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a b s t r a c t
We study the adaptive dynamics of the colonization rate of species living in a patchy habitat when there
is a trade-off with the competitive strength for individual patches. To that end, we formulate a
continuous-time competition-colonization model that also includes ownership effects as well as random
disturbance affecting the mortality rate. We find that intermediate disturbance (as measured by the fluctuation intensity of the mortality rate), a strong competition-colonization trade-off, and a weak ownership effect are necessary conditions for evolutionary branching and hence for the emergence of
polymorphisms (i.e., coexistence) by small evolutionary steps. Specifically, concerning ownership we find
that with low-intermediate disturbance, a weak ownership advantage favours evolutionary branching
while ownership disadvantage does not. This asymmetry disappears at the higher-intermediate disturbance. Moreover, at a low-intermediate disturbance, the effect of the strength of the competitioncolonization trade-off on evolutionary branching is non-monotonic disappears because the possibility
of branching disappears again when the trade-off is too strong. We also find that there can be multiple
evolutionary attractors for polymorphic populations, each with its own basin of attraction. With small
but non-zero random evolutionary steps and depending on the initial polymorphic condition just after
branching, a coevolutionary trajectory may come arbitrarily close to the shared boundary of two such
basins and may even jump from one side to the other, which can lead to various kinds of long-term evolutionary dynamics, including evolutionary branching-extinction cycles.
Ó 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction
Coexistence by a trade-off between competitive and colonization ability is one extensive studied mechanism for explaining species diversity in spatially structured habitats (see, e.g., Levins,
1969; Levins and Culver, 1971; Horn and MacArthur, 1972;
Hastings, 1980; Geritz et al., 1988; Nee and May, 1992; Tilman,
1994; Geritz, 1995; Geritz et al., 1999; Kinzig et al., 1999; Yu and
Wilson, 2001; Kinzig and Pacala, 2002; Kisdi and Geritz, 2003;
Calcagno et al., 2006; Cadotte, 2007; Pillai and Guichard, 2012).
In the continuous-time model proposed by Levins and Culver
(1971), the interactions of competing species are ordered in a competitive hierarchy. Since no species can occupy the entire habitat,
an inferior competitor with good colonization ability may invade
and successfully establish in the vacant portion of the habitat
(see also Geritz, 1995; Geritz et al., 1988; Geritz et al., 1999;
Kisdi and Geritz, 2003 but for discrete-time models). Calcagno
et al. (2006) extension relaxes the strict competitive hierarchy
E-mail address: yuhua.cai@helsinki.fi

assumption and allows for displacement competition, which is
more reasonable to describe natural population interactions.
These two latter models are often used for understanding such
as limiting similarity, species packing and behaviour of highdiversity dynamics in community ecology. However, their usage
in studying the adaptive dynamics of the colonization rate for
exploring the evolutionary coexistence of multiple phenotypic
strategies has some restrictions. In the hierarchical competitioncolonization model, successive invasions and substitutions of
superior competitors drive the evolution towards the minimum
strategy threshold where population density becomes arbitrarily
close to zero. This will eventually result in evolutionary extinction
(Kinzig et al., 1999). Calcagno et al.’s competition-colonization
model avoids this extreme situation and successfully predicts evolutionarily stable coexistence, but a non-negligible mutation stepsize is required to launch the coevolution of two strategies (Pillai
and Guichard, 2012).
The purpose of the present paper is to investigate the evolutionary coexistence of multiple competing species living in a habitat
composed of distinct sites. To that end, we consider an extension
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of the existing competition-colonization models for studying the
adaptive dynamics of the colonization rate, which avoids the
restrictions of the aforementioned model predictions. Our extension arises from the following two aspects.
First, ownership is introduced into our model as an additional
ingredient that affects the displacement competition in occupied
sites. Ownership effects may strengthen or weaken displacement
competition. For instance, in sessile species or terrestrial plants,
if the owner of a site always occupies most of the above-ground
and below-ground space such that an intruder is challenging to
compete with it, then being an owner is advantageous (Schenk
et al., 1999). In contrast, if the intruder can grow at a lower level
of resources (e.g., soil, light or nutrient) than the owner’s level
and the owner no longer has sufficient access to resources when
an intruder comes, then being an owner is disadvantageous
(Wedin and Tilman, 1993).
Second, environmental fluctuations is another broadly studied
mechanism for diversity maintenance (see, e.g., Chesson and
Warner, 1981; Chesson et al., 1986; Chesson, 1988; Tilman,
1999; Fargione and Tilman, 2002). The explanation for species
diversity arising from environmental fluctuations is based on the
fact that competitive exclusion takes time, and that inferior competitors may seek refuges, and that different species respond differently to environmental fluctuations, which has been
formalized as the intermediate disturbance hypothesis (Connell,
1978)—namely high richness in communities subject to an intermediate degree of disturbance (refer to Sommer, 1999). The consideration of environmental fluctuations in our model attempts
to understand how evolution responds to changes in the environment and how this evolutionary study supports the hypothesis.
The organization of the paper is as follows. In Sec. 2 and Sec. 3,
we introduce the hierarchical competition-colonization model and
Calcagno et al.’s model, respectively. In Sec. 4, we present an
extended competition-colonization model incorporating ownership effects and environmental fluctuations. In the next three sections, we focus on studying of the evolutionary dynamics of the
colonization rate within the framework of adaptive dynamics
developed by Metz et al. (1996) and Geritz et al. (1997) and
Geritz et al. (1998), among which we consider a functional relation
proposed by Muller-Landau (2010) to link colonization ability and
disturbance sensitivity. Precisely, in Sec. 5, we analyze the
monomorphic evolutionary dynamics to study the impacts of the
strength of the competition-colonization trade-off, ownership
effect, and disturbance intensity in evolutionarily singular strategies’ number and stability properties. In Sec. 6, we analyze the
dimorphic evolutionary dynamics to explore the emergence of evolutionarily singular coalitions. In Sec. 7, we analyze the coexistence
for different evolutionary scenarios including diversifying evolution, cyclic evolution and uncertain evolution. Due to the difficulties in the theoretical analyses of these different evolutionary
scenarios, we resort to numerical analyses instead. In Sec. 8, we
summarize and discuss the main results. All mathematical derivations are given in the Appendices.

 res ðbÞ ¼ 1  bd. Bottom:
Fig. 1. Top: Equilibrium density of a resident species, n
Simulated evolutionary tree for the case of evolutionary extinction, where the
initial strategy b0 ¼ 5, the mutation probability is 0.01, and the mutation stepsize
distribution is assumed to be an exponential distribution restricted in the accessible
strategy interval (refer to A). In this figure, the identical mortality rate d ¼ 1 and the
minimum strategy threshold bmin ¼ 1.

is a hierarchy: species 1 > . . . species i > . . . species k, where species
of lower rank index are always capable of displacing species of
higher rank, but species of higher rank cannot displace species of
lower rank. As for the colonizing ability, there is also a hierarchy
but in the opposite direction: species 1 < . . . species i < . . . species
k. The species i can colonize all sites that are either empty or occupied by a competitively inferior individual. It is well known that the
competition-colonization trade-off ensures coexistence.
In this model, a species to persist its colonization rate must be
larger than its mortality rate. Precisely, any species can persist if its
colonization rate larger than the minimum threshold bmin ¼ d
(Hastings, 1980).
Consider the evolutionary dynamics of the colonization rate
(that serves as the phenotypic strategy). Kinzig et al. (1999) suggested that a new top competitor may invade and eventually substitute the previous top competitor such that the strategy evolves
towards the minimum strategy threshold bmin (refer to a standard
analysis shown in A). Notice that the equilibrium density of a resident species shrinks to zero along with the decrease of strategies
(see the top panel in Fig. 1). Therefore, an extreme evolutionary
scenario is the evolutionary extinction that results from successive
invasions and substitutions of superior competitors (see the bottom panel in Fig. 1), as was tested by Pillai and Guichard (2012).
Notice that the phenomenon shown in Fig. 1 is not reached via
small step evolution. The emergence of such an unexpected scenario shows this model is not a proper tool to explore the evolutionary coexistence of multiple strategies.

2. Hierarchical competition-colonization model
3. Calcagno et al.’s competition-colonization model

The multispecies version of hierarchical competitioncolonization model is given by the following differential equations:

X
dni
nj
¼ bi ni 1 
dt
j6i

!

 ni

X

bj nj  dni ;

i ¼ 1;    ; k;

Calcagno et al. (2006) model relaxes the strict competitive hierarchy to allow for displacement competition in occupied sites. Each
species i is defined by its colonization rate bi , its mortality rate di ,
~ðbi ; bj Þ that competitively interand the displacement probability c
acts with species j in a single site. Following Calcagno et al. (2006),
~ðbi ; bj Þ describes the
we will take di ¼ d for all species. The c
competition-colonization trade-off and represents the probability
of site owner of species i being displaced by intruder of species j.

