used the Cauchy transform to map the perturbation f to the vector field
∂ε|0ψε, see (4.3.14). The operator G plays the same role.
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F = ∏N
k=1 Vg,αi(xi) satisfy the following conformal Ward identities3

1
4π 〈

n

∏
k=1

Tzkzk(zk)
N

∏
i=1

Vg,αi(xi)〉g (4.3.24)

= − cL
12

n

∑
j=1
∇3

zj
Gzj

z1z1(zj, z1)〈
n

∏
k 6=1,i

Tzkzk(zk)
N

∏
i=1

Vg,αi(xi)〉g

+
n

∑
j=2

(
2∇zjG

zj
z1z1(zj, z1) + G

zj
z1z1(zj, z1)∇zj

)
〈

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vg,αi(xi)〉g

+
N

∑
j=1

(
∆αj∇xjG

xj
z1z1(xj, z1) + G

xj
z1z1(xj, z1)∇xj

)
〈

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vg,αi(xi)〉g

+ 1
4π 〈Tm(z1)

n

∏
k=2

Tzkzk(zk)
N

∏
i=1

Vg,αi(xi)〉g ,

where the last term on the right-hand side is a contribution coming from the deforma-
tion of the conformal structure (i.e. the differentiation with respect to τ). The result-
ing function is smooth in the points zk and xi as long as they are all non-coinciding.

3The conformal Ward identities appeared in this form in [EgOo87].
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[II] Kupiainen A., Oikarinen J.: Stress-Energy in Liouville Conformal Field
Theory. J Stat Phys 180, 1128–1166 (2020).

[III] Oikarinen J.: Stress-Energy in Liouville Conformal Field Theory on
Compact Riemann Surfaces. arXiv:2108.06767, (2021).

[AGT10] Alday L. F., Gaiotto D., and Tachikawa Y.: Liouville Correlation
Functions from Four Dimensional Gauge Theories, Lett. Math. Phys. 91,
167-197 (2010).

[Alv83] Alvarez O.: Theory of strings with boundaries: Fluctuations, topol-
ogy and quantum geometry. Nuclear Physics B, Volume 216, Issue 1,
(1983).

[ADJ] Ambjørn J., Durhuus B., Jonsson T.: Quantum Geometry: A Statisti-
cal Field Theory Approach. Cambridge Monographs on Mathematical
Physics, (1997).

[ARS21] Ang M., Remy G., Sun X.: FZZ formula of boundary Liouville CFT
via conformal welding. arXiv:2104.09478, (2021).

[AHS17] Aru J., Huang Y., Sun X.: Two Perspectives of the 2D Unit Area
Quantum Sphere and Their Equivalence. Commun. Math. Phys. 356,
261–283 (2017).

[AIM] Astala K., Iwaniec T., and Martin G.: Elliptic Partial Differential Equa-
tions and Quasiconformal Mappings in the Plane, Princeton University
Press, (2009).

[Bav19] Baverez G.: Modular bootstrap agrees with the path integral in the
large moduli limit. Electron. J. Probab. 24: 1-22 (2019).

[BaWo18] Baverez G., Wong M. D.: Fusion asymptotics for Liouville correla-
tion functions. arXiv:1807.10207, (2018).

47

https://arxiv.org/abs/2108.06767
https://arxiv.org/abs/2104.09478
https://arxiv.org/abs/1807.10207


Bibliography
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Progress in Mathematical Physics, vol 67. Birkhäuser, Basel, (2015).
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[Cer19a] Cerclé B.: Unit boundary length quantum disk: a study of two dif-
ferent perspectives and their equivalence. arXiv:1912.08012, (2019).
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