ð1Þ

j6i1

where ni is the proportion of sites occupied by species i with colonization rate bi and identical mortality rate d (see, e.g., Tilman,
1994). In this model, the community is structured by a
competition-colonization trade-off. For competitive ability, there
2
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To consider ownership effects, we rebuilt the displacement
probability, denoted by cðbi ; bj Þ, so that it varies as the ownership
changes. For simplicity, we add parameter q, referred to as owner~ðbi ; bj Þ such that
ship coefficient, into the previous c

cðbi ; bj Þ ¼

1

:
1 þ exp aðbi  bj Þ  q

~ð; Þ. One can comNotice that, when q ¼ 0; cð; Þ reduces to c
pare the displacement probabilities for different owner-intruder
pairs with the same winner to understand how the parameter q
plays a role in the classification of ownership effects. More precisely, consider cðbi ; bj Þ that the probability of the intruder j wins
and 1  cðbj ; bi Þ that the probability of the owner j wins, we further
have the following corollaries:
(i) if q ¼ 0; cðbi ; bj Þ ¼ 1  cðbj ; bi Þ which indicates that there is
no effect of ownership as the case of Calcagno et al. (2006);
(ii) if q < 0; cðbi ; bj Þ < 1  cðbj ; bi Þ which indicates that there is
an advantage of being owner;
(iii) if q > 0; cðbi ; bj Þ > 1  cðbj ; bi Þ which indicates that there is
a disadvantage of being owner.

Fig. 2. Top: Fitness landscape at the evolutionarily singular strategy b ¼ 2:4142
(blue point), where S b ðbm Þ is the associated invasion fitness. Bottom: Mutual
invasibility plot, where Db is the minimum mutation stepsize from b (as the
resident) to strategies located in the area of coexistence (light grey). In this figure,
the strength of the competitive trade-off a ¼ 1, the consistent mortality rate d ¼ 1,
and the minimum strategy threshold bmin ¼ 1. The detailed analysis refers to Pillai
and Guichard (2012).

We note that the displacement probability depends on the difference of colonization rates of the two competitors rather than
their exact values. Fig. 3 shows the displacement probabilities for
different trade-off’s strengths, ownership coefficients and strategy
differences. As we see, given the differences in the colonization
ability, the ownership effect may strengthen or weaken the displacement probability.
To capture the role of environmental fluctuations, we assume
that the mortality rate di is subject to disturbance resulting

With these considerations, Calcagno et al.’s competitioncolonization model is given by the following differential equations:
dni
dt

¼ bi ni 1 
ni

P
j–i

P
j

!

nj

þ bi ni

P
j–i



cðbj ; bi Þnj



ð2Þ

di ¼ d þ rðbi Þ

cðbi ; bj Þbj nj  dni ; i ¼ 1;    ; k;

where 
d is the average mortality rate for all species, rðbi Þ is the
intensity of environmental fluctuations for the i-th species that is
assumed to be positive when bi > 0 and vanish when bi ¼ 0, and

where the competitive trade-off

c~ðbi ; bj Þ ¼

dW i
dt

1
1 þ expðaðbi  bj ÞÞ

i
the term dW
indicates Gaussian white noise (namely, W i is a standt
dard Brownian motion). The rðbi Þ describes a functional relation
between colonization abilities and disturbance sensitivity, which
will be clarified later.
There are two main stochastic calculus used to interpret the
stochastic differential equations for modelling population growth
in random environments: the Itô calculus and the Stratonovich calculus. Following Braumann (2007), both calculi are approximate
models, the main recommendation was to use the Itô and the Stratonovich according to whether population growth intrinsically
occurs in discrete or continuous time. The Itô calculus arises naturally, when the phenomenon happens in discrete time, and the
white noise is considered as a limit of a discrete time i.i.d. process
(see, e.g., Beddington and May, 1977; Turelli, 1977; Braumann,
2002; Imhof and Walcher, 2005; Mao, 2011; Schreiber et al.,
2011; Hening and Nguyen, 2020). In contrast, the Stratonovich calculus is applied, when the phenomenon occurs in continuous time,
and the white noise is as a limiting case of correlated noise in continuous time (see, e.g., Capocelli and Ricciardi, 1974; Braumann,
2007).
This paper deals with the population dynamics of interaction
and mortality in a patchy habitat. The process intrinsically occurs
in continuous time. After all, subpopulations colonize and extinct
continuously. In this sense, the Stratonovich calculus for the
stochastic differential equations would be the advisable approximation. Meanwhile, the white noise is considered as a limiting case
of continuous-time noise with small correlation time.

with a reflecting the strength of the trade-off.
The evolutionary dynamics of the colonization rate in the model
(2) avoids the unexpected scenario occuring in the hierarchical
competition-colonization model, as was shown by Pillai and
Guichard (2012). Moreover, it allows for the coevolution of multiple strategies into stable communities. These are what we desire.
However, a non-negligible mutation stepsize Db is required to
launch the disruptive coevolution of two strategies when the
monomorphic evolution reaches the evolutionarily singular strategy b (refer to Fig. 2). Notably, this required mutation stepsize
decreases along with the increase of the trade-off’s strength a.
Unfortunately, when a is near the infinity large, the evolutionary
singular strategy b will arbitrarily close to the minimum strategy
threshold bmin . Furthermore, evolutionary extinction is unavoidable as happened in the hierarchical competition-colonization
model, which is caused by the randomness of mutation events.
Such a restriction on the mutation steps is biologically unrealistic,
making it necessary to extend the model (2) for studying the evolutionary coexistence of multiple strategies.
4. An extended competition-colonization model
We consider an extension of Calcagno et al.’s competitioncolonization model by incorporating ownership effects and environmental fluctuations to avoid the above restrictions in studying
the adaptive dynamics of the colonization rate.
3
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Fig. 3. Probability of site owner of species i being displaced by intruder of species j, cij , as a function of the ownership coefficient q, the strength of the competitive trade-off a
and the difference of their colonization rates bi  bj .

The present paper is not to study the coexistence on the ecological time scale as the works above but turns to look at the evolutionary coexistence driven by mutation and natural selection. To
this end, we study the adaptive dynamics of the colonization rate
in the model (3). We aim to investigate when evolutionary branching and evolutionarily stable coexistence happen and where they
typically occur in the course of evolution.

With the above considerations, we obtain the following Stratonovich stochastic differential equations for the rate of change in
the proportion of sites occupied by the i-th species for i ¼ 1;    ; k,

ðSÞ

X
dni
nj
¼ ðbi ni 1 
dt
j
 ni

X

!

þ bi ni

X

cðbj ; bi Þnj

j–i

1
2

cðbi ; bj Þbj nj  dni  r2 ðbi Þni Þ  rðbi Þni

j–i

:¼ ni rðbi Þ 

X
1 2
r ðbi Þ  aðbi ; bj Þnj
2
j

!
 rðbi Þni

dW i
dt

dW i
;
dt

5. Evolutionarily singular strategies
5.1. Monomorphic resident population dynamics and mutant’s fitness

ð3Þ


and aðbi ; bj Þ ¼ 1  cðbj ; bi Þ bi þ cðbi ; bj Þbj .
 is assumed to be 1. The definitions of
Without loss of generality, d
state variables and model parameters are collected in Table 1.
Unless specifically requested, we omit the argument t in all timerelated variables.
In the first equation in (3), the first right-hand term describes
the colonization of empty sites, the second term describes the colonization of sites already occupied by other species, the third term
describes the loss of sites being displaced by other species, and the
fourth and sixth terms correspond to a disturbance in the mortality
rate, the fifth term arises from the Stratonovich formulation (refer
to Braumann, 2007).
The model (3) is essentially a stochastic Lotka-Volterra competition model. The coexistence theory for stochastic Lotka-Volterra
competition models or a wide class of models govern by stochastic
differential equations has been analyzed thoroughly by Schreiber
et al. (2011), Schreiber et al. (2011), Benaim (2018), Hening and
Nguyen (2018) and others. Roughly speaking, if each species can
increase from initially rare amount when introduced into the stationary subcommunity, all species can coexist in the sense of
stochastic persistence (namely, the probability of population density being near the extinction set is very small). We refer to them
for further details regarding species coexistence in fluctuating
environments.
where

rðbi Þ ¼ bi  
d

When only a single species is present, the population dynamics
is described by (3) with k ¼ 1. In this case, it is well known that an
initially rare species with colonization rate b is viable if and only if
its invasion fitness

S 0 ðbÞ ¼ rðbÞ 

Description

ni ðtÞ
bi

Proportion of sites occupied by species i at time t
Colonization rate of species i
Probability of site owner of species i being displaced by intruder of
species j
Strength of the competition-colonization trade-off
Ownership coefficient
Mortality rate of species i
Averaged mortality rate
Intensity of environmental fluctuations for species i
Maximum of the intensity of environmental fluctuations

cij
a
q
di

d

ri
e

ð4Þ

(refer to B). In other words, to successfully establish in the virgin
environment, any species must adopt a strategy in some suitable
strategy intervals that depends on the general properties of the
function rðbÞ. Moreover, the species can increase its fitness by
decreasing temporal variation (i.e., r) in their reproductive
processes.
Now consider an initially rare mutant with slightly different
colonization rate bm in the environment generated by a monomorphic resident population with colonization rate br . In this case, we
have the invasion fitness of mutant bm in resident br , denoted by
S br ðbm Þ, that is

S br ðbm Þ ¼ rðbm Þ 



1 2
aðb ; b Þ
1
r ðbm Þ  m r rðbr Þ  r2 ðbr Þ
2
aðbr ; br Þ
2

ð5Þ

(refer to B). As a result of Cai and Geritz (2020), the mutant bm dies
out if S br ðbm Þ < 0, and the mutant bm spreads if S br ðbm Þ > 0. If
strategies bm ¼ br , we have S br ðbm Þ ¼ 0. This is the so-called the
principle of selective neutrality of residents in the framework of adaptive dynamics.
The monomorphic evolution of the colonization rate is dealt
with in the following three subsections. First, by using of the
method of critical function analysis (de Mazancourt and
Dieckmann, 2004; Bowers et al., 2005; Geritz et al., 2007), we study
how the evolutionarily singular strategy’s stability properties
depend on the general properties of the function rðbÞ. Next, we
consider a biologically meaningful function. Finally, we apply this
specific function to study how evolutionarily singular strategies’
number and stability properties respond to changes in the model
parameters.

Table 1
Definitions of state variable and parameters in the model (3).
Symbol

1 2
r ðbÞ > 0
2

*Only nonnegative values are meaningful, except for q.
4
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The strategy b is convergence stable if

5.2. Critical function analysis

@ 2 S br ðbm Þ

To this aim, first we study the direction of gradual evolution
that is determined by the selection gradient at strategy b, denoted
by GðbÞ,

GðbÞ ¼

@b2m


ð1;0Þ ðb;bÞ 
¼ r ð1Þ ðbÞ  rðbÞrð1Þ ðbÞ  a aðb;bÞ
rðbÞ  12 r2 ðbÞ :

strategy (CSS).
ð2Þ

crit ðb Þ

ð2Þ




ð2Þ
rð2Þ
crit ðb Þ < r ðb Þ) but is more concave than rcrit ðb Þ þ cðb Þ.

5.3. A biologically meaningful function

ð7Þ

rðbÞ

To choose a biologically meaningful function satisfying the
above conditions, we refer to the tolerance-fecundity trade-off proposed by Muller-Landau (2010). She argues that strong competitors
are also likely to be more stress-tolerant in general. Consequently,
because of the competition-colonization trade-off, this implies that
fecundity and stress tolerance would vary inversely. This is supported by the field data of Jakobsson and Eriksson (2000).
In this paper, we do not directly formulate stress tolerance as an
ingredient of the model but refer to it as the underlying of sensitivity to environmental fluctuations and then apply it to link the
fecundity and disturbance sensitivity. The species with high colonization rates have low-stress tolerance and thereby are highly
sensitive to environmental fluctuations. In contrast, the species
with low colonization rates have high-stress tolerance and are
more resistant to disturbance. Therefore, r is assumed to monotonically increase in the colonization rate b and have a maximum.
To this end, we assume that the intensity of environmental fluctuations is of the form:

ð8Þ

@ 2 S br ðbm Þ
j
 < 0
@br @bm bm ¼br ¼b

rðbÞ ¼

that is equivalent to

eb2
2 þ b2

;

ð12Þ

where e is the maximum intensity.
Fig. 4a shows the function rðbÞ for different values of colonization rate b and maximum disturbance intensity e, in which r grows
along with the increase of b and vanishes if b ¼ 0 and/or e ¼ 0.
Fig. 4b gives an example of the emergence of evolutionary branching points, in which the tangent point b of the function rðbÞ (solid
curve) and a certain critical function (thick dashed curve) is an evolutionary branching point.
Combing the function (12) and the viability condition (4), one
can obtain a minimum threshold bmin , defined by the inverse function S 1
0 ð0Þ, so that S 0 ðbÞ > 0 for all b > bmin . In other words, the
colonization rate of a successfully established species in the virgin

ð9Þ

qÞ
with bc ¼ 1þexpð
. In other words, evolutionary branching is pos2a
sible everywhere in the strategy interval ðbc ; þ1Þ. We now focus
on this strategy interval in the further analysis.
(ii) An evolutionarily singular strategy b is a (local) evolutionarily stable strategy (ESS) if it corresponds to a (local) fitness maximum characterized by

@b2m

ð11Þ

It implies that the curve of rðbÞ at the evolutionarily singular
strategy is less concave than the critical function (i.e.,

(i) An initially monomorphic population becomes dimorphic
within the vicinity of a singular strategy only if the cross derivative of invasion fitness is negative, namely,

@ 2 S br ðbm Þ

< 0 and cðb Þ > 0 but



ð2Þ




ð2Þ
rð2Þ
crit ðb Þ < r ðb Þ < rcrit ðb Þ þ cðb Þ:

with different initial conditions rcrit ð0Þ. From which, each tangent
point of a given function rðbÞ and a particular critical function is
an evolutionarily singularity.
Second, we classify the evolutionary stability and convergence
stability of singularities by analyzing the second-order derivatives
of the invasion fitness.

b > bc

r

is a continuously stable

ð2Þ

Solving this differential equation, we obtain a family of critical
functions

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z b ð1;0Þ
ﬃ


a ðs; sÞ
2
ds
rcrit ðbÞ ¼ 2rðbÞ þ 2 þ rcrit ð0Þ exp
aðs; sÞ
0

@ 2 S br ðbm Þ
j
 , it
@br @bm bm ¼br ¼b
ð2Þ

Note that
crit ðb Þ

0 > rð2Þ ðb Þ > rcrit ðb Þ þ cðb Þ).
(iii) When the gradual evolution proceeds towards an evolutionarily singular strategy that is convergence stable but not
evolutionarily stable, any mutant nearby the singularity can
invade. Such an evolutionarily singular strategy becomes an
evolutionary branching point (BP) for the strategy dynamics,
namely, if

then b is the so-called evolutionarily singular strategy (Geritz et al.,
1998).
Next, we apply the method of critical function analysis to investigate the general properties of function rðbÞ that allow for a continuously stable strategy and evolutionary branching for the
strategy dynamics (refer to C for the detailed derivation).
First of all, we identify the condition that allows for the emergence of an evolutionarily singular strategies. By (6), the function
rðÞ that makes a certain strategy singular, say b , requires a particular slope

r

ð10Þ

r
þ cðb Þ < 0. It implies that the curve of rðbÞ at the
evolutionarily singular strategy is convex (i.e., rð2Þ ðb Þ > 0) or
is
less
concave
than
the
critical
function
(i.e.,

ð6Þ




1
að1;0Þ ðb ; b Þ
1
ðb Þ ¼
r ð1Þ ðb Þ 
rðb Þ  r2 ðb Þ :



aðb ; b Þ
2
rðb Þ

jbm ¼br ¼b < 0;

with cðb Þ ¼  rðb1  Þ





@b2r

ð2Þ
rð2Þ ðb Þ > rcrit
ðb Þ þ cðb Þ

Here r ð1Þ ðbÞ and rð1Þ ðbÞ are the first-order derivative with
respect to their own argument, and að1;0Þ ðb; bÞ is the first-order
derivative of function a with respect to its first argument. The
directional evolution—proceeding by invasion and substitution—
leads to the colonization rate become a larger value than b when
GðbÞ > 0, whereas it evolves to a smaller value than b when
GðbÞ < 0. If the selection gradient vanishes at a certain strategy
b , namely,

ð1Þ

@ 2 S br ðbm Þ

which is an attractor for the strategy dynamics. If b is both evolutionarily stable and convergence stable, namely satisfies

@S br ðbm Þ
jbm ¼br ¼b
@bm

Gðb Þ ¼ 0;



jbm ¼br ¼b < 0:

5
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Fig. 4. (a) Function rðbÞ, defined by (12), for different values of maximum disturbance intensity e. (b) Critical functions rcrit ðbÞ defined by (8) are shown as dashed curves in
the empty region with parameter combination a ¼ 3 and q ¼ 0. The grey region indicates that the species is not viable. The function rðbÞ with e ¼ 2 (solid curve) is tangential
to the critical function with initial condition rcrit ð0Þ ¼ 0:0105 (thick dashed curve) at the evolutionary branching point b ¼ 2:4786 (red point), where curvatures
ð2Þ

ð2Þ
rð2Þ
ðb Þ ¼ 0:2434 given e ¼ 2, and rcrit ðb Þ þ cðb Þ ¼ 0:2223.
crit ðb Þ ¼ 0:6864, r

Fig. 5. Number and stability properties of the evolutionarily singular strategies, b , as a function of the strength of the competitive trade-off a, ownership coefficient q and
maximum disturbance intensity e. Notice that,
q < 0: ownership
advantage; q ¼ 0: no effect of ownership; q > 0: ownership disadvantage. The axes a and q are rescaled by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

linear transformations að1 þ aÞ1 and q1
q2 þ 4  2 , respectively, in order to consider all possible parameter values. Each evolutionarily singular strategy in the blue
region is a continuously stable strategy (CSS), and it becomes an evolutionary branching point (BP) in the red region. The solid curves are contours of singularities that
increase as the grey level decreases, where b ¼ 1:67 (black), 2:33 (dark grey), 3:44 (grey), 5:67 (light grey), 12:34 (white). The dashed line in each subplot corresponds to
q ¼ 0.

evolutionary branching in the case of ownership advantage as well
as in that of ownership disadvantage. However, evolutionary
branching becomes impossible once e P 2:87. Notice that the
emergence of a branching point also requires a strong strength of
the competition-colonization trade-off and a weak ownership
effect.
From the above analysis, an intermediate level setting of the
maximum disturbance intensity promotes evolutionary branching
for the strategy dynamics. It may lead to evolutionarily stable
coexistence of two distinct strategies or even a higher level of polymorphism. This result supports the intermediate disturbance
hypothesis, which will be elaborated later.

environment must be larger than the minimum strategy threshold
bmin .
5.4. Changes in number and stability properties of evolutionarily
singular strategies
To investigate the impacts of displacement competition, ownership and environmental fluctuation in the number and stability
properties of evolutionarily singular strategies, we apply the function (12) to examine the existence condition (6) and the stability
conditions (9)-(11).
Fig. 5 gives the number and stability properties of evolutionarily
singular strategies for different values of the strength of the competitive trade-off a, ownership coefficient q and maximum disturbance intensity e. For all parameter combinations, there exists only
a single evolutionary singularity. In particular, when e ¼ 0 (i.e., in
the constant environment), all singularities are CSSs whatever
the strength of the competitive trade-off and the ownership effect
are. This is consistent with the evolutionary outcome in Calcagno
et al.’s model. Furthermore, an intermediate level setting of e opens
the possibility of evolutionary branching for the strategy dynamics.
Precisely, when e  1:73, the advantage of ownership promotes
evolutionary branching. Continuously increase of e will enhance

6. Evolutionarily singular coalitions
6.1. Dimorphic resident population dynamics and Mutant’s fitness
It is well known that two species with similar strategies can
coexist in the sense of stochastic persistence if they can mutually
invade (refer to Cai and Geritz, 2020 in the context of evolution
that proceeds by small mutation steps only, and Schreiber et al.,
2011 in the context of the general ecological community). To inverstigate the dynamics after the first evolutionary branching, we now
6
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singular coalition ðb
1 ; b2 Þ is locally stable for the dynamics (14) if

all eigenvalues of the Jacobian matrix J ðb
1 ; b2 Þ have negative real
parts. Notice that, in one-dimensional adaptive dynamics, the speed
factor does not affect the convergence stability of singularities.
However, the speed factors play a role in multi-dimensional adaptive dynamics. For instance, in two-dimensional adaptive dynamics,

convergence stability of singular coalition ðb
1 ; b2 Þ can change with
changing vv 21 if the signs of C1 þ M1 and C 2 þ M2 are different. Alter-

consider a resident population with two distinct strategies b1 and
b2 .
In this case, the invasion fitness of an initial rare mutant bm in
the environment generated by the dimorphic resident ðb1 ; b2 Þ is

S b1 ;b2 ðbm Þ ¼ rðbm Þ 

X
1
aðbm ; bj ÞE nj ðb1 ; b2 Þ  r2 ðbm Þ
2
j

ð13Þ

(refer to B). Here, E nj ðb1 ; b2 Þ is the expectation of the j-th resident
population density that depends on strategies b1 and b2 . As a result,
the mutant bm can invade either resident b1 or b2 if S b1 ;b2 ðbm Þ > 0,
and the mutant bm can not invade if S b1 ;b2 ðbm Þ < 0. Additionally,
S b1 ;b2 ðbi Þ ¼ 0 for i ¼ 1; 2.

natively, speed factors should be able to change an evolutionary singularity’s stability if this is a focus, i.e., it has complex conjugate
eigenvalues.
A singular coalition is an endpoint in the evolution process if it
is both convergence stable and evolutionarily stable, whereas further evolutionary branching occurs if it is convergence stable but
lacks evolutionary stability in at least one direction and allows
for mutual invasibility nearby.
To capture the real coevolutionary trajectories for small but not
infinitesimal mutation steps, we consider a diffusion approximation of the master equation—describing the strategy dynamics—
in the form of Itô stochastic differential equations, that is,

6.2. Coevolutionary dynamics
Suppose that mutations are of sufficient small phenotypic effect
and rare, the long-term evolutionary change of two continuous
strategies b1 and b2 can be approximated by the following ordinary
differential equations,

dbi 1
bi ðb1 ; b2 Þ
¼ lðbi Þ/2 ðbi ÞE½bi ðb1 ; b2 ÞE
2
ni ðb1 ; b2 Þ
dt

1

G i ðb1 ; b2 Þ;

1

ð14Þ

ðIÞ

i ¼ 1; 2;
which is a two-strategies version of the canonical equation of adaptive dynamics developed by (Ripa and Dieckmann (2013) Equations.
(13) and (22)–(25)) for studying the adaptive dynamics in variable
environments. In (14), lðbi Þ is the mutation probability per birth

dbi 1
bi ðb1 ; b2 Þ
G i ðb1 ; b2 Þ
¼ð lðbi Þ/2 ðbi ÞE½bi ðb1 ; b2 ÞE
2
ni ðb1 ; b2 Þ
dt
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dW i
; i ¼ 1; 2;
þ f i ðb1 ; b2 ÞÞ þ g i ðb1 ; b2 Þ
dt
ð15Þ

where

2

event, / ðbi Þ is the variance of the mutation stepsize distribution,
bi ðb1 ; b2 Þ is the per capita birth rate of the i-th resident, and
G i ðb1 ; b2 Þ is the selection gradient in bi -direction given by the firstorder derivative, namely

f i ðb1 ; b2 Þ ¼ 12 lðbi Þhðbi ÞE½bi ðb1 ; b2 ÞE

@b2m

and where hðbi Þ is the third absolute moment of the mutation stepsize distribution, and where  > 0 is a (small) parameter controlling
the mutation step (N.B., here  is different from e used in (12)), and
where sign½0 ¼ 0 and j  j indicates the absolute value. In the limit of
infinitesimal mutation steps (i.e.,  ! 0), the diffusion approximation (15) reduces to the canonical equation (14). Notice that the
drift term and the diffusion term vanish simultaneously at evolutionarily singular coalitions.
This kind of diffusion approximation was first developed by
Champagnat et al. (2001) and Champagnat et al. (2006) for studying the adaptive dynamics in the constant environment. Following
the procedures of Dieckmann and Law (1996) and Ripa and
Dieckmann (2013), it can be extend to a version for fluctuating
h
i
1 ;b2 Þ
environments, namely (15). Generally, the expectation E nbi ðb
ðb1 ;b2 Þ

jbm ¼bi < 0;

and they are evolutionarily unstable if the reverse holds. The points
of the intersection of evolutionary isoclines are so-called evolutionarily singular coalitions (Metz et al., 1996; Geritz et al., 1997; Geritz
et al., 1998).

The local convergence stability of a singular coalition ðb
1 ; b2 Þ is
determined by the corresponding Jacobian matrix of canonical
equation (14), namely,

J ðb
1 ; b2 Þ ¼



i

requires numerical estimation. However, if the variation of populaE½bi ðb1 ;b2 Þ
so that (14)
tion density is small, one can approximate it by E½n
i ðb1 ;b2 Þ

and (15) can be simplified.
In Sec. 7, we will apply (15) to study the transition phenomena
due to the randomness of mutation events when there are multiple
attractive evolutionary singularities in the dimorphic evolution.
Furthermore, we use a multi-strategy version of (15) to simulate
the full evolutionary tree.


v 1 ðC1 þ M1 Þ v 1 A1
;
v 2 A2
v 2 ðC2 þ M2 Þ

where v i > 0 are the speed factors defined by all terms next to the
selection gradient on the right-hand-side of canonical equation (14)

evaluated at ðb
1 ; b2 Þ (describing how the mutation process influences the speed of evolution), C i ¼
nes the evolutionary stability of
determines
Ai ¼

the

mutual

@ 2 S b ;b ðbm Þ
1 2
jbm ¼b ; b‘ ¼b 8 ‘ .
@bj @bm
‘
i

@2 Sb

1 ;b2

ðbm Þ

@b2m

b
i ; Mi

jbm ¼b ;
i

¼

@2 Sb

invasibility

1 ;b2

b‘ ¼b
‘ 8 ‘
ðbm Þ

@bi @bm

near

i

6.3. Changes in number and stability properties of evolutionarily
singular coalitions

determi-

jbm ¼b ;
b
i ,

i1

i

The permissible directions of evolutionary change in either b1 direction or b2 -direction follow from the local selection gradients
G i ðb1 ; b2 Þ. Inside the coexistence area defined by mutually invasible
strategies (i.e., the area of protected dimorphism), we refer to the
lines on which the i-th selection gradient vanishes as the evolutionary isocline for bi and denote as bi -isocline. The strategy pairs
on bi -isocline are evolutionarily stable if the second-order derivative in bi -direction satisfies

@ 2 S b1 ;b2 ðbm Þ

bi ðb1 ;b2 Þ
ni ðb1 ;b2 Þ

sign½G i ðb1 ; b2 ÞC i ðb1 ; b2 Þ;
h
i1
1 ;b2 Þ
g i ðb1 ; b2 Þ ¼ 12 lðbi Þhðbi ÞE½bi ðb1 ; b2 ÞE nbi ðb
jG i ðb1 ; b2 Þj;
ðb1 ;b2 Þ

@S b1 ;b2 ðbm Þ
G i ðb1 ; b2 Þ ¼
jbm ¼bi :
@bm

C i ðb1 ; b2 Þ ¼

h

The changes of evolutionarily singular coalitions in the number
and their stability properties may lead to totally different outcomes in the dimorphic evolution. In this section, we numerically
analyze the canonical equation (14) to understand how it happens
as a consequence of changes in model parameters.

b‘ ¼b
‘ 8 ‘

and

From dynamical systems theory, the
7
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Fig. 6. (a) Number and stability properties of the evolutionarily singular coalitions as a function of ownership coefficient q and maximum disturbance intensity e for fixed the
strength of the competitive trade-off a ¼ 3. (b) The actual values of the singular coalitions (curves in red region) as a function of q for fixed a ¼ 3 and e ¼ 2, where the dotted
curve indicates the monomorphic singularities and the thresholds q1 ¼ 2:39, q2 ¼ 2:139, q3 ¼ 1:695, q4 ¼ 1:213, q5 ¼ 1:271, and q6 ¼ 1:361. See text for further
explanation.

Fig. 6a shows how the number and stability properties of the
evolutionarily singular coalitions in a dimorphic resident population depends on ownership coefficient q and maximum disturbance intensity e for fixed the strength of the competitive tradeoff a ¼ 3. The blue region corresponds to the monomorphic singularities that are all CSSs. Inside the white ellipse, the monomorphic
singular strategy loses its evolutionary stability and becomes an
evolutionary branching point. Meanwhile, dimorphic singular
coalitions exist and are reachable through evolutionary branching.
In which, the white dashed curves separate the whole region into
some sub-regions with the different number of dimorphic singular
coalitions, where there is only a single dimorphic singularity in the
region 1 and one more emerge in the region 2. The green dashed
curve classifies the local convergence stability of dimorphic singular coalitions. In the right side of the green dashed curve, the single
dimorphic singular coalition in the region 1 is convergence stable,
and the double dimorphic singular coalitions in the region 2 have
opposite convergence stability. In the left side of the green dashed
curve, the two dimorphic singular coalitions have consistent convergence stability. Generally, there should also be an unstable
entity (i.e., another singular coalition) delimiting the two basins
of attraction. However, in this numerical analysis, such an unstable
entity is located outside of the coexistence area. When two singular coalitions appear together, we distinguish them as the nearby
dimorphic singular coalition that is close to the evolutionary branching point, and the distant dimorphic singular coalition that is far
away from the evolutionary branching point. Moreover, when a
single one is present, we refer it to the distant dimorphic singular
coalition. The distant dimorphic singular coalition is evolutionarily
stable in the black region, whereas it loses the evolutionarily stability in the red region. The nearby dimorphic singular coalition
is evolutionarily stable inside the yellow region but becomes evolutionarily unstable outside that region.
Fig. 6b gives the cross-section through Fig. 6a at e ¼ 2. The dotted curve indicates the monomorphic singularities that are all evolutionary branching points in the light red region. The dashed
curves show the actual values of the distant dimorphic singular
coalition that exists in interval ðq1 ; q6 Þ with patterns: (D1) convergence stable but not evolutionarily stable in ðq1 ; q2 Þ, (D2) both
convergence unstable and evolutionarily unstable in ðq2 ; q5 Þ, and
(D3) convergence unstable but evolutionarily stable in ðq5 ; q6 Þ.
The solid curves correspond to the nearby dimorphic singular
coalition that exists in intervals ðq1 ; q3 Þ and ðq4 ; q6 Þ with patterns:
(N1) convergence stable but not evolutionarily stable in ðq1 ; q2 Þ,
and (N2) both convergence unstable and evolutionarily unstable
in ðq2 ; q3 Þ as well as in ðq4 ; q6 Þ. To understand how double dimorphic singular coalitions appear simultaneously, we refer to D for an
example.

7. Evolutionary coexistence
The analytical investigation above shows how evolutionarily
singular strategies and singular coalitions behave qualitatively,
but it tells us little about the evolutionary coexistence when mutations are small rather than infinitesimal. To determine whether the
population eventually becomes dimorphic or even polymorphic,
we now numerically analyze the long-term evolution of the colonization rate in some concrete scenarios based on equation (15).
7.1. Diversifying evolution
Fig. 7 shows an example of the evolutionary coexistence in a
fluctuating environment, where the parameter combination is
a ¼ 3; q ¼ 0 and e ¼ 2. Here, q ¼ 0 corresponds to no ownership
effect. Fig. 7a shows the monomorphic and dimorphic evolution
when mutation steps are infinitesimal. Once the evolution reaches
the branching point b (refer to the fitness landscape shown in
Fig. 7c), it undergoes disruptive coevolution with the population
consisting of strategies b1 and b2 . The light grey areas indicate that
species b1 and b2 can mutually invade and hence coexist as a protected dimorphism. Inside the area of coexistence, evolutionary
isoclines intersect at the single dimorphic singular coalition



ðb
1 ; b2 Þ. As we see, ðb1 ; b2 Þ is an attractor. It implies that the
dimorphic population evolves along with the arrows until it
reaches the evolutionarily singular dimorphism. Note that

ðb
1 ; b2 Þ is evolutionarily stable in b1 -direction but is evolutionarily
unstable in b2 -direction (refer to the fitness landscape shown in
Fig. 7d). Therefore, next successfully mutation may lead to further
evolutionary branching in b2 -direction if it allows for mutual invasibility near b
2 .
Fig. 7b shows a simulated evolutionary tree initiated from
b0 ¼ 2:75 and with small but non-zero random mutation steps.
At time t 1 , the monomorphic population reaches the branching
point b and then undergoes a first time disruptive selection. At
time t 2 , the dimorphic population reaches the evolutionarily unsta
ble singular coalition ðb
1 ; b2 Þ where it undergoes a second time
disruptive selection. At time t3 , the trimorphic population undergoes a third time disruptive selection. As the simulation shows,
disruptive selection may not stop, and more different strategies
can coexist. Consequently, the long-term evolution leads to a high
level of polymorphism, which we call it as diversifying evolution.
Diversifying evolution is also possible when the ownership
takes effect (i.e., q – 0). For instance, when the parameter combination locates in the region 1 in Fig. 6a, there are a single
monomorphic singular strategy and a single dimorphic evolutionarily unstable singular coalition. Moreover, two kinds of singularities are reachable because they are convergence stable but not
8
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Fig. 7. Example of the long-term coexistence through diversifying evolution, where parameter combination a ¼ 3, q ¼ 0 and e ¼ 2. (a) Mutual invasibility plot (MIP), where
the arrows on the main diagonal show evolution directions in the monomorphic environment, the red point indicates that singularity b ¼ 2:4293 is an evolutionary
branching point, the light grey areas indicating protected dimorphism are separated by stable (black) and unstable (red) isoclines at which selection gradients vanish in either
the b1 -direction (solid) or the b2 -direction (dashed), the vector fields obtained from (14) show coevolutionary directions, and the black-red point indicates that the single

dimorphic singular coalition ðb
1 ; b2 Þ ¼ ð2:3691; 3:3782Þ is evolutionarily unstable in one of the two directions. (b) Simulated evolutionary tree, with initial strategy
b0 ¼ 2:75, obtained from a multi-strategy version of (15). In (a) and (b), the mutation probability lðbi Þ ¼ 0:01 for all i, the controlling coefficient of mutation steps  ¼ 0:01,

and the mutation stepsize distribution is Gaussian with mean 0 and standard deviation 0.05. (c) and (d) are fitness landscapes at b and ðb
1 ; b2 Þ, respectively.

In Fig. 8a, there is a separatrix (yellow trajectory) inside the area
of coexistence, which separates the long-term coevolutionary
dynamics—govern by the canonical equation (14)—into the following two different modes:

evolutionarily stable. Therefore, an initially monomorphic population will undergo evolutionary branching at least twice, that is, at
the monomorphic branching point, and next at the dimorphic
branching point.

Mode 1 – all coevolutionary trajectories starting from above of
the separatrix finally reach the cyan segment of the b1 -invasion
boundary (i.e., S b2 ðb1 Þ ¼ 0) (refer to Fig. 8a), which leads to b1
go extinct; however, following the arrows in the main diagonal,
the new monomorphic population will evolutionarily reach the
branching point b and fall into the area of coexistence for a second time; this process will continue to repeat, which is known
as the phenomenon of branching-extinction evolutionary cycles
(Kisdi et al., 2001; Dercole, 2003);
Mode 2 – all coevolutionary trajectories starting from below of
the separatrix converge to the dimorphic singular coalition

ðb
3 ; b4 Þ; Because it is an evolutionary endpoint, there are only
two distinct strategies can stably coexist.

7.2. Uncertain evolution
Once the ownership takes effect, whether it is an advantage or a
disadvantage, we found that one more dimorphic singular coalitions may appear inside the area of coexistence. When double
dimorphic singular coalitions present, the evolutionary dynamics
becomes complicated.
7.2.1. Example 1
Fig. 8 shows an example of the evolutionary coexistence when
double dimorphic singular coalitions present, where the parameter
combination is a ¼ 3; q ¼ 1:28 and e ¼ 2. Here, q > 0 implies the
disadvantage of the ownership. Fig. 8a shows how the dimorphic
evolution works. After the first branching, the evolution undergoes
disruptive selection. Inside the area of coexistence, evolutionary



isoclines intersect at ðb
1 ; b2 Þ and ðb3 ; b4 Þ. Both of them are dimorphic singular coalitions but have different evolutionary and con
vergence stabilities. Precisely, ðb
1 ; b2 Þ is evolutionarily unstable

in b1 -direction as well as in b2 -direction, whereas ðb
3 ; b4 Þ is evo
;
b
Þ
is a local
lutionarily stable in both directions. Additionally, ðb
1
2

;
b
Þ
is
a
local
attractor.
We
notice
that
it is not
repellor, but ðb
3
4
easy to distinguish the connection of evolutionary isoclines and
coexistence boundary, please refer to Fig. D5 in D for the interpretation of a similar scenario.

Consequently, in a single round of dimorphic evolution, the
dynamics of the canonical equation has two attractors, one is the
cyan segment connecting points B and D on the b1 -invasion boundary (where B and D are different connection points of the b2 isocline and the b1 -invasion boundary) and the other is the singu
lar dimorphism ðb
3 ; b4 Þ.
All the above results build on the absence of the randomness of
mutation events. With infinitesimal mutation steps only, the
canonical equation (14) governs the coevolutionary dynamics well.
From which, each coevolutionary trajectory starting from the
9
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Fig. 8. Example of long-term coexistence through uncertain evolution, where parameter combination a ¼ 3, q ¼ 1:28 and e ¼ 2. (a) Mutual invasibility plot (MIP), where we

only show the lower triangle because of the symmetry. The evolutionary branching point b ¼ 2:9044. The nearby dimorphic singular coalition ðb
1 ; b2 Þ ¼ ð2:7827; 3:1139Þ

(red point) that is a local repellor and is evolutionarily unstable in both directions. The distant dimorphic singular coalition ðb
3 ; b4 Þ ¼ ð2:8803; 4:8615Þ (black point) that is a
local attractor and is evolutionarily stable in both directions. The yellow trajectory in the area of coexistence is a separatrix that is the boundary separating two modes of the
dynamical behaviour of (14). The purple trajectory starting from the vicinity of b shows an example of trajectories of (14) evolving towards the b1 -invasion boundary (i.e.,
S b2 ðb1 Þ ¼ 0). The interpretations of arrows and other markers in the MIP refer to Fig. 7a. (b) Simulated evolutionary tree, with initial strategy b0 ¼ 3:75, for the case of
coevolution that does not undergo extinction events. (c) Simulated evolutionary tree, with the same initial strategy as (b), but for the case of coevolution that undergoes onetime extinction event. Mutation probability, controlling coefficient of mutation steps, mutation stepsize distribution and numerical method refer to Fig. 7. See text for further
explanation.

vicinity of branching point b is (sufficiently) close to the separatrix
but never crosses it in the course of evolution. However, when
mutation steps keep small but not infinitesimal, the randomness
comes into play (N.B., with small mutations also a weak ESS can
generate polymorphism, see Della Rossa et al. (2015) and Dercole
et al. (2016)), and a real coevolutionary trajectory can be approximated by the stochastic differential equations (15). In this case, the
coevolutionary dynamics always drift away from trajectories predicted by the canonical equation. In particular, it may give rise to
transition of coevolutionary trajectories between two different
attraction basins—especially in the neighborhood of the separatrix,
which will lead to totally different evolutionary outcomes. To
investigate this issue, we need consider the transition probability
for the sample trajectories of the diffusion process defined by (15).
By the large deviation principle (Champagnat, 2003, Theorem 4.2), the trajectories of the diffusion process converge in probability to the solution of the canonical equation when mutation
steps tend to infinitesimal, namely  ! 0. When  > 0 is small,
(Champagnat (2003), Theorem 5.1, Lemmas 5.2–5.5) estimated
the probability of the diffusion process exiting in finite time from
any bounded domain containing a convergence stable evolutionary
singularity, which is positive and depends on the minimum of a
rate function over all the trajectories linking the evolutionary singularity to the domain’s boundary. Moreover, the exit event occurs
with probability converging to 1 in any neighborhood of special
points of the basin’s boundary.
Back to our example, with small but non-zero random mutation
steps, a real coevolutionary trajectory starting from the vicinity of
branching point b will visit different attraction basins with positive probabilities, as was suggested by the results of Champagnat
(2003) elegant works. In other words, evolutionary extinction (of
one of the coexisting strategies) and evolutionarily stable coexis-

tence are all positive probability events in a single round of dimorphic evolution. When one of the two coexisting strategies goes
extinct, the new monomorphic population will evolutionarily
reach the branching point b again and then launches a second
round of dimorphic evolution. Notice that, due to the independence of evolutionary outcomes in different rounds of dimorphic
evolution, one can construct a Markov chain to describe such a
transition phenomenon during (possibly) many rounds of dimor
phic evolution. Since the singular coalition ðb
3 ; b4 Þ is (local) convergence stable as well as evolutionarily stable, this Markov
chain has an absorbed state, namely the event of evolutionarily
stable coexistence. From the multi-step transition rate matrix of
this Markov chain, one can find that the probability of reaching
the evolutionarily stable singular coalition grows along with the
rounds of branching-extinction evolutionary cycles. To sum up,
with random mutation steps, evolutionary extinction events may
occur in the course before the population evolves to a stable
dimorphism, which we call it as uncertain evolution. Notice that
here uncertain evolution represents the uncertainty of the evolutionary process rather than the outcome.
Fig. 8b gives a simulated evolutionary tree for the case of evolutionarily stable coexistence that does not undergo extinction
events in the course of evolution. At time t 1 , an initially monomorphic population reaches the branching point b and undergoes disruptive selection. Then the coevolutionary trajectory crosses the
separatrix and continuously evolves until it reaches the evolution
ary endpoint ðb
3 ; b4 Þ at time t 2 .
Fig. 8c gives a simulated evolutionary tree for the case of evolutionarily stable coexistence but undergoes one-time extinction
event in the course of evolution. At time t1 , an initially monomorphic population reaches the branching point b and undergoes a
first time disruptive selection. The dimorphic population evolves
10
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Mode 3 – all coevolutionary trajectories starting from inside LCD

converge to the dimorphic singular coalition ðb
1 ; b2 Þ;
Mode 4 – all coevolutionary trajectories starting from the middle of LAB and LCD eventually reach the b1 -invasion boundary;
Mode 5 – all coevolutionary trajectories starting from below of

LAB converge to the dimorphic singular coalition ðb
3 ; b4 Þ.

towards the invasion boundary. Near the invasion boundary, the
next successful mutant will move the population outside the area
of coexistence, so that the population falls back to monomorphic.
The new monomorphic population can evolutionarily reach the
branching point b at time t 2 and fall into the area of coexistence
again. The second-time dimorphic evolution directly approaches

the stable dimorphism ðb
3 ; b4 Þ at time t 3 .

If the dimorphic singular coalition ðb
3 ; b4 Þ is no longer evolutionarily stable and allows for mutual invasibility nearby, further
evolutionary branching will happen. For instance, parameter combinations inside the region 2, but in the right side of the green
dashed curve and in the red region simultaneously, in Fig. 6a, provides the possibility.

A real coevolutionary trajectory, starting from the vicinity of b ,
may follow Mode 3 and converge to the evolutionarily unstable sin
gular coalition ðb
1 ; b2 Þ, which may cause a higher level of polymorphism (refer to Fig. 9b for a simulated evolutionary tree). However,
due to random mutation steps, a coevolutionary trajectory may
cross the separatrices and transit into different basins of attraction,
which leads to different evolutionary outcomes. For instance, the
coevolutionary trajectory, still starting from the vicinity of b ,
evolves close to LCD and then switches to its outside some time later.
It further follow Mode 4 that finally reaches the invasion boundary,
which causes an extinction event. Subsequently, the second time
dimorphic evolution faces the same situation, it may directly follow
Mode 3 and thereby may evolve to a higher level of polymorphism
(refer to Fig. 9c for an example), or it may switch to Mode 4 and
thereby causes a second time extinction. On top of that, the coevolutionary trajectory may successively cross LCD and LAB and con
verge to the singular coalition ðb
3 ; b4 Þ (refer to Fig. 9d for an
example). In other words, random mutations lead to totally different outcomes during the dimorphic evolution. Here, we also refer
this phenomenon to as uncertain evolution, but which represents
the uncertainty of both the evolutionary process (as the example
shows in Sec. 7.2.1) and the outcome (because of the existence of
multiple convergence stable dimorphic singular coalitions).

7.2.2. Example 2
With small but non-zero random mutation steps, uncertain
evolution is also possible when two dimorphic singular coalitions
have consistently local convergence stability. For instance, consider parameter combinations inside the region 2 but in the left
side of the green dashed curve in Fig. 6a, the two dimorphic singular coalitions are all local attractors.
Fig. 9 shows an example of dimorphic evolution when both sin


gular coalitions ðb
1 ; b2 Þ and ðb3 ; b4 Þ are locally convergent (but
not evolutionarily stable), where the parameter combination is
a ¼ 3; q ¼ 2:18 and e ¼ 2. Here, q < 0 implies the advantage of
the ownership. Denote the yellow trajectory connecting points A
and B as LAB , and denote the other yellow trajectory connecting
points C and D as LCD . Note that LAB and LCD are two separatrices
that separate the dynamics of the canonical equation (14) into
the following three different modes:

Fig. 9. (a) Example of dimorphic evolution with two locally convergent singular coalitions, where parameter combination a ¼ 3, q ¼ 2:18 and e ¼ 2. Here, we only show the

lower triangle of its MIP. The evolutionary branching point b ¼ 3:3449. The nearby dimorphic singular coalition ðb
1 ; b2 Þ ¼ ð2:8943; 3:5559Þ (red point) that is a local

attractor and is evolutionarily unstable in both directions. The distant dimorphic singular coalition ðb
;
b
Þ
¼
ð3:3421;
6:4498Þ
(black-red point) that is also a local attractor
3
4
but is evolutionarily unstable in one of the two directions. The two yellow trajectories in the area of coexistence are different separatrices, which separate three modes of the

dynamical behaviour of (14). The purple trajectory starting from the vicinity of b is a trajectory of (14) that evolves towards ðb
1 ; b2 Þ. The purple trajectory starting from the
middle of two separatrices shows an example of trajectories of (14) evolving towards the b1 -invasion boundary. (b)-(d) Simulated evolutionary trees, with initial strategy
b0 ¼ 3:75, for three different coevolution processes. Mutation probability, controlling coefficient of mutation steps, mutation stepsize distribution and numerical method
refer to Fig. 7. See text for further explanation.
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Ownership is another important element considered in this
paper, which affects the displacement competition in occupied
sites on the ecological timescale and then regulates the emergence
of evolutionary branching on the evolutionary timescale. Except
for the two cases about sessile species or terrestrial plants mentioned in the Introduction, owners defending a territory against
intruders is often observed in animal contests (Hardy et al.,
2013). We now ask what factors may increase/decrease an ownership (dis) advantage? Fayed et al. (2008) examines four factors that
potentially contribute to an ownership advantage in male fiddler
crabs Uca mjoebergi, which are (i) intruders are inherently poorer
fighters; (ii) owners have good knowledge of territory quality;
(iii) a motivational asymmetry exists between owners and intruders; (iv) the defended resource might offer a mechanical advantage
to owners. In light of our results, the next step can explore the
impact of these factors on evolutionary dynamics.
In addition to these general results, this paper also demonstrate
that there can be multiple evolutionary attractors for polymorphic
strategy dynamics, and each has its own basin of attraction. With
small but non-zero random evolutionary steps and depending on
the initial polymorphic condition just after branching, a coevolutionary trajectory may come arbitrarily close to the shared boundary of two such basins and may even jump from one side to the
other, which can lead to various kinds of long-term evolutionary
dynamics, including evolutionary branching-extinction cycles.
However, as we find that after finite many times of evolutionary
cycles, the coevolutionary trajectory eventually converges to one
of the evolutionarily singular coalitions so that the population
evolves to a stable dimorphism or a higher level of polymorphism.
While we find the random mutation-induced transition of
coevolutionary trajectories between different basins of attraction,
understanding the threshold phenomenon is absent. Is there a
threshold such that the transition occurs with a high probability
if the mutation stepsize crosses it? On the contrary, if the mutation
stepsize is under the threshold, the coevolutionary trajectory
remains close to the canonical equation’s deterministic trajectory
with a high probability. To the best of our knowledge, the general
theory of threshold phenomena for noise-induced transition is
based on a class of stochastic differential equations with standard
regularity assumptions (see, e.g., Horsthemke and Lefever, 1984;
Berglund and Gentz, 2006; Ridolfi et al., 2011; Forgoston and
Moore, 2018). However, the diffusion approximation (15) has irregular coefficients (the drift term is non-continuous at all evolutionary singularities, and the diffusion term is degenerated and nonLipschitz continuous at the same points). Therefore, the adaption
from the classic results to our questions is a forthcoming study.
This paper addresses several questions, including how many
and which phenotypes or strategies can coexist at an evolutionarily
stable state, how is such a state reached during the transient evolutionary dynamics, and how does it depend on the strength of the
competition-colonization trade-off, ownership effects and the
degree of environmental disturbance. Studying these questions in
a specific model provides insights in general principles for the
long-term (in an evolutionary sense) coexistence of multiple
species.

8. Discussion
In this paper, we investigate the adaptive dynamics of the colonization rate of species in a patchy habitat when there is a trade-off
with the competitive strength for individual patches. The ecological model is formulated in the spirit of Calcagno et al. (2006), but
in addition ours also includes ownership effects as well as random
disturbance, where the disturbance is measured by the fluctuation
intensity of the mortality rate.
Our notion of disturbance is different from the classical interpretation. When sites are occupied by subpopulations in a
metapopulation, subpopulations have colonization and extinction
events. Subpopulations go extinct by local catastrophes or disturbances. In this context, the rate of disturbance is nothing else than
the rate of extinction. Coexistence along the competitioncolonization trade-off is maintained by these disturbances. Even
if the colonization and extinction rates are constant, metapopulation models are often considered as models of a fluctuating environment (due to local catastrophes or disturbances). However,
these fluctuations are local. At the metapopulation level, with an
infinite number of sites, the usual models behave deterministically.
Unlike this interpretation, we refer to the rate of subpopulation
extinction as death rate, and we consider it is temporal fluctuating.
Then, the metapopulation level fluctuates as well. In this context,
the fluctuation intensity is regarded as a measure of disturbance.
Our analysis reveals that intermediate disturbance promotes
evolutionary branching in the strategy dynamics and hence facilitates the emergence of polymorphisms on an evolutionary timescale. This result supports the intermediate disturbance hypothesis,
but the mechanism is different from previous studies. For instance,
Hastings (1980) suggests that the hypothesis works because of differences in the species’ responses to changes in mortality, depending on their positions in the competitive hierarchy. In an
experiment with an aquatic species assemblage known to exhibit
the competition-colonization trade-off, Cadotte (2007) verifies that
intermediate disturbance frequencies benefit the maximum number of species at scales larger than local patches (see also Caswell
and Cohen, 1991). The main difference here is that we reveal the
diversity-disturbance relationship from the perspective of evolutionary analysis.
For evolutionary branching to occur at intermediate disturbance in our model, the other two elements must satisfy certain
conditions. Firstly, a strong competition-colonization trade-off is
required, which is consistent with Geritz et al. (1999) who found
that strong competitive asymmetry favors coexistence of plants
with different seed sizes. Notably, in our model, the effect of the
strength of the competition-colonization trade-off on evolutionary
branching is non-monotonic at low-intermediate disturbance. Secondly, a weak ownership effect is also needed. In particular, with
low-intermediate disturbance, a weak ownership advantage
favours evolutionary branching, while ownership disadvantage
does not. This asymmetry disappears at the higher-intermediate
disturbance. Consequently, each of the three elements has a nonmonotonic effect on evolutionary branching.
Following Muller-Landau (2010), we assume that strong competitors are likely to be also more stress-tolerant in general. This
is supported by the field data of Jakobsson and Eriksson (2000).
Thus, because of the competition-colonization trade-off, fecundity
and stress tolerance vary inversely, or in terms of our model, the
tolerance intensity is a negative function of the fecundity. Yet, even
under this assumption, there remains sufficient freedom to choose
alternative expressions of this function, possibly leading to different evolutionary outcomes.
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ing by such successive invasions and substitutions leads to the colonization rate approaching the minimum threshold bmin .
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ðSÞ

 rðbm Þnmut

S b1 ;...;bk ðbm Þ ¼ lim

t!þ1

Consider the two-species version of (1), where the superior
competitor is viewed as a mutant nmut with colonization rate bm
and the inferior competitor is a resident nres with colonization rate
br , and their mortality rates are assumed to be consistently equal to
d. By the persistence condition, br ; bm > d. From the competitioncolonization trade-off, mutant bm can invade and replace resident
br when bm < br . The full population dynamics is given by

ðinferiorÞ

dnmut
¼ bm nmut ð1  nmut Þ  dnmut ;
dt
dnres
¼
br nres ð1  nres  nmut Þ  bm nmut nres
dt

!

dW mut
:
dt

By the Birkhoff’s ergodic theorem, the invasion fitness S b1 ;...;bk ðbm Þ is
defined by the long-term per capita growth rate of the mutant,
namely,

Appendix A. Invasion and substitution of superior competitors
in the hierarchical competition-colonization model

ðsuperiorÞ

X
dnmut
1
aðbm ; bj Þnj
¼ nmut rðbm Þ  r2 ðbm Þ 
2
dt
j

log nmut ðtÞ
t

¼ rðbm Þ  12 r2 ðbm Þ 

X
aðbm ; bj ÞE½nj :
j

From the property of non-growing of residents that is S b1 ;...;bk ðbi Þ ¼ 0
for all i ¼ 1; . . . ; k, we have

X
1
aðbi ; bj ÞE½nj  ¼ rðbi Þ  r2 ðbi Þ:
2
j
Solving the k equations, we can get the expectations ðE½n1 ; . . . ;
E½nk Þ (Mao, 2011). Further, the invasion fitness can be obtained as
an expression of strategies of the mutant and the resident. Finally,
applying them to k ¼ 0; 1; 2, we can get the desired invasion fitnesses (4), (5) and (13), respectively.

 dnres :

To known which kind of superior competitor can invade and
substitute the current resident and become a new resident, we
resort to the phase-plane analysis of the full population dynamics.
By direct calculations, the nmut -isocline is the union of straight lines
nmut ¼ 0 and nmut ¼ 1  bdm > 0, and the nres -isocline is the union of

Appendix C. Second-order derivatives of the invasion fitness at
evolutionarily singularity b

r nres
intersecting
straight line nres ¼ 0 and oblique line nmut ¼ br db
br þbm




b
d
. When
the nres -axis in 1  bdr ; 0 and the nmut -axis in 0; br rþb
m

First, the cross derivative

the two isoclines do not intersect in the positive quadrant (i.e.,
pﬃﬃﬃﬃﬃﬃﬃ
br d
< 1  bdm that is equivalent to bm > dbr ) as Fig. A shows,
br þbm


the boundary equilibrium 1  bdr ; 0 is globally unstable and the


other boundary equilibrium 0; 1  bdm is globally stable. In other
pﬃﬃﬃﬃﬃﬃﬃ 
dbr ; br can invade the given
words, an initial rare mutant bm 2
resident br and eventually take over the population.
To sum up, a newly suitable top competitor always can invade
and substitute the current top competitor. The evolution proceed-

@ 2 S br ðbm Þ
j

@br @bm bm ¼br ¼b
að1;0Þ ðb ; b Það0;1Þ ðb ; b Þ



¼ S 0 ðb Þ
¼ S 0 ðb Þ

ðaðb ; b ÞÞ
ð1;0Þ

a





ð0;1Þ

ðb ; b Þa

2

!
að1;1Þ ðb ; b Þ

2aðb ; b Þ

ðb ; b Þ

ðaðb ; b ÞÞ


2
a
expð
qÞð1 þ expðqÞð1 þ 2ab ÞÞ 1 þ expðqÞ 
;
¼ S 0 ðb Þ

b
2a
b ð1 þ expðqÞÞ4
2

ðC1Þ
which implies that (9) holds if and only if

@ 2 S br ðbm Þ
j

@br @bm bm ¼br ¼b

< 0.

Second, the second-order derivative

@ 2 S br ðbm Þ
@b2m

jbm ¼br ¼b

¼ r ð2Þ ðb Þ  rðb Þrð2Þ ðb Þ 
¼ rðb Þrð2Þ ðb Þ 





2

rð1Þ ðb Þ  S 0 ðb Þ

2

rð1Þ ðb Þ  S 0 ðb Þ
ð2Þ

að2;0Þ ðb ; b Þ
aðb ; b Þ

ðC2Þ

að2;0Þ ðb ; b Þ
:
aðb ; b Þ

Now we need utilize rcrit ðb Þ to reduce the above expression. To this
end, by (8) and rcrit ðb Þ ¼ rðb Þ, we can obtain

Fig. A. Phase-plane analysis of the two-species version of the hierarchical competition-colonization model (1).
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z b ð1;0Þ
ﬃ
a ðs; sÞ

ds
rcrit ðbÞ ¼ 2rðbÞ  2S 0 ðb Þ exp 
aðs; sÞ
b

Third, the difference of the two second-order derivatives

@ 2 S br ðbm Þ

with curvature at b satisfying
ð2Þ

crit ðb Þ

r

¼




ð1Þ



2

r ðb Þ
S 0 ðb Þ
þ
rðb Þ
rðb Þ
2

að1;1Þ ðb ; b Þ þ að2;0Þ ðb ; b Þ

aðb ; b Þ

!

¼ 2rðb Þ

jbm ¼br ¼b

@ 2 S br ðbm Þ
1
j


rðb Þ @br @bm bm ¼br ¼b


ð2Þ
:¼ rðb Þ rð2Þ ðb Þ  rcrit ðb Þ  cðb Þ ;

!!

ð2Þ
rð2Þ ðb Þ  rcrit
ðb Þ þ

ðC3Þ
where cðb Þ > 0 given


@ 2 S br ðbm Þ
j

@br @bm bm ¼br ¼b

< 0. Note that

rð1Þ ðb Þ

2



ðaðb ; b ÞÞ

:

ðC4Þ

2

ð2Þ

crit ðb Þ

rð2Þ ðb Þ  r

To capture the emergence of double dimorphic singular coalitions, we numerically analyse how the two evolutionary isoclines
intersect each other inside the coexistence area.
Fig. D shows the area of coexistence (i.e., the area of protected
dimorphism) and the two evolutionary isoclines for different q
and for fixed a ¼ 3 and e ¼ 2. Our interest is in the changes of
intersection points of the two isoclines when the monomorphic
singularity b is an evolutionary branching point. Due to the symmetry, we focus on interpreting the upper triangle region in each
plot to avoid redundancy. When q ¼ 0, there is only a single intersection point u1 of the two isoclines, which is evolutionarily unstable in b2 -direction (Fig. D1). For fixed q ¼ 1:213, the previous
dimorphic singularity still exists but moves away from b , and a
new segment of b2 -isocline connects points q and r where the
coexistence boundary has vertical tangents (Fig. D2). Notice that
the new segment of b1 -isocline exists in a collapsed state consisting only of point q. In this case, the point q belongs to both the new
segment of b1 -isocline and that of b2 -isocline, and thereby there

ð2Þ
rcrit
ðb Þ into (C2) yields

¼ rðb Þ

jbm ¼br ¼b

Appendix D. Emergence of double dimorphic singular coalitions

ð2Þ

@b2m



By (C1), (C3) and (C4), we can get the desired stability conditions (10) and (11), respectively.

where we have utilized (7) and (C1) to deduce rcrit ðb Þ and applied
a
(9) and að2;0Þ ðb ; b Þ ¼ 1þcoshð
qÞ > 0 to confirm its negativity. Integrat-

@ 2 S br ðbm Þ

@b2r

að1;0Þ ðb ; b Það0;1Þ ðb ; b Þ  aðb ; b Það2;0Þ ðb ; b Þ

þ 2S 0 ðb Þ



að1;0Þ ðb ; b Það0;1Þ ðb ; b Þ

@ 2 S br ðbm Þ

¼ 2rðb Þrð2Þ ðb Þ  2

ðaðb ; b ÞÞ
!
 ð1Þ  2
r ðb Þ
S 0 ðb Þ að1;0Þ ðb ; b Það0;1Þ ðb ; b Þ að2;0Þ ðb ; b Þ

¼
þ
2
aðb ; b Þ
rðb Þ
rðb Þ
ðaðb ; b ÞÞ
!
 ð1Þ  2
r ðb Þ
@ 2 S br ðbm Þ
1
S 0 ðb Þ að2;0Þ ðb ; b Þ
j
¼
þ




bm ¼br ¼b
rðb Þ
rðb Þ @br @bm
rðb Þ aðb ; b Þ

ing



@b2m

ð2Þ
rcrit
ðb Þþ

cðb Þ < 0.

Fig. D. Example of the simultaneous appearance of double dimorphic singular coalitions as ownership coefficient q varies and for fixed the strength of the competitive tradeoff a ¼ 3 and maximum disturbance intensity e ¼ 2. Inside the coexistence area (light grey areas), the black (red) solid curves correspond to the evolutionarily stable
(unstable) segment of b1 -isocline, and the black (red) dashed curves is to the evolutionarily stable (unstable) segment of b2 -isocline. The dots denote singularities, while the
squares denote connections between the isoclines and the coexistence boundary. The different colors of these points indicate their evolutionary stability. The other
parameters are the same as Fig. 6b. In (2)-(6), u1 and u2 are still in the coexistence area but they are outside the plotted region. See text for further explanation.
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are two dimorphic singularities (N.B., when the boundaries of the
coexistence region have one coordinate equal to the monomorphic
singularity, since one of the two species has zero density on the
boundaries (boundaries are, in fact, isoclines), those points are
actually monomorphic singularities, see, e.g., Della Rossa et al.,
2015; Dercole et al., 2016). Slightly increasing q, for instance, at
q ¼ 1:22, the new segment of b1 -isocline expands into a curve connected points s and t (Fig. D3). Therefore, the new dimorphic singularity is the intersection point v 1 of the new segments of the two
isoclines, which is evolutionarily unstable in both directions. Continuously increase of q does not change the number of dimorphic
singularities but alters the connection points to the coexistence
boundary. When q ¼ 1:22778, the original b1 -isocline sufficiently
closes to the new segment of b1 -isocline (i.e., that connects points
s and t) (Fig. D4). With a small increase of q, for instance,
q ¼ 1:235, the b1 -isocline consists of two new sections where
one connects points p and t and the other is initial in s and extends
to a far-away place (Fig. D5). The distance of the two sections of b1 isocline grows as q increases. Once q is large than q6 , there are still
two dimorphic singularities, but the monomorphic singularity is
no longer an evolutionary branching (e.g., Fig. D6 for fixed q ¼ 1:6).
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